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Abstract

In this paper we analyze the long time behavior of a wave equation with local Kelvin-Voigt
Damping. Through introducing proper class symbol and pseudo-differential calculus, we obtain
a Carleman estimate, and then establish an estimate on the corresponding resolvent operator.
As a result, we show the logarithmic decay rate for energy of the system without any geometric

assumption on the subdomain on which the damping is effective.
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AMS 2010 subject classification: Primary 93B05; Secondary 93B07, 35B37

1 Introduction

In this paper, we consider a wave equation with local Kelvin-Voigt damping and analyze long time

behaviour for the -solution of the system. Let © € R? be a bounded domain with smooth boundary

I' = 0Q. Denote by 0,, the unit outward normal vector on boundary I'. The PDE model is as follows.
yu(t,z) —div [Vy(t,z) + a(x)Vy,(t,2)) =0 in  (0,00) x Q,
y(t,z) =0 on (0,00) x T, (1.1)
y(0,2) =%  3(0,2) = y' inQ,

where the coefficient function a(-) € L*(£2) is nonnegative and not identically null.

The natural energy of system (1.1) is

1
B = 5 [ (V9012 + (o) )] (12)
A direct computation gives that

%E(t) = - /Suppa a(x) | Vy(t) | *dz. (1.3)
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Formula (1.3) shows that the only dissipative mechanism acting on the system is the viscoelastic
damping div [aVy], which is only effective on supp a.

To rewrite the system as an evolution equation, we set the energy space as
H = H}(Q) x L*(Q), (1.4)

with norm

”Y”H = \/HVylH%?(Q) + Hy2||%2(9)7 VY = (yl,yz) e H. (1.5)
Define an unbounded operator A : D(A) C H — H by

AY = (yg, div (Vyl + aVyg)), VY = (yl,yg) S D(A),

and
DA) = { (y1.12) € H : 2 € HY(Q), div (Ty1 + aVya)) € L3(@) }.

Let Y(t) = (y(¢), y:(¢t)). Then system (1.1) can be written as

%Y(t) =AY (t), VYt>0, Y(0)=(yy"). (1.6)

It is known from [20] that if suppa is non-empty, the operator A generates a contractive Cy
semigroup e on H and iR C p(A), the resolvent of A. Consequently, the semigroup e is strongly
stable. Moreover, if the entire medium is of the viscoelastic type (i.e. suppa = Q), the damping
for the wave equation not only induces exponential energy decay, but also restricts the spectrum of
the associated semigroup generator to a sector in the left half plane, and the associated semigroup
is analytic ([13]). When the Kelvin-Voigt damping is localized on a subdomain of 2, the properties
of system is quite complicated. First, it has been proved that properties of regularity and stability
of 1-d system (1.1) depend on the continuousness of coefficient function a(-). More precisely, assume
that 2 = (=1, 1) and a(x) behaviours like ® with o > 0 in suppa = [0,1]. Then the solution
of system (1.1) is eventually differentiable for o > 1, exponentially stable for o > 1, polynomially
stable of order ﬁ for 0 < a < 1, and polynomially stable of optimal decay rate 2 for a = 0 (see
[19, 22, 25, 27]). For the higher dimensional system, the corresponding semigroup is exponentially
stable when a(-) € ¢2(Q2) and suppa D T (|21]). However, when the Kelvin-Voigt damping is local
and the material coefficient a(-) is a positive constant on suppa, the energy of system (1.1) does
not decay exponentially for any geometry of Q and suppa ([9, 28]). The reason is that the strong
damping and non-continuousness of the coefficient function lead to reflection of waves at the interface
~v = d(suppa) \ I, which then fails to be effectively damped because they do not enter the region of
damping. It turns out that the Kelvin-Voigt damping does not follow the principle that “geometric
optics" condition implies exponential stability, which is true for the wave equation with local viscous
damping ([2]).

Recently, [29] proves the polynomial stability of system (1.1) when a(-) = ap > 0 on supp a and
supp a satisfies certain geometry conditions. Then, a natural problem is: how about the decay rate
if suppa # 0 is arbitrary? In [1], a is assumed discontinuous along a (d — 1)-manifold, suppa is
arbitrary and the rate of the decay of semi-group is estimated by (logt)~" for a data in D(AF). In
this paper, we analyze the logarithmic decay properties of the solution to (1.1) when a is smooth

and supp a is arbitrary. The main result reads as follows.

Theorem 1.1. Suppose that the coefficient function a(-) € €5°(Q) is nonnegative and suppa C €2
is non-empty. Then the energy of the solution of (1.1) decays at logarithmic speed. More precisely,



one has that there exists a positive constant C' such that

C

etAY H <
e Yolln < log(t +2)] %

. Vit>0, Yo =" y") € D(A"). (1.7)

gl
Ol pary

Our approach is based on the results duo to [7], which reduced the problem of determining the
rate of energy decay to estimating the norm of the resolvent operator along the imaginary axis, see
also [10, 18], etc. Our argument divides naturally three steps. First, in Section 2, we show some
preliminaries including definitions and classical results about symbol, pseudo-differential calculus,
and commutator estimate, etc. Then in Section 3, we prove corresponding Carleman estimates.
Finally, in Section 4, we present a resolvent estimate and obtain Theorem 1.1. This theorem is a
consequence of a resolvent estimate. The proof is given in Section 4. The method was developed in
([4, 5, 6, 16, 18, 26] and the references cited therein).

Throughout this paper, we use || - ||y and (- | -)y to denote the norm and inner product on L?(V),
where V' C R? if there is no further comments. When writing f < g (or f > g), we mean that
there exists a positive constant C' such that f<Cgor f> Cg) For j =1,2,---, define operators

Dj = —i0y;, D = (D1,---,Dg), D Z D2 and Da(x)D = Z Dja(x)D;.
=1 j=1

2 Preliminaries

We shall prove Theorem 1.1 by Weyl-Hérmander calculus, which was introduced Hérmander (12,
15]). In this section, some definitions and results on the class of symbol and pseudo-differential
calculus are given.

2.1 Symbol and Symbolic calculus
For any (z,¢) € R? x R% X\ € R and 7 > 0, we introduce the metric
9= gue = Ma? + p72dg?,  where i = p(r,6)* =7° + [£]?, (2.1)

and the weight
v=uv(z,\) =14+ Na(z)3. (2.2)

Note that and g, ¢(X,Z) = M| X |2 4+ p~2(r,€) | =] ? for all X,Z € R%. Then we have the following
results.

Lemma 2.1. Assume that there exist positive constants C and \g such that X > \g and 7 >
max{CA, 1}. It holds

(i) The metric g = gq.¢ defined by (2.1) is admissible, i.e., it is slowly varying and temperate.
(ii) The weight v = v(x, \) defined by (2.2) is admissible, i.e., it is g-continuous and g-temperate.

Proof. (i) From Definition 18.4.1 in [12], the metric g, ¢ defined by (2.1) is slowly varying if there
exist 6 > 0 and C' > 0 such that

gI,E(y — T, — 5) < o imphes gy,n(Xv E) < CgE,E(Xa E)a v I,ZJ@J%X,E S Rdv

where the constants § and C are independent on the parameters \ and 7.
Suppose 0 < 6 < 1/4 and

Jogy—an =& =My —a|?+ (T + []*) 7 n-€|* <o



Then, we have
T+ €12 < TPH2[6-n]2+2]n|?

N

T2 425(72 4+ €1+ 2|03

This implies that 72 + | £|? < 4(7% + | n|?). Consequently,

= 1= 1 1= =
Gun(X,Z) = AX 24 (4 ) THEP SAX 7+ 27+ [E17)7HE]? < g2 e(X,5).

Therefore, g is slowly varying.
For a given metric g, ¢, the associated metric g7 . is defined by g7 . = (7% + [£]?)da® + X\ ~1d€>.
The metric g, ¢ is temperate if there exist C' > 0 and N > 0, such that

- - - N -
92,e(X,5) < Cgy (X, E)(1+ gl c(x —y,E— 1), V560 X,E€R, (23)

where the constants C' and N are independent on the parameters A and 7 (Definition 18.5.1 in [12]).
For the metric g = g, ¢ defined by (2.1), (2.3) is equivalent to

AX 2+ (24 €))7 E?

(2.4)
1= _ N
< CAXP 2+ ) HER) A+ + 1612 [ —y P+ A7 =0 ]?) .
First, assume that 72 + |n]? < 4(72 4 |£|?). It follows that
(T2 + 0] <O+ 1€/ + A e-nD)Y, C¢>0, N>o0. (2.5)
Then it is easy to obtain (2.4) from (2.5).
Secondly, consider the case 72 + |n|? > 4(7% + | £]?). Then
Inl >2|€l 0l >3, (2.6)
and V3 3
1 3 3
[E=n| >=|n| >—=—7>—CA\ (2.7)
2 2 2
It follows from (2.6) and (2.7) that
_ V3 V3
A 1|§—77|2>TC|§—77|>TC|77|-

Consequently,

_ 2 3 3
(LA [€=n]%)" > 75C 0 |* > 5C3(|n]* +37%).

This together with 72 + [ £]2 > 1 yields that there exists a positive constant C such that (2.5) holds
with N = 2.

(ii) It is known from Definition 18.4.2 in [12] that a weight v(z) is g-continuous if there exist
0 >0 and C > 0 such that

gre(y —ax,m—¢) <6 implies C~'v(z) <w(y) < Cv(x), Vx,y,&neR

where the constants § and C are independent on the parameters A and 7. Since the weight v(x)

defined by (2.2) does not depend on &, the above condition is reduced to

Az —y] 2 <6 implies C_lu(x) <v(y) <Cv(x), Ya,ye R,



The weight v(z) is g-temperate if there exist C' > 0 and N > 0 such that

- N
V(y) < CV(I)(l + gy,n('r - y7§ - 77)) ) v €L, yvga ne Rd? (28)
where the constants C' and N do not depend on the parameters A and 7 (Definition 18.5.1 in [12]).
The weight v(x) is admissible if it is g-continuous and g-temperate. When a weight is admissible,
all the powers of this weight are g-continuous and g-temperate. Therefore, it suffice to prove that
1+ Aa(z) is admissible.
Let s € [0,t] and t € [0,1]. Define f(s) = Aa(z + s(y — x)) and F(t) = sup,c( f(s) where
x, y € Q satisfying A |z —y|? <. It is clear that f'(s) = Aa/(z + s(y — x)) (y — z). Combining this
with the following inequality
|d'(z)|? < 2a(2)||a"|| L), Vo€, (2.9)
we obtain
i 1
[F'()] < Ma'(w+ sy —2) | |y — 2| <2Md"|[% [alx + s(y — 2))]7 |y — ]
The proof of (2.9) will be given later. Consequently,

1 1 1
Sl[lopt] [ £ ()| < 2X7[|a" || e ) F(8) |y — 2|
sel0,

Since f(t) < f(0) +t supsepoq | f/(s) |, F is non-decreasing and A |z — y|? < §, we obtain that for
all ¢ € [0, 1],

J(t) < F(0) + CARTF(1)F |y — x| < [(0) + CVOF(1)* < [(0) + CVOF(a)*,
where C' = 2Ha”|\%w(9) and « € [t,1]. Note that f(0) = F(0). It follows that

F(a) = s f(t) < F(0) + CV3F(a)®.
te|0,a

This yields
1+ F(a) <1+ F(0) + CV3(1 + F(a))? <1+ F(0)+CVa(1+ F(a)). (2.10)
By choosing § sufficiently small such that Cv/§ < 1/2, one can deduce from (2.10) that
1+ F(a) <2(1+ F(0)), Yaeltl].

In particular, we have
1+ Xa(y) < 2(1 + da(x)).

The above inequality remains true if we exchange z and y. Therefore, the weight 1 + Aa(x) is
g-continuous.
On the other hand, note that 1+ Aa(z) is independent to £. Then, to obtain the weight 1+ Aa(z)

is o-temperate, it is sufficient to prove that
14+ Xa(y) < C(1+da(x) (1 +7% |z —y|*)V. (2.11)

In fact, it is clear that 1 + Aa(y) < 14 Ma(z) +C |z —y|) where C = ||a/|| L~ (q). Therefore, there

exists positive constant C’ = CC~! such that
L+ da(y) < (14 Aa@)(1+C'rlz —y]) < (1+Xa(@)(2 +2(C'r |z —y])*)=.

Thus, we obtain (2.11) with N = %, C' = 2max{1, C'}. O



Remark 2.1. We claim that (2.9) holds for any compactly supported and nonnegative function
a € €2(2). In fact, from the following identity

1
a(z +h) =a(z) +ad (x)h + / (1 —t)a"(x +th)h*dt, Y h € R,
0
one can get
1
a(z) 4 a/(x)h + §H@NHL°°(Q) |h|?>0.

Let h =yad/(z), where y € R and x € Q are arbitrary. It follows from the above inequality that
1
a(z) + |d'(x)|*y + §HG/NHLOO(Q) la'(z)|?y* >0, VzeQ, yeR.

Then,
|d'(2) |* = 2a(2)||a" | () | @' ()| * <0,

and (2.9) is proved.

Definition 2.1. (Section 18.4.2 in [12]) Assume the weight m(x,&) is admissible and the metric g
is defined by (2.1). Let q(x,&, A\, 7) be a € function with respect to (x, £) and N\, T be parameters
satisfying conditions in Lemma 2.1. The symbol q(x,&, N\, 7) is in class S(m,g) if for all o, B € N¢
there exists Co, g independent of T and X such that

0500 4(x,6,\,7)| < Cagm(z, &) A1/ u(r,€)7 171,

Remark 2.2. (i) It is clear that p = /72 4+ |£|2 € S(u,g) since |8§u(7, &) < =18l for all
B e R

(ii) Let v be the weight defined by (2.2). It is easy to get that \a € S(v,g). In fact, if |a| > 2,
it holds that |9¢(Ma(z))| < CoX < CoA®12u(z) | where C, > 0. For the case || =1, it
follows from (2.9) that

N|=

02 (Aa(@)) | < V210”13 (A (Aa(2))

Note that | Ma(x)| < Cv?(z) for some C > 0. This together with the above inequality, we have
that
o 3 B
|03 (Aa(@)) | < V2C[|la"]|} gy A2V (@)

(iii) It is known from Lemma 18.4.3 of [12] that if the metric g and weights my, mo are admissible,
symbols a € S(m,g) and b € S(ma,g), then ab € S(mima,g). In particular, (Aa)’u* €
SWu*, g) for all j, k € NU{0}.

Definition 2.2. Let b € S(m,g) be a symbol and u € ./ (R?), we set
b(x, D, 7)u(z) = Op(b)u(z) := (QW)_d/ e b, €, 7) U(€) dE.
Rd

It is known that Op(b) : . (R?) — .#(R?) is continuous and Op(b) can be uniquely extended to
! (R%) continuously. The following two lemmas are consequences of Theorem 18.5.4 and 18.5.10 in
[12].



Lemma 2.2. Let b € S(m,g) where m is an admissible weight and g is defined by (2.1). Then
there exists ¢ € S(m, g) such that Op(b)* = Op(c) and c(x,&) = b(x,&) +7r(x, &) where the remainder
re SAzu~tm,g).

Lemma 2.3. Let b € S(m1,g) and c € S(ma, g) where m; are admissible weights for j =1,2 and g
is defined by (2.1). Denote by [Op(b), Op(c)] = Op(b) o Op(c) — Op(c) o Op(b) and Poisson bracket
{b, c}(x,&,7) = > (0g;00z,¢ — 0y;00¢,¢) (2,6, 7). Then,

1<5<d

(i) there exists d € S(mima, g) such that Op(b) Op(c) = Op(d) and d(x,&) = b(z,&)c(x, §)+r(x, &)
where r € S(A%M_lmlmg,g).

(i) for commutator i[Op(b), Op(c)] = Op(f), it holds that f € S(A2p~‘mymy,g) and f(x,&) =
{b, cH(x, &) + r(x, &) where r € S(Au"2mima, g).

The operators in S(v7u”, g) act on Sobolev spaces adapted to the class of symbol. Let b €
S(viu*, g), where p and g are defined by (2.1). Then there exists C' > 0 such that

Op(b)ullps < Cllv” Op(p*)ullps, ¥ u e S (RY).

By symbolic calculus, the above estimate is equivalent to Op(u~*v77) Op(b) acts on L?(R?) since
the operators associated with symbol in S(1,g) act on L?(R%). In particular, if b € S(v7pu, g), then
for any A > Ao, 7 > max{C\, 1} and u € . (R?), it holds

10p(b)ullra < C7l[1’ullga + C|lv” Dulra,

where C' > 0 depends on positive constants Ay and C.

2.2 Commutator estimate

In this subsection, we suppose that A\ = 1 since the symbol does not depend on A\. The metric in
(2.1) becomes
g =da® +p2d¢?,  where p is defined by (2.1). (2.12)

To get the commutator estimate, we shall use the following Géarding inequality ([12, Theorem
18.6.7]).

Lemma 2.4. Let b € S(u?*,§) be real valued. p and § are defined by (2.12). We assume there exists
C >0 such that b(x,&,7) > Cu2*. Then there exist C > 0 and 1o > 0 such that

Re(Op(b)w | w)ga > C|| Op(p* w24, ¥V w e S (RY) and 7 > 7. (2.13)

Definition 2.3. Let V be a bounded open set in RY. We say that the weight function ¢ € € (R%R)
satisfies the sub-ellipticity condition in V if |V¢| >0 inV and there exists constant C > 0,

Pp(2,6,7) =0, V(2,) e VxRYL 7>0 = {w,aqn}(@,&7) > C(|EF +79)%2,  (2.14)

where py(z,&,7) = |€ +i7Vp(z)* = qo(z, &, 7) +iqu (2, €, 7) and q1, g2 are real valued.

Lemma 2.5. ([12]) Let V be a bounded open set in R? and 1 € €>°(R%;R) be such that |Vip| >0
in V. Then, for v > 0 sufficiently large, p = ¥ fulfills the sub-ellipticity property in V.



Lemma 2.6. Assume that ¢ satisfies the sub-ellipticity in Definition 2.5. For all w € 65°(V), there
exist C1,Cy > 0 and 19 > 0 such that the following inequality holds for all T > 19,

Cirwllf + Cir||[Dwlf < Re (Op({[g]* — 7*|Vp(2)?, 27€ - Vo(z) Hw | w),,

+Cor | Op(I€f* — 72V eo(a)|?)wlf, (2.15)
+Cor 1| Op(27€ - Veo(2))w]F-

Proof. First, by homogeneity in (£, 7), compactness arguments and sub-ellipticity condition, we claim
that there exist constants C, § > 0 such that

Cl12¢- V(@) |* + u2 (1€ = 7*[Vep(@)[* ) *] + {Ig]” = 7 [Vep(@)[?, 26 Vep(a) } > op®. (2.16)
The proof of (2.16) is classical. In fact, set
K={(z&m) eRIXRIXR - 2€V, |€]2+72 =1, 7 >0},
and for (z,£,7) € K, x>0,
G(a,&, 7 r) = £[[26- V(@) |2 + 172 (J€7 = 72| Ve(@)]* ) 2] + {|€° = 72|V ()%, 26 - Vo()}.

If [26-Vp(z) |2 +p~2 (€2 =72 Ve(z)|?)2 =0 for (z,£,7) € K, it is clear that there exists a positive
constant § such that (2.16) holds due to the fact that ¢ is sub-elliptic. When |2¢ - V(z)|? +
p2 (€17 = 72| Vep(z)[*)? > 0, there exists a positive constant k¢, such that G(z,&,7,k) > 0
for every £ > kyer since {[£]? — 7%|Vo(z)?, 2 - Ve(x)} is bounded on K. By continuity of
G(z,&, 1, k), there exists a neighborhood of (z,&,7), denoted by V, ¢ -, such that G(z,&,7,k) > 0
for all (z,&,7) € Vier and & > Ky e - Since K is compact, there exist finite sets Vj = V,, ¢, -, and
corresponding constants x; = iz, ¢; -, (j = 1,2, ---,n), such that £ C U}, V; and G(x,§,7,K) >0
for all (z,&,7) € V; and k > k;. Let K = max{x; : j=1,2,---,n}. It follows that G(z,{, 7, k) >0
for all (z,&,7) € K and k > K. Finally, using the compactness of K again, we conclude that there
exists 6 > 0 such that G(z,&,7,k) > §. Thus, (2.16) is reached since g is a homogeneous function
of degree 2 with respect to variables (£, 7).

By Gérding inequality (2.13), there exists a constant C' > 0 such that, for 7 > 79 with 79

sufficiently large,

Cl Op(uw[} < Re (Op (26~ Vep(a) |* + 2 (I€° = 72| Vip(a)[*) ? o
+HIEPP = *|Vip(@)?, 26 - Vep(a) }w [w),.

Now we are going to estimate the terms 7 Op(|2¢ - V() |?) and 7 Op(u=2 (|£]2 — 72| V()2 ) 2).
Firstly, it follows from Lemma 2.3 that

771 Op(|27¢ - Vp(x) |?) = 77 Op(27€ - Vo(2))* Op(27€ - Vo(x)) 4 7 Op(r1), (2.18)

where 1 € S(p,g) and g is defined by (2.12). Therefore, for any € > 0, there exists a positive

constant C. such that

[(771Op(|27€ - V() |*)w | w) |
7 H Op(27¢ - Vep())wlf, + 7 (Op(ri)w | w)y | (2.19)

IN

IN

T Op(27¢ - Voo(@))wlff, + & 7] Op()wlf, + Cerlwll3.



Substituting (2.19) into (2.17) and choosing e small enough, we have
Ol Op(pywlf3
< Re(Op (rp 2 ([¢P = 7 Ve(2)]?)? + 7{[¢]* — 72[Vip(2)]?, 26 - V() })w [w),  (2:20)
+77H| Op(27¢ - Vp(a))wlF + Cer||wl]f3 -
Secondly, by symbolic calculus, we have that
TOp(p=? ([6]* = 7*|Vep(2)]* ) *) = 7 Op(ro) Op(¢|* — 7*|Vip(2)[*) + 7 Op(r2), (2.21)

where ro(z, &) = p=2(|¢|* — 7%|Ve(z)|?) € S(1,g) and r2 € S(p, g). Therefore, for all € > 0, there
exists C: > 0 such that

| (7 Op(ro) Op(I¢[* — 7*|V(x)[*)w | w)y |

(2.22)
< Cor Y Op(IEP — 72 (Vip(a) Pwl? +erw?.
We choose e small enough and combine (2.21)-(2.22) with (2.20) to get
O7)| Op(uul[? < Re (rOp{Ie2 - 72 Ve(a)[2, 26 - Vo(a)}uw |w),,
+Cr 7 Op([€]? — 72| Veo(a) w3 (2.23)
+77H Op(278 - Vp(@))wllfy + Ce(r +e7%)||w][3,-
Finally, it is clear that there exist positive constant C' such that
7 |w[f$ + 7l Dwlf < C7]| Op(p)wl[3. (2.24)

Thus, we obtain (2.15) by using (2.23)-(2.24), choosing ¢ small enough and letting 7 > 7y large
enough. O

3 Carleman Estimate

In this section, we shall prove several Carleman inequalities. Define the operator
P(x,D,\) = D* +i\Da(x)D — \>.

Let the weight function ¢ € €°°(R% R). The associated conjugate operator of P(z, D, \) is P,(x, D, \) =
e™?P(x,D,N)e”"?. Then,

P, = (D +itVp(x))* +i\D + itV(z))a(z)(D + itVe(z)) — A2

By setting Q2 = (P, + P}) and Q1 = 5 (P, — P}), we have P, = Q2 +iQ1. We denote by
p(x, &, N), po(x, &, A) the associated symbol of P(x, D, \), P,(x, D, \), respectively.

Let the metric g and weight v be defined by (2.1) and (2.2). Due to the results Remark 2.2,
we know that D + i7V(z) is an operator with symbol in S(u,g) class, Aa is in S(v, g), and (1 +
iXa(z))|€ +iTV(x)]?, the principal symbol of P, belongs to S(vu?,g). Furthermore, from Lemma
2.2 and 2.3, one has that

P, = Op ((1+iXa(z))|{ + itVe(2)[?) — A* + Rs,
Q2 = Op(q2) — A2 + Ry,
@1 =O0p(q1) + Ry, (3.1)



where g2 = [£]> = 72| Vp(2)|> = 2A7a(2)§ - Vo(x), 1 = 27€-Vp(a) + Aa(z) (€[> — 72| Vp(2)[?) belong
to S(vu?, g) and the symbols of R; is in S(Azvp, g) for j =1,2,3. It is clear that

1Poll} = 1Q2vll% + @1} + 2Re(Qav]iQiv)y, Vv e (V). (3-2)

In what follows, several Carleman estimates are introduced. First, we give an estimation on the

subdomain which is far away from the boundary I'.

Theorem 3.1. Suppose ¢ satisfies sub-ellipticity condition in V. C 2. Then, there exist positive
constants C, K and )Xo, such that for every v € €5°(V), it holds

T u(@)olly + 7llv(@) Dolly + [Quully + 11Q2vlly < 1Ppvll}, (3-3)
where A > Ao and 7 > max{K ||, 1}.
Proof. Let w = v(z)v in (2.15). We obtain
Crr?lv(@)ollf + Crr[[D((2)v)]F,

< Re (Op({[§]* = 72[Ve(@)[*, 278 - Vopo() }v(@)v | v(z)v),,

(3.4)
+Cor | Op([¢]? — 72|V (@)|* v ()]}
+ Cor | Op(27€ - Vp(z))v(2)v]|}, Ci, Co > 0.
Since the symbol of [D, v(x)] is in S(A2v, g), we have
[v(z) D]l < ID(v(z)o)ll3 + [[D, v(@)]olli, < D))y + CAlv(z)v]7.
Consequently, for 7 > C\ with C > 0 sufficiently large, it holds
mv(@)olly + 7llv (@) Dolly S 72 |lv()olly, + 7l D (z)v)|}- (3.5)
It follows from (3.4) and (3.5) that
CL(7?[v(@)v|lf + 7llv(z)Dolf3)
< Re(Op({[€)° = 72p(2)?,27¢ - Vo(z) }v(z)v [ v(z)v),, 36)
+Com 7 Op(€]? — 72V (@)|?)v ()3,
+Cor | Op(27¢ - Vip(@))v(2)vlfy, €1, C2 > 0.
Now, we estimate the first term on the right side hand of (3.6). Note that
2Re(Q2v [iQ1v)y = (Q2v [iQ1v)v + (iQ1v | Q2v)v = (i[Q2, Q1]v |v)v, (3.7)
where the principal symbol of i[Q2, Q1] is {¢2,¢1}. Due to Lemma 2.3, we obtain that
i[Q2, Q1] = Op({g2, ¢1}) + Ra, (3.8)

where {2, 1} € S()\%UQ/L?’,Q) and the symbol of Ry is in S(\?u?,g). A direct computation gives
that

{qg,ql} =(1+ a2(:1c))\2){|§|2 — 72 |V(x)?, 27€ - ch(x)}
+ ({I1E1? = I V() *, Aa(z) } — Aa(z){27€.Vp(x), Aa(z) }) ([ — 72| V() [?)
—27€ - V() ()\a(x){)\a(x), €)% — 72|V<p(x)|2} + {/\a(a:), 27¢ - Vw(x)})
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From the definition of ¢, and gz, we have
¢2(, €) + Aa(x)q (,€) = (1 + Na(x)?)([€]* — 7*[Ve(2)*),
q1(,€) — Aa(x)ga (2, €) = 27 - Vop(z)(1 + A?a®(x)). (3.9)
Consequently,
{a2.01}
= @) - 7’ |Ve(2)]?, 27¢ - Vop(a) }
v () (g2, €) + Aa(@)q1 (2, €)) ({[€]* — 72[Vo(2)*, Ma(x) } — Aa(2){27€ - Vo(z), Aa(z) })
—v 72 (@) (q1 (2, €) — Aa(2)g2 (2, €)) (Ma(x) { Aa(2), [€] — 72[Vp(a)|*} + {Aa(z), 27 - Vo(x) }).
Then, it follows from (3.8) and the above equation that
i[Q2, Q1] = v(x) Op ({I¢° — 7°|Vep(@)[?, 27€ - Vip(a) })v(2)
+ Biv(2) Op (g2 (2, €) + Aa(2)q1 (2, €))
— Bov ™ (2) Op (q1(2,€) — Aa(x)g2(, €)) + Rs,
where
By = Op (v () ({J€]* — 72| Ve(2) 2, Ma(z) } — Aa(x){27€ - Vp(z), Ma(z)})),
By = Op (v ' (z)(Aa(z){a(z), [¢]* — 72 |Ve(z)[*} + {Aa(z),27¢ - V() })),

symbols of By and By belong to S(A2vpu, g) and the symbol of R is in S(Av2u2, g). Combining this
with (3.1) yields

i[Q2, Q1] = v(x) Op ({I¢]> = 72|V (@)[?, 27€ - Vo(x) } ) v(x)
+ Biv ! (2)[Qa(2,€) + Aa(2)Qu (,) + A7)
— Bov (@) [Q1(2,€) — Aa(2)Q2(x,&) — Na(z)] + Rs, (3.10)

We refer to Section 2 where the rules on symbolic calculus are given and precise. Therefore, by the
continuity of pseudo-differential operator, we have that for j =1,2, k=0,1 and £ = 1, 2,

| (Bjv(z)~ ! (Aa(2)) Qe [v)v |
= [ (w(@) ' (Aa(2)* Q| Bjv)v | < [QellvIBjvlv (3.11)

1
lQevllv + CAT* [v(@)olfi + CAllv(2) Doy, € >0,

|(Biv™ (@) A2(Aa(z))v [v)y | S A3 (rllw()vlly + [v()Dollv) lv(@)v]lv
< M@)ol + 2277 Jw(z) Dol (3.12)
and
|(Rsv|v)v | S A2||w(@)ol|? + Aw(z)Dol|?. (3.13)

Due to (3.10)—(3.13), there exists a positive constant C' such that
(Op({I€)? = 72[Vep(2)?, 27€ - Vo () })v(z)v | v(z)v),,

1
< Q@i 0y + 7 3 1Qull} +CO vyl (3.14)

0=1,2

Al (@) Doll + A2 rllp(@)olf + A3 (@) Do)
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Next, we are going to estimate the last two terms on the right side hand of (3.6). It follows from
(3.1) and (3.9) that

10p(€]* = 72|V () [*)v(2)v[[5 + [| Op(27E - Vip(a))v(x)vll},
= [10p((2)7*(g2 + Aa(z)qr)v(@)vll}, + [ Op(v(x) (a1 — Aa(x)g2)v(z)v]T,

(3.15)
= |v(2)7' Q2 + A\ = Rz + Aa(z)(Q1 — R1)] [},
+lv(@) 7 Q1 = Ri — Aa(2)(Q2 + X* — Ra) v}
Combining this with the fact that the symbols of R; are in S()\%I/M, g) for j = 1,2, we have
10p(I€f* = 72|V () *)v(2)v[l3 + || Op(27E - Vip(a))v(z)vll},
< Z;;Q(I\Qevl\%ﬂr 1Rev[l) + AH|vlF (3.16)
< ZZZLZ 1Qevl} + Ar?[[v()oll5 + Allw(z) DullF, + Al
Consequently, for 7 > CA with C large enough, it holds
T Op(IE]* = 72 Ve(@) v (@)ll§, + 771 Op(27€ - Veo(a))v(2)oll5,
(3.17)

T QeI + Mlv@)vlly + [v(@) Dollf + A Jvll3.
=12

Finally, by (3.6), (3.14) and (3.17), one can choose 7 > max{K|\|, 1} with K sufficiently large such
that for some C' > 0,

C(r*|lv(@)oll}, + Tllv(z)Doll,) < (i[Q2, Qi]v|v) Z 1Qevl3
25 (3.18)

+er?|lv(@)olly, + eTllv(z)Doll5,

where € > 0 is arbitrary. Choosing ¢ small with respect to C, using (3.2), (3.7) and (3.18), we obtain

1
C (TP [v(@)lly + Tlv(@)Dully) + 5 (IQwlly + 1Q2v]Y)

< (ilQ2, @], v)v + |Quvl} + Q20 = [ Povll?,
which implies (3.3). O

Remark 3.1. The estimates in (3.12) impose the assumption T > K|\|3. The other remainder terms
only impose the condition T > CA. This condition is related with the principal normal condition.
Indeed for a complex operator, with symbol p1 + ips where p1,pa are both real valued, the Carleman
estimate is only true if {p1,p2} = 0 on p1 = p2 = 0. Here the symbol of operator before conjugation by
weight is |€|> = A2 +ida(x)|€|?, and the Poisson bracket is {|€]2— 2%, Xa(x)|€*} = 2X(&-Va(z))|E]*. We
can estimate this term, uniformly in a neighborhood of a(x) = 0, by Cha2 (z)|&|®. This explanation
does not justify the power |/\|% found at the end of computations but shows the difficulties.

Theorem 3.2. Suppose ¢ satisfies sub-ellipticity condition in V- C . Then, there exist positive
constants K and o, such that for every u € €5°(V), it holds

(1 + Na(z)?) 2e™ )|} + 7|1+ N2a(2)?) 2™ Dull} < [le™ Pull?, (3.19)

where X > N\g and 7 > rnax{f(|)\|%, 1}.
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Proof. Set v = e™¥u. From Theorem 3.1, it suffices to prove that (3.19) is equivalent to
(@)l + 7l|v (@) Doll} S I[Pl (3.20)

First, assume (3.20) holds. Then, Dv = €™?(Du — itV u) and €”?Du = Dv + itV v. Then there

exist positive constants ¢y, co such that

c1 (I[v(@)Dolly + lv(@)ollv) < |lv(@)e™ Dully + rllv(z)e ully (3.21)
< (@) Dolly +7lv@)elv). |
Combining this with (3.20), we conclude that
Tllv(@)eully + Tlv(@)e™ Dully, < (rllv(@)Dolly, + 7 [v(@)vly) < lle™ Pullf.
On the other hand, (3.19) implies that
Pllv(@)eully, + Tlv(@)e™ Dully, < [|Povll-
Then, we proved (3.20) from the above estimate and (3.21). O

Since there is higher order term div(a(z)Vy,) in system (1.1), it is necessary to deal with the term
div(a(z)Vf) for f € H*(Q2) when proving the resolvent estimate. The following result is analogue to
the work by Imanuvilov and Puel ([14]).

Theorem 3.3. Suppose ¢ satisfies sub-ellipticity condition on' V- C Q. Then, there exist C, K, X >
0, such that for all u € €5°(V) satisfying

d
P(z,D,\u=go+ Y 0u,g;, where g; € L*(V), j=0,1,---,d, (3.22)
j=1
it holds 4
71+ Na(x)?) 2 ull} + 77 (1+ Na(z)?) 2™ Dul} < C > [lem¢g5l1%, (3.23)
7=0

where X > Ao and 7 > max{K ||, 1}.

Proof. First, from (3.1), we have D? = Q3 + S2 and Aa(r)D? = Q1 + S; where S; and Sy have
symbols in S(rvpu, g) if 72 A. Tt follows that for any v € €5°(V),

I1D20][3 S 1Q2ullf + 72 (72w (2)vlly + [[v(x)Doll3),

(3.24)
[XaD?vll3, < 1Quolly, + (v [[v(@)vlf, + llv(2)Dvl3)).
Using (3.3), (3.24) and the fact that ||v(z)D?v||} < 2(]|D?v||} + [[Aa(x) D?v||%,), we obtain
T lv(@)ll}y + rllv(@)Dolly + 77 p(@) D> [lf S 1Pl - (3.25)

Let @ and x be in €5°(€2) such that x = 1 on a neighborhood of supp 4. Similarly to (3.21), we
obtain
Tlv@)ally + 77 v(@)Dully < rllv(@)ally + 7D ()a)l -

Then, combining this with Fourier transform and the following inequality

2 3 4
B S B
T NP TP e
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we conclude that
Tlv(@)ulli + 7 (@) Dully < 7% Op(u~ v(x)xally + 7| D?* Op(p~ v (z)xwly.  (3.26)

From Lemma 2.3, we have Op(u~1)vy = vx Op(u~1!) + Ry, where R; has a symbol in S’(/f?u)\% . 9),
and D2 Op(u~)vy = vD%x Op(u~t) + Ry, where Ry has a symbol in S(vA2,g). Then, it follows
from (3.26) that

rllv(@)ally + 77 v(@) Dallf, S 72 |lv(x)x Op(u)ulli + 7~ lv(x) D*x Op(p™)ull§, + Nv(z)all3 -
For 7 > max{C\, 1} with C large enough, one has the following result from the above inequality.

rllv(@)ally + 7 Hv(@) Dl < 72 v(z)x Op(u)ally + 7 lvD?x Op(p)all5- (3.27)
Now, we apply (3.25) to v = x Op(p~1)@ to have

T |lv(z)x Op(p~)all3, + 7llv(z)Dx Op (= )all3 + 77 v (z) D*x Op(~t)ull3,
S 1Pox Op(u)all}-
Thus, combining this with (3.27) yields
rllv(@)ally + 7 v(@) Dl < | Ppx Op(pt)aly (3.28)

Finally, note that P, has a symbol in S(vpu?, g). Consequently, P,x Op(u~') = Op(u~")Pyx+ R,
where R has a symbol in S(l/)\%,g). Then, we can deduce from (3.28) that

Tllw(@)ally + v lv(@)Dally, < 1| Op(u) Py, + Allvaly-

When 7 > CA with C large enough, the error term A||va||#, can be absorbed by the left hand side.
Consequently,

tlv@@)aly + 77 v(@)Dally < || Op(p™") Pyl (3.29)
For @ = e™%u, it follows from (3.29) and similar argument as (3.21) that

Tlv(@)e™ully + 7 Hv(@)e Dully, < rlv(@)emully, + 77 v (z) DemCulf5,

~

(3.30)
< 10p(u ") Peem?ully.
Obviously, one has that
d d
Pyi=e"Pu=e"%gy+ Z €™%0y,9; = ¢ g0 + Z (0, (€7%g;) — T€"? 900, ),
Jj=1 j=1
which yields
d
1 Op(p™ M) Poall3 $ lle™ ;I3 (3.31)
=0
Hence, we obtain Theorem 3.3 from (3.30) and (3.31). O
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Remark 3.2. Since a(-) is nonnegative and not identically null, there exists 6 > 0 such that {x €
Q :alx) >} #£0. We introduce several sets as follows.

Wo = Q\ supp a,

W1 =Q\ O(supp a),

Wy =0\ ({z€Q : a(x) > 6} UO)),
Wy =Q\{z€Q: a(x) >3},

where O(T') means the neighborhood of T.
It is known that there exists a function b € € (Q) such that ([11])

1) ¥(x) =0 for xz € O0.

2) Opt(z) <0 for x € O0.

3) Vip(x) #0 forz € Q\{x € : a(z) > d}.

Let ¢ = eV, It follows from Lemma 2.5 that ¢ satisfies the sub-ellipticity condition on x € Q\ {x €
Q : alz) > 0} if v > 0 is sufficiently large. Then, in Theorem 3.2 and 3.3, one can choose V as
Q\{z €Q : a(z) > 6}.

The following result is a classical Carleman estimate and corresponding to the Laplacian with
Dirichlet boundary condition ([17], Proposition 2). We shall use it to deal with the terms on Q\supp a.

Lemma 3.1. Suppose ¢ is chosen as in Remark 3.2. Then, there exist C > 0, \g > 0, such that for
all u € €>(Q) satisfying suppu C Wy and u =0 on T, it holds

m[le™Pullg + Tlle™ Dullg < [le™ (D? = A)ull3, (3.32)
where A > Ao and 7 > max{C\, 1}.
Theorem 3.4. Suppose ¢ is chosen as in Remark 3.2. Let u € €°°(Q) and satisfy

d
P(IaDaA)u:fO_FZax]fJ mn Qa

j=1

u=0 on T,
where f; € L?(S2), supp fo C 2 and supp f; C O(supp a) for j=1,---,d. Then, there exist K > 0,
Xo > 0, such that for all X > Ao and 7 > max{K|\|7, 1}, it holds

e ullfy, + 7 e Dulliy, < ) e ™ fillé + Mle ™ ullfzen: a@)>o/2)-

d
§=0
where the positive constant § is defined as in Remark 3.2.

Proof. Let x1, x2 € €°°(Q) be non-negative and satisfy the following assumption
(i) 0 <x1, x2 <1; x1 and xo are supported on Wy and Wa, respectively.
(ii) x1 + x2 > 1 in W3. In particular, x; = 1 on [O(92) N Q] \ O(supp a), and x2 = 1 on

O(supp a) \ {z € Q : a(z) > §}.
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First, it is clear that

d

Pxou=xafo+ Y (0u;(x2f;) = fi0,x2) + [P, xo]u-
j=1
Since [P, x2] is a first order operator, we have there exist ag, a1, - -+ , ag and bg, by, - - - , bg such that
d d
[Poxelu =" a;0,,u+ XD b;ds,u,
j=0 j=0

where supp a; C {z € Q : § < a(z) < 6} U[Q\ (O(supp a) U O(supp 99))], supp b; C {z €
= 0,

Q % < a(z) < 6} for j 1,---,d. Then, applying Theorem 3.3 with you instead of u,
O\ {z €Q : a(x) > ¢} instead of V, we obtain

711+ Xa(2)?)2e™ xould + 77 H(1 + N2a(2)?) 2 e Dxoul 3

d
T 2 T 2 T 2
5 Z ||6 LPfjHQ + ||€ wU“{zGQ: %<a(m)<5}u((2\supp a) + >\||e wu”{meﬂ: %<a( )<8}-
=0

Consequently, due to (1 + A%a(z)?) > 1, 7 > {C), 1} and X > )¢, we obtain

7L+ X2a(x)?) 2™ youlld + 7 (1+ Aa(x)?) Ze™ Dxoul|3
d

(3.33)
S I+ e ul By o + AU, g 0> 4
7=0

On the other hand, by using xiu instead of v in Lemma 3.1, we obtain

Tlle™ xaullg + Tlle™ Dxaullfy, < lle™ (P — iADa(z)D)x1ull?-

(3.34)
Since x10;, f; =0 for j =1,---,d, we have
Pxiu = x1fo + [P, x1]u.
Therefore, combining these with (3.34) and O(supp a) Nsupp x1 = 0 yields
rlle™ xullg + 7 He™Dxaully, S T2 (€7 folld + e, xalulld).- (3.35)

Adding up (3.35) and (3.33), using (1 + Aa(z)?) > 1 and 7 > 1, we obtain

Tle™ (O + x2)ulldy + 77 le™ D0 + x2)ullg
d

5 Z ||eT<pfj||?2 + ||6Tsau||?2\supp a + >\||e7—<pu||%zeﬂ;a(m)2%} + T_2||€T¢[P7 Xl]u”é
j=0

Note that [P, x1] is a first order operator and supported on supp x1 \ {# € Q : x1 = 1}, which is an
subset of {x € Q : x1 + x2 = 1}. Then, for 7 sufficiently large, we have

d
Tlle™ (xa + x2)uldy + 7 e (xa + x2) Dulley £ D 1™ fillé + Ale™ullf e o> 5y
=0

Then as 1 < x1 + x2 < 2 on W3, we obtain the statement of Theorem 3.4.

16



4 Resolvent estimate

In this section, we shall prove the main result. From the results in [3, 7, 10|, the logarithmic decay

of the energy in Theorem 1.1 can be obtained through the following theorem.

Theorem 4.1. Suppose conditions in Theorem 1.1 hold. Then, for every A\ € R with |A| large
enough, there exists C' > 0 such that

}MA—¢M-W£W)56WA@. (4.1)

Let A be a real number such that || is large enough. Consider the resolvent equation:

F=(A—i)\Y, where Y = (y1,52) € D(A), F=(f1, fo) € H, (4.2)

which yields
div (Vy + aVyz) + X2y =M1 + f2,  in

Y2 =1 y1 + f1 in €, (43)

yilr=0

In what follows, we shall prove that there exists a positive constant C' such that

I, )l < (AL F2)llee

First, let n > 0 and x € €5°(Q) be real valued function such that supp x = {x € Q : a(z) > n})
and y =1 in {z € Q : a(z) > 2n}. The following lemma is helpful.

Lemma 4.1. Fory;, fi1, f2 satisfying (4.3) and |A| large enough, it holds
) [xyille S 1Vyrllzea:a@>ay + 1Allar @) + [ f2llo-
(i) /Qa(iﬂ)|Vyl|2d$ S Al @ + (flle + [ f2le)lylle-

Proof. (i) Multiplying the first equation in (4.3) by x*¥,; and using yo = i\y; + f1, we obtain,

Nl = / Vi - VT )da +iX / o)V - VT )da
Q Q (44)

+M/ﬁf@M+/hf%M+/M@WIVw%Mm
Q Q Q
Since V(x*7;) = x*V¥; + 27, xVx, we have

| [ @V V0Cmde | S 10 ey + ol Vol oncacorson
(4.5)

1
S 2||Vy1||%zeﬂza(x)>n} + ZHXylH?l

By the similar argument, we can deal with the rest terms on the right hand side of (4.4). Combining
these with (4.4), (4.5) yields

1
Nl < 5)‘2||Xy1”%2+(|)‘|+1)||Vy1||%169:a(w)>n} (4.6)

I A1lE + A2 I+ (A2 + 1)||Vf1||§11(9)~
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Then, (i) is reached.
(ii) Multiplying the first equation in (4.3) by 7, and using y» = iAy; + f1, we obtain,

/ [~ (iMa(x) + V)|V + N[y Pldz = / @)V -V, + QML+ f)Tde. (47)
Q Q
Taking the imaginary part of (4.7) yields

/Q a(z)|Vyi|*de = =27 Im Q[CL({E)Vf1 VYT + (iAf1 + f2)y1]de. (4.8)

Thus, by the Cauchy-Schwarz inequality, one can conclude from (4.8) that
1
[ a@ends <7 ([ a@IVinPde) Uil + (illa+ A 1l

1 _ _
< Z/ﬂa(ﬂ:)IVyllz’d%LIAI 1Al @) + (falle + MRl v e

The proof of lemma is finished. O
Proof of Theorem 4.1. Due to Lemma 4.1 (i) and (ii), we have
||y1||%meﬂ:a(w)>2n} S ||Vy1||%meﬂza(m)>n} + ||f1||%11(ﬂ) + ||f2||%27 (49)
and

IVylteca:a@sm < 1l + (fille + [ £lle)llv e (4.10)

Combining (4.9) and (4.10) yields

191120 (wee:ag>2np S Il @) + 1f2ll7z@) + (fille + 1 f2l0) ly1llo- (4.11)
On the other hand, by (4.3), one has that y; satisfies
div (Vyr + ida(2)Vyr) + Ny = iAfi + fo — div(a(z)V f1). (4.12)
Then, applying Theorem 3.4 to y; satisfying (4.12), we obtain

Tle™ylle + 77 e Vi G

d
S NI+ e fllm+ S e a s, full
j=1

+(>‘ + T)||67¢y1 ||%z€ﬂ:a(z)25/2} + (. ||e‘rtpvy1 ||%z€ﬂ ra(z)>6/2}

Let ¢; = mingeq p(z) and ca = max,cq p(x). We conclude from the above inequality and 7 >
max{K|\7, 1} that
77 [y [|§ + 72TV ||
(4.13)

S NNl @) + 2T IG + eIl (et a@zs2-

Setting n = 2 and substituting (4.11) into (4.13), we obtain

eyl + 7 eV G S T il o) + eIl + e (il + 1 le) v o
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Let ¢ = 2(c2 — ¢1) + 1. For 7 > max{K|A|%, 1}, one has
lyalé, + 1ol S e 11l ) + eI 206 + e (Al + [ f2ll) llle.

For any € > 0, using e7 (|| fille + [ f2lle)ly1lle < ellyalld + e~ e (| fille + [ f2]l2)? in the above
estimate, we conclude that

lyall& + IVl < €7 (11l o) + 1£2115),

which gives the desired result. 0
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