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1. Introduction

Letx = (x1,x2,...,%,) € R = (0,00)" and n > 2. Then the arithmetic and geometric means of n

positive numbers x1, X, . .., X, are defined by

In [12, p. 208, 3.2.34], it was stated that

n

[Txi+1) > [G(x) +1]"
i=1

In the paper [26], Wang and Chen established that the inequality
n

E[(xi +1)P 1] > [(G(x) + 1)F — 1]

is valid for p > 1. In the paper [24], Wang extended the inequality (1.2) as follows:

1. if p > 1, then the inequality (1.2) is valid;
if 0 < p <1, then the inequality (1.2) is reversed;
3. if p > 0, then

N

ﬁ[(xﬁl)” +1] > [(G(x) +1)P +1]";
i=1
1

4. ifp<0and0 < x; < Tol for 1 <i < n, then the inequality (1.3) is reversed.

1.1)

1.2)

(1.3)
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In [8, p. 11], it was proved that

n n n
(/H(”k+bk) > (/H%‘F(/ku/ (1.4)
k=1 k=1 k=1
where ai, by > 0. When gy = x and b, = 1, the inequality (1.4) becomes (1.1). The inequality (1.4) is
the Minkowski inequality of product form.

We observe that inequalities in (1.1), (1.2), (1.3), and (1.4) can be rearranged as

G(x+1)>G(x)+1, G((x+1)P£1) > [G(x)+1]F £1, (1.5)
and
G(a+Db) > G(a)+G(b), (1.6)
where
x+1=(x1+1Lx+1,...,x,+1)
and

(x+1)P+£1=((q+1)P£1, (+1)P+1,...,(x, +1)P £1).

The inequality (1.6) reveals that the geometric mean G(x) is sub-additive. For information about
the sub-additivity, please refer to [2,6,7,9,10,14,15,17] and closely related references therein. The
sub-additive property of the geometric mean G(x) can also be derived from the property that the
geometric mean G(x) is a Bernstein function, see [5,16,18-22] and closely related references therein.

In this paper, by some methods in the theory of majorization, we will generalize the above
inequalities in (1.1), (1.2), (1.3), (1.5), and (1.6).

2. Definitions and lemmas

Now we recall some definitions and lemmas.
It is well known that a function f(x1, xp, ..., x,) of n variables is said to be symmetric if its value
is unchanged for any permutation of its n variables x1, xp, ..., xy.

Definition 1 ([11,25]). Letx = (x1,x2,...,xs) and y = (y1,Y2,--.,¥n) € R™

1. If
k

k n n
X <)y and Y xp =) vy
1 i=1 i=1 i=1

for 1 < k < n—1, then x is said to be majorized by y (in symbol x < y), where X[q = Xpg =

o 2 Xppand yp) = Yp) = -+ 2 Y[,| are rearrangements of x and y in a descending order.
2. Forx,y € Qand A € [0,1], if

i=

Ax+(1=A)y = (Axg+ (1= Dy, Axa+ (1= Ay, ..., Axy + (1= A)yy) € Q,

then ) C R" is said to be a convex set.
Definition 2 ([11,25]). Let 2 C R” be a symmetric and convex set.

1. If x < y on Q) implies ¢(x) < ¢(y), then we say that the function ¢ : Q — R is Schur-convex on
Q.
2. If —¢is a Schur-convex function on (), then we say that ¢ is Schur-concave on Q).

Lemma 1 ([11,25]). Let Q) C R" be a symmetric and convex set with nonempty interior Q0° and let ¢ : (3 — R
is continuous on Q) and continuously differentiable on Q)°. If and only if ¢ is symmetric on () and

a(P a(p o
— —r __ >
(X1 X2)(a ) 3 2) 0, x€0°,
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the function ¢ is Schur-convex on Q).
Definition 3 ([29, pp. 64 and 107]). Letx,y € OO C R’}

1. If (x{‘y%*/\, x%y%*A, ey x%y%’)‘) € Qforx,y € Qand A € [0,1], then Q is called a geometrically
convex set.
2. If Q) is a geometrically convex set and

(Inxq,Inxy, ..., Inx,) < (Inyy, Inyy, ..., Inyy,)

implies ¢(x) < ¢(y) for any x,y € Q, then ¢ : QO — R is said to be a Schur-geometrically
convex function on Q).
3. If —¢ is a Schur-geometrically convex function on (), then ¢ is said to be a Schur-geometrically

concave function on Q).

Lemma 2 ([29, p. 108]). Let Q) C R'} be a symmetric and geometrically convex set with a nonempty interior
O° and let ¢ : OO — Ry be continuous on ) and differentiable in Q)°. If and only if ¢ is symmetric on Q) and

0 0 o
(Inxq —1r1x2)<xlax(p1 —xza;i) >0, xeQ°,

the function ¢ is Schur-geometrically convex on ().

For more information on the Schur-convexity and the Schur-geometric convexity, please refer to
the papers [3,4,23,27] and the monographs [11,29].

Lemma 3 (Bernoulli’s inequality [1,13]). For 0 # x > —1,ifa > 1ora <0, then

(14+x)*>1+ax; (2.1)
if 0 < a < 1, then the inequality (2.1) is reversed.
Lemma4. For p € R\ {0} and x € Ry, define

px(x—i—l)p’l
x+1)P—1°

p(x+1)P~1
(x+1)P—1'

px(x—l—l)’”1
(x+1)P+1

p(x+1)P-1
x+1)P+1°

hi(x) = 81(x) = ha(x) = 82(x) =

1. If p < 0, the function hy(x) is increasing on R if 0 < p < 2, the function hy(x) is decreasing on R, if
p > 2, the function hy(x) is increasing on (0, (p — 1)1/ — 1) and decreasing on ((p — 1)1/P —1,00).

2. If p > 0, the function g1 (x) is increasing on R; if p < 0, the function g1 (x) is decreasing on (0, ‘—;‘] and
increasing on [|2ﬂ'°°)'

3. For p # 0, the function hy(x) is decreasing on R ..

4. If p > 1, the function g (x) is increasing on Ry if p < 1 and p # 0, the function g»(x) is decreasing on

R4
Proof. Straightforward computation gives

p_ ptpx+ (x+1)7]

p_plp—1—(x+1F] - _
[hl(x)} - [(x+1)p+1]2 (x+1)l7 2/ [gl(x)] - [(X+1)p+1}2 (x+1)p 2/
o) <P a2, gty = MO L P s

Ifp<Oandx € Ry, orp>2and0< x < (p—1)7 — 1, we have [hy(x)] > 0;if 0 < p < 2and
x €Ry,orp>2and (p—1)"P —1 < x, we obtain [ (x)]' < 0.

If p > 0and x € Ry, we acquire [g1(x)] > 0;if p < 0and 0 < x < ﬁ,we have [g1(x)]" < 0; if
p <0andx > fﬂ, since (x + 1) < 1and 1+ px < —1, we acquire [g1(x)]" > 0.
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If p € R\ {0}, we obtain [,(x)]’ <0 for x € R.

For x € Ry, by Lemma 3,if p > 1, we have (x + 1) > 1+ px, then [g2(x)]' > 0;if 0 < p <1, we
have (x +1)? <1+ px,and so [g2(x)]" < 0;if p < 0, we obtain (x 4+ 1)? > 1+ px, hence [g2(x)]" < 0.
The proof of Lemma 4 is complete. O

Let x = (x1,x3,...,x,) € R" and iy, ..., i are positive integers. The elementary symmetric
functions are defined by Eg(x) =1,

k
Ex(x) = Ex(xq,x2,.-.,%n) = Z Hxi]., 1<k<mn,

1§i1<"'<ik§1’lj=1
and Ex(x) =0fork < Oork > n.

Lemma 5 (Newton’s inequality [11, p. 134]). For x = (x1,X2,...,X;) € R and n > 2, let I?k(x) =
ﬁEk(x)for 1<k<n-—1. Then
k

~

2 ~ ~
[Fe(x)]” > Fe1(x) By (x).
3. Main results

In this section, we will make use of the Schur-convexity of the symmetric function

Ex((x+1)P 4+2) = ) ﬁ[(xij+1)”+§], 2<k<n, n>2

1§i1<"~<ik§1’lj:1

to generalize inequalities in (1.1), (1.2), (1.3), (1.5), and (1.6), where x € R}, the quantities i1, 1, ..., ik
are positive integers, { = 0,£1,and ¢ = 0, £1.
Our main results are Theorems 1 to 3 below.

Theorem 1. Let2 <k <n,p € R\ {0},i1,...,ix € Njanda = %forp>1,

1.If2<k<n-10<p<lLandx e R ,orif2 <k <n—-1p > 1witha < 1, and
X € (O,a_l/”—l]",orifk:n,p>O,andx€R’}r,then

k

(Z) [G(x) + 1] < Y Tl +1P< (’;) [A(x) + 1]7; 3.1)

1§i1<---<ik§71 ]:1

ifp <0andx e (0, Ilﬂ] " orifk =mn,p < 0,and x € R, then the double inequality (3.1) is reversed.
2.If2<k<n-1,p>lwitha>1andx € (O,al/P—l]",then

k
n
(k) A+ < ¥ [T+
1<) << <n j=1
3. If2<k<n-—1,p>0,and x € R, then

n k k

IO DI § (R 62)
1§i1<<--<ik§nj:l

if p < 0and x € R, then the inequality (3.2) is reversed.

Proof. When k = n, we have

OE,((x+1)P) p
oxq - (x1+1)E”((x+1)p)'
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From this, we obtain

IEx((x +1)P) aEn((X+1)p)] plx1 — x2)? <0, p>0
X1 —X — = — E x + 1 P
) [P0 o EEYEESTRL R T
and
OE,((x + 1)) BEn((x—i-l)p)} p(xg — x2)? >0, p>0;
X1 —x2)|x —X = E,((x+1)F
b 2)[ ! ox; ? 0x; (x1+1)(x2 +1) n( ) <0, p<O.
Using Lemmas 1 and 2, we arrive at
1. if p > 0, then E,((x + 1)?) is Schur-concave on R’ ;
2. if p <0, then E;((x + 1)") is Schur-convex on R} ;
3. if p > 0, then E,((x + 1)*) is Schur-geometrically convex on R";
4. if p <0, the E,((x + 1)7) is Schur-geometrically concave on R".
Since
(Ai’l(x)/Al’l(x)/"'/Ai’l(x)) <X (33)
and
(InGy(x),InGy(x),...,InGy(x)) < Inx (3.4)

for x € R’} applying Definitions 2 and 3, we obtain the double inequality (3.1) for k = n.
When 2 < k < n — 1, a direct differentiation yields

OEi((x+ 1))

o = p(a + )P (2 + DPEeo (R + 1)) + plrg + P B (R +1)P),

where ¥ = (x3,...,x,). We clearly see that

Aa(Ep((x +1)P)) 2 (x1 — x2) [aEk((er 1)7)  9E((x+ 1);,)}

axl axz

— —px1 — 32200 + VP (2 + VP E (R4 1)) 39
+p(x1 — x2) [(x1 + 1P — (xp + 1)p71]Ek71(<,?+ 1)7)
and
(Inx; — Inxy) [x1 aEk((ng V¥ _ xzaEk((ng l)p)]
(3.6)

= p(Inx; —Inxy) (v — x2) (x1 + )P 2 + VP E (R4 1)P)
+ p(Inxg —Inxg) [x1(x1 + 1P = xa (20 + )P E (R +1)P).
Using the equation (3.6) and Lemma 2, we obtain that

1. if p > 0, then Ex((x + 1)7) is Schur-geometrically convex on R ;
2. if p <0, then Ei((x + 1)) is Schur-geometrically concave on (0, ﬁ} "

By the equation (3.5) and Lemma 1, we reveal that

1. if p <0, then Ex((x 4+ 1)?) is Schur-convex on R’ ;
2. if 0 < p < 1, then Ex((x + 1)7) is Schur-concave on R} ;
3. ifp>1landx € RY,

(a) when x1 = xp, we have A4 (Ex((x +1)7)) =0;
(b) when xq # x»,
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i. by Lagrange’s mean value theorem, we have

(x2 +11)P1 " (x +11)P1 - _(?—I(—xll); = 57
. o o e ROt bt 1 ) maxty 22}
(n-B0-2)  _ (1-kE(EF+1)") _ Eea(E+1)7)
(k=1) Eils(xi+1)77 (k—l)}g,((fﬂ)v) Ek_z((a?+1)r’3
< EZ_’;;E;EE;E;:; - (k_%(:_ 5 ;(xiﬂ)?ﬂ. (3.8)

Substituting (3.7) and (3.8) into the inequality (3.5) yields

Aa(E((x+1)P)) = —p(x1 — x2)*(x1 + )P N (xa + )P B o (B + 1)P)
+p(xr —x2) [(x1 + 1P = (o + 1P Eeq (R+1)P)
= p(x1 —x2) (a + DP o + DP B o (R +1)F)

1 1\ B (E+1)P) (39)
X {_(xl —x2)+ ((xz +1)P 1 (x + 1)1“_1) Ek—;((er 1)”)}

= p(x1—x)* (21 + P (x + )P B (R + 1)) [(gp—i-ll)l’ Eiiggi 332 N 1].

Ifa>1andx € (0,a'/? —1]", using min{xy, xo} < & < max{xy, x,}, we have

n—2 S n—2 1
Y& a(xi+1)7P PL0+1)7F

and
1 k—1

> .
E+1)r =~ (n—k)(p-1)
Consequently, inequalities from (3.9) to (3.10) imply A(Ex((x+1)7)) > Oforx € (0,a'/P —1)™.
Ifa<landx € (O,a’l/p —1] " we obtain

(3.10)

Aa(E((x+1)7)) = p(x1 — x0)*(x1 + 1)P 1o + 1P E (R +1)P)

p—1 Ekl((??Jrl)p)]
(C+1)P Exo((x+1)P)

x[—1+

n-Bp-1
(RIS SR

i=3
< plxr—x2)* (1 + VP + VP E (R + 1))
B (n—k)(p—1) k—1 1/’7_ p
{ e (meemn) 1)+ }

= pn — 322 + 1P (x + 1P (% 4 1)) [

<plrr—x)* (1 + )P N+ )P E o (R+1)P) | -1+

-1 <0.
G+1)7 }
It is easy to obtain that, if p > 1and a > 1, then Ey((x + 1)) is Schur-convex on (0,a'/? — 1] “ifp>1
and a < 1, then E¢((x + 1)?) is Schur-concave on (0,a~ /7 —1]".

Using (3.3) and by Definitions 2 and 3, inequalities in (3.1) to (3.2) hold. The proof of Theorem 1
is complete. [
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Theorem 2. Let2 < k <nandp € R\ {0}, i1,...,ix € N, and

b= {1<\/4(4”—3k—1)(17—1)+1 _1”1/;9, l<p<2

2 k—1

LIfk=n0<p<2andx € R, orifk =mnp >2andx € ((p—1)"7 -1,00)", or if
2<k<n—-10<p<1,andx € R, then

<Z>[(G(x)+l)p+1]k§ Y ﬁ[(xij+l)”+l]§(Z)[(A(x)+1)p+1]k. (3.11)

1§i1<---<ik§nj:1

If2<k<np<0andxe (0, ‘—;‘] ", then the double inequality (3.11) is reversed.
2. If2<k<mnp>2andxc (0,(p—1)1/P—1}",0rif2gkgn—l,l <p<2andxe (0,b]",or

if2<k<n,p<0,andx € R, then

(Z)[(A(x)+1)”’+1]k§ Y Tl 0741 (3.12)

l§i1<---<ik§n]’:l

3.If2<k<n—-1,p>0,andx € R",orif2<k<mn,p<0,andx € [‘zﬂ,oo)n,then

(Z)[(G(x)Jrl)”Jrl]kg Y T 1741 (3.13)

1§i1<~~~<ik§nj:1
4. Ifk=n,p>2,and x € R}, then
n

(Gx)+1)P +1]" <] [(xi+1)P +1]. (3.14)
i=1

Proof. When k = n, a direct differentiation yields

-1
aEA(x;ql)f’H) :ijfi)lgillsn((x+1)”+1)~ (3.15)

From Lemma 4, it follows that

(21 — 12) [aEn((x+1)P +1)  9E((x+1)? +1)}
ax1 E)xz
-1 -1
= pln = x) [(zl:l];;pﬂ B (522:11);: 1}E”((x+1)p 1)

<0, 0<p<2 xecRY;

>0, p>2, x€(0,(p—1VP-1]"

<0, p>2, x€((p-1)"P-1,00)"

>0, p<0, xeR:

and

(Inx; —Inxy) [xlaEn((x+1)p+1) —xzaE"(("“)”H)]

Bxl axZ
(i + )P o+ 1Pt
(x1+1)P+1 (xo+1)P+1

—p(lnxl—lnxz)[ }En((x—i—l)p-ﬁ—l)
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>0, p>0, xeRY,
<0, p<0, x€ (0"
>0, p<o, xe[m, )n.

Therefore, from Lemmas 1 and 2, we acquire

. if0 < p < 2, then E((x +1)? 4 1) is Schur-concave on R} ;
. if p > 2, then E,((x +1)? + 1) is Schur-convex on (0, (p — 1)1/ — 1]
if p > 2, then E,,((x 4+ 1)P + 1) is Schur-concave on ((p — 1)1/7 — 1, oo)";
if p <0, then Ej((x +1)? 4 1) is Schur-convex on R" ;
if p > 0, then E;,((x +1)? 4 1) is Schur-geometrically convex on R" ;
if p < 0, then E,,((x +1)? + 1) is Schur-geometrically concave on (0, /&]";

" Trl
if p < 0, then E,((x +1)? 4 1) is Schur-geometrically convex on [IZ\ ,00)".

n
7

N Uk e

— — —

From the relations (3.3) and (3.4), employing Definitions 2 and 3, we conclude inequalities in (3.11),
(3.12), (3.13), and (3.14) for k = n.
If2 <k <n-—1,since

IE((x +1)P +1)
axl

=p(x1 + 1P (xa + 1)P + 1Ee (R +1)P +1)
+plx + )P E (R+1)P +1).
Therefore, we have

aEk((x—i—l)p—f—l) . aEk((x—l-l)p—i—l)

Aa(Ee((x+1)P +1)) 2 (x — m[

axl axz
p—1 p—1 2
—rin <5f++11>37 T (122:11)2’ T 1} [Tl + 17 + 1B a(@+1r+1) G40
i=1

+p( = x2) [(x +1DP T = (o + )P B (R 1P +1).
By the equation (3.16) and Lemma 1, it is easy to obtain that

1. if p <0, then E¢((x + 1)P + 1) is Schur-convex on R ;
2. if 0 < p <1, then Ex((x 4+ 1)? + 1) is Schur-concave on R’ ;
3.ifp>1landx € RY,

(a) when x1 = xp, wehave A4 (Ex((x +1)P +1) =0;
(b) when xq # x7, using Cauchy’s mean value theorem, we have

(+DP7 ()Pt
(;11+1)P+1 - (;22+1)v+1 N e (e DL

(+ )P = (o + )P (p=DIE+1)P +1)2

for some point ¢ € (min{xy, x}, max{x1, x2}) such that

Aa(Ex((x+1)P +1)) = p(x; — x2) [(x1 + )P = (2 + )P HE, H(R+1)P +1)

(
(x1 + )P = (x +1)P!
=p(x —xz)[(x1+1)p71 — (2 + )P HE o ((R+1)P +1)

fopmi—ery 2 Ea((®
{(p_l)[<§+1)p+l]2 111[( z+1)p+1]+ ((5‘:\

(+DP1 (np+D)P N
x{ eSS i oy H x4 1) Ek-lEE;+1)p+1)}
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Ifp>2andx € (0,(p—1)1/7 —1], thenp — 1 — (x + 1) > 0,50 Ag(Ex((x +1)? +1)) > 0 for
xe (0,(p—1)Vr—1]".
If1<p<2andx € (0,b], wederive p—1— (x +1)” < 0. Using

(min{x1,x} +1)P +1 < (E+1)P +1 < (max{x, x2} + 1)’ +1
and Newton’s inequality lead to

Aa(Ex((x+1)7 +1)) = p(x1 —x2) [(x1 + 1P = (2 + DP T E (R +1)P +1)

p—1—(E+1)P 2 Er 1 ((X+1)P +1)
{ el A i A (T }

> plx1 —x2) [(r1 + )P = (0 + 1P Ep o (R +1)P + 1)

p—1—(E+1) n—k n—2
><{( )[(§+1P+12H +k—12?_3[(xi+1)1”+1]1}

> p(r —x2)[(x1 + )P = (2 +1)P 71]Ek—2((7?+ 1)P +1)

p—1—-(E+1)* —k n—2
X{<p—1>[<@+1>ﬁ+1]“ma"{’“"”}“) e = mEesvE £

> p(x1 — ) [(x + 1P = (g + )P ! ]Ek72<(x +1)7 +1)

1 (1) 201 — k)
x{” e G e }

) 2(PP— 7y (1 =) [+ 1P = (D7 Eea(F 1) + 1)
X{—(b+1)”[(b+1)”+1] + (4”_3’;{—_11)@—1)} =0,

By Lemma 1,if 1 < p < 2, then Ex((x 4+ 1)” 4+ 1) is Schur-convex with respect to x € (0,0]"; if p > 2,
then Ei((x + 1) + 1) is Schur-convex on (0, (p — 1)'/7 —1]".
When 2 < k < n — 1, from (3.15), we obtain

L ((x+1)P +1) . OEL((x +1)P +1)

(Inxq —Inxy) {xl o 2 o%;

] =p(Inx; —Inxp)

2
H X+ 1P +1)E o (R+1)P +1) (3.17)

x[xl(lerl)f’_l xo(xp +1)P1
)P +1 ()P4l

+p(x1 — ) [y (v + P —xa(xa + )P E (R4 1)P +1).
Using the equation (3.17) and Lemma 2, we obtain that
1. if p > 0, then Ex((x + 1)P + 1) is Schur-geometrically convex on R ;

2. if p < 0, then Ex((x 4+ 1)? + 1) is Schur-geometrically concave on (0, \1?] i

n

3. if p <0, then Ex((x + 1)? + 1) is Schur-geometrically convex on [\%I’ )"

By (3.3) and Lemmas 1 and 2, we arrive at inequalities (3.11) to (3.14). The proof of Theorem 2 is
complete. O

Theorem 3. Let2 <k <n,pe R\ {0},i,...,ix €N,

[t D
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and

2n+k—3
d_(k—l

Ifk=np>1landx e R%,orif2<k<n—1,p>1andx e (0,c]",orif2<k<n—-1,p=1,
and x € R}, then

1/p
) -1, 0<p<l1.

k
(Dicw+r-1¥< ¥ T+ -1 () iAm -1 @s)

l§i1<---<ik§7’lj:1

Ifk=n0<p<landx eR%Y,orf2<k<n—-1,0<p<1,andx € (0,d]", then

Y ]‘[ —-1)P+1] < (’;) [(G(x) +1)P =1k,
1< <---<i<n j=

If p < 0,k = nisan even integer, and x € R, orif 2 < k < n — 1, k is an even integer, p < 0, and

x € (0, fﬂ]n, then

k
DR B (RS (4 [T R (6.19)

1<ip << <n j=1

Ifp <0, k—nisanoddinteger,andxeR”,orifZSkSn—1,kisanoddinteger,p<O,and

x € (0, |1‘] then the inequality (3.19) is reversed.

Proof. The proof is divided into three cases.

Case 1. If k = n, a direct differentiation yields

OE,((x+1)P —1)  p(x;+1)P!
axl 7(3(1—‘-1)”—1

Eu((x+1)7 —1).

From Lemma 4, it follows that

and

(x1 —xz>[aE"((x“)p —D  OE((x+1)” —1>}

8x1 E)xz
x1 +1)P~1 (xp 4+ 1)P1
x1+1)7”—1 (xo+1)P -1
<0, ifp>0;

<0, if p <0and n isan even integer;

= plr =) e+ 17 -1

>0, ifp < 0andnisan odd integer

E)xl BXQ

a i aEn((x+1)P—1) aEn((x+1)7”+1)]
I‘IX1 an 2

p(lnx; —Inxy) }En((x—l—l)p—l)

(x1+1)P -1 (xp+1)P -1
ifp>1;
f0<p<l;

[xl x1 +1)P1 ~ xa(x2 +1)r1
0,

0,

0, if p < 0and nisan even integer;
0,

(VAR VAR VAN VS

if p < 0 and 7 is an odd integer.

Therefore, from Lemmas 1 and 2, we have
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1. if p > 0, then E,((x 4+ 1)” — 1) is Schur-concave on R,; if p < 0 and n is an even (or odd,
respectively) integer, then E, ((x + 1)” — 1) is Schur-concave (or Schur-convex, respectively) on
R%;

2. if p > 1, then E((x +1)? — 1) is Schur-geometrically convex on R” ;if 0 < p < 1, then E,;((x +
1)P — 1) is Schur-geometrically concave on R ; if p < 0 and # is an even (or odd, respectively)
integer, then E, ((x 4+ 1) — 1) is Schur-geometrically concave (or convex, respectively) on R’ .

For k = n, by the relations (3.3) and (3.4) and by Definitions 2 and 3, the inequalities in (3.18) to (3.19)
hold.
Case2. When 2 < k <n —1, since

AE ((x+1)P —1)

D + 1P + 1)~ B (R4 1) 1)
1

+pa+ )P B (R+1)P -1), (320)

we have
BB+ 1)7 = 1) 2 (1 — ) | 2D ORGP
= p(r — ) {1 + P (x2 + )P = 1] = [(x1 + 1)P = 1] (2 + 1)P 7'}
XE o(R+1)P = 1)+ p(x; — x2) [(x1 + 1P = (2 + P Eq (R+ 1) - 1) (3.21)
(+ 1P ()PP
A (xyilJrl)”—l B (x§2+1 P—J ll—[ %t D = U Eep(E D 1)

+p(x1 — x2) [(x1 + 1)?*1 —(xp+1)P~ l} Ex 1((x+1)P —1).
Utilizing the monotonicity of p(x + 1)?~! and Lemma 4, we obtain that

1.if0 < p < 1, then A(E((x +1)? —1)) < 0 for x € R", so the function E,((x +1)? — 1) is
Schur-concave function on R’ ;

2. if p < 0 and k is an even (or odd, respectively) integer, then A(Ex((x +1)P —1)) § 0 for x € R}
This shows from Lemma 1 that, if p < 0 and 7 is an even (or odd, respectively) integer, the
function E; ((x 4+ 1)P — 1) is Schur-concave (or Schur-convex, respectively) on R ;

3. if p>Tandx € (0,c]", from (3.21), it follows that

AEp((x+1)P = 1)) = p(xy — x2){—(x1 — x2) (x1 + 1)P " (xp + 1)
[+ )P = (o + )P E (R +1)P = 1)
+p(x1 —x2) [(x1 + P = (o + P E 4 (R+1)P — 1)

(3.22)
= plon = ) B2+ 17 = D f (1 = xm) o+ 1P (a4 1P
: i [Ea(E+ 1P - 1)
p—1 _ p—1 k-1 _
+[(x1 +1) (x2+1) ][Ek_z((a?+1)F’—1) 1] ¢
Suppose x1 # xp and x € (0,c]”. By Lagrange’s mean value theorem, we have
(1 + )P = (2 + )P = (p= 1) (11 —x2) (G +1)772 (3.23)

for some ¢ in the open interval (min{x1, x; }, max{xy,x,}) and

(x1 +1)P 71 (xg +1)P1 1 - 1
(p-DE+1)P 2~ (p-1E+1" = (p-D(c+ 17
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Fork=2,...,nand x € (0,c]", using Lemma 5 yields
E1(B+1)P—-1) _ (n—kR((E+1)P-1) _n—k n—k
— < = < c+1)P — . 3.24
Ex 2(®+1)P 1) = (k—1D)F((F+1)? —1) PG (324

For x € (0, c]", by the equation (3.22) and the inequalities in (3.23) and (3.24), we obtain

x{—(x1 + 1P Y+ )P L (p—1)(E+1)P2 E:_ig(iiiiz : i; a 1} }
1

< pla—x) (p D+ 1P 2Eo((x+1)7 — 1)

(1 + D rp + 1P n—k & n—1
[_ =D+ 17 +<k—1><n—z>izzg,“‘f“)”‘k_1]
< pln = 0P (p ~ DE+ 1P 2B (1)~ 1)

1 n—k n—1
X{_(p—l)(c—f—l)l’+k—1(c+1)p_k—l} =0

Therefore, if p > 1, then A(Ex((x +1)? — 1)) < 0 for x € (0,¢]". So, from Lemma 1, it follows that

1. if 0 < p < 1, the function Ei((x + 1) — 1) is Schur-concave on R" ;

2. if p < 0 and k is an even (or odd, respectively) integer, the function Ei((x +1)? — 1) is
Schur-concave (or Schur-convex, respectively) on R ;

3. if p > 1, the function E;((x 4+ 1)P — 1) is Schur-concave on (0, c".

Case 3. If 2 < k < n — 1, then from (3.20) it follows that

A(Ex((x+1)7 —1) £ (Inx; — Inxy) [xl aEk<<xa+xj>” -1 xZaEk«x;;)P ~1)

(i +1)P =1 (p+1)P -1 H[(xi—"l)p_l]Ekfz((f-i-l)p—1)

+p(Inx; —Inxy) [xq(x1 + )Pt — xp(x0 + 1)#71]51(71((554_ 1) —1).

p—1 p—17 2
— p(Inx; — Inxy) x1(x1+1) ~ xp(x+1) }

Using the monotonicity of function px(x + 1)P~! and Lemma 4 results in

1. if p > 1, then A(Ex((x +1)? —1) > 0 forx € R";
.if p < 0 and k is an even (or odd, respectively) integer, then A(Ei((x + 1) — 1) ; 0 for
n
x € (O’Ilﬂ] ;
3. if0 < p <1, then

Ac(Ex((x+1)P —1) = p(Inx; — Inxz) {x1 (x1 + )P H(x2 +1)P — 1]
—[(x2 +1)P = 1xa(x2 + )P Ee o ((R+1)P — 1)
+p(Inxg —Inxy) [x1(x1 + 1P —xp (22 + 1)P Ee g (R+1)P — 1)
(3.25)
=p(nx; —Inx) B »((¥+1)" — 1){(X1 —x) (21 + 1P (e + )P

e+ 1 =+ 1] [BEEE ]

Suppose x1 # xp, by Lagrange’s mean value theorem, we have

2100+ 1P =200+ 1) = (1 - x) (E+ P21+ pE) (326)
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for some ¢ € (min{xy, x2}, max{xy, x2}). Therefore, using Lemma 5 leads to

EZ’lEgi i;z - 3 = —q)_(f— 2) ié("i T FeR 3.27)
For x € (0,d]", substituting (3.26) and (3.27) into (3.25) yields
Ac(Ex((x +1)P —1) = p(Inx; — Inxp) (x1 — x2)Ex_o((F+1)P — 1)
x{(xl + )P o+ )P+ G+ 1P (14 p0) [Ek 1&;1 ; E - 1} }
< p(lnx; —Inx)(x; — x2)Ex o (X +1)P —1) { (x1 + )P Y + 1)1

HE+ DA P |

pIRTIEL)

)1:3
— pinx; — Inxg) (x1 — xz)(§+ 1>H 14 pO)Ec (% 41)7 — 1)
(x1 +1)P 1 (xpy +1)P1 n—k o n-—1
{ S e ey PR k—l}

< p(Inxy —Inxy) (x1 = x2)(§ +1)P2(1 4 p&) Ex o((R+1)F — 1)

{(d+1)2”+ (d+1)f’—"_1}—0.

k— k—1

Therefore, using Lemma 2, we obtain that

1. if p > 1, the function Ex((x + 1)? — 1) is Schur-geometrically convex on R ;

2. if p < 0 and k is an even (or odd, respectively) integer, the function Ei((x +1)? — 1) is
Schur-geometrically concave (or convex, respectively) function on (0, Ilﬂ] "

3. if 0 < p < 1, the function Ei((x + 1)P — 1) is Schur-geometrically concave on (0, d]".

For k = n, by the relations (3.3) and (3.4) and by Definitions 2 and 3, the inequalities in (3.18) and (3.19)
hold. Theorem 3 is thus proved. O

Remark 1. This paper is a corrected and revised version of the preprint [28].
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