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GENERALIZATIONS OF SEVERAL INEQUALITIES RELATED
TO MULTIVARIATE GEOMETRIC MEANS

BO-YAN XI, YING WU, HUAN-NAN SHI, AND FENG QI

ABSTRACT. In the paper, by some methods in the theory of majorization, the
authors generalize several inequalities related to multivariate geometric means.

1. INTRODUCTION

Let © = (x1,22,...,2,) € R} = (0,00)" and n > 2. Then the arithmetic and
geometric means of n positive numbers x1, x2, ..., x, are defined by

n n 1/n
Alz) = %sz and G(x) = (H :m) .
i=1 i=1

In [12] p. 208, 3.2.34], it was collected that

[[@i+1) > [G@)+1]™ (1.1)
i=1
In the paper [26], Wang and Chen established that the inequality
n
[Tl + 1) = 1] = [(G() + 1)7 — 1]" (1.2)
i=1
is valid for p > 1. In the paper [24], Wang extended the inequality as follows:
(1) if p > 1, then the inequality (1.2)) is valid;
(2) if 0 < p <1, then the inequality (L.2)) is reversed;
(3) if p > 0, then
[Tl + 17 + 1 > [(G(@) + 1)7 + 1] (1.3)
i=1

(4) ifp<O0and 0 < z; < IT%I for 1 < i < n, then the inequality (/1.3 is reversed.
In [8, p. 11], it was collected and proved that

n

IS H(ak-i-bk) > v Hak + v ku, (1.4)
k=1 k=1 k=1

where ag, b > 0. When a;, = z; and by = 1, the inequality (|1.4) becomes (1.1).
The inequality (1.4)) is the Minkowski inequality of product form.

We observe that inequalities in (|1.1)), (1.2)), (1.3]), and (1.4 can be rearranged as
Gx+1)>Gx)+1, G(z+1)P+1)>[G(x)+1]P £1, (1.5)

and

G(a +b) > G(a) + G(b), (1.6)
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where
c+1=(r1+Lxe+1,...;2,+1)
and
(x+1)P+1=(x1+1)P+1,(za+ )P +1,...,(z, + )P £ 1).

The inequality reveals that the geometric mean G(zx) is sub-additive. For
information about the sub-additivity, please refer to [2], [6l [7, T4} 15, 17, @l [10]
and closely related references therein. The sub-additive property of the geometric
mean G(x) can also be derived from the property that the geometric mean G(x)
is a Bernstein function, see [5, [16] 18] 19} 20l 2T, 22] and closely related references
therein.

In this paper, by some methods in the theory of majorization, we will generalize

the above inequalities in (TI), (T2), (T3), (©5), and (T6).
2. DEFINITIONS AND LEMMAS

Now we recall some definitions and lemmas.
It is well known that a function f(x1,xs,...,x,) of n variables is said to be sym-
metric if its value is unchanged for any permutation of its n variables x1, x2, ..., Zy.

Definition 2.1 ([I1] 25]). Let © = (z1,22,...,2y) and y = (y1,92,...,yn) € R™
(1) 1f

k k n n
Yo <Y oy and Y xp =)y
=1 =1 =1 =1

for 1 <k <mn—1, then x is said to be majorized by y (in symbol & < y),
where T = T = 2 Ty and Y[ = Yj2] =+ 2 Y[ are rearrangements
of  and y in a descending order.

(2) For x,y € Qand A € [0,1], if

A+ (1-Ny=Az1+ (1 =Ny, \za+ (1= Nya,..., Az, + (1 = Nyy) € Q,
then 2 C R" is said to be a convex set.

Definition 2.2 ([I1] 25]). Let Q@ C R™ be a symmetric and convex set.
(1) Ifx < y on Q implies p(x) < p(y), then we say that the function ¢ : Q@ - R
is Schur-convex on (.
(2) If —p is a Schur-convex function on €, then we say that ¢ is Schur-concave
on €.

Lemma 2.1 ([I11 25]). Let @ C R™ be a symmetric and convex set with nonempty
interior Q° and let p : Q — R is continuous on Q and continuously differentiable
on Q°. If and only if ¢ is symmetric on Q0 and

dp dy o
— — — — ) > 9
(w1 —2) (6‘z1 014 ) 0, @il

the function  is Schur-convezr on 2.

Definition 2.3 ([27, pp. 64 and 107]). Let x,y € Q C R’}
(1) It (xi‘y%_k,x%y%_)‘, L apyr) € Qfor @y € Q and A € [0,1], then Q is
called a geometrically convex set.
(2) If Q is a geometrically convex set and

(Inzq,Inzg,...,Inz,) < (Inyy,Inys,...,Iny,)

implies p(x) < @(y) for any @,y € €, then ¢ : Q@ — R, is said to be a
Schur-geometrically convex function on €.

(3) If —p is a Schur-geometrically convex function on €2, then ¢ is said to be a
Schur-geometrically concave function on Q.
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Lemma 2.2 ([27, p. 108]). Let Q C R} be a symmetric and geometrically convexr
set with a nonempty interior Q° and let ¢ : Q — Ry be continuous on Q and
differentiable in Q°. If and only if p is symmetric on  and
¢ ¢

Inzy —Inazs) | 21— —20— | >0, x€°,

(s~ ) (0155~ g ) >
the function ¢ is Schur-geometrically convex on ).

For more information on the Schur-convexity and the Schur-geometric convexity,

please refer to the papers [3, 4] 23] and the monographs [T, 27].

Lemma 2.3 (Bernoulli’s inequality [IL [13]). For 0 # z > -1, ifa > 1 or a < 0,
then

(I+2)*>14 ax; (2.1)
if 0 < a < 1, then the inequality (2.1) is reversed.

Lemma 2.4. Forp € R\ {0} and z € Ry, define

_ pla+ 1Pt 5) = Pt T
hl(m)_(x+1)p+1’ ailw) = (z+1)p+1"
pla+ 1! _ pr(z+ 1)
h() = e = 20 =G -1

(1) If p < 0, the function hy(z) is increasing on Ry ; if 0 < p < 2, the function
hi(z) is decreasing on Ry; if p > 2, the function hyi(x) is increasing on
(0,(p— HYP —1) and on ((p— 1)¥/? — 1,00).

(2) If p > 0, the function g (x) is increasing on R; if p < 0, the function g, (z)
s decreasing on (0, ﬁ] and increasing on [ﬁ, oo).

(3) For p # 0, the function ha(x) is decreasing on Ry ;

(4) If p > 1, the function go(x) is increasing on R; if p < 1 and p # 0, the
function go(x) is decreasing on R.

Proof. The proof of Lemma [2.4] is straightforward. O

Let ¢ = (21, 29,...,2,) € R™ and 41, ...,4; are positive integers. The elemen-
tary symmetric functions are defined by Ey(x) = 1,

k
Ex(x) = Ex(z1,22,. .., 20) = Z H%’w 1<k<n,

1<ip<--<ip<n j=1
and Ei(x) =0 for k <0 or k > n.

Lemma 2.5 (Newton’s inequality [I1, p. 134]). For x = (21, %2,...,2,) € R and
n>2, let Fi(x) = (%)Ek(a}) for1<k<mn-—1. Then
k

[Fk(ili)] 2 Z F\kfl(m)ﬁk+l(w).

3. MAIN RESULTS

In this section, we will make use of the Schur-convexity of the symmetric function

k
Ep((x +1)P +&) = Z H[(xij+1)p+§], 2<k<n, n>2

1<i1 < <ip<n j=1
to generalize inequalities in (1.1), (1.2), (L.3)), (1.5), and (1.6), where & € R”;, the
quantities i1, 49, ..., 4 are positive integers, £ = 0,41, and € = 0, +1.
Our main results are Theorems B.1] to [3.3] below.
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Theorem 3.1. Let 2 <k <n, p e R\ {0}, i1,...,ix € N, anda:%for
p> 1.
(1) If2<k<n—-1,0<p<l,andxz R}, orif2<k<n-—1,p>1 with
a<l, andx € (O,ail/”fl]n, orifk=mn, p>0, and x € R, then

<Z>[Gcr>+llm’s DI | (RS (Z)[A‘x)*‘”kp; .

1<i; < <ip<n j=1
ifp<0andx € (O, ﬁ]n, orifk=mn,p<0, and x € R}, then the double

inequality (3.1) is reversed.
(2) If2<k<n-—-1,p>1witha>1, and x € (O,al/p— 1]", then

(Z)[A(w)+1]kp< > ﬁ<xij+1)p.

1<iy < <ip<n j=1
(3) If2<k<n—-1,p>0, and x € R}, then

k
<Z) G)+17< > J[,+07 (3.2)

1<ip <+ <ip<n j=1
if p<0 and x € R"}, then the inequality (3.2) is reversed.

Proof. When k = n, we have

OE,(x+1)P) = p »
o = i (@),

From this, we obtain

OE,((x+1)?)  OE,((x+1)?)
(1 — x2) [ o1, - Oo }
2

= P (@ 1) {i o reo

(x1 + 1) (22 + 1) >0, p<O0
and
OF,((x +1)P) OE,((x +1)P)
(Il 1‘2) |:£E1 81'1 T2 8332
— 19)? >0 0;
_ p(xl .’172) En((:c—i—l)p) =0, p>U;
(z1+1)(z2+1) <0, p<O.
Using Lemmas and we arrive at
(1) if p > 0, then E,((x + 1)?) is Schur-concave on R’ ;
(2) if p <0, then E,((x 4 1)?) is Schur-convex on R ;
(3) if p > 0, then E,((x + 1)?) is Schur-geometrically convex on R™;
(4) if p <0, the E,((x + 1)?) is Schur-geometrically concave on R".
Since
(Ap(x), Ap(x), ..., An(x)) < T (3.3)
and
(InGp(x),InGp(x),...,InG,(x)) <Inzx (3.4)

for € R, applying Definitions and we obtain the double inequality (3.1
for k = n.

When 2 < k <n—1, a direct differentiation yields

OEL((x +1)?)

oo = b ) @ 1) Ba(@ 4+ 1))
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+p(zy + 1D)PLEL (1)),

where & = (z3,...,2,). We clearly see that

AA(EL((z 4+ 1)) 2 (21 — 22) {aEk((aﬂlﬂ'm;L 1) 8Ek((;;j 1)p)]

= —p(x1 — x2)? (21 + 1P~ (2o + 1P Epo((@ + 1))
+p(z1 — 22)[(1 + 1P — (22 + 1P Epa (8 + 1)P)  (3.5)

and

o0x1 Oxo
=p(lnzy —Inae)(z) — 20)(zy + 1P zy + 1P LE, (T + 1))
+ p(lnzy — Inwy) [z (z1 + NP — 2o (20 + l)pfl}Ek_l((i +1)P). (3.6)
Using the equation and Lemma we obtain that

(1) if p > 0, then Ej((x + 1)?) is Schur-geometrically convex on R ;
(2) if p <0, then Ej((x 4+ 1)P) is Schur-geometrically concave on (0, ﬁ]n;

(Inz1 — Ins) {xl OEy((z+1)7) OE((=+ 1)1))}

n

(3) if p < 0, then Ej((x + 1)P) is Schur-geometrically convex on (ﬁ, 00) .
By the equation (3.5) and Lemma we reveal that
(1) if p <0, then Ey((x + 1)?) is Schur-convex on R} ;
(2) if 0 < p <1, then Ey((x 4 1)?) is Schur-concave on R ;
(3) ifp>1and z € R},
(a) when x; = x5, we have A4 (E((x + 1)P)) = 0;
(b) when z1 # w2,
(i) by Lagrange’s mean value theorem, we have
1 B 1 _ (p—1)(x1 — x2) 3.7)
(w2 + 1P~ (2 +1)P7! E+1r '
for at least one interior point & € (min{xy,xs}, max{xi,x2});
(ii) from Newton’s inequality, we obtain

(n—k)(n—2) :(nfk
E-D¥ s+ (& (
(n=BWR(@+1") _ n—k s
= (k—1D)F(@+1)p) (k—1)(n-2) Z;( (+17 (38)
Substituting and into the inequality yields
Aa(Bi((@ +1)P)) = —p(x1 — 22)* (21 + 1P~ (22 + )P Ep (@ + 1)7)
+p(ar — @) [(z1 + 1P = (22 + 1P B (@ +1)P)
= pla1 — 22)(x1 + P H(zg + )P Epo((& + 1))
e — 1 _ 1 Epa((@+1)P)
<[ (e ) e
= p(z1 — 2)* (21 + 1) (z2 + VP Epo((Z + 1)7)
B p—1 Exa((@+1)7)
()
If a > 1 and x € (0,a'/? — 1]*, using min{z;, z2} < £ < max{x,zy}, we have
n—2 n—2 n—=k

n > n -
Yicglzi+ )7 7 YL (0+1)P k-1
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and
1 k—1

> .
E+1r ~ (n—k)p-1)
Consequently, inequalities from (3.9) to (3.10) imply A(Ex((x + 1)?)) < 0 for
x € (0,a/? —1]".
Ifa<landx € (O,ail/p — 1]”, we obtain
Aa(By((x +1)P)) = p(x1 — 22)*(z1 + P~ (z2 + DP L Epo((@ + 1)P)
p—1 Ep1((x+ 1)p)]
(E+1)P Epo((x+1)P)
< p(er —2)* (1 + )P Hzg + )P By o((@ + 1))

B
G Dm - @Y

< pxr —x2)? (1 + )P (w2 + 1P B2 ((Z + 1))

—k)(p—1 k—1 Hr P
9% I Ut 10 )[(< ) 1>+1]
(k=1E+1)? [\\(n—-k)(p—1)

_
E+1)
It is easy to obtain that, if p > 1 and a > 1, then Ey((x + 1)) is Schur-convex
n (O,al/p — 1]”; if p>1and a < 1, then Ex((x + 1)?) is Schur-concave on
(O, a=tr 17"

Using (3.3) and by Definitions and [2.3| E inequalities in ) to hold

The proof of Theorem [3.1] is complete

(3.10)

x{1+

X

= p(xy — x2)%(z1 + 1) (2o + 1P By _o((Z + 1)P) [ — 1} <0.

Theorem 3.2. Let 2 <k <n andp € R\ {0}, i1,...,ix € N, and
1/ [4@n—3k—1)(p—1 L/p
b:{2<\/(” 3k 1)(p )+1—1>} , l<p<2.

(1) fk=n,0<p<2 andx € R}, orifk=mn,p>2, anda:e((p—l)l/p—
l,oo)n, orif2<k<n-1,0<p<1, and z € R}, then

k
(i@ +r+rs ¥ e, 10+

1<ig < <ip<n j=1

k

If2<k<n,p<0, and x € (0, ﬁ]n, then the double inequality (3.11)) is
reversed.

(2) If2<k<n,p>2 andx € (O,(p—l)l/p—l]n, orif2<k<n-—1,
1<p<2 andxe (0,0, orif2<k<mn,p<0, and x € R, then

k
(Z) (A)+ P +11F < >0 ]I, + 17 +1]. (3.12)

1<ii << <n j=1

n . » k
§< >[(A( )+ 1)P 4+ 117 (3.11)

B)If2<k<n-1,p>0,andx € R}, or if2 <k <n, p <0, and
a:E[Hoo) then

k
(iew+rsrs ¥ [Meg+rat. 613)

1<iy < <ip<n j=1
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(4) If k=mn, p>2, and x € R, then

[(G(x) + "< T [+ 1)2 +1]. (3.14)

i=1
Proof. When k = n, a direct differentiation yields
OE,(x+1)?+1) p(z;+1)P~1
Oz :(xl +1P+1
From Lemma [2.4] it follows that
(21 — 2) [6En((a: +1)P+1) 9E,((x+1)P+ 1)]
ouq Ous
(z1 + 1P (zp+ 1P
{(m1+1)1)+1 S (xpF1)P+1
0<p<2, zTeRY;
p>2, xe(0,(p—1YP-1]"
p>2 ze((p-1YP-100)"
p<0, zeRY}

E,((x+1)’+1). (3.15)

8
N

— pla1 - }En«w 1 4 1)

o oo o

IV IA IV OIA

and

OE,((z +1)P +1) OE,((z +1)P +1)

) T — 2
19421 Oz
xy (g + 1)L B To(xg + 1)P71
(t1+1)P+1 (ze4+1)P+1
>0, p>0, =eRY,

_ B
=<0, p<O, w€(0a|p|] >

>0, p<0, =xe€ [

(Inzq — Inxo

= p(lnz, —mxz){ }En((m—f—l)p—i—l)

o)
Therefore, from Lemmas [2.1] and 2:2] we acquire

(1) if 0 < p < 2, then E, ((x + 1)? 4 1) is Schur-concave on R ;
(2) if p > 2, then E,((z 4+ 1)? + 1) is Schur-convex on (0, (p — 1)1/? — l]n;
(3) if p > 2, then E,((x + 1)? + 1) is Schur-concave on ((p — 1)¥/? — 1,00)";
(4) if p <0, then E,((x + 1)? 4+ 1) is Schur-convex on R}.
(5) if p > 0, then E,((x + 1)? + 1) is Schur-geometrically convex on R} ;
(6) if p < 0, then E,((x + 1)? + 1) is Schur-geometrically concave on (0, ﬁ]n;

(7) if p < 0, then E,((x+1)? + 1) is Schur-geometrically convex on [‘%‘, 00)”.
From the relations (3.3) and (3.4), employing Definitions and we conclude
inequalities in (3.11]), (3.12)), (3.13), and (3.14) for k = n.

If2<k<n-—1,since

OE,((x+1)P +1)
81’1 o

plzy + )P (2o + 1P + 1Ep_o((Z+1)P 4+ 1)
+p(zy + )P IE (@ +1)P +1).
Therefore, we have

OE(x+1)P +1) 0E((z+1)P +1)
oy Oz

AA(Ek((ill + l)p + 1)) é (iEl — 132) |:

_ T R R Vi B = » 1y
= plan = o) (z1+1)P+1  (zp+1)P+ 1} i[[l[(xi P 1E(@+ 1)+ 1)
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+pler —x2) [(21 + P = (22 + P Er (@ +1)P + 1)
=p(z1 —22)[(x1 + 1P — (22 + )P Epo((@+ 1)P +1).  (3.16)

By the equation and Lemma it is easy to obtain that
(1) if p <0, then Ej((x + 1)P 4 1) is Schur-convex on R ;
(2) if 0 < p <1, then Ex((x + 1)” + 1) is Schur-concave on R} ;
(3) if p>1and x € RY,
(a) when x1 = x5, we have Ay (Ep((x +1)P +1) = 0;
(b) when z1 # x5, using Cauchy’s mean value theorem, we have

(@i+1)P~1  (za )P
G )P (2t Pl p—1—({+1)P

(r1 +1)P~ 1 — (2o + 1P~ (p—D[E+1)P+1]2

for some point £ € (min{ml,xg},max{xl,xz}) such that

Ap(Ep((x+1)P+1)) = p(zr —x2) [(z1+ )P — (z2 + 1)P™ 1]Ek 2»((+1)P+1)

(@ 41)P"" (et )P
{ @ TP~ (& DPF ﬁ By ((@+1)P +1)
=1

i+ DP 1]+
(1 +1)P~L — (g + 1)P~1L (@i + Ep o((Z+1)P+1)

=p(z1 — ) [(x1 + 1P = (22 + 1P Epa((@ + 1)P +

p—1—(£+1)P Epa(@+1)P+1)
" {<p-1>[<g+1>p+u?[!“x T Ek—2<<@+1>p+1>}'

Ifp>2and 2z € (0,(p—1)Y/? — 1], then p— 1 — (z +1)? > 0, so A (Ex((z +
1)?+1))>0forxze (0,(p—1)/7 -1
If 1 <p<2andx € (0,b], we derive p — 1 — (z + 1)?» < 0. Using

(min{zy, 22} + 1D)P+1 < (E+1)P 4+ 1 < (max{xy,z2} +1)P +1
and Newton’s inequality lead to

As(BL((z+1)P +1)) = (xl—x2)[(x1+1)p — (@2 + )P Epo((@+1)P + 1)
p—1—(£+1)P Ek 1((Z+1)P+1)
X{( >[<£+1P+12H (@ + )p+1>}
> p(r1r — x2) [(21 + 1P = (w2 + 1)P~ 1]Ek—2((33+1) +1)
p—1—(£+1)P 2 _ » n—k n—2
X{<p—1>[(§+1>p+112H““” Ut k—lz;?_guwiﬂ)wu—l}

> p(xy — 22)[(x1 + )P — (22 + )P Er o (T +1)P + 1)

p—1—(E+1)P » n—=k n—2
X{< TD[E + 1 1 g el L) ““k—lzz?_g[(zwnwul}

> p(ar — xo) [(x1 + P = (22 + 1P Bp o (8 + 1)P + 1)
x{p_ 1= (b+1)p[(b+1)1’+1]+2(n_k)}

2(p—1) k—1
= Q(pp_ 1) (CU1 — xz)[(xl + l)P—l _ (xQ + 1)p_1}Ek72((£/B\—|— 1)p n 1)
X{—(b+ DP[(b+1)P +1] + (4n — 312:11)@— 1)} -

By Lemma[2.1] if 1 < p < 2, then Ej((@ + 1) 4 1) is Schur-convex with respect to
€ (0,b]™; if p > 2, then Ei((x + 1)? + 1) is Schur-convex on (O, (p—1)1/P — 1] "
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When 2 < k <n —1, from (3.15)), we obtain

OB (x+17+1)  9E((m+1)" +1)
— 2o
Oz, 02

2
zi(wy + 1P mo(wy + 1)P }H ~

- [(x; + P + 1|Er—o((Z+1)P + 1)
[(m1+1)1)+1 (e+1)P+1] 45

+p(z1 — @) [z1(z1 + 1P —zo(z2 + )P By (Z+1)P + 1), (3.17)

Using the equation (3.17) and Lemma we obtain that

(1) if p > 0, then Ej((x + 1)P + 1) is Schur-geometrically convex on R’ ;
(2) if p <0, then Eg((x + 1)? 4 1) is Schur-geometrically concave on (0, ﬁ]n;
(3 ) if p <0, then Er((x + 1)? + 1) is Schur-geometrically convex on [‘%‘, oo)n.

By (3.3) and Lemmas [2.1] u and [2.2) . we arrive at inequalities - ) to n The
O

proof of Theorem [3.2] is complete.

(Inzy — Inas) {xl =p(lnz; — Inxy)

Theorem 3.3. Let 2 <k <n,peR\{0}, i1,...,ix €N,

B {n—1+\/(n—1)2+4(n—k)(k:—1)/(p—1) v
B 2(n — k) ’

p>1,

and
on+k—3\"?
d:(%) 1, 0<p<l.

(1) Ifk=n,p>1,andxz € R}, orif2<k<n-1,p>1, and z € (0,c]",
orif2<k<n-—-1,p=1, andweRi, then

(D)@ -urs S i, 411

1<ip < <ip<n j=1

< (Z) [(A(z) +1)” — 1%, (3.18)

()[fk*n O<p<landzeR}, orf2<k<n-1,0<p<l1, and
€ (0,d]™, then

k
> i -1+ 1< ()G + 17 -1

1<i1 < <ip<nj=1

(3) If p <0, k=nis an odd integer, and x € R, or if 2 <k <n-—1, k is an
odd integer, p <0, and x € (0, ﬁ]n, then

k
> Il - < ()@ e -t @9

1<ip < <ip<n j=1
If p <0, k =mn is an even integer, and x € R}, or if 2 <k <n -1,k
is an even integer, p < 0, and x € (O, ﬁ]n, then the inequality (3.19)) is
reversed.

Proof. The proof is divided into three cases.
Case 1. If k = n, a direct differentiation yields
OE.(x+1)? —1) plar+1)"!
8131 _(Il + 1)17 -1

E,((x+1)? —1).
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From Lemma [2.4] it follows that

OF,((x+1)? —1) OB, ((x+1)P —1)
8.’171 B 8332 :|

(21 — 1‘2)[

_ (z1+ 1P (1P p_
—p(JE1*SC2) (l‘l-i-l)p—l B (J]2+1)p—1:|En((m+1) 1)

0, ifp>0;
0, if p <0 and n is an odd integer;
0

, if p <0 and n is an even integer

and

IE,((x +1)P —1) OE,((x+1)P +1)
— 2
0x1 0xo
ZL’l(.’Il -+ l)pil B ZCQ(’JZQ -+ ].)pil
(371-1—1)1’—1 (scg—i—l)P—l

>0, ifp>1
<0, if0<p<l;
<0, if p <0 and n is an odd integer;

(Inzq — Inxs) [501

= p(lnz, mxz){ }En((aﬁLl)pl)

>0, if p <0 and n is an even integer.

Therefore, from Lemmas [2.1] and 2.2} we have

(1) if p > 0, then E,((x+1)? —1) is Schur-concave on R} ; if p < 0 and n is an
odd (or even, respectively) integer, then F,,((x + 1) — 1) is Schur-concave
(or Schur-convex, respectively) on R” ;

(2) if p > 1, then E,((z + 1)? — 1) is Schur-geometrically convex on R’} ; if
0 <p <1, then E,((x+1)? — 1) is Schur-geometrically concave on R’ ; if
p < 0 and n is an odd (or even, respectively) integer, then E, ((x+1)? —1)
is Schur-geometrically concave (or convex, respectively) on R’}

For k = n, by the relations (3.3) and (3.4) and by Definitions and the

inequalities in (3.18]) to (3.19) hold.

Case 2. When 2 < k <n — 1, since

OE,((x+1)P — 1)

S = e+ 17 (e + 17~ B 2@ + 17~ 1)

+p(zy + 1P E (B +1)P — 1), (3.20)
we have

OEi((x +1)? —1) 0B ((z+1) 1)

AE(( + 1) — 1)) 2 (2 - x2>[

0z 02
= p(z1—z2){(a1 + 1P (z2+1)P — ] [(21+1)P = 1) (22 +1)P" } Epo((&+1)" 1)
+p(ry = @2) (21 + P — (22 + 1) B (@ +1)P — 1)
(xq +1)P71 ~ (z2 1)

= p(r1 — 2)

@+ 1P -1 (z2+1)r - J _H[(xi + 1P — 1] Ep—2(@ +1)7 — 1)

+p(xy — .Z‘Q) [(3&‘1 + 1)p_1 — (3?2 + 1)p_1]Ek71((5§ +1)P-1). (3.21)

Utilizing the monotonicity of p(z + 1)?~! and Lemma we obtain that

(1) if 0 < p < 1, then A(Ex((x +1)? — 1)) < 0 for € RY}, so the function
E,((x 4 1)? — 1) is Schur-concave function on R’ ;
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(2) if p < 0 and k is an odd (or even, respectively) integer, then A(Ej((x +
1)? — 1)) § 0 for & € R?}. This shows from Lemmathat, if p < 0 and
n is an odd (or even, respectively) integer, the function E, ((x + 1)? — 1)
is Schur-concave (or Schur-convex, respectively) on R’} ;
(3) if p>1and x € (0,¢]", from (3.21)), it follows that
A(Eg((z + 1) = 1)) = p(r1 — 22){ (21 — 22) (w1 + D (w2 + 1)
— [+ 1P = (22 + )P} Epo((Z +1)P — 1)
+pley —a2)[(21 + P = (22 + P B (@ +1)P — 1)

=p(z1 — 22)Ep_2((Z + 1) — 1){—(1;1 — o) (1 + )P H(ap + 1)P7E

ey + 1P = (a4 1P [?}:Eg i BZ = :3 _ 1] } (3.22)

Suppose x1 # x2 and x € (0, ¢]™. By Lagrange’s mean value theorem, we have

(21 + 1P = (w2 + )P = (p = D)(1 — 22)(€ + )P (3.23)
for some ¢ in the open interval (min{zq, 22}, max{zy,22}) and
(z1 + )P~ ap + P! 1 >
P-DE+1P2 ~ (p-DE+D)? ~ (p— D+ 1P
For k=2,...,n and x € (0,]", using Lemma [2.5] yields
Ex (@ +1)P =1) _ (n— kYFy (@ +1)P — 1) _n- k(c+ 1y = k (3.24)

B o(@+1)r-1) ~ (k—1)E(@+1)p—-1) k-1 k-1
For x € (0,¢|™, by the equation (3.22) and the inequalities in (3.23) and ([3.24), we

obtain
A(Bi((® +1)" = 1)) = p(x1 — 22)* B o((Z + 1) — 1)

et et o [Bea(@+ 1P —1)
x{ (x1 + )P N+ 1P P+ (p—1)(E+1) [Ekg((i—kl)P—l) 1}}

< plar —22)(p = D(E+1)P 2 Ep((@ + 1)P — 1)

n

(@ + )P + P n—k RN Rt
[ (p—D(E+1)p=2 +(k—1)(n—2);(1+1) k—J
< plar —22)*(p— D(E+ 1) Br((@ + 1)P — 1)

1 n—k , n—1]
X[_(pl)(0+1)p+k1(c+1) _kl]_o'

Therefore, if p > 1, then A(Ex((x +1)? — 1)) < 0 for x € (0,¢]”. So, from
Lemma [2.3] it follows that
(1) if 0 < p < 1, the function Ej((x + 1)? — 1) is Schur-concave on R ;
(2) if p < 0and k is an odd (or even, respectively) integer, the function Ey((x+
1)? — 1) is Schur-concave (or Schur-convex, respectively) on R’ ;
(3) if p > 1, the function Ej((x + 1)? — 1) is Schur-concave on (0, c|™.

Case 3. If 2 < k <n — 1, then from (3.20) it follows that
OB, ((x +1)P —1)
8.731
zi(z + )P wg(a + 1)
(Il—Fl)p—l ($2+1)p—1

Aq(Er((z +1)P —1) £ (Inz; — Inmy) {xl

p _
g, 0Br@+ 1 1) :p(ml—lnxz)[
31‘2
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X

e

(i +1)P = 1] Ep(( +1)" = 1)
1

X1 (33‘1 + 1)p—1 — 1‘2(1‘2 + 1)p_1]Ek_1((§C\ + 1);1) — 1).
Using the monotonicity of function pz(z + 1)P~! and Lemma results in
(1) if p > 1, then A(Ey((x +1)? — 1) > 0 for © € RY};
(2) if p < 0 and k is an odd (or even, respectively) integer, then A(FEy((x +
1) —1) § 0 for z € (0, ﬁ]n;
(3) if 0 < p <1, then

.
Il

—

+p(Inzy; — Inzsy)

Ag(Ek((.’B + 1)p — 1) = p(lnajl — lnx2){x1(x1 + l)pil[(afg + 1)p — 1]
~wz + 1 — Usslzz + 1P B a(@+ 17 — 1)
+p(nzy —Inwg)[zy(zy + )P = za(za + 1)P By (B + 1) — 1)

=p(nz; —Inze)Ey_o((Z + 1) — 1){(:171 — x9) (w1 + 1P (zp + 1)P7!

+ [J,j(.l?l + l)p_l _ 1‘2(332 + 1)1‘7—1] [g:_;ggg i i§: : ii — 1:| } (325)

Suppose z1 # z2, by Lagrange’s mean value theorem, we have
wi(z+ )P = wa(zo + 1P = (21— @2) (€ 4+ 1P (1+ pt) (3.26)

for some ¢ € (min{xz1, 2}, max{z,22}). Therefore, using Lemma [2.5]leads to

Bea(@+1)P—-1) . n—k )Z(xi“)p_n zeRY.  (3.27)

(
Er o((+1)p—-1) — (k—1)(n—2 — E—1’
For x € (0,d]"™, substituting (3.26]) and ( into (3.25]) yields

Ag(Ep((x+1)P—-1) = p(lnxl - 1HSU2)(£L‘1 - xg)Ek_g((w +1)P-1)

{x1+1 P (g +1)P71 4 (£+1)”‘2(1+P5)[§:_;Egi3;:3 _1]}

<p(nzy —Inzo)(xy — 22)Ep—o((Z + 1) — 1){(301 +1)P N (zy +1)P71

+HE+ P +p5)[( "‘%2)2% _n_ﬂ}
= p(Inzy — Inzy) (w1 — 22)(E +1)P*(1 4+ p&) B o (T + 1)P — 1)
(x1 +1)P~ L (ag + 1)P71 n—k - 4 p n—1
{ VT AR eV e P DGR k_J

<p(lnz; —Inzo)(zy — 22)(E + 1)P2(1 4 p&)Ep_o((Z +1)P — 1)

x{(d—}— )2p+kf’f(d+1) Z:ﬂ =0.

Therefore, using Lemma we obtain that

(1) if p > 1, the function Ey((x + 1)? — 1) is Schur-geometrically convex on
R%;
(2) if p < 0 and k is an odd (or even, respectively) integer, the function Ey((xz+

1)? — 1) is Schur-geometrically concave (or convex, respectively) function

on (O L]n
Yl 0
(3) if 0 < p < 1, the function Ex((x + 1)? — 1) is Schur-geometrically concave

n (0,d]"™.
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For k = n, by the relations (3.3) and (3.4) and by Definitions and the
inequalities in (3.18) and (3.19) hold. Theorem [3.3]is thus proved. O
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