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In this paper, we investigate the cognitive and affective task-specific experiences of Odysseus, a mathematics undergraduate, as he attempts to answer to an exam-type proving question: the convergent-bounded question. The concurrent investigation of Odysseus proving strategies and his basic emotions appears to help in gaining deeper understanding about his proving experience.

Cognitive and affective aspects of proving

The notion of proof lies at the heart of modern mathematics [START_REF] Thurston | On proof and progress in mathematics[END_REF] and of mathematics education research [START_REF] Furinghetti | Every unsuccessful problem solver is unsuccessful in his or her own way: affective and cognitive factors in proving[END_REF][START_REF] Reid | Proof in mathematics education[END_REF]. In this paper, we focus on the cognitive and affective task-specific proving experiences (drawing upon [START_REF] Moutsios-Rentzos | Re-approaching the perceived proximities amongst mathematics education theories and methods[END_REF]. Researchers have identified different proving strategies that the students employ when facing with a proving task [START_REF] Weber | Problem-solving, proving, and learning: The relationship between problemsolving processes and learning opportunities in proof construction[END_REF], while others have investigated the type of the argument utilised in a proof [START_REF] Inglis | How persuaded are you? A typology of responses[END_REF]. Considering the affective aspects of proving, famous mathematicians stress the pleasure that a proof brings (for example, G. H. Hardy; [START_REF] Hoffman | The man who loved only numbers[END_REF], which is in contrast with the reality as pictured by mathematics undergraduates [START_REF] Rodd | Hot and abstract: Emotion and learning undergraduate mathematics[END_REF] and with the gloomy in-class mathematics experience, with 16-year old students reporting that "I hate mathematics and I would rather die" (Brown, Brown & Bibby, 2008, p. 10).

Emotions "give information about progress, or ability to progress, relative to goal states and antigoal states" (Skemp, 1979, p. 18) set by an individual. The pleasure that derives from our dealing with a task is linked with our concentrating our cognitive efforts to solve it [START_REF] Changeux | Conversations on mind, matter, and mathematics[END_REF]. It is argued that research should attempt to co-consider cognitive and affective aspects of a proving experience [START_REF] Furinghetti | Every unsuccessful problem solver is unsuccessful in his or her own way: affective and cognitive factors in proving[END_REF]. Moreover, we draw upon the idea that a theory may act as a meaningful attractor [START_REF] Moutsios-Rentzos | Re-approaching the perceived proximities amongst mathematics education theories and methods[END_REF] of the different methodologicaltheoretical perspectives investigating a phenomenon. Furthermore, since the assessment process is strongly linked with the learning outcome of any educational system [START_REF] Boud | Rethinking assessment in higher education learning for the longer term[END_REF], we focused on the exam-type proving questions that all mathematics undergraduates undertake. Considering that being successful in exams is a highly goal-oriented activity, we adopt a theory developed for such experiences which also addresses both cognitive and affective aspects: [START_REF] Skemp | Intelligence, learning and action[END_REF] theory of social survival and internal consistency. Consequently, we address the question: What are the affective and cognitive task-specific experiences of a mathematics undergraduate as he attempts to produce an exam-acceptable answers in an exam-type proving question?

Theoreticalmethodological approach [START_REF] Skemp | Intelligence, learning and action[END_REF] theorised that the learners survive both socially and internally. They survive socially by meeting the socially accepted, (usually externally) set criteria of a task (for example, exams), whilst they survive internally in the sense of achieving consistency within their internal reality (for Thematic Working Group 01 Proceedings of CERME10 example, by satisfying their inner need for being creative or for identifying and following the rules), which crucially includes both cognitive and affective aspects. Hence, considering that producing exam-acceptable answers is essentially a goal-oriented activity, Skemp's theory is employed to give meaning to both aspects of the investigated phenomenon: proving strategies and basic emotions.

The students' proving strategies refer to the students' answering a proving question, rather than reflecting upon an answer. The A-B-Δ proving strategy classification scheme [START_REF] Moutsios-Rentzos | University mathematics students: Thinking styles and strategies[END_REF] was utilised to identify the students' qualitatively different proving strategies when they deal with exam-type questions. At the crux of the scheme lies the potential tension between proving to oneself and proving to others (respectively, ascertaining and persuading; [START_REF] Harel | Students' proof schemes: results from exploratory studies[END_REF]. The scheme has been developed explicitly for exam-type proving questions (see [START_REF] Moutsios-Rentzos | University mathematics students and exam-style proving questions: The A-B-Δ strategy classification scheme[END_REF], corresponding to well-known classifications, such as [START_REF] Weber | Problem-solving, proving, and learning: The relationship between problemsolving processes and learning opportunities in proof construction[END_REF] syntacticsemantic-procedural proof constructions, or the deep-surface-achieving/strategic approaches (Zhang, Sternberg & Rayner, 2012). Five strategies are identified organised in three types. In the αtype strategies (A & ΔΑ), the students demonstrate a need to first investigate whether the given statement makes sense. Once an ascertaining argument has been chosen, a persuading argument is employed, thus potentially separating ascertaining from persuading. In an A (alpha) strategy, the ascertaining argument is appropriately 'mathematised' to serve as a persuading argument, whereas in a ΔΑ (delta-alpha) strategy persuading appears to constitute a completely new process. In the βtype (B & ΔB), the students immediately commence the persuading process, without pondering whether the given statement is meaningful to them or not. In a B (beta) strategy, the students attempt to recall either the proof of the statement or a proof that may serve as a template for proving the given statement, whilst in a ΔB (delta-beta) strategy, the students concentrate their efforts on producing symbolic mathematical expressions to construct an exam acceptable proof. Finally, in a δ-type (ΔΔ; delta-delta), the focus is on producing a proof that would get the maximum grade in exams, through symbolic mathematical expressions based on a variety of means (including, theorems, images and examples). The students may investigate whether the given statement makes sense, but only for their facilitating their mathematical expressions producing pursuit.

In this study, emotions refer to a state of alertness that mobilises the human body with respect to a stimulus, including psychological and neurophysiological effects [START_REF] Oatley | Understanding emotions[END_REF]. These emotions are clearly differentiated from the mentally processed, socially situated, affective reactions towards a proving situation [START_REF] Hannula | Exploring new dimensions of mathematics-related affect: Embodied and social theories[END_REF]. Ekman identifies seven evolutionally derived basic emotions that are universally manifested in the humans' facial expressions [START_REF] Ekman | Facial action coding system: A technique for the measurement of facial movement[END_REF]: sadness, anger, contempt, fear, happiness, disgust, surprise. Thus, we attempt to map the reflexive affective exam-type proving experiences. Certain combinations of micro-movements of the facial muscles are linked with specific basic emotions as described in the 'Emotional Facial Action Coding System' (EMFACS; [START_REF] Ekman | The emotional facial action coding system (EMFACS)[END_REF]. Considering emotions and conviction, a positive affective state is linked with more superficial and/or authority-based judgements, whilst a negative/neutral affective state is linked with more thorough judgements, reducing the effect of authority [START_REF] Oatley | Understanding emotions[END_REF]. Nevertheless, these studies mainly refer to judgements, rather than to multifaceted mental productions such as proof.

Overall, in this study, we discuss the proving cognitive and affective experiences of a mathematics undergraduate, Odysseus, as he deals with the exam-type proving question "Let a sequence (an)ℝ, nℕ. Prove that if (an) is convergent, then (an) is bounded" ('convergent-bounded'). In [START_REF] Moutsios-Rentzos | University mathematics students: Thinking styles and strategies[END_REF], it was posited that the students' general thinking preferences reveal aspects of their inner realities, thus affecting their initial strategy choices. Their back-up strategy choices indicate that the ineffectiveness of the initial attack lead them to re-evaluate the given situation and to choose a strategy that more appropriately fits with this new experience of the situation. In Moutsios-Rentzos and Kalozoumi-Paizi (2014), a small part of those data (of Odysseus) was subjected to additional analyses to illustrate the advantages of the synchronous mapping of cognitive and affective experiences as he dealt with six proving questions. In this study, we concentrate on only one task that Odysseus dealt with to elaborate on his affective-cognitive task-specific experiences.

Odysseus proving experience of the 'convergent-bounded' question

Odysseus' proving strategies were identified through video-recorded clinical interviews (in the sense of [START_REF] Ginsburg | The clinical interview in psychological research on mathematical thinking: Aims, rationales, techniques[END_REF], in which he was asked to produce an exam-appropriate proof and to think aloud during that process. Since the focus was on the choice of means, Odysseus would be provided with any mathematical information (including definitions, figures) he would need (in line with [START_REF] Weber | Student difficulties in constructing proofs: The need for strategic knowledge[END_REF]. During the think aloud process, his emotions were identified through the video-taped proof productions by an EMFACS trained and certified researcher. Following Ekman, all the emotions and emotional blends (more than one emotion in a single instance) were interpreted within the context they occurred. Finally, the Odysseus' perceived internal and external reality is reported (by identifying his mathematics attainment, thinking dispositions and understanding of examacceptable answer) to gain deeper understanding of the findings.

Odysseus' experienced realities: thinking styles and exam views

Odysseus was an above average attaining, 2 nd -year student, attending a 4-year BSc-equivalent degree in Mathematics in a Greek University. Considering Odysseus' broader experienced internal or social realities, his thinking styles profile (i.e. his broad thinking dispositions; [START_REF] Sternberg | Thinking styles[END_REF] was identified as 'ground breaking' (expected to prefer creative, original and non-prioritised thinking; [START_REF] Moutsios-Rentzos | Re-approaching the perceived proximities amongst mathematics education theories and methods[END_REF]. Considering his views about exams and exam-acceptable answers, Odysseus concentrated mainly on the peripheral aspects of their answer: the amount of information, the language used, the structure of the solution, and the aesthetics of the presented proof. Considering 'amount of information', he wondered: "Hmm ... this is one of my greatest problems when I write down a solution ... should I ... Do I have to prove this? […] and when I know something and it doesn't have a name whether I should describe it ...". Considering 'language' and 'structure', Odysseus noted that an exam-type proof should be axiomatically based, written symbolically in a linear form, since a proof presented this way was considered to affect positively his grade. Furthermore, he was particularly concerned about the 'aesthetics' of the presented proof, stressing: "Presentation is very important ... that is why I use draft first [...] If I had more time, I would spend 10 or 15 minutes on figuring out how exactly I would present it ".

Odysseus' Alpha (A) proving strategy to the convergent-bounded question

In the following excerpt, Odysseus employs an Alpha strategy to deal with the 'convergentbounded' question. He reads the question and then he tries to produce a 'draft' solution. Odysseus tries to 'reconstruct' the definition, 'giving meaning' [START_REF] Pinto | Students' understanding of real analysis[END_REF] Once Odysseus is satisfied with the definitions of the mathematical notions included in the statement he is asked to prove, he focuses on proving it (see Figure 1, definition). For Odysseus, it is crucial that the statement that he wants to prove is what he terms as 'logical'; that it makes sense. He needs to be convinced that the statement makes sense, before he tries "to solve it".

Odysseus: Convergent ... belongs to ℝ ... ok ... it begins from an a0 and it goes to something else [Gestures] ... therefore ... logically ... if it is let's say in a straight line ... it would be from here ... here there would be something that 'blocks' it ... unless it goes up and down ... but since it converges somewhere it will reach somewhere that ... it might follow a different route that might go like this or like that ... I don't mind ... it will reach here ... the route has an end ... and therefore ... it is 'logical' that it is bounded ... and so we will try to solve it.

In this process, Odysseus draws upon his concept image, which is evident from his gestures and figures: the straight line ('a', Figure 1) that denotes the real numbers and the boundaries he draws (on the left and right of this line; 'b', Figure 1); the curved lines ('c', Figure 1) denote the potential 'routes' the sequence might follow from 'ao' (the first term of an) to 'a' (the limit of an). Odysseus builds on the above to 'solve' the question. He looks at the definition of the convergent sequence, expands the inequality using the property of the absolute value, reaches a double inequality and stops to explain his rationale:

Odysseus:

[…] Until n0 it is a finite set ... so it would have to be a finite segment [He shows it on the curved lines] ... from λ to κ [gestures] ... and after that [n0] we have shown that they are all under a+ε for every ε I have chosen, right? ... so we have a big boundary that reaches to n0 and after that all will be bounded somewhere else ... they could be here [he shows segments with his hands] ... or there ... or inside .... so let this be η and this be ζ [Figure 1] and we will have that the minimum ... it's not still a proof... we will have that the minimum of μ and ζ … no value will be below this [minimum] ... where μ is the minimum of ai, i from 1 to n0 ... and M is the maximum of ai ... from these two [μ and ζ] it will be the minimum value ... it cannot be less than this... similarly for the maximum ... now what I have to do is to write this mathematically, but for me it is already finished...

Odysseus' argument convinced him of the 'truth' of the statement he is asked to prove. As he presents his argument, Odysseus draws upon his concept image using gestures to generate and validate his argument. For example, for validation, Odysseus is certain of the validity of this 'proof': for him "it's already finished". His certainty appears to derive from his image manipulation and his gestures: at first, he notes that his argument "is not still a proof", but subsequently he claims that "it cannot be less than this". At the same time, he acknowledges that this argument cannot be presented as a proof and that he needs "to write this mathematically". His mathematised argument is close to the original argument and though the ascertaining argument draws upon his concept image, his mathematised argument is a 'translation' to a mathematically 'acceptable' language.

Finally, it is noted that, Odysseus' 'formal' proof was carefully structured like a textbook proof based in axioms and definitions (unlike the less linear, based on image manipulation 'draft' proof). The results of the EMFACS analysis are outlined in Figure 2 along with the corresponding excerpt and answering phase. Odysseus' positive emotions are few, mainly linked with his mathematical ideas: when he describes them as 'thoughts' or when they make sense. His negative emotions or emotional blends are predominantly linked with his attempting to meet the requirements of an exam situation: time constraints, appearance, amount of information included in the formal answer. In line with the rationale of differentiating amongst different proving strategies, Odysseus' emotions can be differentiated between internally referenced (linked with his inner reality; [START_REF] Skemp | Intelligence, learning and action[END_REF] or externally referenced (linked with the perceived by Odysseus social reality of the given situation, including the exam-status of the given questions). For example, Odysseus in his 'draft answer' manifested an internally referenced 'happiness' emotion (17 min) when convinced of the truth of the statement (ascertaining): "It makes sense to me that it is bounded and so I'll try [to prove] it". In contrast, in the end of his 'draft answer', when he completed the persuading process, he expressed an externally referenced sadness-anger blend (21 min), because the moment he realised that "more or less I am done", he almost immediately wondered "How much time do I have left?". His emotional clash is in line with his cognitive clash due to his tendency for choosing more α-type strategies (potentially differentiating ascertaining from persuading), linked with his ground breaking thinking styles profile (Moutsios-Rentzos, 2009).

Emotions in proving according to EMFACS

  Figure 1: Odysseus' 'draft' definition (I) and answer (II)

Figure 2 :

 2 Figure 2: Odysseus, emotional journey to proving the 'convergent-bounded' task

  to his concept image. 'create' it ... I usually don't remember the formulas ... I 'create' them ... but ... Researcher: Do you want me to tell you the definition? Odysseus: Err ... in exams, if this [the interview] is a simulation [of exams] ... I would not remember it [the definition] ... I would try to 'create' it ... 't say that based on my memory, I say it 'logically' ... I mean ... I say for every n>n0 there exists ε>0 so that |an-an0|<ε … this is what I have written ... [He makes gestures as he talks that 'show' what he talks about.] … But this should be true for everything ... the ε ... there is a an infinite number of ε that are suitable ...this is true ... therefore I need something more 'constraining' ... therefore this [the writings] does not describe convergence, because convergence is something that is constraining ... it converges [gestures] to a specific number...

	Odysseus: I'll Moreover, Odysseus draws upon his concept image to generate hypotheses and to validate these
	hypotheses. He conceptualises convergence as something 'constraining', evident both in his verbal
	and non-verbal communication, which suggests the meaningful interplay between concept image
	and concept definition (typical of an Alpha strategy).
	Odysseus:	... well these ε and n0 must have a relationship ... for every ε I should be able to
		find a n0 ... not the way I have put it ... [many gestures].
	Researcher: Do you say that based on your memory? Or ...?
	Odysseus:	No! I don

Furthermore, Odysseus' images are not pictorial, but 'fuzzy' and he likes to call them 'thoughts'.

Researcher: Do you have a specific 'image' in your mind?

Odysseus:

No, I don't have it as a picture. I have it as ... I would call it 'thought'...
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Concluding remarks

In this study, we investigated the proving strategy and the emotions of a mathematics undergraduate, Odysseus, as he dealt with an exam-type question. Skemp's theory of internal consistency and social survival helped in gaining deeper understanding of the concurrent phenomena. A complex proving reality was revealed, diversely affecting Odysseus' experiencing a need for constructing a proof [START_REF] Zaslavsky | The need for proof and proving: mathematical and pedagogical perspectives[END_REF]. His negative emotions were linked with the externally experienced communication of the answer, whereas his positive emotions were linked with the internally referenced success in finding a proving argument. Emotions are non-verbal, facially expressed reflexes, indicating Odysseus' emotionally interiorising of his previous proving experiences. The presented approach complements existing studies based on language and/or introspection [START_REF] Furinghetti | Every unsuccessful problem solver is unsuccessful in his or her own way: affective and cognitive factors in proving[END_REF], by revealing the students' real-time emotional states. It is stressed that the identified emotions are affected by the thinking aloud protocol and, thus, a current project is focussed on identifying the students' emotions as they prove without thinking aloud and on their evaluating written proofs. Overall, the proposed line of research may help in designing pedagogies reinforcing the positive affective aspects of proving, thus promoting the students' deeper engagement with proving, which is expected to facilitate their developing a fully-fledged internal need for proof.