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ON A SENARY QUARTIC FORM
JIANYA LIU, JIE WU & YONGQIANG ZHAO

ABSTRACT. We count rational points of bounded height on the non-normal senary
quartic hypersurface x4 = (y? + - - + y7)2? in the spirit of Manin’s conjecture.

1. INTRODUCTION

Recently, we [7] proved Manin’s conjecture for singular cubic hypersurfaces
(1.1) 2= (yi+ )z

where n is a positive multiple of 4. In this short note, we show that our method used
in [7] also works for higher degree forms like

(1.2) = (y; -+ yn)2m

where n > 4 and m > 4. To illustrate, we establish an asymptotic formula for the
number of rational points of bounded height on the quartic hypersurface

(1.3) Q: 2t = (yf +ys +y3+ i)
in the spirit of Manin’s conjecture.

It is easy to see that the subvariety 2 = z = 0 of ) already contains > B* rational
points with |z| < B, |2| < B, and |y;| < B with 1 < j < 4, which is predominant and
is much larger than the heuristic prediction that is of order B2 One therefore counts
rational points on the complement subset U = Q~{z = z = 0}. Let H be the height

function
H(x:yl Lol Ys Z) :max{|x|, \/y%++yi,|2|}

for (x, y1,...,ys, 2) = 1. Let B be a large integer, and define
NyB):=[{(m:y1:-:ya:2) €U :H(m:y: - :ys:2) < B}

This counts rational points in U whose height is bounded by B, and the aim of this
note is obtain an asymptotic formula for it. To this end, we need to understand in
advance a similar quantity

N} (B) := > 1.

1<|2|<B, 1<y} +-+y3<B?, |2|<B
wi=(yi++y3)2?

One sees, in Nj;(B), that the co-prime condition (z, y1,...,ys, 2) = 1 in Ny(B) is
relaxed. Our main result is as follows.
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Theorem 1.1. As B — 0o, we have

(1.4) Ny(B) = C,B? logB{l—l—O(%@)},

(1.5) N;(B) :ejB?’logB{Ho(%;@)}

with G4 := %%4 and C} = %‘54, where €y is defined as in (2.6) below, and ¢ is the

Riemann zeta-function.

We note that the exponent of B in the main terms of the above theorem is 3 instead
of 2 as predicted by the usual heuristic. This phenomenon may be explained by the
fact that the hypersurface ) is not normal.

It is easy to check that () has an obvious quadric bundle structure given by

o Pt =a’(yi +us 4 s+ k),
(16) Q[a:b] . { ar — by _ 0’

and {Qp4} covers @ as long as [a : b] goes thorough P'(Q). From this, it is possible
to interpret Theorem 1.1 in the framework of the generalized Manin’s conjecture by
Batyrev and Tschinkel [1], as was done in the work of de la Breteche, Browning, and
Salberger [3]. However, we will not pursue such an explanation here. The only sole
purpose of this short note is to show that our method used in [7] also works for higher
degree forms Q).

Finally, we remark that using the method in our joint paper [4] with de la Breteche,
one can get power-saving error terms in Theorem 1.1, which we will not pursue here.

2. OUTLINE OF THE PROOF OF THEOREM 1.1

Denote by r4(d) the number representations of a positive integer d as the sum of four
squares : d = y? + -+ -+ y3 with (y1,...,y4) € Z*. Tt is well-known (cf. [5, (3.9)]) that

(2.1) rq(d) = 8rj(d) with rj(d) = Z l.
¢]d, ££0(mod 4)
Let 15(n) be the characteristic function of squares. In view of the above, we can write
n? n?
(22)  Nj(B) = 32{ > rid)in (E) =Y > rid)ig (3) }
n<B din* n<B  dint
d<B? d<n*/B2

Hence to prove (1.5) in Theorem 1.1, it is sufficient to establish asymptotic formulae
for the following two quantities

23) Sy :—erz<d>1m(%4), B =3 Y rz<d>1u(”§).

n<z dnt n<B  dn*
d<y d<n*/B?

For S(x,y), our result is as follows.
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Theorem 2.1. Let € > 0 be arbitrary. We have
(2.4) S(z,y) = zy(4P(¥) + 3P'(¥)) + O- (:v%y% + :U%J“Ey%)

uniformly for x* > y > = > 10, where ¢ := logx — %logy and P(t) is a quadratic
polynomial, defined as in (4.18) below. In particular, for any fized n € (0, 1] we have

1 1
(2.5) S(z,y) = 4‘54xy(logx ~1 log y) {1 + O((logx)") }
uniformly for x > 10 and x*(log 2) 80" <y < 23, where
23 1 2 2 1 1 1
(26) 4 150<<>rp[( +p+p2+p3+p4+p5)( p)

is the leading coefficient of P(t).

Now we turn to analyze T'(B) which is more difficult, since the range of its second
summation depends on the variable n of the first summation. Thus Theorem 2.1 does
not apply to T(B) directly. In §5 we show that Theorem 2.1 together with delicate
analysis is sufficient to establish the following result.

Theorem 2.2. As B — oo, we have
2

(2.7) T(B) = 5%433 log B{l + O<

where €y is as in (2.6) above.

1
Vog B) } ’
As in [2, 7], we shall firstly establish an asymptotic formula for the quantity

(2.8) M(X,Y) = /ly /IX S(z,y) dz dy.

by applying the method of complex integration. Then we derive the asymptotic formula
(2.4) for S(x,y) in Theorem 2.1 by the operator & defined below. Let & be the set of
all functions of k variables. Define the operator ¥ : & — &, by

(2.9) (2/N(X,H; Y, J) = f(H,J) = f(H)Y) = f(X,]) + f(X,Y).
The next lemma summarises all properties of & needed later.

Lemma 2.1. (i) Let f € & be a function of class C3. Then we have

0 f
0x 0y

(2 (X, H;Y,J)=(J-Y)(H — X){ (X,Y)+ O(R(X, H;Y, J))}

for X < H andY < J, where

B B
R(X, H;Y,J) = (H - X) max M(:v,y)‘ +(J-Y) max W(ﬁv,y)‘-
Y<y<J Y<y<J

(ii) Let S(x,y) and M(X,Y) be defined as in (2.3) and (2.8). Then
(ZM)(X — H,X;Y — J,Y) < HIS(X,Y) < (ZM)(X, X + H;Y,Y + J)
for H< X and J LY.
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The next elementary estimate (|2, Lemma 6(i)] or [7, Lemma 4.3]) will also be used
several times in the paper.

Lemma 2.2. Let 1 < H < X and |o| < 10. Then for any 8 € [0,1], we have
(2.10) (X +H)* = X°| < X7((|7| + 1)H/X)",

where the implied constant is absolute.

3. DIRICHLET SERIES ASSOCIATED WITH S(z,¥)

In view of the definition of S(x,y) in (2.3), we define the double Dirichlet series

o ORI TN O

nz1 d|nt
for Res > 5 and Rew > 0. The next lemma states that the function F(s,w) enjoys a

nice factorization formula.

Lemma 3.1. For mingg <o Re (s + 2jw — 25) > 1, we have
(32) F(s,w) = [ ¢ls+ 25w —2/)5(s, w),

0<y<2
where G(s,w) is an Euler product, given by (3.8), (3.10) and (3.11) below. Further, for
any € > 0 and for ming<;<s Re (s +2jw —25) = 3 +¢, §(s, w) converges absolutely and
(3.3) §(s,w) < 1.

Proof. Since the functions rj(d) and n™ 3, d=r}(d)1n(n*/d) are multiplicative, for
Res > 5 and Rew > 0 we can write the Euler product
I S CI
p v=0 o2y

In the above computations, speacial attention should be pald to the effect of the func-
tion 1n. The next is to simplify each F,(s, w). To this end, we recall (2.1) so that

(N 1_pﬂ+1 * (M) __

(3.4) ri(p") = q_, (p>2), ry(2") =3
for all integers p > 1. On the other hand, a simple formal calculation shows

1 — 22M+1 1 1 — y4l/+2 1 — (yz>4u+2

v 2 _ v
Sar S = e ()
(3 5) v>0 o<pu<2y v=0 Yy Yy
1+ a1+ 2+ 22) +ayt(z + 2% + 2%) + 2?03
(1 —2)(1 —zy*)(1 — zy'2)
and
y? — gyt

(3 6) v>1 1<u§21/ v>1 Yy

 l+ary* + (a— 1)xy4'
(- 2)( -yt
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When p > 2, in view of (3.4), we can apply (3.5) with (x,y,z) = (p~*,p~", p) to write

(s42iw—27)\ —1

(3.7) Fo(s,w) = J] (1—p & =20)7 G, (s, w),

0<j<2
where

Gp(s,w)
3.8 2 1 3 2 3 2 1 -1
B8 (g prerl partay 2 NG () .
ps+2w ps+4w p25+6w ps+2w ps+4w

While for p = 2, the formula (3.6) with (x,y,2,a) = (27°,27%,2, 3) gives
(3.9) Fo(s,w) = H (1- 2_(5+2jw_2j))7192(s,w),

0<y<2
where

1+3- 2—5—2w + 2—5—4w+1 ~(542jw—23)
(3.10) Gy(s,w) = o IJ] -2 ).
1<5<2
Combining (3.7)-(3.10), we get (3.2) with
(3.11) G(s,w) := H Gp(s,w) (Res > b5, Rew > 0).
P

It is easy to verify that for ming<j<o(o + 2ju — 2j) > ;3 + &, we have |G,(s,w)| =
1+ O(p~'7¢). This shows that under the same condition, the Euler product §(s,w)
converges absolutely and (3.3) holds. By analytic continuation, (3.2) is also true in the
same domain. This completes the proof. 0

4. PROOF OF THEOREM 2.1

In the sequel, we suppose
(4.1) DS XKY KX, (XY)P<AT<ULX?, H<LX, J<LY,
and for brevity we fix the following notation:
(42) s:=o+ir, wi=u+tiv, L:=logX, k:=1+L"" Xi=1+40""
The following proposition is an immediate consequence of Lemmas 4.2-4.5 below.
Proposition 4.1. Under the previous notation, we have

M(X,Y) = X*Y?P(log X — 110gY) + Ro(X,Y) + Ri(X,Y) + Ry(X,Y) + O(1)

uniformly for (X, Y, T,U, H, J) satisfying (4.1), where Ry, Ry, Ry and P(t) are defined
as in (4.8), (4.13), (4.16) and (4.18) below, respectively.

The proof is divided into several subsections.
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4.1. Application of Perron’s formula. The first step is to apply Perron’s formula

twice to transform M (X,Y') into a form that is ready for future treatment.

Lemma 4.2. Under the previous notation, we have

(4.3) M(X,)Y)=M(X,Y;T,U)+ O(1)

uniformly for (X,Y,T,U) satisfying (4.1), where the implied constant is absolute and
1 k+HiIT AU 9: Yw+1 Xs+1

(44)  MX,Y;T,U) := —/ / I V" 4\ X g

(271)? Jeoir v w(w+1) s(s+1)
The proof is the same as that of [7, Lemma 6.2].

4.2. Application of Cauchy’s theorem. In this subsection, we shall apply Cauchy’s
theorem to evaluate the integral over w in M(X,Y;T,U). We write

(45) wy = w(s) = (25 +1-5)/(2) (1<j<2)
and
(4.6) Fi(s) = ((s)C(2 = 9)S(s,wi(s)),  Fa(s) = C(s)C(55)G (s, wa(s)).
Lemma 4.3. Under the previous notation, for any € > 0 we have
(4.7) M(X,Y;T,U) =1L+ 1+ Ry(X,Y)+ O(1)
uniformly for (X,Y,T,U) satisfying (4.1), where
KHT g s+1v/(5—s)/
[1._i/+ ff()X'HY5 2
wir (3—8)(5—s)s(s+1)

ds,
s)

16 k+HIT St*(s)XerlY (9—s)/4
)

27

Iy = — d
2Tomi ) 5—9)(9—s)s(s+1) >
and
1 K+iT %-{-E—HU yw+l X s+l
(4.8) Ry(X,Y) := —/ (/ de) ——ds
2mi)? Jooir \ S w(w+1) s(s+1)

Furthermore we have

(ZRo)(X, X + H;Y,Y +J)
(ZRo)(X —H,X;Y —JY)
uniformly for (X,Y,T,U, H,J) satisfying (4.1).
Proof. We want to calculate the integral

1 U F (s, w) Yt
2 /A v ww+1)
for any individual s = ¢ +i7 with ¢ = k and |7| < T. We move the line of integration

Rew = X to Rew = 2 +e. By Lemma 3.1, for 0 = k and |7| < T, the points
w;(s) (j = 1,2), given by (4.5), are the simple poles of the integrand in the rectangle

3 +e<u<Nand || <U. The residues of Sfl)) Y“*! at the poles w;(s) are

AT (s)Y O=2)/2 16F3(s)Y 0=/
B—=s5)5-13s)’ (5—-5)9—s)

(4.9) } < Xoteymtefe ] 4 X'y nte g s

dw

271

(4.10)
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respectively, where 57 (s)(j = 1,2) are defined as in (4.6).
It is well-known that (cf. e.g. [8, page 146, Theorem I11.3.7])

(4.11) ((s) < ||t og 7| (0> 3, |7] > 2)
where ¢ > 0 is a constant. When o = x and % + e < u < A, it is easily checked that

— 11 _ 3
0%1212(0+23u 2)) 2 14+4(g+e—1)=3+3>1+ec.

It follows from (4.11) and (3.3) that F(s,w) <. U?1=9L% for o = k,|7| < T, 1 + ¢ <
u < A and v = +U. This implies that
//\iiU 3:(8, w)yw+1

A u 23 Ly
Y Y[

dw <. Yﬁ‘*/ (—2> du <. —- <. 1.
oy ww+1) u \U U's

i)

Cauchy’s theorem then gives

1 /“iU F(s,w)YwH! Qo — 4F5(s)Y B2 16T5(s)Y (O-9)/4
v w(w+1) B-s)0B-s) (5-5)(9-5)

1 %+E+iU 3:(8, w)yw+1

2mi Ju o w(w+1)

27
dw + O.(1).

Inserting the last formula into (4.4), we obtain (4.7).
Finally we prove (4.9). For 0 =, |7| < T, u= 1 + ¢ and |v| < U, we apply (4.11)
and (3.3) as before, to get

F(s,w) < (7] + |v| + 1)%134 < A{(7] + 1)é + (Jv] + 1)%}64.
Also, for o, 7,u,v as above, we have
row(X, H; Y, J) o= (X + H)*™ = XS (Y + J)H -yt
< X((17] + DH/X)EY = (Jo] 4+ 1)J/Y)
< X%+EY%+5H%J(]T| + 1) (o + 1)
by (2.10) of Lemma 2.2 with 8 = 2 — ¢ and with § = 1 — . Similarly,
rew(X, H; Y, J) = (X + H)5+1 - X ((Y + )t =yt
< XP((|7] + D H/X)) Y B (o] + 1)/ V)8
< X1+€Y%+€HJ%(|T| + D) (o] 4+ 1)87E
by Lemma 2.2 with § =1 — ¢ and with § = 2 — e. These and Lemma 2.1(i) imply

T3 HeHU 37 ) Ts’w(X, H;Y, J)

dwd
e 2r 3(s + Du(w 1) W9

k41T
(2R0) (X, X + H;Y,Y +J) = / /

<. Xeteyutee g + Xy et [ g

This completes the proof. O
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4.3. Evaluation of I;.
Lemma 4.4. Under the previous notation, we have
(4.12) I =R(X,Y)+0(1)

uniformly for (X,Y,T) satisfying (4.1), where

4 %JriT 3:*<S)Xs+1y(5fs)/2
4.1 X Y):= — ! d
(4.13) BalX.Y) 44T<3—$@—sw@+1>5

21

Further we have

7

X, X+ H;Y)Y 5
SR LY DY iving

(4.14) (9R)(X —H,X;Y —JY)

uniformly for (X, Y, T, H,J) satisfying (4.1).

Proof. We shall prove (4.12) by moving the contour Res = k to Res = When

k<o < %, it is easy to check that

ot

- : C94) = min (i 4+ (1 — 4 3,

Juin (o + 2w, (0) — 2j) = min (j + (1 - j)o) >
By Lemma 3.1 the integrand is holomorphic in the rectangle k < o < % and |7| < T}
and we can apply (4.11) and (3.3) to get F;(s) < T@~V/3£2 in this rectangle, which
implies that

TET g (o) X oY (5-0)/2 2y2ce (3 iy o]
/ ds < —/ ~1 o
wrir (3—38)(5—3s)s(s+1) T4 Vi
X2Y2L2  X1Y§ L2
< T4 + T% < 1.

This proves (4.12).

To establish (4.14), we note that F;(s) < (7| + 1)t for 0 = 2 and || < T. By
(2.10) of Lemma 2.2 with g = 1,

Ts,wl(s)(X,H;Y, J) — ((X + H)s+1 . Xs+1)((Y + J)(st)/2 _ Y(sfs)/z)
< XiYEHJ(|r| +1)%

Combining these with Lemma 2.1(ii), we deduce that

4 %+1T3~*(8)T ()(X H.Y,J)
9R X, X+HYY+J=— 1 s,w1 (s , 115 X,
(Z1)(X, X + +J) /iiT (3=s)(5—s)s(s+1)

2mi
< X1YSHJ,

from which the desired result follows. O
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4.4. Evaluation of Is.

Lemma 4.5. Under the previous notation, for any € > 0 we have

(4.15) L = X*Y?P(log X — 11logY) + Ry(X,Y) + O.(1)

uniformly for (X,Y,T) satisfying (4.1), where P(t) is defined as in (4.18) below and

Lieti s s —s
(4.16) Ry(X)Y) := E/fﬁ HE g (s) Xty (0-s)/4
| e (5 5)(9—s)s(s + 1)

- ds.
27

Further we have
(ZRy)(X, X + H;Y,)Y +J)
(9R2)(X — H,X;Y — JY)

uniformly for (X,Y, T, H,J) satisfying (4.1).

(4.17) } <. X2TYSHJT

Proof. We move the line of integration Res = k to Re s = % + ¢. Obviously s =1 is
the unique pole of order 2 of the integrand in the rectangle % +e<o<kand |7 <T,
and the residue is X*Y?P(log X — logY) with

B 16(8 . 1)2?;(8)&(371) /
(4.18) P(t) = ((5 —5)(9—s)s(s+ 1))

Here P(t) is a linear polynomial with the leading coefficient €, given by (2.6) above.
When % + ¢ < 0 < Kk, we check that

s=1

1

. . _ . _ 1 . . l
uin (o + 2jwa(0) — 2j) = 3 min (j + (2 - j)o) > 5 + &

min
0<j<2
Hence when £ +¢ < o <k and |7| < T, (4.11) and (3.3) yields Fj(s) < TU-9)/2L3. It
follows that

RET g (s) Xty (O-9)/4 X2y2.03 ey T2 (-o)/4
/ ds < / < ) ds
1exir (5= 8)(9—s)s(s + 1) T4 .\ x4

2

X2Y2L3 X3YiL?
<t
These establish (4.15). To prove (4.17), we note that for o = 3 4+ ¢ and |7| < T, we
have F5(s) <. (|7] +1)/3 thanks to (4.11) and (3.3), and

Ts,’wQ(s)(Xa H’ YV7 J) = ((X + H)s-i-l . X8+1) ((Y + J)(9—S)/4 o Y(9—S)/4)
<o XTYSHJI(|7] + 1)

< 1.

NI~

by Lemma 2.2 with § = 1. Combining these with Lemma 2.1(i), we deduce that

16 /§+5+1T T5(8)Tsuwa(s) (X, H; Y, J) q
s

1

3

(GR)X X+ E Y Y ) = o =906+ 1)

271
<. X2TYSH.

This proves the lemma. O
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4.5. Completion of proof of Theorem 2.1. Denote by M(X,Y) the main term in
the asymptotic formula of M (z,y) in Proposition 4.1, that is M(X,Y) := X?Y?P(v)
and ¢ := log(X/Y/*). Then Lemma 2.1(i) gives

(M) (X, X + H;Y,Y + J) = {XY (4P(¢) + 2P'(¢)) + O(XJL* + YHL?) } HJ.
Since Z is a linear operator, this together with Proposition 4.1 implies that
(ZM)(X, X + H;Y,Y +J) = {XY (4P(¢) + 3P'(¢)) + O-(R) } HJ
with
Ri= XeHYTH S+ XY R0 4 XTYS + X3HYS 4 XJL2 + Y HL
The same formula also holds for (ZM)(X — H, X;Y — J,Y). Now Lemma 2.1(ii) with
H = XY 1 and J = Y11 allows us to deduce
S(X,Y) = XY (4P() 4+ 2P'()) + O.(XTYF + X3+°Y%),
where we have used the following facts
(XTYS) = (Xateys) o = X5 =yt xleynte
(XTYS)m(Xetey )i = X5 vy > XUyl
This finally completes the proof of Theorem 2.1.

—24e 1+24g 27 4(17—24e)e

5. PROOF OF THEOREMS 2.2 AND 1.1

Proof of Theorems 2.2. The idea is to apply Theorems 2.1 in a delicate way. Trivially
we have 15 (d) < dr(d) (here 7'( ) is the divisor function), and therefore

(5.1) yzz ) < zy(log z)™
n<x d\n4

for all x > 2 and y > 2, where the implied constant is absolute.
Let § := 1 — (log B)~! and let ko be a positive integer such that 6* < (log B)™® <
§ko=1 Note that kg < (log B) loglog B. In view of (5.1), we can write

-Y Y X () o

1<k<ko §kB<n<§k—1B  d|n*
(5.2) d<n*/B?

< Y (S(6*7'B, 6" VB%) - S(6*B,5** "V B?) + O(B?).
1<k<ko
Similarly (even easily),
(5.3) T(B)> Y  (S(6"'B,6"B%) — S(6"B,s*B%).
1<k<ko
By (2.5) of Theorem 2.1 with n = }1, a simple computation shows that
1 — go%
1—6°
855 — 55(k0+1)
1—0%

(54)  T(B) <2(1-9d)

. 6,B%log B {1 + O(ﬁ)} +O(BY),
(5.5) T(B) =26 —1) - 6,B’log B {1 + O(ﬁ) }
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By noticing that

(1_5)1—55%_ e P A
1—6  1+4+6+624+68 5 ViegB )’
55 . 55(k0+1) 54 . 55k0+4 1 1

71— = = — _—
(0 Y 1—6° 148+ 0%+ 644 5+O<\4/logB)'

The desired asymptotic formula (2.7) follows from (5.4) and (5.5). O
Proof of Theorem 1.1. Applying (2.4) of Theorem 2.1 with (x,y) = (B, B?), we have
1

(5.6) S rid)in (%4) = 2¢,B%log B {1 + O(T@) }

n<B d|n*
d<B?
Inserting this and (2.7) into (2.2), we obtain (1.5) with C} = %‘54.
Finally (1.4) follows from (1.5) via the inversion formula of M&bius. O
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