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SHARP DECAY ESTIMATES FOR CRITICAL DIRAC EQUATIONS
WILLIAM BORRELLI AND RUPERT L. FRANK

ABSTRACT. We prove sharp pointwise decay estimates for critical Dirac equations on R™
with n > 2. They appear for instance in the study of critical Dirac equations on com-
pact spin manifolds, describing blow-up profiles, and as effective equations in honeycomb
structures. For the latter case, we find excited states with an explicit asymptotic behav-
ior. Moreover, we provide some classification results both for ground states and for excited

states.

1. INTRODUCTION

1.1. Main results. This paper is devoted to the study of solutions of the nonlinear Dirac

equation

Dy =[p* % on R (1)
with the critical exponent

# 2n
ot = 20
n—1"

as well as to certain extensions of this equation of the form

Dy =h(¢)yp  on R", (2)

where h is a matrix-valued function which is (approximately) homogeneous of degree 27 —2.
We will always assume that n > 2.

As we describe below in more detail, there are at least two motivations for studying
these equations, one coming from the spinorial analogue of the Yamabe problem in geo-
metric analysis and the other one from an effective description of wave propagation in
two-dimensional systems with the symmetries of a honeycomb lattice.

We are interested in two different aspects of solutions of equations (1) and (2). The
first one concerns sharp bounds on the decay of solutions. The second one concerns the
classification of solutions possessing some extra symmetry. The link between these two
aspects is that our classification results show that our decay estimates are always sharp
for ‘ground state solutions’ but, on the other hand, that ‘excited state solutions’ in general
exhibit a faster decay, at least if n = 2.

We proceed to a precise description of our results. For n > 2 let N = 2[%1}, where []
denotes the integer part of a real number, and let aq,...,a, be N x N Hermitian matrices
satisfying the anticommutation relations

ajap + agoy =20, , 1<j,k<n. (3)
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Such matrices exist and form a representation of the Clifford algebra of the Fuclidean space
(see e.g. [20]). Different choices of matrices satisfying (3) correspond to unitarily equivalent
representations. Given a choice of matrices o, the Dirac operator is defined as an operator
acting on functions on R”™ with values in CV by

D:=—-ia-V = —iZajaxj . (4)
j=1

A more detailed presentation of Dirac operators and Clifford algebras can be found, for
instance, in [20, 28]. We say that ¢ € L (R™,CY) is a weak solution to (1) if

| o= [ [ Hemide, Ve ecx®CY) 6

We will give below some explicit examples of solutions of (1). Under appropriate conditions
on h one can define similarly the notion of a weak solution to (2) and, modifying the
arguments in [11] in a straightforward way, one can show existence of solutions also for the
latter equation.

The following is the first main result of this paper.

Theorem 1.1. Let ¢ € L% (R™,CN) be a weak solution of (1). Then
e C®°R%4C? ifn=2
and
Y e CLR™, CV) forany o <2/(n—1) ifn > 3.
Moreover, there is a constant C < oo such that

C

for all z € R™. (6)

The decay estimate (6) is best possible. Indeed, in (12) and (13) below we will give explicit
solutions of (1) for which |¢)(z)| ~ const |z|~"*1 as |x| — co. Thus, (6) can be saturated.

The C* regularity for n = 2 was previously shown by a different argument in [40]. A
weaker version of regularity for n > 3, namely C1'® with some unspecified a, appears in
[26].

Note also that the theorem implies that

¥ e LP(R™,CN)  for all % <p< oo (7)
and
¢ € LR, CN). (8)
(We refer to Subsection 3.1 for the definition of weak Lebesgue spaces.) The optimality
just mentioned shows that, in general,

W ¢ L1 (R™,CN). 9)

In some applications it is crucial whether solutions of (1) are square-integrable or not. Our
result shows that square-integrability holds always in n > 3 and may not hold in n = 2.
We will investigate the case n = 2 below in more detail.



SHARP DECAY ESTIMATES FOR CRITICAL DIRAC EQUATIONS 3

We also note that if one replaces D by the massive Dirac operator then solutions exhibit
exponential decay. This was shown in [9] for n = 3 and extended in [12] to arbitrary n;
see also [15]. The fact that there are indeed solutions to the massive analogue of (1) was
shown in [10].

Our proof of Theorem 1.1 consists of two steps. In a first step we prove (8) by writing
(1) as an integral equation and using a bootstrap argument in Lorentz spaces. We adapt
and simplify arguments by Jannelli and Solimini [27], see also [39], who studied the case of
second order equations. In a second step we upgrade (8) to the pointwise bound (6). Here
we prove a first order analogue of the second order result by Loiudice [31] which, in turn,
is based on ideas from [38]. We refer to these papers for more references.

Remark 1.2. For the sake of simplicity, we have stated Theorem 1.1 for equation (1). The
same decay bound (4.2) holds, with the same proof, for solutions of (2) provided h is an
N x N matrix-valued function satisfying

[h(¥)] < C|1/)|2#_2 for all yp € CV

with some ¢ < co. In fact, for equation (1) one can make use of conformal invariance and
by means of a Kelvin-type transform compute the precise asymptotics of solutions. Our
argument is more robust and works also for equation (2) which, in general, is not conformally
invariant. This is important for applications in connection with graphene, where typically

equation (2), but not (1) arises.

We now describe a class of well-known solutions of (1). For n = 2 we will choose

e B (0

For n > 3 we will choose the a; of a particular block-antidiagonal form, namely, let
O1,...,0p be % X % Hermitian matrices satisfying analogous anticommutation relations as
in (3), namely,

UjO'k—i-UkO'j:Q(Sj’k, 1<7,k<n.

Then the matrices
0 .
O[]:< Uj), 1<]<n, (11)

satisfy (3) and we shall work in the following with this choice. We write o = (0;)’_; and
a-0:= 2?21 ajo; for a € R". For n = 2, we define a - 0 = a1 + iay for a € R2.
We fix a vector n € CN/2 with |n| = 1 and a parameter A\ > 0 and consider

N —(n— V(r/A)n
Y(e) = A7 (iU(r/x\) =) n) (12)
with

U(r) = n(”*l)/Q(l + 7’2)7"/27“, V(r)= n(”*l)/2(1 + 7"2)7"/2 . (13)
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These functions appear, for instance, in [4]. A straightforward computation shows that

they are solutions of (1). Moreover, they satisfy

[(2)| = A"V V (/A2 + U (r/A)? = A0 D200 4 (r/2)%) 707D (1)

which proves the optimality statement made after Theorem 1.1.
The solutions (12), (13) are ‘ground state solutions’ or ‘least energy solutions’ of (1) in
the sense that any solution i) # 0 of (1) satisfies

1

- _ = > - (= n
z/Rn@‘b’wdx % ). 1Y d$/2n<2> 5”1

with equality exactly for (12), (13). This bound was shown in [26, Proposition 4.1] and
is based on inequalities by Hijazi [25] and Bér [6] after mapping equation (1) conformally
to the sphere. (The equality statement made above is not explicitly stated in [26], but
follows from the same arguments, taking the corresponding equality statements in Hijazi’s
and Bér’s inequalities into account.) We also note that a simple extension of [11] to higher
dimensions shows the existence of a non-trivial least energy solution. This argument does
not give the above minimal value, but has the advantage of working for a more general class
of nonlinearities.

Here we present a different characterization of the solutions (12), (13). Given n € CN/?
with |n| = 1 we consider solutions of (1) of the form

v(r)n

Y(x) = (iu(r) (%-a) n) , r =z, u,v: (0,00) — R. (15)

This form of solutions is sometimes [13] called the Soler/Wakano-type ansatz. It leads to
the following system
/,’L —_

1
u + w = v(u2 + U2)1/(n—1) ’

(16)
o = _u(u2 + ,02)1/(71—1) ’

which needs to be supplemented by boundary conditions at the origin. To have 1) regular at
the origin it is natural to require (0) = 0 and then, to have a non-trivial solution, v(0) # 0
(see, e.g. [11]). We will see, however, that weaker boundary conditions suffice.

Theorem 1.3. Let n > 1 and let u,v be real functions on (0,00) satisfying (16) as well as

lim ™~V 24(r) = lim r™~ D/ 24(r) = 0.
r—0 r—0

Then either u=v =0 or
u(r) = oXN"TVRU@ /) () = oAUV (/)
for some A\ >0 and o € {+1,—1} with U and V from (13).

Remark 1.4. The boundary conditions at the origin are necessary for the result to hold,
since u(r) = v(r) = 1/(1/2)((n —1)/2)"1r=(=1/2 is also a solution of the equation.
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Moreover, the same result holds, with the same proof, if the boundary condition at the
origin is replaced by the condition

lim ™= /2y(r) = lim +"~Y/2y(r) = 0.
T—00 T—00

at infinity.

We next discuss ‘excited state solutions’ of (1) and, more generally, of (2) in the case
n = 2. When n = 2, we have N = 2 and we write ¢ = (11,12). We consider the
nonlinearity in (2) of the form

(Bl 2 + 265 [s]?) 0
h =
(1) < 0 (B1|a|? + 252|¢1|2)>

with given parameters 1,82 > 0. As we will explain below, this particular nonlinearity
arises in a problem from mathematical physics. More explicitly, we are studying the system

{ (—i8;, — D)2 = (B1lt0n1[* + 28atha| )00,
(=102, + 0py )01 = (Br|th2]? + 2Balt1|*)¢o .
Given S € Z we look for solutions of (17) of the form

x v(r)els?
P(x) = (1/}1( )) = ( (r) ), x = (rcosf,rsinf), wu,v:(0,00) — R. (18)

(17)

Ya(x) iu(r)el(S+1¢
Plugging this ansatz into (17) gives the system
S+1
u' + u = v(Brv* + 262u”)

5 (19)
v — o = —u(Bru® 4 26207).

r
The following theorem shows that there is a unique (up to symmetries) solution of this

system and provides precise asymptotics of v and v. In particular, we see that solutions
with S # 0 have a polynomially faster decay than the ground state solution (12), (13).

Theorem 1.5. Let 81,82 > 0 and S € Z and put

. ( 125 + 1
-\ B +26
(1) Let (u,v) = (Q, P) be the solution of (19) with

1/2
) and T =-sgn(S+1/2).

Q(l)=ua and  P(1)=ra.
Then (Q, P) exists globally and satisfies for some £ € (0,00), if S+1/2 >0,
: S+1 _ 1 -5 _
rlg{.lor Q(r) = 11ﬂ1_13(1)r P(r)y=1¢

and

3
. 3542 351 Bt
Jm P (r) =l Q) = 2025+ 1)’

and if S+1/2 <0,

lim 79 Q(r) = — lim r—9P(r) = ¢

r—0 r—00
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and
1 35+2P( ) — _35'_1Q( ) _ Blﬁ?)
rs0" e AT YT s 1)
Moreover,
TQ(r)P(r) >0 forallr >0
and

P(r)=(r/r)Q(1/r)  forallr>0.
(2) If (u,v) is a solution of (19) satisfying
lim 7/2u(r) = lim r'/?v(r) = 0,
r—0 r—0
then there are A > 0 and o € {—1,+1} such that
u(r) = 0')\_1/2@(7”/)\) u(r) = J/\_1/2P(1"/>\) forallT > 0.

In the special case 81 = 282 = 1, that is, for (1), we will be able to write down all the
solutions explicitly, see Theorem 7.1.

The methods that we develop to prove Theorems 1.3, 1.5 and 7.1 have further applica-
tions, of which we mention two. First, the methods show uniquenss up to symmetries of
solutions of the form (15) for the more general equations (2) also in dimensions n > 3 under
suitable assumptions on the nonlinearity h. Second, it allows one to classify all functions
of the form (15) which satisfy (1) in R™ \ {0}. Recall that we mentioned already one such
solution in Remark 1.4. This is relevant to the spinorial analogue of the singular Yamabe
problem [35, 29]. Solutions are probably of the form r~(=1/2 times a periodic function
of Inr. This seems to be a universal feature of conformally invariant equations which, for
instance, has been recently verified for a fourth order equation [19].

1.2. First motivation: Spinorial Yamabe and Brézis—Nirenberg problems. Equa-
tions of the form (1) appear, for instance, in the blow-up analysis of solutions of the equation

D= pp+|9* 2 on M, (20)

where (M, g, X) is a compact spin manifold, that is, a compact Riemannian manifold (M, g)
carrying a spin structure 3 [28, 20]. In that case one can define a Dirac operator D and
show that its L?-spectrum is discrete and composed of eigenvalues of finite multiplicities
accumulating at +oo (see, e.g., [20, 28]).

In (20), u € R is a parameter. For p = 0 the equation is referred to as the spinorial
Yamabe equation and its study has been initiated by Ammann and collaborators [1, 4, 3, 2];
see also [24, 23, 34, 32] and references therein. Equation (20) with general p € R is
reminiscent of the Brézis-Nirenberg problem [14] and has been studied, for instance, in [26]
and [8].

In particular, in [26] Isobe proved the spinorial analogue of Struwe’s theorem [36] for the
Brézis—Nirenberg problem. To describe this in more detail, we note that solutions of (20)
are critical point of the functional

1 1
L) = 2/M(D¢,w>dvolg—g/M\1[1|2dvolg—2ﬂ/Rn [ [% dvol, (21)
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defined on H %(EM ), the space of H 2-sections of the spinor bundle XM of the manifold.
Here dvol, stands for the volume measure of (M, g). Then [26, Theorem 5.2] states that
any Palais—Smale sequence (¢, )nen € H %(EM ) for the functional £ satisfies

M
Yo =1+ Y wh+o(l)  in H2(EM), (22)
j=1
where 1o, is the weak limit of (¢,), and the w), are suitably rescaled spinors obtained by
mapping solutions to (1) to spinors on the manifold M. In that sense, equation (1) that
we study in this paper describes bubbles in the spinorial Yamabe and Brézis—Nirenberg
problems.

1.3. Second motivation: Effective equation for graphene. Critical Dirac equations
also appear as effective models for two-dimensional physical systems related to graphene.
More precisely, if V € C*°(R?,R) possesses the symmetries of a honeycomb lattice, then,
as proved in [16], the dispersion bands of Schrédinger operators of the form

H=-A+V(z) inL*R?

exhibit generically conical intersections (the so-called Dirac points). This leads to the
appearance of the Dirac operator as an effective operator describing, for instance, the
dynamics of wave packets spectrally concentrated around such conical degeneracies. Let
up(z) = uf(x) be a wave packet spectrally concentrated around a Dirac point, that is,

up () = Ve(tho(ex)®1(x) + tho2(e2) Pa(2)) (23)

where ®;, j = 1,2, are Bloch functions at a Dirac point and the functions 1) ; are some
(complex) amplitudes to be determined. Ome expects that the solution to the nonlinear
Schrodinger equation with parameter k € R\ {0},

0 = —Au+ V(z)u + klu*u, (24)
with initial conditions u§ evolves to leading order in € as a modulation of Bloch functions,

u®(t, ) v Ve (1 (et,ex) @1 (z) + a(et, ex)Pa(x) + O(e)). (25)

As suggested by Fefferman and Weinstein in [17] the modulation coefficients 1; satisfy the
following effective Dirac system,

{ b1 + N0y + 100, )b = —ik(B1 |11 |* + 2Ba|ta|*) 1, (26)
Otha + N0y — 100, )0h1 = —ik(B1|12|* + 2821 [*) e,
with

frim [ [@itde = [ @a)tde. B [ a@PaPde. @D

Here Y denotes a fundamental cell of the lattice and A € C\ {0} is a coefficient related to
the potential V. The large, but finite, time-scale validity of the Dirac approximation has
been proved in [18] in the linear case k = 0 for Schwartz class intial data (23). The case
of cubic nonlinearities, corresponding to (24) with x # 0, is treated in [5] for high enough
Sobolev regularity H*(R?) with s > 3.
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For stationary solutions (that is, ;¢ = Opb2 = 0) we can write the system (26) as

152) _|xl ((ﬂlr¢212+2ﬁ2w112w2>

RY

_.azl _.8352 eV "
(Oél( ? >+Oé2( 1 )) <w1 (ﬁ1’¢1’2+2/32’¢2’2)¢1

with o and ag from (10) and with

KA
|| A

Thus, we arrive at (17) for the vector (¢2,101) with coefficients (||/|)|)3; instead of j;.

Py = o

1.4. Outline of the paper. The proof of the Theorem 1.1 is achieved in several steps.
First, we rewrite (1) as an integral equation, as explained in Section 2. This allows us in
Section 3 to provide weak decay estimates, expressed in terms of suitable Lorentz norms.
Then the desired pointwise estimates are proved in Section 4, while boundedness and reg-
ularity are the object of Section 5. Section 6 is devoted to the proof of the classification in
Theorem 1.3. The remaining two sections deal with the faster decay for excited states in
the two-dimensional case, first establishing an explicit family of solutions for 81 =28 =1
and then proving existence, uniqueness and asymptotics for general 81, 85 > 0.

2. AN INTEGRAL EQUATION

We begin with a Liouville-type lemma.

Lemma 2.1. Let p > 1 and assume that 1 € LP(R™,CVN) satisfies Dy = 0 in R™ in the
sense of distributions. Then ¢ = 0.

Proof. The corresponding result for scalar functions u satisfying Au = 0 is well-known; see,
e.g., [22]. The present result can be obtained by a simple modification of those arguments.
An even simpler way is to deduce it from the scalar result. Namely, if ¢ € C°(R"?, CV),
then, since Dy = 0 in the sense of distributions and since Dy € C°(R™, CV),

- [ = [ o= [ D00 0.

This means that Aty = 0 in the sense of distributions. Applying the scalar result to each
component of ¢, we obtain the assertion. ]

We now use the above lemma to rewrite (1) as an integral equation. The Green’s function
I" of the Dirac operator D is given by
i T —
I'e —y) =— o ,
( y) nwn, |‘T - y|n

(28)

where wy, is the volume of the unit ball in R" and a = (a;)7_;. One easily checks that this
function satisfies for each fixed y € R™ the equation

DIz —y)=0(z—y)ly  inRY (29)

in the sense of distributions.
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Lemma 2.2. If¢) € L27 (R",CN) solves (1) in the sense of distributions, then
'
¥ =Tx (|9 ).

Proof. We note that T' € L#=1° Since (VNS LQﬁ, we have |¢|2L2w € L= and therefore,
by the weak Young inequality (a special case of Lemma 3.2 below)

R ()
satisfies
¢ e L¥[R",CN).
Moreover, it is easy to see that
Dy =y iR
in the sense of distributions. This implies that
D —¢)=0 inR"
in the sense of distributions and therefore, by Lemma 2.1, ¢ — 1; = 0, as claimed. O

Corollary 2.3. If ¢ € Lz#(R”,(CN) solves (1) in the sense of distributions, then 1) is
weakly differentiable and Vi € L2/ (H)(R™).

We recall that 1 being weakly differentiable means that all distributional derivatives 0,1,
j=1,...,n, are LllOC functions.

Proof. Since |2 =24 € L2/ +1) | this follows immediately from Lemma 2.2 by the Calde-
ron—Zygmund inequality; see, e.g., [1, Lemma 3.2.2] for the corresponding statement for
Dirac operators. (Since the inequality there is stated for bounded open sets with a constant
independent of the domain, it also holds for R™.) ]

3. A WEAK DECAY ESTIMATE

Throughout this section we consider a distributional solution v € L2" (R™,CN) of (1).
Our goal is to show that ¢ € Lﬁ’m(R”7 CN). This should be understood as an integral
version of a decay estimate. In the next section we will improve this to a pointwise decay
estimate.

While the overall strategy in this section is similar to that in [27] (see also [39]) in the
second order case, we believe that our arguments are more direct than in those papers.

3.1. Reminder on Lorentz spaces. In this subsection we collect some definitions and
results about Lorentz spaces needed in the paper. We refer, for instance, to [21] and [33]
for a detailed presentation.

For o € (0,00),7 € (0,00] the Lorentz space L7 (R™) = L%7 is defined as the set of
(equivalence classes of) measurable functions f : R"™ — C such that ||f|zo.rq) < +oo,
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where

00 1/7
(T/‘ifH{M]>h}Fmdh> if <00,
[fllpor = 0 (30)
sup <h|{\f|>h}|l/a> if 7=00.
h>0

Here |A| denotes the n-dimensional Lebesgue measure of a measurable set A C R". We

note that || f||zo.~ is, in general, not a norm. Clearly,
L7°(Q) = L7 (), Vo € (0,00), (31)
and it is easy to see that
L7™(Q) C L7 (Q), Vo € (0,00), V711,72 € (0,00], 71 < To. (32)

The following results due to O’Neil [33] extend Holder’s and Young’s inequalities to
Lorentz spaces. We use the convention that 1/00 = 0.

Lemma 3.1 (Holder inequality). Let 01,092,0 € (0,00), 71, 72,7 € (0,00] such that

1 1 1 1 1 1
—t ==, —F—2=-.
o1 o9 O T T T
Then there is a C > 0 such that for any fi € L°V™ and fo € L°>™ one has fifa € L7

with
| frfollLer < CllfillLorm | follzoam. (33)

Lemma 3.2 (Young inequality). Let o1,02,0 € (1,00), 71,72, 7 € (0,00] such that

1 1 1 1 1 1
—t—=—+1, —4—>-.
oy 02 O T To T
Then there is a C > 0 such that for any fi € L°Y™ and fo € L°2™ one has fi * fo € L7

with
[ f1* faller < Cllf1llovm (| f2llLozm (34)

Lemma 3.3 (A limit case of the Young inequality). Let o € (1,00). Then there is a C' >0
such that for any f1 € L' and fo € L7 one has f1 * fo € L% with

1f1 % foll oo < Cllfillpr[l f2ll Loveo - (35)

In the following we will typically apply these bounds to functions with values in CV or in
CN*N_ These can be reduced to the case considered above by bounding |{f1(z), fo(z))| <
|f1(@)llf2(2)] and [ f1(z)f2(2)] < [f1(2)]||f2(x)] when fi has values in CV and in CV*V,
respectively, and fo has values in C. (In the second case | fi(z)| denotes the operator

norm of fi(x).)



SHARP DECAY ESTIMATES FOR CRITICAL DIRAC EQUATIONS 11

3.2. Proof of the weak decay estimate. Again we assume that i € L (R*,CN) is a
distributional solution of (1). We first improve the a priori information ¥ (R™,CN) in the

Lorentz scale by lowering the second exponent.

Lemma 3.4. For any r > 0,
¥ e L¥ (R, V).

Proof. By the definition of the Lorentz norm (30), one easily finds

Il =7 /0 {7 > T}/ dr = r(g - 1) /0 (9] > r}raD/ar

= |74V (36)

(I7T(q71) )
From now on, we abbreviate ¢ = 2. By the integral equation for 1 from Lemma 2.2 and

O’Neil’s convolution inequality (34) we have

1llgr = T * (1720l gr S ITllnsn—1).00 117 llgrsr = Tl 1,00 121 gy

In the last equality, we used (36). We apply this inequality repeatedly. We have, by
assumption, ¢ € L? = L%, This and the above inequality give ¢ € L%9/(@~1) The next
application gives ¢ € L9/ (@=1? and iterating this procedure, since ¢/(q¢ — 1) — 0 as
n — 0o, we obtain the claim. O

Lemma 3.5. ¢ € L'V/(»=D:>2(R" CN)

Proof. Again, we write ¢ = 2#. We show that there is a constant C' > 0 such that for any
M > 0 we have

S = sup{‘/w(cp,wd:c :

This implies that
s {| [ (o]

and therefore, by density and duality, ¢» € L™ (=1 ag claimed.
We now fix M > 0 and aim at proving (37). Moreover, let € > 0 be a parameter to

lolns <1, llolly < M} <c. (37)

ol <1, p€ Lq'} <C,

be specified later. According to Lemma 3.4 we know that ¢ € L9972 and therefore, by a
computation as in (36), [1/|972 € L™!. Therefore there is a bounded function f., supported
on a set of finite measure, such that

191972 = fellna < e
We denote g, := [¢|972 — f.. Let p € L™ with ||¢[ln1 <1 and ||¢| s < M. We claim that
| tewde= [ emsondes [ e (39)

with
Xe = []97°T * (g=(T = ¢)) .
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Indeed, by the integral equation from Lemma 2.2 we have

| tewrdo= [ o (rdat [ (o0 G da.

Using Fubini’s theorem and the fact that for all z,y € R™ with « # y, I'(x — y) is an

anti-Hermitian matrix one rewrites the second term on the right side as follows,

/Rn@,r % (gerh)) do = /Rn@o(:c), /Rn [(x —y)(g:(y)¥(y)) dy) dx
= [ ay / da (o), D@ = ) (9- W)Y (v)))
- _ /n dy/n dz (T'(z — y)p(x), g (¥)¥(y))
__ / Ly / T — y)ela) do, g-(y)(y))
= [ AT o)) g dy.

Then (38) follows using again 1) = I'x (|)|972¢) in the last integral, and applying the same
argument as above.

We now estimate the two integrals appearing on the right side of (38). By Lemmas 3.1
and 3.3 we have

/n<30» (T (fe0))) dz| S Nlpllna [T (fet0)llns(n-1),00 < NllnalTllnsG-1),00l feolln

< el Tl g-1).00 l follg 1¥1lq -
Thus,

| e onyad <., (39)

where C. depends, besides ¢, only on n and ||,
We now claim that

IxXellnt < Cllgellnalliolng, — lIxelly < Cllgellnalielly (40)

with a constant C’ depending only on n and |[1)||,. Once this is shown, we infer from the
definition of Sj, that

< C/Hgs”n,lSM .

| tewras

We now choose € = 1/(2C") and recall that ||gc|[n,1 < €. In view of (38) and (39) we obtain

[ tevds

where C" is C. with the above choice of €. Taking the supremum over all ¢, we obtain

1
< C”+§SM7

1
Sm < C"+§SM~

We note that Sy; < oo (in fact, since ¢ € L4, we have Sy < M||||,). Therefore, the above
inequality yields Sy < 2C”, which proves (37).
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Thus, it remains to show (40). We have

el < 177l 11T 5 (g2 (T 5 @)oo S M1l 11Tl (1), 00 196 (T % ) 11
<2l 1T o1),00 9l 1 1T % @lloo S 22172, 11T 0 1),00 19 1t

[l

(Here we used || f *gllco S 1flln/(n—1),00ll9lln,1, which is a consequence of Holder’s inequality
in Lemma 3.1 and the translation invariance of the Lorentz norms.) Since |¢|9~2 € L™! by
Lemma 3.4 with norm bounded by a power of ||?|,, we obtain the first inequality in (40).

Similarly, we have
XNl < M1 21alIT * (9= (T * @))llg S M1 21 lITllngn—1) 00 19 (T % 0)llgs
M2l n-1),00 g€ 1 lIT * @llg S 1T nlITIE 01,009 Inlloly

Since ||ge||n S ||gelln,1, this implies the second inequality in (40) and concludes the proof. O

4. POINTWISE DECAY ESTIMATE

Our goal in this section is to prove the following pointwise decay estimate.

Theorem 4.1. If 1 € L¥" (R",CN) solves (1) in the sense of distributions, then there are
constants C', R > 0 such that

()| < Cle|~ ™Y forall |z| > R.
We will deduce this theorem from the following result about scalar functions.

Theorem 4.2. Let 0 < W € L™Y(R"™) and let u € L™ (=1):2°(R") be weakly differentiable
with
|Vu| < Wu| in R™.

Then there are constants C (depending only on n) and R > 0 (depending only on W and
n) such that

u(@)] < C+ [[Wln,)[[llngn-1)00lel ™ if |2 = R.
Before turning to the proof of Theorem 4.2, let us show that it implies Theorem 4.1.

Proof of Theorem 4.1. According to Corollary 2.3, v is weakly differentiable. This implies
that |¢| is also weakly differentiable and satisfies

V||| < |V almost everywhere .

(For C-valued functions this is [30, Theorem 6.17]; the C"V valued case is handled similarly.)
On the other hand,

V| = |Dy| = |1p|2#*1 almost everywhere,

where we used the fact that (1) holds almost everywhere, which follows from Corollary 2.3.
This means that the inequality in Theorem 4.2 is satisfied for u = |¢| and W = |12 2,
The fact that v € L™ (=12 follows from Lemma 3.5 and the fact that W e L™! follows
from Lemma 3.4. Thus the claimed decay bound follows from that in Theorem 4.2. O
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It remains to give the proof of Theorem 4.2. We will make use of some ideas from [31]
which, in turn, is based on ideas from [38]. Those papers deal with differential inequalities
involving the Laplacian, for instance, |Au| < Wu| with W € L2 o e LV(=2: n > 3,
and yield decay bounds |u| < |z|7"*2. Our Theorem 4.2 is the first order analogue of these
results.

The following lemma is probably well-known, but we provide a proof for the sake of
completeness.

Lemma 4.3. Let Q C R" be open, let u € Li () be weakly differentiable and let p > 0.
Then almost everywhere in {x € Q : dist(z, Q) > p},

u(z) = w(y) dy +

1 1 x—y x—y)
— -Vu(y)dy .
1Bo(2)| /i, ) S"= /B, () (’w—y!” p"

Proof of Lemma 4.3. We abbreviate Q, := {z € Q : dist(x,Q°) > p}. Since u € L]
first term on the right side is a locally bounded function in §,. Moreover, since Vu € L]

the

loc?

loc

and since 1p (g )(\ml" - p%) e L™/ (n=1).% has compact support, we infer from Lemma 3.3

that the second term on the right side belongs to Llrf)/c(n L)oo, Therefore, by a standard
mollification argument we may assume that u € C*(Q). In this case we fix z € 2, and note

that for any w € S"~1,
o
u(z) = u(r — pw) +/ w - Vu(z —rw)dr.
0
Thus, averaging with respect to w,

1
u(w)zm - u(r — pw) dw + e 1‘/ /S” o u(z — pw) dwr™ 1 dr

1

= do
IS o oy M A7) T \Sn Ty o) T

-Vu(r —2)dz.

By the divergence theorem we have

/Bp(x) (z—y) Vuly)dy = n/Bp(x) u(y) dy — p/aBp(m) u(y) do(y) .

Combining the last two identities we obtain the claimed formula for u € C1(€Q). O

Proof of Theorem 4.2. Since both sides of the assumed inequality are homogenous with
respect to u, we may assume without loss of generality that [[ul],/(;,—1)00 = 1. We deduce
from Lemma 4.3 that

| . . X
< T . - _— .
()] |B,(x)| o(@)] JB,(2) ()l dy + |sn—1] B, x)<‘$_y’n pn)‘(l’ y) - Vu(y)|dy
1 1
Ay + 1y T | Vuly)l dy
SB@ S "W 5T fy o o=yt V)]
1 . .

u(y)l dy + W (y)lu(y)l dy-

< e —
’BP(QZ)‘ B,(x) ’Sn 1| B,(x) |x_y|n !
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In the following we will need to follow some constants and therefore we denote by A the

constant (depending on n) in

<Al flln/n=1),00llglln.1 -

f(x)g(x) dx
R

(This is a special case of Lemma 3.1.) By Hélder’s inequality, recalling that |[ull,/(—1),00 = 1,

1 1 Cy
Byl Sy Y S A ] e =

We have thus shown that

Cy 1
— + —1 41

u(z)| <
with
1
I,(z :/ ——W(y)|uly)|dy .
@ = [ k)

Reinserting (41) into the definition of I, gives

1 / 1 1 1
Ip(z) < —= W dy+ o T W (y)dy. (42
e A T - W P M

Again by Holder’s inequality,

1 —n
/B v y,n_lW(y) dy < Alllz] ™" 1) 0 lW LB, @) lng = CollW g, lln - (43)
o(T

In particular, the first term on the right side of (42) can be estimated by

1 C1Cs|[W |,
5_11/ ﬁw(y)dy<#-
P B, () [T — Yl p

The second term on the right side of (42) equals

1 1
_— W)Ly dy
"7 JB,(@) |z =yt 2
S N - / W) dzdy
5" /B, () |7 —y["! B,y [y — 2"
1

~ L[ Lwawele)d
’S | Ba,(x)

with

1
Jo(z, 2 :/ W(y)dy .
o) By(x)nB, () [T —y|" Hy — 2"t )

We write B,(x) N B,(z) = A1 U Ay with

Ay ={z€B,(z) N By(2) : ly—x| < (1/2)]x — 2|} and Ay = (B,(z) N By(2)) \ A1 .
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If z € Ay, then |y—z| > |[x—z|—|y—x| = (1/2)|z—2|, and if z € Ag, then |[y—z| > (1/2)]|z—2z|.

Thus, we can bound

2n—1 (/ W(y) W(y) >
Jp(z,2) < ————— dy+/ ———dy
@) STt eyt W e

on—1 W W
< 1 / (ygil dy Jr/ (ygfl dy
|z — 2| By(a) |z — Yl B,(2) |2 — Ul

2w [ WO
|1‘ - Z’nil wEBg, () J Bp(w) |w - y|n71
2nCYy

1 Sw (Wig, )l
h ‘x—z’” ! wE B, () o)l

where, in the last step, we used (43). To summarize, we have shown that the second term
on the right side of (42) is bounded by

1 / 1
o 17 —W ) 1 Yy dy
1] Jy ) g1 W)

2"y 1

< % IWlp e / W) ()| d
5" we By Bew) Boy(w) |7 — 271
2"y 1

= 2% Wisy e [ L(2) + / L W) d
IS"7 weBs,(2) Bplw) g Bap(@)\By () |7 — 2"
2 1

< g sw Win ol (B4 5 [ W) a:)
‘ ‘ wEng(.Z‘) n
2"y

<« 2 G [Wip gl (I (e) + )
|Sn 1‘w€ Bay () B, (w) P pn 1

Inserting this together with (44) into (42) we obtain

C1Co|Wllpy | 27Cy AW ||n,1
Ip(x) < sup [[Wig, w)llna { Lo(x) + —F—
P o 1 ‘Sn—l’ WwE Bay () p(w)lln P o 1
Thus, for all x € R™ with
2"y 1
], S0P W sl < 5 (15)
2ﬂ
e 2CiCy+ AW
102 + 1
Ip(x) < = = (46)
Let us choose R > 0 such that
2"y 1
mHW]lBRM(O)”nJ < 9"
Then for any = € R™ with |z| > R the choice p = |z|/4 leads to
2" (Cy 2" (Cy 2" (Cy
S| wesl;lp(x) HWﬂBp(w)Hn,l < WHW:&B‘Z‘_;@(I)H”J S 1| W B‘ |/a(z Hnl
2p
2y | 1
s S3
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Thus, (45) is satisfied and therefore (46) holds with p = |z|/4. Inserting this into (41) we
obtain the claimed bound. O

5. BOUNDEDNESS AND RECGULARITY

In order to complete the proof of Theorem 1.1 it remains to show the regularity of .
Note that this, together with the decay estimate from Theorem 4.1 near infinity, also yields
the global upper bound (6). We also recall that C%* regularity with an unspecified o has
already been shown in [26]. Our argument is different and uses the reformulation as an
integral equation from Lemma 2.2.

As before, we assume that ¢ € L2 (R, CV) is a distributional solution of (1).

Proposition 5.1. ¢ € L=(R", CV)

Proof. We denote again q = 27.
Step 1. We show that 1) € L" for any ¢ < r < oo with r=! > ¢=! —n~1. (More explicitly,
e L forany g<r<oocifn=23andy € L" for any ¢ <r < 2n/(n—3)if n > 4.)
The proof of this assertion is similar to, but simpler than that of Lemma 3.5. We only
sketch the main differences. Fix r with the stated properties. It suffices to show that there
is a constant C' > 0 such that for any M > 0 we have

| vy

To prove this, we again decompose, for given ¢ > 0, [1)[972 = f. + g- where f. is a

Sy = sup{

el <1, el < M} <c. (47)

bounded function supported on a set of finite measure and where ||g:||, < . We define s
by s7' = r~! 4+ n~! and note that by assumption 1 < s < ¢. We start again from identity
(38) and estimate the first term there as follows,

/n<90, (T (fe))) dz| < lpll ([T ()l S leplle TNy 01,001 220l

< Nl Iy n-1),00 1 fellgs/(g—s) 1P llq -
Thus,

[ e e <.

where C. depends, besides ¢, only on n, r and ||9||,. To complete the proof of (47), similarly
as before, it suffices to show

IxXellr < Cllgellnllelle s lIxelly < Cllgellnllelly (48)
with a constant C’ depending only on n, r and |[¢||,. For the proof of the first inequality
we bound

el < N1 2[nlT # (9o (T % @)llsr S 92721l Tl 1,00 19 (T % )|
< 1T 21l g n—1),00 192 T * @l S 2172 lTN o1 00 192 [ |0l -

This proves the first inequality in (48). The second inequality in (48) was, in fact, proved
while proving (40). This completes the proof of (48) and therefore that of (47).
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Step 2. We show that if ¢» € L for some ¢ < r < n(n+1)/(n — 1), then ¢ € L? for
1/s=(n+1)/((n—1)r)—1/n.

Indeed, the assumption ¢ € L” implies that |92 € LO=D"/(+1) and therefore, by
the weak Young inequality, I' x (|¢|972¢) € L*, where s is defined as above. (The weak
Young inequality is applicable since (n 4+ 1)/((n — 1)r) — 1/n > 0 by the assumed upper
bound on 7.) By Lemma 2.2 we obtain ¢ € L*, as claimed.

Step 3. We show that if ¢ € L" for some r > n(n+1)/(n — 1), then ¢ € L.

Indeed, the assumption implies that |¢|7" 2% € L® for s = (n — 1)r/(n + 1) > n. On
the other hand, since ¥ € L, |12 € L*/ "+ and 2n/(n + 1) < n. Thus, writing T’
as the sum of a function in L*" and one in L2/ (=1 we obtain the assertion by Holder’s
inequality.

Step 4. Let us complete the proof of the proposition.

First assume n = 2,3. Then according to Step 1, ©» € L for any r < oo and therefore,
by Step 3, ¥ € L*™.

Now let n > 4. Define ;' = (n—3)/(2n) and inductively 7']'_431 =(n+1)/((n—1)r;)—1/n
for j > 1. It is elementary to check that (rj_l) is a strictly decreasing sequence which tends
to —oo. Thus there is a largest j, say J, such that r; < n(n+1)/(n—1). By Step 1, € L™
and, by applying Step 2 repeatedly, ¢ € L"/+1. Note that rj41 > n(n+1)/(n —1). If this
inequality is strict, we infer from Step 3 that ¢ € L*. Finally, if rj4; =n(n+1)/(n —1)
we apply Step 2 with r—! = r}il + € where 0 < € < (n — 1)2/(n(n + 1)?). Then

1 n+1 1 n+1 (n+1)e 1_(n—|—1)e< n—1

s (mn—=r n  (n—1Drjq n—1 n  n-—1 n(n+1)
and therefore 1) € L® with s > n(n+1)/(n—1). By Step 3, this implies again ¢ € L>*°. O

Proposition 5.2. If n =2, then ¢ € C®. If n > 3, then ¢ € CY for any a < 2/(n —1).

Proof. By Proposition 5.1 and the assumption ¢ € L9, we have [|9"2¢ € LP for any
2n/(n + 1) < p < oo. Therefore, by standard mapping properties of Riesz potentials,
Y =T * (|9|77%)) € C% for all & < 1. This implies that |92 € C%% for all a < 1 if
n =2 and for all @« < g —2 if n > 3. Therefore, by mapping properties of Riesz potentials,
p=Tx (Y7 2) e Ct foralla < 1ifn=2and forall @« < ¢ —2if n > 3. If n = 2,
since ¢ — 2 = 2, we can iterate this argument and we eventually obtain ¢ € C*°. O

Remark 5.3. Note that the same proof shows that ¢ € C*°(R™\ {¢) = 0}). It follows from
the deep results of [7] that the set {¢) = 0} has Hausdorff dimension at most n — 2.

6. CLASSIFICATION OF ‘RADIAL’ SOLUTIONS

Our goal in this section is to prove Theorem 1.3 which classifies all solutions of (1) of
the form (15). We emphasize that once one has passed to the radial formulation (16) the
restriction that n is an integer can be dropped. Our proof works for general real n > 1.

Proof of Theorem 1.3. We pass to logarithmic variables and write

u(r) = r*(”*l)/Qf(ln r), v(r) = r*("fl)ﬂg(ln T)
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for functions f, g defined on R. The equations (16) become
n— 1
2

'+ %_lf =g(fP+ )Y g - —f(f2+ g2

and the boundary conditions become

lim f(t)= lim ¢(t)=0.

t——o0 t——o0

We emphasize that the equations are now autonomous. Moreover, one easily checks that
£=—fg+— (f2+g /iy
is a constant. Since it tends to zero at —oo, we conclude that
fg= (f 24 A/ onR.
We abbreviate p = f2 + g%. Squaring the previous identity gives

o= 1) = —p™/ 0.

Solving for f2 we obtain

1 4 1 4
f2 _ 5 (Pj: \/,02 _ n2p2n/(n1)> ’ gQ — 5 (,0? \/,02 _ nQp2n/(n1)> .

Note that this also implies that p? > (4/n?)p**/(»=1 on R. The signs in the formulas for
f? and ¢? are correlated. The signs may change but they may do so only at points where
p2 — (4/n2)p2n/(n—1).

Our next goal is to derive a differential equation for p. Using the differential equations

for f and g we obtain
(f+9%) =—(n-1)(f* - ¢%),
and inserting the above formulas for f and g we obtain

4
P =F(n- 1)\/p = Sprnl (=)

This equation can be solved explicitly. On an interval where p? > (4/n%)p*" (=1 and

where f? is given by the above formula with the + sign, we find
n—1
pt) = ()" cosh ™ (t —to)
for some tg € R; see Remark 6.1 below for details. Choosing a maximal interval with theses
properties we deduce that this interval has necessarily the form (g, 00). Analogously one
sees that any maximal interval where p? > (4/n?)p™ (=1 and where f? is given by the
above formula with the — sign is of the form (—o0,t;) for some ¢; € R and

p(t) = (g)n_l cosh™ (¢t — 1))

on this interval. We conclude that ty = ¢; and therefore

n—1
p(t) = (g) Cosh_”‘H(t —tp) forall t € R,
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unless one has p> = (4/n?)p> (=1 on all of R, which means that either p = 0 (and
therefore f = g = 0) or p = ((n — 1)/2)" 1. In the latter case, from the formulas for f?
and g2 we see that f2 = g% = (1/2)((n — 1)/2)" !, but these functions do not satisfy the
boundary conditions at —oo, so this case is excluded. (Note that this corresponds to the
singular solution in Remark 1.4.)

We return to the non-trivial case. Inserting the formula for p into the above formulas for
f? and ¢* we deduce that

1 n—1 1 n—1
2= 5 (g) e~ (1710) cosh™™(t — 1), gt = 3 (g) et cosh™™(t — tg) .
(In fact, one checks these computations separately on the intervals (—oo,ty) and (tg,00),
where one knows the signs in the formulas for f2 and ¢?>. The change in sign at ¢ is
compensated by the fact that the expression

VPP — (4/n2) /1) = (n/2)" " cosh™" (¢ — to)] sinh(t — to)|

involves the absolute value of the sinh.)
The formula fg = (1/n)p™ 1 together with the fact that p never vanishes implies that
f and g are either both positive or both negative. Thus, for some o € {+1, —1},

1 /n\n—1 1 /n\n—1
f=o 5 <2> e cosh™™*(t —tg), g=o0 (2) e cosh™*(t —tg) .

Changing back to the variable r we have obtained the claimed formulas with A = efo. [

Remark 6.1. In the proof above we solved the equation p’ = F(n—1)y/p2 — (4/n2)p2n/(n=1),
This can be done as follows, treating for instance the case with the — minus. Let o(a) =
V1= (4/n2)a?/@=1) for 0 < a < (2/n)~"*!1. Then the equation reads p’ = —(n — 1)po(p).

We compute

do(a) 1 e e B
) (1 a0y 2 )2 D

1 1-o0(a)?
n—1 ao(a)

Thus, using the equation for p,

do
(0(p) = ——la=pp’ =1 = 0(p)*.
Since (1 — b?)~! has anti-derivative artanh b, we obtain that for some g,
t —top = artanh o(p(t)) .

That is,

tanh(t — tg) = \/1— (4/n2)p(t)2/(n=1)

which gives the claimed formula for p(t).
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7. EXCITED STATES IN 2D

In this subsection we consider equation (1) with n = 2, which is the same as (17) with
f1 =1 and B3 = 1/2. We make the ansatz (18) and arrive at the equations

o+ Sy =w(u? +0?),
s

v —2v = —u(u? 4+ v?),

(49)

which, of course, need to be supplemented with boundary conditions. We will prove the
following classification result analogous to Theorem 1.3.

Theorem 7.1. Let S € Z and let u,v be real functions on (0,00) satisfying (49) as well as
lim r'/2u(r) = lim r'/20(r) = 0. (50)

r—0 r—0

Then either u=v =0 or
u(r) = oA~ Y2U(r/N) o(r) = TA Y2V (r/N)

for some A\ >0 and 0,7 € {+1,—1}, where
S -S-1

T T
U(r) = V225 + 1] 555 T (@511) V(r) = V225 + 1-5o5 125+

and o =1 if25+1>0ando=—7if 25+ 1< 0.

We emphasize that as in Theorem 1.3 we impose rather weak boundary conditions.
In our proof we do not use the fact that S is an integer. Any real number S works. For
S = —1/2 the proof shows that u = v = 0 is the only solution satisfying the boundary

conditions.
Proof. We write again

u(r) =2 f(Inr), o(r) =r"2g(Inr)
for functions w, v defined on R. The equations become

Fe(seg) = o= (s45)a= -t

and the boundary conditions become

lim f(t)= lim ¢(t)=0.

t——o0 t——o0
One easily checks that
1
£=—(25+1)fg+ (/2 + g

is a constant. Since it tends to zero at —oo, we conclude that

1
fg=2(

2, 22
25+1)(f +9°) on R.

We abbreviate p = f2 4+ g%. Squaring the previous identity gives

2 2 _ 1 4
f(P—f)—mp‘
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Solving for f2 we obtain

1 1 1 1

Note that this also implies that p? > (1/(2S + 1)?)p* on R. The signs in the formulas for
f? and ¢? are correlated. The signs may change but they may do so only at points where
o = (1/(25 + 1)2)pt.

Our next goal is to derive a differential equation for p. Using the differential equations

for f and g we obtain
(fP+9%) = -2+ 1)(f* ~ ¢,

and inserting the above formulas for f and g we obtain

1
! — 2 _ 4
0 ZF(?S + 1)\/p (25 1)20 .

This equation can be solved similarly as in Remark 6.1 and we obtain, unless p = 0,
p(t) =128 + 1| cosh 1 ((2S + 1)(t — tp)) .
Inserting this into the above formulas for 2 and ¢? we deduce that

f? = ‘28; 1 e(28+1)(t—to) cosh™2((2S + 1)(t — tg))

and

2= ’25;—1’6—(2S+1)(t—t0) cosh™?((25 + 1)(t — to)) -

(Here one has to distinguish according to whether 25 + 1 is positive or negative.) When
25 4+ 1 > 0 the formula fg = (1/2(2S + 1))p? together with the fact that p never vanishes
implies that f and g are either both positive or both negative. Thus, for some o € {+1,—1},

=04/ ‘252"'1’6(2S+1)(t—t0)/2 cosh™1((25 + 1)(t — t9))
g=o0/ m;”e@sﬂ)(tto)ﬂ cosh™1((2S + 1)(t — tg)) .

Changing back to the variable » we have obtained the claimed formulas with A = ef0. In

and

case 25 + 1 < 0 is similar, but f and g have opposite signs. O

8. FASTER DECAY FOR EXCITED STATES

The aim of this section is to prove Theorem 1.5 concerning (17) with parameters g1, f2 >
0. The case 51 = 22 = 1 was treated in the previous section and the case §; = 285 can be
reduced to the former by scaling.

When 1 # 282 we cannot provide explicit solutions, but we can still prove existence and
uniqueness (up to symmetries) of a solution and can study its asymptotic behavior rather

precisely.
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Proof of Theorem 1.5. Step 1. Introducing logarithmic variables. We set again
u(r) =r~ 2 f(Inr), o(r) = r~Y2g(Inr) (51)

for functions f, g defined on R, so that system (19) becomes

P+ (S+3)f =g@2B*+ Big?),

(52)
Jd—(S+3)g =—Ff(BLf*+2629°
and the boundary conditions in the theorem read
lim_ f(t) = lm_g(t) =0, (53)
One easily checks that
Bi a4 2 2 1
£="Ls g+ st - (S 45 ) fo (54)
is constant. The boundary conditions (53) imply that £ = 0, that is,
B 1
T g+ hf =S+ ) fa (55)

This implies, in particular, that f(t) # 0 for all ¢ € R and g¢(t) # 0 for all ¢ € R, unless
f =g = 0. (Indeed, if f(tp) = 0, then (55) implies g(tp) = 0 and then (52) implies
f =g =0. The argument for g is similar.) Moreover, it implies that

T f(t)g(t) >0 forallteR.

Step 2. Monotonicity of the angle. We shall show that, if (f,g) # (0,0) is a solution of
(52) with & =0, then (f, g) is global and the limits

q()

0+ := lim arctan =——=

t—=4oo f(t)

exist and satisfy 6, < 6_.

Indeed, the fact that £ = 0 on the maximal interval of existence easily implies that the
solution is global. Moreover, as remarked in the previous step, £ = 0 implies that f and g
never vanish and therefore we can introduce

g9(t)

0(t) = arctan ok

Using (52) and (55) we compute

g 9f=19_(@S+1)gf =pi(f +4") = 482079 _ =(B1/2)(f* + ") — 262179 _
f2+92 f2 +92 f2+gz
This proves the claim.
Step 3. Asymptotics of solutions. We shall show that any solution (f,g) of (52) with
€ = 0 is global and satisfies (53) and
lim f(t) = tll)rglo g(t)=0. (56)

t—o00
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The global existence was already shown in the previous step. We shall deduce the
asymptotic behavior from the Poincaré—Bendixson theorem in the form given, for instance,
in [37, Theorem 7.16]. Let

wi = {(x,y) € R?: for some t, — +00, (f(tn),g(tn)) — (z,y)}.

Since the set {(z,v) : (B1/4)(x* + y*) + Boz?y? = (S + 1/2)zy} is compact, it is easy to
see that the sets wi are non-empty, compact and connected [37, Lemma 6.6]. According
to Poincaré—Bendixson, for each one of the signs 4, one of the following three alternatives
holds: (a) wx is a fixed point, (b) wy is a regular periodic orbit, (c¢) w4t consists of fixed
points and non-closed orbits connecting these fixed points.

A simple computation shows that the only constant solution of (52) with & = 0 is
(f,g9) = (0,0). Thus, if alternative (a) holds for both signs £, then we are done. Let us
rule out (b) and (c). Note that in both cases (b) and (c), the limiting periodic orbit and
the limiting homoclinic orbits, if they would exist, would have & = 0.

According to Step 2, there are no non-trivial periodic solutions of (52) with & = 0
(because for a non-trivial periodic solution (f,§), arctan(g/f) does not have a limit). This
rules out (b).

According to Step 2, there are 61 such that

wy C {(rcosfy,rsinfy): r >0}.

Thus, in order to rule out (c), it suffices to rule out the existence of a non-trivial solution
(f,§) of (52) with (f(t),g(t)) — (0,0) for |t| — oo and such that arctan(j(t)/f(t)) = 6+
for all t. But this is again ruled out by Step 2. This completes the proof of the assertion.

Step 4. FExistence of a homoclinic orbit. Let a and 7 be as in the theorem and consider
the solution (f,g) = (¢q,p) of (52) with initial values

a(0) = 7p(0) = a.

We shall show that this solution is global and satisfies the asymptotic conditions (53) and
(56).

Indeed, by definition of a, identity (55) is satisfied. Therefore, the solution has & = 0.
The rest now follows from Step 3.

Step 5. Ezponential decay. We shall show that for any solution (f,g) of (52) satisfying
(53) there is a constant C' such that

(f2 + P2 < cem 15+ forallt € R.
Indeed, we compute, using (52),
(f2+ 0% =20 +99") = (=25 + 1) + (282 = B1) f9)(f* — 97,

(=g =20f —9d) = (=25 +1) + 20262 + 1) f9)(f* + ¢°)

and

(f9) =g+ fd =-p1(f*—g*.
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This implies that
(fP+6°)" = (=25 + 1)+ (262 — B1) f9) (= (25 + 1) + 2(262 + B1) f9) (f* + ¢%)
— (282 = BB =g (fP =7
We set 1) = f2 + g% and write the previous equation as
4 Ve = (25 + 1)
with
V = —(25+1)(682 + B1)fg + (262 — 1)2(282 + B1) f29° — (262 — )AL (f* — ¢°)°.

By (53) we have & = 0 and therefore, by Step 3, V(t) — 0 as |[t| — co. By a standard
comparison argument this implies that for any 0 < € < (25 + 1)? there is a C, such that

Y(t) < Cee VEITF? =l forallt e R. (57)

For the sake of completeness we provide the details of this argument. Given 0 < € < (25+1)?
we choose T¢ < oo such that V(t) > —e for ¢t > T,. The function

() = (1) = Y(Te)emV AT
satisfies p(T¢) = 0, limy_, o ¢(t) = 0 and

o" > ((2S + 1)2 —€)p in (T, 00).
By the maximum principle, this implies that ¢ < 0 in [T¢,00). Similarly, one proves a
bound near —oo and the remaining bound is obtained by continuity. This proves (57).

Because of the decay (57) we can apply the Green’s function to the equation for ¢ and

obtain )
¥ = 35T /RepSH“t/V(t’)zp(t’) at' .

Using this equation and the apriori bound (57) it is easy to obtain the claimed bound for

.
Step 6. Asymptotic behavior of f and g. Again, we let (f,g) # (0,0) be a solution of
(52) satisfying (53). We shall show that

0= tlim STt f(t) and ¢ = . lim e F/2)tg(t) exist and are non-zero and finite
—T00 ——T00
and that
0 Sl
lim 3+ () — b1 4 I _B(S+1/2)t gy — .
thrs0 90 = g5y iy o fme IO = 15519

Let us prove this in case S +1/2 > 0 (so 7 = +1), the case S + 1/2 < 0 being similar.
The function F(t) = et/ £(¢) satisfies

F/(t) _ e(S—l—l/2)t(f/ + (S + 1/2)f) _ €(S+1/2)tg(2ﬁ2f2 + 5192) )

As shown in Step 1, either f and ¢ are both positive or both negative. Thus, either F is
positive and increasing or it is negative and decreasing. Since it is bounded by Step 5, it
tends in any case to a finite, non-zero limit ¢. This proves the first assertion.
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The function G(t) = e~ (ST1/21g(t) satisfies
G'(t) = e BTG — (S +1/2)g) = —e” V(B2 + 2B59%) (58)

For the sake of simplicity we now assume that f and g are both positive. The case where
both are negative is treated similarly. Given 0 < € < £ there is a t¢ < oo such that
ft) = (0 —€)e= ST for t > t.. We bound the right side of (58) and get

G'(t) < —B1(0 — )P 1+t forall t > ¢,

and, since G(t) — 0 as t — oo by Step 5,

/ G'(s Bi(l—e)? /OO e~ 5H/2)s g5 — M6_4(5+1/2)t forallt >t
t 4(5+1/2) o

and

_\3
(t) > me?’@“mt for all ¢ > t.

This is the desired asymptotic lower bound on g(¢). The proof of the upper bound is similar,
but slightly more complicated. Using the bounds from Step 5 in (58), we get

G'(t) > — const e 4(5+1/2) forallt e R
and therefore, by a similar argument as before,
g(t) < const e 35+1/2)t forallt e R.

Now again given ¢ > 0 there is a t. < oo such that f(t) < (£ + €)e”HV/2t for ¢ > ¢/,
Inserting this and the previous bound on g in the equation for G’ we obtain

G/ (t) = —B1(l — )3T/t _ congt e ~8(5H1/2)1 for all t > ¢/
and therefore by integration similarly as before

Bill+6)® 35119
(t)<74(5+1/2)e /2t

This proves the claimed asymptotics for g as ¢ — oo.

+ const e~ 7(5+1/2)t forallt >t

In order to obtain the asymptotics of f and g for t — —oo, we note that the pair
(g(—=t), f(—t)) solves (52). (Note that we have reversed the roles of f and g.) Therefore,
applying the previous statement to this solution we obtain the claimed asymptotics for
t — —oo0.

Step 7. Uniqueness. We show that the non-trivial solution of (52) satisfying (53) is
unique, up to translation and a sign change.

We give the argument only for S+1/2 > 0, the case S+ 1/2 < 0 being similar. We know
from Step 6 that

lim @:0: lim &
t—oo f(t) t==c0 g(t)
Thus, by continuity there is a ¢y € R such that b := f(tg) = g(to). Assumption (53) implies

£ = 0 and therefore

612b4+ﬁ bt — (S +1/2)p% =0.
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Thus, b € {0,—a,+a} with a defined in the theorem. Since the solution is non-trivial,
we have b # 0. If (¢,p) denotes the solution from Step 4, then by uniqueness of the
solution of an initial value problem we have (f(¢),g(t)) = (q(t — to), p(t — to)) if b = a and
(f(t),g(t)) = (—q(t —to), —p(t — to)) if b = —a. This proves the above uniqueness claim.

Step 8. Conclusion of the proof. We now prove all the statements of Theorem 1.5
translated to logarithmic variables.

Let (p,q) be the solution from Step 4 which we already know is global and satisfies
(53). Therefore Step 6 describes the asymptotic behavior of this solution. The fact that
Tq(t)p(t) > 0 for all t € R was already noted in Step 1 and the fact that p(t) = 7 q(—t) for
all t € R follows from the fact that (7 g(—t),7p(—t)) is a solution of (52) with the same
values at ¢t = 0 as (p(t), ¢(t)). This concludes the proof of part (1) of the theorem. Part (2)
follows immediately from Step 7. O
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