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Abstract

The description of stress transmission in an unsaturated granular material in the
low water saturation range (pendular regime) is studied within the micromechan-
ics of a three-phase medium. Considering an REV (Representative Element Vol-
ume) comprised of solid grains and isolated inviscid water menisci whose sta-
tistical distributions are known, micro- and macro-relationships can be derived
using a volume-averaging of stress for each one of the phases in a manner anal-
ogous to the derivation of Love-Weber equation defining stress in a dry granular
medium. The main difference with respect to previous works in the literature lies
in the homogenization technique whereby singular surfaces such as an air-water
interface exhibiting surface tension are treated as an additional phase for which a
so-called membrane stress is defined. Well-known contractile skin effects and the
anisotropy of capillary stresses in unsaturated soils can be formally identified in
the proposed tensorial expression that encompasses the statistics of not only grain
contact normals, but also that of menisci spatial orientations and their surfaces,
including water saturation. Solid grains are considered strictly incompressible
with water being also an incompressible and inviscid liquid. An effective stress
tensor that controls the strength of unsaturated granular media is hence proposed
and verified based on discrete element modelling (DEM) numerical simulations
of triaxial compression and simple shear tests on pendular-state granular soils
at different confining pressures and matric suctions. The non-sphericity of the
so-called capillary stress is also numerically demonstrated.

Keywords: pendular regime, effective stress, interfacial tension,

wetting-drying, suction
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1. Introduction

The derivation of a tensorial stress field in a continuum representation
of an unsaturated particulate medium like a geomaterial is well studied
in the literature; see @, B, Q], among others. While microstructural as-
pects have lately been subject of considerable interest, a largely theoretical
issue that is often evoked is the definition of a single-valued effective stress
@, Q, ] that controls both deformation and strength in such unsaturated
media, and which replaces the celebrated Terzaghi’s effective stress in the
fully saturated case. This question takes on a more practical importance
in geotechnical /geo-environmental engineering, motivated by the shrink-
age, swelling, yielding and collapse of unsaturated soils at low water sat-
uration upon drying and wetting cycles associated with weather change
or the natural hydrologic cycle, e.g. [29].

Herein, we are particularly interested in the pendular regime where
water saturation is low and the water phase is held in between the inter-
stices of the granular material (soil) in the form of isolated menisci M, Q].
In this case, the solid phase is comprised of a grain skeleton whose inter-
stices are occupied by air as a continuous phase and water as a discon-
tinuous phase, with interfaces that separate the various phases. Hence,
the mechanics of the unsaturated granular system is invariably governed
by the different phases whose individual behaviours are well defined,
and also interfaces that are endowed with thermodynamics properties

,130]. Problems associated with unsaturated soil mechanics and related
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tields specifically involve fluid flow, stress, thermal, chemical and defor-
mation phenomena which are essentially coupled. Here in this paper, we
are specifically interested in stress phenomena that encompass classical
geotechnical problems under unsaturated conditions where the question
of stress transport and strength are of critical concern, but yet difficult to
discern.

Historically, Bishop's stress E] as an extension to Terzaghi’s effective
stress has been a commonly used stress in unsaturated soils according to
the following tensorial form:

07; = 03 — (1 = X)adij — Xthw 0ij

(1)
=0+ X(g — ty) dij

where Ui’j is the Bishop’s stress tensor, 7;; = (0jj — 1, 6;;) is the so-called
net stress, x is generally assumed to be a function of degree of saturation
and is zero for dry soil and unity for saturated soil, and the term (u, —
Uy) represents matric suction s. Herein, soil mechanics sign convention
is adopted throughout the paper, i.e. compressive stresses and strains are
positive.

Over the years, Bishop’s equation has been the subject of controversy
] and even Bishop and Blight M] admitted that there are uncertainties
over the definition of parameter ), although much later on, Gray and Has-

sanizadeh [18] proved that Bishop’s stress is thermodynamically consis-

tent when yx is associated with degree of saturation. Moreover, Blight [7]
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argued that the value of x depends on stress and strain levels; whereas
nowadays, Wan et al. M], Duriez and Wan B] have established its link
to fabric and meniscus spatial distribution which furthermore destroys the
isotropic character of the matric suction in the original Bishop’s equation.

Uncertainties in finding a single-valued stress variable prompted the
idea that the behaviour of unsaturated soils should be governed inde-
pendently by two variables: the net stress (¢ — 1,) and matric suction
(14, — uy). Fredlund and Morgenstern B] went on further to suggest
that any two of the stress state variables ¢ = (0 — u;), 0’ = (0 — uy),
and s = (1, — u1y) could be employed. Furthermore, Houlsby Q] devel-
oped the concept of power input into unsaturated soils, and hence intro-
duced the notion of work conjugate stress and strain increment variables
for constitutive modelling, but without including the energy of the inter-
faces. The idea of average soil skeleton thus emerged.

More recent studies have focused on the understanding of unsaturated
soil behaviour through continuum approaches such as mixture theory [9,
]. As such, there has been a number of stress measures defined for unsat-
urated granular media and which have made their way to soil mechanics
and reservoir engineering. These are the total stress, the skeleton stress

], the net stress H], the generalized Bishop E] stress, and the Skemp-
ton [41] stress. Approaches that are based on total stresses have even been
proposed for triphasic media, but then, they would necessitate the writ-

ing of equations of equilibrium and associated boundary conditions for
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each phase; see @] which circumvents this latter requirement. Given
the overall progress of granular mechanics in the past several decades,
renewed efforts to address the above theoretical and practical questions
seem appropriate. With this motivation, this paper provides a systematic
microstructural study in which a tensorial stress expression is derived for
a triphasic material composed of air, water and solid, with the water phase
being discontinuously distributed as isolated menisci (liquid bridges) be-
tween particles that can be either in contact or not. As for the solid phase,
we consider distinct idealized particles of spherical shape. Additionally,
the air-water interface along with a jump condition at the common line is
included in the derivation as a fourth phase .

The proposed method uses a volume averaging of stress for each one of
the phases in a manner analogous to the derivation of Love-Weber equa-
tion @, ] defining stress in a dry granular medium to arrive at a tenso-
rial expression for stress that encompasses the statistics of not only grain
contact normals, but also that of menisci spatial orientations and menisci
surfaces, including water saturation. More importantly, an effective stress
tensor can be recognized as the difference between the total stress tensor
and so-called capillary stresses that include contributions from suction,
surface tension, and air-water interface associated tensors. As new re-
sults, we identify menisci induced effects within the unsaturated granular

medium through:
1. a surface based fabric tensor of menisci scaled by the matric suction,
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2. lineal surface tension force contributions along wetted grain con-
tours, and
3. a spatial distribution of surface tension force field (tensorial) within

air-water interfaces.

The validity of the proposed effective stress equation, including other
features such as the non-sphericity of the capillary stresses are verified via

discrete element modelling (DEM) simulations.

2. Micromechanics of a triphasic medium

2.1. Preliminaries

The notion of stress within a continuous body goes as far back to Cauchy
who introduced this abstract conceptual scheme where the mutual action
of two bodies in contact, or two parts of the same body separated by an
imaginary surface is contemplated [28]. This powerful conceptual idea
can be extended to the definition of a stress tensor under quasi-static con-
ditions for a heterogeneous body consisting of discrete particles of vol-
ume V). These are considered rigid, endowed with stress ¢, and interact
through contact points ¢ with pairwise interparticle force f¥ in a granular

assembly of volume V. Thus, the celebrated Love-Weber formula gives:
o= lZ f (cF-n)®x"dS (2a)
Vo,

= %2 DX (2b)
p C
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where (0”-n) is the traction vector on the particle p with outward normal
n, and the vector x” represents the spatial position of applied traction with
respect to an arbitrary origin.

When sweeping over all contacts for every particle in volume V and
by expressing the position vector x” as a function of the particle’s centroid

and radius vector, we get the classic expression given by:

_ 1B o paB
O-_VaZﬁ:f R 3)

where the summation is carried out over distinct pairs of particles af
in V,f*f and £*F denote, respectively, the pairwise interaction force and
branch vector giving distance of separation.

Equation (3), derived with the assumption of a quasi-static medium in
the absence of any body forces, serves as the basis for calculating volume-
average stresses in heterogenous media. For the case where the discrete
particles are embedded into a matrix which includes singular surfaces
over which surface tension occurs, the integral term in Eq. (2a) has to
be amended. This is because some components of the stress tensor suffer
a discontinuity associated with surface tension, as will be seen next when
calculating the volume-average stress in a triphasic medium.

2.2. Averaging process with stress discontinuities
Consider a representative element volume (REV) of volume V contain-

ing a statistically significant number of particles and water menisci as il-

lustrated in Fig. [Il
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B particle volume, 7,

1 water volume, V,

V="V,or,ur,

REV (V)

Figure 1: REV of pendular unsaturated medium

It also represents an averaging volume whose dimensions are large
compared with the characteristic microscale (particle and water meniscus
sizes) of the unsaturated granular material, but still arbitrarily small com-
pared to the dimension of the soil domain. The solid particles are assumed
to be strictly rigid interacting with incompressible air and inviscid water.

In practical terms, we wish to know what stress is generated within
the REV when loads (mechanical or hydraulic) are applied on its external
boundary. Since the actual stress 0;; varies with position x in the REV, the
‘bulk stress’ can be defined from an ensemble (volume) averaging. How-
ever, a closer look at the REV reveals that we are faced with a three-phase
system composed of solid (s), air (2) and water (w) separated by interfacial
surfaces upon which a singularity in the stress distribution exists due to
surface tension. A volume integral of the stress over such a region is then

strictly speaking improper, and must be thus interpreted appropriately.
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As such, the average stress ¥;; is computed just as volume averages of

stress in all phases concerned, including the interfaces, i.e.

Y= % {Lp 0;;dV + va 0;;dV + La 0;;dV + fvim 7ij dV} 4)
Herein, it is appropriate to regard the interface between air and water
as a layer of small thickness €, and to subsequently take the limit e — 0.
For a given point on the interface, if the local normal is denoted by unit
normal n, then the surface tension force field tensor can be written in the
form 7 (0;j — n;n;) where 1 is the coefficient of surface tension. On the other
hand, the stress components along directions in the tangent plane of the
air-water interfacial surface are very large in the interface layer. Therefore,
the correct stress integral properties can be obtained by taking the singular
part of the stress tensor in the interface layer to be in the form ;; = ’y((Si]- —
nin;)/e.
Noting the above, the contribution of the volume integral in Eq. @)
from the portion of the interfacial surface S lying within the REV is then

lim 0'1']' av = f ’)/(51] - ninj) ds (5)
yint aw

e—0

The integral on the right hand side of Eq. (B) can be alternatively written

as
J ’)/((51] — n,-nj) s = J v n; divnx]- ds (6)

by applying Stokes’s theorem to the quantity ekilxin@egarded as a vector
I

with components given by the different values of k

9
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The term, div n, is in fact the curvature of the interficial surface contain-
ing the local normal n, and hence (v ; divn), which is the normal curva-
ture force per unit area, represents the jump in the normal stress across the
air-water interface due to surface tension, i.e. (u; — Uy )n;.

Noting the above and considering the pressures of the water and air
phases to be hydrostatic, the volume-average stress in Eq. () can be re-

written as:

1 1 1
Zij = V ; va O'ijdV + V J uwé,-jdV + V ng uaé,-jdV

w

) @)
+ V; Jawfyni divnx;dS

where p and [ are the number of particles and liquid bridges respectively,
V#and V¥ are the volume occupied by air and water phases respectively,
while u, and 1, are the air and water pressures respectively.

Applying the divergence theorem to the volume integral concerning
each particle in Eq. () leads to a surface integral just like in the opening
Eq. (a), except that the tractions exerted on the particle’s surface with
outward normal n have now various origins. For instance, we will find
contributions from pair-wise particle contact forces due to external load-
ing, as well as actions of air and water pressures on dry (0V}}) and wetted

surfaces (0V}’) respectively. Based on the above and noting Eq. (@), it

10
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follows that

1 aB op |, Uw Ug
% = V%fi 0+ 72; va n;x;dS + VZLW n;x;dS
o p p p P

Vw Va

1 ®
+ Vuw&']' + v uaéij + V; Law yn; div nx; ds

where tractions acting on vanishing surface area over the contour JV), of
each particle p have been transformed into point (contact) forces fi'xﬂ be-
tween pairs of particles af joined by branch vector ﬁ}xﬁ .

By applying Stokes’s theorem (see Appendix A), the interface integral

can be re-written as

1 : I (RS O
% Sawfynldwnx]ds——VLTi x]d£+v R x;dS )

where T = ! refers to the surface tension force acting at the intersec-
tion of the liquid bridge and the particle, i.e. the interface solid-air-water
which creates the so-called contractile skin within the unsaturated granu-
lar assembly.

Furthermore, noting that the surface area of a particle 0V}, can be de-
composed as a union of dry (air) surfaces OV;} and wetted surfaces over
I liquid bridges, i.e. dV, = 0V u 0V, the surface integral over the dry

surfaces of a particle can be written as:

n~x'dS:J n;x:dS — f n;x;dS (10)
ng o v, o ;avgv g

Finally, in the absence of any gradient in surface tension force (07 /0x; =

11



e 0) we get:

1 (g — typ)
Y= Vfoﬁf?ﬁ—%ZZf n;x;dS
wp p

1oy
Ug Vi Va
+ v Zp: va n;x;dS + Vuwéi]’ + Vuaéij (11)
1 aw
—T 22 L T xjde
P
185 For a granular system consisting of particles of radius Ry, x; = Ry n;,

s and noting ¢ = (Vo + Vi)/Vand S, = Voo / (Vo + Vi) , with V = V; +

187 Vi + Vg, it follows after some manipulations that:

1
Zij = uaéi]' + V Zfloc,[% E;X’B — Xi]'(uu — uw) — Bi]'
ap
where
1 > (12)
Xij = VZRPZJ n;n; ds + 4)51’51']'
P 1 YoV
1
Bjj = VZRPZLT?“’ n;de
p I J
188 Equation (12)) serves to establish an equivalence between a non homo-

10 geneous granular system with discontinuous air-water interfaces and an
100 equivalent homogeneous REV through the volume-average stress tensor
11 X. In fact, this relation bears some resemblance to Bishop’s equation, but is
12 more complex in three major distinct aspects. First, the matric suction is no
103 longer an isotropic quantity, but is now governed by a Bishop-like param-

104 eter which is a tensor x whose explicit form is known with dependences

12
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on liquid bridge spatial distribution and degree of saturation, among oth-
ers. Second, the influence of air-water interfacial tension on the granu-
lar system behaviour is included through the new term B which involves
integration of lineal surface tension forces over contours defined by the
wetting of liquid bridges with the solid particles. Third, the expression
makes a clear distinction between point forces at particle contacts and lin-
eal forces arising from surface tension. In fact, these point forces are ex-
erted at contacts of particle pairs a3 to give rise to a so-called contact stress
tensor “°™ through the Love-Weber formula which is clearly recognizable
in the first line of Eq. (12).

To make particular reference to the liquid bridge contributions to the
total stress X, we conveniently define a so-called capillary stress tensor
taken to be:

P = _(sx+B) =X —u, 6 — o™ (13)

Note that the “capillary stress” terminology, also used elsewhere in
], is equivalent to the “suction stresses” alluded in Lu and Likos ].
We will next endeavour to investigate the nature of capillary stresses

0P as well as check whether the contact stress o™t

canbe regarded as an
effective stress in Terzaghi’s sense. To achieve such a goal, we will adopt
a DEM calculation approach to determine the water phase distribution
within an unsaturated granular system so that Eq. (I2), the central piece

of this study, can be formally evaluated.
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3. Discrete modelling of a triphasic medium

3.1. The discrete model

Generally speaking, numerical simulation of the mechanics of granular
material based on DEM consists of calculating the motion of a collection
of particles, the so-called discrete elements (DE), under the action of solely
point forces. Deformation of the granular ensemble then comes out of the
relative displacements of particles calculated following Newton’s law of
motion under interaction forces and torques. The numerical simulations
can describe quite accurately salient behavioural features of real granular
materials, although particle shapes are idealized as disks or spheres and
the number of particles is relatively small compared to actual granular
masses.

For the discrete modelling of granular multiphasic systems, liquid and
gas phases are included through the forces they impose on solid particles
as described in [@, , Q] for the unsaturated case, and in for the
fully saturated case. It is worth noting that an embedded flow model [12]
is used in ] to compute spatially varying water pressure field. How-
ever, if an homogeneous distribution of matric suction is assumed within
an unsaturated granular material, the water phase characteristics can be
readily computed. It is under such an assumption that the liquid bridge
distribution specific to the pendular regime can be determined by solv-
ing Laplace’s equation H] for all particle pairs. Following this approach,
Scholtes et al. @

] proposed a discrete model for unsaturated conditions,

14
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within Yade open source code ]. Therefore, the characteristics of lig-
uid menisci being determined from Laplace’s equation for a zero contact
angle, so-called capillary forces due to the water and air phases can be
readily determined from the radius R of the particle, surface tension v,

matric suction s, and filling angle « (Fig. ), i.e.

9P = rRsin®a (27 + Rs)x (14)

154

Figure 2: Liquid bridge geometry

Other discrete models for unsaturated granular materials differ mainly
in the way the capillary force is computed, using often approximations
based on assumptions made for the liquid volume [35, 31].

In this study, we use the discrete model proposed by Scholtes et al. @]
which is already implemented in the open source computer code YADE.
In addition to the capillary forces, contact interaction forces are computed
from three basic numerical parameters and particles relative displacements.
Classically, the contact behavior is elastic in the normal direction (tensile
states being ruled out), and elastic-plastic in the tangential direction. Two

tirst parameters, namely Y and P, refer to the normal and tangential con-

15
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tact stiffnesses k;, k; for an interaction between particles A and B:

_ 2YRsRp
Y Ra%p

R+ Rp (15)
ki = Pk,

Expressing k;, and k; according to the particles radii R4 and Rp leads to a
size independent behavior of the model in dry conditions. The third con-
tact parameter is the local contact friction angle ¢ that restricts the tangen-
tial force: ||F;|| < F, tan(¢). A fourth numerical parameter enters as the
particle size as discussed in Duriez and Wan ] where the capillary force
computations between contacting and distant particles make the response
of the unsaturated granular system particle size dependent.

We herein choose a granular ensemble with a uniform particle size dis-
tribution whose characteristics appear in Table[[lwith other model param-

eters.

Y p @ Dyax | Ds
(MPa) | (-) | () (mm)

50 0.5 130 3 0.04

Table 1: Model parameters

The packing procedure used to generate the granular assembly involves
the isotropic compression of an initial particles gas with the desired par-
ticle size distribution. During this compression, the local contact friction
angle is very low. The procedure outputs a sample with an isotropic fabric,

a mean coordination number of 4.8 and a low porosity n ~ 0.369, under 1

16



271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

kPa of isotropic pressure. On the other hand, the confining pressures con-
sidered here in the shearing phase range in the tens of kPa and the DEM

sample displays a typically dense behaviour ].
3.2. Hydraulic behaviour of the discrete model

In the pursuit of fundamentals, the wetting and drying of a granu-
lar material is examined through DEM and provides a framework within
which we can verify the proposed stress equation derived from homoge-
nization.

Computing the water phase distribution, the discrete model allows us
to readily construct the Soil-Water Characteristic Curves (SWCC) numer-
ically. Hydraulic hysteresis is herein introduced through different liquid
bridge assumptions. As water vapour condensates primarly over solid
surfaces, initial wetting paths are simulated creating liquid bridges be-
tween contacting particles only. On the other hand, drying path simula-
tions involve liquid bridges between distant particles as well as contact-
ing particles, with the only condition being the existence of a solution to
Laplace’s equation.

Fig. Bl depicts the drying and wetting SWCC of the discrete model to-
gether with some experimental data point for an Ottawa sand with a mean
diameter Dyean ~ 0.172 mm [27].

A limited hysteresis between drying and wetting is simulated because
known hysteresis mechanisms are not included in the numerical model.

First, the same contact angle value is considered upon drying and wetting.

17
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Figure 3: SWCCs of the discrete model. Ottawa sand data from ]

Second, liquid bridges are uniformly distributed according to uniform ma-
tric suction and particles distances and radii. As such, the control that
smaller pores exert on the filling of larger pores according to the hydraulic
loading path — the so-called ink-bottle effects — cannot be reproduced. Sim-
ulation of such effects would certainly require the actual calculation of the
flow of the two fluid phases inside the pore space, which is outside the

scope of this paper.
4. Discussion of discrete modelling for multiphasic media

DEM may be considered as a numerical homogenization approach,
where the stress tensor for a DEM sample arises from the interaction forces
between discrete elements. However, when applied to multiphasic ma-
terials, we argued in another work [@] that DEM provides an inconsis-

tent average stress description, especially in the case where mechanical
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actions corresponding to the fluid phases deviate significantly from be-
ing point forces. This inconsistency arises from the fact that actions of the
fluid phases on the solid phase are replaced by a resultant force, ignoring
the nature of their spatial distribution. Indeed, our volume-average stress
equation (I2) reveals lineal forces due to surface tension and surface forces
due to fluid pressures, besides point forces at particle contacts. The above

important issue is next examined in greater details.
4.1. Biphasic case

For the fully saturated case involving a uniform water pressure uy
within the pore space, replacing the action of liquid phase on the solid
phase with resultant forces would lead to the following within DEM cal-

culations:

* boundary DE (such as rigid platens) would sustain added forces
fY = —uy, S n, with S the adequate surface and n the inwards ex-

ternal normal,

* no extra forces would be imposed on any other DE since the water

phase induces no resultant forces on the solid phase in this case.

As such, total stresses defined from the resulting forces acting on bound-
ary DE are consistent with applied external loads. However, homogeniza-
tion of the forces interior to the discrete model towards these total stresses
is impossible, since the interior forces reflect the skeleton behaviour only,

corresponding to Terzaghi effective stress ].
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4.2. Triphasic case

As for the present unsaturated discrete model, the contact and capil-
lary forces interior to the model may be exactly homogenized to the total
stresses acting along the boundaries @, E], showing an additivity quali-
tatively similar to the one of the homogenization approach presented Sec-
tion2.2l In the end, the total stress X for the unsaturated discrete model is
the sum of ¢, the same term as within the homogenization approach,
function of contact forces, and another stress tensor denoted again as a
capillary stress tensor ¢ = X — gcont,

Within DEM, this capillary stress tensor is computed from the capil-
lary forces exerted by the fluid phases on the solid phase. However, fluid
phases are not simulated themselves, and point forces consideration does
not conform with both surface and lineal characters of the mechanical ac-
tions (fluid pressures and surface tension forces) exerted by the fluids on
the solid. For these reasons, the total stresses description of an unsaturated
soil as provided by the discrete model is not consistent with the averaging
approach of Section 2.2]in the general case. In fact, both approaches are
consistent when liquid volume and wetted surfaces as well as contours
tend to vanish, which is the case with a very good approximation for very
low degrees of saturation (few percents); otherwise substantial differences
appear [16].

To illustrate here this point, hydraulic loadings are imposed to the dis-

crete model. Wetting and drying paths are simulated by varying the ma-
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tric suction under an isotropic stress state p = 10 kPa kept constant on the
boundaries.
First, capillary stresses as described@ the DEM, denoted oy, are

directly computed from capillary forces

TDEM = v Z £y’ @ Lag (16)

Equation (16) considers all particles pairs af linked by a liquid bridge I,
with fchap the capillary force as sustained by §, and £, the so-called branch
vector from the center of a to the center of  as defined earlier in the paper.

Second, we take advantage of the output the discrete model gives such
as features of the liquid phase (filling angles &, menisci volumes) as it

would exist in the simulated unsaturated soil. Hence, another capillary

stress tensor O'}CI?)EH is computed using the homogenization formula (Eq.
[12):
ca
(rholfn =—-sx—B 17)

During hydraulic loading, both tensors o, and Uﬁifn turn out to
be spherical (isotropic), with B = 0 with regard to o;." . Indeed, the
packing of the DEM sample is here isotropic leading to an isotropic lig-
uid bridge distribution, irrespective of whether a meniscus exists between
contacting particles only (along the wetting path) or not (along the dry-
ing path). Taking advantage of the sphericity of both capillary stress ten-

sors in the above, the mean capillary pressures ppty, = 1/3 tr(oph,,) and

Pl =1/3 tr(oy.r ) are compared.
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The discrepancies between pyy, and plcgn mentionned earlier appear
in Fig. @ As in M], the DEM model overestimates (in absolute value)
the mean capillary pressure in the general case. For a common value at
very low water contents (S, — 0), when both approaches are equivalent,
pCDaEM deviates more and more from pfg;n, up to 40-50% for S, = 15%.
It is seen that this discrepancy increases according to the wetted surfaces
which the discrete model does not directly take into account, contrary to
the homogenization approach (Fig. B). While qualitative trends are similar
along wetting, influences of S, on pggM and p;ilzn are even different along
the drying path. This corresponds to greater wetted surfaces along drying

rather than wetting (Fig. [B).

-4.5¢ Pt
- ‘k -
T Pl
g " DEM
< -5 . o
g -7 - - - Homogenization|
= KR
-5.5r1 ]
DEM
- = = Homogenization
_5 . : 6 . .
0 5 10 15 0 5 10 15
S, (%) S, (%)
(a) Wetting (b) Drying

Figure 4: Capillary pressure from DEM or homogenization approach along hydraulic
loadings (for both approaches pP is discontinuous at the origin, with p*P(S, = 0) =0,
not represented)

It is interesting to note that the higher wetted surfaces developed along

the drying path than along the wetting path come from a higher number of

22



385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

Wetting

- - = Drying

0 5 10 15
S, (%)

Figure 5: Solid surfaces wetted by the liquid, S, respective to whole solid surface S°

liquid bridges. For a degree of saturation of 10% for instance, considering
a drying path leads to 50% more liquid bridges between both distant and
touching particles when compared with wetting. The average volume of
these liquid bridges is consistently one third smaller, however each liquid
bridge extends roughly along the same solid surface for both hydraulic
loading paths. For these configurations, the average filling angle is 30.5°
along drying, and 34.8° along wetting.

It is worth noticing that classical (“dry”) DEM simulations also encom-
pass the current discussion of the validity of this method if actual physical
forces are distributed. Indeed, the use of resultant forces is arguably pre-
sented in [3] as adequate when contact areas (in reality), i.e. overlaps (in
DEM models), are negligible-which is a classical assumption for the va-
lidity of DEM M, Q, , ]. As for the homogenization approach, this
assumption enters directly into the computations, so that { on ® xdS can

be replaced by > f ®x [2].
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Finally, we wish to conclude from these results that DEM applied to
multiphasic materials provides in some cases an inconsistent description
of the average, or total, stresses. Obviously, such description is in fact
not relevant for saturated cases for which the behaviour is known to be
governed by Terzaghi’s effective stress, provided that both fluid and solid
phases are incompressible. However, it is in our opinion that searching for
a single-valued effective stress for the unsaturated case through numerical

experiments, total stresses have first to be adequately simulated.
5. Hydraulic loading

We focus now on the capillary stress tensor, as computed from the ho-
mogenization approach. First, we consider the same hydraulic loading
paths as in Section Regarding the discussion on the comparison be-
tween DEM and the homogenization approach, only wetting paths are
considered, up to a maximum degree of saturation S, = 10 %, so that
DEM and the homogenization approach are consistent, qualitatively and
to some extent quantitatively.

5.1. Isotropic packings

The initial isotropic packing of the sample confers an isotropy to the
liquid phase, given that liquid bridges appear at every geometrical con-
tacts. As mentioned earlier, this makes the capillary stress tensor to be
spherical, with P = —s x since B = 0 for isotropic packings, under a

zero contact angle assumption.
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Figure 6: Wetting of an isotropic sample

A significant capillary stress (pcap ~ —5 kPa for S, — 0) is developed at
the drying-wetting transition (Fig. [6(a)). Further wetting makes the capil-
lary stress decrease (in absolute value) because of the decrease in suction
that is not counterbalanced by the increase in wetted surfaces upon which
x depends. As for the strains, pure volumetric strains are induced dur-
ing wetting of the isotropic sample. The drying-wetting transition causes
the sample to contract due to the development of attractive internal forces.
The volumetric response is thereafter dilatant upon further wetting (Fig.
6(b)), because at the meniscus scale liquid bonding decreases in intensity
when suction decreases for menisci between contacting particles [16].

This behaviour is qualitatively consistent with the trends of peont =
P — Peap (Fig. , if an elastic behaviour were assumed between strains
and the particle contact stress 0" = ¢ — ¢®@®P. For later reference, Section

[Jinvestigates more carefully whether this stress tensor can be regarded as
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a6 an effective stress or not.

a7 5.2, Induced anisotropic packings

438 Non-isotropic packings are now considered, for the induced anisotropy
19 case. An initially isotropic DEM sample is compressed along the vertical
mo direction under dry triaxial (axisymmetric) conditions with a confining
s pressure ojy = 10 kPa. Axial compressions up to 0.1, 0.2 and 0.3% define

a2 three states A, B and C as given in Table2land Fig.[7

Designation | Axial strain after the initial | 7 = q/p
dry compression (%) ()
State A 0.1 0.85
State B 0.2 1.03
State C 0.3 1.06

Table 2: Anisotropic states

20 T T T T T 0.1 T
O State A
O State B
0.05 O State CH
15+ =
<
£
3 s 0
c
£ 10 =
N
o -
s -0.05
m>
5 1
O State A -0.1f
O State B
O State C
0 . . . . T ~0.15 . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
€ (%) € (%)
(@) (1) (b) ey (e1)

Figure 7: Initial dry axisymmetric compression defining States A, B and C

aa3 After an axial strain of 0.1%, plastic deformations with particle rear-

ws  rangement has not yet fully developed; thus State A is almost isotropic
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ws  (Fig. [8(a)). On the other hand, States B and C are close to the peak stress,
1s and thus induced anisotropy appears clearly in Fig. and with the
a7 State C being more marked due to a greater plastic deformation. However,

differences in SWCC are negligible between the three states (Fig Q).

(a) State A (b) State B (c) State C

Figure 8: Contact directions in a plane of symmetry (y-direction corresponds to 90°)

448

- — —State A
State B
- - =State C

s (kPa)

4 6
s, (%)

Figure 9: SWCC for the anisotropic states

Although wetting is being imposed to the three different states under

449

w0 a constant total stress, a deviatoric component for the capillary stresses in-

1 terestingly appears due to the induced anisotropy (Fig. [10(b)). As such,

4

o

sz the deviatoric capillary stress increases (in absolute value) from State A to
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State C, irrespective of the water content. Except for the dry-wet transition,
variations in water content have generally little effect on the deviatoric
capillary stress. Indeed, an increasing degree of saturation reduces the de-
viatoric component of —s x on one hand, and increases that of —B on the
other hand (Fig. [[1). An increase in the deviatoric component of —B (i.e.
its norm) upon saturation corresponds to greater menisci contours along
which surface tension forces act. On the other hand, the decrease in suc-
tion associated with saturation is responsible for decreasing the deviatoric
part and the mean pressure (Fig. of —s x. Considering the differ-
ent states, the mean capillary stress is observed to decrease (in absolute
value) from State A to State C. This comes from a decreasing coordination

number between State A and C, creating here less liquid bridges.
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T -35f LT - 1 = 03
g - e o
= .7 - va—o.4/
’ -
AL . 8
e " o7 “ 0.5 1
/ 06 o imeemmmm===--1
-4 ---StateAl] | _.---=""7°7
State B -0.7¢°
- - -State C
-5 : : -0.8 :
0 2 4 6 8 10 0 2 4 6 10
S, (%) S, (%)
(a) Mean stress (b) Deviatoric stresses

Figure 10: Capillary stresses during wetting of anisotropic packings

As for the strains, the wetting of anisotropic assemblies clearly induces

deviatoric strains, in addition to the volumetric ones. The deviatoric strain
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Figure 11: Deviatoric components of the two parts of the capillary stress tensor

appears at the dry-unsaturated transition, and can be considered as con-

467
ws  stant upon further wetting (Fig. [12(b)). The deviatoric strain values are
s greater from State A to State C. As for the volumetric strains, they show the
a0 same trends upon wetting as for the previous isotropic packing (Fig.[12(a)
an and |6(b)). For a given water content, the volumetric strains are reduced
from State A to State C.
0.055 ‘ 25210"
- - —State A
State B
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. 005} 1 e il
g I
£ 0.04508\ gU 1.5f
2; @ ---State A
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“ 004 1 - - - State C||
0.5 | -
0 2 4 6 10 0 2 4 6 8 10
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(a) Volumetric strain ¢y (b) Deviatoric strain e; = 2/3(eyy — €14t
Figure 12: Deformations (with respect to the dry states A, B or C) upon wetting of
anisotropic packings
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474

Both volumetric and deviatoric strain changes are qualitatively consis-

tent with the changes of the intra-granular stress <™ = X — ¢ (Fig. [13)

ars  but these results do show yet any quantitative comparison.
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Figure 13: Intra-granular stress o™ = ¢ — 0@ upon wetting of anisotropic packings.
Symbols correspond to ¢ in the dry case, after the initial dry compression. They
correspond also to the constant total stresses during wetting

6. Mechanical loading and anisotropy of the capillary stress tensor

The capillary stress tensor oflifn = —(sx + B) is now computed us-
ing Eq. (I2) along triaxial and simple shear loadings (see Fig. [14). The
loading paths are applied to the discrete model for low degrees of sat-
uration (Table [3), so that both approaches are quantitatively consistent:
o'ﬁifn ~ oppy & 0P, Considering initial states resulting from a wetting
path, menisci are created at geometrical contacts only. Hence, initial states
show in average five menisci per particle. Then, menisci are kept when
initially touching particles separate during loading, as long as Laplace’s

equation can be solved. Note that triaxial simulations involve frictionless
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rigid platens as boundary DE, while simple shear simulations use periodic
boundaries. The periodic sample used for simple shear simulations is as
close as possible to the non-periodic one used for triaxial simulations, see

15].

Figure 14: Triaxial loading (left): X = Xy > Xjp = Zyx = Zpjp = Zzz = Xy = cst, and
simple shear loading (right): 0vy/0y = cst, Ly, = X2z = Xy = cst

Table 3: Considered mechanical loading paths

Loading Xt s Initial S,
type (kPa) | (kPa) (%)
Triaxial 10 20 3.78
“ “ 50 1.00
“ “ 100 0.32
“ “ 300 0.05
Simple shear | “ 50 1.16
“ “ 300 0.05

We focus on the relative contributions of the terms s x and B, and
the anisotropy (deviatoric nature) of the capillary stress. Tensors are rep-
resented using three invariants: the mean stress p, the deviatoric stress
q = Xy — Zya (for triaxial loadings) or || = +/3/2 ||s|| = v/3/2 ||Z — p J||
(for simple shears), and the Lode angle § = 1/3 acos <27 /2 det(s)/ |q|3).

For instance, 6 = 0° for triaxial compression.
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Figure 15: Invariants of —s x for triaxial loadings with different suctions

As explained earlier, the initially isotropic packing makes the capil-
lary stress to be spherical and equal to —s x (B = 0) at the start of the
triaxial loading (Fig. 15 and [I6). As the loading progresses and induced
anisotropy develops, the deviatoric nature of the capillary stress tensor, as
measured by |gcap|/ peap, rapidly builds up (Fig. I7). For low suctions this
deviatoric nature arises from the tensor —B describing the spatial distri-
bution of surface tension forces, whereas for high suctions it is the spa-
tial distribution of matric suction (—s x) term that governs. Indeed, for a
given strain value, Fig. and [16] confirm the influence of matric suc-
tion shown previously: the deviatoric part of (—s x) increases according
to suction, due to the proportionality with s, whereas the deviatoric tensor
B decreases in norm with suction because of dwindling wetted contours.

Changes in the mean and deviatoric parts of the capillary stress with

suction follow the same trends for simple shear loading [15]. Furthermore,
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tions

the mechanical actions described by tensors —s x and —B present the same

Lode angles in simple shear (Fig. [18).
7. Effective stress

We finally focus our attention to the particle contact stress o™ which
is essentially an intra-granular stress for very low saturation ratios S, <
1% for which DEM is equivalent to the homogenization approach. The

DEM model is used to impose various total stresses & and compute the
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Figure 18: Lode angles of the two parts of the capillary stress tensor for simple shears

capillary stress 0“®P = —s x — B. The intra-granular stress is finally indi-

rectly deduced from ¢ = ¥ — P,
7.1. Constitutive relevancy of the intra-granular stress

First, two triaxial loadings in dry and wet conditions are considered.
A confining pressure close to 25 kPa is applied in the dry test, whereas 20
kPa of confining pressure together with 300 kPa of suction are imposed in
the unsaturated case. This corresponds throughout the wet test to a de-
gree of saturation S, ~ 0.04% =+ 0.01%. The intra-granular stresses o™
cannot be directly controlled during wet simulations and these loading
parameters allow o™ to be as close as possible during both simulations,
see Fig. It turns out that a significant discrepancy appears on the
resulting strain paths as seen in Fig. In fact, the stress tensor o<t

can arguably be considered as specific to the solid phase since it describes

the stresses arising inside the solid grains due to other solid grains. How-
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Figure 19: Comparable loading paths in dry and wet conditions

ever, as illustrated by our results, the straining of the solid phase inside
the unsaturated REV (i.e. straining of the unsaturated REV itself) is af-
fected by the behaviour of the other phases and also the coupling between
the different phases @]. For that reason, we observe different behaviours
between the dry and wet cases.

It is probable that the observed strains of the unsaturated REV could

cont

still be interpreted using c“°™" as a stress variable, through a @henomeno-

1.

logical elasto-plastic approach including suction hardening
7.2. A unique plastic limit criterion

In this last section, attention is paid to the attainment of limit plastic
stress states starting from several triaxial and simple shear loading paths
under both dry and wet conditions. Confining pressures range between 5
and 25 kPa and, for the unsaturated cases, suction values from 50 to 600

kPa; which corresponds to different degrees of saturation below 1%. The
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limit stress states are defined as the maxima of (g f(0)/p), with the Lode
angle influence f(0) is assumed to obey Lade criterion [24].

Whereas no unique plastic limit criterion appears for the total stresses
in both dry and wet conditions as seen in Fig. the use of o™ makes
all data points fit within an acceptable agreement into a unique plastic
limit criterion corresponding (for triaxial compression) to a Mohr-Coulomb
friction angle ¢pic ~ 29° (Fig. 20(b)). This suggests that the intra-granular

stress defined as o™ = ¥ — ¢ is the adequate variable to express the

strength of the DEM assembly in both dry and wet conditions.
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Figure 20: Plastic limit criterion for the granular soil in dry and wet conditions

8. Conclusion

The microscopic stresses within an unsaturated pendular granular soil
have been volume-averaged to give a tensorial form for the macroscopic
stress. The averaging process considers in particular interfacial stress ten-

sors specific for the discontinuity surfaces between air and water. Deriva-
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tions led to the expression of the total net stress tensor as the sum of a cap-
illary stress tensor, describing mechanical actions pertaining to the liquid
bridges and interface surfaces, and a contact stress tensor, encompassing
the contact forces between solid grains.

These different stress tensors have been evaluated and verified using a
DEM model for unsaturated granular soils. A major finding is that com-
parisons between the DEM and the homogenization approach is strictly
speaking valid only for very low degrees of saturation, at the low end of
the pendular regime. For higher water content, internal forces such as wa-
ter pressure and surface tension forces act on finite surfaces, whereas DEM
can only consider resultant point forces, which leads to an inconsistent de-
scription of total stresses for the unsaturated REV.

Using then the DEM model in conjunction with the averaging proce-
dure for very low water content, the capillary stresses have been shown
to be anisotropic in the general case. Non-spherical stress tensors are thus
required to describe these capillary stresses, in contradiction with the clas-
sical Bishop’s equation and current modelling approaches.

Furthermore, the effective nature of the particle contact stress tensor
has been discussed. From a theoretical standpoint, this stress tensor can-
not be used to assess deformations in an unsaturated sample in the same
manner as for a dry one. However, results from triaxial and simple shear
loading paths point to show the particle contact stress tensor does unify

the description of failure in unsaturated and dry granular soils. Further
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investigations of homogenization approaches wherein strains are also in-
troduced along with the consideration of interfaces and compressibility of
phases should provide further answers to open questions as to the exis-
tence of a single-valued stress tensor that controls deformations in unsat-

urated granular assemblies.
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Appendix A.

Recall Stokes’s theorem:

LF. de :Ln.(v < F)dS (A1)

Figure A.1: Definition of surface S, contour C and associated vectors
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Let F = f x b and d¢ = md/ where b is a constant vector and m the

unit vector tangent to contour C. Then,
f(fxb).mdﬁzfn.(Vx(fxb))dS (A2)
C S
Using identities

(fxb).m = —b.(f xm)

(A.3)
V x (fxb) = -b(V.f) +b.Vf
and since b is an arbitrary vector,
J (f x m) df =J n(V.£) — (VE).ndS (A4)
C S
If we choose f = yn and recalling that n x m = —t
—f ytdl = J n(V.(yn) — (Vn).ndS
¢ 5 (A.5)

= L [nVyn+9yn(V.n) —Vy —9(Vn).n] dS

Since V' is tangent to surface S and (Vn).n = V(n.n) = V(1) =0,
we finally get:
f ytdl = f [Vy —9n(V.n)]dS (A.6)
C S
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