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Abstract. The aim of the paper is twofold. The first aim is to present a mini tutorial on « pairwise
Markov models » (PMMs) and “triplet Markov models” (TMMs) which extend the popular “hidden
Markov models” (HMMs). The originality of these extensions is due to the fact that the hidden data does
not need to be Markov. More precisely, for X hidden data and Y observed ones, the originality of PMMs is
that X does not need to be Markov, and the originality of TMMs is that even (X, Y) does not need to be
Markov. In spite of these lacks of Markovianity fast processing methods, similar to those applied in HMMs
or their other extensions, remain workable. The second goal is to present an original switching model
approximation allowing fast smoothing. The method we propose, called “double filtering based
smoothing” (DFBS), uses a particular TMM in which the pair (X, R), where R models switches, is not
Markov. It is based on two filters, and uses a class of models, known as conditionally Gaussian observed
Markov switching models (CGOMSMSs), where exact fast filtering is feasible. The original model is
approximated by two CGOMSMs in order to process the past data and the future data in direct and reverse
order, respectively. Then state estimates produced by these two models are fused to provide a smoothing
estimate. The DFBS is insensitive to the dimensions of the hidden and observation space and appears as an
alternative to the classic particle smoothing in the situations where the latter cannot be applied due to its
high processing cost.

Keywords. Conditionally Gaussian linear state-space model, smoothing, conditionally Gaussian observed Markov
switching model, double filtering based smoothing, Markov switching systems.

1. INTRODUCTION

Hidden Markov models (HMMs) are widely used in wide range of applications. For YlN =(,....YN)
observed process and XlN =(X4,...,XN) hidden state process, in classic HMMs the distribution is given

by Markov distribution of XlN and distributions of YlN conditional on XlN . In spite of the fact that

HMMs are among the simplest non i.i.d. models, they turn out to be very robust and can give excellent
results in complex situations. Hundreds of papers are published on the subject each year so we only
mention a few general papers or books. Hundreds of papers are published on the subject each year so that
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we only cite some general papers or books [10, 13, 18, 31, 39, 50, 57]. HMMs have been extended in
different directions leading to factorial models [22], hierarchical models [20], hidden bivariate Markov
models [19], or still hidden semi-Markov models [9, 59, 60]. However, in all these extensions, hidden data
- possibly containing additional latent data like in hidden semi-Markov models - remains Markov. This is
not the case in “pairwise” and “triplet” Markov models (PMMs and TMMs, respectively). In PMMs one

directly assumes that the pair (XlN ,YlN) is Markov. Then XlN is not necessary Markov and assuming it
Markov can even appear as useless constraint. Important is that in PMM XlN is always Markov

conditionally on YlN , Which allows processing similar to those in HMMs. Introduced in [47] for discrete
finite data the idea was applied to continuous hidden data in [49]. PMMs have been successfully applied in
different situations [25, 35] and some theoretical considerations can be seen in [16, 36]. In TMMs one adds

a third process RlN and assumes the triplet (XlN , RlN ,YlN) Markov. Proposed in [46] for discrete finite

(XlN , RlN) TMMs have been in particular successfully applied to non-stationary unsupervised processing
[24, 34, 52]. Besides, links with Dempster-Shafer theory of evidence allowed to propose Dempster-Shafer
fusion in Markovian context [11]. The idea has then been applied to continuous hidden (XlN , RlN) [3, 15].

As (XlN ,YlN) is not necessarily Markov in TMMs, they are more general than PMMs. For example, for

Gaussian TMM (XlN , RlN ,YlN) there are cases in which Kalman filter is workable while (XlN ,YlN) is
not Markov [15]. Crux difference between general TMMs [15, 46] and other previous TMMs is that, as in
PMMs, the hidden process (XlN : RlN ) is not necessarily Markov. The first part of this paper is devoted to a

synthetic presentation of the PMMs and TMMs models.
The second aim is to introduce a new fast smoothing in Markov switching systems modeled by

particular TMMs. Let us consider a TMM (XlN , RlN ,YlN) with XlN continuous and RlN discrete finite.

RlN models stochastic switches and such a model is thus a switching one. The classic models to deal with

switching systems are “switching linear dynamical systems” (SLDSs [4, 5, 7, 8, 13, 14, 17, 28, 29, 30, 38,
41, 43, 54, 56, 61, 62]). They are used in different fields, such as econometrics [29], finance [6], target
tracking [7, 23, 58], speech recognition [40, 51], pattern recognition [44], among others. These systems are
also known as jump Markov models (processes), switching conditional linear Gaussian state-space models,
or still interacting multiple models. In SLDSs, the hidden variables take their values in a hybrid state space
which includes continuous-valued and discrete-valued components. The idea is simple and seems natural:
the hidden discrete switches are modeled by a Markov chain, and the hidden continuous states process is a
classic Gaussian Markov chains conditionally on switches. In spite of the fact that a SDLS is a hidden

Markov - since the hidden hybrid process (XlN , RlN ) is Markov - there is no exact fast Bayesian filtering

or smoothing algorithm tractable in the general SLDS context [13, 18, 37, 53, 54], so that different
approximate methods have been used instead. In particular, smoothing, which is workable in systems
without switches [12], is particularly difficult to perform in SLDSs. Previous research on smoothed
inference in SLDSs includes Kim and Nelson’s most popular method [30], simulation-based algorithms
[17, 21, 44], smoothed inference by expectation correction [8], and various deterministic approximations
[64]. The simulation-based methods intrinsically use Monte-Carlo integration in the state space and are
asymptotically — when the number of particles used tends to infinity - optimal. Thus the accuracy of these
approaches depends on the number of simulated particles and their great deal may be required to obtain an
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efficient approximation. Conversely, if the number of simulated particles is insufficient for the state space
dimension, these estimators would have high variance, while achieving an acceptable variance would mean
for them a high processing cost. A common property of all these mentioned methods is that the hidden
couple (XlN,RlN)is Markov. Relaxing the Markovianity of (XlN,RlN) leads to models allowing fast

exact optimal filtering. First models allowing this, called “Conditionally Markov switching hidden linear
models” (CMSHLMSs) have been proposed in [48]. Then particular Gaussian switching CMSHLMs called
“conditionally Gaussian observed switching Markov models” (CGOMSMSs) have been subsequently
proposed and different experiments attested of their interest with respect to particle-based methods [1, 2,
25, 26, 45, 63]. In particular, stationary CGOMSMs can be used to approximate any stationary Markov
non-linear non-Gaussian system and then fast filtering and smoothing in approximating CGOMSMs are
alternatives to particle methods [25, 26]. Another significant difference between CMSHLMSs and classic

SDLSs is that the pair formed by the discrete hidden variables and the observable ones (RlN ,YlN) is

Markov in CMSHLMs, while it is not Markov in SLDSs.

After having recalled CMSHLMs, CGOMSMs, and related fast filtering in sections 3 and 4 we propose
an original approximated fast smoothing valid in general “conditionally Gaussian pairwise Markov
switching models” (CGPMSMs, [1, 2]) which simultaneously extends CGOMSMs and Gaussian SLDSs.
Therefore a given CGPMSM can be approximated by a CGOMSM and then the fast smoothing performed
in this approximating CGOMSM can be seen as an approximated solution of smoothing problem in
CGPMSM. Such a method has been proposed and studied in [25], and parameter estimation method,
resulting in unsupervised smoothing, has been recently proposed in [63]. However, smoothing in

CGOMSMs suffers from the following dissymmetry. For YlN =(Yy,....YN) oObserved process,
RlN =(Ry,...,Ry) hidden switches process, and XlN =(X4y,...,Xp ) hidden state process, p(xn|y1,...,yn)
in approximating CGOMSM is close to the similar distribution in CGPMSM, and thus (yj,...,y,) contains
comparable information about X, in both CGOMSM and CGPMSM. However, approximating true
p(xn|yn,...,yN) in CGPMSM with the same distribution in CGOMSM s less efficient. More precisely,
p(xn|ylar1a---vynarn) depend on all (yy,....yn) while p(xn|ynvrn1---vYN:rN)=p(xn|yn!rnarn+1---arN)x
and thus only depends on Yn - As p(xn|rn Yn-oYN) =

( ) )p(rn+1v---er|Yn+1:---ayN)p(Xn|ynvrn+1---er), p(xn|rnyYn---IYN) also depend on all
Tl N

(Yn,--YN) ; however, the dependence is obtained in somewhat indirect way and thus should be, a priori,

less close to the true CGPMSM’s p(Xn|fy, Yn---.YN) -

Then the idea of the new method proposed in this paper is to approximate a given CGPMSM by
CGOMSMs varying with n=1, ..., N . For given n the proposed “n-CGOMSM” approximation is the

classic “left to right” CGOMSM for Yln =1, Yn) Rln =(Ry,---Ry), Xln =(Xq,...,Xp) , and a “right
to left> CGOMSM obtained by inverting time for XN =(X,,...Xy), RN =(Ry...Ry).
YnN =(Yp,....YN) - Such a possibility will be showed to exist in particular “stationary in law” family of

CGPMSMs, in which p(Xp, yn|rn) are Gaussians - with parameters possibly varying with n— for each
n=1, ..., N. Let us also mention another smoothing approximated algorithm based on two classic



approximating filters called “switching Kalman filters” (SKF) filters proposed in [27]. The basic idea
consisting on two “direct” and “reverse” filters is similar; however, the filters are quite different from those
used in this paper and the fusion of information, called “Bayesian assimilation”, they provide is quite
different as well. In particular, Proposition 4.1 in section 4 is new.

Let us stress on great generality of TMMs. CMSHLMs and CGOMSMs have been obtained by relaxing
the classic “hierarchical” way of defying the switching system distributions. In SLDSs hidden data are

assumed Markov and then one adds the distributions p(ylN rlN , xlN ), which model the “noise” and which
are almost systematically very simple. General TMMs do not make any difference among XlN , RlN , and
YlN . Therefore (XlN,RlN ,YlN) is Markov but each of the six sequences XlN , RlN , YlN , (XlN , RlN),
(RlN ,YlN) , (XlN ,YlN) can be Markov or not. CMSHLMs and SCGOMSMs are then particular TMMs in

which (RlN ,YlN) is Markov and (XlN , RlN) is not, while the converse is true in SLDSs.

The organization of the paper is the following.

General pairwise and triplet Markov models are recalled and discussed in section 2. Section 3 is devoted
to fast filtering and smoothing in CMSHLMs and CGOMSMSs. The new smoothing method is proposed in
Section 4, and section 5 contains some experiments. Concluding remarks and perspectives are proposed in
the last section 6.

2. TRIPLET MARKOV MODELS

2.1 Hidden Markov models

Classic hidden Markov model (HMM) is a couple of stochastic sequences (XlN,YlN), with
X{¥ = (X, Xn) ) Y4 =(Ye,...YN) , verifying hypotheses (H1), (H2), (H3) below:

(H1) X{ =(Xq,....XN) is Markov;

(H2) Y4, ..., Yy are independent conditionally on (X¢,....XyN) ;

(H3) distribution of each Y|, conditional on (X4,...,X ) isequal to its distribution conditional on Y, .

Equivalently, one can say that (XlN ,YlN ) isa HMM if and only if its distribution is written:

N
p(x{’, y1') = p(x1) P(yi|x) I P(Xn|Xn_1) P(Yn|Xn) - (2.1.1)
n=

Then (H1) is equivalent to

N
p(xY) = p(xy) I P(Xn|Xn_1), (2.12)
n=



(H2) is equivalent to

V), (2.1.3)

N
POy [x) =TT p(¥a
n=1
and (H3) is equivalent to

forn=1,... N, p(y,

x1') = p(YnlXn) - (2.1.4)

HMMs have huge and various applications, due to the fact that when YlN is observed and XlN is

searched for, it can be estimated - in several particular models - by fast Bayesian methods. This is the case
in at least two situations, especially dealt with in this paper:

Case (i): XlN is discrete finite and YlN is either discrete finite or continuous (real or multidimensional);

Case (ii): (XlN ,YlN) is multidimensional Gaussian.

The fast processing possibilities stem from the fact that XlN is Markov conditionally on YlN .

HMM defined with (H1)-(H3), or equivalently with (2.1.1), will be called in the following HMM “with
independent noise” (HMM-IN).

Let as assume that we are either in Case (i) or in Case (ii). The core point of developments in sub-section
2.2 below is to note that none of hypotheses (H1)-(H3) is a necessary one to make possible Bayesian
processing of interest. Indeed, one can see that HMM-IN considered as a couple

ZN =(xN YN =(z4,...Zy), with  Z, =(X,,,Y,) for n=1, .., N, is a Markov process, with
transitions P(Xp, Yn|Xn_1, ¥n—1) = P(Xn|[Xn_1) P(Yn|Xn) . Then the same Bayesian processing are workable
in models verifying Markovianity of ZlN =(Z4,...,Zy) as the only condition. In other words, once
Markovianity of ZlN =(Z4,...,ZyN) has been admitted, hypotheses (H1)-(H3) appear as useless constraints.
In particular, XlN may be not Markov. However, in such cases a non Markov XlN becomes Markov after

having been conditioned upon YlN .



2.2 Pairwise Markov models

Markov ZlN =(Z4,...,Zy) is called “pairwise Markov model” (PMM).
Thus relaxing one, or two, or even three, hypotheses among (H1)-(H3) and keeping Markovianity of ZlN

we get different extensions of HMM-INs. Equivalently, considering a PMM ZlN and adding some
hypotheses among (H1)-(H3) we obtain different particular PMMs.
Let ZlN be a PMM. The general form of its distribution is

N
p(xi Y1) = p(xq, Y1) I pCa, Yn[Xn-1, Yn-1) = 2.2.1)
n=

N
p(X1, y1) H2 p(xn|xn,1, ynfl)p(Yn|Xn +Xn-1, Yn-1) -
n=

Let us specify three particular cases of PMMs, recently studied in [24].

(a) Adding (H1)-(H3) to obtain a HMM-IN is equivalent to assume that
P(Xn[Xn—1, Yn-1) = P(Xn|Xn_1); (2.2.2)
and

P(Yn|Xn: Xn—1, Yn-1) = P(Yn|%n) - (2.2.3)

(b) Adding just (H1) we obtain a HMM with “correlated noise” (HMM-CN). An example of an HMM-CN
is obtained considering (2.2.1) and (2.2.2). However, let us notice that (2.2.2) is not a necessary
condition for a PMM to be a HMM-CN in general. As we will see in the following, (2.2.3) will be
equivalent to (H1) in particular stationary and reversible PMMs;

(c) Adding just (H2) we obtain a PMM with “independent noise” (PMM-IN). An example of a PMM-IN
is obtained considering (2.2.1) and (2.2.3). However, (2.2.3) is not a necessary condition for a PMM
to be a PMM-IN in general. We will see that a stationary and reversible PMM is a PMM-IN if and

only if p(Yn|Xn Xn-1s Yn-1) = p(Yn|Xn +Xn-1) -
Remark 2.1

One can notice that in PMMs both hidden and observed process play symmetrical roles. In particular,
likely to the observed YlN , the hidden XlN is not Markov in general. This can appear as somewhat

disturbing as the distribution of XlN is not known explicitly in general. However, XlN is Markov

conditionally on YlN, which allows same Bayesian processing as in classic HMM-INs. Besides,



symmetric roles of XlN and YlN can sometimes be justified in real situations. For example, if XlN is

inflation rate and YlN is interest rate, each of them can be seen as a noisy version of the other. Each of
them can be considered as hidden and searched from the other, considered as observed.

We said above that assuming a hypothesis among (H1)-(H3) can be seen as useless constraint. Let us show
that in some situations assuming XlN Markov is even quite detrimental. We have the following

Proposition 2.1

Let ZlN =(Z4,....2ZN), with Z, =(Xp.Yy) for n=1, ..., N, be a stationary reversible PMM (which
means that pP(Xn.Yn, YneisXns1) 1S independent from n=1, ..., N-1, and distributions
P(Yns1:Xns1/Xn+ Yn) are equal to distributions p(Yp,Xn|Xn 1, Yn41)). Then the following conditions are
equivalent:

(Cy) XlN is Markov;

(C2) p(Y2|x1.%2) = P(Y2[X2) (equivalentto p(yy|xy,Xp) = P(Y1]X1) ;

(€3) p(yp|xV) = P(Yn|xn) foreach n=1, ..., N.

The proof can be seen in [34]. We see that in Proposition 2.1 frame assuming XlN Markov is equivalent to

simplifying the noise distribution when, in general PMMs, p(y, xlN) dependsonall Xq, ..., Xy . Besides,
in the same frame, we see that (H1) and (H3) are equivalent. Finally, let us notice that this result allows for
easily constructing PMMs without markovianity of the hidden process.

Example 2.1

Let us consider the case of stationary reversible PMM with XlN discrete finite and YlN continuous real.
The PMM distribution is given by p(Xq,Y1,X5,Y5) = p(xl,xz)p(yl,y2|xl,x2). Let us assume the

distributions p(y;, y2|x1,x2) Gaussian. If the mean or/and variance of Gaussian p(y2|x1,x2) depend on

X1, we can state, by virtue of the Proposition, that XlN is not Markov. Besides, the PMM transitions are

P(Xn s Xn+1) P(Yn, Yn+1|xn +Xn41)
P(Yn+1 Xn+1|Xns Yn) = , (2.2.4)
i n+1| nen 2 p(Xn:Xn+1)p(yn|Xn’Xn+1)

Xn+1




and thus they are not Gaussian. As a consequence, p(le‘xlN) are not Gaussian either. Finally, when

n=1, ..., N, distributions p(yy xlN) are not Gaussian and depend on all X;, ... , Xy. As a

consequence, p(yn|xn) are rich mixtures of non-Gaussian distributions. Of course, we find again classic

HMM-IN transitions for  p(yz[X;,Xp) = P(Y2|X2) and  p(y1,Ya|X1,X2) = P(Ya|X1) P(Y2|X2)

p(yn+11 Xn+1|xn1 yn) = p(xn+l|xn)p(Yn+1|Xn+l) :

Example 2.2

Let us consider the case of stationary reversible PMM with XlN and YlN continuous multidimensional,

and (XlN ,YlN) Gaussian. Its distribution is defined by Gaussian distribution of (X1,Yq, X5,Y5), given by
means My = E[X;]=E[X,], My =E[Y;]=E[Y,], and variance-covariance matrix

g Ixyy Txax, Ty | [Tx B A D
rof M Tn Txy Ty, | BT Iy, D C
T, Txpy Tx, Txpy, | |AT D' Ty BY
FYzX]_ rYzYl FY2X2 l—‘Y2 DT CT BT 1—‘Y

(2.2.5)

The second equality being due to I'x, =T'x,, Iy =Iy,, I'xy, =Ix,,. and Ixy, =TIx,y,. Then
condition (C2) in Proposition 2.1, being equivalent to the independence of X; and Y, conditionally on
Xo, is written

D=AIy'B, (2.26)

and thus XlN is not Markov for D # Al“)le .

For example, taking XlN and YlN real with means null and variances equal to one, we have
1 b ad

b 1 d c
r= ad 1 b . Such a PMM is a PMM-IN iff ¢ = ab? ,itisa HMM-CN iff d =ab, and it is a classic
d ¢c b 1

HMM-IN iff ¢=ab%and d =ab. We see that PMM is defined with four parameters while HMM-IN is
defined with only two parameters.

Kalman filtering is workable in general Gaussian PMMs [49], and parameters can be estimated in
homogeneous case with stochastic gradient [32] or Expectation-Maximization (EM) algorithm [42].



2.3 Triplet Markov models

Let XlN , YlN , and ZlN =(Z4,...,ZN) , With Z,, =(X,,Y,) for n=1,..., N, be random sequences as
above. As above, X{' and Y;" are assumed to present some concrete phenomenon. Let R{' =(Ry,...,Ry)
be a third random sequence, which can have some concrete signification or not. Let us assume that
TlN =(Ty,....,Ty), with Ty =(X,,R,,Y,) for n=1, ..., N, is Markov. Such a model will be called
“triplet Markov model” (TMM).

Setting TN = (SN, Y,N), with S, =(X,,Ry) for n=1, ..., N, we see that T, = (SN, Y,N) is a PMM.
Thus SlN = (XlN , RlN) can be searched from YlN in some situations, which gives both XlN and RlN .

As there are no constraints in choosing RlN , TMMs form an extremely wide family of models. This family
is strictly richer than PMMs; indeed, ZlN = (XlN ,YlN) is not necessarily Markov in general TMM. More
precisely, no one of the six processes XlN , YlN , RlN , (XlN ,YlN) : (XlN : RlN), (RlN ,YlN) is necessarily
Markov. Of course, XlN is Markov conditionally on (RlN,YlN), YlN is Markov conditionally on
(XlN,RlN), RlN is Markov conditionally on (XlN ,YlN), (XlN ,YlN) is Markov conditionally on RlN ,

(XlN , RlN) is Markov conditionally on YlN , and (RlN ,YlN) is Markov conditionally on XlN . These six

conditional Markovianity provide different interpretations and different possibilities of processing of
interest. To comment some of them let us return to Case (i) and Case (ii) of subsection 2.1.

Case (i): XlN is discrete finite and YlN is either discrete finite or continuous (real or multidimensional). If
RlN is discrete finite the problem of searching XlN is similar to the problem of searching XlN in the

PMMs case. Indeed, setting SlN :(XlN,RlN), TlN :(SlN ,YlN) is a PMM and searching SlN :(XlN,RlN)

is workable. Such a TMM can be interpreted as a switching system, so that one can simultaneously find
N

classes XlN = xlN and switches RlN =R .
Case (ii): (XlN ,YlN) is multidimensional Gaussian. If RlN also is multidimensional Gaussian the problem
of searching SlN = (XlN , RlN) in TMMs is similar to the problem of searching XlN in the PMMs case.
Indeed, likely to the previous case, TlN = (SlN ,YlN) is a multidimensional Gaussian PMM and searching
SlN =(X1N,R1N) is workable, while (XlN ,YlN) is not necessarily Markov. For example, Kalman

Filtering (KF) is workable, and thus there exist models (XlN ,YlN) which are not Markov and in which
fast exact KF is feasible [3, 15].



Thus we can say that when the third added process RlN is of the same nature than XlN (both discrete finite
or both continuous Gaussian) the processing problem can be solved in a similar manner than in PMM
X',

In the following we deal with the case where RlN and X 1N are of different nature: RlN is discrete finite
and XlN is multidimensional. More precisely, RlN is discrete finite and (XlN ,YlN) is multidimensional

Gaussian conditionally on RlN . In such a switching Gaussian case fast exact processing — filtering or

smoothing — are no longer possible in general. However, there exist a sub-family of these models in which
they are, and thus once a given triplet model has been approximated by a model in the latter family one can
propose an approximate fast processing, which is an exact one in an approximate model. As specified in

Remark 2.2 below such sub-families are obtained relaxing the Markovianity of SlN = (XlN , RlN ).

Remark 2.2

Proposed in [46] in a general context, some particular TMMs have been known before. For example,
hidden semi-Markov models can be seen as particular TMMs. As specified in Introduction, another

example are SLDSs, where the third process RlN models switches of the distribution of the couple
ZlN = (XlN ,YlN ). However, apart from [46] and subsequently developed models, all classic models are of
“hierarchical” kind: the hidden couple SlN = (XlN , RlN) is assumed Markov, and the Markovianity of SlN

conditional on YlN , needed for processing, is ensured by taking p(y{'|rN,x)) simple enough. For

example, according to Proposition 2.1, in stationary invertible case assuming SlN = (XlN , RlN) Markov is

equivalent to assuming p(y, rlN,xlN)z P(Yn|fh.Xn) foreach n=1, ..., N, which can appear as a quite

strong hypothesis in some real applications. Similarly to what have been mentioned for PMMs, giving up
the hierarchical way of defining the distribution p(rlN,xlN,le), opens ways for considering more

complex Markovian noises p(yl'\“rlN,xl'\'). This also lead to propose CMSHLMs and CGOMSMs

allowing fast exact filtering in spite of the presence of unknown switches [1, 2, 48].

3. FAST EXACT FILTERING IN SWITCHING MODELS

Let us consider three random sequences X;' , R and Y," as specified in introduction. The new fast

smoothing we will specify in the next section is based on two fast filters: one of a left-right kind, and
another of a right-left kind. It will be proposed in the next section in the frame of “stationary in law”
models specified below. This section is devoted to recall the related filters and models in which they run.

Let us consider the following “conditionally Markov switching hidden linear model” (CMSHLM),
slightly more general that CMSHLM proposed in [48].
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Definition 3.1

The triplet TN =(X{',R",Y,;N) is called “conditionally Markov switching hidden linear model”
(CMSHLM) if:

TlN = (XlN , RlN ,YlN) is Markov; (3.1.1)
forn=1,..., N-1:

P(f+1s YneaXn: T Yn) = P(hsts Ynsa[fo Ya) (QF = (R, YY) is then Markov); (3.1.2)
Xns1=Gnaa (REEYA ™) X + Hoa RIL YU L) (3.1.3)
with U, , ..., Uy some sequence of random variables.

Then we have the following

Proposition 3.1

Let T" =(X{',R,Y,") bea CMSHLM. Let E[H,,1[RD*L Y1 =M, (RIHL, Y1) . Then

y1') with (3.1.5), (3.1.6);

(i) p(ryayf™) is given from P41, Ynialfhs Yn ) and p(r,

(1)) E[Xp41|Mm1s Y{Hl] is given from Gn+1(rnn+l: y;]Hl) ) Mn+1(rr?+1a YrTJrl) ,and E[X,r,, Y{]] with

Mo VT 1+ Mo (v h1, (3.14)

E[Xn+l

het VI 1= 3P0 et Y O ALa (R, v DELX
n

with p(r,[r., YY) computed from (3.1.5)

Proof

We wish to compute E[X,; ] from E[X|r, yI'] and p(x, e 1.

rn+1'Y{H1] and p(xn+1

As QN =(RN,Y;V) is Markov, p(rnﬂ‘y{‘*l) and p(rn,‘rml, yi'*1) are computable from

11



P(fh, sty Vst

n
Y1) p(yi1, Ynsalfa Vo)
P(f. T |yi ) = —— = “+1|n” "t |¥1) : (3.15)
p(yn+1 Y1 ) p(yn+l yl)
P(fh41 y1n+l) =2 P(Mh st y{Hl) : (3.1.6)
T
Besides, taking conditional expectation of (3.1.3) we have E[X,,¢[r" !, yP*1]=
Ara (L YR DEIX Iy 14+ Mo (7 v ™) - As (3.1.2) implies
E[X iy 1= E[X |, y1' 1, we have
E[X rn+1 n+lq_ n+l . ,n+l E[X n M n+l . ,n+l
n+tlfn oYL 1= A (T Yn D EX g Y1 1+ Mpaa (5 yn ), (3.1.7)

which leads to (3.1.4) using E[X .1 Fsts YT E[X g [r 2, v 717, and ends the

fh+1s Y{Hl] =2 p(r
n

proof.

The exact fast smoothing method we propose will be applicable in a subfamily of the following family of
models:

Definition 3.2

The triplet TN =(X,RY,Y,N) is called “stationary in law conditionally Gaussian pairwise Markov
switching model” (SL-CGPMSM) if:

N =X, RN, Y)Y is Markov; (3.1.8)
(Tt [Xn: 0o Vo) =P(hu|ry) foreach n=1, ..., N -1; (3.1.9)
P(Xn» Y+ Xnads yn+1|rn,rn+1) are Gaussian for each n=1, ..., N —1; (3.1.10)

Let us remark that in SL-CGPMSM we also have, for n=1, ..., N -1:

p(xnvyn’|rn«rn+1) = p(Xn, ynl|rn)a P(Xn1, Yn+1|rn:rn+1) = P(Xpi1, yn+1|rn+1)- (3.1.11)

Indeed, the first equality in (3.1.11) comes directly from (3.1.9), and the second equality comes from the
fact that if P(Xni1, Ynsa|fh.rig) Was depending on 1y, the distribution P(Xnyg, Ynsa|fsa) would be a
Gaussian mixture, which is not the case because of the first one.

12



Let us notice that “stationarity in law” does not imply stationarity: in SL-CGPMSM distributions of
T, =(Xn,Rp,Y,) can vary with n. “Stationarity in law” means that the form of distributions of T, does

not vary: here p(xn,yn|rn) are Gaussain forany n=1, ..., N.

Let TN =(XV,R)N,Y,") be a SL-CGPMSM. To simplify writing, let us assume that means of all Gaussian
distributions p(xn,yn,xn+1,yn+1|rn,rn+1) are null. Distribution of TN is then defined by the distribution

of RN and the covariance matrices

Xn
Y
2 T yT T T 1_nil
[pnsa(i)=E " [Xn Yo o Xpgt YnJrl]Rr?Jr :rnn+ =
n+1
Yn+1
(3.1.12)
1 1
Iy, () Txv, (h)  Txoxo () Txy, ()
1 1 1
Iy x, () N, (0 T, m) Ty, ) | | Tz () Tzz,, 00"
1 1 = 1
T () T () Ty (i) Ty (i) | | T2z, (07 Tz, (fea)

n+l n+l
O () By (7)) Iy xo g (i) Ty (Raa)

X
with Z,, :{Y”} forn=1, ..., N.According to (3.1.8)-(3.1.10) we can write for n=1, ..., N -1:
n

{XmHa%H(r#”) aﬁﬂ(rn””)]{xn}{bﬁﬂ(rn”“) bﬁﬂ(rr:‘”)]{unu} (3.1.13)
Yo | |ada(i™) anga (™) LYo | (63000 ba(ri™) | Vaa

where U, , V, ..., Uy, Vy are standard Gaussian white noise variable: means are null and variance-
covariance matrices are identity.

1 n+l 2 n+l 1 n+l 2 n+l U
. () an(n ™) naty |0 (FY bE () n+1
Setting An+1(rr?+l):[ g+1 n ) T e B (M) = n+1\'n n+1\'n ,and Wy,q = ,
aya (™) apa(n™) b3.1(r ) b (rr™h) Vi1

(3.1.13) will also be sometimes written in a concise form

Zyy= An+1(rr?+l)zn + Bn+1(rr?+l)wn+1 . (3.1.14)

13



Ay (71 and By, (') in (3.1.13), (3.1.14) are classically obtained from (3.1.12) with

At ™) =Tz, 12, (0 (1) - (3.1.15)

LT 1 1y——1 1
Bnaa(h )Braa(n ™) = Iz () -Tz, 7, (™ )rzn (MIz,2, 4 (™) (3.1.16)

Let us notice that switching systems are usually presented in form (3.1.13), (3.1.14). We can equivalently
define SL-CGPMSM using the following

Definition 3.3

The triplet T,V =(X;*,RN,Y,") is called “stationary in law conditionally Gaussian pairwise Markov
switching model” (SL-CGPMSM) if:

N =X, RN, vNy is Markov; (3.1.17)
P(FyalXnTos o) =P(,lry) for n=1, ..., N -1; (3.1.18)

X
Setting Z, :[Y”] zN —(z,,....zy) verifiesfor n=1, ..., N -1
n

1 1
Znygy= An+1(rr§1+ )Zp + Bn+1(rr;1+ Wit

with W, , ..., Wy standard Gaussian white noise variables and  A,(r2), By (), ..., Ay(h1), By (1)
such that for n=1, ..., N

E[zn‘r{‘} E[Zn|rn] and E[znzﬁ rf}: E[ZanT,|rn] (3.1.19)

Let us notice that (3.1.19) is equivalentto : for n=1, ..., N -1,
At (EZZT 1 JAT (1) + B (1 )BT 1 () (3.1.20)
does not depend on .

Fast exact filtering is feasible in the following particular SL-CGPMSM.
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Definition 3.4

SL-CGPMSM TV = (X{',RY,Y,") is called “stationary in law conditionally Gaussian observed Markov
switching model” (SL-CGOMSM) if A (") in (3.1.13), (3.1.14) is of the form

1 n+1 2 n+l1
(Nl ana(h ™) anu(n ™) (3.1.21)
ol - [ 0 A

Let us show that SL-CGOMSM is a CMSHLM (see Definition 3.1).
We have

P(s1: YnetXn: T Yn) = P(GsaXns s V) POYisalXns s Yo Tast) = POt 1) POYnsalXns Yoo 1)
According to (3.1.13) and (3.1.21) Yo =ap (Y, +Vig, With Vo =b3 (U b + b (Vo
independent from (X{,R,Y{"), which implies p(Yn1[%n, Yo, ™) = PV Yo, 070 -

Finally

P(fi1s Yn+1|xn: M Yn) = P(hy1 Yn+l| My Yn) = p(rn+1| rn)p(yn+1|yn’ rr:Hl) ; (3.1.22)

This means that in SL-CGOMSM (K1, Yn41/¥n. Ty, Yn) are of the form (3.1.2) with p(yq,a| Vo, i)

Gaussian with mean a2, ;(r")y, and variance [b2,; (b3, (T + (b2, (b, (kT

PYna Yo ) = N(@m 2 (0 ) v [0 (OIS (T + [ (I (91T (3.1.23)

Finally p(fh.q, yn+1| I, Yn) used in computation in fast filter in CMSHLM is given in SL-CGOMSM with
(3.1.22) and (3.1.23).

Let us wverify (3.1.3) - also see Remark 3.1. According to (3.1.13) - with (3.1.21) -

P(Xn+1: YneaXn» Yn o r,?*l) is Gaussian with mean and variance

n+1l n+1l
M = l:an+l( . )Xn( 4;]?{1;;_( )yn:l; (3_1.24)
n+1 n
§
- Pmﬂ””)7mﬂ”“1 Fhﬂ”“)b+ﬂnﬂﬂFhﬂ”“)b+ﬂ””), (3.1.25)
AT (i WY (it Y IS (i W T (Y (S (i W R (i)
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and thus according to Gaussian conditioning rules p(Xp.1/Xns Yns Yn1s r,?*l) is Gaussian with mean and

variance
1 1 2 1 2 1,] 4 1,2 4 1 )
M*= a1 ()X +ana (0 ) Yn + 7 (i )[7/n+1(rnnJr )T (Y1 —ansa(fn )Yn) ; (3.1.26)
1
o= 70 = 2 L ] (3.127)
Then

1
Xnip = ab g (D)X, +[a§+1(rn“”) 2 ey ar?ﬂ(rr?”)}n N o128

R D] Vot 4 Qua(F W
with

Qnaa (™ =T*. (3.1.29)
We see that X, is of the form X,,.; =Gp g (RTL Y X, + Hpy g (RTFL Y1) - see (3.1.3) - with

G yn ™) =an (™ (3.1.30)

1 .+l 2 1, 2 1,] 4 NV 1
Hn+l(rr:1+ ’yrr]\+ WUni1) :{anﬂ(rnn+ )_7’n+l(rnnJr )[7’n+l(rnnJr )T an+1(rnnJr )}yn +

(3.1.32)
2 ,onil [ 4 ,onil ]‘1 n+1
+ 7010 W1 ) Yo + Qnaa(hy Unyas
and
1
M n+1(rr?+1' yrr1]+1) = ‘:ar%+1(rnn+1) _7§+1(r§+1)[7§+1(rnn+1)r ar£11+1(rnn+1)i|yn + (3.1.32)

2 1] 4 1,1
+7n+1(rr?+ )[7n+1(rnn+ )T Yn+1

Finally, fast exact filter in SL-CGOMSM is given by (3.1.5), (3.1.6), (3.14), with p(rn+1,yn+l| . Yn)
given by (3.1.22)-(3.1.23), and G,,1,Hp41,and M, 1, given by (3.1.30)-(3.1.32).
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Remark 3.1

Formulas (3.1.28)-(3.1.32) use matrices A,,,(r"*%), B,,;(r"!), and thus they are of interest when the

model is defined with (3.1.13), (3.1.14). When it is defined with matrices (3.1.12) the filter can be obtained
straightforwardly from these matrices, which would be possibly simpler to program. According to (3.1.12)

Xn
. . Yn . .
covariance matrix of (Xn41and Y,,q have been inverted) is
n+l
Xn+1
1 1
Iy, () Txv, (h) Txov, () Txox, ()
1 1
Iy x, (fh) O () Tvy, (0 Tyx, (0 (3.1.33)
1 1 L
Ty () Ty () Ty () Tyx (ms1)
1 1
T % () T () Ty () Iy (fha1)
Thus M * and I"* given with (3.1.26) and (3.1.27) are also given with
T
Iy, () T, (0) Dy (0 )| T %
1 1 1
M*= 0, () T () Ty ()] Ty, (7) I, (0 Ty, ()| | o | (3.1.34)
1 1
O ) Ty oy (07 Ty () | LYnst
and
1 1
=Ty () =[N () T () Ty v, (fe)
(3.1.35)
1y T n+l
I, (f) Ixv (0) Iy ()] | Dxpxpeg ()
1 1
Iy x, (fh) O (n) Ty (05 || g (0
1 1
Ny (0 Ty e (0 Ty (i) | | PaeaXpe ()
Remark 3.2

Classic switching Gaussian model TN =(XN,RM,Y,N), called “Conditionally Gaussian Linear State-
Space model” (CGLSSM), is defined as follows:
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RN is Markov; (3.1.36)
Xn11 =Cny1(fh11)Xp +Dnya(fy1)Unsa (3.1.37)
Y1 = Enya(hi0) Xnsg + Faga (hiaVnag (3.1.38)

Reporting (3.1.28) into (3.1.29) we see that such a model verifies particular (3.1.13) equation:

{Xml}:{ Cnia(ths1) O}F(n}{ Dn+1(fhs1) 0 }{Unﬂ] (3.1.39)
Yn+1 En+1(rn+1)Cn+l(rn+l) 0 Yn En+1(rn+1)Dn+1(rn+1) Fn+1(rn+1) Vn+1
Let us notice that CGLSSM cannot be a SL-CGPMSM, even in homogeneous — i.e. when C,,;=C,

Dpi1=D, Ep=E, and F,;=F - case. Indeed, distributions p(x,,y,|r,) are Gaussian mixtures with

number of components increasing with n. This property is often put forth to state that fast exact filtering
cannot be perform in CGLSSMs.

Remark 3.3

We believe that SL-CGPMSM is better suited to real situations than classic switching models - in which
margins become richer and richer mixtures - because of the independence of the form of margins and
transition from n. For example, suppose there are two observers of a phenomenon studied — as tracking
some flying target — and both of them use CGLSSM. The first starts at n =1, and the second one starts at
n=5. The problem is that they will not use the same phenomenon probability distribution for n =5, while
they would when using SL-CGPMSM.

4. FAST APPROXIMATE SMOOTHING IN SWITCHING MODELS

4.1 n-SL-CGOMSM approximations of a SL-CGPMSM

Let TV =(X{',R{",Y;"') be a SL-CGPMSM, with distribution defined by Ty 5(r) , ... , Th_1 (i),
Fn,n+1(rn”+1) s s FN_LN(r,{,\‘_l). The problem we deal with is to compute E[Xn M, le] E[Xf rn,le]
and p(r, le) for each n=1, ..., N. The idea is to approximate the distribution p(th): p(xlN ,rlN , le)

by the following “n-SL-CGOMSM” distribution. The distribution p(t;') = p(x, 1", yy) of
T"=(Ty,...T,) is classically replaced by the following SL-CGOMSM’s distribution

p*()=p*(x 1", y): matrices T3 ,(K), ., Th1n(f) are modified by replacing in each

18



2 k+1 * 1 k+1y 1 k+1
T kaa(R0), for k=1, .., n=1, Ty, ., (™) by Ty, (M) =Ty, (" )y, (MOGyy, L, (¢

Then

{XmHa%’ll(rn“”) aﬁil(rn”“)}{xnHb%il(rr?”) b%il(rr?“)]{unu] (4.1.1)
Yt 0 ama(m ™Yo ) (b0 bRl [ Van

sothat p*(x;,R",y7) indeed isa CGOMSM distribution.
Remark 4.1

Let us notice that p*(t{') and p(t') are close each to another in that:

- p(") and p*(r") are identical;

-for k=1, ..., n-1, Fkykﬂ(rlz) and F:Ykﬂ(rlz) are defined with ten different covariance matrices:
nine are the same and just one is different. In particular, margins p(t,) and p*(t;) are identical;

- one can see that P(Xy|Y. Yk_1, Yk—2) and p*(Xy|Yk, Yk_1, Yk—2) are identical for k =3, ..., n.

Due to that filtering data sampled with p(t{‘) using the fast filter specified in section 3 based on
p*(tln) gives results fairly as good as optimal results obtained with particle filter based on the true

distribution p(t;'), which is significantly more time consuming.

The distribution of TnN =(Ty,....,Ty) is replaced by the following SL-CGOMSM’s distribution. First,

one inverts time: the distribution of TnN =(Ty,....,Ty) is also defined by the distributions p(ty),
Pty aftn)s - Pltaftass). Each  p(talt), for k=n+1, .., N, is written

p(tk—1|tk):p(rk—1|rk)p(xk—l’yk—l‘xk’yk’rkk—l)! where  p(f_4|f) is obtained from p(r_g,T)and

P(Xg—1, yk_l‘xk,yk,nf_l) are defined by

Yi-1

X, 1 k 2 k X dl k d2 k U
{ kl}lzcgl(mkl) Clz_l(rkk_l)]{ k}r[ gil(rkk—l) 5_1(&{1)1{ k} (4.1.2)
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1k 2,k 1 .k 2 K
. Cic_1 (I _ Cic_q1(n_ dic_1(rc_q) di_q(n_ .
with Ckl(rkkl):|: ‘ 1( 3 1) ‘ 1( 8 1)} and Dkl(rkkl):|: K 1( 3 1) 51( 3 1) given from
Ck-1(f—1)  Ck-a(rk-a) di_a(r—1)  dia(ficr)

k

I, (4 T e X

T (g = 24 ;) 232 61) | ol that Z ::{ k}) with
7.2, () Tz, (%) Yk

Ca(hy) = sz_l(rk_l)ngl(rk) , (4.1.3)
K \poT (oK K -1 k
Dy-1 (k1) Dk (fkc1) =1z, (k1) =Tz, 7, (-0)T7, (6T Z, 2, (ka) - (4.1.4)

Then, likely to the modification above, the distribution of TnN =(Ty,....Ty) is replaced by the

following SL-CGOMSM’s distribution p*(tr’,\'):p*(xr',\',rnN,yr',\‘): matrices n+1)

Foonsa(r
FN,LN(r,\'}‘,l) are modified by replacing in each l"k,kﬂ(rlz), for k=n, ..., N-1, FkakJrl(rkk”) by

l LR}

* 1 k+1y1-—1 k+1 k -
X () =Ty, (KT )FYKH(rk)l"\(kﬂxkﬂ(rkJr ). Then p*(xk—lnyk—l‘xk:ykvrk—l) are defined
by

{Xchﬁl(rkkl) cE}(rkko]{XkHd&*l(rkk1> dE}(rkkl)}{Uk] (4.15)
Vi 0 alai) L) [d8n) i) |

and TN =(T, ... Tnon) With T, =Ty L To =Tn_1s -or Tnonet =Tn iS @ CGOMSM.

Important is that E*[Xn rn,y{‘} and E*[Xn

computations are independent each from another.

rn,y,';'] are computable by fast filters. In addition, these

We will show in the subsection that

E*[Xn

rnale}: E*[xn

rn,yﬂ+ E*[Xn

oy |- E* (el ya). (4.1.6)

which will solve the problem of fast smoothing.
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4.2 Fast smoothing in n-SL-CGOMSMs
Let us show the following

Proposition 4.1

Let T,V = (XN, RN,Y,N) be a SL-CGPMSM. Then

E[Xn rn,le}: E[Xn rn,y{‘]+ E[Xn rn,y,'”— E[Xalf. Ya . (4.2.1)

Proof
We will use the following property of Gaussian distributions:

Lemma 4.1

Let A, B, C be Gaussian vectors such that B and C are independent. Then
E[A(B,C)]= E[AB]+ E[AIC]-E[A] (4.22)

Proof
Let Ma, Mg, Mc, Ta, I'g, I'c, be means and covariance matrices of A, B, C, and let I'\g c) be the

covariance matrix of (EJ . Tap= El(A— MA)(BT - ME)J, Tac= El(A— MA)(CT - ME J and
Fa @0 = E[(A-MA)BT ~ME,CT ~MD)|=[E[(A-MA)BT - ME) | ECT ~MEXA-Ma)|=(Ta g Tac)
.As Ta o =TaBTac) IBo :{FOB I"OJ and F(éc) :{Fgl Fgl} , we have

gt 0

E[A|(B|C)]= Ma —FA,(B,C)F(_BI,C)FX,(B,C) =Mp _FA,(B,C){ g Fl}rx,(aq =
c

rgt o [TAs 1T 10T
Ma-(TaB.Tac) o7 [FMa-TagleTas-TaclcTac =
0 FC FA,C
1T 1T
MA _FA,BFB FA,B + MA —FAYCFC FA,C - MA = E[A|B]+ E[A|C]— MA,

which ends the proof of Lemma 4.1.
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Applying Lemma 41 to A=X,, B=Y{"! cCc=YN; and E[.]:E[.‘rlN,yn] we can write:

E[ Xn r1N ' leJ: E[ Xn r1N Yo YF_1J+ E[ Xn rnN Yo yyﬂ}_ E[ Xn I’1N ; yn} , and thus
E[ Xn rlN ) y:l{\l :| = E[ Xn rlN ) y:lr_]:|+ E|: Xn rlN ) yr"l\l :|_ E|: Xn rlN ) ynj| (423)
Besides, as p(x,|r",y!') is Gaussian, p(x,|r\,y]') cannot depend on r,q, ..., ry (if they did

p(x,[",y)  would be a mixture), so that  p(x, iV, y1)=p(x,|e",yY) and  thus
£ Xali 51 |= ) Xl of | Similarty | Xn[a' v |=E[ Xo|r oy | and
E[ Xn rlN,ynJ: E[Xn|rn, yn]. Finally

| Xn|i A" | = E| Xal" 8 |+ E Xali v |~E[Xaln.va] (4.2.4)

Besides, as (RlN ,YlN) is Markov we have

n-1 _N

n-1
P(R " M1

Y1 5 o Yo yr’1\|+1) = p(rln_1

s Yno yr’1\|+1) ,  (4.25)

y]r-1—1, T yn) p(rnN+1

So that, using (4.2.4) and (4.2.5) we have

E[Xn M Y1N}: > p(rln_l,l’n’\il y{]_l’ T Yr’1\l+1)E[ Xp r1N , le]:
(7' )
> p(rln_l Y{]_la M Yn)p(rn’\il M yn1Yr’1\l+l)(E[ X |1, Y?}"' E[ Xn rnN ; yy}_ E[Xn |rn’ Yn])

n-1 N
GOty

We have for the first term of the above sum:

> p(rln_l‘y{]_ll rann)p(rn’\l+1

n-1 N
(CHIAWY

Y, yml)E{Xn‘rln_ln y{]_ll M yn} =

1.,n

) p(&”‘l\y{“l, fvn)| 2 p(ry ' ,yl‘l,rn,yn}

-
n

rnvyn:yr’;lﬂ) E[Xn

n+l

Y1n_ll rnvyn)E[xn

> p(
rln—l

rln_lny{]_llrnl)’n} = E[xn

y{]_llrnvyn]: E[xn

y{]’rn}
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After similar calculation for the second and the third term we obtain (4.2.1), which ends the proof.

Therefore (4.2.1) is valid in general SL-CGPMSM, and thus it also is in n - SL-CGOMSM, which gives
(4.1.6).

Let TV = (X{",R",Y,") be a SL-CGPMSM, with distribution defined by T3 5(2), ... , Th_1n(fi1),

n+l N
Consa(n ™) o Tncyn (N-e) -

The new smoothing Double Filtering Based Smoothing (DFBS) algorithm runs as follows.

Foreach nefl,...,.N} :

- Modify Flﬁz(rlz) ;oo s Tnoan(ilg), to obtain T3 (1) , ..., Teia(y) defining a Left-Right
CGOMSM. Use the fast exact filter to find E"R[Xn y{‘,rn};

; n+l N i RL 2 LL 0 - .
- Modify T (™) ..., Tyaan(in-g), to obtain T'n () ..., Tha(eg) defining a Right-Left

CGOMSM. After having reversed time use the fast exact filter to find ERL[Xn

yf,rn]:

-compute E[Xn|yn,rn];

- set

)A(n(rn:Y1N): ELR[Xn

yf,rn}+ ERL[Xn

yf,rn]—E[Xn|yn,rn] (4.2.6)

4.3 Dependence graphs

Let us illustrate different models and smoothing methods discussed above by some dependence graphs.
Graphs of classic SLDSs, CGPMSMs, and CGOMSM s are presented in Figure 1. The aim is to show that
once CGPMSMs are admitted as being reference models, approximating a given CGPMSM with a
CGOMSM is more precise that approximating it with a SLDS.
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(b)

Figure 1. Dependence graph of (a) classic switching linear dynamical system (SLDS), (b) CGPMSM (in
which dotted red segments would be black ones) and CGOMSM (in which dotted red segments are
removed). CGPMSMs and CGOMSMs only differ by existence, or not, of dotted red segment.

Figure 2 represents distributions LR-SL-CGOMSM, RL-SL-CGOMSM, and n -SL-CGOMSM conditional
on RV . Itillustrates how n -SL-CGOMSM varies with 1.

Y1 Yo YN y Y1 Y2 YN YN
X1 Xz XN-1 XN X1 Xy XN-1 XN
(a) (b)
Y1 Yo YW YN-1 YN
X1 Xy Xn-2 Xn-1 Xn Xn+1 Xn+2 XN-1 XN

(c)
Figure 2. Dependence graphs of distributions p(xlN ,le rlN): LR-SL-CGOMSM (a), RL-SL-CGOMSM
(b), and N -SL-CGOMSM (c).

Figure 3 illustrates arguments developed in Introduction: the new smoothing uses the information in a more
complete manner than the previous one based on CGOMSMs.

24



(b)
Figure 3. Dependence of X,, on (RlN ,YlN) in n-SL-CGOMSM (a), and in LR-CGOMSM (b).

Yn-3 Yn-2 Yn-1 Yn Yn+1 Yn+2 Yn+3

-3 k3
Xp-3  Xn—2 X1 Xp Xns1  Xns2 XN +3
€Y
Yn-3 Yn-2 Yn-1 Yn Yn+1 Yni2 Yn+3
@o— —9

Figure 4. Distributions of (X,,RN*2,y"*2) are identical in SL-CGPMSM and n -SL-CGOMSM (a).

Then p(x,,yh*2) also are identical, and p(x,|y"*3) also are as well (b).
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[6]

[7]

5. CONCLUSIONS AND PERSPECTIVES

We proposed an original method of fast smoothing in switching Markovian systems, called “double
filtering-based smoothing” (DFBS). Its originality is to consider, for each time nef,...N}, two
approximating models: one on the left side of n, and another on his right side. In each of these models,
called “conditionally Gaussian observed Markov switching models” (CGOMSMs), fast exact filtering is
feasible in spite of switches [1, 2, 45]. The “left” CGOMSM is obtained directly, while the “right”
CGOMSM is obtained by inverting time. The method is valid in general “conditionally Gaussian pairwise
Markov switching models” (CGPMSMs), which extend, in particular, “switching linear dynamical
systems” (SLDSs) currently used. It has been seen from previous experiments presented in [1, 2], that the
efficiency of fast exact filter applied to the CGOMSM approximating a given CGPMSM was comparable
to the efficiency of particle filter applied to the true CGPMSM, the latter being optimal (when taking
enough particles). Therefore we may expect that the method is close to the optimal smoothing as well.

As perspectives, let us mention extension to continuous time cases [55, 56]. Another wide perspective is

to extend the Markov chain (RlN ,YlN ) considered in n -SL-CGOMSMs introduced in the paper to triplet
chains, as mentioned in subsection 2.3, case (i) (see also [10, 34]).
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