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SOME CONSTRUCTIONS OF MULTIPLICATIVE n-ARY HOM-NAMBU
ALGEBRAS

ABDELKADER BEN HASSINE, SAMI MABROUK, OTHMEN NCIB

ABSTRACT. We show that given a Hom-Lie algebra one can construct the n-ary Hom-Lie bracket by
means of an (n-2)-cochain of given Hom-Lie algebra and find the conditions under which this n-ary
bracket satisfies the Filippov-Jacobi identity, there by inducing the structure of n-Hom-Lie algebra. We
introduce the notion of Hom-Lie n-uplet system which is the generalization of Hom-Lie triple system.
We construct Hom-Lie n-uplet system using a Hom-Lie algebra.

INTRODUCTION

The first instances of n-ary algebras in Physics appeared with a generalization of the Hamiltonian
mechanics proposed in 1973 by Nambu [26]. More recent motivation comes from string theory and M-
branes involving naturally an algebra with ternary operation called Bagger-Lambert algebra which gives
impulse to a significant development. It was used in [11] as one of the main ingredients in the construction
of a new type of supersymmetric gauge theory that is consistent with all the symmetries expected of a
multiple M2-brane theory: 16 supersymmetries, conformal invariance, and an SO(8) R-symmetry that
acts on the eight transverse scalars. On the other hand in the study of supergravity solutions describing
M2-branes ending on Mb5-branes, the Lie algebra appearing in the original Nahm equations has to be
replaced with a generalization involving ternary bracket in the lifted Nahm equations(see [10]).

In [4], generalizations of n-ary algebras of Lie type and associative type by twisting the identities
using linear maps have been introduced. The notion of representations, derivations, cohomology and
deformations are studies in [5, 17, 19, 24, 27]. These generalizations include n-ary Hom-algebra structures
generalizing the n-ary algebras of Lie type including n-ary Nambu algebras, n-Lie algebra (called also
n-ary Nambu-Lie algebras) and n-ary Lie algebras, and n-ary algebras of associative type including n-ary
totally associative and n-ary partially associative algebras. In [7], a method was demonstrated of how to
construct ternary multiplications from the binary multiplication of a Hom-Lie algebra, a linear twisting
map, and a trace function satisfying certain compatibility conditions; and it was shown that this method
can be used to construct ternary Hom-Nambu-Lie algebras from Hom-Lie algebras. This construction
was generalized to n-Lie algebras and n-Hom-Nambu-Lie algebras in [§].

It is well known that the algebras of derivations and generalized derivations are very important in
the study of Lie algebras and its generalizations. The notion of d-derivations appeared in the paper of
Filippov [16]. The results for d-derivations and generalized derivations were studied by many authors. For
example, R.Zhang and Y.Zhang [28] generalized the above results to the case of Lie superalgebras; Chen,
Ma, Ni and Zhou considered the generalized derivations of color Lie algebras, Hom-Lie superalgebras and
Lie triple systems [14, 15]. Derivations and generalized derivations of n-ary algebras were considered in
[20, 21] and other. In [13], the authors generalize this results in Color n-ary Nambu Hom case.

This paper is organized as follows. In Section I we review basic concepts of Hom-Lie, n-ary Hom-
Nambu algebras and n-Hom-Lie algebras. We also recall the definitions of derivations, a*-derivations,
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aF-quasiderivations and o-centroid. In Section II we provide a construction procedure of n-Hom-Lie
algebras starting from a binary bracket of a Hom-Lie algebra and multilinear form satisfying certain
conditions. To this end, we give the relation between a*-derivations, (resp. a*-quasiderivations and a*-
centroid) of Hom-Lie algebra and a*-derivations, (resp. a*-quasiderivations and a*-centroid) of n-Hom-
Lie algebras. In Section III we introduce the notion of Hom-Lie n-uplet system which is the generalisation
of Lie n-uplet system which is introduced in [9]. We construct Hom-Lie n-uplet system using Hom-Lie
algebra. Finally, we give a relation between aF-quasiderivations of a Hom-Lie algebra and (n + 1)-ary

aF-derivation of Hom-Lie n-uplet system associate.

1. HOM-LIE ALGEBRA AND N-ARY HOM-NAMBU ALGEBRAS

Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed
field of characteristic zero, even though for most of the general definitions and results in the paper this
assumption is not essential.

1.1. Definitions. The notion of a Hom-Lie algebra was initially motivated by examples of deformed
Lie algebras coming from twisted discretizations of vector fields(see [18, 22]). We will follow notation
conventions in [25].

Definition 1.1. A Hom-Lie algebra is a triple (g, [, ],a), where [, ] : g X g — g is a bilinear map and
«: g — g a linear map satisfying

[z,y] = —[y, z] (skew-symmetry)

Ogy.2 (), [y, 2]] = 0 (Hom-Jacobi condition)

for all x, y ,z from g, where O, , . denotes summation over the cyclic permutations of z,y, z.

Definition 1.2. A Hom-Lie algebras (g, [, ], @) is called multiplicative if a([x,y]) = [a(z), a(y)] for all
z,y € g.

We define a linear map ad : g — End(g) by ad;(y) = [z,y]. Thus the Hom-Jacobi identity is equivalent
to

(1.1) ad[; y(a(2)) = ada(q) 0 ady(2) — ada(y) 0 ade(2), for all z,y,z € g.
Remark 1.3. An ordinary Lie algebras is a Hom-Lie algebas when o = id.

Example 1.4. Let A be the complex algebra where A = C[t,t1] is the Laurent polynomials in one
variable. The generators of A are of the form t" for n € Z.

Let ¢ € C\{0,1} andn € N, we set {n} = 11__‘1; , a g-number. The qg-numbers have the following properties

{n+1} =1+q¢{n} = {n} +¢" and {n +m} = {n} +¢"{m}.
Let A, be a space with basis {Ly,, Im|m € Z} where L, = —t™D, I,, = —t" and D is a g-derivation
on A such that

D(™) = {m}t™.
We define the bracket [, ]q : g X Ay —> A, with respect the super-skew-symmetry for n,m € Z by

(1.2) [Lm, Ln]q = ({m} —{n})Lmtn,
(1.3) [Lm, In]q = —{n}Lntn,
(1.4) I, I], = 0.

Let o be an even linear map on U, defined on the generators by
ag(Ln) = (14+¢")Ln,  aq(ln) = (1+¢") I,

The triple (Uq,[ , lg,0q) is a Hom-Lie algebra, called the q-deformed Heisenberg-Virasoro algebra of
Hom-type.
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Example 1.5. We consider the matriz construction of the algebra sla(R) generated by the following three

vectors
1 0 0 1 0 0
(o N ) =0 0)r=(V0)

The defining relations are
[H,X]=2X ; [HY] =2V ; [X,Y] = H
Let A € R*, consider the linear maps ay : slo(R) — sl(R) defined by
ax(H)=H ; ax(X) = X ; ar(Y) = 2y
Note that oy is a Lie algebra automorphism.
In [3], the authors have shown that (sl2(R))x = (sl2(R), [, Ja,.an) is a family of multiplicative Hom-Lie

algebras where the Hom-Lie bracket |, ]a, on the basis elements is given, for X # 0 by
2
[H7X]Otx :2)‘2X ; [H,Y]a/\ :_ﬁy ; [Xay]oz/\ =H

Now, we recall the definitions of n-ary Hom-Nambu algebras and n-ary Hom-Nambu-Lie algebras,
generalizing of n-ary Nambu algebras and n-ary Nambu-Lie algebras (called also Filippov algebras)
respectively, which were introduced in [4] by Ataguema, Makhlouf and Silvestrov.

Definition 1.6. An n-ary Hom-Nambu algebra is a triple (N[ ,..., |, @) consisting of a vector space
N, an n-linear map | ,..., | : N — N and a family & = («;)1<i<n—1 of linear maps o; : N — N,
satisfying

(1.5) [al(:zzl), vy Q1 (T—1)5 [Y1y ooy yn]] =

Z [al(yl)v ceeey o"ifl(y’ifl)a ['rlv ooy Tp—1, yl]v ai(y’i+1)a ey Oénfl(yn):l )
i=1

for all (21, ...,mpn_1) € N*™L (y1, ..., yn) € N

The identity (1.5) is called Hom-Nambu identity.

Let X = (21,...,2p-1) € N"L @(X) = (a1(z1), ..., an-1(zn-1)) € N*! and y € N. We define an
adjoint map ad(X) as a linear map on N, such that

(16) 3dX(y) = [xla"' 5In715y]'
Then the Hom-Nambu identity (1.5) may be written in terms of adjoint map as
2n—1
adg(x)([Zn,s ooy T2n—1]) = Z [a1(zn), oy Ximn(Tim1), adx (1), Ximnt1 (Tig1)-os An—1(T2n—1)]-
Definition 1.7. An n-ary Hom-Nambu algebra is a triple (N, [, ..., ], @) is called n-Hom-Lie algebra if
the bracket | , ..., | is skewsymmetric i.e [T5(1),* , To@m)] = (=1)%9) [z, .-+ x,] for o € S,,.

Remark 1.8. When the maps (o;)1<i<n—1 are all identity maps, one recovers the classical n-ary Nambu
algebras. The Hom-Nambu identity (1.5), for n = 2, corresponds to Hom-Jacobi identity (see [25]), which
reduces to Jacobi identity when a; = id.

Let (M,[,..., |,&@) and (N, [-,...,:],&) be two n-ary Hom-Nambu algebras where & = (&;)i=1,... n—1
and & = (a})i=1,.. n—1. A linear map f : N — N’ is an n-ary Hom-Nambu algebras morphism if it
satisfies

[y, wona]) = [f(z1),- 7f(5€2n—1)]/
foa; = aiof Vi=1n-1.

In the sequel we deal sometimes with a particular class of n-ary Hom-Nambu algebras which we call
n-ary multiplicative Hom-Nambu algebras.
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Definition 1.9. A multiplicative n-ary Hom-Nambu algebra (resp. multiplicative n-Hom-Lie algebra)

is an n-ary Hom-Nambu algebra (resp. n-Hom-Lie algebra) (N, [ ,..., ], &) with & = («;)1<i<n—1 Where
a1 = ... = a,—1 = « and satisfying

(1.7) a([z1, ., xn]) = [(x1), -, a(zn)], Vo1, € N.

For simplicity, we will denote the n-ary multiplicative Hom-Nambu algebra as (N,] ,..., ],«) where

a: N — N is a linear map. Also by misuse of language an element z € N™ refers to = (1, ..,2,) and
a(x) denotes (a(x1),...,a(xy)).

1.2. Derivations, Quasiderivations and centroids of multiplicative n-Hom-Lie algebras.

In this section we recall the definition of derivation, generalized derivation, quasiderivation and centroids
of multiplicative n-Hom-Lie algebras.

Let (M,[,---, ],a) be an multiplicative n-Hom-Lie algebra. We denote by o* the k-times composition
of a (i.e. af = ao...0a k-times). In particular a=! =0, a® = id.

Definition 1.10. For any k& > 1, we call D € End(N) an a*-derivation of the multiplicative n-Hom-Lie
algebra (N, [, ..., |,a) if

(1.8) [D,a] =0 ie. Doa=aoD,

and

(1.9) Dlxy,..,zp] = Z[ak(:vl), ey @ (2i1), D(5), & (@441), ..., &F (2],
i=1

We denote by Derqx(N) the set of a*-derivations of the multiplicative n-Hom-Lie algebra N.

For X = (x1,...,2,_1) € N satisfying a(X) = X and k > 1, we define the map ady € End(N) by
(1.10) ad% (y) = [x1, ..., zp_1,0"(y)] Yy eN.

Then

Lemma 1.11. The map ad];( is an ot -derivation, that we call inner o*t'-derivation.

We denote by Inn.x(N) the space generate by all the inner o**!-derivations. For any D € Derx(N)
and D' € Deryx(N) we define their commutator [D, D'] as usual:

(1.11) [D,D']=DoD — D' oD.
Set Der(N) = @ Deryx(N) and Inn(N) = @ Inngk (N).

E>—1 E>—1
Definition 1.12. An endomorphism D of a multiplicative n-ary Hom-Nambu algebra (N,[, -+, ],a)
is called a generalized a*-derivation if there exist linear mappings D', D", --- , D=1 D) ¢ End(N)
such that
(112) D(n)([xlv e ,In]) = Z[ak(xl)a e aD(iil)(xi)a e aak(xn)]v

i=1

for all z1,---,2, € N. An (n + 1)-tuple (D, D', D", ---, D=1 D) is called an (n + 1)-ary o*-

derivation.

The set of generalized a®-derivation is denoted by GDerqx(N). Set GDer(N) = @ GDerqx (N).
k>—1

Definition 1.13. Let (N,[, -+, ],«) be a multiplicative n-ary Hom-Nambu algebra and End(N') be
the endomorphism algebra of A. An endomorphism D € End(N) is said to be an o* —quasiderivation,
if there exists an endomorphism D’ € End(N) such that

n

> ¥ (@), ..., D(@i), ..., 0" (xn)] = D'([x1, ..., z4)),

i=1

for all zy,...,2, € N. We call D’ the endomorphism associate to the o —quasiderivation D.
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The set of a*-quasiderivations will be denoted by QDer»(N). Set QDer(N) = @ QDerx(N).
k>—1

Definition 1.14. Let (N,[,---, ],«) be a multiplicative n-ary Hom-Nambu algebra and End(N') be
the endomorphism algebra of /. Then the following subalgebra of End(N\)

Cent(N) ={0 € End(N) : 0([z1,...,z,]) = [0(z1), ..., 2], Vo; €N}
is said to be the centroid of the n-ary Hom-Nambu algebra. The definition is the same for classical case
of n-ary Nambu algebra. We may also consider the same definition for any n-ary Hom-Nambu algebra.

Now, let (N,[, -, |,a) be a multiplicative n-ary Hom-Nambu algebra.

Definition 1.15. An aF-centroid of a multiplicative n-ary Hom-Nambu algebra (N,[ ,---, ],a) is a
subalgebra of End(N') denoted Cent .« (N), given by
Centor(N) = {0 € End(N) : 0x1,- - ,z,] = [0(x1), & (x2), ..., " (x,)], Vo; € N}

We recover the definition of the centroid when k = 0.

If A is a multiplicative n-Hom-Lie algebra, then it is a simple fact that
Oz1,. .. xn] = [@"(21),...,0(zp), ..., " (x,)],Yp € {1,...,n}.
2. n-HOM-LIE ALGEBRAS INDUCED BY HOM-LIE ALGEBRAS

In [5] and [6], the authors introduced a construction of a 3-Hom-Lie algebra from a Hom-Lie algebra,
and more generally of an (n+1)-Hom-Lie algebra from an n-Hom-Lie algebra. It is called (n+1)-Hom-Lie
algebra induced by n-Hom-Lie algebra. In this context, Abramov give a new approach of this construction
(see [1]). Now we generalise this approach in the Hom case.

Let (g,[, ], @) a multiplicative Hom-Lie algebra and g* be its dual space. Fix an element of the dual
space ¢ € g*. Define the triple product as follows
(2'1) [x,y, Z] = Sp(x)[yv Z] + gD(y)[Z,fL‘] + (p(Z)[CL‘,y],V z, Y, 2 €8

Obviously this triple product is skew-symmetric. Straightforward computation of the left hand side and
the right hand side of the Filippov-Jacobi identity (1.5) if ¢ o @ = ¢ and

(2.2) p(@)p(ly, 2]) + W)z, z]) + e(2)e([z,y]) = 0.

Now we consider ¢ as a K-valued cochain of degree one of the Chevalley-Eilenberg complex of a Lie
algebra g. Making use of the coboundary operator § : AFg* — A¥g* defined by

(23) 5f(u17 T 7u/€+1) = Z(_l)i+j+1f([ui7uj]g7 a(ul) e 7/&'\1'7 e 7@7 e 7a(uk+1))7
i<j
for f € AFg* and for all uy,--- ,uxr1 € g. We obtain that do(x,y) = p([z,]).
Finally we can define the wedge product of two cochains ¢ and d¢, which is the cochain of degree three
by
p N op(z,y,2) = p(@)e(ly, 2]) + e(Y)e((z, 2]) + e(2)e([2, y])-
Hence (2.2) is equivalent to ¢ A d¢ = 0. Thus if an 1-cochain ¢ satisfies the equation (2.2) then the

triple product (2.1) is the ternary Lie bracket and we will call this multiplicative 3-Hom-Lie bracket the
quantum Nambu bracket induced by a 1-cochain.

Definition 2.1. Let ¢ € A"~2g*, we define the n-ary product as follows

n

(24‘) [J/'l," : ,(En]¢ = Z(_l)i+j+l¢(‘r17' t 71?7;7" . 71?]'7' t ,,In)[l'i,fﬂj],
i<j

for all z1,--- ,x, € g.

Then, we obtain.
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Proposition 2.2. The n-ary product [ ,---, | is skew-symetric.

Proof. Let x1,--- , 2, € g and fixed two integer ¢ < j, we have:

[:Ela"'7xi7"'7$j7"'7xn]¢: Z (—1)k+l+1¢($1,"',,’Ei"',/.’I,'\k,"',.’L’j,"',/{E\l,"',.’L’n)[{L'l,{L'k]
k<l:k,l#t,j
+Z 1+l+1 1,...,ZE\Z....,xj’...’f[;\l’...,xn)[xi,xl]
i<l#j
_|_Z 1+l+1¢ xl;"' 7§l7"' ,/:fi,... y Ty ,$n)[iEl,iL’i]
I<i
+Z DIt (g, oy mi e Ty Ty ) [, 3]
Jj<i
+ Z DIt (g, o iy Ty Ty ) [0, 25
1<j,i#l
+ (_1)i+j+1¢(xl’.. . 7/*%'\1'7" . 7/='E\j7" . 7xn)[$i7xj]
:—[xl,... ,Ij7... 7 ,In]¢.
O

Given X = (21, ,Zn_3) E A" 3g, Y = (41, -+ ,yn) € A"g and z € g. We define the linear map ¢x by:

¢X(z) = ¢(X7 Z)v

and
SN (Y) = (=1)™ oy, -gi- 1+, yn-1)36x (4i, y;)
i<j
S D Gt ) (i)
1<J

Theorem 2.3. Let (g,[, ], @) be a multiplicative Hom-Lie algebra, g* be its dual and ¢ be a cochain of
degree n — 2, i.e. ¢ € \""2g*. The vector space g equipped with the n-ary product (2.4) and the linear
map « is a multiplicative n-Hom-Lie algebra if and only if

(2.5) dANSpx =0, VX € A" 3,
po(a®@Ild®---®Id) = ¢.

Proof. Firstly, let (z1,---,2,) € A"g. We have:

(@), s almn)le = D=0 o(a(@), -+ sawi), o saley), o alen)alw), alw;)
- Z(_l)i+j+1¢(xlv"' s Ly 7fj7"' 7In)a([xivxj])

= a([xlv T 7xn]¢)'
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Secondly, for (x1,--- ,x,_1) € A" g and (y1, -+ ,yn) € A"g, we have

(1), s ol@n—1), [Y1, s Ynlole

- Z l+]+1¢ yla"' 7371'5"' agja"' ,yn)[a(I1>,-~- ,Oé(xnfl),[yi,yj]]qb
1<J

- Z Z l+]+k+l¢(a(x1)7"' 7a($/€)7"' ua(xl)v"' 7[yi7yj])¢(y17"' 7371’7"' 7@\]'7"' 7yn)[a(xk)7a(xl)]

1<j k<l<n—1

+ZZ l+]+k¢ ( 1), 7@?"' 70‘(55(7171))7"' 7[M)¢(ylu Yis 7/y\j7"' 7yn)[a($k)u[yiayj]]'

i<j k<n

The terms [a(xk), [yi, y;]] are simplified by identity of Jacobi in the second half of the Filippov identity.
Now, we group together the other terms according to their coefficient [a(z;), a(z;)]. For example, if we
fixed (k,1) and, if we collect all the terms containing the commutator [a(zy), a(x;)], then we get the
expression

(D0 gaen), -« alwe), - a@), - [ Do G Ty s va) ) [alon), ae)]:

i<j

Hence the n-ary product (2.4) will satisfy the n-ary Filippov-Jacobi identity if for any elements X =

(w1, ,xp_3) €E A" 3gand Y = (y1, -+ ,yn) € A"g we require
(Z(_l)l-i_](b(a(xl)a T ,Oé(.’I]n_g), [yzay]])¢(yl7 T 7/y\i7 T 7@\]'7 T 7yn)) =0.
i<j

0

Definition 2.4. Let ¢ : g®---®g — K a skew-symmetric multilinear form of the multiplicative Hom-Lie
algebras (g, [, |, @), then ¢ is called trace if:

po(ld®@ - @Id®[,])=0and po(a®I[d® @ Id) = ¢.

Corollary 2.5. Let ¢ : g®" 2 — K be a trace of Hom-Lie algebra (g, [, |,«), then gs = (g,[., - ,]s, )
1s a n-Hom-Lie algebra.

Proposition 2.6. Let (g,[, ],a) be a Hom-Lie algebra and D € Der(g) be an of-derivation such that

n—2
S (a1, D), oa) = 0.
i=1
Then D is an o-derivation of the n-Hom-Lie algebra (g,[ , -+, ]g, ).
Proof. Let X = (21, ,x,) € A"g, on the one hand we get

D(far, -+ anls) = D( Y (-1 (aler), - a(@), - ,al@), -+ alen)lalw),alx))])

=2 DA, al@), s al@) s alan)D([a), alz;)
= D (NG, By ) [a(D(a), 0 ()

+ > ()G, By By wn) [0 (@), (D ()],

1<J
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and on the other hand, we have

n

Z[o‘k(xl)a"' ao‘k(xlfl)aD(xl)v"' 7O‘k(xl+1)7"' 7O‘k(xn)]¢

=1

= Z Z Z+J+1 (a (xl)v"' 7@)7"' 7D($l)7"' 7@)7"' 7O‘k($n))[ak(xi)7ak(xj)]

I=11i<j; zg;ﬁl

+ZZ 1) ok (21), - - - 7a/k(x\i),... 717(13\1)7... L af (x) [ (2:), D(2))]

=1 i<l
+lZlZ 17+ (0 (20), - D), 0 (ay), o () [D(an), o (x))].
1 i<j

If D is an a®-derivation then D([z1, -+ ,2,]p) = Z[ak(a@l), sl (), D), - of (), af ()]s,

which gives

> WH(Z k(@) D), ok (), af (@) ) o (@), o (@) = 0,
i<j; il =1

Finally if we fixed (¢, j) we have

O

Proposition 2.7. Let (g,[, ], ) be a Hom-Lie algebra and D € QDer(g) be an o -quasiderivation and
D’ : g — g the endomorphism associate to D such that

n—2
Z ¢(:I;17 o D(x1)7 e 7:1:77,—2) =0.
i=1

Then D is an o -quasiderivation of the n-Hom-Lie algebra (g,[ ,--- , lo, @) with the same endomorphism
associate D'.

Proposition 2.8. Let (g,[, ],a) be a Hom-Lie algebra and 0 : g — g be an a¥-centroid such that
(b(e(xl)) B T axﬂ*Q)[ak(x)vy] = Qs(xlv R PR ,$n72>[0($),y].

k_centroid on the n-Hom-Lie algebra (g,[ , -+, g, ).

Then D is an «

Proof. Let x1,--- ,x, € g, we have

O([w1, s wnlp) = D (D) (@, @iy @y, )02, 7))
i<j
- Z 1+J+1¢ xlv co afia e ’fjv co 7xn)[9(xi)7ak(xj)]'
1<J
On the other hand, we have
[9(x1)70‘k(w2>7 T 7ak(xn>]¢ = Z(_l)i+j+1¢(9(x1)7 ak(xQ)ﬂ R ISEEIE F IR 7ak(xn)>[ak(xi)7ak(xj>]
1<j
= Z(_l)i+j+1¢(x17 o 7':51'7 o 7fj7 o 7xn)[0(x1)7ak(x3)]
i<j
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3. HOM-LIE n-UPLET SYSTEM

3.1. Hom-Lie triple system.
In this section, we start by recalling the definitions of Lie triple systems and Hom-Lie triple systems.

Definition 3.1. ([23])
A vector space T together with a trilinear map (z,y, 2z) — [z,y, 2] is called a Lie triple system (LTS) if

(1) [‘Taxvz] =0,
(2) [:v,y,z]—i—[y,z,x]—i—[z,x,y]=O,
3) [w,v,[z,y,2]] = [[u,v,2],y, 2] + [2, [u, v, 9], 2] + 2, 9, [u, v, 2],

for all z,y, z,u,v e T.

Definition 3.2. ([29]) A Hom-Lie triple system (Hom-LTS for short) is denoted by (T, [, ], &), which
consists of an K-vector space T, a trilinear product [-,+,-] : T x T x T — T, and a linear map o : T — T,
called the twisted map, such that « preserves the product and for all z,y, z,u,v € T,

(1) [:Z?,:Z?,Z] =0,

(2) &y, 2]+ [y, z, 2] + [z,2,9] =0,

3) la(u), a(v), [z,y, 2] = [[u, v, 2], a(y), a(2)] + [a(2), [u, v, y], a(2)] + [a(z), a(y), [u, v, 2]].
Remark 3.3. When the twisted map « is equal to the identity map, a Hom-LTS is a LTS. So LTS are
special examples of Hom-LTS.
Definition 3.4. A Hom-Lie triple system (7, [+, -, -], ) is called multiplicative if a([x, y, z]) = [a(x), a(y), a(2)],
for all z,y,z € T.
Theorem 3.5. ([29])
Let (g, [, -], @) be a multiplicative Hom-Lie algebra. Then

9T = (gv ['7 K ] = ['7 ] o ([7 ] ® a)? a2)7

is a multiplicative Hom-Lie triple system.
3.2. Hom-Lie n-uplet system.

In this section we introduce the definitions of Lie n-uplet systems and multiplicative Hom-Lie n-uplet
systems. We give the analogue of Theorem 3.5 in the Hom-Lie n-uplet systems case.

Definition 3.6. A vector space G together with a n-linear map (x1,--- ,z,) — [z1, -+, 2,] is called a
Lie n-uplet system if
(1) [Iaxayla e 7yn72] = 07 for all TyY1,0 0 3 Yn—2 € g
n
(2) [xla ey Tn—1, [y17 ceeey yn]] = Z I:yh ey Yi—1, [xla ceeey xn—l7yi]7yi+l7 "'7yn]7
i=1
forall 1, ,xp_1,Y1," " ,Yn € G.
Definition 3.7. A vector space G together with a n-linear map (z1,- - ,z,) = [21, -+, 2,] and a family
& = (@;)1<i<n—1 of linear maps a; : G — G, is called a Hom-Lie n-uplet system if
(1) [xuxuylu e 7yn—2] = 07 for all T, Y1, yYn—2 € g
(2) [al((El), e 70411—1(1;71—1)7 [ylu e 7ynH —

Z [al(y1)7 o @1 (Yim1)s [T, T, Y]y @ (Yign)s - an—l(yn)}u

i=1

forall 1, -+ ,xp_1,y1, - ,Yn € G.
Definition 3.8. A Hom-Lie n-uplet system (G,[,---, ], @) is called a multiplicative Hom-Lie n-uplet
system if oy = -+ = a1 = a and o[z, ,x,)) = [a(z1), -, a(z,)] for all x1,--- 2, €G.

Remark 3.9. When the twisted maps «; is equal to the identity map, a Hom-Lie n-uplet systems is a Lie
n-uplet systems. So Lie n-uplet systems are special examples of Hom-Lie n-uplet systems.
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Let (g,[, |, @) be a Hom-Lie algebra. We define the following n linear map:

[ Tng®™ — g
(B (@iew) = o] = [l oo a@)] a?@)] -0 @) 0" @)
For n=2, [x1,x3]2 = [21,22] and for n > 3 we have [x1, -+, Zn]n = [[21, s Tn-1]n—1,Tn]

The following result gives a way to construct Hom-Lie n-uplet system starting from a classical Lie n-uplet
system and algebra endomorphisms.

Proposition 3.10. Let (G,[ ,---, |) a Lie n-uplet system and o : G — G a linear map such that
alfzr, -+ xn]) = [a(zr), -+ ,a(x,)]. Then (G, [, -, Ja, @) be a Hom-Lie n-uplet system, where [T1,- -+, Tpla =
[a(xl)v T 7O‘(In)]7 fOT all xy,--- o, €G.
Theorem 3.11. Let (g,], |, ) be a multiplicative Hom-Lie algebra. Then

gn = (ga[ » T ]nao‘nil)

is a multiplicative Hom-Lie n-uplet system.

When n = 3 we obtain the multiplicative Hom-Lie triple system constructed in Theorem 3.5. To prove
this theorem we need to the following lemma.

Lemma 3.12. Let (g,[, |,a) be a multiplicative Hom-Lie algebra, and ad® the adjoint map defined by
ady(y) = ady(y) = [x,y]

Then, we have

n

adZn1 oy lyr, - ynln = Y o), alyk-1), adi(ye), ki), - Yn)ln,
k=1

where x € g,y € g and (Y1, ,Yn) € g".
Proof. For n = 2, using the Hom-Jacobi identity we have
adg o[y, 2] = (@), [y, )] = [[2,9], a(2)] + [a(y), [, 2]]
= [ad3(y), a(2)] + [a(y), ad3 (2)].

Assume that the property is true up to order n, that is

a.din71(x) [y17 o 7yn]n = Z[a(yl)u T 7a(yk:—1)7 ad?((yk)u a(yk+1)7 T 7a(yn)]n
k=1
Let z € g and (y1, ,Yn+1) € g" "1, we have

n—1

adan () [y1, -+ Ynt1] = adin (o [[U1, -+ Ynlns @ (Ung1)]2

= [ad2 sy Habns 0" o)+ [lawn), -+ @)y Aoy (@7 (asn)|

2

=3 [l o) ad2(w), i)+ alyn)bas @ (g
k=1

2

y). syl 0" ad (gai))]

= o).+ aly) a2 (w). alwia). - alyn) aasn)|

k
+ [a(yl)f" 7a(yn)7adi(yn+l)i|n+1

= > o)+ o). ad @) alin ), olyn)] -
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The lemma is proved. O

Proof. (Proof of Theorem 3.11) Let X = (21, ,2,-1) €g" ' and Y = (y1, -+ ,yn) € g".
(i) Its easy to see that [z1, 21,22, -+, Tn_1]n = [ - - [x1, 21]2, a(22)]2, @®(23)]2, - - - ]2, @2 (2p—1)]2 = 0
(ii) Using lemma (3.12), we have

an—l(

= [le" @), @ @)t [0 2 () @ 2 ()l

= adi”71[11,~-~ 1] ([an_Q(y1)7 U 7an_2(y")]")

fL'l), e 7an_1($n—1)7 [y17 e 7yn]n:|

n 2

=3 [ ) adl, (@R ) 0" T ()|
k=1
D D) LT RN PP e (O PRI ]
k=1
=3 [ o e 0" )]
k=1
O
Example 3.13. Using Exemple 1.5 and by the theorem (3.11), for A € R* we have:
Forn =3, (sla(R),[, , ]3,0a3) is a Hom-Lie triple system. The different brackets are as follows:
[H,X,Y]s =[[H,X]ay,ox(Y)]a, =2H ; [H,X,H|s = —4MNX ; [H)Y,X|3=4H.
[HY,H)s=-Y ; [X,V\Y]z=-%Y ; [X,V,X]3=2\X.
The other brackets are zeros.
Forn =4, (slo(R),[, , , Ja,a3) is a 4-uplet Hom-Lie triple system. The different brackets are defined
as follows:
[H,X,H,H|, = [[H,X, H]3,0*(H)]o, = —4\[X, H]o, =8)\X ; [H,X,H,Y]|4=—4H
[HY,H H|l,=-5Y ; [HY,HX|y=4H ; [H X,Y,X];=4\X ; [H, X,Y,Y];=-5Y
[HY, X, X]s = 8\X ; [HY,X,Y]i=-5Y ; [X,Y,X,Y], =2H
[X,Y, X, H]ls = —4XX ; [X,Y,Y,X]s=2H ; [X,Y,Y,H];=—%Y.
The other brackets are zeros.
Proposition 3.14. Let (g,[, ],«) be a multiplicative Hom-Lie algebra and D : g — g an o-derivation

of g for an integer k. Then D is an o -derivation of gy, .

Proof. By recurrence
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For n = 3. Let z,y, 2z € g, we have
D([z,y, z]) = D([[z,y], a(2)])
= [D([z,y]), " (2)] + [[@*(2), " (y)], D(a(2))]
= [[D(), a* ()}, " (2)] + [[@* (), D()], " (2)] + [[a" (), &* ()], A D(2))]
= [D(),a*(y), a" (2)] + [a*(2), D(y), " (2)] + [a* (x), " (y), D(2)]

Now, suppose that the property is true to order n — 1, i.e:

n

D([‘Tlv e axnfl]nfl) = Z[ak(xl)v e 7D(Ik)a e 7O‘k(xn*1)]n*1'

i=1
Let (1, -+ ,x,) € g", then

D, \@ula) = D([[or, -\ @uoalaes, 0" (a))
D([xy,--- ,xn_l]n_l),a"”_z(xn)} + {[ak(;vl), e ,Oék(lCn—l)]n—l,D(Oén_2(xn))}

Dfor, - wuml-1), " 7205 @a))] + [l @), - ¥ a1, 0" (D))

S —— ——
|
A

(]

[[O‘k(xl)v e ,D(:L‘i), T 7ak(xn—l)]n—hO‘n_2(ak(xn)) + [ak(xl), T 7ak(xn—1)7D(xn)]n

i=1
n—1
= [O‘k(xl)v o D(xy), - aak(znfl)v O‘k(zn)]n + [ak(zl)a T aak(znfl)v D(zn)]n
1=1
= Z[ak(xl)v o 7D(Ii)a to aak(xﬂfl)v ak(xn)]n
i=1
O
Proposition 3.15. Let (g,[ , ], ) be a multiplicative Hom-Lie algebra and D,D’,--- D=1 an en-

domorphisms of g such that DY is an of-quasiderivation with associated endomorphism DU for
0<i<n—2. Then the (n+1)-tuple (D,D, D', D", --- D™V is an (n + 1)-ary o -derivation of g,.
Proof. Let x1,--- ,x, € g, then

D(n_l)([xla e 7$n]n) = D(n_l)([[xla e 7xn—1]n—l7$n )

]
= DD ([, @nifes)s @ ()] + [[0F (@1), - 0¥ (@)umr, DO ()]

= [D(I1>,Ozk($2), T 7ak(zn>]n + [ak(xl)v D(I2>7 o 7ak(xn)]n
+ [ak($1)7ak(x2>7 D/(CL'3), T 7ak(xn)]n i [ak($1)7 e 7ak(xn—1)7D(n_2) (xn)]n)
Therefore (n + 1)-tuple (D, D, D', D", .. D"=V) is an (n + 1)-ary o-derivation of g,,. O
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