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1. Introduction

Porosity is an essential component of functional materials for a
wide range of applications such as filtration [1,2], tissue engineer-
ing [3e5] or electrodes for energy conversion [6e8] and storage [9].
In the above-cited examples, porous ceramics are still mainly ob-
tained by a simple and efficient route, partial sintering, in which
powder particles are bonded together by solid necks formed by
material diffusion at high temperature. As a way to enhance func-
tional performance, partial sintering can be combined with tem-
plating [2,4e7] or additive manufacturing [3] in order to form
hierarchical microstructures. For functional applications, the ad-
missible level of porosity is often governed by minimum mechan-
ical strength required for handling, self-support or thermal cycling.
If higher levels of porosity could be engineered without compro-
mising the mechanical properties through efficient microstructural
design, the functional performance would be enhanced. For
partially sintered materials, Young's modulus E and fracture
Jauffr�es).
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toughness KIc both depend on the average neck size ab and on the
average coordination number Z (the number of sintered necks per
particle), two metrics conventionally used to describe the micro-
structure [10e12]. Consequently, as Green and Hardy underlined
[11]: “elasticity and fracture toughness of partially-sintered mate-
rials are linked in a fundamental way”. A sound relationship be-
tween these two important material properties and the
microstructure should be useful to select promising microstruc-
tures and help design optimal porous microstructures for specific
applications.

There is a broad class of problems in which the material or
component is subjected to internal stresses due to differential
strain. A classic example of this is thermal expansion induced
stresses e either due to thermal expansion coefficient mismatch
(e.g. coatings on substrates) or due to temperature gradients (e.g.
thermal shock). Another problem of significant contemporary in-
terest is the cyclic degradation of Li-ion battery electrodes due to
strains induced during battery charging and discharging [13e15]. In
all of these cases, the ratio KIc=E should be maximized [16]. This
parameter can be considered as the “strain tolerance” design
parameter. Nonetheless, a large body of experimental data supports



the existence of a simple proportionality law between E and KIc for
porous ceramics [17e20]. Unfortunately, if this proportionality is
verified, the ratio KIc=E would be independent of microstructure
and porosity, thus leaving no freedom to enhance strain tolerance
via microstructural design. However, Green and Hardy [11] sug-
gested, based on previous analytical work by their group [10] and
by Arato et al. [12], that the coordination number Z should play a
role. The analytical nature of their derivations required strong as-
sumptions such as small bond size and homogeneous strains
[10e12]. The validation of the proposed relationships using
experimental data was only partial, in particular because Z and ab
could not be measured [11].

In the present work, Discrete Element Method (DEM) simula-
tions are used to investigatemore deeply the relationships between
microstructure, fracture toughness and elasticity of partially sin-
tered materials. DEM allows the generation of a wide range of
particulate microstructures with direct access to Z and ab and also
access, via appropriate simulations, to mechanical properties
[21,22]. DEM results lead us to revisit previous analytical analyses in
order to propose scaling laws involving Z and ab. Based on these
findings, hierarchical heterogeneous microstructures are investi-
gated as strategies to improve the strain tolerance of partially sin-
tered materials.

2. Methods

In DEM, the porous material is represented as a packing of
overlapping spherical particles obtained numerically via compac-
tion followed by sintering. Appropriate contact laws and bond
fracture criteria are used to simulate themechanical behavior of the
microstructure described by the packing. The DEM bond model
used here is physically based, does not include any fitting param-
eter and has been validated by comparison with both Finite
Element (FE) analysis and experimental data from the literature
[21,22].

2.1. Sample generation

Realistic microstructures of partially sintered ceramics are
generated by DEM in three steps. First, a gas of particle is built by
random sequential addition. Second, the gas is densified up to a
given green density, generally in the range 0.5e0.6. For this step, an
hydrostatic pressure is applied while particles interact according to
Hertzian contact law [23]. Third, the green microstructure is
numerically sintered up to its final density. The sintering model
proposed by Bouvard and Mcmeeking [24] was used with param-
eters typical of ceramics [25].

This procedure allows the generation of heterogeneous and hi-
erarchical microstructures via the use of pore formers or by sin-
tering of already consolidated aggregates. In the first case a second
population of larger particles are added during the gas generation
and removed before sintering tomimic pore formers (Fig.1a). In the
second case, aggregates with a given size are randomly cut within a
microstructure already generated by compaction and sintering, and
used to create the initial gas. Then the gas is conventionally com-
pacted and sintered (Fig. 1b).

For this study, the following sets of fully periodic numerical
samples were generated:

- Two sets of homogeneous samples with green densities of 0.5
and 0.6 with 100,000 particles of radius R and approximate di-
mensions of 10R� 200R x 400R similar to the ones used in
Ref. [22].

- A set of heterogeneous and hierarchical samples generated by
the pore former techniquewith a green density of 0.6 within the
2

walls (i.e. microporous material in-between macropores),
200,000 particles and approximate dimensions of 20R� 200R x
400R. The pore formers were 5 times larger than the particles
and their volume fraction was set to 0.25 (with regard to the
volume of ceramic particles). Referred hereafter as pore former
samples.

- A set of heterogeneous and hierarchical samples generated by
the sintering of pre-calcined aggregates. 150,000 particles were
used and the dimensions of the periodic box was approximately
15R� 200R x 400R. Aggregates of density 0.77 from a sintered
body with a green density 0.6 were used. The size of the ag-
gregates was 6 times the particle size with a distribution
of± 33%. Referred hereafter as aggregate samples.

The large number of particles used is required to correctly assess
fracture toughness [22]. For each set of samples, different values of
final density are obtained by stopping the course of the numerical
sintering at various simulation times.
2.2. Elasticity modeling

Contact lawswere obtained from FE calculations at the scale of a
bond and from beam theory. Normal stiffness, tangent stiffness and
rotational stiffnesses of the bond are intricate functions of the
elastic properties of the particles (Young's modulus and Poisson
ratio) and of the size of the neck [21,26e28]. In addition, a so-called
bond interaction displacement is introduced within the normal
contact law to account for the elastic ovalization of the spherical
particle under load [21,27]. The macroscopic behavior results from
writing explicitly the force and moment equilibrium for each par-
ticle. The effective elastic properties (Young's modulus and Pois-
son's ratio) are deduced from the average stresses and strains via
the Hooke's law. This elastic model, containing no fitting parameter,
has been validated by comparison with both FE and experiments
[21]. The main limitation of this modeling approach is its validity at
high relative density. Indeed, the model assumptions break down
when impingement of sintered necks becomes significant. This
typically occurs around ab/R¼ 0.5 to 0.6 (corresponding to densities
in the range 0.75e0.85 for homogeneous microstructures).
2.3. Fracture toughness modeling

The contact law is complemented with bond fracture criteria
leading to the brittle fracture of bonds in tension or shear. An
analytical calculation of the strain energy release rate at the scale of
a single bond leads to fracture criteria that are functions of the
intrinsic bond toughness. In this approach, the neck between the
two particles is considered as an advancing crack with a stress
singularity [22]. Assuming that the only energy penalty for fracture
at the scale of a bond is the creation of free surfaces (no plasticity),
the intrinsic bond toughness is approximated as twice the surface
energy gs [22,29]. The fracture toughness of the numerical micro-
structures is then evaluated by applying Linear Elastic Fracture
Mechanics (LEFM) to the fully periodic slabs equipped with a pre-
crack and strained up to failure [22]. We have shown that this
procedure successfully reproduced experimental data on porous
alumina, yttria-stabilized zirconia e nickel oxide composite and
magnesiaemagnesium aluminate compositewith a typical surface
energy for ceramics of 1 J m�2 [22]. These physically motivated
bond fracture criteria lead to an OrowanePetch type relationship
between the strength and the inverse square root of particle size
[30]. However, fracture toughness is independent of particle size
[22].



Fig. 1. Typical numerical samples generated with insets showing the evolution of microstructure and coordination number Z during the generation procedure. The slices shown in
insets are 3 particles thick. (a) Pore former sample. (b) Aggregate sample.
3. Results and discussion

3.1. Homogeneous microstructures

In order to elucidate the relationships between E, KIc and the
microstructure, samples with homogeneous porous microstruc-
tures were studied for two different initial green densities of 0.5
and 0.6 (hereafter denominated D050 and D060), in the final density
range of 0.5e0.8. Two assumptions have been proposed to calculate
the neck size [31,32]: (1) the excess matter within the particle
overlap region is redistributed homogeneously within the particle
(truncated spheres model, Fig. 2a) or (2) redistributed within the
neck (tangent torus model) which leads to larger (and thus stiffer)
bonds (Fig. 2b). This later geometric approximation was first pro-
posed by Coble [31]. In a real system, the exact redistribution of
matter depends on the mass transport mechanisms and their
relative importance over the course of sintering [24,31,33]. For
example, systems promoting surface diffusion and/or evaporation-
condensation (non-densifying mechanisms) via non-conventional
sintering [34e36] or nanoparticle addition [37,38] are believed to
be closer to the Coble's model while conventionally sintered
alumina is probably closer to the truncated spheres model [21].
Indeed, the center-to-center approach of the particles is governed
by the density and, at a given density, the necks will be larger if
both densifying and non-densifying mechanisms are operating. As
3

reported in Fig. 3, a wide range of neck size and coordination
number is obtained with our numerical samples. Note that samples
with a lower green density exhibit a larger neck size and a lower
coordination number while samples using Coble's model have
larger necks but similar coordination compared to samples using
truncated spheres model. DEM simulations provide dimensionless

Young's modulus ~E ¼ E
E0

and fracture toughness K
�
Ic ¼ KIc=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gs

E0
1�v20

q
for each microstructure where E0, v0 and gs are the Young's
modulus, Poisson's ratio and surface energy of the dense material
[21,22]. The simulation results are used in the following to assess
microstructure-mechanical properties relationships.

Based on an analytical analysis of a sphere subjected to an hy-
drostatic pressure, Green et al. proposed a scaling relationship
between the effective bulk modulus K, the average compliance of a
contact F and the coordination number Z : Kf Z

FR [10]. However,
our DEM simulations did not confirm this relationship, likely due to
the simplifying assumptions used by Green et al., in particular the
Voigt assumption (i.e. homogeneous strain). Indeed, it has been
shown that decreasing the coordination number Z increases the
strain field heterogeneity, thus moving the system away from the
Voigt assumption [39]. In order to account for this effect, Green's
relation is modified using a power exponent m on Z, yet to be
determined. In addition, since the Poisson's ratio exhibits only
limited variations in the considered density range [21], the



Fig. 2. The two models used to calculate the neck size ab. Grey arrows show the redistribution of matter. (a) Truncated spheres model: matter within the particle overlap is
redistributed in volume. (b) Tangent torus model or Coble's model: matter within the particle overlap is redistributed within the neck.

Fig. 3. Evolutions of the coordination number Z and of the relative neck radius ab/R as
a function of relative density for homogeneous microstructures. Samples using the
truncated spheres model at the necks are referred as D050 and D060 for green densities
of 0.5 and 0.6 respectively while samples using Coble's model are referred as D050-
Coble and D060-Coble. Z of D050-Coble and D060-Coble are similar to D050 and D060
ones respectively and thus are not reported for the sake of clarity. Samples with a
lower green density have a larger neck size but a lower Z. Using the Coble assumption
leads also to larger neck sizes but without reducing Z. (For interpretation of the ref-
erences to colour in this figure legend, the reader is referred to the Web version of this
article.)

Fig. 4. Compliance of a finite contact according to Eq. (4) in Ref. [21]. The small bond
limit corresponding to a Hertzian contact is also shown for completeness.

Fig. 5. Force N at the first contact ahead of the crack tip in a regular array of spheres
loaded in pure mode I. r is the distance from the crack tip.
relationship can be written in terms of the Young's modulus:

Ef
Zm

FR
(1)

The compliance of a finite particle junction has been deduced
from FE analysis byMcMeeking et al. [26,27] and is used in the DEM
model [21]. It is a complex function of the relative neck size and of
the elastic properties of the particles, including their Poisson ratio
n0. From the actual expression (Eq. (4) in Ref. [21]), the normalized
compliance is plotted as a function ab/R in Fig. 4 for n0¼ 0.2. The
best power-law fit to the actual expression in the range
0:1< ab

R <0:5 gives the following scaling law:

FRf
�ab
R

��1:4
(2)

After substitution in Eq. (1) a scaling law relating Young's
4

modulus to microstructural parameters is obtained:

EfZm
�ab
R

�1:4
(3)

Assuming an elastic-brittle behavior, a similar scaling law can be
derived for fracture toughness. A simple analysis on a cubic array of
sintered particle equipped with a crack, as sketched in Fig. 5, gives



the force N at the first contact ahead of the crack tip [11,22]. Briefly,
the stress normal to the crack plane is given by LEFM:

szz ¼ KIffiffiffiffiffiffiffiffiffi
2pr

p (4)

where r is the distance from the crack tip and KI the mode-I stress
intensity factor. This stress can then be integrated to obtain the
expression for N [11,22]:

N ¼
Z2R
0

szz2Rdr ¼ 4KIR3=2ffiffiffiffi
p

p (5)

However, for a random geometry, the force N should depend on
the coordination number Z. It is expected that N decreases with
increasing Z as more contacts become available to distribute the
mechanical loading. Consequently, and in contrast with Green
et al.’s work [11] that did not consider any effect of Z on KIc, the
more general form is proposed:

Nf
KIR3=2

Zp
(6)

where p is an exponent to be fitted to DEM numerical simulation
data. At the onset of failure, the force reaches sfpab2 where sf is the
strength of the bond leading to the following scaling law for frac-
ture toughness:

KIcfsf

ffiffiffi
R

p �ab
R

�2
Zp (7)

The bond strength sf has been obtained as a function ofF, ab and
the bond toughness G in Ref. [22], from a strain energy release rate
calculation at the scale of the bond that is considered as an
advancing crack (a stress singularity is assumed at the tip of the
crack):

sf ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

pab2F

s
fab

�0:5
�ab
R

�0:2
(8)

Combining Eqs. (7) and (8) leads to:

KIcfZp
�ab
R

�1:7
(9)

Finally, using a best-fit procedure to the DEM simulation results,
the exponents m and p are determined for Eqs. (3) and (9). An
alternative approach is to assume for both E and KIc a scaling law of

the general form Zm
�
ab
R

�n
and apply a best fit procedure on both

exponents m and n, without considering the above analytical as-
sessments for n. Values for the exponents obtained using the two
methods are reported in Table 1. It is worth noting that the expo-
nents obtained from DEM data are very close to those determined
using the analytical values for n thus supporting our analysis and
procedure. Fig. 6 shows that Eqs. (3) and (9) capture strikingly well
Table 1
Scaling laws exponents from best fit procedure.

EfZm
�
ab
R

�n

best fit m & n analytical n & best fit m

m 2.4 2.4
n 1.3 1.4a

a Values given by Eqs. (2) and (7).
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the influence of microstructure on Young's modulus and fracture
toughness. The proposed scaling laws confirm the intuitive idea of
increasing the neck size to improve the mechanical properties at a
given density, already demonstrated experimentally by several
researchers [34e38]. However, the fracture toughness is markedly
less sensitive to Z than the Young's modulus which has important
implications when considering a strain tolerant design. The strain
tolerance parameter KIc=E can be directly deduced from Eqs. (3) and

(9): KIc
E f ðab=RÞ0:3

Z0:9 . It is clear from this relationship and the corre-
sponding plot (Fig. 7) that the strain tolerance, at a particular value
of sintered density, can be significantly improved by starting with a
lower green density sample that promotes larger neck size and
lower Z, but only slightly by promoting surface diffusion that will
only increase the neck size and keep Z constant.
3.2. Hierarchical heterogeneous microstructures

Additional insights on the effect of the microstructure on strain
tolerance are obtained by using DEM on more complex engineered
microstructures. In particular, we postulate that the introduction of
heterogeneity may have a beneficial effect on strain tolerance. For
example, heterogeneity and hierarchy resulting from the use of
pore formers to create a population of macropores is beneficial for
functionality [2,5e7] and has also proven to be efficient in
improving Young's modulus and strength [40]. Another strategy to
introduce heterogeneity is the use of pre-calcined aggregated
powders [41]. In order to investigate the mechanical performance
of heterogeneous and hierarchical microstructures two additional
sets of samples were studied:

- pore former samples obtained with spherical pore formers,
- aggregate samples obtained by sintering of pre-calcined
aggregates.

The green density within thewalls was set to 0.6 for comparison
with D060 homogeneous samples investigated in section 3.1. This
choice leads to global green densities of 0.52 and 0.49 for pore
former and aggregate samples, respectively. Also, still for the sake
of comparison, only the truncated sphere model is considered for
the necks. Fig. 8 displays slices of typical 3D microstructures of
homogeneous, pore former and aggregate samples at an identical
sintered relative density of 0.61. The mechanical performance of
these microstructures is directly assessed using the strain tolerance
parameter ~KIc=

~E and reported in Fig. 9a. It is clear that the micro-
structure has a significant effect on this parameter. For example, at
a relative density as low as 0.55, the strain tolerance of a micro-
structure with hard aggregates is much larger than for a homoge-
neous microstructure with relative density of the order of 0.7e0.8.
The effect is dramatic in that by introducing suitable heterogeneity,
at a given sintered density, the strain tolerance parameter can be
increased by as much as a factor of two over comparable homo-
geneous microstructure. Note that adding spherical macropores
using pore formers significantly improves the fracture toughness,
but also increases the Young's modulus thus leading only to a slight
KIcfZp
�
ab
R

�q

best fit p & q analytical q & best fit p

p 1.5 1.5
q 1.8 1.7a



Fig. 6. Scaling laws for homogeneous microstructures (a) Scaling law for the relative Young's modulus (b) Scaling law for the dimensionless fracture toughness K
�
Ic ¼ KIc=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gs

E0
1�v02

q
.

Dashed lines show the best linear fit. Error bars denote the standard deviation of five DEM simulations.

Fig. 7. Strain tolerance parameter K�
Ic

E� as a function of final relative density for ho-
mogeneous samples. Error bars denote the standard deviation of five DEM simulations.
improvement of the ~KIc=
~E ratio (Fig. 9b). The gain in Young's

modulus obtained by the addition of spherical macropores is
explained by larger values of Z and ab/R but also by the superim-
position to the microporosity (resulting from partial sintering) of a
more mechanically efficient porosity in terms of elasticity [42].
Similarly, in addition to larger necks, the so-called crack-tip
blunting effect [43e45] contributes to the fracture toughness in-
crease of the pore former microstructure. Samples obtained from
pre-calcined aggregates are very specific in the fact that the inter-
macropores regions are aggregates of particles already fused by
large necks before sintering. This gives rise to a bimodal distribu-
tion of neck size as observed in Fig. 8 that will ultimately merge at
high relative density. The aggregate microstructure leads to a sig-
nificant improvement of the fracture toughness due to large necks,
but in contrast to the pore former microstructure, the increase of
the Young's modulus is not as marked as the increase in fracture
toughness, thus leading to the high strain tolerance observed in
Fig. 9a. Young's modulus stays relatively low in this case for two
main reasons:

- Z is low and similar to the homogeneous microstructure,
- macropores have an irregular shape which is less efficient in
terms of elasticity than spherical pores [42].
6

3.3. General scaling law

It is worth noting that the scaling laws (3) and (9), established
for homogeneous distribution of Z and ab/R, are not appropriate for
the heterogeneous microstructures. Indeed, the average values of Z
and ab/R cannot describe alone the microstructural complexity of
the pore former and aggregate samples, in particular the presence
of macropores and the bimodal distribution of neck size of the
aggregate microstructure. However, as an attempt to find a very
general relationship between E and KIc, the scaling laws (3) and (9)
can be combined to obtain the following result:

KIcf
E

Z0:9

�ab
R

�0:3
z

E
Z

(10)

In order to assess the relevancy of this potential simple pro-
portionality relationship, in particular as compared to a simple
proportionality between Young's modulus and fracture toughness,
~KIc is plotted as a function of ~E and ~E=Z in Fig. 10a and Fig. 10b,
respectively. All the numerical samples studied in sections 3.1 and
3.2 are considered, plus two additional samples with bimodal
particle size distribution and experimental data on porous alumina
from publications by Rodel and co-workers [19,46,47]. Samples
with bimodal distributions D048-bimod and D063-bimod con-
tained 70% volume fraction of particles with a size ratio of 2. The
green densities used were 0.48 and 0.63 respectively. The simula-
tion results show that while a simple plot of ~KIc versus ~E leads to a
large scatter in the data, Eq. (10) is a much better fit to the results
for the wide range of numerical microstructures investigated. The
proposed law is less striking for experimental data but it should be
remembered that there is significant uncertainties in the mea-
surement of mechanical properties and that Z (unreported and
probably not accessible on such fine particle system) is estimated
using the very simple quadratic law proposed by German [48].
Relation (10) reflects the fact that the variation in ~KIc=E ratio mainly
arises from a variation in Z. Nevertheless, a close examination of
Fig. 10b indicates that some samples slightly deviate from the
master line, due to the fact that other parameters (e.g. the shape of
macropores or neck size) also play a second order role. A linear fit of
simulation data provides a direct relationship between the me-
chanical properties of the porous body (E, KIc), its microstructure (Z)
and the properties of the constituent material (E0 and gs):

KIcz30
ffiffiffiffiffi
gs
E0

r
E
Z

(11)

A Poisson's ratio of 0.2, typical of oxide ceramic materials was
assumed to derive Eq. (11). We believe that this relationship can be



Fig. 8. Hierarchical heterogeneous microstructures. For the sake of comparison, a sample of each microstructure is presented with the same overall relative density of 0.61. (a)
Microstructures and coordination number Z. The slices are 3 particles thick. (b) Neck size distribution. Mean values for ab/R and Z are reported within < >.

Fig. 9. (a) The strain tolerance parameter K
�
Ic

E� is reported as a function of density for the homogenous reference and heterogeneous microstructures (pore formers and aggregates).
(b) Dimensionless Young's modulus ~E and fracture toughness ~KIc as a function of density. This plot demonstrates that ~E and ~KIc are generally intrinsically linked except for ag-
gregates that promote a larger relative increase of ~KIc compared to ~E. Error bars denote the standard deviation of five DEM simulations.
of significant practical use for material scientists seeking to eval-
uate and optimize themechanical properties and particularly strain
tolerance of porous ceramic materials or for engineers in designing
components and systems with porous ceramics.
4. Conclusion

Previous attempts of relating E and KIc of partially sintered
materials have been revisited in light of extensive DEM simulations.
In particular, scaling laws linking the Young's modulus and the
fracture toughness to the microstructure are proposed for any
7

linear elastic partially sintered material. It was found that the
proportionality between E and KIc often observed experimentally is
related to a more general relationship where the coordination
number plays a significant role. The proposed relationship dem-
onstrates that microstructure actually matters for strain tolerant
design, in contrast to several previous claims that the strain toler-
ance parameter KIc=E is independent of the microstructure and
density and only dependent on the material [17e20]. In particular
starting with low green densities improves the strain tolerance of
the material. The introduction of heterogeneity and hierarchy via
two different methods has been also evaluated. It turns out that the



Fig. 10. General scaling law. (a) ~KIc versus ~E plot showing a large spread of the numerical data points (b) ~KIc versus ~E=Z plot. The master line obtained for partially sintered ceramics
underlines the importance of minimizing Z for strain tolerant design. D048-bimod and D063-bimod refer to samples with a bimodal distribution of particle size with green densities
of 0.48 and 0.63, respectively. Open symbols refer to experimental data on alumina with green densities of 0.61 (D061 from Ref. [46]), 0.52 (D052 from Ref. [47]) and 0.55 (D055 from
Ref. [19]). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
use of particle aggregates significantly improves the strain toler-
ance while the use of spherical macropores, although beneficial,
has a more limited effect. Still, these two examples demonstrate
that introducing controlled microstructural heterogeneity is an
intriguing strategy for improving the mechanical performance of
porous materials, especially when considering applications in
which failure is caused by differential strains. Finally, the scaling
relationship KIcf

E
Z is proposed and validated by DEM simulations

for a wide range of microstructures including hierarchical and
bimodal ones.
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