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SUP x INF INEQUALITY FOR AN ELLIPTIC EQUATION.

SAMY SKANDER BAHOURA

ABSTRACT. We give a sup X inf inequality for an equation with nonlinear perturbation with
Serrin exponent.

1. INTRODUCTION AND MAIN RESULTS

We are on Riemannian manifold (M, ¢) of dimension n > 3. In this paper we denote A, =
—VJ(V;) the Laplace-Beltrami operator and N = 22
We consider the following equation

(1 Agu = V=1 4 W/ =2y > 0.

Where V is a function.
Fora,b,c,d, (A;), (B;) > 0, we consider a sequence (u;, V;, W;); of solutions of the previous
equation with the following conditions:

0<a<V,<b< —+o0,
[IVVilloo < A; — 0.
O0<cec<<W; <d< +o0,

IVWilleo < Bi.

Here we study some properties of this nonlinear elliptic equation. We try to find some esti-
mates of type sup x inf. We denote by S, the scalar curvature.

There are many existence and compactness results which concern this type of equations, see
for example [1-21]. In particluar in [1], we can find some results about the Yamabe equation and
the Prescribed scalar curvature equation. Many methods where used to solve these problems, as
a variationnal approach and some other topological methods. Note that the problems come from
the nonlinearity of the critical Sobolev exponent. We can find in [1] some uniform estimates for
various equations on the unit sphere or for the Monge-Ampere equation. Note that Tian and Siu
proved uniform upper and lower bounds for the sup + inf for the Monge-Ampere equation under
some condition on the Chern class, see [1]. In the case of the Scalar curvature equation and in di-
mension 2 Shafrir used the isoperimetric inequality of Alexandrov to prove an inequality of type
sup + inf with only L°° assumption on the prescribed curvature, see [21]. The result of Shafrir
is an extention of a result of Brezis and Merle, see [4] and later, Brezis-Li-Shafrir proved a sharp
sup + inf inequality for the same equation with Lipschitzian assumption on the prescribed scalar
curvature, see [3]. Li in[17] extend the previous last result to compact Riemannian surfaces. In
the higher dimensional case, we can find in [15] a proof of the sup x inf inequality in the con-
stant case for the scalar curvature equation on open set of R™. We have various estimates in [2]
when we consider the nonconstant case. To prove our result, we use a blow-up analysis and the
moving-plane method, based on the maximum principle and the Hopf Lemma as showed in [2,
3, 15, 17], and a condition on the scalar curvature is sufficient to prove the estimate.

Our main result is:

Theorem 1.1. Assume Sy > 0 on M, then, for every compact K of M, there exist a positive
constant ¢’ = c(a,b,¢,d, (4A;), (B;), K, M,n, g) such that:
5111<p U; X iﬁf u; < c.



Remark: in the case where (M, g) = (2 C R™,§) an open set of the euclidean space with
the flat metric, we have the same inequality on compact sets of {2 in this case the scalar curvature
S5 = 0, see a previous print.

If we consider the Green function G of the Laplacian with Dirichlet condition on small balls

of M, we can have a positive lower bound for G and we have the following corollary:

Corollary 1.2. Assume Sy > 0 on M, then, for every compact K of M, there exist a positive
constant ' = ’(a, b, c,d, (A;), (Bi), K, M, n, g) such that:

2n

n—2 /!
/ u/ “dvg <.
K

2. PROOF OF THE THEOREM.

Let us consider zy € M, by a conformal change of the metric § = ¢*/("=2) g with ¢ > 0 we
can consider an equation of type:

2) Aju+ Rzu = Va1 + W2/ (n=2)yn/(n=2) 4. Ryp* N, u> 0.

with,

Riccig(zg) = 0.
n—2

n
4(n — 1)59

-2
HGI'C; Rg = msg and R§ =

Part I: The metric in polar coordinates.

Let (M, g) a Riemannian manifold. We note g, ;; the local expression of the metric g in the
exponential map centered in x.

We are concerning by the polar coordinates expression of the metric. Using Gauss lemma, we
can write:

g=ds*=dt* + gfj (r,0)d0'de? = dt* + r2§fj(r, 0)do'de’ = g, ;;dx’da?,
in a polar chart with origin 7, ]0, eo[xU*, with (U*,4)) a chart of S,,_;. We can write the
element volume:

dVy ="~ /|gk|drdd" ...do" "t = \/[det(gyij)]dat ... da",

AV, = "1/ [det(gs.ij)] [exp, (r0)]a* (0)drdo" . ..do" ",

then,

where, o is such that, dos, , = of(0)df' ...d6"'. (Riemannian volume element of the

sphere in the chart (U*, 1)) ).

Then,

VIdt| = ¥ (0)/det(g..i7)).

Clearly, we have the following proposition:
Proposition 2.1. Let o € M, there exist ¢; > 0 and if we reduce U*, we have:

|6T§fj(x,r, 0)| + |8T89m§fj(ac,r,9)| <Cr, ¥V z€ Bz, e)Vrel0,e], VU

and,

|8T|§k|(z,r,9)| + 8T89m|§k|(z,r,9) <Cr, Ve B(xg,e1)Vre|0,e], V€ Uk,
2



Remark:

Or[log /|g*|] is a local function of 8, and the restriction of the global function on the sphere

Sn—1, Oy [log \/det(gs,i;)]. We will note, J(z,7,0) = \/det(gs.ij)-

Part I1: The laplacian in polar coordinates

Let’s write the laplacian in [0, ¢;] x U*,

n—1 - 1 ~9igi [~
00 + O [log \/13410r + ——==0p: (3" \/13"1091)-

ATt 7]

We have,

—1 1 ipd
A =0+ 20, + Oy log J(x, 1, 0)0, + ———0841 (37 \/15%|945 ).
r V13"

We write the laplacian ( radial and angular decomposition),

-1
~A =8, + nTar + Oy [log J (z,7,0)]0r — As, (2),

where Ag, (5 is the laplacian on the sphere S,.(z).

We set Lg(z,7)(...) = r?Ag, (z)(...)[exp,(r0)], clearly, this operator is a laplacian on S,,_;
for particular metric. We write,

L@(l’, T) =A

gm,ngn71 9

and,

n —

" 18T + Op[J(z,7,0)]0, —

1
—Lg(z, 7).

A=+ =

If, u is function on M, then, u(r,6) = ulexp,(r0)] is the corresponding function in polar
coordinates centered in . We have,

-1 1
3) —Au = 0,7 + ”Ta,.a +0,[J (.7, 0)0,7 ~ — Lo(a,r)a.

Part I11: ’Blow-up” and ’Moving-plane” methods

The ”’blow-up’’ analysis

Let, (u;); a sequence of functions on M such that,

@) Agui + Rgu; = Vi = 4 Wi/ (=22 L R 2Ny >0, N = 5
—

We argue by contradiction and we suppose that sup x inf is not bounded.

We assume that:
V ¢, R > 0 3 uc,g solution of (E) such that:

R"2 sup Ue,r X infue g > c. (H)
B(IU,R) M



Proposition 2.2. There exist a sequence of points (y;):, yi — o and two sequences of positive

u;lexp,,
real number (1;);, (L;);, l; — 0, L; — 400, such that if we consider v;(y) = %
Ui \Yi
have:

’

i) 0<wvi(y) <B <2079/2 8 1.

1 (n—2)/2
i7) v (y) — <T||2) , uniformly on every compact set of R”.
Y

i) 1T ()] % inf u; — oo
Proof:
Without loss of generality, we can assume that:

V(zg) =n(n —2).
We use the hypothesis (H). We can take two sequences R; > 0, R; — 0 and ¢; — +00, such
that,

R,(n=2)

i sup u; X infu; > ¢; = +o0.
B(zo,R:) M

Let, z; € B(wo, R;), suchthatsup g, g,y ui = ui(zi) and s;(z) = [R;—d(x, 2;)] "= 2y (x), x €
B(ZL'Z', Rz) Then, T; — X9.

We have,

BlaTt )Si(w) = si(yi) > si(xi) = B2 Puy () > \/e; — +oo.

Set :

wilexp. (z/[u;(y;)]?/ (=2
li = R — d(yi, v;), Ui(y) = wilexp,, (y)], vi(2) = [expy, (2/[ui(y:)] )].

Clearly, y; — xo. We obtain:
_ Li 2z 5@ /TR )
L= (c;)1/2(n—2) [ui(y:)] ) =z A2n=2) — ¢ — too.
1
If [z] < Ly, then y = exp,, [2/[ui(y:)]* "] € Blyi,dili) with 6; = d

(c;)1/2(n=2) an
d(y,y:;) < R; — d(y;, ), thus, d(y, x;) < R; and, s;(y) < s;(y;), we can write,

wi)[Ri = dly, y)] " < iy (1),

3

But, d(y, yz) < ;l;, R; > l;and R; — d(y, yz> > R; —6;l; > 1; —6;l; = lz(l — 51), we obtain,

< o(n-2)/2.

. Uz(y) Li
0 <wi(z) = wi(yi) < Li(l — ;)

1 (n—2)/2
We set, 3; = (1 5) , clearly 8; — 1.

:| (n—2)/2

The function v; is solution of:

. . ”7,(‘0—2/(71—2) B —4/(n—2) 3
_ ik o ik / AP T n/(n=2)  BPT T y N-1
g [expyi (y)]ajkvi ak {g |g|} [expyi (y)]a]vl - [uz(yz)]Q/(”’Q) Uy Jr[uz(yz)]‘l/(””) ’U1+V1’Uz ’
4



By elliptic estimates and Ascoli, Ladyzenskaya theorems, (v;); converge uniformely on each
compact to the function v solution on R™ of,

(5) Av=n(n—-2)vV"1 v0)=1, 0<v<1<20072/2
By using maximum principle, we have v > 0 on R", the result of Caffarelli-Gidas-Spruck (

see [6]) give, v(y) = < 1

(n—2)/2

m) . We have the same properties for v; in the previous
Y

paper [2].

Polar coordinates and ’moving-plane”’ method

Let,

w;(t,0) = e(”72)/2&i(et, 0) = e(”72)t/2uioexpyi (e'0), et a(y;,t,0) = log J(y;, €', 0).
Lemma 2.3. The function w; is solution of:

(6)
—Opw; —Byadyw; — Lo(yi, ) +cw; = ViwlelJretWiw*Q/(an)w;ﬂ/(n—ﬂ+M€2t¢74/(n72)wi,

with,

n—2\2 n-2
CC(Z/iJﬁ)( 5 > + 7 ora + Rye?'.

Proof:
We write:

-2 -1 —2\°
8twi = e”t/Q&ﬂi + nT’LUi, 8ttwi = €(n+2)t/2 |:(97«r’l_1,i + n 1 8Tﬁz] + <TL 9 ) ws.
e

8tawi .

Ora = €'0, log J (ys, €', 0), Osadyw; = e(nt2)t/2 [0, log JOru;] + n-
the lemma is proved.

Orh
Now we have, 0;a = 2—1, b1 (yi,t,0) = J(yi, et,0) >0,
1

We can write,

—Watt(\/blwi)—Lg(yi, e w;+[c(t)+b] 1/ng(t7 0)w; = Viw ~ et Wip=2/ (=2 /( 2)+M€2t(p 4/ (n=2)qy..
1

1
where, ba(t,0) = 0y (v/b1) = ——=

Optby —
2\/Ett14

1 2
W(atbl) :

Let,
w; =/ bw;,
Lemma 2.4. The function w; is solution of:

(;) + 2V (;). Vg log(v/b1) + (¢ + by /by — eo)ib; =

Sp—1

78”11}1' + Agyi,et

1 (N-2)/2 1 1/(n—2)
7 =V, (b_) 1va71+etW¢<p_2/("_2) (b_) ﬁ)?/(nﬂ)+u62t@—4/(n—2)u~)“
1 1

1

TR, (VB Vo log(VE P
1 n—1

5

where, co = |



Proof:

We have:
1\ (V-2)/2
—0p; — \/b1Agw; + (¢ + ba)w; = V; (b_) ay T+
1
1\ V=2 ,
+etWi8072/(n72) <b_> ﬁ)?/(n— )+‘ul62t9074/(n72)ﬁ)i'
1
But,

Ag(v/brw;) = \/EAgyi,et,§ Wi 2Vow;.Vo/b1 + wilg . (v/b1),

Sn—1
and,

VG(\/b—lwi) = wNe\/a+ \/avewi,
we deduce than,
Vi Agw; = Ng(;) + 2V (;). Vg log(y/b1) — cath,

1
with ¢y = [ﬁAgyivetSn,l (vb1) + |Va log(y/b1)|?]. The lemma is proved.

The ’moving-plane” method:

Let &; a real number, and suppose & < t. We set t& = 2¢; — ¢ and @' (t, 0) = w; (t5, 6).

We have,

— O + Ag(;) + 2V (105). Vg log(v/b1 ) + [e(t5) + by V2 (#5, Yo (£5) — S =

2

1 (N-2)/2
=V | = UNJ& N71+

1\ V(-2 ,
et W2/ (=2 (b_) w:}/(n— )+u62t¢—4/(n—2)wi'
1

By using the same arguments than in [2], we have:

Proposition 2.5. We have:

1) ’lI)Z(AZ,@) — ’LZ}Z(Az + 4,9) > l~€ > 0, Voce Snfl.
Forall B > 0, there exist cg > 0 such that:

1
2) — D2 < (N +1,0) < gDV Vi< B VOES, 1.
cp

We set,

Zi = —0u(...) + Dg(..) + 2V (...). Vo log(v/b1) + (c+ by /%by — ¢2)(...)

Remark: In the operator Z;, by using the proposition 3, the coeficient ¢ + bfl/ by — o
satisfies:

¢+ 5;1/252 —cp >k >0, pour t << 0,
it is fundamental if we want to apply Hopf maximum principle.

Goal:

Like in [2], we have elliptic second order operator. Here it is Z;, the goal is to use the “moving-
plane” method to have a contradiction. For this, we must have:
6



Zi(@5 — ;) <0, if @ —w; < 0.

We write:

Zi(5 — ;) = (A5 — Do) )+

+2(V e = Voo (wf).V, e log(\/ b)) + 2V e (05).V e [log(1/b') — log V/bi]+

+2V9,etw§i.(ve otfi T V97et) IOg \/E — C + bl 1/2 by — CQ) (C + bl 1/2b2 — 02)] gl—f—

1 (N-2)/2 1\ (N-2)/2
+Vi§i <b€.> (ujfi)Nfl B 77 <b_) ﬁ)ZN_qu
1 1

(n—2)

& —2/(n— ; -;71/ ~&iyn/(n— —2/(n— —1/(n— ~\n/(n—
+et (Wi 2/( 2))&[,% (wf) /( 2),et(Wm 2/( 2))(,11/( 2)(wi) /(n=2)

+‘u(62t5i (90—4/(71—2) )& ,J)Z& - 621&90—4/(71—2)11«)1_) (* % *1)
Clearly, we have:

Lemma 2.6. .
bi(yit,0) =1— gRicciyi(O, 0)e* + ...,

Ry(e'0) = Ry(yi)+ < VRy(y;)|0 > €' + ...

According to proposition 1 and lemma 3,

Proposition 2.7.
Zi(@f — i) < Aet — ) @5V 4 (1/2) (e — ey (@) 24

+ V(@)

O —e | [WG =i (1)[10& (@ El)N Uy 9072/(7172)(11')?1')71/(7172) +uw1§i} .
Proof:

We use proposition 1, we have:

a(yi,t,0) = log J(y;, €', 0) = log by, |0:b1 (t)| + |0s:b1 (t)] + |Ora(t)] < Ce*,
and,

|0,b1] + [D6,.6,b1] + Or.0,b1] + 016,001 < Ce,
then,

|0:b1 (£5) — Oyby ()] < C'|e2t — 2t
Locally,

, on | —oo,loger] X S,-1,V x € B(xg, €1)

1 j
Ag = Ly(yi, ') = *Wael[ 377 (e,0)\/13" (e, 0)|Dps ).

Thus, in [0, €;] x U, we have,

A = ———0 (5" " \/15*100s) | (@)

&i
——00 (5" \/|" @;)} -

m

then, A; = B; + D, with,

m



Bi — {60191 (etﬁi , 9) o gelef (et, 9)} 69191/@1'& (ﬁ, 9),

and,
1 ~0lpi &i ~ & 1 ~0lod ~ &
D; = lW%l 577 (", 0)\/1%1(e", 0)] — W%l 577 (e",6)y/ |gk|(€t,9)]] Dps 5 (£,6),
we deduce,

A < Crle® — 2| [[V9if'| + V3 (")

I

We take C' = max{C;,1 < i < ¢} and if we use (* * x1), we obtain proposition 4.
We have:

B, w(t,0)  e=DIONIHE=0)/2[O-2)+E=D](9, 1) (lA-A+A-Dlg)
w) = e=DA2)FA=0]/2y,[e A-A)TO-D g] <,

and,

O, 00 (1,0) _ e DIOAIHE 20N G0 9y g,01) (el OAIFOg)
3> 1\ — 2 . S (2]

w) e(=2[A=2)+(=1)]/2y,[eA-A)+(-1)g]
with C; tending to 0 and does not depend on A < A; + 2.
We have,
n—2\%2 n-2
c(yi, t,0) = ( 5 ) + 5 ora + Rge2t, (1)
ba(t,0) = 5tt(\/a) = Lattbl - ;(atlh)Q (a2)
’ 2/ NUNEE ’
1
c=[—=4, ., (Vb)+|Velog(vb1)*],  (as)
Then,
—2
atc(yia tv 9) = (n ) )attav

by proposition 1,

|<9th| + |8tb1| + |(9tb2| + |(9t0| S K162t.
We have:

wi(26 —t,0) = wi[(& —t+& — N —2) + (N +2)],
Thus,
wl(2€l —t,0) = e[(n—Q)(fi—t-‘rfi—)\i—Q)]/26”—2vi[9€2€(€i—t)+(€i—/\i—2)] < o(n=2)/2,n-2 _ &

We set § = (n+2)—(n—2)a.

The left right side are denoted Z; et Z», we can write:

Zy = (VE = V(@ N1+ f(@s)N - a1,

K2

and,
Ty = 6%072/(”72)[(’Lz}fi)n/(n72)7(1Di)n/(n72)]+et£i (,Lbifi)n/(nf2)[(Vvisan/(an))gi7]/{/;_()072/(7172)]+
_HP_Q/(n—z) (wzgi)n/(n—z) (etﬁi . et)_

We can write the part with nonlinear terms as:
8



€2/ (n=2)

(@5 )™ D (A +o(1))(et — et) + e — et)].

where o(1) = €' — 0 come from the difference [W; *2/(”*2)]& — [Wyp=2/(n=2)),

Because w;* < ¢, we have:

= Zi((@0)% () < (@) DA D koD (e el —e () (1D (e ~e)

where o(1) = et* — 0.
Finaly:

—Zi((@i)&—(ﬁ/i)) < (u?fi)"/("_m[—1+Ai62/("_2)+0(1)](et—etsi)—i—(u?i)& (u/?)(thsi—th)
We apply proposition 3. We take t; = log+/I; with I; like in proposition 2. The fact
2
VIi[wi(yi)])? (=2 — +oo ( see proposition 2), implies ¢; = log v/I; > — logu;(y;) +2 =
n —

A; + 2. Finaly, we can work on | — oo, t;].

We define &; by:

& = sup{)\ <\ +2, 1111(2)\ —t, 9) - ’Lbi(t, f) <0 on [)\,ti] X Sn—l}-
If we use proposition 4 and the similar technics that in [2] we can deduce by Hopf maximum
principle,

énin Wi (L, 0) < max Wi (2&; — t;,0),
n—1

n—1

which implies,

12 (ys inu; < c.
u(y)xmj\}[nu <c

It is in contradiction with proposition 2.

Then we have,
supu X infu < c¢=c(a,b,A, K, M,g,n).
K M
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