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Statistical tests of heterogeneity for anisotropic
multifractional Brownian fields

Huong T.L. Vu . Frédeéric J.P. Richard

Abstract In this paper, we deal with some anisotropic extensions of the mul-
tifractional Brownian fields that account for spatial phenomena whose prop-
erties of regularity and directionality may both vary in space. Our aim is to
set statistical tests to decide whether an observed field of this kind is hetero-
geneous or not. The statistical methodology relies upon a field analysis by
quadratic variations, which are averages of square field increments. Specific
to our approach, these variations are computed locally in several directions.
We establish an asymptotic result showing a linear Gaussian relationship be-
tween these variations and parameters related to regularity and directional
properties of the model. Using this result, we then design a test procedure
based on Fisher statistics of linear Gaussian models. Eventually we evaluate
this procedure on simulated data.

Keywords isotropy - anisotropy - homogeneity - heterogeneity - increment -
quadratic variations - statistical test - anisotropic fractional Brownian field -
multifractional Brownian field

1 Introduction

The history of the Brownian fields dates back to the introduction of the frac-
tional Brownian motion by Kolmogorov and Mandelbrot [26,27]. The spa-
tial extension of this process has paved the way for a multitude of random
field models to describe spatial phenomena of an irregular nature. These
fields are roughly divided into two large families: anisotropic and heteroge-
neous fields. Anisotropic fields include anisotropic fractional Brownian fields
[17], their extension in the framework of intrinsic fields [34], or operator-
scaling fields [9,13,20]. They enable to model homogeneous spatial phenom-
ena whose global properties vary according to directions. Heterogeneous fields
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mainly refer to the multifractional Brownian fields [8,29] and its various ex-
tensions [2,4], but also to heterogeneous operator-scaling fields [12]. They
permit to model heterogeneous spatial phenomena whose regularity may
vary in a local way. Most of these fields are essentially isotropic. In this pa-
per, we deal with more generic heterogeneous fields accounting for spatial
phenomena whose regularity and anisotropy may both vary.

Fig. 1: Realizations of different multifractional Brownian fields whose spatial
properties vary along the vertical direction: (a) an isotropic one with a vary-
ing regularity, (b) an anisotropic one with varying pattern orientations, and
(c) another anisotropic one with a varying degree of anisotropy.

The emergence of Brownian fields has raised many statistical issues. The
main questions resolve around the estimation of parameters (possibly func-
tional) of these fields (see, for instance, [25,16,34,5,22,3]). Other questions
concern tests of properties of these fields (anisotropy, heterogeneity, etc) [36,
34]. A widespread approach to analyzing Brownian fields is based on quadratic
variations, which are averages of square field increments. This approach has
been developed both in oriented forms to analyze anisotropic fields [16,34]
or local forms to analyze heterogeneous fields [5,22]. The specification of this
approach is usually associated to a convergence study that aims at identifying
asymptotic laws of model estimates. The knowledge of this law has served as
a theoretical basis for the construction of statistical estimates of parameters
and hypothesis tests. In this paper, we develop a quadratic variation approach
for the statistical analysis of anisotropic heterogeneous fields. We construct
local estimates of field properties, and identify their asymptotic law. We even-
tually design some tests to check if a field is spatially homogeneous or not.

The heterogeneity of fields we consider may have different aspects. As il-
lustrated in Figure 1 (a), it may be due to spatial variations of field regularity.
As shown in Figure 1 (b) and (c), it can also result from local variations of
directional field properties. These variations may further have different ori-
gins: for instance, variations of the degree of anisotropy as in Figure 1 (b),
variations of pattern orientations as in Figure 1 (c). Eventually, the hetero-
geneity can reflect a combination of several types of variations. The purpose
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of our statistical tests is to help decide whether properties of the field are the
same at several space locations in terms of regularity, anisotropy or both.

2 Brownian field models
2.1 Previous models

Derived from the fractional Brownian motion [26,27], the fractional Brow-
nian field is both isotropic and homogeneous. Its homogeneity is due to the
stationarity of its increments, and provides it with a constant Holder regular-
ity all over the space.

In [17], Bonami and Estrade introduced some anisotropic extensions of
the fractional Brownian field. Among them, the so-called anisotropic frac-
tional Brownian field is a field with stationary increments whose density is
of the form

Vo eR?, Iy p(w) = t(w)w| 2P, (1)

where 7 and f§ are two directional functions called the topothesy and Hurst
functions, respectively. Making the density non-radial, these functions in-
duce field anisotropies. When they are both constant, the field is isotropic
and corresponds to a fractional Brownian field.

Although more generic than the fractional Brownian fields, these anisotropic
fields are still homogeneous. On the one hand, their increments are station-
ary. On the other hand, they have the same regularity and directional prop-
erties all over the space.

Following [8], the multifractional Brownian field can be defined, for any
position x, by a stochastic integral of the form

ei(x,w) -1
200 =C. [ T AW @) )

where dW stands for a complex Brownian measure, and C, and H, are two
positive functions depending on the position x. The Holder regularity of this
field is not constant anymore. Its order varies depending on H,. These vari-
ations were originally assumed to be Holder so as to ensure that the field
realization are continuous [8]. This assumption was subsequently weakened
to allow sharper variations of the regularity [2,4]. At position x, a multifrac-
tional Brownian field admits a tangent field Z, which is a fractional Brownian
field with a Hurst index H,. This tangent field is obtained as a limit [8]

(Z(1)) yegd = lim (M) )
uelR?

t—0* tHx

According to this property, a multifractional Brownian field has the same
local properties as a fractional Brownian field. Consequently, it is locally
isotropic as its tangent field.
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Some anisotropic extensions of the multifractional Brownian field were
considered in [31,30]. They were defined at any point x of R by a stochastic
integral of the form

2= [ (@ =1) ) 4 @), )

where ;g is a spectral density of the form (1) specified by a constant Hurst
function f, and a topothesy function 7, depending on the position. Polisani
showed that such a field is tangent to an anisotropic fractional Brownian field
with a spectral density h, g ata position x [30]. In other words, locally, it has
the same directional properties as an anisotropic fractional Brownian field.

2.2 An extended model

In this paper, we propose a more generic anisotropic multifractional Brown-
ian field Z (AMFBF) defined, for some A > 0 and all positions x € R?, by a
stochastic integral

Z(x) = fl )R] 4T @) (4)

where f, = h,_p _is a spectral density of the form (1) specified by a topothesy
function 7, and a Hurst function f,. In contrast with the work of [31,30],
the Hurst functions f, are no longer constant over R?. Moreover, the integral
is partially defined for |w| > A where A is arbitrary. Therefore, the proposed
field may not have the same lowest frequencies as a fractional Brownian field.

For any x € R?, we will assume that the functions 7, and B, are both
homogeneous and even, i.e.

Ve RY 1y (w) = rlw) = 1 and Butw) = Bul-w) = i 1)

This means that their values at w only depends on the direction ﬁ of the
frequency vector w. This also implies that both functions are determined by
their values on the unit sphere S = {u € RY,|u| = 1} of R?. We will further

assume that 7 and f are non-negative and satisfy

T :=sup esssup Ty(s) < +oo

_ xeRd €S

B :=sup esssup By(s) <1,
xeRd €S

H := inf essinf ,(s) > 0.
xeR4  s€S

For any x € R4, we will denote

H, = essinf B,(s), (5)

seS
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and assume that the set
E, ={s €S, p.(s) = Hy and 7,(s) > 0} (6)

is of positive measure on S. Under this assumption, the parameter H,, called
the Hurst index, gives the order of the local Holder regularity of the field at
x [8].

We will also use a function o, defined, for all w € R4, by

] | te(w) if By(w) = H,,
Ox(w) = { 0 otherwise. (7)

Besides, we will assume that the Hurst function x — f, is locally Holder
of an order 1 > f for the L®-norm on S: i.e. for any x € R?, there exist a
positive constant K, and a local neighborhood V, of x such that

V7,2 € Vy, sup|By(s) = B(s)| < Ky ly —2|". (8)
se§

This assumption (9) extends the one in [30] to non-constant Hurst functions.

We will also assume that the topothesy function x — 7, is locally Holder
of an order a > ﬁ_ for the L?-norm on S: i.e. for any x € RY, there exist a
positive constant K, and a local neighborhood V,, of x such that

Vy,ze V,, L(T;/Z(s)—rgﬁ(s))zdsgkx ly —2|% (9)

This assumption is also made in [30].

The Holder assumptions made on the Hurst and topothesy functions con-
strain their order of regularity to be larger than a bound g which is above the
largest local Holder regularity of the field.

Under the assumption above, we found the expression of tangent fields of
our anisotropic multifractional Brownian field, extending the result in [30].

Theorem 1 Let Z be a generic anisotropic multifractional Brownian field satis-
fying assumptions of this section. For x € RY, let Z, be an anisotropic fractional
Brownian defined, for any vy € R?, by

201 = [ @0 =1l ) W @), (10)

with a spectral density hs_p_of the form (1) specified by the topothesy function o,
and the constant Hurst function H, given by Equations (5) and (7), respectively.
Then,

(Zy(u)) yere = lim

t—0*

Z(x+tu)—Z(x)
( tHs )ue]Rd,

the convergence being in distribution on the space of continuous functions en-
dowed with the topology of the uniform convergence on compact sets [24].
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The field Z, is an homogeneous field which is called the tangent field of Z
at x. It characterizes local properties of the field Z at x. Due to this properties,
Z is locally asymptotically self-similar (LASS) of order H, at X [8].

Being zero-mean, an AMFBF can not model phenomena with large trends.
To overcome this shortcoming, we will consider an additive random field
model Z = Z; + Zy composed of an AMFBF Zy; satisfying conditions of this
section and an intrinsic random field Z; of order M € N U {-1} [34,28,19].
The field Z; may include large polynomial trends of an order M + 1. We will
further assume that it has a spectral density g which fulfills the condition

lw| > B = g(w) < Clw| 21 (11)

for some B>0,C >0, and H > /§ This condition ensures that the intrinsic
field is more regular than the AMFBEF Zj at any point x of RY, and that high-
frequencies of Zy; are predominant in Z.

3 Analysis method

In this section, we propose a method to analyze AMFBF defined in Section
2.2. This method is based on localized quadratic variations that extend the
ones used in [34]. We first define these quadratic variations. Then, we estab-
lish their asymptotic normality.

Throughout this section, we will assume that a field Z is observed at
points x = k/N for k varying on a grid 7y = [[1,N]|¥ and N fixed in IN*. We
will denote ZN [k] the observed field Z(x) at position x = k/N.

3.1 Quadratic variations

Quadratic variations are common tools for the analysis of processes or fields
derived from the fractional Brownian motion. They were initially used to
identify the Hurst index of fractional Brownian motions and some related
processes [7,6,21,25]. They were also used to estimate the Hurst function of
multifractional Brownian motions or fields [5,22,25] and their generaliza-
tions [3,1,4]. Besides, they were used to estimate regularity and directional
features of anisotropic fractional Brownian fields and related fields [18,36,
34,33,37].

Quadratic variations of a field Z are averages of square increments of Z.
When observed on a grid, an increment VN[m] of Z is a linear combination

of the form
VN[m] = ) v[K]ZN[m-k], (12)
kezd
where v is a finite support kernel v such that ) v[k]P(mT_k) vanishes for any
kezd4

polynomial P of a fixed order K [19,34]. A common kernel is defined by
_ k(L) (Ld
ok = 0 () ) 13)

1
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for k€ [[1,L1]] x---x[[1,L4]] and v[k] = 0 otherwise. Such a kernel is of order
K =|Ly|+---|L4]—-1. In what follows, we will denote [[0,L]] = [0,L;]x---%x[0,Ly]
the support of the kernel v.

For the local analysis of multifractional Brownian motions or fields, quadratic
variations were usually computed in a neighborhood of a point x of R? (see
[22] for instance). With our notations, this operation amounts to sum up some
increments of the form

VNIm] = ) w[k]ZN[m—k+pY), (14)
kez4

specifically centered at a grid point pY getting closer and closer to x as the
resolution N tends to +oo.

For the analysis of anisotropic fractional Brownian fields, quadratic varia-
tions were often associated to a directional transform of the field. In [36], they
were computed on increments of the process resulting from a Radon projec-
tion of the field. In [34,33], they involved oriented increments obtained by
applying to the field some combinations T of rescaling and rotation of Z%
into itself. These increments were of the form

VN[m] = Z v[k)ZN[m - Tk]. (15)
kezd

In dimension 2, the transform T were defined, for u € Z2, as

o L A cos(arg(u)) —sin(arg(u))
T \upy ug =lul sin(arg(u)) cos(arg(u)) |’

which corresponds to a rescaling of factor |u| and a rotation of angle arg(u).
In this paper, we propose to use increments that are both localized and
oriented. These increments are of the form

VN[m] = Z v[k]ZN[m - Tk +pV]. (16)
kezd

We assume that the sequence (pY)y of grid points is chosen in such a way
that

PN 1
x = O (N7, 17
N x N—>+oo( ) (17)

taking, for instance, pf;]k = |Nx; ] for k €[[1,4]].

We select a finite set of transforms T indexed in F and a finite set of po-
sitions x indexed in G. For (a,x) € F x G, we will denote by Va{\i the increment
field obtained with an ath transform and at an xth point. We will also denote
Ta) Pa» @, the ath transform, the square of its rescaling factor and its rotation
angle, respectively.
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Next, for a fixed N, we define quadratic variations on a local neighbor-
hood of each position x of G as

W= Y WA, (19

€ meVy

where Vy = [[-N,, N} is a set of n, indices m € Z? such that, for all (a,x) €
F xG,and k €[[1,L]], m - T,k + pY is on the observation grid 7, and

m— T,k +pl
X _ x|l <en. 19
N X| S EN ( )
The parameter €y determines the precision at which x is approached by grid
_ N
points % of Vy. It has to satisfy three conditions:

(i) lim ey =0,
N NT>+oo
(i) NIHEOONEN = +o00, (20)
(1) Nlim log(N)eg; =0,Y0<a<1.
—+00

Condition (i) makes the precision increase with N while condition (ii) enables
to increase the cardinal of Vy to +oco0. Condition (iii) is required to ensure the
asymptotic normality of quadratic variations (see Theorem 2 and its proof for
details). To fulfill the three conditions, the parameter ey can be of the form

ey = KN llog(N),
forany K>0,0<b<1landcelR
N

For (a,x) € F x G, we also define log-variations Yo and log-scales p, as

Yu]:; = log(WaI?;) and p, =log(p,) respectively. (21)

3.2 Asymptotic normality

Next, we state a theorem about asymptotic properties of the log-variation

random vector YN = (Y%C)(urx)efxg defined above.

Theorem 2 Let Z = Z + Zy be the sum of two independent fields: an anisotropic
multifractional Brownian field Zy and an intrinsic random field Z; of order M
satisfying assumptions of Section 2.2. Consider a log-variation vector YN con-
structed using increments of an order K > max(M, %, 1).

Let TN be a vector with terms

Vae F,xeG, (Y, = pHy +BY (9,), (22)

where BY is defined, for any angle ¢, by

Cy
BY (p) = 10g( N(;f,)),
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and .
1 (o)
Culp) = —— )(R},s)|*65(s)p 2" dsdp, 23
)= G ), [, ORGP st (23)
R, standing for the matrix of rotation of angle ¢.
Then,
d.d.
VN =) 5 v (24)
—+00

for some covariance matrix ¥ whose terms are given, for all (a,x),(b,y) € F xG,
by
5 B Z(ZTZ)d I[O,Zn]d |hu,x;b,y(w)|2 dw
axby = _2H, _2H,
Pa Cx((Pu)pb Cy((Pb)

where Ea,x;b,y(w) is defined, for any w € [0, 2n )4, by

, (25)

- 1 1
(T, w)i(Tyw) Z 62 ( +2qm0)8; (w + 2qm0)|w + 2qm| = (26)
qezd
Proof The proof is divided into two parts. In a first part, we establish an
asymptotic normality of quadratic variations of tangent fields of Z. Then,

in a second part, we extend this result to quadratic variations of the field Z
itself using a Slutsky lemma.

Part 1. The tangent field Z, of Z(x) at position x is given by Equation (10) of
Theorem 1. We define a vector-valued increment fields VN of Z, whose terms
at positions m € Z? are given by

8 o (pY +m-Tk
V(a,x) € FxG, VN[m] = ;v[k]zx(pr“). (27)
Some properties of this field are stated in the following lemma.

Proposition 1 Assume that the field VN is obtained with a kernel of order K >
%. Then, it is zero-mean, second-order stationary with an auto-covariance whose
terms are defined, for any m,n € Z%, by an integral of the form

N N 1 , _
N N 1) — (m-mw)N
COV(Vﬂ,x[m]’ Vh,y["]) - (2n) J[O,Zn]d e gy (@)d .

The function ]:lgjx'b y is the multivariate spectral density of VN. It is given, for any
(a,x),(b,y)e F xG, by
~ TR W N__N
hgx;b,y(w) = N~HHy hu,x;b,y(w)e“px py W),
where fla,x;b,y is defined by Equation (26). It is in L*([0,2m]).
In particular, for any (a,x) € F x G, the variance terms of VN are
B p‘ 2H,
Var (VN [m]) = (—“)

) cula) (28)

where C, is defined by Equation (23).
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The proof of this proposition can be found in [34] (Supplementary materials,
Lemma 1). For (a,x) € F xG, let XY, be the normalized random field defined,

for any m € Z%, by
i NHUN [m]

axlm] = —g—"——
Pa x\/cx((Pa)

According to Proposition 1, it is zero-mean, second order stationary with

spectral density ~Hh“$ in L?([0,27]). Now, let
Pa */Cxi(pa)

== (R0 -1), (29)

€ meVy

Applying a multivariate version of the Breuer Major Theorem established in
[11] (Theorem 3.2), we obtain

~ f.d.d.
(Sandaer (— N(0,Z%), (30)

—+00

where the covariance matrix X% = (Xax:0,x)aber is defined with terms ¥, ,.p,
of Equation (25). Now, to establish the convergence of the whole random vec-
tor (Sé\']x)(a’x)efxg, it suffices to show the convergence of the covariance terms

Cov(gé\’]x, S~£\]y). This is stated in the following lemma proved in Appendix A.
Lemma 1 Let SN be defined by Equation (29) and K > %. Then

lim C0V§N,§N =3 b
N0 ( a,x b,y) a,x;b,y

where the term ¥, .., is given by Equation (25).

Part 2. Let now

2
N NHx VN [m] NZHWN,
So = i > = Ve
€ mevy \\ Pa Cu(@a) Pa Ci(@a)
where WYY, are quadratic variations associated to the field Z. We are going to

establish the asymptotic normality

gN [2d N(0,%). (31)

N—+0c0

Assume for a moment that this convergence holds. Then, the asymptotic

normality (24) of log-quadratic variations YN can be obtained with the A-
2Hy N
method by applying the logarithm transform to I;]HTV:/“) and observing that
Pa x\Pa
e

=yYN _
02 Co(pa)
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To establish the convergence (31), we use a Slutsky lemma. We observe
that SN = SN + TN where, for (a,x) € F xG,
1 1

TNo=
X = o, =
Pa Cy(@q) e meVy

(N2 (VA m])2 = N2Hx (7N [m])?).

The convergence in distribution of SV was shown in Part 1. Hence, it suf-
fices to show that TN converges to 0 in probability.
Let € > 0. Using Markov and triangular inequalities, we get

PITN|>e)< =" )" NHEN m],
€ ax meVy

with ¢, = e’zmax(pﬁH" Cy(@a))7?, and
a,x

BN, [m) = B(((VaLm)? = (V24 m D))
Furthermore, due to moment properties of Gaussian variables,
Ep[m] = 2((B((VA[m])?) + (B(VA[m])?) = 2(E(Vay [m]Vak[m])?).
We conclude the proof using the following lemma proved in Appendix A.

Lemma 2 Take the same conditions as in Theorem 2. There exists a sequence
(Cn)n which tends to 0 as N tends to +oo, such that, for large N

IN2E(VN[m])?) - g™ Cola)l < Ty, (32)
and
INZHE(V N [m] VN [m]) - g2 ™ Colpa)l < Cns (33)

hold for any m e Vy, (a,x) € F xG.

Indeed, due to this lemma and Equation (28), N4HX|EQIX[m]| < CCI%] for
some ¢ > 0, and any m € Vy, (a,x) € F x G. Hence, IP(ITNI >e€) < 5(:1%] for

some ¢ > 0. Therefore, TN converges to 0 in probability, and Assertion (31)
holds.

4 Tests of heterogeneity
4.1 Setting

In this section, we aim at testing whether an observed AMFBF is spatially
homogeneous or not. With regard to its definition in Section 2.2, an AMFBF
will be considered as heterogeneous whenever the topothesy functions 7, or
the Hurst functions 8, characterizing its density vary with the position x.
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Spatial heterogeneities of fields may appear in their local regularity, their
directional properties, or both. The regularity of a field is heterogeneous
whenever the Hurst index H, (see Equation (5)) is not constant. Its direc-
tional properties are heterogeneous when, from a position to another, the
topothesy or Hurst functions change. Field heterogeneities can be further an-
alyzed through the function BY defined by Equation (23). In the case when
H, is constant, variations of BY reveal some directional heterogeneities. In
the general case, they may also reflect a regularity heterogeneity as BY de-
pends on H,.

Let O = {arg(u), u € F} be the set of rotation angles of all transforms of F.
We express the presence of an heterogeneity at positions of G in terms of two
hypotheses:

H": IxyeG,H, = H,
H?: 39 e0,3xyeG,H, =H, or BY(¢) =B (¢).

The hypothesis H(ll) accounts for a regularity heterogeneity, and H(lz) for an

heterogeneity concerning either the regularity or directional properties. When

the field regularity is presumed constant (ie Vx € G,H, = H), H(12) may only ac-

count for a directional heterogeneity. The negation of these hypotheses leads
to two homogeneity hypotheses :

H: VxeG H,=H. (34)
ng): VoeOVxeG H,=H and BXN((p) = B(p).

In what follows, we develop statistical tests to validate Hg) against H(lj)

forj=1,2.

4.2 Fisher tests

The construction of statistical tests is grounded in Theorem 2. This theorem
implies that log-variations Y/, are linked to log-scales p, by a linear model
of the form

Vae F,x€G, Yo\ = pHy+BY (@5) + €40 (35)

where the distribution of the vector (&, )4 x)eFxg is close to the one of a cen-
tered Gaussian vector with covariance matrix X. In this relationship, the vari-
ables of interest Hy and BY (¢,) appear as model parameters. Their values can
be estimated and tested using classical techniques of generalized Gaussian
linear models. ) )

In particular, we can design some Fisher tests to check Hg) against H(lj) for
j =1,2. To define this test, we first express the model in a matricial form. For
that, we create a multi-index (i, j,k), i € [1,1]] referring to a ith position x; in
G,j €[[1,]]toa jthrotation angle ¢; of O, and k € [[1, K;]] to a rescaling factor
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pjk of a kth transform of G, say aj;, among those with a rotation of angle ¢;.
Using this multi-index, we define two column random vectors Y = (Yal;jk,x,-)ijk
and € = (Eajk,xi)ijk of size IK, where K = K; + -+ Kj is the cardinal of 7. We
also form a parameter vector 6 of size I(J + 1) whose terms are defined as

(H,  ifl=1,
eml_{Bme(@_l)ifl>1.

using a multi-index (m,I) in [[1,I]] x [1,] + 1]]. We eventually set a design
matrix X of size IK xI(J + 1) having terms:

ij ifm=i andl:l,
Xijk,ml: 1 ifm:iandl=j+1,
0 otherwise.
With these notations, Model (35) is equivalent to
Y=X0+¢€,e~N(0,2X). (36)

In this model, the parameter 0 belongs to a vectorial space © = ((0,1) x R/)".
When one of the assumptions H(()l) given by Equations (34) holds, 6 belongs
to a subspace G)E)l) of © of the form

ol =tpeco,1V0 =0,

for some matrix LY. For I = 1, L) is the matrix of size (I —1) x I(J + 1) whose
terms are
1 ifi=landj=1,
Lfi’)ij =¢-lifi=m+1landj=1,
0 otherwise.

for m e [1,I = 1] and (i,) € [1,I] x [[1,] + 1]]. Likewise, for I = 2, L?) is the
matrix of size (I —1)(J + 1) x I(J + 1) whose terms are

1 ifi=landj=mn,
-lifi=m+1and j=n,
0 otherwise.

1

mn,ij

for (m,n) € [1,1 1] x[[1,] +1] and (i, j) € [1,I]]x € [1,] + 1]). Let I = 1,2. The

construction of a log-likelihood ratio test for the hypothesis Hg) leads to a
so-called Fisher statistics

o IK-7-1)  otehxzx)'L)1the
I(J +1) —rank(L") (Y - X6)T-1(Y - X0)

) (37)

where 0 is the generalized least square estimate of 6 in Model (36)

ON = (X’ x)1x'2 vy N, (38)
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Setting | = 1,2, the decision of rejecting (resp. accepting) the null hypothesis
Hg) is taken if F)) > s, (resp. < s,). Under the null hypothesis, the statistic F(/
has a Fisher law distribution with degrees of freedom (I(J+1)-rank (L"), (K-
(J+1))). Given a € (0,1), the rejection threshold s, can be set accordingly so
as to ensure that

P, o (FY>s,)<a,
HO
meaning that the probability of wrong rejection remains below a.
To implement this test, we simply use an ordinary least square estimate
of 0 and replace ¥ by an empirical covariance matrix computed on neighbor-
hoods of positions of G.

5 Numerical study

So as to evaluate the test procedure presented in Section 4, we made some ex-
periments on synthetic data. This data included 5000 subsets containing each
four realizations of different AFBF simulated using the turning band method
of [14] on a square grid of size 768 x 728. In each subset, AFBF were de-
fined using two topothesy functions 7y and 7y, two constant Hurst functions
o = Hy and 17 = Hy, and a translation parameter 6. For each subset, these
parameters were randomly and independently set: Hurst indices Hy and H;
were sampled from uniform distributions on (0.05,0.95) and (H,,0.95), re-
spectively. The translation parameter was sampled from a uniform distribu-
tion in (0, 7t). We expanded topothesy functions

20
Ti(s) = ap + Zaﬁ) cos(2s) + a](-i) sin(2s),

n=1

and, for j € [[1,20]] and u = 1,2, sampled coefficients a](-Z) independently
from centered normal distributions with a variance of 1/(1 + n?); we set ag =
2]221 Ia](»i,)l + |a](.i)| so as to ensure the positivity of functions. The first simu-
lated AFBF had parameters (7, 1]9), the second (g, 711), the third (7y(-+96),7¢),
and the fourth (ty,179). Within a subset, simulations were obtained using a
same pseudo-random sequence. In that way, realizations of four fields were
similar and could be interpreted as potential tangent fields of a same AMFBE.

We focused on two regions of size 256 x 768 at the top and bottom of the
grid, [[1,257] x [[1,768]] and [[512,768] x [[1,768]], respectively. We consid-
ered four AMFBF that were tangent to the first AFBF in the top region and to
one of the four AFBF in the bottom region: AMFBF 1 to 4, the number refer-
ring to the tangent AMBF on the bottom region. The AMFBF 1 was actually
homogeneous while AMFBF 2 to 4 accounted for heterogeneous fields with
variations of regularity, orientations, and anisotropy forms, respectively. By
construction, AMFBF 1, 3, and 4 were homogeneous in terms of regularity,



Tests of heterogeneity for AMFBF 15

and fulfilled Hypothesis Hgl) of Equation (34). By contrast, only AMFBF 1
satisfied Hypothesis H(Oz) .

For each subset, we applied the test procedure to the top and bottom re-
gions mentioned above. We analyzed both regions with quadratic variations
using the filter v of order 1 defined by Equation (13) with (Ly,L,) = (0,2).
These variations were computed for all transformations T,, associated to u €
Z2,V2 < |u| < 4.3. Hence, we had rotations of angles 0 (u o« (1,0)),7t/4 (u o
(1,1)),7/2 (u < (0,1)) or 37¢/4 (u o< (1,-1)), and rescalings of factors |u| be-

tween V2 and 4.3. In particular, we had three quadratic variations in each
direction.

20
S 5l —of type | (with AMFBF 1) |
5 === of type Il (with AMFBF 2)
5 —-of type | (with AMFBF 3)
B 10 - — of type | (with AMFBF 4) 4
i
©
S 5[ g
=
g Fof.,
e TR
o : ‘ ; ‘ preeresssann rrrreereees pereserreneed
0 10 20 30 40 50 60 70 80
Theoretical risk of error of type | (%)
(a) Test of Hgl) against H(ll).
20
g i .
S5 q —of type | (with AMFBF 1) B
e 4 ===« of type Il (with AMFBF 2)
- L\ —-of type Il (with AMFBF 3)
% l\ — of type Il (with AMFBF 4) )
° o
T N Sea
2 50y . ,
Q S ———
£ - Tt ————— L
w S e~ e - T ————
00 .......... 1;) ..... ZB 30 40 - .-50-- = 60 70 80

Theoretical risk of error of type | (%)

(b) Test of ng) against H(lz).

Fig. 2: Empirical risks of error for the two heterogeneity tests.

Next, we computed Fisher statistics F(!) and F(?) for testing hypotheses

Hgl) and ng) of Equations (34), respectively. For each test and type of sim-
ulated AMFBE, we assessed rates of wrong decisions taken over the dataset
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for different values of rejection threshold s,. In the case when the AMFBF
fulfilled ng), such empirical rates gave us estimates of the risk of error of
type I (error made when rejecting HE)M)) whereas, in the opposite case, they

were estimates of the risk of error of type II (error made when rejecting H(lu)).
In Figure 2, these estimated risks are plotted in percent as a function of the
theoretical risk of error of type I associated to the threshold s,.

For both tests, we notice that red lines representing estimated risks of er-
ror of type I with respect to the theoretical ones were close to the identity line.
This means that empirical distributions of Fisher statistics under the null hy-
potheses approximately matched the theoretical ones. It also suggests that
our simulation and estimation procedures were well-suited to the theoretical
model.

Besides, we observe that estimated risks of error of type II depended on
the heterogeneity nature of simulated AMFBE. The regularity heterogeneity
of AMFBF 2 was better detected than directional heterogeneities of AMFBF 3
and 4. For AMFBF 2, the risk of missing a regularity heterogeneity was about
3.5% (with the first test) and 0.5% (with the second test) while the risk of
error of type I was only about 0.05%. By contrast, for AMFBF 3 and 4, the risk
of missing a directional heterogeneity with the second test was above 15%
for the same level of risk of error of type I. Heterogeneities resulting from a
change of the topothesy orientation (AMFBF 3) was particularly difficult to
detect. When the risk of error of type I was about 1%, the risk of missing such
heterogeneities was about 10%.

6 Discussion

We proposed statistical tests to decide whether an observed random field is
heterogeneous or not, the heterogeneity resulting from spatial variations of
the regularity of the field, its directional properties, or both. The test pro-
cedure was based on quadratic variations specifically designed for a local
and oriented analysis of the observed field. For developing the theory, we
set a framework of anisotropic multifractional Brownian field heterogene-
ity. In this framework, we established the asymptotic normality of quadratic
variations. This result highlighted a Gaussian linear relationship between
quadratic variations and parameters related to the regularity and directional
features of the model. From this relationship, we designed our tests using
Fisher statistics of linear Gaussian models. We evaluated the test procedure
using data simulated with a turning-band method. Results showed the feasabil-
ity of the procedure: applied to datasets mixing realizations of isotropic and
anisotropic fields, it could correctly detect anisotropic fields with error rates
ranging from 0.5 % to 10 % while maintaining a low error rate (below 1%)
of detecting isotropic fields. Errors of detecting anisotropic fields varied de-
pending on the type of heterogeneity. Regularity heterogeneities were the
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easiest to detect while those due to orientation changes were the most diffi-
cult.

Random fields derived from the fractional Brownian motion has proved
to be useful models for the analysis of rough textures in the domain of im-
age processing. In particular, anisotropic fractional Brownian fields could be
applied to analyze textures appearing in images as various as bone radio-
graphs [10], mammographs [15,36,32,33] , or photographic films [35]. Ac-
counting for directional properties of textures, they enabled to achieve var-
ious image classification tasks. However, as they applied homogeneous tex-
tures, they were only suitable for global processing tasks. The introduction of
an anisotropic heterogeneous Brownian model enables to overcome this lim-
itation and widen the scope of applications of Brownian models. It notably
provides practionners with a model which may account for the presence of
several textures within a single image. It also sets a theoretical framework for
image segmentation, task which consists of delimiting regions where these
different textures are. In such a task, heterogeneity tests can be used to de-
cide if textures contained in different regions are similar or not.
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A Proof of supporting lemmas and propositions

We first show a main technical lemma.

Lemma 3 (Main lemma) Let Z be an anisotropic multifractional Brownian field which fulfills all
assumptions of Section 2.2. Consider an increment kernel v of order K > 0 with a support [[0,L]] for
some L € N%, as well as two transforms Ty and Ty composed of a rotation and a rescaling. Fix a

position x € R¥. Choose a positive sequence (&;)>q such that

lim |log(t)e! = 0. 39
Jim, [log()lef (39)
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For any t > 0, set the local neighborhood of x
Vi={y R, |ly—tTjk—x| < e, Vke[[0,L]],j=1,2}.

and, for y € R4 and j €{1,2}, denote Vyj(y) = Y v[k]Z(y —tTjk).
keffo,L]]

Foranyye RY, define
1) = [ o T 0 el 2, (40)
R

where Hy and 6, are defined by Equations (5) and (7), respectively.
Then there exists a positive sequence (V) converging to 0 as t — 0% such that, for any small
t>0,
V91,92 € Vo |t E (Vi (1) Vi (v2) = 1 (91 = 92)| < e (41)

We also state a variant of this lemma whose proof can be established in a same way.

Lemma 4 (A variant of the main lemma) Take the same conditions as in Lemma 3. Set x € R4 Let
Zy be the tangent field of Z at x defined by Equation (10).
Fory e RY, let Vj W)= Y v[k|Z(y-tTik),and Vip(y)= Y v[k]Zy(y—tTak). Then there
ke[[0,L]] ke[[0,L]]
exists a positive sequence (y);>o converging to 0 as t — 0% such that, for any small t > 0, Equation
(41) holds for the integral I defined by Equation (40).

Proof (Lemma 3)

We first show the result in the case of an elementary kernel v of order 0. Then, we extend it
to the case of a general kernel of order K > 0.

So, let us begin by assuming that, for some i € [1,d]], v[0] =1, v[e;] = -1, and v[k] = 0 for all
other k € Z4 (e; denotes the unit vector of R4 whose ith components is 1 and others are 0). Then,
for t >0and y1,v2 €V},

E (Vi1 (91)Vea(32)) :j Re ()R (@), (42)

w|>A

where, for j € (1,2}, Ryj(w) = (/%) ~ 1) fy].(w)—(e"@fff"”>—1) [yt (w), with tj = tTje;.

Specifying f; with its expression (1), we can further write R¢j(w) = Zi:l Rtjk(w) with

i i - _d
Riji(aw) =0 (1= G oy Gl P72,

. 8 (w4
Rijaw) = (€01 1) oy ) = foy s () 12, (43)
. _ _d _ _d
Reja(w) =& 1) o (P78 P78
Now, let
Dy =t E(Viy (1) Via (92) — Lt (91 = 92)). (44)

After a variable change in the integral I, we get Dy = t~2Hx(Dy =Dy + Dy3) where
Dy = f Ri11(w) Re1 (w) = 917920 (7000 1)) — 1), (w)uw| 2P da,
|w[>A
Dy = f (D =v20) (pit10) _ )62 _ 1) 5 (w0) o] 2Hx deo,
|w|<A

Da= Y [ Rt Ratwid.
(k1)=(1,1) 7 [vP>4
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Using |ef" —1| = 2|sin(5)l= O (lul), we obtain that
u—0

IDpsl < ct2f o2 2Hed gy,
lw|<A

where ¢ > 0 and the integral on the right-hand side is finite since 0 < Hy < 1. Thus,

t2Hxp, = o (121-Hy)),
t—0t

Due to the Cauchy-Schwarz inequality, D3 <3k 1)2(1,1) VAt1k VAr21, where

Atjk = j IRyjk (w)l>d.
|lw|>A

To deal with D;3, we establish the following lemma.

Lemma 5 We have the following inequalities.
72 Ay < emax(ITi P TP,

—2H. 2 2a-2H.

Mgy = [T O (127

—2H. 2 21n—-2H.

755 Az = |Tj ”t_(?m(f 17,
In polar coordinates,

oo Ziplt: 2By _t.(s)-1
Agjn :JJ 1-e lp(t]’s>|21vrtj(5)0 P s,
sJa

(45)

(46)

(47)
(48)

(49)

Since 7 is bounded and, for all w, 0 < H < Hy < fy(w) < B, a variable change r = tT]-’p in Atjl

yields

Agjr < Cmax(|7}|2H,|Tj|2E)L(J 1 1 —e_ir<ef’5>|2r_2/§_1dr+f =1 g0 (s)ds
r< T

>1

where

O I
S

for some ¢ > 0. In the right-hand side of the inequality, both integrals over r are finite. Hence,

M < cmax( TP TR | Jotsids
Observe now that
tzﬁyj,t].(s)-sz _ tzﬁx(s)—ZfoﬁVj*fj(S)_zﬁ"(s)
= 2Px()1=2Hx exp (log (1) 2By, 1; () - 2Bx(5)])-

Using Assumption (8),
12By;-1;(5) — 2Bx(s)] < 2¢].

Due to Assumption (39), we then deduce the limit:
lim_[log(#)I[2Bxg+tv(s) = 2Bxy (s)] = 0.
t—0*

2By;-1;(5)-2x(5)

Consequently, lim ¢ = 1. Therefore, we get
t—0t

]0(5) < CJ tzﬁx(s)’ZHx dS,
S

(50)
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since By(s) = Hy, Vs € S, Jo(s) is finite. Hence, Equation (47) holds.
In polar coordinates,

L T 2By (01ipGy 2 [ 2
AtlszL p i [1—et™) |( Tyj(s)— Ty],_tj(s)) dpds.

Using the variable change r = p(yj, s), we obtain

+00 2
) _—irg2 72/3?.(5)71 _
AUZSCL [1—e 2 2P S( [ry;6) /Tyj,[].(s)) dsdr.

Using Assumption (9), we get
1 . - +0o
Adja <clTi20 120 (j N —e’”>|2r’2ﬂ’1dp+j r’ZHfldr),
0 1

for small t and some ¢ > 0. The integrals on the right-hand side are finite. Hence, Equation (48)
holds.
Applying a mean value inequality to the function u — p", we obtain that

—ﬁyj (s) _R

o P o P <l (5) - gy, (Mlog(p)max(p~H, o P,

Hence, using Assumption (8), we get

|p_ﬁy]~ (s) _ p_ﬁyj*lj (5)| <c |T]‘|’I t"llog(p)lmaX(p_H,p_ﬁ_),

for small t and some ¢ > 0. Therefore, in polar coordinates, we have

1 . = +00
Atj3 < c|Tj|2” £21 (J;) 11 —lep<yf's>|2p’2ﬁ’1 |log(p)|dp+J; o~ log(p)ldp).

Since, for any u > 0, |log(t)|t* (resp. [log(t)|t™) tends to 0 as  tends to O (resp. +o0), the integrals
on the right-hand side are bounded by a constant proportional to a sum

v ~ 1 _ B +00
fo p2-2Afre)-1 dp+f o2 dp+£ pszflderL p2H-e2)-1 4, (51)
v

of finite integrals defined for some 0 < v <1, B>1, and 0 < € <min(H,1 - ). Hence, Equation
(49) holds.
Eventually, using Lemma 5, we get

t—2Hth3: Ie) (t2(min(a,r])—HX))‘ (52)
t—0*

Besides, Dy; < D¢11 + D413, where, in polar coordinates,

+00 X .
Dy1j = L LI["’“I'”—lllel"(tZ'S)—lldtlj(p,s)dsdp,

—2H,-1 ’ 2Hx =Py, —t; ($)=Byy—to (s) _ 1|'

d(p,s) = ox(s)p P

\[Tylftl (S)ﬂf"—yzftz (5) - 5}((5)

Consider the set E, defined by Equation (6). Due to the definition of 6, in Equation (7), the
integrand dy11 (s) vanishes for s € E{. Applying the mean value theorem to the function u — p¥,
and using Assumption (8), we obtain that, for s € E,,

pfﬁyl -t (5)*/31/242 (s)-1 .

da(pss) =

2Hx =P t (s)=P,t(s) 1 1
x lgxlf( xlt “1)< 2|10g(p)|maX(p72€f ’pZé’t )8’1

lp e
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: N 26 —2¢]! 21 2¢l!
Moreover, due to Assumption (39), &, , t““t and t~““t are bounded for small ¢. Therefore, max(p™ <"t ,p“*t ) <
cmax((tp)~2¢, (tp)?€) for some € < min(H,1-f) and small ¢. On the other hand, |log(p)| < (1 + |10g(tp)|)|log(t)|
for small t. Therefore, we have

di1(pss) < c(tp) 1 max((tp)’k,(tp)k)(l + |10g(tp)|) $2Hx+1 |log(t)|e;1.

Hence, after a variable change r = tp in the integral, we get D;1; < O . (tzHX|log(t)|e:I )]1 , where
t—0

J1 is equal to

+oo | . _
L J; |e—1p(T1 ej,s) _ 1||elp<Tzei,s) _ 1|(1 + |10g(p)|)max(p—Z(H—e)—l’p—Z(ﬁJre)—l )dpds

, an integral bounded by a sum of finite integrals of the form (51). Hence,
—-2H i‘]
7% Dy = O (|log(t .
ni= 0 (llog(t)ef)
Using Assumption (8),
p Pri-n () =Byt (5)-1 o cp~2Bx(s)-1 max(ng;”p—ze? )

Hence, due to Assumption (39),

p’ﬂxl—tl (5)=Bry=ty (5)-1 < (42Bx(s)+1 max((tp)—Z(ﬁJre)—l’(tp)—Z(H—E)—l)

»

for small ¢, and some € < min(H, 1 - ). Consequently,

Din < cL NCAENENENREENE

£28x(5) 15 (s)ds,

where the integrals
+o0 | ) _
Ja(s) = J;) |efzp(T1 ej,s)y _ 1] |ezp<T2ei,s> _ 1|max(p—2(H—e)—1,p—z(ﬁ+s)—1)dp
are bounded independently of s by a sum of finite integrals of the form (51). Furthermore,

for s € Ef, 6x(s) = 0 and 7, is bounded. On the other hand, for x € Ey, dy(s) = 1y(s), and

Txy—t; () Txa—t, (5) — 6x(s) can be written as

2 2
(51 (5) = VTN + V) Y (15 (5) = V)
-1 =1
Therefore, using a Cauchy-Schwarz inequality, we obtain =2Hx Dy12 < ¢(Cs1 + Cyp), with

(= j £2(Bx(9)-Ho) g
EC

X

]

and

T = i\/L(,/rxjt,.<s>— m)zds+|l[\/fs(,/fm<s>—m)2 ds.
= -1

From Assumption (8), it follows that {;p = O (5?). Besides, let
t—0t

P = {5 €8540~ Hy > llog( 7 .



Tests of heterogeneity for AMFBF 23

Then,

_1
n :j t2<ﬁx<s>—Hx)dHJ 2(Bx(5)-Hy) g < o[ 2og 2 | g, ),
Xt ES\Fy ¢

where p(E{\Fy ) is the measure of E{\Fy; on S. This measure tends to 0 as ¢ tends to 0, as well
as the first term on the right-hand side of the inequality. As a consequence, there exists (Cy)¢
converging to 0 as t tends to 0% such that t72Hx D,y = O+(max(Ct,et“)), and

t—0

t72HeDyy = 0 (max(Cy,eft, llog(t)le]). (53)
t—0*

Using Equations (45), (52), (53), we finally establish Equation (41) for some sequence (y;); satis-
fying
Vi = O+ (max(Cz,sf‘,llog(t)le?,tz(l_HX),tz(mi“(“'”)‘Hx))).

t—0

This sequence converges to 0 as t — 0%, due to Assumption (39) and since § < min(a,7), and
Hy <p<1.
Let us now turn to the general case when v is a kernel of order K > 0. In this case, the

characteristic polynomial Q,(z) =} v[k]zll<1 ~~~z§d of the kernel v admits (1,---,1) as a root.
ke[[0,L]]
Consequently, for some i € [[1,d]], there exists a polynomial Qy, such that Q,(z) = (1 —z;)Qy(2).

By identification, one can check that the polynomial Q; = Yy 17[k]z’1<1 ---de, where v[k] =
ke[[0,L—¢; ]

o[k]-9[k—e;] for all k € [[e;, L—¢;]|%, v[0] = #[0], and v[L] = —7[L—¢;]. As a consequence, we may

write

R
ke[[0,L—¢; )14
where Vo.(y) = Y wvo[m]Z(y-tTjm)is an increment of order 0 defined with the kernel vg

t
T o
having terms v[0] = 1, vg[e;] = —1. Moreover,

D(w) = Qy(e™1,-- &) = (1 - ) Qy(e™¥1 .. o),
so that I(y) = Y olk]a[1I%y - Tyk + T»l), with
k,1e[[0,L—¢; T4
10(u) = J’ (1= e e T (1 _ piei Tywd i) 5 (1) oo~ 2Hr—d gy,
R4

So, in this case, the quantity D; defined in Equation (42) may be expressed as

Dy = Z o[k]o[11D [k, 1],

k,le[[0,L—e; )4
with
DTk, 1] = 2BV (91 — tTik) VS (v2 — tT2 1)~ I0(t7 (1 —y2 — t T K + tT21)).
This implies that |Dy| < ¢ Yy |D?[k, 1]|, for some ¢ > 0. But, from the first part, each Dto[k, 1]

k,I€[[0,L—¢; |4
satisfies Equation (41) for a sequence (y¢)¢. So, does Dy.
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Proof (Lemma 1) Let S~,£\fx be as given by Equation (29). Using moment properties of Gaussian
variables, we obtain

Cov(§£’x, gé\fy) = IL Z (Cov((Xé\,]x[m]F, (Xi\'ly[n])z))
€ mneln
-t N
- Y 2R, ) -1

m,ne[[-Ne,Ne ]9

s kil
= > I_[(l_ZN l+1)|r[k+py_pzlf\]]|2‘1’
ke[-2Ne+1,2N+1])4 i=1 €

where ) ~
I[O,Zn]d el<k'w>hu,x;b/y(“’)d“"

H H ’
Pa chx((Pa)Pb ywlcy(@h)
with notations of Equations (23) and (26). The term r[k] is a Fourier coefficient of a function
which is in L2([0,27]%) for K > d/4 (see [34]). Using the Bessel Parseval equality, we thus have

rlk] =

(54)

1 J[O,Zn]d |I:la,x;b,y(w)|2dw~

§ |”[k]|2 = Pl =240,y
_2H. _2H, ,%30,9
kezd (2m) Pa xcx((Pa)Pb ycy((Pb)

Hence, to establish the proposition, it suffices to show that
sN = > (Irlk +pY = p 11 = Ir[K]1?)
ke[[-2Ne+1,2N+1])4

converges to 0 as N tends to +oo. If x = p, this sum vanishes and the convergence is trivial. So,
let us assume that x # y. Since |r[k]| tends to 0 as |k| tend to +oo, we have

1SN < ¢ ) sN[k], (55)

ke[[-2Ne+1,2Ne+1]4

with sN k] = |r[k + pIY —ply\’] —r[k]| and ¢ > 0. Moreover,

sN[k]<c

: N__N . -
J;O i ]d(el(kerX -py @) —el<k’m>)hu/x;b,y(w)dw
,27C

N
Py Px X y
J[\O X ]d e i 7 y(U>el<k,w> Sln(<p)1c\l - Pé\], (L))/?')ha,x;b,y(w)dﬁ)
, 2T

<c

’

for some ¢ > 0. Therefore,

sN[k]<c

o=l ¢
Jde*“ T b)), (56)
R

where b(w) = [sin((p} ~p}, w)/2)[J] 4.

Let us now study the integral B(u) = IIRd e_i<“'“’>b(w)dw. Assume that all components of u
are non-zero. Using integration by parts on the first component of w, we get that B(u) is equal to

+00 +00

; i{up,w1) _ up,w1) 1) 9b
iUy, @0 ) 6171 _ J ui
j ]_[ e [[ o b(w) N o For (w)daw ﬂ dawp,.

RA-1 m=1 m=1
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Since lim b(w) =0, it follows that

|w|—+00
db
] | ’(“m»wm> eHuwr) _
1u1J ) ( Jdo-

Repeating the process on other components of w, we obtain

d
B(u) = 7‘[ (elHwn) _ I)L(aj)d(u
dwy -+ dwy ’
me([1,d]] Rd me([1 d]]

so that, for some ¢ > 0,
1
[B(u)| < ¢ Tk
me[[1,d] "

Hence, using Equation (56), we eventually get

sN[k]SCI_[ I_[lk

meJ |Px m ~ Py, m| meJ

where J = {m € [[1,d]], x;;, — v, = 0} is a non-empty set of indices.
Using Condition (17), it follows that

sN{k] = o ~(d-17hy ]_[

[

where |J| stands for the cardinal of J. Moreover, we have

2Ne 4
et <1+ 2f ~dx <1+ 2l0g(2Ne).
k€l[~2Ne+1,2Ng+1]] 1

Therefore, from Equation (55), we obtain

ISN] < (1 + 21og 2N )/INETVT 0 (n—@-UDy,

N—>+c0

Due to Condition (19), N¢ = N O (Ney). Thus,

—+00

Pl
V= 0 ((1+1og(N)+ ogle )ef ).

—+00

If[J|=0then|SN|= O (e%).If || >0, then
N—>+co

N a1,
[N = 0 ((1+1og(N)+ log(en el 11).

Hence, in both cases, hm |SN| = 0 due to Conditions (20).

N—+oo

Proof (Lemma 2) Since Z is the sum of two independent fields Z; and Zy, ((VaNx[m] ) can be
decomposed as a sum of IE((V{VuX[m]) and [E(( VH ax[m] ) where VLax[m] and VHax[m] are
increment fields of Z; and Zp, respectively. Since the increment is of order K > M, we have

ﬁTa’wz
N

g(w)dw.

E(VR, ) = |

R4
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We split the integral above into the sum of integrals on two domains, {w, |w| > A} and {w, |w| < A}.
Since v is of order K, we have [#(u)|2= O +(|u|2K+2). Thus, for N large enough,
u—0

T/
3L, )
[w]<A N

Since Zj is an intrinsic random field of order M and K > M, the integral on the right-hand side
is finite and E{\] =y O (N72K-2), Using Assumption (11), we also have

—+00
Eé\] < cf
[w[>A

After a variable change C = w/N, we obtain

2
g(w)dw < N~2K=2 fl » [w]*K*2 g (w)dw.
w

2

v 2H-d g,

Ta’w)

2wl

EY= O <N‘2H)J1Rd|ﬁ(<:)|2|z;|‘2H‘ddc.

N—+c0

Since the integral on the right-hand side is finite, we get Eé\] =y O (N_ZH). Therefore,

—+00

2H. N 2 2(He-H
NHRE(V]Y, [m])?) = O (N2(ERH) (57)
and converges to 0 as N tends to +oo since H > > Hy.
To establish the convergence of N 2Hx IE((VII_}Ia x[m])z), we use Lemma 3.
Indeed, set t = 1/N and ¢; = €. Then, due to Conditions (20) (i) and (ii), &; fulfills Condition

N
(39). Setting v; = vy = pxl\?m for an arbitrary m € Vi, we observe that, for j = 1,2, V4(y;) =
VIIi\Ia ([m]when Tj = T,. We further notice that 1(0) = ﬁzH" Cyx(@,). Hence, Lemma 3 implies that,

foranyae F, meVy,

NV ) )= 2™ Catpal < 71 (58)

for some sequence (y;); converging to 0 as t tends to 07. Equation (32) follows from Equation

(57)and (58) forC(y =y1 + O (Nz(HX_H)), Equation (33) can be established in a same way
N

N—o+oo
using the following lemma.

B Proof of Theorem 1

Proof Let x € R?. We aim at proving that the random field Z is Locally asymptotically self-
similar of order Hy at x, and admits the AFBF Z, of Equation (10) as a tangent field. For ¢ > 0,
let Vy ¢ be the Gaussian field defined, for any u € le, by

Vyglu) = 210 Z2() Z,Lf,l‘z(x’. (59)

We shall show that, for any u € RY, {Vx,t (1)}, crd converges to {ZX(M)}ME]Rd’ as t — 0, in distribu-
tion on the space of continuous functions endowed with the topology of the uniform convergence
on compact sets [24].

For that, we use a convergence criterion which is stated in Theorem 2.1.10 of [23]. Due to
this criterion, we only have to show

1. that Vy; converges to Z, in terms of finite dimensional distributions, as t — 0,
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2. and that the sequence of random fields (Vy,, JneN~, defined with £, = 1/n € [0, 1], satisfies a
tightness property

VI>0,Yu,v e [-L1], supE(|Vys, (u) = Vi, (0)|%1) < Co(I)|u —v|1792, (60)
n>0
for some positive constant Cq(I) which may depend on I, and positive constants a1, a;.
Convergence in finite dimensional distribution. Due to the Lévy theorem, the convergence
of finite distributions of a field can be studied using characteristic functions of field variables.
In the case when the field is Gaussian, it can be further established through the field auto-
covariance which determines characteristic functions. Here, since fields are Gaussian, it suffices
to show that, for any u,v € le,
}%E(Vx,t(u)vx,t(v)) :]E(Zx(“)zx(v))‘ (61)
For that, we apply Lemma 3 of Appendix A to variations V;;(x) and Vj)(x) defined with a
kernel v having terms v[0] = 1,v[e1 ] = -1, v[k] = 0, otherwise, and transforms

Uy —u V] —v
T = 1 7%2) and T, = 1 =vz)
uz Uy v2 V1

respectively. Let us notice that V;; = tHx Vyt(u)and Vip = tHx Vy,t(v). Hence, setting €; = t max (|ufoo, [V]oo ),
we get

Limm (V1 (1) Vi (v)) = 1(0) = f O(T{ W) (Tyw)d (w)hw|Hx~ duw, (62)

R4
the later integral corresponding to the term [E(Zy(u)Z,(v)) of the autocovariance of Zy.
Tightness property. Let us consider with ¢ = % €[0,1]

E((Z(x+tu) - Z(x + tv))?)

— 2\ _
Dy = E( (Vi (u) = Vit (v))*) = R (63)
Notice that
Z(x+tu)—Z(x+tv) = Zv[k]Z(x +tu—tTk),
k
for the filter v having terms v[0] = 1,v[1,0,---,0] = -1, v[k] = 0 otherwise, and the transform
T= up—vy —up+vp
Tuz-vp up-my
Hence, setting Vi (x + tu) = Vip(x + tu) = Z(x + tu) — Z(x + tv) in Equation (42), we obtain
Dy =t~ 2Hx J IRy (w)]*dw, (64)
|w|>A

where R;(w) = (ei<x+t“'“’>—1)y/fou(a))—(e_i<x+t""”>—1)\/fx+,,,(a)). Furthermore, R;(w) = Zizl Rix(w),

where terms Ry (w) are defined as in Equations (43). Therefore,

3
Dy =2 Z j Ryg(w) Ryp(w)dw.
Ki=1 lw|>A

Consequently, due to the Cauchy-Schwarz inequality, Dy < t~2Hx ZI?,Z:I VAt A, where Ay
are as in Equation (46). Hence, Lemma 5 yields

Dy < cmax (TR, ITPH )+ (T[21 +|T12%) O (12(mintan=ti)
t—0%
+max(|T|’§+a+|T|/§+'7,|T|H+a+|T|H+’7) le) (tmin(a,r])fo)
t—0*

Jr|T|zx+r] o) (ta‘*’l—ZHx).
t—0+
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Noticing that |T| = |u —v| and using assumptions that H < f <a <1 and H < f <7 < 1, we further
have

D; < cmax(|u —vlzﬁ,lu - v|2H)(1 +max(|u —ypmin(an)-H 1, 7v|2(ma"(“"7)_ﬁ))),

the second term reaching a bound C,(I) for any (i, v) on the compact set [-I,1]? x[~I,I]%. There-
fore,

SUPI{ (Ve (1) Ve (1)) < Cott) max fu — v/ fu— ¥ ) (65)
t>
Consequently, choosing p € N so that pH > d, we obtain

(Ve (1) = Vi) < CplDymax (ju = v2PP, u — PP ). (66)

In other words, the tightness property (60) is shown for a1 = 2p and ap = 2pH —d.



