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REMAINDER PADE APPROXIMANTS FOR THE HURWITZ ZETA
FUNCTION

MARC PREVOST

ABSTRACT. Following our earlier research, we use the method introduced by the author
in [9] named Remainder Padé Approximant in [10], to construct approximations of the
Hurwitz zeta function. We prove that these approximations are convergent on the positive
real line. Applications to new rational approximations of {(2) and ¢(3) are provided.

1. INTRODUCTION

In [9], we gave a new proof of the irrationality of ((2) = "7, 1/k* (and also of ((3) =
> ore 1/k%) based on an explicit construction of some Padé approximants of the remainder
term Ry(1/n) =Y oo 1/k*with

kz:; zk+1

More precisely, we have ((2) = >_7~| 1/k* + Ry(1/n) The function R, is meromorphic in
C\{0,—-1,—=,—=,-
\ { Y Y 2 Y 3 Y

may be expressed as a Taylor series Rg(z) = >0, Bez"! with a zero radius of convergence,
By, being the kth Bernoulli number.

The idea was to compute an explicit representation of diagonal Padé approximant
Po(2)/Qn(z) = [n/n]p, (2) € Q(2) of the series Ry(z) with a good estimation of the error
term E,(z) = Ry(z) — [n/n]z,(2).

At last, we stated the relation ship

-- } and so is not holomorphic at 0. However, Ry is C* at z = 0 and

Qn(1/n)En(1/n) = Qn(1/n)¢(2) — @n(1/n) Zl//f2 n(1/n) = qn(2) —

providing a sequence of rational approximation p, /g, and proving the irrationality of {(2).
The surprise was to retrieve the sequences used by Apéry [1] for the same purpose.

The same method applied to the series ¢(3) = >_;~, 1/k® provides also the Apéry num-
bers given in [1].

The term Remainder Padé Approximant (RPA) has been used later in a paper written
with T. Rivoal [10] for the exponential function.

2000 Mathematics Subject Classification. Primary 41A21; Secondary 41A28, 11J72.
Key words and phrases. Padé approximants, Zeta function, Bernoulli numbers.
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In this paper, we apply the same method and we prove that some sequence of RPA for
Hurwitz zeta function is convergent on the real line.
For a € C,R(a) > 0, the Hurwitz zeta function is defined as

=~ 1
s,a) = —_ 1.1
((s,a) kX_% i a) (1.1)
where the Dirichlet series on the right hand side of (1.1) is convergent for R(s) > 1 and
uniformly convergent in any finite region where R(s) > 14 9, with § > 0. It defines an
analytic function for R(s) > 1. The Riemann ¢ function is (s, 1).
An integral representation of ((s,a) is given by

¢(s,a) = 1“(13) /OOO ﬁsi‘i’:dm R(s) > 1,R(a) > 0, (1.2)

where D(s) = [;°y* ‘e vdy is the gamma function.
If R(s) <1, the Hurwitz zeta function can be defined by the equation

1 Zsfleaz
s,a) =1(1 —s)— dz,
o) =T =85 [ 25
where C is is a loop around the negative real axis; it starts at —oo, encircles the origin
once in the positive direction without enclosing any of the points z = +2i7, £4im,.. ., and

returns to —oo.

Thus (s, a) can be continued meromorphically to the whole complex s-plane except for
a single pole at s = 1 with its residue 1.

If we write the formula (1.1) as :

n—1 [e’s)
1 1
_ b 1.3
(s0) p (k+a)s+kzz()(n+a+k)s (1.3)
and set
_ 4l—s = t ’
V(s 2) =1 Z(Hkt
k=0
then
| 1
_ l=s\y ) 1.4
o =X gt o (s ) (1)

Another expression of W(s,t) is given in [13, chapt. XIII] by

q,( t)_ 25175 /oo ol efu/t J (1 5)
U S T ™ '

whose Taylor series is
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oo B,
(s, t) = Zﬁ(s)k_l(—l)ktk, (1.6)
k=0
which is convergent only at t = 0, where (s); is the Pochammer symbol ((s), = s(s +

Ds+2) - (stp—1), ()0 =1/(s—1).
For a given pair (mi,ms), let [m1/malu(s) = Qm, (t)/Pn,(t) be a Padé approximant to
the function W.

1
Then by replacing the remainder term ¥ (s, ) in (1.4), by the Padé approximant
a

n
[m1/mo)w(s ), computed at t = 1/(n + a), we obtain the RPA approximant
n—1 ~
1 my (1
RPA(n,my,myg) := —+(n+a)1_scg u{ /(n+a))' (1.7)
i (b ay P (1/(n + ))

The crucial point is the convergence of this sequence (RPA(n,my,ms)) when one or
more of the parameters n, my, mo tends to infinity.
The convergence of Padé approximants is proved for many functions as meromorphic func-
tion, Stieltjes function,...[3]. In this paper,when s is a real positive number, we prove that
the function W (s,?) is a Stieltjes function with respect to the variable t. First we need to
remind the definition and some properties of Padé approximants.

2. PADE APPROXIMANTS

Let f be a formal series whose Taylor expansion about ¢ = 0 is

[e.9]

&) => et

i=0
The Padé approximant [my /my]; to f is a rational fraction Q, /P, whose denominator

has degree my and whose numerator has degree m; so that its expansion in ascending
powers of t coincides with the expansion of f up to the degree m; + ms , i.e.

Py (8)f(8) = Quy (8) = O™ 7271, (2.1)

The theory of Padé approximation is linked to the theory of orthogonal polynomials as
following [6].

Let us define the linear functionals ¢ and ¢®,p € Z acting on P, space of polynomials
by

c: P—R(orC)
= (e, ") =¢ i=0,1,2,...

and
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(P 2%y = (e, x™P) = ¢;p,, i=0,1,2,...(c; =0,i < 0). (2.4)
Then the denominators of the Padé approximants [my /ms]; satisfy the following orthog-
onality property
(ctmmmath) pip (2)) =0 i=0,1,2,...,my—1

where P,,,(z) = 2™ P, (z~') is the reversed polynomial.
Let us define the associated polynomials

P, — P, (t
ng—l(t) — <C(m1—m2+1)’ z(xx) — 2( )> ,ng—l c ng—l; (25)

where ¢™1=m2+1) acts on the variable x . Then

m2—m1

@mxw::< > qﬂ>21mu)+ﬁm—mﬁ4§mr4@) (2.6)
=0
where Ry, _1(t) = t™ LRy, _1(t7)) .

If ¢ admits an integral representation with a non decreasing function «, with bounded
variation, such as

q:AﬂMWL (2.7)

then f is a Stieltjes function and the theory of Gaussian quadrature shows that the poly-
nomials P,, orthogonal with respect to ¢, have all their roots in the support of the function
.

Moreover, if f satisfies the Carleman’s criterion [3, p.240] then all paradiagonal sequences
of ([m + J,m]),, Padé approximants with J > —1 converge to f.

The aim of the paper is to find, in the case of Hurwitz zeta function, the weight function
da depending on s and to prove that it is a positive function.

The error is defined by

gmatmat1 P2 (z)
t) — t) = ————clmmmetl) [ _malC ) 2.8
10~ i) = e - (2.
The expression of the error above is understood as a formal one if ¢ is only a formal
linear functional [6, chapt. 3|, but if ¢ admits the integral representation (2.7) then the
error rewrites as :

f(t) = [ma/ma]s(t) = f(2) Bt P 1o dal@). (29)

_ va1 (t> o tm1+m2+1 /xm1m2+1 Pr%u (ZL‘)
L
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In the particular case m; = mqg — 1,

t2m2 Pan
70 s =10 = 70 [ o) 2.10)
Note that
[ma + p/ma]s(t) = co + ert 4 -+t + 7" [my — 1/mo]y, (t)
where .
fo(t) = Z Citpiit'-
=0

3. STATEMENTS OF THE RESULTS

In this section, we will prove that it is possible to compute the weight function under-
lying the coefficients Z&(s);_1(—1)* of the function W(s,t) = > 5 2 (s)p_1(—1)F¢*. The
weight function wy will depend on s. For particular values of s (s > 0), w; is a positive
weight function and thus W(s, ) is a Stieltjes function depending on the variable ¢ and the

convergence of RPA will be proved for t = 1/(n + a).

Theorem 1. For any complex numbers s,a, R(s) > 0,R(a) > 0 and any positive integer
m, m > R(s) — 1, then

1 1 1 < 1
— - 4= ——wy(x)d 3.1
((s,0) as~1 (3—1 +2a+/0 a2—|—x2w (z) x) (3-1)
where the weight wy is defined by

w(r) = (S)QF(QTTS_ . / T x)msi—z (@T1—1> dt.

We will prove in the section 4 that this formula (3.1) is a consequence of Hermite’s
formula for the function ((s,a).
As proved by Touchard [12], Bernoulli numbers satisfy

T dz
By = —ie [ b
¥ 2/,; sin?(7z)

where L is the line L := —% + R and thus can be viewed as moments of order k£ > 0
of the positive weight function 1/sin*(7x) on L. Therefore, for s = 2, the coefficients
%(S)k—l = By of (1.6) are the moments of a positive weight. For s = 3, these coefficients
appear as their derivative (k + 1)By. The derivative of 1/sin’(7z) is a weight function,
symmetric around —1/2 whose support is also the line L. But for integer value of s greater
than 4, it is no more true for all £ > 0. A much more difficult case is the case when s is

real.
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B
Nevertheless, from the previous Theorem, we obtain an integral representation of —k ($)k—1

k!
but for k > 2.
Theorem 2. Integral representation of Bernoulli numbers.
If s is a complex number such that R(s) > 0, then for k € N,
($)k+1 D)F/2 [ abw(v)de  (if k even)
Brea oy = o (if k odd) (3:2)
with
2(—1)ma® > L dam 1
s = t—x)" T — | ——— | dt 3.3
ws(a) F(S)F(m—l—l—s)/x (=) o (62”—1) (3:3)

where m is any integer satisfying m > R(s) — 1.

Proof We use the expansion of ((s,a) in terms of Bernoulli numbers [11, p.160]. We
have

By, —k—s+1 1 /Oo 1 - By, k—1 —at 4s—1
= — s —_— —1 GRS dt
((s,a) =a" +Z S)k-177a +F(s) i By e

which is valid for §R(s) > —2n + 1,R(a) > 0 and n a positive integer.
By comparing this formula with (3.1), we get the formula (3.2).

Remark. The positivity of the weight function is important because it guarantees the
convergence of Padé approximants. In the case when s is a positive real number then wy
is positive on its support. This gives the following main theorem.

Theorem 3. For every positive real number s, s # 1, for every complex number a, R(a) >
0, for all integers n > 0,p > 1, the following sequence

n—1
1 —s
RPA(, mtpm) = 3 s b (o 0) o/l ey (54)
k=0

converges to ((s,a) when m tends to co.

Theorems (1 and 3) will be proved in Section 4.

Remarks. For n € N;p = —1, Theorem 3 is proved only for s = 2,3 in [9]. RPA(n,n—1,n)
(resp. RPA(n,2n — 1,2n)) are the Apéry’s numbers for ((2) (resp. ((3)).
If n =0, formula (3.4) yields

Vs > 0,Va € C,R(a) > 0,Vp > 1, lim a'*[m +p/m]q,(s7t)‘t71/a = ((s,a).
m—00 -
Moreover, for the particular case n = 0, a = 1, RPA(0, m + p,m) is a rational function

depending on the variable s and which converges to ((s,1) = ((s) when m tends to co (by
Theorem 3).
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For example, for p =1,
RPA(0,2,1) = 2648

12(s—1)
(s4+2)(s2+12s5+31
RPA(O 3 2) 2(s—1 ()(82+35+62))’
(s+2)(s+4) (352+885+405)
RPA(0,4,3) = 120(s—1)(s2+7s+54) *
(s42)(s+4) (55+124s4+2644s3+2373052+929398+122130)
RPA(O D 4) T 2(s—1)(s5+101s5 41755571 2141553+ 15388452+ 6575645+977040)
RPA ( 0.6, 5) . (s+2)(s+4)(s+6)( 517465%4-281625%4-49811252 +3612925s+8457750)

84(s—1)(s%4+429s5+1038754+134511534104477252+48910205+9666000)

Ifn > 1and a =1, then RPA(n, m+p, m) is no more a rational fraction since it contains

powers of (n + a) with s as exponent:
2175 (524115436

RPA(1,2,1) = 2 ) 4 g,
RPA(1,3,2) = 9-s (18( i;igi ;;1321:;)726) i1
e
RPA(2,2,1) = 31&)?—”1;90) Lo

RPA(2,3,2) = 2((+f’i*+‘§27+;§§10) o5 1 1,

Nevertheless, if s is an integer, a = 1 and p > 1, we obtain a sequence of rational
approximations of ((s) by computing RPA(n, m + p,m), depending on the two integers
parameters n and m.

4. PROOF OF THEOREMS

4.1. Proof of Theorem 1. We start from Hermite’s formula for ((s,a), (a) > 0, which
is a consequence of Plana’s summation formula ([11], p.158):

1 1=s o d
((s,a) = 3 a’+ Sa_ Tt 2/0 (a* + y?)~**sin <s arctan %) e%y—y—l' (4.1)
Note that this integral converges for every complex number s # 1.
Let us define .
s(t — -8
I, ::/ %dm (t>0,0 < R(s) < 1).
o a°+x
The proof is based on the formula [8, p. 142]:
we have for (a) > 0 and R(8) >0
1 u® 1(1 o u)ﬁfl
_ —a, —p
| e+ e Tk <7 (42)

()T (5)

where B (a, f) = fl u (1 —w)Ptdu = NEETR

0
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With the change of variable x = tu, we have
1 _
tu(1 —u)~*
I / L Ul I
o a?®+t2u?
Sl
1 1
= 3/ TR T — — , du.

2 Jo a-+itu  a—itu

By applying formula (4.2) with a« = s, =1—s and z = i% (Iph(2)| < 7 since R(a) > 0)
i

we get
s—1

5 ((a—it)™ = (a+it)~%).

I, =T(s)I'(1 —s)
Let us set t = atan 6. We obtain

I, =T(s)['(1 — s)a" ! cos®(#) sin(s6) = T'(s)I(1 — s)a*"*(a® 4 t*) "/ sin (s arctan (2)) .

Thus, the following identity

1 bas(t—x)~s Sl 2 -8/ 3
= oM a? 4 12) - 4,
T =) /o R dr = a* " (a® +t°)"*/“sin (s arctan (a)) (4.3)

holds for all real ¢ > 0 and complex s, 0 < (s) < 1.
Now, for s complex satisfying R(s) > 0 and m an integer such that m > R(s) — 1, we

claim that the following formula,

sin(s arctan ¢/a) '~ dr < /O et ) d:c) (4.4)

(@+12)2 T(s)[(m+1—s)dtm 1+ a2

is satisfied.
First, it is true for m = 0 (4.3).
Let us assume that (4.4) is true for m then using

m+1 t s(4 m+1—s m t s m+1—s
d / x*(t — x) i) — dan d / *(t — x) i
dtm+1 A\ Jo 14 22 dtmdt \ J, 14 22
dm t s (t —x)"
= — l—s)———d
dtm (/o(m+ °) 14 22 x)
we obtain formula (4.4) by using the identity '(m +2 —s) = (m+ 1 —s)'(m+ 1 —s).

i tan(?
To prove Theorem 1, we replace s1n((3 ?ri ng;(/g a) (formula 4.4) in Hermite’s formula
a S

(4.1), and we apply integration by parts m times:
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a=*s al_s 2al* oo gm bas(t—x)ms dt
- 9 d
C(S’ a) 2 + (8)F(m+1_3) /0‘ dtm <A CL2 _|_ xQ x) 627rt_1
a5 al s 2( )m 1—s o8 tIS(t—I)m_S dm 1
- d dt
2 + T F(s)F(m—l—l— s / (/0 a2+ 12 x) dtm<€27rt_1)
B afs—i_ al s N 2 m 1—s /OO rSdr / 1 @t
2 s—1 I(s)I' m—l—l—s a?+z2 dtm e2mt 1)

The permutation in the last integral is valid since the function

‘m(t — )" ;zi:n (62,{,£ 1 ‘ is less than & iy ;;L (6%—171) which is integrable in [0, ool.

Remark. If we consider a = 1, we get an integral representation of the Riemann zeta
function:

(s) = %+8i1+/omﬁws(x)dx (4.5)
with
(=1 > ad™ (1
) = 1= ), ¢ dt_m<——1) & (46)

where m is an integer satisfying m > R(s) — 1.
So, if s is an integer, we can consider m = s and

I T T e A 1
= = d 4.7
() 2 * (s—1) + F(s) /0 1+ a2de—t \ezme 1) (47)
1 > ds—1 x®
_ 1 4
2+(5—1 Fs 0 62”—1 da:31(1+:c2>dx (48)

which yields

3 © g2 3 [ 1 Az
2) — 2 dz =2 d 4.9
) 2”/0 1+ 22sinh iz 2+/O e —1 (14222 (4.9)

> 23 coshmw * 1 2x(z*-3)
3) =1+m dz =1- d 4.10
@ I /0 1+ 225z /0 e —1 (1+ a2)3 z (4.10)
z* 24 cosh(27x) 5 /00 1 Sa(a?1)

5 w [
4) = -+ — de = = —
@ 6" 3 o 1+2% sinh*nz 76 0e?™@ —1 (1+ 22)*

dr. (4.11)

4.2. Proof of Theorem 3. We consider the function ¥(s,t) given in (1.6) written as

U(s,t) =

(s, 1) (4.12)
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where

oo

Uy(s,t) := g%(s)kﬂ(_l)ktk.

Thus the Padé approximant [m + p/m]y (s satisfies
_ B B 2
[m+p/m}\p(s¢) = S——1 — 1t+t [m+p—2,m]q,2(s’t).

For s a positive real number, the weight w; is positive (Theorem 2) and so Uy(s,t) is a
Stieltjes function

%(s,t):/OOOL (2)dz.

wS
1+ x2t?
. . Bk+2 k aps . y . .
Its coefficients ¢y := it 1] ($)k+1(—1)" are positive and satisfy the Carleman’s criterion,
le.
Z c,;l/ deiverges.
k=0

Actually, the Bernoulli numbers of even index satisfy

5\ 26
Bl ~ 4vR (£ )
e

—1/4k AN
Cok ~ e

which is the general term of a divergent series.(Bernoulli of odd index greater than 2 are
zero)
We now apply Theorem of [4, p.240] to conclude that for all integers p,p > 1,

and so

lim ¢ [m 4 p/mlyey = t°"W(s,t) = ((s,1/t) for all complex numbers ¢, R(t) > 0

m—00

5. PARTICULAR CASE: s IS AN INTEGER

Forp=1,s =2o0r p =2, =3, we will give in this section the formal expression of
RPA(n,m + p,m) and the expression of the error. If a = 1, then the rational approxima-
tions RPA(n,rn+ 1,rn) to ((2) and RPA(n,rn+ 2,7rn) to {(3) with some suitable value
of r lead to another proofs of the Apéry’s theorem.

The case for s > 4 remains an open problem.
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5.1. Case s = 2. In this case, the weight in the expression (3.1) is defined as

> 1 Tz’
() v /x dt? (62” - 1) sinh?(7x) (5:1)

Another expression of wq(z) is
1
wy(x) = - IT(1+ iz)D(1 —iz)|”.

Generalizing a result by Carlitz [7], Askey and Wilson [2] gave an explicit expression for
the orthogonal polynomial P,, with respect to the weight function w, :

-m, m+3, 1—=x
Pn(x) = (m+1)(m+2)3F; i1 (5.2)
2 2

Y

= (rr) () (), o9

and
2 0 (if n # m),
/ () Pala)—2—dz = { (—1)"2n+ )(n +2) .
iR sin” mx (if n =m).
2n 4+ 3
The roots of the polynomials P, are located on the imaginary axis since the weight
mz? . -
——— is positive on this line (see 2.7).
sin” o
The three-term recurrence relation is
2(2m + 3
Phii(x) = ( ) x Pp(x) + Pp_1(x) (5.4)

(m+1)(m+2)

with initial conditions: P_y(z) = 0, Py(z) = 2.

The Padé approximants are expressed with orthogonal polynomials and their associated
polynomials (see 2.5).

Before computing these associated polynomials, we need some suitable modified mo-
-1
k
Let us define the linear functional ¢*) acting on the space of polynomials as

ments, i.e., the moments of the binomial (x

o B, o
<c( ),iL‘j> = 7!7(3)]-,1(—1)], jeN,

and 22¢®) by
<x20(5),xj> = <c(5),:vj+2>.

The following modified moments [9, p.228] satisfy
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: : of T—1Y\ _ x 9 x
ﬂwﬁmMyx( I )_4k+nw+m(k+2)+ﬁwﬂ)(k+1>mmwnme
following formula for modified moments for the functional z2¢®:

(e (700) = s >0

The associated polynomials R, (2.5) are defined by
P(x) — P(t
Rmfl(t) — <l‘20(2), (ZE) ( >>

T —1
where the variable is z. From the expression (5.3) for P,,, we get the following formula for

Ry
£omy ety CELCED
<x;1>_(t;l)

Tx—t1

on the Newton basis

Using the expression of the polynomial
with abscissee {0,1,2--- kK — 1}

()5 ()
0 )21(31)

we can write a compact formula for R,,_1:

R (1) :g; (77,;:11) (m/jfﬁ) (t_ 1) ; ( , )<Zl)+i11)<i+2).

So, we get the [m + 1/m] Padé approximant to the function W(2,t)

Ry 1(t) Ro_1(1/t)
1 =By—Bit+t*—=—" =By — Byt +t—m—~ "~
[m + 1/m]y. 0 1t + B0) 0 1t + Po(L1)
and also an approximation of (2, a):

n—1 1 1
((2,0) =~ Z(k i [m + 1/mluoli=y/ra)

k=0

| 1 1 1 -

em(a) =:

= RPA(n,m+ 1,m)

(]

“—~(k+a)’ * n+a * 2(n+ a)? i (n+a)? Up.m(a)
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where

_qyi—1
b—i (=1)

m [(m+1\ m+k+2
i (i) (M) o
; (i41)(i+2)

em(a) =
g m+1\ /fm+k+2\ n+a—-1
=0\ k+1 k+1 k
Irrationality of ((2)

A consequence of the previous formula is another proof of the irrationality of ((2).
Indeed, if dy := LCM][1,2,--- k], then [9, Lemma 3.1]

<n+a—i—1
k

Consequently, the numerator of &,,(1) multiplied by d?, 4o is an integer and for all integers
n,m, d2, oUnm(1) € N, d2, st (1) € N.
The error (formula (2.10)) applied to the function ¥(2,¢) rewrites as

U(2,t) = [m+1/mlyey(t) = gzr(nt) /R fn—L(zi singc@m)d:ﬂ

and the error term satisfies
2

_ Unm(1) L P () 2
'C(Q) Unm (1) ‘ : Pr(n+1) /z'R l—z/(n+1) Sin2(7mc)d (5:8)
1 , 2
: W /@']R !Pm(x” Sin2(7rx)d (5.9)
1 2(m +1)(m + 2) (5.10)

<
- P:n+1) 7w(2m+3)

Note that wy, (1) = Ppn(n + 1).
Now, we consider r € Q such that m = rn € N. Applying the Stirling formula to the
expression (5.3) for orthogonal polynomials P,, we get

r+t
: 1/n (T‘ +t) *
h}ln(Pm(n +1) = tem[g)lc} B — (1= )
(r+o(r)
=: p(r) (5.11)
(1 =o(r)(r—a(r))
where o(r) = =2 55 5 gero of 2 4 12t — 12 = 0,

So, using the prime number theorem d,, = e+
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1/n

. n 3 1
< (ot ()l
62 max(r,1) /p(r>

The inequation e>™#(1) /p(r) < 1 is satisfied for r €]0.74,1.53[.
The irrationality of ((2) follows from the following limit

lim (¢(2)d}ttnrm(1) = dppvnm(1)) = 0.

lim sup ’C rn+2un rn( ) - dzn+2vn,rn(1)|

5.2. Case s = 3. For s = 3, the weight in the expression (3.1) is

m2x? cosh x
= —— dt = —8—. 5.12
/ at? (eQ’Tt 1) 3 sinh®(7x) (5:12)

Another expression of z?ws(z)
1T +iz)
127 |F(2ix)|2
This weight has been investigated by Wilson [14]. The orthogonal polynomial P, satisfies:

vws(z) =

-m, m+3, 1—z 1+=x
Pn(z®) = (m+1)(m+2),4Fs 1 (5.13)
2, 2, 2

SR E)CE (e e

and the orthonality relation is

2.5 0 (if n # m),
‘ Z if n =m).
i’ s 3 o + 3
x’ cosTax . o :
The weight ————is positive on the line :R thus, the roots of the polynomials P, are
n°
located on the imaginary axis.
We set I1,,(x) := B, (2?).
The three-term recurrence relation is
2(2m + 3) 5  2m+3 m+1
IT,, = I, () — ——1I,,_ 5.15
i) = (2B e 2 ) - P @) (5

with initial conditions: II_; = 0,1l = 2.
In the previous subsection, we have defined the linear functional ¢{*) acting on the space
of polynomials as

. B. -
(.07 = Z(5)y (-1, jeN,
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and z*c® by
<x4c(s),xj> = <c(s),xj+4> :

. . . _ 1
Before computing the associated polynomials, we need the moments of (a: 2 ) (x + k)

k
q z—1\ (x+k
an k1 AL

Lemma 1. Let us define the polynomials vo;41(x) and vaj(x) by

mple) = (571) (x?)
vj(z) = (x]—l) <$;L]>

Then,
4 (3 _ (k1)
<$ C( )7V2k+1(x)> - (_1)k+ Q(k —|—3><k i 2) (516)
4 (3 _ ko (k1)

Proof. ¢ satisfies (¢®,27) = B;(—1)7. We denote ¢®" by (¢®',z7) := (c®, —jzi1).
From the definition of ¢®, (¢®,27) = 1B;(j + 1)(—1)7, we have

1 /
¥ = —§xc(2) :
In [9] p. 230, it is proved that (—c®', Noy(z)) = 0,(—c®’, Nopyi(2)) = % where

<%@Q:LN%QM:@>ij>J%Hﬂ@: P G;*)

Now, (2%¢®), vopiq(2)) = <—%x5c(2)', Va1 (2)) = 2 (= 2Py pq(2)) .

The proof of (5.16) follows from the expansion
Vo1 (2) = aNogi6(2) + BNogi5(2) + YNojra(x) + I Nojr3(x) + pNojy2(x) — 20 Nog41 (2),
with
(k+1)(k +2)*(k + 3)%,
—2(k+1)(k +2)*(k + 3),
= (k+1)(k+2)*(2k* + 6k +5),
—(k + 1)(k + 2)(2k + 3)(2k* + 6k +5),
= (k+1)°.

T o2 ® 02
|
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For (5.17), we use the expansion
2o () = (k+1)? (k42)? (k+3) Nojs () + (k+1)? (k42) (2k*+6k+5) Nogys () + (k+1)® Nopy ().
U
Now, the associated polynomials ©,, 1 (2.5) are defined as

Op1(t) = <x4c<3>7 I () — Hm(t)>

r—t

where the variable is x. From the expression (5.14) for II,,, we get the following formula
for ©,,_1 € Poy—o :

w1\ (x+K\ (i-1\ fi+F
@m1(t):i(m“>(m+k+2)L<x4c(3> ( k ) ( k ) ( k ) ( k )>'(5_18)

k+1 k+1 JEk+1 ’ r—1

(- )

r—1
ton basis with abscissee {0,1,—1,2, =2+ |k, —k} [9, formula 55], i.e

()OI ) 2 mn wo

k=0

Using the expression of the polynomial on the New-

e L v 016+ 272

and Lemma 1,
<x4c(3), V2j+1(:)3)> = — <$4c(3), l/gj(a:)> = (=1)
we can write a compact formula for ©,,_1:

_m m-+1\ (m+k+2 1
@ml(t)z(k+l)( k+1 )k—+1

k=0

(j+1)°
2(j+3)(j+2)

N
M
L

X

3) vVi\x
> )

_ Zm: <m+1> <m—|—k:—|—2) o(t) Zk: (—1)?
e \k1) \ kL) k1 ( ) (t+p) 20+ 1) (p+2)
p p
So, for m > 2, we get the [2m + 2/2m] Padé approximant to the function W(3,1t)

B, 30p o 5Omalt) _ Bo 80p | aOma(l/t)
2 2/2 = — —Bit+-t*B t°— — Bt t B t
[ m + / m]\p(&t) 5 1t + 5 2 + Hm(t) 2 + 2+ m<1/t) ,

and an approximation of ((3,a) :

N n—1 1 1 1 1 1 . fn,m(a)
= %(k + a)? " 2(n + a)? " 2(n +a)? " A(n +a)* i (n+ a)5em(a)  Gam(a)
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where
@m_l(n—l—a)
m(0) II,,(n + a)
n+a—p—1 n+a+k:(71)p
som (ML) (M ke 2) g o k—p k—p
k=0 \ k41 k41 k+1

p=1 2

<k> 2(p+1)(p+2)

p
m [(m+1\ fm+k+2\ n+a—-1\ (n+a+k
ZkO(kH)( k1 >< k )( k )/(k“)

Irrationality of ((3)

The irrationality of ((3) has been proved by Apery in a celebrated paper [1]. A little later,
a particular straightforward and elegant proof of this irrationality was given by Beukers
[5]. The author gave another proof in [9] using the RPA. Actually, RPA(m,2m — 1,2m)
provides exactly the Apery’s numbers for {(3). In the following, we show that the previous
approximation also proves irrationality of {(3) with RPA’s depending on other parameters.

Actually,

Vn,a € N,d2 1O 1(n+a) € Z,d> 1 fum(n+a) € Zand d1gum(n +a) € Z.
Note that g, ,(n+a) = II,,(n+a). The proof is similar than in the previous subsection.

We consider the case a = 1.
The error (formula (2.10)) applied to the function W(3,¢) becomes

T

2m /an(x) m22° cos

- 12 (t) Jiw 1 — at 3sin®(mx)

and the error term

fam(1)
gn,m(l)

¢(3) -

satisfies

7T2$5 COSTTX

112, n+1 / 11— x/n+1)| 3sin®(7x)

7T2.CL'5 COSTTX

H?n(n—f—l)/ L, (@ )38111 3(mw) da
1 L(m+1)(m+2)
2 (n+1)3  2m+3

GO
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Now, we consider r € Q such that m = rn € N. Using the Stirling formula in the
expression of the orthogonal polynomials (5.14),
max
te(0,1] 3 (r — )" (1 — )1t
(L +p(r)(r + p(r)” (r)
(1= pu(r))(r = pu(r))

lm(IL,, (n + 1)V =

where u(r) = \/ﬁ is a zero of (1 —t%)(r? — %) = t*.
S0

1/n

hIIl sup |<(3)d§n+1gn,7’n(1) - d§n+1fn,rn(1)} S hELn(dinJrlgn,rn(l))l/n llIIl

n (Gnm(1))2"
— €3max(r,1)/n(r)

The inequation ™1 /n(r) < 1 is satisfied for r €]0.74,1.36].
The irrationality of ((3) then follows from the following limit

hin (C(B)dirﬁlgn,m(l) - d§n+1fnﬂ“”(1)) =0.

Conclusion
In section 3, for a = 1, we have proved that for all fixed integers n, p > 1, and for each

s > 0,s # 1, then the sequence
(RPA(n,m +p,m))m

converges to ((s).
If m and n are linked such that m = rn, then the convergence of

(RPA(n,rn +p,rn)),
is proved for s = 2 and the rate of convergence is p(r) (see (5.11)):

limsup(|¢(s) — RPA(n, rn + p,rn))|Y™ < p(r).

Numerically, it seems that this property is valid for all s > 0,s # 1 and more generally
for all complex numbers s, s # 1.

REFERENCES

[1] APERY, R. Irrationality of ((2) and ((3). Astérisque 61 (1979), 11-13.

[2] ASKEY, R., AND WILSON, J. A set of hypergeometric orthogonal polynomials. SIAM J. Math. Anal.
13, 4 (1982), 651-655.

[3] BAKER, JR., G. A., AND GRAVES-MORRIS, P. Padé approzimants, second ed., vol. 59 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1996.

[4] BAKER, JR., G. A., AND GRAVES-MORRIS, P. Padé approzimants, second ed., vol. 59 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1996.

[5] BEUKERS, F. A note on the irrationality of {(2) and {(3). Bull. London Math. Soc. 11, 3 (1979),
268-272.



(6]
[7]

8]

REMAINDER PADE APPROXIMANTS FOR THE HURWITZ ZETA FUNCTION 19

BrEzINSKI, C. Padé-type approzimation and general orthogonal polynomials, vol. 50 of International
Series of Numerical Mathematics. Birkh&user Verlag, Basel-Boston, Mass., 1980.

CARLITZ, L. Bernoulli and Euler numbers and orthogonal polynomials. Duke Math. J 26 (1959),
1-15.

OLVER, F. W. J., LozIEr, D. W., BOISVERT, R. F., AND CLARK, C. W., Eds. NIST handbook of
mathematical functions. U.S. Department of Commerce, National Institute of Standards and Technol-
ogy, Washington, DC; Cambridge University Press, Cambridge, 2010. With 1 CD-ROM (Windows,
Macintosh and UNIX).

PREVOST, M. A new proof of the irrationality of ¢(2) and ¢(3) using Padé approximants. .J. Comput.
Appl. Math. 67, 2 (1996), 219-235.

PREVOST, M., AND RIVOAL, T. Remainder Padé approximants for the exponential function. Constr.
Approz. 25,1 (2007), 109-123.

SRIVASTAVA, H. M., AND CHOI, J. Zeta and q-Zeta functions and associated series and integrals.
Elsevier, Inc., Amsterdam, 2012.

ToOUCHARD, J. Nombres exponentiels et nombres de Bernoulli. Canad. J. Math. 8 (1956), 305-320.

WHITTAKER, E. T., AND WATSON, G. N. A course of modern analysis. Cambridge Mathematical
Library. Cambridge University Press, Cambridge, 1996. An introduction to the general theory of
infinite processes and of analytic functions; with an account of the principal transcendental functions,
Reprint of the fourth (1927) edition.

WILSON, J. A. Some hypergeometric orthogonal polynomials. STAM J. Math. Anal. 11, 4 (1980),
690-701.

LMPA JoseErPH L1OUVILLE, CENTRE UNIVERSITAIRE DE LA MI-VoIix, BAT H. POINCARE, 50 RUE
F. Buisson, BP 699, 62228 CAvLAIS CEDEX
E-mail address: marc.prevost@univ-littoral.fr



