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PITMAN TRANSFORMS AND BROWNIAN MOTION IN THE
INTERVAL VIEWED AS AN AFFINE ALCOVE

PHILIPPE BOUGEROL AND MANON DEFOSSEUX

ABSTRACT. Pitman’s theorem states that if {By,¢ > 0} is a one dimensional
Brownian motion, then {B; — 2info<s<¢ Bs,t > 0} is a three dimensional
Bessel process, i.e. a Brownian motion conditioned to remain forever pos-
itive. This paper gives a similar representation for the Brownian motion
conditioned to remain in a given interval. Due to the double barrier con-
dition, this representation is more involved and only asymptotic. One uses
the fact that the interval is an alcove of the Kac-Moody affine Lie algebra
A<11)7 the Littelmann path approach of representation theory and a dihedral
approximation.

RESUME. Le théoréme de Pitman affirme que si {B:,¢ > 0} est un mou-
vement brownien unidimensionnel, alors {Bt — 2info<s<t Bs,t > 0} est un
processus de Bessel de dimension trois, c¢’est-a-dire un brownien conditionné
a rester positif. Nous donnons dans cet article une représentation analogue
pour le brownien conditionné a rester dans un intervalle donné. En raison
de la présence de deux extrémités, cette représentation est plus compliquée
que celle du théoréeme original. Nous utilisons le fait que 'intervalle est une
alcove pour ’algebre de Kac-Moody affine Agl), I’approche par le modele de
chemins de Littelmann de la théorie des représentations et une approximation
diédrale.
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1. INTRODUCTION

1.1. The probability transition of the Brownian motion conditioned to stay
positive forever is the Doob transform of the difference of two heat kernels. This
is a consequence of the reflection principle at 0. Pitman’s theorem [33] of 1975
gives the path representation of this process as

B(t)= B, —2 inf B
PB(t) ¢ 2 inf B,

where B is a standard Brownian motion with By = 0. The transform PB is
written with the reflection at 0. Consider now a Brownian motion conditioned
to stay in the interval [0, 1] forever. Is it possible to write it as a path transform
of a Brownian motion B by some kind of folding? The conditioned process can
be seen as the Doob transform of the Brownian motion killed at 0 and at 1. Its
probability transition is an alternating infinite sum which can be obtained by
applying successive reflection principles at 0 and at 1 (method of images). It
is therefore natural to ask if Pitman’s theorem has an analogue for the condi-
tioned process in the interval written with two similar transforms at 0 and 1,
maybe repeated an infinite number of times. The main result of this article is
to show that, to our surprise, this is not exactly the case. A small correction (a
Lévy transform) has to be added: this is due to the non differentiabilty of the
Brownian motion. Interestingly, the same correction also occurs in an asymp-
totic property of the highest weight representations of the affine Lie algebra Agl).
Hence there are deep links between the trajectories of the Brownian motion and
representation theory of Kac Moody algebras.

1.2. Let us state our main result. We suppose that p € [0,1]. We will give in
Section 2.1 a precise definition of the following process.

Notation 1.1. Z* is a Brownian motion conditioned to stay in [0,1] forever
such that Z = p.
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We consider, for a continuous real path ¢ : Ry — R such that ¢(0) = 0, for
t>0,

Lip(t) = ¢(t) — inf o(s),

0<s<t

Pro(t) = o(t) — 20;?;90( s).

We call them the classical Lévy and Pitman transforms of ¢. We introduce

Lop(t) = ¢(t) + nf (s —p(s)),

0<s<t
Pop(t) = p(t) + 20%22,5(8 —(s))-

For n € N, we let P, = Py, Lop, = Lo and Poyp 1 = P1, Lop+1 = L£1. The aim of
this paper is the following representation theorem (see Theorem 7.5).

Theorem. Let u € [0,1] and let B)' = By +tu be the real Brownian motion with
drift p starting from 0. For any t > 0, almost surely,

nhﬁ\lglo tLyy1Pnp - "Pl'P()B“ﬂ/t) = nhHHOlO tLy+1Pn - 'nglB“(l/t) =z

1.3. Briefly, the strategy of the proof is as follows. The first step is to linearize
the problem (the reflection at 1 is not linear): we introduce the process A®*

which is the space-time Brownian motion Bt(“ ) = (t, Bl"),t > 0, conditioned to
stay in the affine cone
Cop = {(t.2) e R%0 <z < t}.
We show that Z* is the space component of the time inverted process of A,
ie. A(“ ) (t,tzy /t) in distribution. So we will work essentially with A,
We define a sequence of non-negative random processes &,(t),t > 0,n € N, by

(1.1) En(t) = — Oiggfgt{slm(n) + (—=1)"Ppr - PoBH(s)}.
Then

(1.2) P, ---PoBH(t) = B +2 Z ke (t

and

(1.3) Lyt1Pp---PoB!(t) = Pp---PoB"(t) + (—1)"&nt1(2).

We first suppose that p # 0,1. Then the random variables
€n(o0) = tlg-noo &n(t)

are finite a.s. and their distributions have a simple explicit representation with
independent exponential random variables. The properties of &,(t),n € N, can
be deduced by conditioning arguments. This allows us to show that for all ¢ > 0
the limit of (1.3) exists a.s. and has the distribution of the space component of
AW We also prove that for t > 0, &,(t) tends to 2 almost surely when n tends to
+o0o. This shows that the limit of (1.2) itself does not exist. The boundary cases
p=0,1, are dealt with using the Cameron-Martin-Girsanov (CMG) theorem.
To prove these results, we approximate the space-time Brownian motion B
by planar Brownian motions with proper drifts and we approximate A® by these
planar Brownian motions conditioned to remain in a wedge in R? of dihedral
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angle m/m. The dihedral case has been dealt with in Biane et al. [3] and we use
their results. Due to the need of the correction term, the approximation is not
immediate.

1.4. The article is organized as follows. We always suppose that 0 < p < 1.
In Section 2 we first define rigorously Z*. Then we define A the conditioned

space-time Brownian motion with drift 1z in the affine Weyl cone Cyg. We prove

in Theorem 2.4 that, as processes, Ag“) = (t, th/t) in distribution. In Section 3

we recall the Pitman representation theorem for planar Brownian motions in a
dihedral cone and show how they approximate AW In Section 4 we introduce
the string parameters in the dihedral case. The analogous parameters {&,(t),n €
N,¢ > 0} for the space time Brownian motion BW are defined in Section 5
and called the affine string parameters. When p # 0,1, then &,(c0),n € N,
are finite and are called the Verma affine parameters. In Section 6 we study
the highest weight process A which is the limit of the image of B®) under
the transformation (1.3). It is shown in Section 7 that A equals AW in

distribution. The representation theorem for the Brownian motion Z* in [0, 1]

follows. In Section 8 we first compute the conditional distribution of Bt(“ ) given

the sigma-algebra o{A"(s), s < t} and then the distributions of L (c0) and
¢1(c0). Up to this point we only use probabilistic arguments with no reference
to algebra.

In Section 9, we introduce the infinite dimensional affine Lie algebra Agl)
and show how our results are related to its highest weight representations. We
show that the conditional distribution of the Brownian motion is a Duistermaat
Heckman measure for a circle action. It describes the semiclassical behaviour
of the weights of a representation when its highest weight is large. The Lévy
correction term also occurs in the behaviour of the elements of large weight of
the Kashiwara crystal B(co), which is of independent interest.

1.5. We have chosen to present the proof of our probabilistic results without
explicit reference to Kac-Moody algebra, so that it can be read by probabilists.
But let us now explain the ideas of representation theory behind the scenes
because this has been a source of inspiration. This may be helpful for some
readers. This also explain our choice of terminolgy (affine cone, string parameter,
highest weight, ...).

At the heart of our approach is the fact that the interval [0, 1] is an alcove for
the Kac-Moody affine Lie algebra Agl) and that A can be seen as a process
conditioned to remain in a Weyl chamber. This is linked to highest weight
representations of A(ll) through Littelmann path approach (see [29]).

To give some details, let us first recall the link between Littelmann path theory
for the Lie algebra sly(C) and the classical Pitman theorem as explained in Biane
et al. [3]. Consider a real line V' = Ra where « is the positive root. A path
n in V is a continuous function 1 : RT™ — V such that n(0) = 0. It can be
written as 1n(s) = ¢(s)a with ¢(s) € R, for s > 0. A dominant path is a path
with values in the Weyl chamber, which is here Ry«, so that n is dominant
when ¢(s) > 0 for all s > 0. We fix some ¢ > 0. An integral path on [0,?] is
a piecewise linear path such that 2p(¢) and 2ming<s<; ¢(s) are in Z. Consider
an irreducible highest weight sly(C)-module with highest weight A. It has a



CONDITIONED BROWNIAN MOTION IN THE INTERVAL [0,1] 5

combinatorial description given by a Kashiwara crystal (see Kashiwara [26]).
Littelmann gives a path realization of this crystal (see Littelmann [29]). One
chooses a dominant integral path 7 on [0, ¢], such that 7(¢) = A. The Littelmann
module is the set of integral paths n on [0,t] such that P,n(s) = 7(s) for all
s € [0,¢t], where P, is the path transform defined by

(1.4) Pan(s) = (p(s) — 20§igf§8<p(U))a,

when 7(s) = ¢(s)a. One recognizes the Pitman transform.
Let us consider now the Littelmann path theory for the affine Lie algebra

Agl). This Kac Moody algebra corresponds to the group of loops of Si(2,C). Let
V =RAg ® RA; & RS be a 3 dimensional real vector space with basis Ag, A1, 9.
We let ag = Ag — Ay + 0,01 = Ay — Ag. In the dual space V we define aq, &1 by
requiring that &o(d) = &1(6) = 0 and that (&;(a;))o<i j<1 is the Cartan matrix

2 =2
-2 2 )
The Weyl group W is generated by the linear reflections sg, s; on V' defined by

si(v) = v —a;(v)ay,

for v € V and i € {0,1}. They are reflections along the walls of the Weyl
chamber

CW:{tA0+acA1+y5,0<:r<t,y€R}f:Caﬁ><R

In Littelmann’s theory, a path is now a continuous map 7 : RT™ — V such that
1(0) = 0. One defines path transforms Ps,, i € {0,1}, by

Psn(t) =n(t) — Oiggfgtdi(n(S))ai.

A dominant path is a path with values in the closure of Cyy and one can define
integral paths on [0,¢]. For a fixed t > 0 and an integral dominant path 7 on
[0,¢], the Littelmann module generated by 7 is the set of integral paths n on
[0, t] for which there exists n € N such that

Ps, Ps, - '73317)5077(5) = 7(s)

when 0 < s < t, where so, = sp and sox+1 = 51 for k& € N. This gives a de-
scription of the Kashiwara crystal of highest weight 7(¢) (see Kashiwara [27],
Littelmann [29]). For an integral path n on [0,t] and more generally for a con-
tinuous piecewise C'! path, there is a k € N such that for all n > k,

Ps, - PSOn(S) =Ps; - PSOT’(S)7

for 0 < s <t (see Proposition 7.7). This new path is dominant. One can ask
if, similarly to Pitman’s theorem, at least the limit, when n tends to infinity, of
Ps,, - - Psyn exists when 7 is replaced by a space-time Brownian motion.

We show in this paper that this is not the case, but a slight modification does
converge in V/RJ to a space-time Brownian motion conditioned to remain in the
affine cone Cg. It will be enough for us to work in the space V/Rd, so we will
use a space V without 6.

We call the sequence {€x(t), k € N} defined in (1.1) the affine string parameters
by analogy with the string parameters in the Littelmann model. For integral
paths, they are the string parameters of the corresponding element in the highest
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weight crystal (see Kashiwara [26], Littelmann [30]). Likewise, we call £ (00), k €
N, the Verma affine string parameters, by analogy with the string parameters
of the crystal B(oco) of Kashiwara associated with the Verma module of highest
weight 0. The fact that we are able to study the affine string parameters from
the Verma ones is reminiscent of the fact that the highest weight crystals are
obtained from B(c0).

1.6. In conclusion we see that the conditioned Brownian motion in the inter-
val, a priori simple, can be studied here thanks to its links with the infinite
dimensional affine Lie algebra Agl). It is an example of integrable probability
in the sense of Borodin and Petrov [5]. It is interesting to remark that we use
an approximation by processes which has no direct relation with group theoretic
diffusions, since the dihedral group is not the Weyl group of a semi-simple Lie

algebra (when m > 7). It would be interesting to study the higher rank case

AS), n > 2, which occurs in the analysis of n+ 1 non colliding Brownian motions
on a circle (see Hobson and Werner [21]) or of the eigenvalues of the Brownian
motion on SU(n + 1). This requires new ideas.

1.7. We always suppose that 0 < p < 1.

1.8. We thank Philippe Biane, Persi Diaconis and the referees for their advice.

2. CONDITIONED BROWNIAN MOTIONS

2.1. The conditioned Brownian motion in [0,1]. We recall some known
facts about the Brownian motion conditioned to stay forever in the interval
[0,1]. It was first introduced by Knight [28] when the starting point is in (0, 1)
and called the taboo process. It was defined there as the limit when ¢ tends to
infinity of a standard Brownian motion starting in the interval, conditioned to
reach the boundary after time t. To define it rigorously in general, let us first
consider the Brownian motion in (0, 1) killed at the boundary. Its generator is
%j—; with Dirichlet boundary conditions. Its maximal eigenvalue is —72/2 with
positive eigenvector

h(z) = sin(7zx),

called the ground state. We consider the associated h-Doob process {Z;,t > 0}.
It is the Markov process with transition probability density ¢;(z,y) given by

(2.1) q(z,y) = Me”%ﬂut(a:, Y),

for x,y € (0,1), where u;(x,y) is the transition probability density of the killed
Brownian motion. It is the diffusion in [0, 1], with infinitesimal generator given
by

1 d? d
2.2 P —_—.
(2.2) 5 72 + 7 cot(mx) I

By the reflection principle

(23) ut<x7y) :Z(Pt(%y—i-%) _pt(‘r7 _y+2k))7
kEZ
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for x,y € (0,1), where p; is the standard heat kernel (see Ito and McKean [23],
p.30). Using for instance the Poisson formula (see Bellman [1]) one has,

(2.4) w(x,y) = Z sin(nmx) Sin(nﬂ'y)e_”Q”Qt/Z.
neN

One sees that 0 and 1 are entrance non—exit boundaries, by scale function tech-
niques for instance. In other words, (Z;) can start from the boundaries 0 and
1 and does not touch them at positive time. Let us remark that Z can also be
defined by the latitude of the Brownian motion on the 3-dimensional sphere (see
Ito and McKean [23], Section 7.15) or by the argument of an eigenvalue of the
Brownian motion in SU(2). The behaviour at the boundaries is also clear from
these descriptions. When Zy = 0, the entrance density measure starting from 0
is the limit of g;(z,y) when z tends to 0; hence, by (2.4)

(2.5) ¢:(0,y) = sin(my) ZnSin(nwy)e smi(n-1),
nez

for any y € (0,1). The case Zy = 1 is symmetric.
For u € [0,1], we write (Z}') for the process Z when Zy = p. and we call it
the conditioned Brownian motion process in [0, 1].

2.2. The conditioned space-time Brownian motion in C,g. Let (B;) be
the standard real Brownian motion starting from 0 and

B = (t, By + tu)

be the space-time Brownian motion with drift . We now define rigorously the
process AW (t),t > 0, which is the process B®) conditioned to stay forever in
the affine cone

Caﬁ‘:{(t,l‘) ER+ XR+IO<ZL‘<t},
starting from (0,0). It has been introduced and studied in Defosseux [11, 12],
or also [10]. Let {K, W ¢ > 0} be the space-time process B(“ ) kﬂled at the
boundary of C' off- This is the process in the cone with generator 8t +1 3 a:p2 + 5 89@

and Dirichlet boundary conditions.
We define a theta function ¢, on R x R first when u # 0, 1, by

—px
¢ E sinh(p 2kt—|—x))e_2(kx+k2t),
 sin(u

(2-6) (p“(t,

for t > 0,z € R. It follows from (2.3) that
T

V2t sin(pm)

which implies by (2.4) that ¢,(t,z) = p1-4(t,t — ). By continuity,

1
wo(t,z) = p1(t,t —x) = = Z(Zkt + z)e2kath)
keZ

(2.7) wy oy /t)e2 =207

Proposition 2.1. The function ¢, is a space-time non negative harmonic func-
tion for the killed process K" on Caﬁ’ vanishing on its boundary.
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Proof. The fact that ¢, is harmonic is clear by computation. The boundary
condition ¢, (t,0) = 0, resp. ¢,(t,t) = 0, follows from the change of variable
from k to —k, resp. k to —1 — k. It is non negative by (2.7). (]

Let us write Kt(”) = (t,K}") and let w}'((r,z), (t+7,.)) be the density of K/,
given K}' = z. Using the Cameron-Martin-Girsanov formula (see [25], Theorem
3.5.1) one has
(2:8) wf((r,2), (64 7,9)) = 07730 (r,2), (¢4 7,9)
and, by Defosseux ([11], Proposition 2.2),

wy ((r,@), (t+71,y))

_ Z e—Q(k:x—i-er) (eu(ri-‘r:c)pét(x + 2k”l”, y) o e—u(ri—&-x)pf(_x o 2],”4’ y)),
kEZ

where p}' is the standard heat kernel with drift u. We define the Markov process
{AW(t),t > 0} in CogU{(0,0)} as the Doob transform of K® in the following
way: AW(t) = (t, Al') where the distribution of A" , given A} = z has the
density

(2.9) S ((rz), (r+tg) = 2B i ) ey 1)),
ou(r, o)

for (r,z), (r +t,y) € Cog, AW (0) = (0,0), and the entrance density is given by
(2.10) 1((0,0), (£,)) = wu(t, y) sin(Sm)e 2 010",
for (t,y) € Cog-

Definition 2.2. The process { A (t),t > 0} is the space-time Brownian motion
conditioned to stay in Caﬁ'

Recall that uy, resp. ¢, is the transition probability density of the killed Brow-
nian motion in [0, 1], resp. of Z# (see (2.1) and (2.3)).

Lemma 2.3. For0<z<r<tand0<y<t,

1,2 _1,2
wrgre(y/tafr)e” 5 = wi_ ((r,), (t,y))e 2",
and for 0 < x,y <1,

1 . S RO
alay) = =™ sin(ry)e 07 o (1t /).
Proof.
utro1ye U/t /1) = (P1e-1e W/t + 2k, /1) = prjro1p(—y/t — 2k, 3 /7))

kEZ

pr(o,.%)
=N (g (3, y + 2kt) — p_y (x, —y — 2kt
kiezpt(O,er?kt)(pt (z,y ) — Dt—r(T, —Y )

pT(O’ ‘7:) —2kx—2k2r
= e (pt—r(x + 2kt, y) — pr—r(—x — 2kr,y)),
p:(0,9) ,C%

gives the first equality. The second one follows from (2.7) and (2.1). O
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Theorem 2.4. The processes {AW(t),t > 0} and {(t,th/t),t > 0} have the

same distribution.
Proof. For 0 <t < --- < ty, ]P’(tlZf/t1 €dry,--- ’t”Z{L/tn € dz,,) equals
€T Ty Tpn—1 T2 X1
q£>(u’gﬁ)q ) L (Y g o (55, 5 day - - - da,.

n th-1 tn tn’ tn—1 t t2 t2’ t1

Identity (2.1) and the first identity of Lemma 2.3 imply that

n

T Tk—1
qu 1 7%(77 n )
o k-1 'k k k—1

121 osin(nr /t)
— ceZtn Tn T 3y $1M H wgk*tkfl((tkfl’ Tp—1), (tx, xk)),

where c is independent of z1,--- ,z,.We conclude by using the second identity
of Lemma 2.3 for q1 (u, ) and (2.8),(2.9), and (2.10). O
tn n

This implies that A (t) is really in the interior of the cone for t > 0.

3. APPROXIMATION BY PLANAR BROWNIAN MOTIONS IN DIHEDRAL CONES

In this section we approach the conditioned process A®) by planar Brownian
motions conditioned to stay in a dihedral cone.

Definition 3.1. For m € N*, the convez dihedral cone C,,, with closure Cy,, is
Cp, = {(rcosf,rsinf) € R%7r>0,0<6< w/m}.

3.1. Conditioned Brownian motion in a dihedral cone. We will use the
results of Biane et al. [3],[4], that we first recall. We consider V = R? identified
with its dual V, equipped with the usual scalar product (.,.). The dihedral group
I(m) is the finite group generated by two involutions sg’, s7* with the only rela-
tion (s’s]")™ = 1. Notice that the exponent m in si* and s7* is not a power but
only refers to the angle of the cone. One chooses two pairs (o, &), (of*, &7")

in V' x V, associated with the matrix (a;"(a}"))o<i,j<1 given by

2 —2cos(m/m)
—2cos(m/m) 2 '
Namely, one takes
ag' = (2sin(w/m), —2cos(m/m)), af* = (0, 2),

and &' = a'/2, & = a*/2. The following two linear reflections sJ, s7* of R

si'(v) = v — & (v)a)", veR?
generate the group I(m). With our convention &*(v) = (&, v) for v € V. One
has

Cr = {v € R%; @M (v) > 0,i = 0,1},

and C, is a fundamental domain for the action of I(m) on R2. Let v € Cy,.
The conditioned planar Brownian motion in C, with drift ~ is intuitively given
by the two-dimensional Brownian motion with drift starting from 0 conditioned
to stay in the cone C,, forever. It is rigorously defined in 5.1 of Biane et al. [4]
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(see Proof of Theorem 5.5). The definition is as follows. Let /{EW) be the semi
group density of the standard planar Brownian motion in C,, with drift v killed
at the boundary. The function

(3.1) 77[)21(1}): Z (_1)det(w)e(w(’y)—v,v)7
wel(m)

for v € C,,, v € R?, is harmonic positive in C,,, null on the boundary. We
introduce the Doob transform

VT (v2)

Y (vr)

(01, v9) = k) (01, va),

where v1,v9 € Cp,. Let
(3.2) hin(v) = S((z +iy)™)

for v = (x,7) € R? (this is the alternating polynomial associated to the dihedral
group I(m), equal to the product of the roots, see Dunkl and Xu [14], 6.2.3).

Definition 3.2. The conditioned planar Brownian motion AY (t),t >0, in the
dihedral cone Cy, with drift v € Cy, is defined as follows. It is the continu-
ous Markov process with values in Cp, U {0} with transition probability densities
rﬁ), t > 0, such that A&Z)(o) =0, and with entrance probability density at time t
proportional to
m

1/)7 (v) 6_2%@77))
han ()

Here, 92(v)/hi(7) is obtained by analytical continuation when hp,(y) = 0
(see Lemma 5.11 in [4]). In particular for v = 0 the entrance distribution is
proportional to

(3.3) h2 (v)e 20 1 (v)

(see (5.1) of [4]).

Another quick manner to define rigorously AS{) is to use Dunkl processes
and the approach given by Gallardo and Yor in [17]. One considers the Dunkl
Laplacian with multiplicity one associated with I(m). it is given by

~ o, Vv fw) = f(oqv
M) = afw)+2 Y (1YL J0) = aat),

S (o, v) (o, v)

hm(’U) lcm (’U)

for f € C?(R?),v € R?, where o, is the orthogonal reflection with respect to
{v € R% {(a,v) = 0}, and where R is the set of positive roots. Here A is the
usual Laplacian and V is the usual gradient. Roesler and Voit ([37], Section
3) show that for any v € R?, there exists a cad-lag process D(t),t > 0, with
generator A/2 such that D, (0) = . Let p : R? — C,, be the projection where
Cy, is identified with R?/I(m). Then Y, (t) = p(D,(t)) is a continuous process
called the radial Dunkl process. Its norm is a Bessel process of dimension 2(m+1)
([37], Theorems 4.10, 4.11). According to Gallardo and Yor ([17], Section 3.3),
the conditioned Brownian motion in C,, with drift v € C,, starting from 0 is

defined as tY,(1/t). Its probability transitions are given by (25) of [17], which
()

shows that it coincides in distribution with A,,’.
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3.2. Pitman representation in a dihedral cone. Let Cy(R?) be the set of
continuous path 7 : R* — R? such that 1(0) = 0. The following path transforms
are introduced in [3].

Definition 3.3. The Pitman transforms P%,i = 0,1, are defined on Co(R?) by

() =n(t) — inf 67" (n(s))e”,

forn € Co(R?), t > 0.

For each 7 € N, we take ¢ modulo 2 when we write o, ", s;",---. Any

7
w € I(m) can be written (maybe not uniquely) as

for some 7 < m. It is called reduced when r is as small as possible.

Theorem 3.4 (Biane et al. [3]). Let w = si"---s]" be a reduced decomposition
of w € I(m) where iy, i, € {0,1}. Then

m ._ pm m
Py = ,Psim U 7)sim
T 1

depends only on w and not on its reduced decomposition.

There is a unique longest element w,, in I(m). It has two reduced decompo-
sitions, namely

(3.4) Wy, = Sy

m_m __ .m m._m
m—1"""5150 =S, " 52951 -

Proposition 3.5 ([3]). For any path 1 € Co(R?), the path P n takes values in
the closed dihedral cone C,.

The following important theorem is from Biane et al. [4] when v = 0.

Theorem 3.6. Let W) be the planar Brownian motion with drift v € Chy,

identity covariance matrix, starting from the origin. The process PQTmW('Y) has
™)

the same distribution as Ay’ .

Proof. For 0 < t; < --- < t,, and a bounded measurable function F': R" — R,
the Cameron—Martin—Girsanov formula (see [25], Theorem 3.5.1) gives

E(F(PI W(t),..., P WO (t,))

— E(F<,P£)n W(O) (tl)a ... "P’Z}n W(O) (tn))e—%<'y,ry)tn+<%wt<2)>)'

By Theorems 5.1 and 5.5 of [4] and (3.3) this equals

¢ZL(A£2) (tn)) e<'y7A’<,3>(tn)>)
B (1) o (AD (1)) ’

where C is a constant. This implies the theorem by using Definition 3.2. U

CE(F(AD (1), ..., AD(t,))e 2 rin
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3.3. Approximation of the conditioned space time process. We consider
the space-time process

B{" = (t, B, + tp)
where B is a standard real Brownian motion starting from 0. Recall that we

always suppose that 0 < u < 1. For m € N* | let W(E be the planar Brownian
motion with drift (2, ). Hence we can write

WS (@) = (B + ¢, By + tu),

where 3 is a standard Brownian motions independent of B. Let 7, : R — R?
be defined by

for (t,x) € R2
Our first approximation theorem is the following. Recall that A®) is the
conditioned space-time Brownian motion in Cy . We use the standard definition

of convergence in distribution for sequence of continuous processes as in Revuz
and Yor ([36], XIII.1).

Theorem 3 7. In distribution, when m tends to +oo,
(i) T W) converges to B DN
(i) TquTmW( ) converges to A(“),

The first statement is clear. We will prove the second one after the follow-
ing proposition. Let {Z! ¢ > 0} be the conditioned Brownian motion in [0, 1]
starting from pu.

Proposition 3.8. For m € N*, let Xt(m),t > 0, be the R?-valued continuous
(m )

process such that X 5, is the conditioned planar Brownian motion in the cone

Con, with drift Am = m2e™/ ™ One writes in polar coordinates
X0 = R g™,

Rim) >0, Ot(m) € [0,1/m]. Then the process m@i ™) ,t >0, tends to Z"'
(m)

1/m2t and the

process Ryt > 0, tends to t in distribution when m tends to +o00.
Proof. As seen above in Section 3.1, it follows from Gallardo and Yor [17] that
Y, (t) =tX (m 2)/t is a radial multidimensional Dunkl process starting from -,,.

Therefore R£n2)t is a Bessel process of dimension 2(m + 1) with drift m?, starting
from 0. In other words, one can write

2(m+1)
(B = (mt+ By(1)* + 3 (Bu(h))*
k=2
where By(1),- -+, Bi(2(m+1)) are independent standard real Brownian motions.

Since, for any ¢ > 0,
m+1

( sup Z By /2 (k)*) < 8t(m + 1)/m?

0<s<t
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tends to 0 as m tends to +o00, the process Rgm),t > 0 converges to t in distribu-

tion. Using the skew product decomposition of Y, , one can write

“+oo
71'9522 = U(m)(agm)), with agm) = / 7(1) ds,
t (R

where the process o™ (t),t > 0, is a solution of the following stochastic differ-
ential equation
do ™ (t) = dB; + m cot(mo ™ (t))dt
(m)

Here B is a Brownian motion independent of R(™), and oy~ = pm/m (see Demni
[13]). One remarks that Z; = %a(m) (72t /m?) satisfies

(35) dZt = dﬂt + 7TCOt(7TZt)dt

where (8 is another Brownian motion and Zy = p. Therefore Z coincides with
Z" (see (2.2)). When m tends to +oo, al™

t/m
m@,gm) = %U(m)(ag;n%g), t > 0, converges in distribution to Z{‘/mg. O

, is equivalent to 1/tm?; hence

Proof of (i1) of Theorem 3.7. Let
m 1 m
X = —pm wlEn (z2h).
mm

(1) .

Since LW is a planar Brownian motion with drift (m?, mmu), one sees that

mm m2n?t
Xg’;z is the conditioned planar Brownian motion in the cone C), with a drift
equivalent to m2ei™/m (see Theorem 3.6). One writes its polar decomposition
as Xt(m) = Rgm) exp iw@t(m). Using the continuity of the solution of (3.5) with
respect to the initial condition, we see that Proposition 3.8 also holds when the

drift 7, is only equivalent to m2e™/™_ Therefore megm) tends to Zi‘ Jin? and

Rgm) tends to t in distribution. As a consequence the process

TmP;an(%’“) (t) = (7T2R£7;)2 cos(wG(m) ), maR™) sin(wﬁ(m) ), t >0,

t/m2 t/m2 t/m?

converges in distribution to (t,tZ}’ /t) which is equal in distribution to A®) by

Theorem 2.4. O

4. STRING PARAMETERS IN THE DIHEDRAL CASE

For simplicity of notations, and without loss of generality, one chooses one of
the two decompositions of the longest element w, in the dihedral group I(m),
namely,

Wy, = Spo_1 -+ 8180
Forn € Co(R?),0<k <m —1and 0 <t < +4oo0, let
()= - int AT (PR P PR(s))

We call
a™(t) = (g (t), 27" (1), -+, @y 1 (1))



14 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

the string parameters of the path 7 on [0, ¢] and we call 2" (c0) its Verma string
parameters. One has, when ¢t < +00,

m—1
(4.1) Puy,n(t) =n(t) + ) zp'(t)ag".
k=0
Proposition 4.1. When
(4.2) Jim ag'(n(s)) = lim a7 (n(s)) = +oo,

then for all k, x}*(00) < 400 and x}*(t) = x'(00) for t large enough.

Proof. Let ty = max{t > 0,n(t) € Cy,}, and, for n > 0,
top1 = max{t > t,,n(t) + Y _ e (t)or & Cm}.
k=0

We see by induction that t, < +oo and that for ¢ > t,,, 2'(t) = 2] (c0). O

n
Let, for 1 < k < m,
ayp’ = sin(kmw/m).

Definition 4.2. The cone 'y, in R™ is defined as
Z1

T = {(20, - s &mo1) €R™ S8 > 22 > > T2l 5 gy > 0)
1 a3 Am—1
For )\ € Cy,, the polytope T, () is
m—1
TN = {(20, + @m-1) ETmi0 <2, <&'= D p0)),0<r <m—1}.
n=r+1

Remark the particular role of zy. The following proposition is proved in [4],
Propositions 4.4 and 4.7.

Proposition 4.3. For t > 0, the set of string parameters of paths on [0,t] is
L.

Let W) be a planar Brownian motion with drift v in C,, starting from 0.

Definition 4.4. We define £™(t) as the string parameters of W) on [0,t] and
™ (00) as its Verma string parameters.

Notice that, a.s., when v € Cy,, W) satisfies (4.2) by the law of large num-

bers, since Wp)/ t converges to an element of C), when t — +o00. So its Verma
string parameters are finite by Proposition 4.1. We will need the following propo-
sition.

Proposition 4.5. For v = 0 and v, let F/ = o(P7 W (s),s < t) and 1) :

Co([0,t],R?) — R be a bounded measurable function. There exists a function
¢ : R? = R such that, for both v =0 and v = v, a.s.,

m E(p(WP,0 < s < t)eb—We) | Fr
o(Pm W) (1)) = L == 1) ),
E(ehfv,Wt >\]:tv)
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Proof. By Biane et al. [4], Theorem 5.5, we know that when v = 0, the con-
ditional expectation is J(PleW(” )(t)) measurable. So the formula defines ¢ in
this case. We have to prove that for this ¢ the formula also holds when v = -,
namely that

(4.3) p(P, WO(1) = E(p(W,0 < s < 1)|F)).

Let F : Co([0,#],R?) — R be a bounded measurable function. We define, for
v=0,7,

U, = F(P? W, 0<s<t).
By Cameron-Martin-Girsanov,

E(Up(WD,0 < s < 1) = EUm(W®,0 < s < £)e) /E0W),
Besides, since Uy is F{-measurable, using the definition of ¢,
E(UEWW®,0 < s < )W) F9))
E(Upp(Pl, WO )E( )| 70))
E(Unip(Pis, WO (1)),

E(Up(W,0 < 5 < )er W)

Hence, by CMG again,

E(U, (W0 < s < 1) = E(Uy(Py., W(1)))
which gives (4.3). O

Theorem 4.6. Let £ = (&,...,&_,) be a random wvector in R™ whose
components & are independent exponential random variables with respective
parameters ' = (v, ).

(i) When v € Cy,, for any t > 0, conditionally on the o-algebra
o(P, W(s),5 < 1),

the random vector (£5'(t), ..., &n_1(t)) is distributed as the vector E™ conditioned
on the event {E™ € Ty (P WO (1))}

(11) When v € Cp,, the random vector (§§*(c0), ..., & _1(00)) is distributed as
E™ conditioned on the event {€™ € Ty, }.

Proof. Let F': R™ — R be a bounded and continuous function. Let us denote by
€9 (t) the string parameters of W (). It is shown in Biane et al. [4], Theorem 5.2,
that the distribution of £€%™ () conditionally on F is the normalized Lebesgue
measure on I'y, (P WO (t)). Using that, from (4.1),

)_.

W(O) §
k=0
one has,

m—1

E(F(E0m (1)) W ) = o0PEa WO B (€0 (1)) (- Sime. €0 (D) 70y
1 - x

Ct
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where dx is the Lebesgue measure on R™ and ¢; is the Lebesgue measure of
T, (Pm WO (¢))) . If we apply Proposition 4.5 to the function w(WS(W), 0<s<
t) = F(£™(t)) we see that

f 1Fm(P1anW("/)(t))(x)F($)€7<7733> dx
ra) de

E(F(E™@)IF) =

S, wor ey (@)e”
which proves (i). We now suppose that v € C),, so
E(F(€"(0c))) = Jim_E(F(E" (1))
= lim E(E(F(E" (1))
J 1Fm(77{§1mW("/)(t))(x)F(x)e_<%x> dx
tofee [ p, (pp won gy (@)e” 0 d

B [1r,, (z)F(x)e= 1) dy
 [1p (x)e o) de

)

since P W)(t)/t converges to v as t tends to 400 and thus 'y, (P W)(1))
tends to Iy, for v € Cp,, a.s.. This proves (ii). O

A direct consequence of the theorem is the following:

Corollary 4.7. The conditional distribution of ™ (t) given o(Pm W (s),s <
t) is the one of £™(00) given {£™(c0) € Fm(Pg‘mW('Y)(t))}.

Corollary 4.8. We suppose that v € Cp,. Let £™(c0) be the Verma string
parameters of W If we let

o ST Flo)_ @) o),
1 2 2 3

m—1

equals to

(

m
m—1

ey’ e ey’ €
m?’ Am, m?’ ~m,m mom’ O _m, m m m ’
Yo v1at ey +vgiag May e Y1y

then the e)',n = 0,1,--- ,m — 1 are independent exponential random variables
with parameter 1.

Proof. This follows from Theorem 4.6 since, on R"?,

m m
P(£yt(o0) €dxo, -+, & _1(00) € dTm—1)
m
—~m —~Am
= Ce 0 "0 dxg | | e P R
a’m; _am
k=9 k-1 %
m Tk—1_ T
—m (el gl ag ) (g — o)
=(Ce 0 zod:cOHe et SRR A | who1 oz dTp—1
{am2=am}
k=2 k—1 k
where by convention z,,/a;r = 0 and C is a normalizing constant. (]

Notice that this is similar to Renyi’s representation of order statistics [35].
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5. AFFINE STRING PARAMETERS OF THE SPACE-TIME BROWNIAN MOTION

5.1. Pitman and Lévy transforms. The infinite dihedral group I(co) is the
infinite group generated by two involutions sg, s; with no relation. In V' = R?
identified with its dual V, let (g, &p), (a1, @1) in V' x V' be given by

Qg = (07 _2)7
a1 = (07 2)7
&0 = (17_1)7
a = (0,1).

The matrix (&;(;))o<i j<1 is the Cartan matrix

2 =2
-2 2 )
The two linear reflections sg, s1 of R? defined by

si(v) = v —a;(v)ay,

for v € R?, generate the group I(occ). Notice that sg is a non orthogonal re-
flection. For each k € N, when we write oy, dy, sg, - -+ , we take k modulo 2, as
above. Thus ay = (—1)*ag (but a # (—1)*ag). Notice that

Cog = {(t,z) € R%0 <z <t} ={veV;a)>0i=0,1}.
We define the Pitman transforms P, and P,, on the paths of Co(R?) by
Pan(t) =n(t) — inf ai(n(s))ai,
where € Co(R?),i = 0,1. Let T : R? — R? be the involutive transformation
T(t,z) = (t,t — z). Then
(5.1) Ps, T =TPs,.

We will use mainly space-time paths, i.e. paths which can be written as n(t) =
(t,o(t)), t > 0, where ¢(t) € R. In this case,

Pun(t) = (¢, 0(t) + 2inf(s — o(s))
Psn(t) = (¢, (t) — 2inf o(s)).
One recognizes in the second component the transforms Py, P; defined in Section
1.2.
5.2. Affine string parameters. We consider the space-time process Bg“ ) =

(t, By + tu) where B is a standard real Brownian motion starting from 0. We
define, for t < oo, &(t) = {&k(t), k > 0} by

&e(t) = — inf Gk(Pa_, ... Py, Py BH (5)).
Hence
- 5 (w)
lt) = = inf ao(B%(s).

Definition 5.1. We call {(t) = {&k(t),k > 0} the affine string parameters of
BW on [0,t], and £(c0) = {&x(00), k > 0} its Verma affine string parameters.
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We use a terminology inspired by the Kac-Moody affine algebra Agl) (see in
particular Kac [24], Kashiwara [26], and Section 9 below). One has, for any
n >0,

(5.2) Py, -+ Po BO(t) = B + 3" g(t)ay.
k=0

When p # 0, 1, by the law of large numbers, a.s., lim;_, 4 oo Bt(“)/t = (1,1) € Cyug,
hence

o a2y i A )y
s, GolB) = Jin (BT = roe.

and by the analogue of Proposition 4.1, £ (c0) < +oo for each k > 0.
Recall that, for v = (t,2) € R?,
Tt

Tl = (E,JZ)

We will use that for v € R?,

(5.3) T = (——— (85" (v) + aY'(v) cos ), &Y' (v)),

msin
so the asymptotics of 7,,v and (&' (v) + a*(v), @] (v)) are the same as m tends

to +o0o. It is easy to see that,

Lemma 5.2. Fori=0,1,

: m
lim 70" = a,
m—r—+00

. —1~m __ ~
lim 7,7 a;" = oy,

m—-+00

-1

lim 7,0s"oT,

m—+00 = i
Definition 5.3. The dihedral highest weight process is
AW (@) =Pm wEH (), t > 0.
By Theorem 3.7, 7,y W(%# tends in distribution to B® and TmA,(#) tends

to AW, When p # 0,1, we will always suppose that m is large enough to have
(2, ) € Cpp. This ensures that each £*(c0) is finite.

Proposition 5.4. Almost surely, for allt >0 and k € N,
lim €0 = &),

and when p # 0,1,
lim & (00) = &k(00).

m—s+foo
Proof. Let ny* = W& nyg = B and, for k > 1,

M =Pan - Panng's Mk = Psy_y - PsyTo-
We prove by induction on k € N, that for any 7" > 0, a.s., uniformly on [0, 77,
lim 7’ (t) = 1k (t)
lim _€(1) = & (1)

m—+

m



CONDITIONED BROWNIAN MOTION IN THE INTERVAL [0,1] 19

This is clear for k = 0. If it holds for k — 1, then, by Lemma 5.2,
Ty (8) = TmPin i1 () = Tmmg 1 (8) + EE1 () Tmag’
converges uniformly to 7 (¢). Since one can write

m — — inf &™(n™ — f —1/~m m
(1) = - in GE () == inf 722G ().
£ (t) converges to §(t).
We now suppose that u # 0,1. First we notice that, a.s., for any C' > 0, there
is a time to > 0 such that, for any m € N,

(5:4) a;" (g (t)) = C,

when ¢t > t¢, i = 0,1. Let us show that a.s., for ¢ large enough (independent of
m), £'(00) = (t) for all m € N, large enough. This will imply that £*(c0)
tends to §;(c0). Since ay(n7*(0)) = 0, it is enough to show that almost surely,
there exists T, > 0 such that for ¢ > T}, for all m € N, &*(n*(t)) > 0. This
follows from (5.4) and from the fact, easily proved by induction on k, that almost
surely, there is a Cj, > 0 such that, forallt > 0,m € N, ||n(t)—ng"(t)|| < Cx. O

Theorem 5.5. For p # 0,1, one can write §y(c0) = €9/2(1 — p), and for all
E>1,

Ep(o0) X 2,
k _gn(n+1)+(1—2ﬂ)yn

where en,n > 0, are independent exponential random variables with parameter
1, and where v, = n when n is even and v, = —(n + 1) when n is odd.

Proof. We consider the independent exponentially distributed random variables
e of Corollary 4.8 for the drift v = (m/m, pn). We have " = 7{"¢7" (00) and for
1<k <m,

mgm) &pty1(00)
Z'Y &k ) N k+;1 )

ay’ Oyl
One has

m m
72k+1:<(7T7N) 1) =2p.

When m — +o00, 75 — 2(1 — p) and a}*/m — km hence
lim m (nn+1) + (1 —2p)vy).

So it follows from Proposmon 5.4 that the variables g, defined by, a.s., forn > 1,

L m o n(n4+1)+ (1 =2p)v, §u(o0)  &nyi(oo)
(5.5) Ep 1= ml_l)r}rrlooek = 5 ( o+l )

and g9 = 2(1 — p)&p(o00) are independent exponentially distributed random vari-
ables with parameter 1. By definition of the cone I'y,, the sequence £*(c0)/a}",
k > 1, is non negative and decreasing. Therefore &;(o0)/k,k > 1, is also non
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negative and decreasing. We denote by S its limit, which is a non negative
random variable. Thus one has, by (5.5),

fk(OO) _ = 2ep,
k _nz_;ﬂn(n+l)+(1—2,u)yn+5'

Moreover Fatou’s lemma implies that

m m—1
(5.6) E(gk(ko@) < 111%nfE(5’f(k°@) = liminf "~ 3 !

mom = aP Y et amym

Let ¢ = max{1/~4/",m € N,i = 0,1}. Since 0 < 2¢t < sinwt when 0 < ¢ < 1/2,
one has, for k < [m/2],

k 1k k kQ
PONGEHESD PENCOES Ph-c
n=1 Cn:l n:1

and, for k > [m/2],
[m/2]+1

Zan% > Z ay'

Therefore, for N < m — 1

3 POETID SR
— o S em( ) 5 —)
al '}/1 AR T n=N n n=[m/2]+1 m

is as small as we want for IV large enough. As one has for every fixed N > 0,

N N 9

1
lim — =
mmga%%L-“Jr%”%T ;n(n+1)+(1—2u)vn

the lim inf in (5.6) equals > and therefore

-2
n=k n(n+1)+(1-2u)v,

fk(OO) +oo 9
E( k ) SY;gn(n—l-1)—1—(1—2/,L)Vn

This proves that E(S) = 0, which implies that S = 0 a.s. and finishes the
proof. O

An important result for us is the following ( it is maybe unexpected because the
string coordinates z(t) for C' paths vanish for k large enough, see Proposition
7.7).

Theorem 5.6. For p # 0,1, almost surely, limg_, o & (00) = 2.

Proof. Since

. B = 2k
(€k(00)) = 7;6 n(n+1) + (1 —2u)vy,

there is a C' > 0 such that
o0

2% =X
E(&k(00)) — noi D) 1)I <CkY_ 5
n==k

n—=
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Since > nn+1) = 1, E(&(00)) tends to 2, as k — +4o0o0. To prove that

&k (00) tends to 2 almost surely it suffices to remark that if X, is a sequence of
i.i.d. centered random variables with a finite fourth moment then, almost surely,
Zr =k Z;Z‘,l X, /n? tends to 0. Indeed, it is easy to see that

1 1
E(Z}) = K*E(X}) Z — +2K'E(X7)? ) —~ > —
k<n k<n n<m
Forp>1, Y, . n"? < Cpk!™P for some C, > 0, hence for some C' > 0

1
k:7 k6 1)
This shows that E(Y", Z{) < +0o0 which implies that Z; — 0, a.s. O

E(Z{) < CK (-

5.3. Affine Verma weight L(“)(oo). We consider, for p # 0,1, and k > 1,

My (o0) = fgk ak+Z§n 00) s

where &(00) = {&,(00), k > 0} are the affine Verma string parameters of B,
Notice that, more simply, since o, = (0, (—1)”“2)

Mig(00) = (0, (=1)* gy (00 +2Z 1) en(00)).

The notation with the «,,’s may be strange for the reader; it is explained by its
natural interpretation in Agl) (see 9.1).

Proposition 5.7. Let u # 0,1. When k goes to infinity, My(oco) converges
almost surely and in L* to

[e.9]

1 &9 Eon+1
1(00) = 5 S e+ )
n=0

Proof. One has the key relation

Map12(00) = Map(00) = (0, =€2p(00) + 282p+1(00) — E2pt2(00))
= (0, Coptl €2p )
p+p pt+l—p
Hence {My,(00) — E(Mayp(c0)),p > 0} is a martingale bounded in Ly. Since
E(Msp(00)) converges, this shows that the sequence {Mop,(00), p € N} converges

a.s. and in L? and that its limit is L") (c0). As

Moy 11(50) = May(00) + 3 (€2p(00) — Eapr(00))ag

and & (oco) tends to 2 by Theorem 5.6, the sequence { Moy 11(00),p € N} has the
same limit, namely L(® (c0). O

Notice that L) (c0) is not the limit of the series "}_ & (c0)ay since & (o)
tends to 2 (Theorem 5.6).

Definition 5.8. We call L") (c0) the affine Verma weight of B
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The terminology is due to the fact, as we will see in Section 9, that — L) (c0)
plays the role of an asymptotic weight in the Verma module of highest weight 0
in the case of the affine Lie algebra Agl), modulo §. In coordinates, L) (c0) can
be written as (0, D¥(o0)) where

[e.9]

E2n+1 €2n
5.7 D* = — .
(57) 00 =3 )

For a sequence = = (73) € RY | we let

n—1

. 1
(5.8) w(x) = lim Zxkak + 5 %nn,

n——+oo
and write w(z) € R? when this limit exists in R?2. When u # 0, 1,

w(§(00)) = LW (o0).
Definition 5.9. One defines, for A € C_'aﬁ,

= {z=(x;) eRY: xkk > Z'i:l >0, forallk > 1, 29 >0, w(z) € R?},
k

F'A) ={z el : a2 < ar(A—w(x) + Zmiai), for every k > 0}.
i=0

We remark that x € I' is in F()\) if and only if for all £ > 0,

(59) ZCCZOél xkak) < dk()\)

Notice the occurence of the coefﬁment 1/2 here which will explain the correction
term in the representation theorem. The same coefficient already occurs in the
description of the crystal B(\) of Agl) given by Nakashima [32] which is the
discrete analogue of I'(\). In a sense I' will have the role of a continuous Verma
crystal and w(x) has the role of the weight of x € I'. In the same way I'(\) will
be a kind of continuous crystal of highest weight A.

Proposition 5.10. When u # 0,1, the Verma string pammeters &(c0) of B
are a.s. in U{T'(A),\ € Caﬁ‘} and for each \ € Caﬁ, P(&(o0 (A) > 0.

Proof. Since w(&(o0)) = L (00) is the limit of Mj(c0), £(co) € I'(\) for some
A large enough. Now

o
LW (00) = Map(00) = Y (Mapya(00) — May(00)) = (0, Ry,)
p=k
where -
En+1 E2n
Ry = - .
k ;::k(nJr“ n+1—u)
[t
Let T}, = ﬁ and
= 2ep,
Sp = Rpy1 — Z

vt nn+1)+ (1 —2u)vy,
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Then
L (00) — Maj41(00) = LW (00) — May(00) — (Maj41(00) — May(c0))
= (0, Ry — (§2r41(00) — &a1(00)))
= (0, Sk + Tx)

since

_ &k+1(00) 2key,
Ert1(00) — &k (o0) = k+1  k(k+1D)+ 0 —2p

Let a < 0 < b. As the sequences Ry, Sy, T, converge almost surely to 0, we can
choose ng > 1 such that

P(R,, Sn, Ty € [a/2,b/2] for all n > ng) > 0.

One has

P(R,, Sy, + T), € [a,b],for all n > 0)
> P(Ry, — Ry, Tk + Sk — Sny € [a/2,b/2],for 0 < k < ny,
Ry, Sn, T, € [a/2,b/2],for n > ng)
> P(Ry — Rpy, Tk + Sk — Sny € [a/2,b/2],for 0 < k < ng)
X P(Ry,, Sn, Ty, € [a/2,b/2],for n > ng) > 0.

This allows to finish the proof, since, by (5.9), £(oc0) € T'()) if and only if, for all
k>0,

(5.10) (L1 (00) = My(00)) < ()
where for a given A\ € Cyg, ax()) takes only two positive values. O

In order to prove Proposition 5.14 below, and to study the string parameters
&k(t) in the next section we need to show some uniform approximations by the
dihedral case. We take here p # 0,1, and m large enough to ensure that (2, u) €
Cy,. Let

k—1
1
M (00) = &k (00) o + > a(ee)ar,
n=0
for 0 < k < m, with the convention that £ (c0) = 0.

Proposition 5.11. When p # 0,1, for any k > 0, 7, M]"*(c0) converges to
My (00) a.s. when m goes to infinity.

Proof. This follows from Lemma 5.2 and Proposition 5.4. (]
Proposition 5.12. When u # 0,1, one has, in probability,

(5.11) lim sup ||7mM}"(00) — My (c0)|| = 0.

Proof. We use Corollary 4.8 and its notations. For 1 < 2p+1 < m,

1 1
M3y 5(00) — M35 (00) = §§%+2(00)043;§+2 + &5y 1 (00)ag, g + 555’;(00)043}-
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Therefore,

ag' (Mg 4o(00) — M35(00)) = &5, 40(00) — 265,11 (00 )COS + &5, (00)

m m ks
B 2€5p+105p+1 C08 15
Wl +95'ay + - +1"agy

em em

m 2p+1 2p
+ aQP( m M m M + m ,m m,m )’
")/1 al ++’Yl a2p+1 "Yl 0/1 ++70a2p
since

m
Agpio — 205,49 Co8 -~ + agy, = 0.

One deduces that

p—1 I (1 +1)
s cos 2%
G (Mg (00)) = 2sin — > Rk i
0 2 m sm + 47" sin l“ 1 sin H—l + sm L
by using the relations
. . 1 . 1
"\, sinZTsin (n+ L sin? o sin 7 sin (n+ i
§a2k: E:a% 1= ;naia?—
sin = sin J*-
k=1 m k=1 2m
Similarly, one finds
. 7T ™ pT
m m m m
A (M3 (o0)) = —2£0"(00) cos — + & sin — tan —
I'(M3(00)) = ~265' (o) cos - + EJ3(00) sim - tan L
—1 1
94 Ty em. coslE 55’}005M
+2sm — Z( I+1 T I+1

m qin L m
me= Vs ST A+ gt sin ’71 sin -7 + 4" sin = =7

On the other hand, one has

1
Mpi1(00) = M3p(00) = 5 (&3p(00)ag’ + &5y (00)ar”).

Thus the proposition follows from the next lemma, from (5.5) and from Lemma

9.2. U
Lemma 5.13. Let v", 7", m € N, be real numbers such that ~y* tends to 2(1—p)
and y{" tends to 2y when m tends to +o0o. Let, for p € {0,---,[m/2]},
p—1 1 I+1)m
om _gin ™ Z( €2l cos o 5741 COS Q
P m =yt sin 7r—|—70 s1nl+17r o sm”—lﬂ—i—% smlw’
. € €
21 20+1
Sp=) ( - )

l 204+2(1 —p) 204 2u”

Il
o

where (]")p>0 is a sequence of independent exponentially distributed random
variables with parameter 1 that converges almost surely to (ey,)n>0 when m goes
to infinity. Then in probability

lim  sup [Sp" — Sp[ =0.

m—r0o0 1§p§m/2
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Proof. We have

(5.12)
sup [S)" = Sp| < sup [S)' =S, —E(S) —Sp)[+ sup  [E(S)" — Sp)l-
1<p<m/2 1<p<m/2 1<p<m/2

Let us show that the first term of the right-hand side converges to 0 in probability.
One has for N < m/2,

(5.13)  sup S, =S, —E(S)" = S5,) <2 sup |5 =S5, —E(S)" —5,)|

1<p<m/2 1<p<N
+ sup |§;1—S'p—IE(§1T—§p)|,
N<p<m/2

where S*;ﬂ = 5 — Si and Sp = 5, — SN, for p > N. The first term of the
right hand-side of (?.13) converges to 0, for any N, when m goes to infinity. As
(SN r — SNtk —E(SY . —SNik), k =0,---,[m/2] = N} is a martingale, Doob’s
martingale inequality gives, for a > 0,
_ _ _ _ 1 _ _

(5.14) P( sup [Sy" = Sp —E(S," — Sp)| = a) < 5 Var(Sy, o) — Spmy2)-

N<p<m/2 a
Besides, one has

Var(S%/Q] — S’[m/g}) < 2Var(5'ffn/2]) + 2Var(5’[m/2]).

One has
- [m/2]-1 sin? 7 /m sin? 7/m
Var(S[m/g]) < l%;_l (4" sin %ﬂ_ + A sin l#ﬂ)z (v sin Hﬁlw + i sin %7‘(’)2’
and
) [m/2]-1 1 1
Vorloa) £ 2 o e @i o
=N+1
As%gsinxgxforOSngv
sin - /2
7{”sin%w+'yg@sin”ﬁl7r T AP+ 1)
and
sin - /2
v sin Bl +qpsin Lo T A4+ 1) + gl

for N <1 < m/2—1. Thus for any € > 0, there is a Ny > 0 such that for
all m > 2(Np + 1), the right hand-side term of (5.14) is smaller than €. Hence
SUP1<p<m/2 Sy —Sp—E(S,"—Sp)| converges in probability to 0. Let us deal with
the second term of the right hand-side of (5.12). One has for 0 < ¢ < p < m/2,

p—1

(g + 1"
E(S™ — S| < e
(S = 501 < 2 ot DI G+ DT 0

and
p] 2(2p — 1)
E(Sp —Sy) = lz (20 +2(1 — p))(20 + 2p)°




26 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

As for a fixed ¢, E(S}") converges to E(S,;) when m goes to infinity, one obtains
that supg<p<m/2 [E(Sy" — Sp)| converges to 0, which finishes the proof of the
lemma. O

Recall that £™(00), resp. {(o0), are the Verma string parameters of W)
resp. B,

Proposition 5.14. Suppose that p # 0,1. Let (\,) be a sequence of R? such
that A\, € C,, and such that T, \m tends to A when m tends to oo where A € Caﬁ'
The random sets {™(00) € I'y(Am)} converge in probability to {£(c0) € T'(A)}.
Proof. To prove convergence in probability of a sequence, it is enough to show
that each subsequence has a subsequence which converges almost surely. There-

fore, by Propositions 5.12 and 5.7, working with a subsequence, we can suppose
that the set of w € Q for which, as m — +o0,

S [7m My (00) (w) = My (20) (W) — 0,

and for which M,,(00)(w) tends to L") (0o0)(w) has probability one. If
X = M (00) — Mi™(00), X = LW (00) — Mj(o0),
then, when m tends to +oo (see (5.3))

(5.15) S 6t (X7 (w)) — ax(Xp(w))] — 0,
and o
(5.16) G (X (w)) = 0.

For these w we will show that
limsup{£™(00) € T (Am)} € {£(00) € T(N)} C lim inf{£™(00) € T'n(Am)}-

m—r0o0

Notice that & (\y,) tends to @y () for £ = 0,1 by Lemma 5.2. One has £"(o00) €
Iy (M) if and only if & (A, — XJ*) > 0 for 0 < k < m, and £(oc0) € I'(N) if
and only if ag(A — Xi) > 0 for every k € N. The left inclusion above follows
from (5.15). Now, suppose that £(o0)(w) € T'(A). Since A is fixed and since the
distribution of X} is continuous,
P(agp(A— Xi) =0) =0,

and one can suppose that for all k£ > 0 (see 5.10),

ar(A — Xg(w)) > 0.
We choose £ > 0 such that &;(A) > e,i = 0,1. Using (5.15), one can choose myg
such that m > mg implies that

sup G (X7 (w)) — ap(Xk(w)) < e.
0<k<m

Then, by (5.16), we choose kg such that k > ko implies that
&k(Xk(w)) < dk()\) — €.

As for each k, &' (X}")(w) converges to ay(Xy)(w) when m goes to infinity, one
takes mq such that when m > mq,

ag' (Xi*(w)) < ar(X),
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for k < ko. For m > max(mg, m1) one has for k > ko
ap' (X' (w)) = ag" (X3 (W) — an(Xi(w)) + ar(Xp(w)) < ar(A).
This proves the right inclusion above, and shows the proposition. O

This proposition will be crucial to move from Verma affine string parameters
to affine string parameters in the next section.

6. THE HIGHEST WEIGHT PROCESS AW

In this section we introduce the highest weight process A associated with
the space-time Brownian motion B as the limit of its Pitman’s transforms
(with a correction) and show that it coincides in distribution with A®. We
define for £ > 0 and t € RT,

k-1
1
Mk(t) = igk(t)ak + Zogn(t)am
where £(t) = {£,(t),n > 0} are the affine string parameters of B on [0, ], and
1 k-1
M () = S& (Baf + )& (Bar,
n=0

where £7(t) = {€7(t),0 < n < m} are the string parameters of W% on [0, ]
(by convention £,*(¢) = 0 when n > m). In particular,

m—1
(6.1) M) =Y gty =P W () — W),
n=0

Below we will often use the Cameron Martin Girsanov theorem (see [25] Theorem
3.5.1), abreviated CMG, to reduce the case 0 < pu < 1 to the case where 0 < p <
1. Each time the reason is the following: on the time interval [0, t] the processes
considered for y = 0 and u = 1 are absolutely continuous with the ones for
O<pu<l.

Proposition 6.1. For each t > 0, My(t) converges in probability when k goes
to infinity. We denote by LU (t) the limit.

Proof. By CMG, one can suppose that u # 0,1. For every £k > 1 and t > 0,
Tm M (t) converges to Mj(t) almost surely when m goes to infinity by Proposi-
tion 5.4 and Lemma 5.2. Let € > 0. For p,q € N,

P(|Mp44(t) = Mp(@)]| = &) = Tim P(|[7n ML, (t) = 7 My (@) > €)
)

= n}i_f)nooE(l|\rmMﬁq(t)—rmMy(t)||ze\0(A5# (5),s <t))

where AY) (t) = Pl’ZLmW(%’“) (t) and where

Sm(X) = P([[rm M} (00) = 7 M (00)]| = [¢™ (00) € T (X)),
by Corollary 4.7. If A € C g and 7\, tends to A, then by Propositions 5.14
and 5.11, fr,(Ay,) tends to f(A) where

FN) = P([[Mp4(00) — Mp(o0)[| > €[§(00) € T'(A)).



28 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

Notice that this is well defined by Proposition 5.10. On the other hand we

have seen in Theorem 3.7 that when m tends to infinity, TmAﬁ,’j) (t) converges in
distribution to A®)(t), where A is the Brownian motion conditioned to remain

in C, g defined in Section 2.2. Therefore E(fm(Agﬁ)(t))) tends to E(f(AM(1))).
This shows that

P((|Mp1q(t) = Mp(t)|| > €)
Z/QP(HMerq(OO) — My(o0)|| = efé(00) € T(AW (#)(w)))dP(w).

Since M, (c0) converges a.s. to L*)(c0) (Proposition 5.7) we see that M,(t),p €
N, is a Cauchy sequence for the convergence in probability, and thus converges
in probability. O

We will see in Theorem 6.9 that the convergence in the proposition actually
also holds almost surely.

Proposition 6.2. When p # 0,1, there is an almost surely finite random time
t> 0 such that LW (t) = L (c0) fort > t.

Proof. As in the proof of Proposition 4.1 we define tg = max{t > 0, Bf“) ¢ Cogths
and, for n > 0,

tos1 = max{t > t,, B + Y &i(t)ar & Cog)-
k=0

We see by induction that t, < +o00 and that for ¢ > t,, &,(t) = &,(c0). Therefore

toy1 = max{t > b, B + Y & (c0)ar ¢ Cyg).
k=0

We know that a.s., > &x(00)ay is bounded. Hence t = supt, < 400 and for
t > t, &(t) = &k (00) for all k > 0. So, for t > t, LW (t) = LI (c0). O
Proposition 6.3. For any t > 0, as m tends to oo, T M]}(t) converges in
probability to L (t).
Proof. One can suppose that p 7 0,1. In that case, one has for € > 0,
£
Pl Myt (8) = LW (@)]| > &) < Pl My (1) = Min(2))]] > 5)

+ P(|[Man(t) = LY @) > 2).

For the first term, we condition by a(Aﬁ,‘;) (s),s < t) as in the proof of Proposition

6.1 and we use Proposition 5.12. Convergence in probability of Proposition 6.1
gives the convergence of the second term. ([

We introduce the following definition,
Definition 6.4. We define the highest weight process A of B by, fort > 0,
AW () = BM 4+ LW (1),
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In the analogy with the Littelmann model, for ¢ > 0 fixed, {Bg“), 0<s<t}

can be considered as a path with weight B,g“ ), with highest weight A (#), and
LU (t) as the weight seen from the highest weight. Recall that

(6.2) AWty = Pm W ED ) = w4 mm ).
Proposition 6.5. In probability,
lim T W(%’M) = B(”)
m——+00 m t o
; B () — AW
anEoonAm (t) = AW ().

Proof. The first statement is obvious. The second one is then a consequence of
Proposition 6.3 and (6.2). O

Let {AW(t),t > 0} be the conditioned space-time Brownian motion in the
affine Weyl chamber C, g with drift u starting from the origin, defined in 2.2.

Theorem 6.6. In distribution,
{AW(t),t >0} = {AW (1), t > 0}.
Proof. This follows from Proposition 6.5, and Theorem 3.7. (]

This shows in particular that A has a continuous version. Recall that for
any A € Cyuq, P({(00) € I'(N)) > 0 by Proposition 5.10.

Proposition 6.7. For ;1 # 0,1, and f : R? xI' x R? = R, bounded and measur-
able,

E(f(BM, (), AW (1)|o(AW (s),s < 1)) = g(AW(1))
for each t > 0, where
g(\) =E(f(A = L1(00),£(00), A)|€(c0) € T(N)).

Proof. Tt is enough to prove this when f is a bounded continuous function de-
pending on a finite number of variables. By Corollary 4.7,

E(f (rm A% (t) — rn M2 (), €7(2), AW () |0 (AW (5), 5 < 1)) = gm (AW (2))
where
gn(A) = E(f (1A — 1My (00), £ (00), A)[§™ (00) € T'im(A)).

Let h be a bounded continuous function depending only on a finite number of
variables. Using the convergences in probability of the propositions 6.3 and 6.5,

E(f(AY (1) — LU (1), £(8), AW () (AW (5), 5 < 1))
= lim E(f(rnA%) () = 7 My (), €™ (1), T AL (0) R (7 A (), 5 < 1))

m—-+00
= lim E(gm (AL (D)) h(rn A (5), 5 < 1))).

Since 7, A (t) tends to A (t), we also know from Proposition 5.14 that {£"(c0) €

Fm(Ag,’f) (t))} tends to {£(c0) € T(AW(t))} in probability. Therefore the limit
above equals

E(g(AY (£)h(AW(s), 5 < 1))
which proves the proposition. O
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Applying the proposition with f(b,£,A) = 1r(»)(§) we obtain
Corollary 6.8. Almost surely, £(t) belongs to T(AW(t)).

Theorem 6.9. M;(t) converges almost surely to L1 (t) when k — 400.

Proof. One can suppose that p %~ 0,1. In that case, by Proposition 6.7, one has

E(1 im0ty (0= L0 () [0 (AP (8), 8 < 1)) = E(L iy a1, (00)= L0 (00} [6(00) € T(AW(1))).
As the right hand-side term equals 1 by Proposition 5.7, one obtains that
P(lim Mi(t) = L) () = EE(L i v, 1210y |0 (AP (8), 5 < 1)) = 1.
O

7. THE REPRESENTATION THEOREM USING PITMAN AND LEVY TRANSFORMS

7.1. Representation of the conditioned space-time Brownian motion
(1) _

AW, Let us remind where we stand. For B;" = (t, B; + tu) we have written
Py, -+ Poy Py B () = BY + i&(t)ai,
i=0
see (5.2), and
Maia(8) = 5 (Danss + isz-(t)ai.
We have seen that when for ¢ > 0, limg_, ;oo Mg(t) = L™ (t) a.s. and that the

process AW (t) = Bt(”) + LW (t), t > 0, has the same distribution as the process
AW(t),t > 0. Hence,

Theorem 7.1. Fort > 0, almost surely,

1
lim Ps, - 'P81PSUB(H) (t) + §§n+1(t)an+1

n——+00
exists, and the limiting process has the same distribution as {AW(t),t > 0}.

To interpret the correction term, it is worthwhile to introduce the Lévy trans-
form (sometimes called the Skorokhod transform). A theorem of Lévy (see Revuz
and Yor [36], VI.2) states that if 3 is the standard Brownian motion, then

LA(t) = B — O%I;fgt Bs,t >0,

has the same distribution as |5¢],t > 0, and that —info<s<; 3 is the local time
of L3 at 0. We define here the following Lévy transform (sometimes the Lévy
transform of 3 is defined as fg sign(fs)dfs, this is related to the transform here,
but different).

Definition 7.2. For n € Co(R?) and i = 0,1, the Lévy transform Ls,n of 1 is

Lon(t) =n(t) — = inf @ (n(s))os.

2 0<s<t

Another way to state the former theorem is
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Theorem 7.1 bis. Fort >0,
lim L, Ps, - PsPs, BH (1)

n—-+o0o

exists a.s. and the limiting process has the same distribution as AWM.

The following proposition indicates that the presence of the Lévy transform
is due to the bad behavior of A®)(t) for ¢ near 0.

Proposition 7.3. For allt >0, a.s. limg_, oo k() = 2.

Proof. When p # 0,1, &(oc0) tends to 2 almost surely (Theorem 5.6), and the
proposition follows from Proposition 6.7 by conditioning by o(AW(s),s < t).
The case when p € {0, 1} follows from the CMG theorem. O

This implies that, for ¢ > 0,
lim P, - - Py, Pey BW (8) + (—=1)"ay = AW (1).

n—-+o0o
So without the Levy correction, the iterates of Pitman’s transform do not con-
verge.

In the whole paper we have chosen to begin by first applying P, to B
and then P, in the iterations of Pitman’s transforms. Let us show the non
trivial fact that we obtain the same limit if we begin with Ps,. More precisely,
if we denote with a tilde the quantities previously defined when we begin by Ps,
instead of Py, one has,

Theorem 7.4. (i) Almost surely,
lim [:an'PSn e 733173303(“) (t) = lim £3n+1psn o 'PSQ,P&B(M) (t)

n—-4o00 n—-+4o0o
(ii) £(t) defined for B™ has the same distribution as £(t) defined for B(=H).

Proof. For (i) we have to prove that L (t) = L") (t). We have seen in Propo-
sition 6.3 that 7,, M, (t) converges in probability to L(t). By the same proof
Tm M (t) converges in probability to L) (). Now by (6.2),
M (1) = P, WE @) - W
and by Theorem 3.4
P oW (En = pmoyy ),

since

Wiy, = Spy_1 -+ 8180 = Sy -+ Sy 8]
Hence M™(t) = M™(t) and LW (t) = LW(t) a.s.. (ii) follows from the relation
(5.1) and the fact that TB® has the same distribution as B4, O

7.2. Representation of the conditioned Brownian motion in [0,1]. For a
continuous real path ¢ : R; — R such that ¢(0) = 0, we have defined

Lop(t) = ¢(t) + Oiggfgt(s —p(s)), Pop(t) = p(t) +2 Oiggfgt(s — (),
Lip(t) = o(t) - Oiggfgtw(S), Pro(t) = o(t) — 2Oi§gf§ts@(5)-

For B} = B; +tu,t > 0, the theorem stated in the introduction is



32 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

Theorem 7.5. For any t > 0, almost surely,
lim tLy41Pn -+ 7)17303”(1/15) = lim tL, 11 Prn--- PQPlBM(l/t) = Zf,
n—oo n—oo

where Z}', t > 0, is a Brownian motion conditioned to stay in the interval [0, 1]
forever, starting from p.

Proof. The proof is just the juxtaposition of the theorems 7.1, 7.4 and 2.4. [

Remark that, for any ¢t > 0 and a.s., by this theorem and Proposition 7.3,
lim (P, ---P1PoB*(1/t) + (—1)"2) = ZI".

n—oo

As an illustration let us show that: if we write L) (c0) = (0, D*(c0)) for some
Di(o0) € R,

Proposition 7.6. When u # 0,1, there is a standard Brownian motion B and a
stopping time T with respect to the filtration {o(Bs,s < t),t > 0} such that T > 0
a.s. and for 0 <t <,

Z!' = By + p + tDH(00).

Proof. Let t > 0 be the random time given by Proposition 6.2. For ¢t > t,
LW (t) = L (c0) hence AW (t) = B§“) + L (00). Thisx implies the relation

for T = ]_/t and Bt = tBl/t’ since (t7th/t) = A(M)(t) -

Notice that, by (8.7), E(D#(c0)) = mcot mu as expected from the expression
of the drift of the generator £d?/dz?* + (m cot mx)d/dx of Z}'.

7.3. A property of Pitman transform for piecewise C! paths. As men-
tioned in the introduction, the need of an infinite number of Pitman transforms
to represent the space-time Brownian motion in C, g is due to its wild behaviour
and in particular to its non differentiability. The situation is much simpler for
regular space-time curves, as shown by the following proposition (recall that
paths in Cyg are fixed under the Pitman transforms).

Proposition 7.7. Let ¢ : [0,T] — R be a continuous piecewise C' function such
that ©(0) = 0 and let n(t) = (t,¢(t)). There is an n such that for all t € [0,T],

(7.1) Ps, - Ps, Pson(t) € Copp
and for all m > n,
(7’2) PSm e 'P51Pso77(t) = PSm T 7751775077(t)~

We use the notations of 1.2 and Section 7.2. It is equivalent to proving that
there is an n > 0 such that

0< Py PiPop(t) <t

for all ¢ € [0,T]. Let 11(¢) = inf{t > 0; p(t) < 0}, 70(p) = inf{t > 0;¢(t) > t},
and let |¢/| be the supremum of the left and right derivatives of ¢ on [0, 7.

Lemma 7.8. (1) [(P1¢)'| < |¢'|, and |(Pog)’| <2+ [¢'].

(2) When 0 <t < 1i(p) ATo(p), Prp(t) = Pop(t) = o(t).
(3) There is an n > 0 such that 0 < (P, --- P1Poy)’(0) < 1.
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Proof. (1) and (2) are straightforward. For (3): if o9 and oy are the real reflec-
tions given by o¢(z) = —x and o1(z) = 2 — x, then (P;p) (0) = 0;(¢'(0)), for
i = 0,1 and it is well known that one can bring any real number into [0, 1] by
repeated actions of oy and o7. O

Lemma 7.9. Proposition 7.7 holds when (o) A 19(¢) > 0.

Proof. We first suppose that 79(¢) < 71(¢). Let 1 = Pop, 2 = Pirp1,p3 =
Po(pg, .-+ and a1 = TQ(QD),CLQ = Tl(gol),ag = 7'0(902), LR By (1) Of Lemma 7.8,
loh ] < @' + 2n. Since o, (az,) = 0, and @a,(a2nt1) = a2n+1, we obtain by the
mean value theorem that

A2n+1

—Qop 2> ———.
a2n41 — A2n = [+ dn

So the increasing sequence a,, is bigger that T" for n large enough. When 79(¢) >
T1(¢), then m(p1) > 7i(p1) and we use the same proof for ¢; instead of ¢ by
beginning to apply P;. O

Proof of Proposition 7.7. Using (3) of Lemma 7.8 one can suppose that 0 <
¢ (0) < 1. When 0 < ¢'(0) < 1, then 71(¢) A 79(p) > 0 and we can apply
Lemma 7.9. If ©/(0) = 1, let v = Pyp. Then +'(0) = 1 and ~(¢t) < ¢ for t > 0.
In that case 79(y) > T and 71(7y) > 0. Indeed otherwise there is a sequence
t, > 0 decreasing to 0 such that y(¢,) < 0 and +/(0) cannot be 1. So we can
also apply Lemma 7.9. The case ¢'(0) = 0 is similar. This proves (7.1), which
gives 7.2 since the action of the path transforms Ps, and P, are trivial for path
in éaff‘ U

8. SOME PROBABILITY DISTRIBUTIONS

8.1. The conditional distribution of Bt(“) given o(AW(s),s < t). We will
compute this conditional distribution by approaching it by the dihedral case.
Let m > 1. Recall the definitions of ¢7*(v) and hy, given in (3.1) and (3.2).

Let W) be the standard planar Brownian motion in R? with drift v € Ch,.

Lemma 8.1. For ( € R? and v = P[U”mW(V) (1),

(W) o (P WO (),0 < s < 1)) = wf;w(g) . h(rz(l)we«,w
y m

Proof. Theorem 5.5 in [4] gives

O e
B (V)i (C) ’

for v ="P7 W(t) and a constant C' > 0 independent of v and ¢. We conclude
with Proposition 4.5. (]

BV (P w0 (5),0 <5 < 1)) = C

For any | € R and (t,z) € Cyg we define ¢; as in (2.6) by

efl:v

b (2 —2(kz+k>t)
Sn(in) ke%sm (2ktl + zl)e

(81) Sol(th) =
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Lemma 8.2. Let ju,, € R? v, € Cp, be such that

lim 7,0, = (t7x)’m1—i>l—r&—loo TmMm = (17/'6)7

m——+00
then
o m _ sin(um)
(8.2 im0 (o) = T 1),
T m L

(.3) i () () = sinm).

Proof. Let r be the rotation of R? of angle 27 /m and s be the symmetry s(a,b) =
(a,—b), for (a,b) € R% Let J(m) = {—[m/2],---,[m/2]} when m is odd and
J(m) = {-[m/2] +1,--- ,[m/2] — 1} U{m/2} when m is even. The dihedral

group I(m) is I(m) = {r¥,k € J(m)} x {Id, s}, I(r) = 2, and I(s) = 1. Let
tm = (m (1), pm(2)) and vy, = (v (1), vm(2)). One has

M () = e~ Fmam) Z (el (m)wm) _ o {r¥s(um).vm)

Hm
keJ(m)
— 9 Hm(2)om(2) Z I(m, k)
keJ(m)
where
I(m, ) = expltim (1)0m(1)(05 2% — 1) 4 (D)0 (2) sim 227
m m

X sinh |y, (2)vn, (2) cos 2]{% — ftm (2)v, (1) sin 2k%r)]

For € > 0, we choose mg > 0 such that, for m > my,

> I(m k)| <e,

m/4<|k|<m/2

by using the inequality cos(%w) < 0 when 7 < |k| < 7. Besides, when ¢ €

[—5, 5], then cost <1 — £ and |sin(t)| < [t], hence, for k| < 7,

s
[I(m, k)| < emcrk*Hesk

where ¢1, co > 0 do not depend on m. So, one can choose N such that for m > 1

> I(m k)| <e

N<[k|<m/4
We obtain (8.2) since, for N fixed,

N N
lim I(m,k)=e 1 Z sinh(u(2kt 4+ m))e*Q(karkzt).

m——+00
k=—N k=—N

The relation (8.3) is immediate. O
)

For A = (t,x) € Cafﬁ we consider the probability measure V/(\“ on R? carried

by the line {(¢,y),y € R} which has the Laplace transform

8.4 / ) g ) () = € PGn(N)
o A ) Pu(A)
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for ¢ = (¢1,¢2) € R%. This measure was introduced by Frenkel [16] in his study
of orbital measures (see below Section 9.2).

Theorem 8.3. The conditional distribution of Bt(“) given o(AW(s),s < t)) is

the probability measure V/(\’?Z)( "

Proof. By Lemma 8.1 and for pi,,, = (%, 1) one has

(1)
(Corm W H ( U A D) B () AW 0y
B(elm Mo (A% (5). s < 1)) = AP (D) (G + fim) |

Nm
Hence the formula

E(e(C,Bé“)>|0(A(u)(5)’ s<t) = MGK,A(“)(W
Pu(AW(1))

is obtained by letting m go to infinity using Proposition 6.5 and Lemma 8.2. [

8.2. Distribution of L) (c0). We suppose that u # 0,1, and write L(*) (c0) =
(0, D*(0)). The Laplace transform of D*(c0) is, by (5.7), for 7 > 0,

o~ TD"(00)y — M T _ T -1
s = IH0+ )0~ =)
Using the relation
LrB) 10 y g
(8:5) L(a+5)T(8—17)) _g(1+n+a)(1_n+5)’
(Formula 8.325.1 of [19]) and I'(2)['(1 — z) = m/sin (7z), we obtain that
(8.6) E(e™™P"()) = Smjjifi)m.

In particular,

(8.7) E(D"(c0)) = 7 cot(mp).

Corollary 8.4. The density of D'/?(c0) is 1/(27 cosh(x/2)).

Proof. One uses that the Fourier transform of 1/(7 coshz) is 1/ cosh(An/2). O

Notice that the distribution of Y7>° | (% — 222.) appears in Diaconis et al.
[9]-

8.3. Distribution of &;(c0). We denote the Bessel process of dimension 3 with
drift v > 0 by p®). It is the norm of a Brownian motion in R? with a drift of
length v.

Corollary 8.5. &1(00) has the same distribution as sup;> (04 (1=4) —t).

Proof. By Pitman and Rogers [34], QE ") has the same distribution as Ps, Bt(l_“),
so the claim follows from (2) of Theorem 7.4 when p # 0,1, and by continuity
when p = 1. For p =0, & (0c0) = +00. O
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When g =1, §y(0c0) = 400 and

+
1 En— 1+52n
52

Its distribution is studied in Biane et al. [2] where it is symbolized 72S5/4. Its
Laplace transform is given by, for 7 > 0,

7'('27'

sinh?(7y/7)’

and its distribution function is (cf. Table 1 in [2])

E(e—2'r§1(oo)) _

+00
F(z)=1+2Y (1-4kz)e 2,
k=1
In this case the corollary is also given in Example 20 of Salminen and Yor [38].
When p = 1/2,
+oo

2e,
€i(o0) =) n(nt 1)
n=1
Proposition 8.6. When = 1/2, the Laplace transform of &1 (oc0) is, for 7 > 0,

2T

cosh(m\/21 —1/4)’

E(G—Tfl(w)) —

and its density is
+oo
> (1) n(n + 1)(2n + 1)e D2,
n=0
In distribution,
RO

&1(c0) = sup -
n>0,4=1,2,3 N

where the 5%) are exponential independent random variables with parameter 1.

Proof. One has

B e — [0+ =2 )
oot n(n + 1)
Using the formula
2 ﬁo a?
coshmr = (1+427) | |1+ —53);
oot (n+1/2)
one obtains
27T

E(G—Tfl(w)) —

cosh(m\/21 —1/4)
Let
400

g(z) =2 (~1)"(2n + 1)e 32,

n=0
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Since 1/ cosh v/27 is the Laplace transform of 7g(n2z)/2, (e.g. [2]), one has

2rm oo e
= —Tx ,7/8 d :/ —Tx (/8 "d
Te e x)dx e e x)) dx,
coshmy/27 —1/4 /0 9() 0 (e g(@))

by an integration by parts. Computing the derivative (e*/8g(x))’ gives the den-
sity. By integration, the distribution function of &;(o0) is

+oo
Z(_l)n(2n + l)e—n(n+1)m/2

n=0

which equals []°% (1 — e7®)3 by a formula of Jacobi ([18], Theorem 357). O

1
9. ASYMPTOTICS FOR REPRESENTATIONS OF THE AFFINE ALGEBRA Ag )

We will show that some of the results we have obtained have a direct in-
terpretation in term of semi-classical limits of highest weight representations of

the affine Kac Moody Lie algebra Agl). The probability measure V&“ ) defined
in (8.4) is interpreted as a kind of Duistermaat Heckman measure. The affine
string coordinates £(00) describe the asymptotic behaviour of the large weights
of Kashiwara’s infinity crystal B(oo).

9.1. The Kac-Moody algebra Agl). We consider the affine Lie algebra Agl).
For our purpose, we only need to define and consider a realization of a real
Cartan subalgebra. We introduce two copies of R? in duality,

[]]R = SpanR{C7 dl: d}a bﬁ% - SpanR{A07 ar, 6}7
where ¢ = (1,0,0),a; = (0,1,0),d = (0,0,1), and Ay = (1,0,0), a1 = (0,2,0),
§=1(0,0,1)in R3. Welet &g = (1,—1,0) and ag = (0, —2, 1), so that ¢ = ap+a
and § = ag+a;. Notice that these ag and «;; project on the ones given in Section
5 by the projection on by /Rd, identified with RAg @ Ray;. With the notations
of the introduction RAy & Ray; = RAy & RA;. These notations are frequently
used in the litterature in this context (for instance in Kac [24]). Usually ay, oy

are called the two positive simple roots of Agl) and &g, a; their coroots. One
considers the set of integral weights

P={\ebgp:\N&)€Z,i=0,1},
and the set of dominant integral weights
P ={\ebyp: &) eN,i=0,1}.
For a dominant integral weight A, the character of the irreducible representation
V(A) of Agl) with highest weight X is defined as the formal series
(9.1) chary = Z dim(Vz(\))e?,
gepP

where Vg(A) is the weight space corresponding to the weight . If we let
eP(h) =P (") for h € bhr, and evaluate this formal series at h, the series converges
absolutely or diverges, and it converges when §(h) > 0. When X\ = nAg +m%,
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with (m,n) € N? such that 0 < m < n, a € R, and b > 0, the Weyl-Kac
character formula for Agl) is
(9.2)
S pez sinh(a(m 4 1) + 2ak(n + 2))ebkm+1)+k*(n+2)
> ez sinh(a + 4ak)e—b(k+2k2) '

For more details about affine Lie algebras and their representations, see Kac [24].

char)(adq + bd) =

9.2. An analogue of the Duistermaat Heckman measure. Let
A=1tAg + :13011/2

where x € (0,t) and {\,,7 € N*} be a sequence of dominant integral weights
such that
lim A, /r=

r—-+00
We consider the irreducible module V();) of highest weight A,. Since V() is
infinite dimensional, we put a Boltzman factor on each weight. More precisely

let h(“) (uoz + 2d). As before 0 < u < 1. We denote by 'yﬁu) the probability
measure on by given by

)
y# = Z dim(Vs(A))e? ) 2, 1,
CharAr (hr BEP

where ¢,-14 is the Dirac measure at r~ 1,
Proposition 9.1. The sequence of the push forward probabilities of {’yﬁ“), r>1}
by the quotient map from by to hi /RS converges to V&“), when r — +00.

Proof. For any v € b,

-1 (W)
B(v) (1) _ chary, (r~'v + hy""’)
/h € 7’!’ (dﬁ) Chal")\r (hr) ‘

R
For 7 € R and v = 7ay, the numerator of the character chary, (r_lv+h$=”)) given
by (9.2) converges to

T sin(m (1 + 1)) (¢ )

when r goes to infinity. Besides Lemma 2.7 implies that the denominator of this
character is equivalent to

VAT 1,2

e~ 1" sin(w(T + p)).

2
Therefore ()
< t,x
li TB(A1) A (W) (4B = eTr P\ T)
Then the proposition follows from Theorem 8.3. O

The Duistermaat Heckman measure for a compact connected Lie group is an
approximation of the distribution of the weights of an irreducible finite dimen-
sional representation when its highest weight is large (see Heckman [20]). So the

theorem above shows that 1/(“ ) is an analogue of a normalized DH-measure. For
a compact connected Lie group, the Duistermaat Heckman measure also appears
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as the image of the Liouville measure on a coadjoint orbit by the projection on
the dual of a Cartan subalgebra. Frenkel has shown in [16] that the distribution
of a Brownian motion on su(2) indexed by the time in [0, 1], given the conjugacy
class of the endpoint of its wrapping on SU(2), plays the role of a normalized
Liouville measure on a coadjoint orbit of the loop group L(SU(2)). The image
of this measure by the moment map associated to the action of a maximal torus
of SU(2) on the coadjoint orbit is the measure I/;M ) when i = 0 (see Frenkel [16]
and also Defosseux [12]).

9.3. Asymptotics for the crystal B(co) of Agl). The infinity crystal B(oo) of
1)

Kashiwara [26] is the crystal of the Verma module with highest weight 0 of Ag .
It gives a combinatorial graph describing precisely this module. This crystal
is important since any irreducible highest weight crystal may be obtained from
B(oo). It is shown in Kashiwara [26], and more explicitely in Nakashima and
Zelevinski [31], that using string parametrizations, a realization of B(oo) is given
by

B(oco) = {z € NV for some n € N,% > %
Notice that the only condition on z¢ is g € N. For z € B(oc0), we let

>..> 5 S0 2 =0 for k> n).
n

+o0o
w(x) = Zl"kak € bp.
k=0
By [31], —w(x) is the weight of x in the crystal B(oco). For p = a1/2+ 2d, we let

“+o0o
s@) =3 = w(@)(p).
k=0

The character chary, of the Verma module of highest weight 0 is defined as in
(9.1) and is given by (see Kac [24], (9.7.2))

(9.3) chars, = H (1—e ),
BERL
where
(9.4) Ry = {ap +nd,a1 +nd, (n+1)d,n € N}
is the set of positive roots of Agl). As previously, if we let e(h) = (") for

h € br, and evaluate the formal character at h, it converges when §(h) > 0. Let
r € R7. On each element x of the crystal B(oco) we put the Boltzman weight

e~*(®)/7 We introduce the probability distribution 3, on B(co) by
By = — Z e s@/re
" z€B(00)
when &, is the Dirac mass at « and (by Kashiwara [26])

Z, = Z e 5@/ = charo (p/7).
zEB(00)
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The following theorem indicates that the affine Brownian model describes a kind
of continuous version of the infinity crystal B(oco) for the affine Lie algebra Agl).
Let j, : B(oo) — RN be given by j.((zx, k > 0)) = (zx/7,k > 0).

Theorem 9.2. The image of B, by the map j, converges in distribution to the
distribution of the Verma parameter &(oo) of BY?) | when r — 40c0.

Proof. We first notice that
AOO - {(Ala /\27 T ); (07 )\1, /\2, e ) S B(OO)}

is the set of anti-lecture hall compositions defined in Corteel and Savage [7]. For
A= (A1, 2, 00,0,0,--+) € A, let [A| = > 1 Ak Then, see Corteel et al.
[7, 8] and (1.2) and (1.3) in Chen et al. [6], for 0 < ¢ < 1,k € N,

(9.5) 3 = D

A (6 Do (46" oo (6" ¢ D)o (812 65 o
(9.6) TP
AEAw <k (¢ @)oo

where (a;¢)oo = [[1—o(1 — ag™).

Let X() = (X IET); k > 0) be a random element with distribution j,. First it
is clear that Xér) /7 converges in distribution to £y(c0). Let us now prove that
Xl(r)/r converges in distribution to &;(c0). It follows from (9.5) and (9.6) that,
fora >0 and g = e_l/r,

s(x A

(r) o Z{xEB(oo);x1§[ar]} q (=) N Z{AEAOO;/MS[(M"}} q‘ |

]P)<X1 < ar) - s(x) B [Al
2 {weB(oo)t 4 2 redn) @
1
:Tq(% 6—[ar}/rq2)oo(€—[ar]/rq; e—[ar]/rq2)oo(e—[ar]/rq2; e—[ar]/'rq2)oo

Since (g; e~ [91/7¢?) is equivalent to (1 — ¢)(e~% e~ %)y when ¢ tends to 1, one
has, by Proposition 8.6,

(o.9)

. (r) — (p—@. ,—a\3 _ —na\3 _

Jim P(X, < ra) = (e7% ") = H1(1 —e ")’ =P(§i(o0) < a).

n—=

So Xl(r) /7 converges to £1(00). We now consider the full sequence X ,gr) /r ke N.
For any r and n > 1, one has

X0 ox) Xy

1 2 n

which implies that for any n € N, the collection of distributions of

1 4 1,
(;X£ )7 a;X'r(z ))T>0

>0,

is tight since XY) /7 converges in distribution. By Cantor’s diagonal argument,
we construct an increasing sequence ¢(r) € N,r € N, such that the random
1y (e(r)
——X

variables EORY ,k > 0, converge in finite dimensional distribution when r
goes to infinity. Let us denote by (Rg,k > 0) the limit, and let us prove that

Ry . s ol . oo 2ey 5 .
& has the same distribution as )~} ey where the €,’s are independent
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exponential random variables with parameter 1. For x € B(c0), one has, since
s(a) = wo + 5 3025 (kag—1 — (k — Dzy),

B oo

P(X™ = ) = e —%(km—l—(k—l)m)l o 1w
( z) chare (r=1p) kl:[?e ’ =t
1
e (@r—T g anr]) - & (k[ o] — (k—1)zy)
~ Ccharoo(r1p He e Trnled ’ o ity

where [-] is the ceiling function. Let Yk(r), k=0,---,n, be independent geomet-
(r )

ric random variables with values in N, where Y|, ) has the parameter 1 and Yk(r
has the parameter e~ "o when k > 1. As,

e 27‘ <e 2r(k{ % wk“ (k—=1)xy) < 17

one obtains that for ¢g,--- ,t, >0,

1B <o, X - TR XL < ta)

Clrm)(1+0(5)) € ———— =0 < C(rm),

r P(ifo §t07”' 7Yn Stn)
where C(r,n) is independent of tg, - - - , t,, and tends to 1 when r tends to +oc.
This proves that for any n,

Lo 1vm ko)

_ z — < k<

TXO ’ T(Xk [k+1Xk+1-|)’ 1—k7_n7
converge jointly to g, %Hek, 1 <k <n, when r goes to infinity. Besides

k
X (o(r)) =R ——R
Hoo@()( [k;+1 e 1) = B g e

Thus, for k > 1, Ry — +1Rk+1 are independent random variables with the same
distribution as l%rlek The positive sequence Ry /k is decreasing. Let S be its

limit. We have the identity in distribution, for all k£ > 1,

Rk =2 QEn

k _;n(n+1) 5
We have proved that in distribution Ry = &;(00), so S = 0 which finishes the
proof. O

Recall (Corollary 8.4) that L(1/?)(c0) = D'/?(c0)ay/2 where the density of
D'?(00) is 1/(m coshz), and that —w(z) is the weight of 2 € B(oo).

Proposition 9.3. When r goes to infinity, in distribution, if X") has the dis-
tribution 5,

(1) in the quotient space b /R3, the normalized weights w(X ™)) /r converge
to L(1/?)(c0),
(2) the coordinate of w(X"))/r along § goes to +ooc.

Proof. One has for any u € g,

charg (u +r~1p)
charoo(r=1p)

E(e~ (X)) =
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In view of (9.4), the expression (9.3) of the character gives the Laplace transform
of w(X) and shows that, in distribution,

w(X M) = (Go(n)(ao + nd) + Gi(n)(ar + nd) + Ga(n)(n + 1)3).
n>0

Here G;i(n), i = 0,1,2, n € N, are independent random variables such that
Go(n), G1(n) and Ga(n), are geometrically distributed with respective parameter

6_(a0+n6)(T_lﬁ)7 e_(al""né)(r_lﬁ), and e_(n""l)é(r_lp), le 6_2(”""1/2)/7'7 e—2(n+1/2)/r

and e 2("T1/" The proposition follows easily. O

Due to the Lévy correction, the image by w of the limit in law of @ is not

equal to limit in law of w(@), modulo ¢.
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