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INTERVAL VIEWED AS AN AFFINE ALCOVE

PHILIPPE BOUGEROL AND MANON DEFOSSEUX

ABSTRACT. Pitman’s theorem states that if {By,¢ > 0} is a one dimensional
Brownian motion, then {B; —2inf,<; Bs,t > 0} is a three dimensional Bessel
process, i.e. a Brownian motion conditioned to remain forever positive. This
paper gives a similar representation for the Brownian motion conditioned to
remain in an interval. Due to the double barrier condition, this representation
is more involved and only asymptotic. One uses the fact that the interval is
an alcove of the Kac-Moody affine Lie algebra Agl), the Littelmann path
approach of representation theory and a dihedral approximation.

ABSTRACT. Le théoréme de Pitman affirme que si {B;,t > 0} est un mouve-
ment brownien unidimensionnel, alors {B; —2infs<; Bs,t > 0} est un proces-
sus de Bessel de dimension trois, ¢’est-a-dire un brownien conditionné a rester
positif. Nous donnons dans cet article une représentation analogue pour le
brownien conditionné a rester dans l’intervalle. En raison de la présence
de deux extrémités, cette représentation est plus compliquée que celle du
théoreme original, et seulement asymptotique. Nous utilisons le fait que
I'intervalle est une alcdve pour I'algebre de Kac-Moody affine A(11>, I’approche
par les modeles de chemins de Littelmann de la théorie des représentations
et une approximation diédrale.
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1. INTRODUCTION

1.1. The probability transition of the Brownian motion conditioned to stay
positive forever is the difference of two heat kernels. This is a consequence of
the reflection principle at 0. Pitman’s theorem ([32]) of 1975 gives the path
representation of this process as

PB(t) =B, — 2 inf B,
0<s<t

where B is a standard Brownian motion with By = 0. The transform PB is
written with the reflection at 0. We consider Z;, ¢ > 0, a Brownian motion
conditioned to stay in the interval [0, 1] forever (see Definition 5.1). It can be
seen as the Doob transform of the Brownian motion with Dirichlet conditions
at 0 and 1. Its probability transition is an alternating infinite sum which can
be obtained by applying successive reflection principles at 0 and 1 (method of
images). It is therefore natural to ask if Pitman’s theorem has an analogue for
Z, written with an infinite number of transforms at 0 and 1. The main result of
this article is to show that, to our surprise, this is not exactly the case. A small
correction (a Lévy transform) has to be added. The same correction occurs in
an asymptotic property of the highest weight representations of the affine Lie
algebra AV

1.2. Let us state our main probabilistic result. We consider, for a continuous
real path ¢ : Ry — R such that ¢(0) =0, for ¢ > 0,

Lip(t) = ¢(t) — Oiégfgtw(S),

Prp(t) = o(t) =2 inf o(s),
that we call the classical Lévy and Pitman transforms of ¢. We introduce
Loplt) = ¢(0) + int (5= 9(5))
Pop(t) = ¢(t) +2 inf (s —p(s)).
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The Brownian motion with drift p is B = By + tu,t > 0. For n € N, we let
Pon = Po, Lon = Lo and Pap+1 = P1, Lop+1 = L1. The aim of this paper is the
following representation theorem (see Theorem 3.1).

Theorem. Let p € [0,1]. For any t > 0, almost surely,
lim tLy4 1P - PlpoBM(l/t) = lim tLy 1 Pr--- PQPlBM(l/t) = 7y,

where Z is a Brownian motion conditioned to stay in [0, 1] forever, and Zy = p.

1.3. Briefly, the strategy of the proof is the following. We will use the fact that,
when Zy = p, Z is the space component of the time inverted process of A®),
where A" is the space-time Brownian motion B(“ ) = (t, Bl"),t > 0, conditioned
to stay in the affine cone

Cofp = {(t,2) e R%0 <z < t},

(see Appendix 5.3). We define a sequence of non-negative random processes
&n(t),t >0,n €N, by

nlt) = — it {slon(n) + (~1)"""Pu_y- - PoBH(s)}.
Then

P PoBH(t) B“+22 DR (t

and
Lpi1Pp - PoB*(t) = Py - PoB () + (—1)"&n i1 (1).

When 0 < p < 1, the random variables &, (c0) = limy 400 §n(t), n € N, are
finite a.s. and we show that their laws have a simple explicit representation with
independent exponential random variables. The law of &,(t),n € N, can be
deduced by a truncation argument. This allows us to show that for all ¢ > 0 the
limit of

(1.1) Pr - PoBH(t) + (—1)"n+1(2)

exists a.s. and has the law of the space component of A . We also prove that
for t > 0, &,(t) tends to 2 when n tends to oo, which shows the necessity of the
correction.

Actually, to prove these results, we approximate the space-time Brownian
motion B by planar Brownian motions with proper drifts and A®) by these
planar Brownian motions conditioned to remain in a wedge in R? of dihedral
angle m/m. We use the results of Biane et al. [3] in this situation. Due to the
need of the correction term, the approximation is not immediate.

1.4. Before describing the plan of the paper, let us make an observation. At
the heart of our approach is the fact that the interval [0,1] is an alcove for

the Kac-Moody affine Lie algebra Agl) and that A can be seen as a process

conditioned to remain in a Weyl chamber of Agl). This is linked to highest weight
representations of Agl) through Littelmann path approach. We have chosen to
present the proof of our main probabilistic result without explicit reference to

Kac-Moody algebras, so that it can be read by a probabilist. But let us now
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explain the ideas from representation theory behind the scenes because this has
been a source of inspiration. This may be helpful for some readers.

We first recall the link between Littelmann path theory for the Lie algebra
sla(C) (see Littelmann [28]) and the classical Pitman theorem as explained in
Biane et al. [3]. Consider a real line V' = Ra where « is a positive root. A path 7
in V is a continuous function 7 : RT — V such that 7(0) = 0. It can be written
for s > 0 as 7(s) = f(s)a with f(s) € R. A dominant path is a path with values
in the Weyl chamber, which is here R, so that 7 is dominant when f(s) > 0
for all s > 0. We fix a t > 0. An integral path on [0,¢] is a piecewise linear path
such that 2f(¢) and 2ming<; f(s) are in Z. For an irreducible highest weight
sl (C)-module, one chooses a dominant integral path 7 on [0, ¢], such that 7 (t)
is its highest weight. A path realization of the Kashiwara crystal associated to
this module is the Littelmann module, which is the set of integral paths 1 on
[0, t] such that P,n(s) = 7w(s) for all s € [0,¢], where P, is the path transform
defined by
(1.2) Par(s) = (p(s) =2 inf o(u))a,

0<u<s

when 7(s) = ¢(s)a. One recognizes the Pitman transform.

Let us consider now the Littelmann path theory for the affine Lie algebra Agl).
A realization of a real Cartan subalgebra hg is given by R? and we write the
canonical basis as {c, &1, d}, and the dual canonical basis of by as {Ag, @1/2,0}.
We choose g = ¢ — &1 and ag = § — a1. The Weyl group is generated by the
reflections sg, s1 on b defined by, for v € b and i € {0, 1},

si(v) = v —a;(v)ay,
which are reflections along the walls of the Weyl chamber
Cw = {tAo + za1 /2 + yo, (t,x) € Cop v € R} = Cap X R.

In Littelmann’s theory, a path is now a continuous map 7 : RT — h% such that
1(0) = 0. One defines path transforms Ps,, i € {0,1}, by

Psn(t) =n(t) — Oiggfgt ai(n(s))a.

A dominant path is a path with values in the closure of Cy and one can define
integral paths on [0,¢]. For a fixed t > 0 and an integral dominant path 7 on
[0,t], the Littelmann module generated by 7 is the set of integral paths 7 on
[0,t] for which there exists n € N such that

Ps, Ps_y - 'PS17D8077(5) = 7(s)

when 0 < s < t, where sgop, = sp and sor+1 = s1 for £ € N. This gives a de-
scription of the Kashiwara crystal of highest weight 7(t) (see Kashiwara [26],
Littelmann [28]). For an integral path n on [0,¢] and more generally for a con-
tinuous piecewise C'' path (see Proposition 5.8), there is a & € N such that for
all n >k,

PSn e PSon(S) = Psk e 7)3077(5)7
for 0 < s <'t. This new path is dominant. One can ask if, similarly to Pitman’s

theorem, at least the limit when n tends to infinity of Py, - - - Ps,n exists when
7 is replaced by a space-time Brownian motion.
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We show in this paper that the answer is no. Nevertheless one proves that a
slight modification converges in b /Ré to a space-time Brownian motion B
conditioned to remain in the affine cone Cyg. It will be enough for us to work
in the space V' = bhj /R4, so our paths and transforms will be defined on V.

We call the sequence {&(t), k € N} defined above the affine string parameters,
by analogy with the string parameters in the Littelmann model because, for in-
tegral paths, they are the string parameters of the element corresponding in the
highest weight crystal (see Kashiwara [25], Littelmann [29]). Likewise, we call
&k(0),k € N, the Verma affine string parameters, by analogy with the string
parameters of the crystal B(co) of Kashiwara [25] associated with the Verma
module of highest weight 0.

1.5. The paper is organized as follows. As above the process Z is the space
component of the time inverted process of the space-time process AW . Dealing
with the two dimensional process AW linearizes the situation and so is easier.
We first study it in Section 2, by using approximations by processes in dihedral
cones.

In Section 2.1 one recalls the Pitman representation theorem for a planar
Brownian motion in a dihedral cone and gives a precise description of the law of
their string and Verma string parameters, due to Biane et al. [3],[4]. One studies
their asymptotic behaviour in Section 2.2 and obtains a description of the Verma
affine string parameters £(o0) = {{x(00), k € N} of the space-time Brownian mo-
tion B, Tn Section 2.3 one proves that the series > y_,(—1)*¢(00) converges
up to a correcting term. In Section 2.5 one shows the almost sure convergence
of (1.1) and identifies the limit. One obtains in Section 2.6 a representation
theorem for the conditioned space-time Brownian motion by applying at last
a Lévy transform to the iterates of Pitman’s ones. In Section 2.8 one makes
some comments on the distributions of the first string parameter &;(c0) of the
space-time Brownian motion and of its affine Verma weight.

In Section 3 one proves the main result of the paper on the Brownian mo-
tion in the interval. As mentioned above we only use probabilistic notions and
arguments up to this point.

In Section 4, we now introduce the affine Lie algebra Agl) and show how
our results are related to its highest weight representations. We show that the
conditional law of the Brownian motion is a Duistermaat Heckman measure
for a circle action, describing the semiclassical behaviour of the weights of a
representation when its highest weight is large. We also show that the Lévy
correction term occurs in the behaviour of the elements of large weight of the
Kashiwara crystal B(oo) (which is a non-probabilistic statement).

Section 5 is an appendix where we define rigorously the conditioned Brownian
motion in the interval [0,1] and the conditioned space-time Brownian motion
in the affine Weyl chamber C,g. We prove in Theorem 5.7 that the first one
is equal in law, up to a time inversion, to the space component of the second one.

1.6. In conclusion we see that the, a priori simple, Brownian motion in the

interval can be studied thanks to its links with the affine Lie algebra Agl). It
is an example of integrable probability in the sense of Borodin and Petrov ([5]).
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It would be interesting to study the higher rank case Ag),n > 2, which occurs
in the analysis of n + 1 non colliding Brownian motions on a circle (see Hobson
and Werner [21]). This requires new ideas.

1.7. We thank Philippe Biane, Persi Diaconis and the referee for their advice.

2. REPRESENTATION OF THE CONDITIONED SPACE-TIME REAL BROWNIAN
MOTION IN THE AFFINE WEYL CONE

In order to represent the Brownian motion Z conditioned to stay in [0, 1]
forever, we will linearize the problem and use the fact that Z is the space com-
ponent of the time inverted process of A, where AW is a space-time Brownian
motion conditioned to stay in the affine cone Cyg = {(t,z) € R%0 < = < t},
rigorously defined in Definition 5.5. This process A" will be approached by
planar Brownian motions conditioned to remain in dihedral cones.

2.1. Pitman representation for the planar Brownian motion in the di-
hedral cone C),. In this section we describe the path representation of the
planar Brownian motion conditioned to stay in a dihedral cone, using the results
of Biane et al. [3],[4].

2.1.1. Dihedral Cozxeter system. The dihedral group I(m), where m € Zg, is
the finite group generated by two involutions sg*,s7* with the only relation
(sm*s7)™ = 1. In the two dimensional Euclidean vector space V = R? identified
with its dual V, one chooses two pairs (o', &), (o, &) in V' x V, associated
with the matrix (&;"(a"))o<i,j<1 given by

( 2 -2 cos(w/m))
—2cos(m/m) 2 '
Namely, one takes
ag' = (2sin(r/m), —2cos(m/m)), &y" = af'/2
o' =(0,2),a" = af*/2.
The following two linear reflections sJ*, s7* of R?,

(v) = v —aj"(v)o]", veR?

m
S;

generate the group I(m). The usual scalar product on R? is denoted by (.,.),
and with our convention, for v € V, &"(v) = (&I, v).
Definition 2.1. The convex dihedral cone C,,, with closure Cy,, is
Cp = {v € R%;&™(v) > 0,i=0,1}
= {(rcosf,rsinf) € R*r > 0,0 < 6 < w/m}.

Let Co(R?) be the set of continuous path 1 : Rt — R? such that 7(0) = 0.
The following path transforms are introduced in [3].
Definition 2.2. The Pitman transforms P%,i = 0,1, are defined on Co(R?) by
the formula, for n € Co(R?), t > 0,

m — — inf &™ m
smn)(t) = n(t) — nf &"(n(s))as".
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They depend only on s*. For each i € N, when we write o", &, s/"*,--- , we
take ¢ modulo 2.

Theorem 2.3 (Biane et al. [3]). Let w = s{"---s{" be a reduced decomposition
of w € I(m) where iy,--- i, € {0,1}. Then
P =PI, PI,
’LT Zl
depends only on w and not on its chosen decomposition.

In I(m) there is a unique longest element, with two reduced decompositions,
namely

(2.1) Wo = Spy_1 - S1'S0 = Spy -85S

Proposition 2.4 ([3]). For any path n € Co(R?), the path Piin takes values in
the closed dihedral cone C,,.

Let v € Cy, and let W) be the standard planar Brownian motion in R? with
drift «v and identity covariance matrix, starting from the origin. The conditioned
planar Brownian motion in the cone C,,, with drift v is intuitively given by w
conditioned to stay in C), forever. It is rigorously defined in Appendix 5.2. The
following is proved in Biane et al. [3] when there is no drift, the case with drift
follows easily and is proved below in Proposition 5.3.

Theorem 2.5 (Biane et al. [3]). Let W) be a planar Brownian motion with
drift -y, where v € Cy,. Then PZZ,%W(V) s a conditioned planar Brownian motion
in the cone C,, with drift .

2.1.2. String parameters in Co(R?). We fix an integer m > 1. For simplicity of
notations, and without loss of generality, one chooses one of the two decomposi-
tions of the longest element wy in I(m), namely,

wo = Sp_1 - ST'S0
For n € Co(R?),0<k<m—1and 0 <t < +oo, let
apt(t) = — inf ap*(Pan ... PinPann(s)).

0<s<t
Definition 2.6. We call
z™(t) = (zg' (), 27" (t), -+ s 21 (1))

the string parameters of the path n on [0,t] and we call x™(c0) its Verma string
parameters.

Notice that

m—1
(2.2) Prn(t) )+ >y
k=0
and that, for ¢t > 0, for all k =0,--- ,m — 1,
(2.3) 20 (t) = R (P - Plpn(t) — Pl -+~ Plhy(t)).
When
(2.4) lim Gf(n(s) = lim_ar(n(s)) = +oc

s$—+00 s——+400
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holds, then the Pitman transforms P}'n,w € I(m), have the same property and
forallt>0and 0 <k <m —1,

(2.5) 0 <z (t) < zp'(00) < 400,
and 7' (t) = ' (oco) for t large enough. Let, for 1 <k < m,
ay’ = sin(kmw/m).

Definition 2.7. The cone 'y, in R™ is defined as

x x T
Lo ={(z0,  , ¥m—1) ERmQG%Z a% =2 CLZ ! > 0,29 > 0}.
1 2 m—1
For \ € Cy,, the polytope Ty (N) is
m—1
(A ={(zo, -+ ,xm—1) €T30 < zp < &N — Z Tpant),0 <r <m—1}.
n=r+1

Remark the particular role of zy. The following proposition is proved in [4],
Propositions 4.4 and 4.7.

Proposition 2.8. For t > 0, the set of string parameters of paths on [0,t] is
j

2.1.3. String parameters of the planar Brownian motion. When v € Cp,, the
planar Brownian motion W) with drift v satisfies (2.4) by the law of large
numbers, so its Verma string parameters are finite.

We consider a random vector £™ = (&*,..., &) in R™ whose components
&' are independent exponentials with respective parameters 7" = (v, o}").

Theorem 2.9. Let £7(t) be the string parameters of W) on [0,t], and €™ (c0)
be its Verma string parameters.
(i) When v € Cy,, for any t > 0, conditionally on the o-algebra

a(PI W (s),s <t),

the random vector (£§'(t), ..., &N _1(t)) is distributed as the vector E™ conditioned
on the event {E™ € Fm(P{,?OW(W) (1)}

(i) When vy € Cp,, the random vector (§§*(00), ..., & _1(00)) is distributed as
the vector E™ conditioned on the event {E™ € I'y,}.

Proof. Let F = o(PmW"(s),s < t). It is shown in Biane et al. [4], Theorem
5.2, that when v = 0, the law of £”(¢) conditionally on F? is the normalized
Lebesgue measure on Fm(P;’gW(O)(t)). Let v : Co(R?) — R be a bounded
measurable function. It is easy to see by applying the definition of the conditional
expectation and the Cameron Martin formula twice that we have the following
Bayes formula,

(2.6) E@(W,0< s <t)|F)) = o(Pr,w (1)

where

(0)
m E¢W§O),O§s§te(v,Wt )| FO
PP O (1) = 2 =) 7).
E(eWe )| FO)




BROWNIAN MOTION OF THE INTERVAL 9

Tt follows from (2.2) that W% = Pm WO (¢) — S Lem()ar, where €™ are
the string parameters of W), so that
E(W?,0 < s < t)e™ Zito & O 0| F9)
E(e~ i &7 (Ol | 79) '
If we take (W, 0 < s <t)=F(™(t)) where F : R™ — R is bounded and

continuous, and now &M are the string parameters of W), and if dz is the
Lebesgue measure on R™ we obtain that

S, P W) () F(x)e™ Sk ' dy
E(F(E"(£)|F]) = ks - |

m—1 _m
f 1Fm(7>gyow(“f)(t))($)e_ D ohso YTk dr

(P W O (t)) =

which proves (i). We now suppose that v € Cy,, so
E(F(€"(c0))) = im_E(F(E" (1))
= Jim_E(E(FE"(1)|F))
J 1Fm(P1T0W(W)(t))(m)F(x)e_ ThZo Wk dge

m—1
e~ k=0 W'k dg

)
f 1F (P WO (t ))(x)

_Jin, (= ~ X0 ik dy
[ 11“m Zkzo RO

)

since, a.s., Pyy W(t) /t converges to v as t tends to +oo and thus Con(Ply, WO (t))
tends to I',, for v € C,,. This proves (ii). O

Proposition 2.10. We suppose that v € Cy,. Let £(c0) be the Verma string
parameters of W . If we let

| EC0) o) () | E(0) | Ena(o0)

m
(50 (OO ’ m m_ m m_ ’ m )
ap ag ay as Um—1
equal to
m m m m
(50 €1 ) Em—1 )
m’ Am ,m?’ ~m,m m,m’ Y AM M m m ’
Y 1yt viteyt +gtas Mayt e Y1y

then the €)' are independent exponential random variables with parameter 1.

Proof. This follows from Theorem 2.9 since, on R,

P(&g" (00) €dio, -+, &5 1(00) € dm—1)

m
—~m —~Am
= Ce 70 %0 dg H e kal‘”’“—ll{mk,l Sz dxy_1
am

k=2 "‘;nfl %
Tk—1 g
=07l ey ) (G — g)
= Ce 0" 20 drg H k1 R 1{93%_1 Sy dxi_1
k=2 k-1 %%
where by convention z,,/aj’ = 0 and C is a normalizing constant. g

Notice that this is similar to Renyi’s representation of order statistics ([34]).



10 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

2.2. Affine string parameters of the space-time Brownian motion. We
will use a terminology inspired by the Kac-Moody affine algebra Agl) (see in
particular Kac [24], Kashiwara [25], and Section 4). The infinite dihedral group
I(0) is the infinite group generated by two involutions sg, s; with no relation.
In V = R? identified with its dual V, let (o, ép), (@1, 1) in V x V be given by

oy = (07 _2)7
ap = (07 2)a
Qo = (17_1)7
a1 = (0,1).

The matrix (&;(o;))o<ij<1 is the Cartan matrix
2 =2
-2 2 )
The two linear reflections sg, s1 of R?,

si(v) = v — &;(v)ey, vER?

generate the group I(co). Notice that sy is a non orthogonal reflection. For
each k € N, when we write oy, ay, sg, - -+, we take k modulo 2, as above. Thus
ar = (—1)Fag (but ay is not (—1)Fag).

Definition 2.11. The affine Weyl cone (or chamber) is
Caﬁ: {veR%a(v) >0,i=0,1} = {(t,z) e R0 < z < t},
and C’aﬁ 1s its closure.

We define the Pitman transform P, ,i = 0,1, on Co(R?) by the formula:

Psin(t) =n(t) — Oiggfﬁ ai(n(s))ai,

where 1 € Co(R?). Let T : R? — R? be the involutive transformation T'(t,z) =
(t,t —x). Then

(2.7) Py, T = TP, .

We will use mainly space-time paths, i.e. paths which can be written as n(t) =
(t,o(t)), t > 0,¢(t) € R. In this case,

Pson(t) = (¢, o(t) + 2 isrg(s —¢(s))
Psin(t) = (t,o(t) — 2:;1%5@(3)).

One recognizes in the second component the transforms Py, P; defined in Section
1.2. Let i be a path in Cy(R?). One defines 19 = 1, and, for k > 1,

Nk = Psk—l .. PS17D80777
and, for t < oo, x(t) = {xk(t),k > 0} given by
wp(t) = — Inf ap(i(s)).

We call zx(t),k > 0, the affine string parameters of the path n on [0,¢] and we
call zi(00),k > 0, its Verma affine string parameters.
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We fix a real p such that 0 < p < 1 and we consider the space-time process
B = (t, By + tp)
where B is a standard real Brownian motion starting from O.

Definition 2.12. We let £(t) = {&k(t), k > 0} be the affine string parameters of
BW®W on [0,1], and £(c0) = {€x(c0), k > 0} be its Verma affine string parameters.

One has, for any n > 0,
(2.8) Py, Py BH(8) = B + 3 &(t)ay.
k=0

When 0 < p < 1, §(00) < 400 for each k > 0 by the law of large numbers.
Let 7, : R? — R? be defined by

lta) = (),

for (t,r) € R%. We will frequently use that for v € R?,

(2.9) Tt = (e (6 (0) + 67 (0) cos 7). 61 (v)),

in ~
mSle

so the asymptotics of 7,,v and (&' (v) + &7*(v), &*(v)) are the same as m tends
to 4o00. It is easy to see that,

Lemma 2.13. Fori=20,1,

. m
lim 70" =y,

m——+00
lim 7 & = aqy
m—-+00 m ¢ v

-1
lim 7,08 07, =s;
m——+00

We will approach B®) by T W) where
W) = (B 4+t By + tp),

8 and B being two independent real Brownian motions starting from the origin.

m

Definition 2.14. We define £™(t) as the string parameters of W) on [0, ]

and £™(00) as its Verma string parameters. The dihedral highest weight process
18

Ap(t) = Pmw (1), ¢ > 0.

When 0 < p < 1, we will always suppose that m is large enough to have
(2, ) € Cpp. This ensures that &, (o) is finite.

Proposition 2.15. Almost surely, for allt >0, k € N,
lm & () = &(t),

m—-+00

and when 0 < p < 1,
lim 7" (00) = &k(00).

m—-+00
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Proof. Let ny* = W e = B® and, for k > 1,

'rhzn — P;ﬁl .. P;Znn(?)n, Nk = 7381671 e 'PSOUO'

k-1

We prove by induction on k € N, that for any 7' > 0, a.s., uniformly on [0, 7],

7" () = 15(2)

m—-+00

lim €7(t) = ().

m—+
This is clear for k = 0. If it holds for k£ — 1, then, by Lemma 2.13,

Tl (8) = TP 21 (8) = T 1 (1) + E2 1 ()T
converges uniformly to ny41(¢). Since one can write

(1) = —nf 6 (0 (s)) = = inf 2! () (' (5))

£ (t) converges to &y (2).
We now suppose that 0 < p < 1. First we notice that, a.s., for k fixed, for
any C' > 0, there is a time tc > 0 such that, for any m € N,

(2.10) ar () > C,

when ¢t > to, i = 0,1. Let us show that a.s., for ¢ large enough, &*(c0) = & (t)
for all m € N, large enough. This will imply that £"(co0) tends to & (o). Since
ai(n*(0)) = 0, it is enough to show that almost surely, there exists T}, > 0 such
that for ¢t > Ty, for all m € N &3 (n;*(t)) > 0. This follows from (2.10) and from
the fact, easily proved by induction on k, that almost surely, there is a Cp > 0
such that, for all t > 0,m € N,

g () —ng" ()| < Ch.
0

Theorem 2.16. For 0 < pu < 1, one can write, {o(00) = €9/2(1 — p), and for
all k> 1,
+oo

gk(oo) _ 2e,
k _nz;cn(n—}—l)—f—(1—2,u)yn7

where €,,n > 0, are independent exponential random variables with parameter
1, and where v, = n when n is even and v, = —(n + 1) when n is odd.

Proof. We consider the independent exponentially distributed random variables
e of Proposition 2.10 for the drift v = (m/7, ). One has

m m m m . 7 T
= —_ = 2 —_ ) — —
= (2 )0 = 2 sin(T) — peos(T),
m
Vg1 = <(?7H)a041 ) =24
Proposition 2.15 implies that the random variables 7" (c0), and

§i'(0) €1 (00)

m m
ay, Aprq

)

m(
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converges almost surely when m goes to infinity for £ > 1. Therefore the &
converge a.s. to independent exponentially distributed random variables &,, with
parameter 1. Moreover £y = 5+2—~ and for every n > 1,

2(1—p)
fa(00)  Ennilo) 2,
n n+1l  nn+1)+ (1 -2,

Proposition 2.15 and the description of the cone I'y, imply that & (c0)/k, k > 1,
is a positive decreasing sequence. We denote by S its limit, which is a non
negative random variable. Thus one has

Ep(00) R 2%n
2 _;n(n+1)+(1—2u)yn 5

Moreover Fatou’s lemma implies that

m—1
m 1
@10 B Climinf )Y i e T >
k m k m mn:kaT'y{”—l—---—kanm%T

Let ¢ = max{1/9",m € N,7 = 0,1}. Since 0 < 2¢t < sinmt when 0 <t < 1/2,
one has, for k < [m/2],

b mm>1k . n7r>k2 >k2
D a2 g s = ) o> o

and, for k > [m/2],

k [m/2]+1 .
doarw= Y apan =
n=1 n=1
Therefore, for N <m — 1,
m—1 [m/2] m
1 1 1
= mam mam <cm "2 + dem Z 2
m n=N al 71 + an ' Tn n=N n n:[m/2}+1 m

is as small as we want for N large enough. As one has for every N > 0,
N N

s 1 2
lim — = ,
mm;ﬂ?’ﬁw-“ra%ﬁl nz;n(nﬂ)ﬂl—?u)vn

the lim inf in (2.11) is equal to 3.1 m and therefore

&(0), _ = 2
E(kk )gzn(n—l—l)—i-(l—zu)yn'

This proves that E(S) = 0, which implies that S = 0, and finishes the proof. [
An important for us and maybe unexpected result is:

Theorem 2.17. For 0 < u < 1, almost surely, limg_, 4 o {k(00) = 2.

Proof. It is easy to see that E({;(c0)) tends to 2 and that > ;2 E((&x(c0) —
E(£x(00)))?) is finite, which implies the almost sure convergence. O
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2.3. Affine Verma weight L(*)(co). In this subsection we introduce the affine
Verma weights. We consider, for 0 < u <1 and k> 1,

*fk 00) oy, + Z &n(00)an,

where &(00) = {&,(00), k > 0} are the affine Verma string parameters of B,
Notice that, more simply, since «,, = (0, (—1)"“2)

M, = (0’ (_1)k+1£k + 2 Z n+1€n ))
the notation with the «,,’s may be strange for the reader. It is explained by its
natural interpretation in Agl) (see 4.1).

Proposition 2.18. Let u € (0,1). When k goes to infinity, My, converges almost
surely and in L? to

1 €2n €2n+1
LW (o0) == > ( ap + o).
—nt 1—p n+ W

Proof. One has the key relation
Mop1o — Map = (0, =2p(00) + 282p41(00) — Eapt2(00))
_ ( €2p+1 €2p )
‘ptp pHlop”
hence {Msy, — E(Msp),p > 0} is a martingale bounded in Ls. Since E(Myp)
converges, this shows that My, converges a.s. and its limit is L") (c0). As

Moy = Moy, + %(5213(00) — &2pt1(00))ag

and &;(c0) tends to 2 by Theorem 2.17, My, has the same limit L) (c0). O

Notice that L{*)(c0) is not the limit of the series 37 & (c0)ay since & (oo)
tends to 2 (Theorem 2.17).

Definition 2.19. We call Lt (c0) the affine Verma weight of B*

The terminology is due to the fact, that we will see in Section 4, that L) (c0)
plays the role of an asymptotic weight in the Verma module of highest weight

0 in the case of the affine Lie algebra Agl) (more correctly of minus this weight
modulo §). In coordinates, L) (c0) = (0, D*(c0)) where

o
En+1 Eon
2.12 DH*(o0) = E - )
( ) (00) n:O(n—i—,u n—f—l—,u)

For a sequence = = (z1) € RY we let

n—1

(2.13) o(x) = lim Z$kak+ — Ty,

n—-+o0o

and write o(z) € R? when this limit exists in R2. When 0 < p < 1,
o(&(00)) = L (o).
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Definition 2.20. One defines, for A € éaﬁ”?

I ={z=(x;) eRY: J;: > kx]:rll >0, forallk>1, 29 >0, o(z) € R?},

k
TN ={zel :xp, <ar(A\—o(z)+ inai), for every k > 0}.
=0

We remark that = € I' is in I'(A) if and only if for all £ > 0,

(2.14) ZWZ xkak) < ().

Notice the occurence of the coefficient 1/2 here which will explain the correction
term in the representation theorem. The same coefficient already occurs in the
description of the crystal B(\) of Agl) given by Nakashima [31] which is the
discrete analogue of T'(\). In a sense I' will have the role of a continuous Verma
crystal and o(x) has a role of the weight of x € I'. In the same way I'(A) will be
a kind of continuous crystal of highest weight A.

Proposition 2.21. When 0 < u < 1, the Verma string parameters &£(oco) of
BW are a.s. in U{T(A),\ € Caﬁ} and for each \ € C’aﬁc, P(&(o0) € T(N)) > 0.

Proof. We have seen that, almost surely the sequence & (c0), k > 0, is bounded
and that o(£(00)) = L (c0). So this sequence is in some T'()\) for A € Cyof (and
actually in all A large enough). Now

[e.9]

LW (00) = My, = Y (Mapya — May) = (0, Ry,)
p=k

where Ry, = fo:k(?ﬁ - n-?ln—u)’ k> 0. Let

2e,
Sk_Rk+Z nn+1)+ (1 —2u)v,
T, = €2k+1 B €2k
(k+1)(2k+2u) k+1-—p
Then
L (00) — Majs1 = LW (00) — Moy — (Mapi1 — Moy,)
= (0, Ry, + &op11(00) — &ap(00))
= (07 Sy + Tk)
since
§k+1(oo) 2ki€k;

§k+1(oo) - gk(oo) = k+1 B k(k + 1) + (1 — 2/1)Vk.

Let a < 0 < b. As the sequences Ry, Sy, T, converge almost surely to 0, we can
choose ng > 1 such that

P(R,, Sn, Ty € [a/2,b/2] for all n > ng) > 0.
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One has
P(R,,, Sy + T), € [a,b],for all n > 0) >
P(Ry, — Ryy, Tk, + Sk — Sny € [a/2,b/2],for 0 < k < ny,
Ry, Sy, T, € [a/2,b/2],for n > ngy) >
P(Ry, — Ryy, Tk, + Sk — Sny € [a/2,b/2],for 0 < k < ng)
X P(Ry, Sp, Ty, € [a/2,b/2],for n > ng) > 0.
This allows to finish the proof, since, by (2.14), £(c0) € I'(\) if and only if, for
all £ >0,
ap(LW (00) — My,) < ag(N)

where for A € C, g, ax (M) takes only two positive values. O
2.4. Some technical results. In this subsection we prove some properties
which will be used to study the string parameters £ (t),k € N, and conclude

the proof of our main theorem. We take here p € (0,1) and m large enough
to ensure that (%, u) € Cp. Let, for 0 < k& < m, with the convention that

& (00) =0,
1 k—1
M = SE(e)all + S (oo)ay
n=0
Proposition 2.22. For any k > 0, 7, M]" converges to My, a.s. when m goes
to infinity.
Proof. This follows from Lemma 2.13 and Proposition 2.15. U

Proposition 2.23. One has, in probability,

(2.15) lim sup |7 M;" — M| = 0.

Proof. We use Proposition 2.10 and its notations. For 1 <2p+ 1 < m,
1 1
My 0 — Mgy = 555};+2(00)a727;+2 + &5p1(00)agy,  + 55%(00)043;-
Therefore,
~ T
Gy (Map g — Map) = €342(00) = 2cos( )& 11(00) + €3,(00)

m
€op+1
et +gtayt + -+ ag,

™
=-2 Cos(a)ag;;“

m
52p

E9pt1
+ ay, . + :
MWW+W+W%H WW+W+W%)

since
T
m m m
Apio — 2cos(—m)a2p+1 + ag, = 0.

One deduces that

p—1 m 2 m (+D)m
. . T €9] COS €941 COS —
Qg (MQp) = 2sin % ( m o 1 m o 1+l mo 141 m o 1 ’
—o 1 sSm T + Yy SIS m o Yy SIS ST 4 Yy sin T
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by using the relations

1

" m Sin 2T sin ( 1n2 nmw N sin 22 sin (”;m)w
E Qo = E asg_1 = — E ap’ =
sin sin = sin

k=1 2

Similarly, one finds
- T LT P

M) = —2cos —&N(00) + sin — tan — &5 (oo

1 ( 2p) mg[) ( ) m m§2p( )
p—1 m I (l+1)

T €571 COS 1 ehj cos

+2sin — -
—>

=7 1 sin l+17r—i—’y sin lﬂ' ’yqlnsmaﬂ—i—'yo sml‘%1

)
On the other hand, one has
1
2p+1 — M2p = 5\S2p 0 2p+1 1)/
MLy~ ML= 2 (€3(00)fy + by (o))
Thus the proposition follows from the next lemma and from Lemma 2.13. O

Lemma 2.24. Let v",~{",m € N, be real numbers such that ~y* tends to 2(1—p)

and " tends to 2p. Let for p € {0,--- ,[m/2]},
LT = em cos T 8214_1008&
Syt =sin— 3 (= e l 1)
m = Y1 sin o + gt sin bl fy smiﬂ—l—’y sin -7
= £ €
g — 21 G
P l_0(2l+2(1—,u,) 2l+2,u,>7

where (e]")p>0 is a sequence of independent exponentially distributed random
variables with parameter 1 that converges almost surely to (ey,)n>0 when m goes
to infinity. Then in probability

lim  sup [Sy" — S5, =0.

M= 1 <p<m/2

Proof. We have

(2.16)
sup |Sy'—Sp| < sup  [S) =S, —E(S) — Sp)|+ sup [E(S," —Sp)l.
1<p<m/2 1<p<m/2 1<p<m/2

Let us show that the first term of the right hand-side converges to 0 in probability.
One has for N < [m/Z]

(217)  sup |S)" =S, —E(S)" = Sp) <2 sup |5, — S5, —E(S)" —5,)|
1<p<m/2 1<p<N
+ sup |§g—5’p—E(5;”—§p)|,
N<p<m/2

where S’m =5, — S} and 5‘ =S, — SN, for p > N. The first term of the right
hand- 51de of (2 17) converges to () for any N, when m goes to infinity. As for
each m € N, {Sm E(Sm S,),p = N,---,m/2} is a martingale, Doob’s
martingale mequahty gives, for a >0,

m Q am Q 1 am Q
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Besides, as Var(X +Y) < 2Var(X) + 2Var(Y), one has

[m/2]-1 -2
. - sin® w/m 1
ar(Sim2) = Simy2) lz;v [(’71 sin L+ qgtsin ELr)2 (204 2(1 — p))?
sin? 7 /mcos(l + 1)7/m 1

!

(77" sin H—lw + g sin L Lmz o (20+2p)?
As 27‘” <sinz <z for 0 <z < 7, one has the majorations
sin * /2

m
Ble =495+ 1)

m i L m o}
Y1 s =T + 7" sin

and
us

SinE 7'('/2
i Sln”—lw—i—’yo smlﬂ' AP+ 1) + A5
for N <1 < [m/2] — 1. Thus for any ¢ > 0, there is a Ny € N such that
for all m > 2(Ny + 1), the right hand-side term of (2.18) is smaller than e.
Hence supi<p<p/2 [Sp" — Sp — E(Sp" — Sp)| converges in probability to 0. Let
us deal with the second term of the right hand-side of (2.16). One has for

m — (5" + 1)
[E(S," — 5 §§ m] 4 (l+f))(7{”1(l+ 1) +1g'l)

and
p! 22 — 1)
B =50 = L G - e+ 2

As for a fixed ¢, E(S;") converges to E(S,;) when m goes to infinity, one obtains
that supg<p<m/2 [E(Sy" — Sp)| converges to 0, which finishes the proof of the
lemma. O

Recall that £™(00), resp. {(o0), are the Verma string parameters of W m),
resp. B, The following proposition will allow us to pass from Verma affine
string parameters to affine string parameters in the next subsection.

Proposition 2.25. Let (\y,) be a sequence of R? such that Ay, € Cy, and such
that ThA\m tends to A when m tends to oo where \ € Caﬁ' The random sets

{€™(00) € T'y(Am)} converge in probability to {£(c0) € I'(N\)}.

Proof. To prove convergence in probability of a sequence, it is enough to show
that each subsequence has a subsequence which converges almost surely. There-
fore, by Propositions 2.23 and 2.18, working with a subsequence, we can suppose
that the set of w € Q for which

sup |7 M (w) — Mi(w)| = 0,
1<k<m

and Mj,(w) tends to L (00)(w) is of probability one. If
X =M" — M, X = LW (c0) — My,
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then (see (2.9))
(2.19) sup |a) (X7 (w)) — a(Xk(w))| = 0, ag(Xk(w)) — 0.

0<k<m

For these w we will show that
i sup{€"(50) € ()} € {€(00) € TN} € limint{€” () € ().

Notice that &]'(Ay) tends to ag(A) for & = 0,1 by Lemma 2.13. One has
M (00) € I'yy(Am) if and only if " (A — X;*) > 0 for 0 < k < m, and £(o0) €
I'(N\) if and only if ax(A — Xi) > 0 for every k£ € N. The left inclusion above
follows from (2.19). Now, suppose that £(co)(w) € I'(A). Since A is fixed and
since the distribution of X}, is continuous, for any k£ > 0,

P(ak(A — Xy) = 0) =0,
and one can suppose that for all k£ > 0,

dk()\ — Xk(w)) > 0.

We choose € > 0 such that &;(A) > e,i = 0,1. Using (2.19), one can choose mg
such that m > mg implies that

sup oy (Xj"(w)) — aw(Xi(w)) <e,
0<k<m

and then we choose kg such that k > kg implies that
dk(Xk(w)) < &k()\) — €.

As for each k, & (X]")(w) converges to &y (X)(w) when m goes to infinity, one
takes mq such that when m > mq,

ap' (Xp'(w)) < ax(X),
for k=1,---,ky. Then for m > mg, mq one has for k > kg

apt (Xp"(w)) = o' (X" (w)) — an(Xi(w)) + o (Xp(w)) < ar(X),

and for k < kg,

a' (X" (w)) < ar(N),
which proves the right inclusion above, and shows the proposition. U

2.5. The highest weight process A, In this subsection we introduce the
highest weight process A" associated with the space-time Brownian motion B*)
which will appear as the limit of its Pitman’s transforms (with a correction) and
show that it coincides in law with B®*) conditioned to remain in Cy forever.
Let 0 < pu <1, we define for k > 0 and t € RT,

k—1
Mit) = S&(tar+ 3 Ealt)on,
n=0

where £(t) = {£,(t),n > 0} are the affine string parameters of B on [0,¢] and
] k—1
M () = S& (Baf! + D & (Bar,
n=0

where £7(t) = {€7(t),0 < n < m} are the string parameters of W% on [0, ]
(by convention £™(t) = 0 when n > m). In particular, M7 (t) = S €™ (t)am.

n=0 Sn n
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Theorem 2.26. When p € [0, 1], for each t > 0, My(t) converges almost surely
when k goes to infinity. We denote by L (t) the limit.

Proof. By the Cameron-Martin theorem, one can suppose that u € (0,1). For
every k > 1 and t > 0, 7, M;"(t) converges to My (t) almost surely when m goes
to infinity by Proposition 2.15 and Lemma 2.13. Let € > 0. For p,q € N,

P([[Mp1q(t) = Mp@)|| = &) = Tim P([|7m M5, (1) = 7 My ()] > €)

m—00
= lm_E(fu(An(®)
where A,,(t) is given in Definition 2.14 and
Sm(Am (8)) = EQ i nam (0)=rm Mz ()]l 0 (A (2))).-
One has, by Theorem 2.9,
Sm(A) = P(||7in M%) — 7 M || = €]€™ (00) € T (X))

If X € Oy and 7» Ay, tends to A, then by Propositions 2.25 and 2.22, fi,(Am)
tends to f(\) where

F) = P([[Mp+q = Mp|| > £]¢(00) € T'(N)).

Notice that this is well defined by Proposition 2.21. On the other hand we
will show in Theorem 2.45, independently of this proof, that when m tends to
infinity, 7, A (t) converges in law to A®(t), where A is the Brownian motion
conditioned to remain in C,g defined in section 5.3. Therefore E(f,(Am(t)))

tends to E(f(A®(t))). This shows that
P(|Mp1q(t)=Mp(B)|| = &) = /Q]P’(llMerq—Mpll > e[¢(o0) € D(AW (1) (w)))dP(w).

Since Mj, converges a.s. to L(*)(c0) (Proposition 2.18) we see that M,(t),p € N,
is a Cauchy sequence for the convergence in probability, and thus converges
in probability. We will prove the almost sure convergence at the end of this
subsection. O

Notice that the first component of L#)(t) is 0, so one can write
LW (t) = (0, D" (1)),
where DH(t) € R.

Proposition 2.27. When 0 < p < 1 there is an almost surely finite random
time o > 0 such that LW (t) = LW (c0) for t > o.

Proof. Let o9 = max{t > 0, Bt(u) 4 Caff}a and

Opt+1 = max{t > o, Bt(“) + ka(t)ak Z Cofr}
k=0

for n > 0. Then, a.s., 0g < 00 and for t > o9, £ (t) = &o(00), hence
o1 = max{t > oy, Bg”) + &o(o0)ap € Cyugg}-
Recursively, one has 0, < 400 and

On+1 = max{t > op, Bt(u) + ng(oo)ak g Caff}
k=0
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We know that ) &k(00)ay, is bounded, a.s., therefore o = sup o, < +00 and
for t > o, &, (t) = &(c0) for all k > 0. So, for t > o, LW (t) = L (c0). O
Proposition 2.28. In probability, as m tends to oo, T, M (t) converges to

L (t).

Proof. By Cameron-Martin’s theorem, it is enough to prove the proposition for
€ (0,1). In that case, one has for £ > 0,

P(||rm M () = L ()| > ) < P( sup M (1) — Mi(8)) ] >

su
1<k<m 2>
€
+ P([| M () — LW (1)]| > 2):
For the first term, we condition by A,,(t) as in the proof of Theorem 2.26 and

use Proposition 2.23. Convergence in probability of Theorem 2.26 gives the
convergence of the second one. O

Notice that
(2.20) Am(®) = PR ED (&) = W 4 e,
We introduce the following definition,
Definition 2.29. For 0 < p < 1, we define the (affine) highest weight process
of {Bgu)jt >0} by, fort >0,
AW (@) = B + L (1),
In the analogy with the Littelmann model, for ¢ > 0 fixed, {Bg“), 0<s<t}

is a path with weight Bg“), with highest weight A% (t), and LU (t) is the weight
seen from the highest weight.

Proposition 2.30. In probability,
lim 7, W, 7" = B®,

m—-+00

lim 7oA (t) = AW (1),

m—-+00

Proof. The first statement is obvious. The second one is then a consequence of
Proposition 2.28 and (2.20). O

Let {A®W(t),t > 0} be the conditioned space-time Brownian motion in the
affine Weyl chamber C, g with drift u starting from the origin, defined in 5.3.

Theorem 2.31. For any p € [0, 1], in law,
{AW @), ¢ >0} = {AW @), ¢ > 0}.
Proof. This follows from Proposition 2.30, and Theorem 2.45. U

This shows in particular that A has a continuous version. In order to prove
the almost sure convergence in Theorem 2.26, let us show:

Proposition 2.32. For 0 < u < 1 and f : R? x I’ x R? — R, bounded and
measurable,

E(f(BM, (), AW (1)|o (AW (s),s < 1)) = g(AW(1))
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for each t > 0, where
9(N) = E(f(A = LW (00), £(00), A)[€(00) € T(N)):

Proof. Tt is enough to prove the theorem when f is a bounded continuous function
depending on a finite number of variables. By Theorem 2.9, the conditional
distribution of £"(t) knowing the sigma-algebra o(A,,(s),s < t) is the one of
€™ (00) knowing {{™(c0) € 'y, (A (t))}. Hence

E(f (TmAm(t) = T My (), 87 (), A (t)) |0 (Am(s), s < 1)) = gm(Am(t))
where

gm(A) = E(f (TmA — 7 M7, §™(00), A) |7 (00) € T (A)).

Using the convergences in probability of the propositions 2.28 and 2.30, if h is
bounded, continuous, and depends only on a finite number of variables,

E(f(AW(8) = LW (2), £(8), AW () (AW (5), 5 < 1))
= lim E(f(TmAm(t) = T My (1), €™ (1), T A (£)) (T Am (s), s < 1))

m——+00

= lim E(gm(An(t))h(TmAn(s),s < t))).

m——+00

Since Ty A (t) tends to AW (t), we know from Proposition 2.25 that, in proba-
bility, {£™(00) € Iy (Am (1))} tends to {£(c0) € T(AW(t))}. Therefore the limit
above is equal to

E(g(A®W (0)h(AM)(s),5 < 1))

which proves the proposition. O
Applying the proposition with f(b,&,A) = 1p(y)(§) we obtain that
Corollary 2.33. Almost surely, £(t) is in T(AW(t)).

End of the proof of Theorem 2.26. By the Cameron-Martin theorem it is enough
to prove the theorem for p € (0,1). In that case, by Proposition 2.32, one has

E(l{lika(t):L(ﬂ)(t)}|O'(A(u) ())) = E(Lftim ay=r09 (00)} 1€(00) € T(AW(2))).
As the right hand-side term is equal to 1 by Proposition 2.18, one obtains that

P(lim My () = L¥)(t)) = E(E(l{ank(t):L(u)(t)}|0(A(“) ) =1,
which finishes the proof of the theorem. O

2.6. Representation using Pitman and Lévy transforms. Let us remind
(1) _

where we stand. For B,"’ = (¢, B; + tu) we have written, see (2.8),
n
PSn o P81PSOB(M) (t) = B}S/J) + Z gi(t)ah
=0
and

Mo (6) = 56uss (Bonss + D &i(t)as
=0

We have seen that when g € [0, 1], for t > 0, limy_, ;o My (t) = LW (t) a.s. and
that the process AW (t) = B,g“) + LW(t), t > 0, has the same distribution as the
process AU(t),t > 0. Hence,
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Theorem 2.34. When 0 < u <1, fort >0, almost surely,

1
lim Ps, - .738173503(#) (t) + §fn+l(t)an+l

n—-+o00
exists, and the limiting process has the same distribution as {AW(t),t > 0}.

To interpret the correction term, it is worthwhile to introduce the Lévy trans-
form (sometimes called Skorokhod transform). A theorem of Lévy (see Revuz
and Yor [35], VI.2) states that if S is the standard Brownian motion, then

LA(t) = B — O%gfgt Bs,t >0,

has the same law as |f¢],t > 0, and that — info<s<¢ (s is the local time of £ at 0.
We define here the following Lévy transform (sometimes the Lévy transform of
is defined as f(f sign(fs)dfs, this is related to the transform here, but different).

Definition 2.35. For n € Cy(R?) and i = 0,1, the Lévy transform Ls,n of n is

Lon(t) =n(t) — = inf @ (n(s))os.

2 0<s<t
Another way to state the former theorem is
Theorem 2.34 bis. Fort > 0,
lim L, P, Ps, Psy BH(2)

n—-+o00
exists a.s. and the limiting process has the same distribution as AWM.

The following proposition indicates that the presence of the Lévy transform
is due to the bad behavior of A®)(t) for ¢ near 0.

Proposition 2.36. For allt > 0, a.s. limg_, 4 (1) = 2.

Proof. When 0 < p < 1, £;(c0) tends to 2 almost surely (Theorem 2.17), and
the proposition follows from Proposition 2.32 by conditioning by (A" (t)). The
case when p € {0,1} follows from the Cameron-Martin theorem. O

It implies that, for ¢ > 0,
lim Py, - Poy Pog B (1) + (=1)"ar = AW(1).

n—+0o0o
So without correction, the iterates of Pitman’s transform do not converge.
In the whole paper we have chosen, in the iterations of Pitman’s transforms,
to begin by first applying Py, to B (), Let us show the non trivial fact that we
obtain the same limits if we begin with P,,. More precisely, if we denote with

a tilde the quantities previously defined when we begin by Ps, rather than by
Ps,, one has, for each u € [0,1],

Theorem 2.37. (i) Almost surely,
lim Ly, Py, PsPsy BW(t) = lim L, Py, - PPy, BW(2).

n—-+o0o n—-+o0o

(ii) £(t) defined for B™ has the same law as £(t) defined for BA=1).
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Proof. For (i) we have to prove that L) (t) = L("(t). We have seen in Proposi-
tion 2.28 that 7,, M (t) converges in probability to LU (t). By the same proof
Tm M (t) converges in probability to L) (t). Now we use the equality M™(t) =
M (t) which follows from Theorem 2.3 and (2.1). Thus L) (t) = LW (t) a.s..
(i) follows from the relation (2.7) and the fact that TB® has the same law as
BU=1), O

2.7. The law of Bt(“) conditionally to {A®)(s), s < t}. We will compute the

conditional law of Bt(“ ) by approaching it by the dihedral case. The alternating
polynomial associated to the dihedral group I(m) is given by (see Dunkl and Xu
[14], 6.2.3), for v = (a,b) € R?,

him (V) = hp(a,b) = S((a + ib)™).

It is equal to the product of the roots for the root system of I(m). For w € I(m)
let I(w) be the length of its shortest expression with sg* and s{'. Let, for v €
R?, 7 € Cn,

(2.21) Y (y) = Z (=1) @) gfwn =72}

wel(m)
and let W) be the standard planar Brownian motion in R? with drift v € Cj,.
Lemma 2.38. For ( € R? and v = PZZ)W(”’) (1),

E(€<C’Wt(’y>>|g(731%w(’y) (S),O S s S t)) — 1/}1} (C + ’Y) hm(’}/) e(C,’U>‘

() hn(C+7)

Proof. Theorem 5.5 in [4] gives, for .Ft(o) = O'(PL’BW(O)(S), 0<s<t),

B = OB e

for v =Py WO (t) and a constant C' > 0 independent of v and ¢. We conclude
with the Bayes formula (2.6). O

For a € R, we define a theta function ¢, on R* x R first when o € Z by

(2.22) oult, ) = ——

sin(o

Z sinh(a(2kt + :U))e_2(kw+k2t),
™) ke

for t > 0,z € R, and then by continuity for all & € R using the next lemma
(which follows from the Poisson summation formula (see Bellman [1]) for the 2¢-

22
periodic function x +— e™ 2t 4 (¢, )),which implies that ¢, (t, ) = p1-a(t,t —x).
Lemma 2.39. Fora ¢ Z,t >0, x € R,

Te 2t k272
ot ) = —— sin(kma) sin(krx/t)e” 2t .
olt) = ey D snllma) sin(lne/)

The importance for us of ¢, is in particular its harmonicity (Proposition 5.4).
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Lemma 2.40. Let o, € R?,5,, € C,, be such that, as m tends to +00, TmYm
tends to (1,«) and Ty, tends to (t,x), then

sin(ar)

(2.23) A g (Ym) = ———¢alt, 2),

. Tm Iy
(2.24) ngnoo(E) B (Ym) = sin(arr).
Proof. Let r be the rotation of R? of angle 27 /m and s be the symmetry s(a,b) =
(a,—b), (a,b) € R% Let J(m) = {~[m/2],---,[m/2]} when m is odd and
Jm) = {—[m/2] +1,---,[m/2] — 1} U{m/2} when m is even. The dihedral

]
group I(m) is I(m) = {r¥ k € J(m)} x{Id, s}, and I(r) = 2, I(s) = 1. Therefore
() = e Cmem) R (el Ombam)  olstm).anl)

Qm,
keJ(m)

=27 N I(m,k)

keJ(m)

where

2km 9 2km

1,1 2km _ 1 42 gip 2km .
I(m, k) = e¥m@m(08 5 =D+ Ymam sin S5 ginh (42 (—al, sin —— + a;,, cos W))

and where we write o, = (al,a2),vm = (Vh,,72%,) with a,, equivalent to
(mt/m,z) and v, equivalent to (m/m, «). For € > 0, we choose my > 0 such
that, for m > my,
Z [I(m, k)| <e,
m/4<|k[<m /2
by using the inequality cos(27) < 0 when 2 < |k| < 2. Besides, when t €
[—5, 5], then cost <1 — % and |sin(t)| < [t], hence, for |k| < 7,
|I(m, k)’ < efclszrczk

where c1, co > 0 do not depend on m. So, one can choose N such that for m > 1
> I(mk)| <e
m/4>|k|>N
Since, for N fixed,

N N
hm Z I(m, k‘) — e_ax Z Slnh(o&(2k’t + x))e_Q(k;m_l'_th)’

m——+00
k=—N k=—N

we obtain (2.23). The relation (2.24) is immediate. O

ForO0<pu<1land A= (t,x) € C_'aff, we consider the probability measure Vi“ )

on R? carried by the line {(t,y),y € R} which has the Laplace transform
(€A
v € ¢C2+#(A)
(2.25) /e@’ )y (v) = ——=22——,
A Pu(X)

for ¢ = (¢1,¢2) € R?, introduced by Frenkel ([16]) in his study of orbital measures
(see below Section 4.2).
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Theorem 2.41. The conditional law of BE“) on o(AW(s),s < t)) is the proba-

bility measure 1//(\‘8‘) )

Proof. The formula
€<C7A(N) (t)> 90<2+“ (A(.u‘) (t))

eu(A(t))
is obtained by letting m goes to infinity in the Lemma 2.38 and using Proposition
2.30 and Lemma 2.40. O

2.8. Remarks on the laws of L(*)(co0) and & (o).

E(e(C’B§M)>|0‘(A(“)(s),s <) =

2.8.1. Law of L") (cc). We suppose that 0 < u < 1 and write L) (c0) =
(0, D*(o0)). The Laplace transform of D*(o0) is, by (2.12), for 7 > 0,

[o.°]

efTD“(oo) _ T o T 71.

) = I10+ )0 =)

Using
LrB) 1 T g Y
(226) ey ey R § (el Clrci)
(Formula 8.325.1 of [19]) and T'(2)I'(1 — z) = 7/sin (7z), we obtain that
e—TD”(oo) _ Sin(’frlu)

(2:27) E( sin(m(p+ 7))

In particular,

(2.28) E(D*(o0)) = mcot(mp).

Corollary 2.42. The density of DY/?(c0) is 1/(w coshz).

Proof. One uses that the Fourier transform of 1/(7 coshz) is 1/ cosh(An/2). O

Notice that the law of Y707 | (#2H — £20) appears in Diaconis et al. [9)].

2.8.2. Law of &1(c0). The Bessel process p*) of dimension 3 with drift v > 0 is
the norm of a Brownian motion in R3 with a drift of length v.

Corollary 2.43. For 0 < <1, & (00) has the same law as Suptzo(ggl_“) —t).

Proof. By Pitman and Rogers [33], lefu) has the same law as PslBt(k“), so the
claim follows from (2) of Theorem 2.37 when 0 < p < 1, and by continuity when

uw=1. For p =0, & (o00) = +o0. O
When pu =1, {g(o0) = 400 and
+oo
1 Eop—1 + €2
G(o0) =5 — 5
n=1

Its distribution is studied in Biane et al. [2] where it is symbolized 72S5/4. Its
Laplace transform is given by, for 7 > 0,

7'('27'

B = Ty



BROWNIAN MOTION OF THE INTERVAL 27

and its distribution function is (cf. Table 1 in [2])

+00
F(z)=1+2Y (1 - 4k*z)e 2,
k=1
in this case the corollary is also given in Example 20 of Salminen and Yor [37].
When p = 1/2,
“+oo

£1(o0) = ) 71(26:1)

n=1
Proposition 2.44. When p = 1/2, the Laplace transform of £1(o0) is, for T > 0,

2T

cosh(my/21 — 1/4)’

E(e 61()) =

its density is
+oo
> (1) n(n + 1)(2n + 1)e D2,
n=0
and, in law,
0
{i(0) = sup  —,
n>0,=1,2,3 T
(4)

where the €’ are exponential independent random variables with parameter 1.

Proof. Using the formula

+o0 2

coshmz = (1 + 42?) 71;[1(1 + m%

it is easy to see that

400
2T 2rr
E(e ™80 = T+ ——)7' = :
(e ) };[1( n(n + 1)) cosh(m\/27 — 1/4)

Let

—22 "(2n+1)e” 5(n+2)?,
Since 1/ cosh v/27 is the Laplace transform of mg(m%r)/2, (e.g. [2]),

o(z) do = /0 e (g @) de,

2t _ /OO Tef‘rme:r/S
coshmy/27 —1/4 0
by an integration by parts. Computing the derivative (e*/8¢g(x))’ gives the den-
sity. By integration, the distribution function is

+oo
Z(_l)n(zn + 1)€fn(n+l)z/2
n=0

which is equal to [[°2; (1—e~"*)3 by a formula of Jacobi ([18], Theorem 357). [
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2.9. Convergence of the dihedral highest weight to the affine one. Let
0 <wu<1and m > 1. We consider the planar Brownian motion W) and
the dihedral highest weight

m
Py

Ap(t) = PR W0 (1)

Theorem 2.45. As a process, {7, Am(t),t > 0} converges in law to {AW(t),t >
0} when m tends to +oo.

We will prove this theorem after the following proposition. Let {Z;,t > 0} be
the conditioned Brownian motion in [0, 1] starting from p (cf. Definition 5.1).

Proposition 2.46. For m € N*, let X"t > 0, be the R%-valued continuous
process such that X, is the conditioned planar Brownian motion in the cone

Con, with drift A = m2e™ /™ where 0 < p < 1. One writes in polar coordinates
X{" = R{" expim6]",

R > 0,07 € [0,1/m]. Then, when m tends to +00, as processes, mOy* tends to
Zy/x2 and R tends to t.

Proof. As shown in Appendix 5.2, Xt > 0, is a radial multidimensional
Dunkl process with drift and R, is a Bessel process of dimension 2(m + 1)
with drift m?, starting from 0. In other words, one can write

2(m+1)
(Rpag)? = (m*t + Bi(1))* + Y (Bu(k))?
k=2
where By(1),-- -, Bi(2(m+1)) are independent standard real Brownian motions.

Since
2(m+1

)
E( > Byme(k)?) = 2t(m +1)/m?
k=1

tends to 0 as m tends to +oo, R converges to t in L!. It is shown in Gallardo and
Yor [17] that the process Y; = X', has the following time inversion property:
Y74 is the conditioned planar Brownian motion in C,, without drift but starting
from ~,,. Using its skew product decomposition, one can write

+o00 1
m _ m : m o __
7T9m2t = O'a;n, Wlth at = / W dS,
t m2s

where the process 07" is a solution of the following stochastic differential equation
do{" = dB; + mcot(maoy")dt

where B is a Brownian motion independent of R™ and o{* = pum/m (see Demni
[13]). One remarks that Z; = Oy 2 Satisfies to

(229) dZt = dﬁt + 7TCOt(7TZt)dt
for another Brownian motion (3, and is therefore the conditioned Brownian mo-
tion in [0, 1] starting from p (see Appendix 5.1). As m tends to +oo, ag’;mg is

equivalent to 1/tm?. Therefore mfy* = Togm  converges t0 Zy 2. (]

t/m
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Proof of Theorem 2.45. Let X* = -2 A,,(w%t). Since

mm

1 (=,
%W;gﬂsz = (Bs + tm?, By + tmmp),

one sees that X, is the conditioned planar Brownian motion in the cone Cm

with a drift equivalent to m2e’™/™ (sece Theorem 2.5). One writes its polar
decomposition as X" = R}" expim#;". Using the continuity of the solution of
(2.29) with respect to the initial condition, we see that Proposition 2.46 also
holds when the drift ~,, is only equivalent to m2e?™*/™  Therefore mb;" tends
to Zyir2, RY" tends to ¢, and the process

TmAm (1) = (WQR?}WQ cos(ml,) 2 ), mm Ry} 2 sin(w0y)2)), £ > 0,

converges in law to (t,tZ)),t > 0, which is equal in law to A by Theorem
5.7. O

3. REPRESENTATION OF THE CONDITIONED BROWNIAN MOTION IN [0, 1]

For a continuous real path ¢ : Ry — R, such that ¢(0) = 0, we have defined
Loplt) = p(t) + inf (5 — (), Pog(t) = 1) +2_inf (s~ o(s),
<s<t

<82t
Lip(t) = (t) — . o(s), Pro(t) = o(t) — 2 inf (s).

For B} = B +tu,t > 0, the theorem stated in the introduction is
Theorem 3.1. Let € [0,1]. For anyt > 0, almost surely,
lim tL, 1Py - ~7317)0B“(1/t) = lim ¢£,41Pp - - '7727313”(1/75) = 7,
n— o0 n—oo

where Zy, t > 0, is a Brownian motion conditioned to stay in the interval [0, 1]
forever, starting from Zy = p.

Proof. The proof is just the juxtaposition of the theorems 2.34, 2.37 and 5.7. O

Remark that one also has that, for £ > 0, a.s.,

lim t(Py, - P1PoB*(1/t) + (—1)"2) = Z,

n—oo
which clearly shows the need of a correction for the Pitman transforms. As an
illustration let us show that:

Proposition 3.2. When 0 < p < 1 and Zy = pu, there is a standard Brownian
motion 3 and a B-stopping time T > 0 a.s. such that for 0 <t <,

Zt :Bt—F,LL—FtD'u(OO)

Proof. Let ¢ > 0 be the random time given by Proposition 2.27. For t > o,
LW () = L (00) hence AW(t) = B,f“) + L") (c0), which implies the relation
for 7 =1/0 and B = tBy, since (t,tZ; ) = AW (t). O

Notice that, by (2.28), E(DH*(0c0)) = 7 cot T as expected from the drift of the
generator 1d?/dxz? + (m cot mx)d/dx of Z.
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1
4. SOME ASYMPTOTICS FOR REPRESENTATIONS OF THE AFFINE ALGEBRA Ag )

As we said in Section 1.4, there are strong links between what we have done

and the affine Kac-Moody Lie algebra Agl). In this section we will see that
quantities we have met also occur in the description of some semi-classical limits
of its highest weight representations. In particular a Duistermaat Heckman
probability measure is given by the conditional law of the space-time Brownian
motion knowing the highest weight. The asymptotic behaviour of the large
weights of the infinity crystal B(oco) of Kashiwara is given by the Verma affine
string coordinates £(00).

4.1. The Kac-Moody algebra Agl). We consider the affine Lie algebra Agl).
For our purpose, we only need to define and consider a realization of a real
Cartan subalgebra. We introduce, as in the introduction, two copies of R3,

br = Spang{c, &1,d}, br = Spang{Ag, a1,},
where ¢ = (1,0,0),a; = (0,1,0),d = (0,0,1), and Ay = (1,0,0), a1 = (0,2,0),
§=1(0,0,1)in R3. Welet &g = (1,—1,0) and ag = (0, —2, 1), so that ¢ = ap+a
and § = ag + a1. Notice that these oy and aq project on the ones given in 2.2
by the projection on b /Rd, identified with RAg @& Ray, and thus also with the
space V = R? of Section 2. These notations are frequently used in this context.

)

For instance «g, a1 are called the two positive simple roots of Agl and &g, 0

their coroots. One considers the set of integral weights
P={\ebg:N&)€Z,i=0,1},
and the set of dominant integral weights
P ={\ebyp: &) eN,i=0,1}.
For a dominant integral weight A one defines the character of the irreducible
representation V' (\) of Agl) with highest weight A\ as the formal series

(4.1) chary = Y dim(Vz(A))e”,
BeP

where Vg(\) is the weight space of V() corresponding to the weight 5. If we let
ef (h) = P for h € hg, and evaluate this formal series at h, the series converges
absolutely or diverges, and it converges when d(h) > 0. For more details about
affine Lie algebras and their representations, we refer to Kac [24].

4.2. A Duistermaat Heckman measure. A way to define the Duistermaat
Heckman measure for a semi-simple complex Lie algebra, is as an approximation
of the distribution of the weights of an irreducible finite dimensional represen-
tation when its highest weight is large (see Heckman [20]). Let us explain how
the same approach is possible in Agl). Let » > 0, and A, be a highest weight.
Since the associated irreducible representation V() is infinite dimensional, we
put a Boltzman factor on each weight. More precisely let h, € hr be such that
d(h,) > 0, we define a measure ~, on by, letting

(4.2) Yo=Y dim(Va(Ar)e? ") 6,15,
pepP

where 0,15 is the Dirac measure at r1A.
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Proposition 4.1. Let p € [0,1], A = tAg + 21 /2 € Caﬁc, {A\r,7 € N*} be
a sequence of dominant integral weights such that im,_, oo Ar/7 = X, and let
hy = Y(péy +2d). Asr — oo, for T €R, u >0,

T

P2(r+n) (

7‘772
/ Prartud o (qg) , |22 iy e @tut 2tw,
h wr 2+u 2 2

*
R

Proof. One has for any v € b,

/ P 4. (dB) = chary, (r~'v + hy).
bR
When A = nAg + m%t, with (m,n) € N? such that 0 < m < n, a € R, and
b € R%, the Weyl-Kac character formula implies that
S ez sinh(a(m + 1) + 2ak(n + 2))e b1+ (n+2))

> ez sinh(a + 4ak)e—bl+2k2) ’
(see Kac [24]). So for v = 7&;1 + ud, one has immediately that the numerator of
the character chary, (¥ + h,) converges, when r goes to infinity, to

27(T 4 ) (2+u)t (24 u)x
— T )P2em ( 7 ).
2 + u 24u 2 2

Besides Lemma 2.39 implies that the denominator of this character is equivalent
to

chary(ady + bd) =

eTHT gin(

VT ™ sin(LT(T 1 )
VA T+ 2u 24u 7

which finishes the proof. U
By taking u = 0 we obtain,
Corollary 4.2. For T € R,

1 . (t,x)
- T8(1) ~ (dB) = 72 PTE\L L)
oo chary, (hy) /hn*@e r(df) = e out,z)

We denote by v, the probability measure on by given by
1
Vp= —————
" chary, (h,«)%

Recall that the probability measure 1//(\” ) defined in (2.25) is, for any t > 0, the
conditional law of Bt(“ ) when AW (t) = A

Theorem 4.3. Under the hypotheses of Proposition 4.1, the sequence of the
push forward probabilities of {v,,r > 1} by the quotient map from by to b /Ro
(1)

converges to vy ', when r — +o0.
Proof. This follows from Corollary 4.2 and Theorem 2.41. U

Let Fr.Ao + Gron/2+ H,6 be a random variable in b with law v,.. From the
theorem, as r tends to infinity, the law of (F,, G,) tends to Vg\“), F,. tends to t.
But H, tends to —oo, as follows from Proposition 4.1 with s = 0 and u > 0.

For a compact connected Lie group, the Duistermaat Heckman measure also
appears as the pushforward measure of the Liouville measure on a coadjoint orbit
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by the projection on a Cartan subalgebra. Frenkel has shown in [16] that the law
of a Brownian motion on su(2) indexed by the time in [0, 1], given the conjugacy
class of the endpoint of its wrapping on SU(2), plays the role of a normalized

Liouville measure on a coadjoint orbit of the loop group L(SU(2)). Identifying

su(2) and its dual, ui“ ) is the projection of this law on the diagonal torus of

su(2) (see Frenkel [16] and also Defosseux [12]) for p = 0. This projection is

a moment map. In particular 1/&“ ) can be seen as a normalized Duistermaat-

Heckman measure corresponding to the action of the torus of SU(2) on the
coadjoint orbit through A.

4.3. Asymptotics for the crystal B(co) of Agl). The infinity crystal B(oo)
of Kashiwara ([25]) is the crystal of the Verma module with highest weight 0 of

Al1 . This crystal is important since any irreducible highest weight crystal may
be obtained from B(oco). It is shown in Nakashima and Zelevinski ([30]) that
using string parametrizations, a realization of B(co) is given by

B(oo) = {z € NV, forsomenEN*,%2%2--~2@>0,mk=0f0rk‘>n}.
n

Notice that the only condition on z is g € N. For z € B(o0), we let

+o0
o(z) = Z:Ukak € bg,
k=0

when x, = 0 for £ > n. By [30], —o(x) is the weight of = in the crystal B(co).
For p = a1/2 + 2d, we let

+o0o
() = Y ok = 0(2)(7).
k=0

The character chary, of the Verma module of highest weight 0 is defined as in
(4.1), and is given (see Kac [24], (9.7.2)) by

(4.3) chary, = H (1—e P71,
BERY
where
(4.4) R, ={ap+nd, a1 +nd, (n+1)6,n € N}
are the positive roots of Agl). As previously, if we let e?(h) = eP) for h € by,
and evaluate the formal character at h, it converges if and only if §(h) > 0. Let

r € R%. On each element x of the crystal B(co) we put the Boltzman weight
e—5(®)/T We introduce the discrete probability distribution 8, on B(co) by

o—s(@)/r
Z,

Br({x}) =
when x € B(o0), where

Z, = Z e 5@/ = charo (p/7).
zEB(00)
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Since B(o0) is a Borel subset of I' we may consider 3, as a probability on I'. The
following theorem indicates that the affine Brownian model describes a kind of

continuous version of the infinity crystal B(co) for the affine Lie algebra Agl).

Theorem 4.4. Let X") r € N, be random variables in T' with distribution (.
Then X /1 converges in distribution to the Verma parameter &(oo) of B1/2),

Proof. We use the results on anti-lecture hall compositions recalled in Section
5.5. First it is clear that Xér)/r converges in law to &y(oc0). Let us now prove
that X{T)/r converges in law to &;(c0). It follows from (5.9), (5.10) that, for
a>0and g=e /",

Eeneyn <} €' Tpeawini<loh I
Z{xEB(oo)} q*@ Z{AeAw} g
1

:Tq(q; e—[ar}/rq2)oo(€—[ar]/7‘q; e—[ar]/qu)oo<e—[ar]/rq2; 6_[ar]/rq2)

]P’(XY) <ar)=

(o o}

where (p;q)oo = [[1—o(1 — pg™). Since (g; e~larl/mg?) o is equivalent to (1 —
q)(e7% e %) s when ¢ tends to 1, one has, by Proposition 2.44,

lim P(X]” < ra) = (7% ek = [J(1 = ) = P(éi(o) < a).
n=1

So X{T)/r converges to £1(00). We now consider the full sequence X,ir)/r, ke N.
For any r and n > 1, one has

(r) (r) (r)
& > Xi > > 2 s 0,
1 - 2 = - n T
which implies that for any n € N, the collection of laws of (%XY), cee %XTST))TN)

is tight since X fr)/ r converges in law. By Cantor’s diagonal argument, we con-

struct an increasing sequence ¢(r) € N,r € N, such that the random variables
1y (e(r)

©(r) "k

infinity. Let us denote by (Rg,k > 0) the limit, and let us first prove that

{% - }Z’ff,k: > 1} has the same distribution as {2e;/k(k + 1),k > 1} where

the £;’s are independent exponential random variables with parameter 1. For
x € B(00), one has, since s(z) = 2o + 5 S5 25 (krg—1 — (k — 1)zy),

,k > 0, converge in finite dimensional distribution when r goes to

B oo
P(X™ = ) = e _%(kmkfl_(k_l)xk)l o
( z) charoo(rlﬁ)kl_[ze ’ e
e " o)) o= & T ar ]~ (k—T)z) |
= 2r x
chare (r=1p) H {zp >k 1)

where [-] is the ceiling function. Let Yk(r) ,k=20,---,n, be independent geomet-
(r

ric random variables with values in N, where Y|, ) has the parameter 1 and Yk(r)

has the parameter e~ when k > 1. As,

e~ < e~ 2 (R[] = (k=1)zy) <1

)
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one obtains that for ¢g,--- ,t, >0,

P(Xér) <t ,X}lr) - [RLHXS?J < tn) < C(r,n)
IP’(YO(T) <to,- - ,Yér) <tn) ) -

Clrm)(1+0()) <

where C(r,n) is independent of tg, - - , t,, and tends to 1 when r tends to +oc.
This proves that for any n,
1

v Ly b o k<
T,XO 77"(Xk ’Vk_i_l k—l—l—l) l—k—n7

converge jointly to &g, %aﬁ, 1 < k <n, when r goes to infinity. Besides

((r)) ko (e(r) K
o = e ) = e

Riiq.
00 90( ) +

Thus, fork> 1, R — k+1

law as 55 + 7€k- The positive sequence Ry /k is decreasing. Let S be its limit. We
have the identity in law, for all & > 1,

Ry 1 are independent random variables with the same

—+00

Rk_ 25n
D D

We have proved that in law Ry = &;1(00), so S = 0 which finishes the proof. [

Recall (Corollary 2.42) that L(1/?)(c0) = DY/?(c0)ay /2 where the density of
D'?(00) is 1/(m coshz), and that —o(z) is the weight of z € B(c0).
Proposition 4.5. When r goes to infinity, in law,

(1) In the quotient space by /RS, the normalized weights o(X ")) /r converge
to L0/ (c0).
(2) The coordinate of (X)) /r along § goes to +ooc.

Proof. One has for any u € bg,

charq (u +r71p)

—o(XM)(u)y _
E(e ) charo (r=1p)

In view of (4.4), the expression (4.3) of the character gives the Laplace transform
of o(X () and shows that, in distribution,

o(X1) = (Go(n)(ag + nd) + Gi(n)(a1 + nd) + Ga(n)(n + 1)3),

n>0

where G;(n), i = 0,1,2, n € N, are independent random variables such that
Go(n), G1(n) and G2(n), are geometrlcally distributed with respective parameter

e—(ao+ns)(r~? p) e~ (aatnd)(r™ ) and e (n+1)5(r’1f))7 ie. e 2(nt1/D)/r  o=2(n+1/2)/r
and e~ 2(nt1)/ 7". The proposmon follows easily. O
X<T> )

Remark 4.6. Due to the Lévy correction, the formal expression o(lim, 4 o0 =

(r)
X )

is not equal to lim, o o (=

)
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5. APPENDIX

5.1. The conditioned Brownian motion in [0, 1]. We recall some well known
facts about the Brownian motion conditioned to stay forever in the interval [0, 1].
It first appeared in Knight ([27]), called there the taboo process, as the limit
when ¢ tends to co of a standard Brownian motion starting in the interval,
conditioned to reach the boundary after time ¢. To define it rigorously, first
consider the Brownian motion in [0, 1] killed at the boundary. Its generator is
%% with Dirichlet boundary conditions. Its maximal eigenvalue is —m2/2 with
positive eigenvector

h(z) = sin(7x),

called the ground state. We consider the associated h-Doob process {Z;,t > 0}.
It is the Markov process with transition probability density ¢:(x,y) given when
z,y € (0,1) by

Sin(ﬂ-y) errzt/Qu

sin(mx) «(2.9),

(5.1) qe(x,y) =
where u(z, y) is the transition probability density of the killed Brownian motion.
It can also be viewed as the diffusion in [0, 1] with generator

1 d?

322 + WCOt(W.’E)%.

It is well known (and follows from the reflection principle), that, for z,y € (0, 1),

(5'2) ut(x7y) - Z(pt(xay+2k) —pt(l', _y+2k))>
kEZ

where p; is the standard heat kernel (see Ito and McKean [23]). Using the Poisson
formula, or the spectral decomposition of the generator, one has,

(5.3) ut(z,y) = Z sin(nmz) sin(nﬂy)e*”%%ﬂ.
nez

By scale function techniques, one sees that 0 and 1 are entrance non—exit bound-
aries. In other words, (Z;) can be started from the boundaries and does not touch
them at positive time. Let us remark that Z can also be defined by the latitude
of the Brownian motion on the 3-dimensional sphere (see Ito and McKean [23],
Section 7.15) or by the argument of an eigenvalue of the Brownian motion in
SU(2). The boundaries behaviour is also clear from these descriptions.

The entrance density measure starting from 0 is the limit of ¢;(x,y) when x
tends to 0, which is for y € (0,1), by (5.3),

(5.4) q:(0,y) = sin(my) Z nsin(nﬂy)e*%ﬂ(anU.
nez

Definition 5.1. We call (Z;) the conditioned Brownian motion process in [0, 1].

Another interpretation of Z is given by the distance between two non colliding
Brownian motions on a circle (see Hobson and Werner [21]).
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5.2. The conditioned planar Brownian motion in a dihedral cone. It
is intuitively given by the two-dimensional Brownian motion with drift starting
from 0 conditioned to stay in the cone C,, forever. It is rigorously defined in 5.1
of [4] for a planar Brownian motion without drift. The definition when there is
a drift is the following. We recall (see Section 2.7) that for v = (a,b) € R?,

hm (V) = hp(a,b) = S((a +ib)™),

and, for v € C,,
" (v) = Z (=MW glw) =70},

wel(m)
For z,y € Cy,, let
Y (y)
Tt(x7y) = m ’U;fy(xﬁy)a
Y ()

where v; is the semi group density of the standard planar Brownian motion with
drift ~ killed at the boundary of C,,.

Definition 5.2. The conditioned planar Brownian motion AS,Z) in the dihedral
cone Cy, with drift v € Cp,, is the continuous Markov process with values in
Cm U {0} with transition probability density ri(x,y) for z,y € Cy,, such that
Aﬁ,’Z) (0) = 0, and with entrance probability density at time t proportional to, for
x € Cpy,

Y ()
m(7)

In the definition above, ¥2*(z)/hy(7) is obtained by analytical continuation
when hp,(y) = 0.

1
e_7t<x7x> .

hm(z)

>

Proposition 5.3. Let W) be the planar Brownian motion with drift v € Cy,
™)

starting from the origin. The process P%W(W) has the same law as A’ .

Proof. For 0 < t; < --- < t,, and a bounded measurable function F' : R” — R,
the Cameron—Martin formula gives

E(F(PRWD(t), ..., PRWO(t,)) =
(0)
E(E(P WO (1), ... P, WO (ta))e 3070000,
By Theorems 5.1 and 5.5 of [4], which deals with the case v = 0, this is equal to

m( A
WA (tn) 6 a® ),

CE(F(AD(t1), ..., AD (t,))e 30

" o (V) R (AR ()
where C' is a constant. This implies easily the proposition. O

Another quick manner to define rigorously Ag) is to use Dunkl processes

and the approach given by Gallardo and Yor in [17]. One considers the Dunkl
Laplacian with multiplicity one associated with I(m) given, for f € C?(R?), by
Afoaris S @VI@) 1)~ fow)

ot (o, x) (o, z)?
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where o, is the orthogonal reflection with respect to {z € R?, (z,a) = 0}, A is
the usual Laplacian and V the gradient. Roesler and Voit ([36], Section 3) show
that for any v € R?, there exists a cad-lag process X,(t),t > 0, with generator
A/2 such that X,(0) = 7. Let p: R? — C,, be the projection where Cy, is
identified with R?/I(m). Then ([36], Theorems 4.10, 4.11) X, (t) = p(X,(t)) is
a continuous process and its norm is a Bessel process of dimension 2(m + 1).
According to Gallardo and Yor ([17], Section 3.3), the conditioned Brownian
motion in Cp, with drift v € C,, starting from 0 is defined as ¢tX,(1/t). Its
probability transitions are given by (25) of [17], which shows that it coincides in

law with Ag).

5.3. The conditioned space-time Brownian motion in C,g. Let (B;) be

the standard real Brownian motion and B§“ ) = (t, By + tu) be the space-time
Brownian motion with drift 4. We define rigorously the process AW(t),t > 0,
which is the process B® conditioned to stay forever in the affine cone Caff =
{(t,z) e Ry x Ry : 0 < z < t} starting from (0,0). It has been introduced and
studied in Defosseux [10, 11, 12], where more motivations can be found.

We suppose that p € [0,1]. Let {Kt(“),t > 0} be the space-time process Bgm
killed at the boundary of C,g. This is the process in the cone with generator
% + %88—;2 + ua% and Dirichlet boundary conditions. We have defined in (2.22)
the function ¢, given in particular when p ¢ Z, by
(5.5) (t,2) = e he > sinh(u(2kt + x))e 2k

‘ Puih ) = sin(um) = a ‘

Proposition 5.4. The function ¢, is a space-time non negative harmonic func-
tion for the killed process K" on Caﬁ’ vanishing on its boundary.

Proof. The harmonicity is clear by computation. The boundary condition ¢, (t,0)
=0, resp. ¢, (t,t) = 0, follows from the change of variable from k to —k, resp. k
to —1 — k. Positivity follows for instance from the lemmas 2.38 and 2.40. (]

Using the Cameron-Martin formula and Defosseux ([11], Proposition 2.2), one
obtains that, if we write Kt(“) = (t, K}"), the density w}'((r,z), (t +1r,.)) of K}.,,
given K}' = z is

(5.6) wh((r,a), (t+1,y)) = O30 (r, @), (t+ 1, y))
_ Z e—2(kz+k2r)(e,u(2kr+:c)péi(x + 2kr, y)
keZ

- e*}i(?kTJrI)péL(_‘,L. - 2k7’, y))7

where p}" is the standard heat kernel with a drift u. For 0 < pu < 1, we define a
Markov process { A (t),t > 0} in CogU{(0,0)} in the following way: AW () =
(t, A)') where the law of A}, given A} = x has the density

6 et ) = 2 (). 0+ ),
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for (r,z), (r +t,y) € Cyg, AW (0) = (0,0) and the entrance density is given by,
for (t,y) € Cyug, by

(5.8) 55((03 0),(t,y)) = Sou(t, Y) Sil’l(%ﬂ')e 2% —nt)?

Definition 5.5. For 0 < p < 1, the process {AW(t),t > 0} is the space-time
Brownian motion conditioned to stay in Caﬁ'

Recall that uy, resp. ¢, is the transition probability density of the killed Brow-
nian motion in [0, 1], resp. of Z (see (5.1)).

Lemma 5.6. For0<r<t,0<z <7 and0<y<t,

— 1.2 _ 1.2
ul/r—l/t(y/tvx/r)e 2V = ?U?_T((T,.CC),(t, y))e 2r®
and for 0 < z,y <1,

g1, y) = crsin(my)e™ 2D 0 (1/t,y/t).

Proof.
wi o1/t /) = P11/t + 2k, 2/r) = P11~y /t — 2k, 2/r))
keZ
(0, )
= Z pt g Y+ 2k‘t (pt—r(ZL‘, Y+ 2]{7t) — ptfr(l', —y — th))
_pr(O,ZL‘) —2kx—2k2r k — —x — 2k
DS S (a4 2kt,y) = s = 2hr,0)
" kez

which gives the first equality, by (5.6). The second one follows from Lemma 2.39
and (5.3). O

Theorem 5.7. For pi € [0,1], the processes {AW(t),t > 0} and {ttZ ), t >
0}, where Z starts from u, are equal in law.

Proof. For 0 < t1 < .-+ < ty, the quantity P(t12,, € dx1,--- 021, € dan)
is equal to
0 (T () g (G ) da - d,

tn tn tn 1_t'n tn’ t’I’L 1 i t t]_

Identity (5.1) and the first 1dent1ty of Lemma 5.6 imply that

37k Tp—1
— tk tk tk 1

is equal to

SLg2 o Lg2sin(may/ty) o 0
Cpy o g, €2 020 T w tk—1,Tk-1), (Tk, Tk)),
t b Y E—T )kHQ to—to_s (Tk—1, Tk—1), (tk, )
where ¢y, ... 1, is a positive constant which doesn’t depend on z1,...,x,. We
conclude by using the second identity of Lemma 5.6 for g1 (p, 7), the fact that
tn "

_p)_tzs 2
wity((s,2), (t,y)) = V™7 T 1w (s, 2), (t,y))
and identities (5.7), and (5.8). O

This implies that A®(t) is really in the interior of the cone for ¢ > 0.
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5.4. A property of Pitman transform for piecewise C! paths. As men-
tioned in the introduction, the need of an infinite number of Pitman transforms
to represent the space-time Brownian motion in Cy g is due to its wild behaviour.
The situation is much simpler for regular space-time curves, as shown by the fol-
lowing proposition (recall that paths in Caff are fixed under the Pitman trans-
forms).

Proposition 5.8. Let ¢ : [0,T] — R be a continuous piecewise C' function such
that ©(0) =0 and n(t) = (t,¢(t)). There is an n such that for all t € [0,T],

7)571 st PSIPSOT](t) c Caﬁ.

We use the notations of 1.2 and Section 3. It is equivalent to prove that there
is an n > 0 such that
0 <Py P1Pop(t) <t,
for all ¢ € [0,T]. Let 11(¢) = inf{t > 0;¢(t) < 0}, 70(p) = inf{t > 0;¢(t) > t},
and let |¢/| be the supremum of the left and right derivatives of ¢ on [0, 7.

Lemma 5.9. (1) [(P1p)'| < |¢'|, and |(Pog)’| <2+ [¢'].

(2) When 0 <t <71(0) ATo(p), Pre(t) = Poe(t) = ¢().
(3) There is an n > 0 such that 0 < (P, --- PaP1e)'(0) < 1.

Proof. (1) and (2) are straightforward. For (3): if g and oy are given by o¢(z) =
—x and o1 (z) = 2—z, then (P;p) (0) = 0;(¢'(0)), for i = 0,1 and it is well known
that one can bring any real into [0, 1] by repeated actions of op and o7. O

Lemma 5.10. Proposition 5.8 holds when 11 (@) A 19(p) > 0.

Proof. We first suppose that 79(¢) < 71(¢). Let 1 = Pop, p2 = Pip1, 3 =
Popa, -+ and a1 = 10(p), a2 = 11(p1),a3 = T79(p2),---. By (1) of Lemma 5.9,
loh ] < |¢'|+2n. Since pan(a2,) = 0, an(aani+1) = agnt1, we obtain by the mean

value theorem that
a2n+1

Q2n > |Q0/| —|—4TL7

and so the increasing sequence a, is bigger that T for n large enough. When
To() > T1(p), then 19(p1) > T1(¢1) and we apply the same proof to ¢1, begin-
ning by applying P;. O

a2n+1 —

Proof of Proposition 5.8. Using (3) of Lemma 5.9 one can suppose that 0 <
¢’ (0) < 1.When 0 < ¢'(0) < 1, then 71(¢) AT9(p) > 0 and we can apply Lemma
5.10. If ¢/(0) = 1, let v = Pyp. Then 7/(0) = 1, and ~(t) < t for ¢ > 0. In
that case 79(y) > T, and 71(y) > 0. Indeed otherwise there is a sequence t,, > 0
decreasing to 0 such that v(¢,) < 0 and 4’(0) can not be 1. So we can also apply
Lemma 5.10. The case ¢’(0) = 0 is similar. O

5.5. Anti-lecture hall compositions. The set A, of anti-lecture hall com-
positions is defined in Corteel and Savage [7] as the set of sequence of integers

A1, Ag, - -+ such that, for some n € N,
AL A An
Ay 2 s
1 = 2 - n
and A, = 0 when p > n. So we see that, if B(oco) is the crystal defined in 4.3,
Aoo = {(A1, A2, ); (0, A1, A2, - -+ ) € B(oo) }

> 0,
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For A = (A1, A2+, An, 0,0, ) € A, let [A] = > 1 Ak Then, see Corteel et
al. [7, 8] and (1.2) and (1.3) in Chen et al. [6], for 0 < ¢ < 1,

(5.9) 3 = e

AEA (qQ;Q)OO ’
N (6 Doo( @ oo (0" €)oo (812 652 o0
(5.10) T =
AEAm <k (¢:9) 0

where (a;¢)oo = [[,—o(1 — ag™).
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