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PITMAN TRANSFORMS AND BROWNIAN MOTION IN THE

INTERVAL VIEWED AS AN AFFINE ALCOVE
PHILIPPE BOUGEROL AND MANON DEFOSSEUX

ABSTRACT. Pitman’s theorem states that if {B¢,t > 0} is a one dimensional
Brownian motion, then {B; — 2 info<¢ Bs,t > 0} is a three dimensional Bessel
process, i.e. a Brownian motion conditioned to remain forever positive. This
paper gives a similar representation for the Brownian motion conditioned
to remain in an interval. Due to the double barrier condition, it is more
involved and only asymptotic. One uses the fact that the interval is an alcove
of the Kac-Moody affine Lie algebra Agl) and the Littelmann path approach
of representation theory.
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1. INTRODUCTION

1.1. The probability transition of the Brownian motion conditioned to stay pos-
itive is the difference of two heat kernels. This is a consequence of the reflection
principle at 0. Pitman’s theorem ([32]) of 1975 gives the path representation of
this process as

PB(t) = Bt — 2 inf Bs.
0<s<t
The transform PB is written with the reflection at 0. We consider Z;, t > 0, the
Brownian motion conditioned to stay in the interval [0, 1] forever (see Definition
. It can be seen as the Doob transform of the Brownian motion with Dirichlet
condition at 0 and 1. Its probability transition is an alternating infinite sum
which can be obtained by applying successive principles of reflection at 0 and 1
(method of images). It is therefore natural to ask if Pitman’s theorem has an
analogue for Z, written with an infinite number of transforms at 0 and 1. The
main result of this article is to show that, to our surprise, this is not exactly true.
A small correction (a Lévy transform) has to be added. The same correction
occurs in some asymptotics of the highest weight representations of the affine

. 1
Lie algebra Ag ),

1.2. Let us state our main probabilistic result. We consider, for a continuous
real path ¢ : Ry — R, such that ¢(0) =0,

Lip(t) = o(t) — inf o(s),

0<s<t
Pro(t) = o(t) — 2 inf o(s),

that we call the classical Lévy and Pitman transforms of ¢. We introduce

Lop(t) = ¢(t) + Oiggfgt(s — (),

Pop(t) = »(t) + 20;1;;(8 —¢(s)).

The Brownian motion with drift u is B = By+tu,t > 0, where B is the standard
Brownian motion with By = 0. For n € N, we let Po, = Py, Loy, = Ly and
Pon+1 = P1,Lopnt+1 = L£1. The aim of this paper is the following representation
theorem (see Theorem [3.1]).

Theorem. Let p € [0,1]. For any t > 0, almost surely,
lim tL, 1Py - '7317)03“(1/t) = lim ¢£,41Py - - 'nglBu(l/t) = Zt,
n—oo n—oo

where Z is the Brownian motion conditioned to stay in [0, 1] forever, and Zy = p.

1.3. Briefly, the strategy of the proof is the following. We will use the fact that,
when Zy = p, Z is the space component of the time inverted process of A,
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where A" is the space-time Brownian motion Bt(“ ) = (t, BY),t > 0, conditioned
to stay in the affine cone

Cog=1{(t,z) € R?:0 < z < t},
(see Appendix . We define a sequence of non-negative functions &, (t),t >
0,n € N, by

n(t) = = it {slan(n) + (=1)" Py -+ PoB"(5)}

Then

Py - - PoBH(t) B“+2Z ket

When 0 < p < 1, the random variables &;(00) = limy100 &k(t), k € N, are
finite and we show that their law have a simple explicit representation with
independent exponential random variables. The law of £ (¢),k € N, can be
deduced by a truncation argument. This allows us to show that for all ¢ > 0 the
limit of

(1-1) P - 'POBM(t) + (_1)n§n+1(t)

exists a.s. and has the law of the space component of A®. We also prove that
&n(t) tends to 2 when n tends to oo, which shows the need of the correction.

Actually, to prove these results, we approximate the space-time Brownian
motion B by planar Brownian motions with proper drifts and A®) by these
planar Brownian motions conditioned to remain in a wedge in R? of dihedral
angle m/m. We use the results of Biane et al. [3] in this situation. Due to the
need of the correction term, the approximation is not immediate.

1.4. Before describing the plan of the paper, let us make an observation. At
the heart of our approach is the fact that the interval [0,1] is an alcove for

the Kac-Moody affine Lie algebra Agl) and that AW can be seen as a process

conditioned to remain in a Weyl chamber of Agl). This is linked to highest weight
representations of Agl) through Littelmann path approach. We have chosen to
present the proof of our main probabilistic result without explicit reference to
Kac-Moody algebra, so that it can be read by a probabilist. But let us now
explain the ideas from representation theory behind the scenes because this has
been a source of inspiration. This may be helpful for some readers.

We first recall the link between Littelmann path theory for the Lie algebra
sl (C) (see [28]) and the classical Pitman’s theorem as explained in Biane et al.
[3]. Consider a real line V' = Ra where « is a positive root. A path 7 in V is
a continuous function 7 : Rt — V such that 7(0) = 0. It can be written, for
s >0, as 7(s) = f(s)a with f(s) € R. A dominant path is a path with values
in the Weyl chamber, which is here R «, so that 7 is dominant when f(s) > 0
for all s > 0. We fix a ¢t > 0. An integral path on [0, ¢] is a path such that 2f(¢)
and 2mins<; f(s) are in Z. For an irreducible highest weight sl(C)-module,
one chooses a dominant integral path 7w on [0,¢], such that 7(t) is its highest
weight. A path realization of the Kashiwara crystal associated to this module
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is the Littelmann module Bm, which is the set of integral paths n on [0,¢] such
that Pan(s) = m(s),0 < s < t, where P, is the path transform defined by

(1.2) Pan(s) = (¢(s) — 20Sigfgsw(U))a,

when 7(s) = p(s)a. One recognizes the Pitman’s transform.

Let us consider now the Littelmann path theory for the affine Lie algebra Agl).
A realization of a real Cartan subalgebra bg is given by R? and we write the
canonical basis as {c, &1,d}, and the dual canonical basis of hj as {Ag, @1/2,0}.
We choose g = ¢ — &3 and ag = § — a;. The Weyl group is generated by the
reflections s, So; On by defined by, for v € by and 7 =0, 1,

Sa; (V) = v — a;(v)ay.
which are reflections along the walls of the Weyl chamber
Cw = {tAO -f-ZL‘O[l/Q + y57 (t,d?) € Caﬁvy € R} = Caﬁ x R.

In Littelmann’s theory, a path n : RT — b is now a continuous map 7(0) = 0.
One defines path transforms P,,, i € {0,1}, by

Pa;n(t) = n(t) — Oiggfgt ai(n(s))a.

A dominant path is a path with values in the closure of Cy and as above, one
can define integral paths on [0,¢]. For a fixed ¢ > 0 and an integral dominant
path 7 on [0, ¢], the Littelmann paths module generated by  is the set of integral
paths 7 on [0, ¢] for which it exists n € N such that

Pa,Pay 1 - '7’m7’a077(5) =(s)

when 0 < s < t, where aop, = ap and g1 = ay for any k£ € N. This gives
a description of the Kashiwara crystal of highest weight 7(¢) (see Kashiwara
[26], Littelmann [28]). For an integral path n on [0, ] and more generally for a
continuous piecewise C'! path (see Proposition , there is a £ € N such that
for all n > k,

Pay ++ Pag(s) = Pay, -+ - Pag(s),

for 0 < s <t. This new path is dominant. One can ask if, similarly to Pitman’s
theorem, at least the limit when n tends to infinity, of Py, - - - Pq, 1, exists when
7 is replaced by a space-time Brownian motion.

We show in this paper that the answer is no. Nevertheless one proves that a
slight modification converges in hg/Rd to the space-time Brownian motion B
conditioned to remain in the affine cone Cyg. Actually it will be enough for us
to work in the space V' = b /R4, so our paths and transforms will be defined on
V.

We call the sequence {{;(t),k € N}, defined above, the affine string param-
eters, by analogy with the string parameters in the Littelmann model because,
for integral paths, they are the string parameters of the element corresponding
in the highest weight crystal (see Kashiwara [25], Littelmann [29]). Likewise,
we call £;(c0), k € N, the Verma affine string parameters, by analogy with the
string parameters of the crystal B(co) of Kashiwara [25] associated with the
Verma module of highest weight 0.
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1.5. The paper is organized as follows. As said before the process Z is the space
component of the time inverse of the space time process AW . Dealing with the
two dimensional process AW linearizes the situation and so is easier. So we first
study it in Section 2, by using approximations by processes in dihedral cones.

In Section [2.1] one recalls the Pitman representation theorem for a planar
Brownian motion in a dihedral cone and gives a precise description of the law
of their string and Verma string parameters. One studies their asymptotic be-
haviour in Section and obtains a description of the Verma affine string pa-
rameters £(oo) of the space-time Brownian motion B®. In Section one
proves that the series Y p_q(—1)*¢;(c0) converges up to a correcting term. In
Section one shows the almost sure convergence of and identifies the
limit. One obtains in Section [2.6] a representation theorem for the conditioned
space-time Brownian motion by applying at last a Lévy transform to the iterates
of Pitman’s ones. In Section 2.8 one makes some comments on the distributions
of the first string parameter &;(o0) of the space-time Brownian motion and of
its affine Verma weight.

In Section [3| one proves the main result of the paper on the Brownian motion
in the interval. As mentioned we only use probabilistic notions and arguments
up to this point.

In Section {4 we now consider the affine Lie algebra Agl) and show how our
results are related to its highest weight representations. First we show that
the conditional law of the Brownian motion is a Duistermaat Heckman measure
for a circle action, describing the semiclassical behaviour of the weights of the
representation its highest weight is large. Secondly, we show that the Lévy
correction term also occurs in the behaviour of the elements of large weight of
the Kashiwara crystal B(oo).

Section [9]is an appendix where we define rigoursosly the conditioned Brown-
ian motion in the interval [0, 1] and the conditioned space-time Brownian motion
in the affine Weyl chamber C,g. We prove in Theorem that the first one
is equal in law, up to a time inversion, to the space component of the second one.

1.6. In conclusion we see that the, a priori simple, Brownian motion in the

interval can be studied thanks to its links with the affine Lie algebra Agl). It
is an example of integrable probability in the sense of Borodin and Petrov ([5]).
It would be interesting to study the higher rank case AT(«}) which occurs in the
analysis of n + 1 non colliding Brownian motions on a circle (see Hobson and

Werner [21]). This requires new ideas.

2. REPRESENTATION OF THE CONDITIONED SPACE-TIME REAL BROWNIAN
MOTION IN THE AFFINE WEYL CONE

In order to represent the Brownian motion Z conditioned to stay in [0, 1],
we will linearize the problem and use the fact that Z is the space component
of the time inverted process of A®, where AW is the space-time Brownian
motion conditioned to stay in the affine cone Cyg = {(t,z) € R%0 < z < t},
rigourosly defined in Definition This process A will be approached by
planar Brownian motions conditioned to remain in dihedral cones.
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2.1. Pitman representation for the planar Brownian motion in the di-
hedral cone C,,. In this section we describe the representation of the planar
Brownian motion conditioned to stay in a dihedral cone, using the results of
Biane et al. [3],[4].

2.1.1. Dihedral Cozxeter system. The dihedral group I(m), where m € N, is the
finite group generated by two involutions sg, s with the only relation (sgs1)™ =
1. In the two dimensional vector space V = R? identified with its dual ‘7,
one chooses two pairs (vg", 04"), (v]*, 97") in V' x V, associated with the matrix
(07" (vj"))o<i,j<1 given by

( 2 -2 cos(ﬂ/m)) 7

—2cos(m/m) 2
Namely, one takes
o = (2sin(m/m), 2 cos(m/m), o}t = (0,2)
and 9§ = v /2,97 = v" /2. The following two reflections sJ*, s7* of R?

(v) = v =" (v)o]", v ER?,

m
S

generate the group I(m). The usual scalar product on R? is denoted by (.,.),

and with our convention 0" (v) = (v*,v).

Definition 2.1. The convex dihedral cone C,,, with closure Cy,, is
Cp = {v € R%0™(v) > 0,i = 0,1} = {(rcosd,rsinf) € R r > 0,0 <0 < 7/m}.
Let Co(R?) be the set of continuous path 1 : Rt — R? such that 7(0) = 0.

The following path transforms are introduced in [3].
Definition 2.2. The Pitman transforms P%,i = 0,1, are defined on Co(R?) by
the formula, for n € Co(R?), t > 0,

Ps;nﬁ(t) =n(t) - ogfgt 07" (n(s))vy".

Notice that
snn)(t) = () — nf (id = si")(n(s)).

For each i € N, when we write v", 0", s",-- - , we take ¢ modulo 2.

Theorem 2.3 (Biane et al. [3]). Let w = si"---s]" be a reduced decomposition
of w € I(m) where iy,--- i, € {0,1}. Then

m ._ pm m
Pw " ,Psim e Psim
T 1

depends only on w and not on the chosen decomposition.
In I(m) there is a unique longest word, namely
(2.1) wo = STy ST = s ST

Proposition 2.4 ([3]). For any path n € Co(R?), the path Pyin takes values in
the closed dihedral cone C,,.
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Let v € Cy, and let W) be the standard planar Brownian motion in R? with
drift v and identity covariance matrix, starting from the origin. The conditioned
planar Brownian motion in the cone C,, with drift is intuitively given by W
conditioned to stay in C,, forever. It is rigorously defined in Appendix The
following is proved in Biane et al. [3] when there is no drift, the case with drift
follows easily and proved below in Proposition

Theorem 2.5 (Biane et al. [3]). Let W) be the planar Brownian motion with
drift v, where v € Cy,. Then P, W) s the conditioned planar Brownian
motion in the cone Cy, with drift 7.

2.1.2. String parameters in Co(R?). We fix an integer m > 1. For simplicity of
notations, and without loss of generality, one chooses one the two decompositions
of the longest word wg in I(m), namely,

wo =Sy _1---S1'sg"
Forn € Co(R?),0<k<m—1and 0 <t < + oo, let
e () = — inf (PG PR PEA(s)).
Definition 2.6. We call
a™(t) = (g (), 27" (1), - 21 (1))

the string parameters of the path n on [0,t] and we call x™(c0) its Verma string
parameters.

Notice that

m—1
(2.2) P )+ > @y
k=0
and that, for t > 0, for all k =0,--- ,m — 1,
(2.3) 2 (t) = T (P - Plp(t) = P -+~ Plipm().
When
(2.4) lim &' (n(s) = lim o7 (n(s)) = +oc

s—>+00 s—+o0

holds, then the Pitman transforms P}'n, w € I(m), have the same property and
forallt>0and 0 <k <m —1,

(2.5) 0 <z (t) < zp'(00) < 400,
and 2}*(t) = z}/*(o0) for ¢ large enough. Let, for 1 <k < m,
ap' = sin(kmw/m).

Definition 2.7. The cone I';, in R™ is defined as

Fm:{(%?"'7$m—1)€Rm5a7mZa7mZ"'Zam 20,x0>0}
1 2 m—1
For \ € Cy,, the polytope Ty (N) is
m—1
Cn(A) = {(zo, -+ ,&m—1) € T30 <z < 0N — zpu),0 <r <m—1}.
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Remark the particular role of xy. The following proposition is proved in [4],
Propositions 4.4 and 4.7.

Proposition 2.8. The set of string parameters of paths on [0,t] is 'y,

2.1.3. String parameters of the planar Brownian motion. When v € Cp,, the
planar Brownian motion W) with drift ~ satisfies 1} by the law of large
numbers, so its Verma string parameters are finite.

Theorem 2.9. Let 2 (t) be the string parameters of W) on [0,t] and 2™ (c0)
be its Verma string parameters.

(i) When v € Cy,, for any t > 0, conditionally on U(P,’E)W('Y)(s),s < t) the
random variables x}'(t),0 < k < m, are independent exponentials with parame-
ters vyt = (v, vp") conditioned on the event

{a™(t) € Tu(P WO (1))}

(i) When v € Cy,, the random variables x}'(c0),0 < k < m, are independent
exponentials with parameters " = (v, v}") conditioned on the event

{z™(o0) € T, }.

Proof. Let F, = (P2 W™ (s), s < t). It is shown in Biane et al. [4], Theorem
5.2, that when v = 0, the law of 2™(t) conditionally on F is the normalized
Lebesgue measure on Fm(P{Z)W(O)(t)). Let ¢ : Co(R?) — R be a bounded
measurable function. Is is easy to see by applying the definition of the conditional
expectation and the Cameron Martin formula twice that we have the following
Bayes formula,

(2.6) E(W(W,0 < s < 1)|F)) = p(Py,W(1)

where

E(W,0 < s < t)e W) F9)
E(e0 W) | F) '

It follows from 1) that Wt( ) = = Py W O ) — S 01 xp(t)vy", where 2™ are
the string parameters of WO so that

E(¢(W§O) 0<s< t) - X = Uz?)’]-’g)

PrwO (1)) =
p(Pu, W (1)) (e S o O | 70)

If we take w(W£7),O < s <t)= F(2™(t)) where F : R™ — R is bounded and
continuous, and now z™ are the string parameters of W), and if dz is the
Lebesgue measure on R™ we obtain that

J T won (o) (@) F ()€™ Zilo Wk

m—1
e~ 2o Ti'Tk dg

E(F(2™®)|F) =

9

J 1rm(7>mow(v)(t))($)
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which proves (i). We suppose that v € C)y,, so
E(F("(00)) = lim E(F(a" (1))

= lim E(E(F(z™(t))|F:))

t——+o0
m—1 _m
J Xr, o wen (@) F(x)e™ ko T d

m—1
e~ 2k=0 'k dg

J1r, (z)F(x)e” S Wk dy
S r,, (@)e™ im0 W da

Y

since, a.s., Py W(t) /t converges to v as t tends to +oo and thus Lo (P WO (t))
tends to I',, for v € C,,. This proves (ii). O

Proposition 2.10. We suppose that v € Cp,. Let en,n € N, be independent
exponential random variables with parameter 1. Then, in law, z{'(c0) = €0/y",
and fork=1,--- ,m—1, and v} = (v, v}"),

—%Z

e+ +% a"

where ™ (00) are the Verma string parameters of W,

Proof. Theorem [2.9] says that

P($6n(oo> de()a e .’II% 1(00) S d.’Bm_l)

= Ce 00 da:OHe VREATR] oy ap AT
{am T}

k=2 k 1
T xp
_Am _('Y'lma'in""'"""ylln 1ak 1)( — )
= Ce 0 *0dx, | I e k-1 %] wp_1 o wp  ATR_1
{am ZW}
) k-1 %

where by convention z,,/a; = 0 and C is a normalizing constant. Thus

(e (oe), F0) _a(0) a(00) _a(o0) | whia(o0),
ay ag a3 a3 -1
has the same law as
€0 &1 €9 Em—1
o e A g+ e
which proves the claim. U

Notice that this is similar to Renyi’s representation of order statistics ([34]).

2.2. Affine string parameter = of the space-time Brownian motion. We
will use a terminology inspired by the Kac-Moody affine algebra Agl) (see in
particular Kac [24], Kashiwara [25] and Section 4). The infinite dihedral group
I(c0) is the infinite group generated by two involutions sg, s; with no relation.
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In V = R? identified with its dual V, let (ap, dg), (a1, @1) in V x V, given by

ap = (O, —2),
a1 = (O, 2),
&0 = (17—1)7
a; = (0,1).

The matrix (&;(c;))o<ij<1 is the Cartan matrix
2 =2
-2 2 )

Si(v) =v - di(v)aiv v e Rz?

The two reflections sg, s1 of R?,

generate the group I(co0). Notice that s¢ is a non orthogonal reflection. For each
k € N, when we write ag, g, Sk, - -+, we take kK modulo 2, as above. Thus

Q= (—1)ka0.
Definition 2.11. The affine Weyl cone (or chamber) is
Copp={v € R} G4(v) > 0,i=0,1} = {(t,2) € R%0 <z < t},
and Oaﬁ 15 1ts closure.

As in the dihedral case, we define the Pitman transform P ,i = 0, 1, associ-
ated with (o, &;) on Co(R?) by the formula:

(2.7) Ps;n(t) = n(t) — inf ai(n(s))ai,

0<s<t

where 7 € Co(R?). We will use mainly space-time paths, i.e. paths which can be
written as 7(t) = (¢, ¢()), t > 0. In this case,

Pan(t) = (1, p(1) + 2inf (s — o(s)
Ps(t) = (&, (t) — 2inf o(s)).
One recognizes in the second component the transforms Py, P; defined in Section
One defines 19 = 7, and, for k > 1,
M = Psy_y - - Ps; Pson-
Let 1 a path in Co(R?), and x(t) = {zx(t),k > 0} given by

wp(t) = = inf ax(ne(s))-

We call zx(t), k > 0, the affine string parameters of the path n on [0,¢] and we
call zi(00),k > 0, its Verma affine string parameters.
We fix a real u such that 0 < 4 < 1 and we consider the space time process

Bt(u) = (t, By + tu)
where B is a standard real Brownian motion starting from 0.

Definition 2.12. We let £(t) = {&k(t), k > 0} be the affine string parameters of
BW®W on [0,t], and £(00) = {€x(c0), k > 0} be its Verma affine string parameters.
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One has, for any n > 0,
(2.8) Pa -+ Pao B (1) = B + 3" &ty
k=0

When 0 < p < 1, £(00) < 00 for each k > 0 by the law of large numbers. We

will approach Bg” ) by W) which is the planar Brownian motion with drift

(%, p) starting from the origin.

Definition 2.13. We define £™(t) as the string parameters of W& on [0, t]
and £™(o0) as its Verma string parameters. The dihedral highest weight process
18

Ap(t) = PR W mn (@), ¢ > 0.
Let 7,, : R? — R? defined by
2.9 m(Z, =)
(29) rn(t,2) = ()
for (t,r) € R%. We will frequently use that for v € R?,

(2.10) Tt = ( (&7 (v) + 37 (v) cos %), (),

msin /-
so the asymptotics of 7,,v and (07" (v) + 97"(v), 97*(v)) are the same as m tends
to +o0.

Lemma 2.14. Fori=20,1,

: m
lim 70" = a,
m—r—+00

: m -1
lim 7,08 o7,

= S;.
m——+00 m '

Proof. The first statement is clear. The second one is trivial when ¢ = 1. For
(t,z) € R? and i = 0,

t t
(T o (id = 5§') 0 7, ) (b, 2) = Ton (85" ("=, €)ef?) = B (=, @) i)

converges to (t — x)(0, —2) = (id — s0) (¢, x). O
Proposition 2.15. Almost surely, for allt >0, k € N,
lim €)= &),

and when 0 < u <1,

lim € (00) = &(o0).
Proof. Let, for all k € N, w* = s ---s(* € I(m) and wy, = si--- 59 € I(00).
For any path n™ € Co(R?),

(Tm 0 P 0 7 (™) (1) = 0™ (1) — inf (7 o (id — 57") 0 7, )™ (s),
so it follows from Lemma [2.14] and by iteration that

: m -1\ __
ml—lg-loo(Tm ° szn 0T ) = Py
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The sequence of paths n™(t) = (%ﬂt +t, B;+pt) converge to the path n(t) = Bt(“),
hence

lim (7o (Pl = Pl ) 0 1, )™ (8) = (P, — Puy_, )i(2).
This implies that

lim " (T (Pl — Pl )7 0™ () = @ (Pusy, = Pu_y)(2))-

m—-+00

On the other hand, 7,'n™ = W(™/™1) one has
(P = P )T 0™ (1)) = & (£

When m tends to oo, 0;*(7,v)") tends to 2, so we see that £*(¢) tends to &(t)
using the analogue of Remark in the affine case. When 0 < u < 1, a.s.,
Et(00) = &' (t) and & (o0) = &i(t) for t large enough. As a consequence &} (o)
tends to & (00). O

As before, we let €, n € N, be independent exponential random variables with
parameter 1.

Theorem 2.16. We suppose that 0 < p < 1. In law &y(oco) = €9/2(1 — p), and
fork>1,
“+o0o

fk(OO) _ Z 2en
k vt n(n+1)+ (1 —2u)v,’
where v, = n when n is even v, = —(n + 1) when n is odd.

Proof. The drift of W/™1) is (m/x, 1), thus
m m m m . T T m m m
=((— = 2(—sin(—) — — =((— = 2.
%0 = (o) 0p) = 2(—sin() — peos(—-)) 1" = (s ), o) = 20
By Propositions and since limy, o may' = km,

-1
LC(OO) = lim 7&?(00) — lim =~ 3 n
k m—4oo  k m=Foo m L= af'yt + - 4 amym’

Let ¢ = max{1/~/*,m € N,i = 0,1}. Since 0 < 2t < sinwt when 0 < ¢ < 1/2,
one has, for k < [m/2],

k k k
1 . mr 2n k2
Z:la;”yg” > Cz:lsm( Z .
n= n—=

n=1

S

and, for k > [m/2],
[m/2]4+1

k
> am > Z ap _4C
n=1

Therefore, by the law of large numbers, a.s., when N is large enough,

r ol € m/2] € - €
n n n
sup — | o o S S (em Y mtder Y )
meN M T Ar Gy meN s TR n=lm/2 41
< Z 4C’/T ik 571)
sup ( —
m>N m m

N n=0
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is as small as we want. We finish the proof by using that, for any fixed n,

. s €n 2ep,
lim — =
motoo maP Y + -+ apy n(n+1) + (1 - 2p)v,

since for any r € N,

lim = lim "' =2(1—p), lim 9 = 1_i)r41_1007{”:2u,

m—-+00 m——+00 m——+00

An important for us and maybe unexpected result is:
Theorem 2.17. Almost surely, limg_, 4 o §x(00) = 2.
Proof. Tt is easy to see that E({x(00)) tends to 2 and that ;2 E((&(c0) —

E(&x(00)))?) is finite, which implies the almost sure convergence. O

2.3. Affine Verma weight L(")(c0). In this subsection we introduce the affine
Verma weights. We consider for 0 < p < 1, the affine Verma string parameters
£(00) = {&1(00)), k > 0} of BW. For k > 1, let

My, = %fk(OO)ak + ) n(o0)am
n=0

Notice that, more simply, since oy, = (0, (—1)"T12),

My = (0, (=1)" gy (00 +22 )", (00)),

the notation with the «,,’s may be strange for the reader. It is explained by its
natural interpretation in A (see

Proposition 2.18. Let u € (0,1). When k goes to infinity, My, converges almost
surely and in L? towards

[e.e]

1 £9 Eon+1
LW (s0) = =3 ( m g+ o).
o n+1l—p n+ W

Proof. One has the key relation

€2p+1 E2p
M- — My, = (0, — 00) + 2 00) — o0)) = (0, — ,
apt2 — Map = (0, =€2p(00) + 2€2p11(00) — Eop2(00)) = ( ptn il M)

hence { My, p > 0} is a martingale, bounded in Ly and its limit is L") (c0). As

1
Mopi1 = Map + 5 (€2p(00) = E2pr1(00)) g
and & (00) tends to 2 by Theorem Msp41 has the same limit. O
Definition 2.19. We call Lt (00) the affine Verma weight of B*

The terminology is due to the fact, that we will see in Section that L(“)(oo)
plays the role of an asymptotic weight in the Verma module of highest weight
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0 in the case of the affine Lie algebra Agl) (more correctly of minus this weight

modulo ¢). Remark that, in coordinates, L(*)(c0) = (0, D*(c0)) where

(0.9]
E2n+1 €2n
2.11 DH(o0) = — .
(2.11) (=3 -
Notice that L") (c0) is not the limit of the series S_p_, & (c0)ay, since & (co)
tends to 2 (Theorem [2.17)). For a sequence z = (z5) € R we let

n—1

1
(2.12) o(z)= lim Y zpop + =Tnom,
k=0

n——+o0 2

when this limit exists in R? (recall that oy, = (—1)Fayp).

Definition 2.20. One defines, for \ € Caﬁ’

I’:{x:(xk)eRN:ﬁZ Tkl >0, forallk>1, 29 >0, o(x) € R?},
k'~ k+1
k
F'AN)={zel iz, <ar(A\—o(z)+ Zmiai), for every k > 0}.
i=0
We remark that z € T' is in T'(\) if and only if for all £ > 0,
k—1 1
ar(N—o(x) + Z;l’zal + §.Ik0ék) > 0.
1=
Notice the occurence of the coefficient 1/2 here which will explain the correction
term in the representation theorem. The same coefficient already occurs in the
crystal B()\) of Agl) given by Nakashima [31] which is the discrete analogue of
I'(A). When 0 < g < 1, the Verma string parameters &(oc) of B#) are a.s. in T,
and
o(£(00)) = LW (c0).
In a sense I will have the role of a continuous Verma crystal and o(x) has a role
of weight of z € T'. In the same way I'(\) will be a kind of continuous crystal of
highest weight .

2.4. Some technical results. In this subsection we prove some results which
will be used to conclude the proof of our main theorem. We take here 1 € (0,1).
Notice that for m large enough, (%, u) € Cy, so that the Verma string parameters

of W) are finite. Let, for 0 < k < m, with the convention that £7(co) = 0,
1 k—1
M = € (o0)uf + )& (c0)uy
n=0
Proposition 2.21. For any k > 0, 17, M converges to My, a.s. when m goes
to infinity.
Proof. This follows from Lemma [2.14 and Proposition [2.15] O

Proposition 2.22. One has, in probability,
(2.13) lim sup |7, M[" — M| = 0.
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Proof. We use Theorem For1<2p+1<m,

1
My 0 — M3y = 55%+2(°®)“§Z+2 + &opp1(00) V341 + 555;;(00)7)3;3-

Therefore,
~ Vs
g (Mg o — Myp) = &5 9(00) — QCOS(EK%H(OO) + &5,(00)
m €2p+1
= —2cos(—)al}
) MR 4 AT + -+ Al
E2p+1 €2p
+ ag( + )s
PArta - atag, o Afta + - gtas,
since

T
Apio — 2cos(a)a%+1 + ag, = 0.
One deduces that

p—1 I (l+1)7"

3 COS* (3 COS
N(’Sn(MérZ) _ 2sin% Z( 21 204+1

: I+1 I+1 L/
=0 ’y{”smaﬂ#—’yo sin == ’yl sin —7T+’yo sin -7

by using the relations

( s 2nw M (n+1)m
sin 7% sin sin ﬁ m SIn G sin
a2k = n a% 1= ap =
sin sin =2
k::1 2m
Similarly, one finds
- T LT P
MY = —2 cos —&N(00) + sin — tan — &5 (oo
1 ( 2p) m§0 ( ) m m§2p( )
—1 I+1
9 i Tk €9141 cosl—” 521 cos LT + L
+2sm — Z( 41 I ETp

P
m= " sin =T+ g sin T fyl sin — 7r+')/0 sin

On the other hand, one has
1
My, — Mgy = 5(5277;(00)11671 + &5p1(00)0T").
Thus the proposition follows from the next lemma. O

Lemma 2.23. Let ", 7", m € N, be real numbers such that ~7* tends to 2(1—p)

and ~]* tends to 2u. Let for p € {0,---,[m/2]},
m . T P 821 cos ll 9141 COS UH)W
Sp' = sin m Z( [Eape I+1 1)
=0 7" sin — 7r—|—70 sin ')/1 sin —Tr—l—'yo sin — m T
. 5 €
g — 2l _ fay1
P l:O(2l+2(1—,u,) 2z+2u)

Then in probability
lim  sup [S)" — S5, =0.

m=09 1 <p<[m/2]
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Proof. For eachm € N, {S)"—S5,—~E(S'~5,),p=1,---,[m/2]} is a martingale.
Let € > 0. We have
Var(Sm o — S ) = [mg]:_l sinw/mcoslm/m 1 )2
/2 P20 2 i L sin Bl 20+ 2(1— )
sinmw/mcos(l + 1)w/m 1

)%

7 81nH—17T+'yo sin l7r 204 2u

As 2 = <sinx <z for 0 < x < 7, one has the majorations

sin = /2
v sin Lo A sin e T AP+t (04 1)

3=

and o
sin - < /2
o5k smH—lﬂ'—i—fyO sml7r Y+ 1) + 45
for 0 <1 < [m/2] — 1. Thus there is a py € N such that for all m > 2(py + 1),
the sum on the right hand side of the variance above is smaller than € for [ > pyg.
Since each term tends to 0, we obtain that for m large enough this sum is smaller
than e. Thus we have by Doob’s martingale inequality
E( sup (S —Sp —E(S;" — S))?) < 4e.
1<p<[m/2]

Hence supy<,<pm g 155" —Sp —E(S)" —Sp)| converges in probability to 0. Besides
one has for p,q € {0,---,[m/2]}, p > g,

-1
(S — 5™)| < pz (0" 1)
P T A (P g U+ D)) (7 + 1) + 90

l=q
and

r! 2(2u —1)
E(Sp = 5 lz 20+ 2(1 — )20 + 2p)

As for a fixed k, when m goes to infinity, E(S}") converges towards E(Sj) when
m goes to infinity, one obtains that supg<,<im o) [E(S}" —5p)| converges towards
0, which finishes the proof of the lemma. O

Recall that £€™(oc0), resp. £(c0), are the Verma string parameters of W™/ ™1,
resp. B, The following proposition will allow us to pass from Verma affine
string parameters to affine string parameters in the next subsection.

Proposition 2.24. Let (\y,) be a sequence of R? such that Ay, € Cy, and such
that T\ tends to A when m tends to oo where \ € Ca . The random sets

{€™(o0) € Ty (Am)} converge in probability to {{(c0) € T'(A)}.

Proof. To prove convergence in probability of a sequence, it is enough to show
that each subsequence has a subsequence which converges almost surely. There-
fore, by Propositions [2.22] and working with a subsequence, we can suppose
that the set of w € Q for which

sup ||t M} (w) — My(w)|| — 0,
1<k<m



BROWNIAN MOTION OF THE INTERVAL 17

and My, (w) tends to L(* (c0)(w) is of probability one. So we see that if,
X =M" - M, X = LW (c0) — M.
then (see ([2.10]))

(Q14) s [ - (X)) - 0.3k (Xi(w)) = 0.

For these w we will show that
i sup{€(50) € ()} € {6(66) € D} € minf{€"(00) € ()

Notice that 9} (Ap,) tends to ax(A) for & = 0,1. One has {™(oc0) € I'yy(Ap) if
and only if 97" (A — XJ') > 0 for 0 < k < m, and {(c0) € I'()) if and only if
ar(N — Xi) > 0 for every k € N. The left inclusion above follows from ([2.14)).
Now, suppose that £(co)(w) € I'(A). Since A is fixed and the distributions of X},
are continuous, for any k > 0,
P(ag(A — Xi) =0) =0,

and one can suppose that

Vk > 0, &k()\ — Xk(w)) > 0.
We choose ¢ > 0 such that a;(A\) > e, i € {0,1}. Using ([2.14)), one can choose
myg such that m > mg implies that

sup T (XT (W) — an(Xe(w)) <&,
0<k<m

and then we choose kg such that k > kg implies that
o (X (w)) < ag(A) —e.

As for each k, 0] (X}") converges towards dy(X}) when m goes to infinity, one
takes mq such that when m > mq,

U (X (w)) < ar(N),
for k=1,---,kg. Then for m > mg, mq one has for k > kg
U (X3 (W) = 0" (Xi (W) — (X (w)) + e (Xi(w)) < dw(A),

and for k < ky,
o (X" (w)) < ax(X),
which proves the right inclusion above, and shows the proposition. O

2.5. The highest weight process A, In this subsection we introduce the
highest process associated with the space-time Brownian motion B®*) which will
appear as the limit of its Pitman’s transforms (with a correction) and show

that it coincides in law with B® conditioned to remain in Caff forever. Let
0 < u < 1. We define for k > 0,

1 k-1
Mi(t) = 56+ Y &alB)an,

n=0

where &(t) = {£,(t),n > 0} are the affine string parameters of B on [0,¢] and

1 k—1
Mi(t) = 5&" ()vg’ + > &,
n=0
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where £™(t) = {£™(t),0 < n < m} are the string parameters of W™/™#) on [0, ]
(by convention £"*(t) = 0 when n > m). In particular, M (t) = anz_ol m(t)opr.
Proposition 2.25. For every k > 1 and t > 0, 7, M} (t) converges to My(t)
almost surely when m goes to infinity.

Proof. By the Cameron-Martin theorem, it is enough to prove the proposition
for p € (0,1). In that case, it follows from Proposition and Lemma O

Theorem 2.26. When p € [0,1], for each t > 0, My(t) converges almost surely
when k goes to infinity. We denote by LU (t) the limit.

Proof. By the Cameron-Martin theorem, one can suppose that p € (0,1). Let
e > 0. By Lemma [2.14] and Proposition Tm M, (t) converges a.s. to Mpy(t)
as m tends to co. Hence, for p,q € N,

B Mytg(t) ~ MOl > ) = Tim_ P(mn M2 (8) — M (0] > )

where

Sm(Bn () = By nam (0) 7 Mg )|l A (2))-
One has, by Theorem

fim(A) = Pl M)y — T M || = €[€7 (00) € Tin(N)).

If A € Cuf and 7\, tends to A, then by Proposition fm(Am) tends to
f(A) where

FA) =P([[Mp1q — Mp|| = €[§(00) € T'(N)).
On the other hand we will show in Theorem independently of this proof,
that when m tends to infinity, 7,,A,,(t) converges in law to Ag“ ). Therefore
E(fm(An(t)) tends to E(f(Ag“))). This shows that

P(||My4q(t) — My(t)]| > ) = /Q P(||Mp4q — My > €lé(00) € D(AP (w)))dB(w).

Since Mj, converges a.s. to L") (co0) (Proposition we see that M,(t),p € N,
is a Cauchy sequence for the convergence in probability, and thus converges
in probability. We will prove the almost sure convergence at the end of this
subsection. O

Notice that the first component of L) (t) is 0, so one can write
L (t) = (0, D"(1)),
where DH(t) € R.

Proposition 2.27. When 0 < p < 1 there is an almost surely finite B -
stopping time o such that, for t > o, L® (t) = L(“)(oo).

Proof. Let 09 = max{t > O,Bt(“) Z Cyafr}, and

On+t1 = max{t > oy, Bt(”) + ka(t)ak ¢ Cafr}
k=0
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for n > 0. Then, a.s., 0p < +00 and for t > 0, & (t) = & (o0), hence
o1 = max{t > oy, B,f”) + &o(00)ap € Cyugr}

Recursively, one has 0, < 400 and

On+1 = max{t > On, Bt(u) + Z{k(OO)Oék ¢ Caﬁ}
k=0

We know that ) &k(00)ay, is bounded, a.s., therefore o = sup o, < +00 and
for t > o, &, (t) = &(c0) for all k > 0. So, for t > o, L (t) = L (c0). 0
Proposition 2.28. In probability, as m tends to oo, T, M) (t) converges to

L (t).

Proof. By Cameron-Martin’s theorem, it is enough to prove the proposition for
w1 € (0,1). In that case, one has for € > 0,

BT 73 ()-L ()] > ) <P sup [mn(M3(E) — ME(D)] > )

+ P17 M (6) = My(8)] > 2) + B(My(t) = LW ()] > 2).

For the first term, we condition by A,,(t) as in the proof of Theorem and

use covergences 1) which imply that supg<p<,, [Tm (M) — M*)| — 0in
- - m—0o0

probability, and proposition [2.22] For the second one we use proposition [2.25

and Theorem [2.26] for the third one. O
Notice that

(2.15) Ap(t) = P /w8y = W™ (e).

We introduce the following definition,

Definition 2.29. For 0 < p < 1, we define the (affine) highest weight process
of {Bg“)jt > 0} by, fort >0,

AW () = BW 1 L1 (¢).

In the analogy with the Littelmann model, for ¢ > 0 fixed, {Bg”), 0<s<t}
is a path with weight Bt(”), with highest weight AW (t), and L") (t) is the weight
seen from the highest weight.

Proposition 2.30. In probability,

lim Tth(m/ﬂ’vN) — B§M)7

m—-+00

m 7 A (8) = AW (1),

m—-+00

Proof. The first statement is obvious. The second is then a consequence of

Proposition and ([2.15)). O

Let {Ag” ), t > 0} be the conditioned space-time Brownian motion in the affine
Weyl chamber Cy, with drift x, starting from the origin defined in [5.3]

Theorem 2.31. For any p € [0, 1], in law,
{AW(t),t > 0} = {A["),t > 0}.
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Proof. This follows from Proposition [2.30, and Theorem [2.45 (]

This shows in particular that A®) (t),t > 0, has a continuous version. In order
to prove the almost sure convergence in Theorem let us show:

Proposition 2.32. For0 < p <1 and f : R2xI" = R, bounded and measurable,

E(f(BM,(t))o(AM(s),s < 1)) = g(AW (1))

for each t > 0, where

g(A) = E(f(A = LW (00), £(00)) Lg(oo)erony) /P(E(00) € T(A)).

Proof. By Theorem the conditional distribution of £ (t) knowing the sigma-
algebra o(A;,(s),s < t) is the one of ™ (00) knowing {{™(00) € Ty (A (t))}-
Hence

E(f (TmAm(t) = T My (1), €7 (1)) |0 (Am(s), s < 1)) = gm(Am(1))
where
gm(/\) = E(f(Tm)\ — T My, E™ )1{§m(oo €lm (A )/P(gm o0) € m(/\))

Using the convergences in probability of the propositions [2.28] and [2.30} if h is
bounded, measurable, and depends only on a finite number of variables,

E(f(AW(8) = L¥(1),£(8))h(AW) (s),s < 1))

=l E(f(mAn(t) = rn MG (2, €™ () h(rmA(5), 5 < 1))
=l E(gn (A ()T (s), 5 < 1))

Since Ty A, (t) tends to AW(t), we know from Proposition that, in proba-
bility, {€™(00) € Iy (Am (1))} tends to {£(co) € T(AW(t))}. Therefore the limit
above is equal to

E(g(A®W (0)h(AM)(s),5 < 1))
which proves the proposition. O

Corollary 2.33. Almost surely, £(co) is in I', and when the highest weight
AW (1)) is equal to X, £(t) € T(N).

End of the proof of Theorem [2.26] By the Cameron-Martin theorem it is enough
to prove the proposition for u € (0,1). In that case, the theorem follows from

P(lim My (t) = LY (t)) = B(E(L i g, (5200 0137 (A (1)) = 1
since M} tends to L(”)(oo) a.s., by Proposition which implies that

E(1iim Mk(t):Lm)(t)}|0'(A(“)(t))) = E(1ftim ag =200 (00)} €(00) € T(AW(t))) = 1.
U
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2.6. Representation using Pitman and Lévy’s transforms. Let us remind
where we stand. For Bt(“ ) = (t, By + tu) we have written, see 1|

Pan v P(X1PQOB('LL) (t) — BISM) + Z é‘z(t)a“
=0

and

Moa(t) = S (Damin + 3 &lt)a
n=0

We have seen that when p € [0, 1], for t > 0, limp_, oo My(t) = L(#) (t) a.s. and
that the process AW (t) = Bt(“) + LW (t), t > 0, has the same distribution as the
process Ag“ ),t > 0. Hence,

Theorem 2.34. When 0 < u <1, fort >0, almost surely,

1
m P, -+ Pay Pag B (1) + 5&n+1 (Do

n——+0o0
exists, and the limiting process has the same distribution as {AW(t),t > 0}.

To interpret the correction term, it is worthwhile to introduce the Lévy’s
transform (sometimes called Skorokhod’s transform). Lévy’s theorem (see Revuz
and Yor [35], VI.2) states that if 5 is the standard Brownian motion, then

LB(t) =B~ inf B,

has the same law as || and that —info<s<; 55 is the local time of L3 at 0. We
introduce here the following Lévy’s transform (sometimes the Lévy’s transform

of B is defined as f[f sign(fs)dfs, this is related to our transform, but different).

Definition 2.35. For n € Co(R?) and i = 0,1, the Lévy transform La,n of 0 is

Las(®) = 1(t) = 3 il Gn(s)ex

Another way to state the former theorem is
Theorem bis. Fort >0,
Wm Lo, Pay, - Pay Pag BW(t)

n——+00
exists a.s. and the limiting process has the same distribution as AW,

The following proposition indicates that the presence of this Lévy transform
is due to the bad behavior of Ag“) for ¢ near the origin.

Proposition 2.36. For allt > 0, a.s.
lim & (t) = 2.

k—+oo

Proof. Since £ (00) tends to 2 almost surely (Theorem , this follows from
Proposition by conditioning by U(AE“ )). O
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It implies that, for ¢t > 0,

Hm Pa, - PayPag BW () + (—1)"a1 = AW,

n——+oo

So without correction the iterates of Pitman’s transform do not converge.

In the whole paper we have chosen, in the iterations of Pitman’s transforms,
to begin by first applying P,, to BW . Let us show the non trival fact that we
obtain the same limits if we begin with P,,. More precisely, if we denote with
a tilde the quantities previously defined when we begin by P,, rather than by
Pay, one has, for each p € [0, 1],

Theorem 2.37. (1). Almost surely,

lim ‘Can+17)04n o ',Pal,POéOB(“) (t) = lim Ea’n+l7)0[n T PQQPQIB(u) (t)

n——+0oo n—-+oo
(2) £(t) defined for B™ has the same law as £(t) defined for BO—H).

Proof. For (1) we have to prove that L(#(t) = L(*)(t). We have seen in Propo-
sition that 7,, M/™(t) converges in probability to L(*)(t). By the same proof
Tm M (t) converges in probability to L) (t). Now we use the equality M™(t) =
M (t) which follows from Theorem and (2.1). Thus LW (t) = LIW(t) a.s..
(2) follows from the fact that Id — B* has the same law as B!~ O

2.7. The law of Bt(”) conditionally to {A®(s), s < t}. We will compute the

conditional law of Bg“ ) by approaching it by the dihedral case. The alternating

polynomial associated to the dihedral group I(m) is given by (see Dunkl and Xu
[14], 6.2.3), for v = (z,y) € R,

(V) = b (z,y) = S((z +iy)™).

It is equal to the product of roots for the root system of I(m). For w € I(m)
let I(w) be the length of its shortest expression with si* and si*. Let, for v €
R?, v € Cp,

(2.16) P (y) = Z (—1) @) gfwn =70}

wel(m)
and let W) be the standard planar Brownian motion in R? with drift .
Lemma 2.38. For ( € R? and v = P%W(W) (1),

E(€<C’Wt(w>>‘U(PZZJW(’Y)(S),0 <s< t)) _ ¢v (C +’7) hm(f)/) e((,v>'

PR () hm(C+7)
Proof. Theorem 5.5 in [4] gives, for F; = O'(PZ’BW(O)(S), 0<s<t),

E(€<<7Wt(0)>|ft) = kh %g}(f)(o el

for v =Py WO (t) and a constant k independent of v and ¢. We conclude with
the Bayes formula (2.6)). O
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For a € R, we define a theta function ¢, on R* x R first, when o ¢ Z, by

(2.17) Yalt,x) Z sinh(a(2kt + w))e*Q(karkzt),

Sln

for t > 0,2 € R, and then by contmulty for all @ € R using Lemma [2.41] which
implies that gpa(t x) = p1-q(t,t — x). Its importance for us is in partlcular due
to its harmonicity (see Proposition [5.4)).

Lemma 2.39. Let v,, € R? v, € Cy, such that, as m tends to +00, To(Vm)
tends to (1,a) and Ty, (vy,) tends to (t,x), then

sin(ar)
(218) nlgnoo wv ( ) - 2 9001(757x)a
L Tm o
(2.19) n}gnoo(a) B (ym) = sin(am).
Proof. Let r be the rotation of R? of angle 27 /m and s be the symmetry s(z,y) =
(x,—y), (z,y) € R%2. Let J(m) = {—[m/2],---,[m/2]} when m is odd and
Jm) = {=[m/2] +1,---,[m/2] — 1} U{m/2} when m is even. The dihedral

group I(m) is I(m) = {r¥,k € J(m)} x{Id, s}, and I(r) = 2, I(s) = 1. Therefore
P () = e~ (imovm) Z (el (m)om) _ o{rts(im)vm)y = 9= Vmvin Z I(m, k)
keJ(m) keJ(m)

where

x 2km 2k
I(m, k) = eVmm (cos B 1)y vr, sin 2 sinh(y;, (— vy, sin = + o7, 471-))
m m

and where we write v, = (v, v2), Ym = (V},,v2,) with v,, equivalent to (mt/x, z)
and 7, equivalent to (m/m,«). For e > 0, we choose mg > 0 such that, for

m Z mo,
S jrmE) <
m/4<|k|<m/2
m m

by using the inequality C()28(2k71') < 0 when 7 < |k| < . Besides, when ¢ €
[—Z, %], then cost <1 — % and |sin(t)| < [t|, Hence, for k| < 2,
[I(m, k)| < emrkiret
where c¢1, co > 0 do not depend on m. So, one can choose N such that for m > 1
> I(m k) <e
el e

Since, for N fixed,
N N

. _ oz . —2(kx+k2t)
mng k_ZN I(m,k)=¢e k_ZN sinh(a/(2kt + x))e ,

we obtain ([2.18]) The relation (2.19) is immediate. O
Theorem 2.40. One has, when ( = (0,7) € R?,

A O, (A1)
Pu(A(D)

E(SB o (AW (5), s < 1)) =
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Proof. The first formula is obtained by letting m goes to infinity in the Lemma
[2.38 and using Proposition [2.30] and Lemma [2.39 O

We have used the following lemma which follows from the Poisson summation
IQ
formula (see Bellman [1]) for the 2¢-periodic function z — e 2t @, (t, ).

Lemma 2.41. For o € (0,1),t >0, x € R,

(t, ) re S sin(kra) sin(kra /t)e
a ,JJ = - SIN(K7TTC ) SINIKTTX e 2t
4 V2t sin (amr)

keZ
2.8. Remarks on the laws of L(*)(c0) and & (o).

2.8.1. Law of L™ (c0). Recall that L) (c0) = (0, D*(c0)). The Laplace trans-
form of DH(00) is, by (2.11)), for 7 > 0,

o TD"(00)y — T _ T -1
E( = IO+ ) - =)
Using
+o00

Tla+NT(B—7) & nt+a’ n+p
(Formula 8.325.1 of [19]) and I'(2)I'(1 — z) = 7/sin (7z), we obtain that

—rDF (oo sin(m
(2.21) E(e ™" () = Sm(ﬂ((ﬂi)m
In particular,
(2.22) E(D*(o0)) = 7 cot(mp).
Corollary 2.42. The density of DY/?(c0) is 1/(w coshz).
Proof. One uses that the Fourier transform of 1/(7 coshz) is 1/ cosh(An/2). O

Notice that the law of Y77 | (2t — 220) appears in Diaconis et al. [9].

2.8.2. Law of £&1(o0). The three dimensional Bessel process p¥) with drift v > 0
is the norm of a Brownian motion in R? with a drift of length v.

Corollary 2.43. For 0 < u <1, & (c0) has the same law as suptzo(ggl_“) —t).

Proof. By Pitman and Rogers [33], lef“) has the same law as PalBglfﬂ), so the
claim follows from (2) of Theorem when 0 < g < 1, and by continuity also

when p = 1. For p =0, & (0c0) = +00. O
When g =1, §y(00) = +00 and
+o0o
1 Ean—1 + E2n
§1(c0) = 9 ;1: n2 :

Its distribution is studied in Biane et al. [2] where it is symbolized 72S5/4. Its
Laplace transform is given by, for 7 > 0,

2
E(e—2‘f€1(00)) — T

sinh?(m/7)’
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and its distribution function is (cf. Table 1 in [2])

+o00
Flz)=1+2Y (1 -4kz)e 2,
k=1

so in this case the corollary is also given in Exemple 20 of Salminen and Yor [37].
When p = 1/2,
+oo

2ep,
£1(00) = E [
1(00) nzln(n—i-l)

Proposition 2.44. When p = 1/2, the Laplace transform of £&1(o0) is, for T > 0

2T

cosh(m\/21 —1/4)’

E(eT6()) =

its density is
+oo
> (1) n(n + 1)(2n + 1)e D2,
n=0

and, in law,

4

&1(c0) = sup —

n>0,i=1,2,3 M

Y

Q)

where the €’ are exponential independent random variables with parameter 1.

Proof. 1t is easy to see that, using the formula

+00 2
. _ 2 <
COth('Z = (1 +4Z )Tg(l + m),
one has
(c0) T 2T 2T
E(e 761(0)) = 1+ —) = .
( ) r];[1( n(n+1)) cosh(my/27 — 1/4)
Let

—22 "(2n+1)e” 3(ntg)?,
Since 1/ cosh v/27 is the Laplace transform of 7g(72z)/2, (e.g. [2]),

g(z) de = /0 T e (g () d,

2t _ /oo Te—Twea:/B
coshmy/27 —1/4 0
by an integration by parts. Computing the derivative (¢*/8g(x))’ gives the den-
sity. By integration, the distribution function is

+o0o

Z(_l)n(2n+ 1)e—n(n+1)m/2

n=0
which is equal to [[°2;(1 — e™™*)3 by a formula of Jacobi (Theorem 357 of
[18]). O
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2.9. Convergence of the dihedral highest weight to the affine one. In
this subsection, we prove the convergence of the dihedral highest weight to the

conditioned space-time Brownian motion {Ag“ ),t > 0} that we have used before.
Let 0 < p <1 and m > 1. We consider the planar Brownian motion W (m/m.p)
and

Ap(t) = PR W /™ (@),

Theorem 2.45. As a process, {TmAm(t),t > 0} converges in law to {AE“),t >0}
when m tends to +ooc.

We will prove this theorem after the following proposition. Let {Z;,t > 0},
be the conditioned Brownian motion in [0, 1] starting from x (as defined in [5.1]).

Proposition 2.46. For m € N, let X"t > 0, be the R?-valued continuous
process such that X", is the conditioned planar Brownian motion in the cone

Con, with drift vy, = m2e™ /™ where 0 < p < 1. One writes in polar coordinates
X{" = R" expin6}",

R > 0,07 € [0,1/m]. Then, when m tends to 400, as processes, m@y"* tends to
iz, R — L

Proof. As shown in Appendix Myt >0, is a radial multidimensional
Dunkl process with drift. and R, is a Bessel process of dimension 2(m + 1)
with drift m?, starting from 0. In other words, one can write

(i) = (mPt 4+ B oo (B2

m2t
where Bt(l), e B§2(m+l)) are independent standard real Brownian motions. Since
2(m+1)
k
E( Y (Bt(/gﬂ)?) =2t(m+1)/m?
k=1

tends to 0 as m tends to +oo0, R converges to t in L. Tt is shown in Gallardo
and Yor [I7] that the process Y; = X", has the time inversion property, in the
sense that Y], is the conditioned planar Brownian motion in C,n, without drift
but starting from the drift +,,. Using its skew product decomposition, one can
write

+o0 1
m — m 3 mo__
Tl 2y = Ogm, With ay _/ e ds,
t m2s

where the process 07" is a solution of the following stochastic differential equation
doy" = dBy + mcot(moy")dt

where B is a Brownian motion independent of R™ and o = pr/m (see Demni

[13]). One remarks that Z; = o}, mz2 satisfies to

(2.23) dZ; = dp + mcot(mZy)dt

for another Brownian motion (3, and is therefore the conditioned Brownian mo-

tion in [0, 1] starting from p (see Appendix . As m tends to +o0, ag’;mg is

equivalent to 1/tm?. Therefore mfy"* = Togm  converges t0 Zy 2. (]

t/m
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Proof of Theorem [2.43. Let X* = -2 A,,(w%t). Since

mm
1

— W = (Bt + m®t, By + mpt),

T2m2t

one sees that X", is the conditioned planar Brownian motion in the cone Cp,

with a drift equivalent to m2e’™/™. QOne writes its polar decomposition as
X{" = R" expinf}". Using the continuity of the solution of with respect
to the initial condition, we see that Proposition also holds when the drift
Am is only equivalent to m2e’™/™_ Therefore m;" tends to Z; /2 and R} tends
to t and the process

TmAm () = (szf/‘WQ cos(mly/2), mr R} o sin(n6,72)), t = 0,

converges in law to (¢,tZ;/),t > 0, equal in law to A®) by Theorem O

3. REPRESENTATION OF THE CONDITIONED BROWNIAN MOTION IN [0, 1]

Let us first recall some notions of the introduction. For a continuous real path
¢ : Ry — R, such that ¢(0) = 0, we have defined

Lip(t) = ¢(t) — Oigr;fgt@(S),

t) = p(t) —2 inf
Prp(t) = o(t) =2 inf o(s).
and Lo = TLT, Py = TP, T, where Tp(t) =t — ¢(t). Let B = By + tu,t > 0.
The theorem stated in the introduction is
Theorem 3.1. Let € [0,1]. For anyt > 0, almost surely,
lim tLy41Pn -+ PlpoBM(l/t) = lim tLy 1 Pr--- 7)27313”(1/25) = Zy,
n—00 n—00

where Z;, t > 0, is the Brownian motion conditioned to stay in the interval [0, 1]
forever, starting from Zy = p.

Proof. The proof is just the juxtaposition of the theorems 77, and O
Remark that one also have that, for t > 0, a.s.,
lim tP, - - P1PoB*(1/t) + (—=1)"2 = Z,,
n—oo

which clearly shows the need of a correction for the Pitman transforms. As an
illustration let us show that:

Proposition 3.2. When 0 < p < 1 and Zy = pu, there is a standard Brownian
motion B and a stopping time T > 0 a.s. for B such that for 0 <t <,

Zy = By 4+ p + tD"(0).
Proof. For o given by Proposition for t > o, LW(t) = L (co) hence

Ag“ ) = Bt(“ ) 4 L (00), which implies the representation for 7 = 1/, since
(tZ1) = AP, O

Notice that, by (2.22)), E(D*(c0)) = 7 cot mu as expected from the generator
3d%/da? + (m cot mx)d/dx of Z;.
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1
4. SOME ASYMPTOTICS FOR REPRESENTATIONS OF THE AFFINE ALGEBRA Ag )

As we said in the introduction, there are strong links between what we have

done and the affine Kac-Moody Lie algebra Agl). In this section we will see that
quantities we have met also occur in the description of some semi-classical limits

of highest representations of Agl). In particular a Duistermaat Heckman measure
is given by the conditional law of the space-time Brownian motion knowing the
highest weight process. The asymptotic behaviour of the infinity crystal B(co)
of Kashiwara, for large weights is given by the Verma affine string coordinates

§(o0).

4.1. The Kac-Moody algebra Agl). We consider the affine Lie algebra Agl).
For our purpose, we only need to consider a realization of a real Cartan subal-
gebra. We introduce, as in the introduction

br = Spang{c, a1, d}, br = Spang{Ag, o1, d},
where ¢ = (1,0,0),a; = (0,1,0),d = (0,0,1), and Ag = (1,0,0), oy = (0,2,0),
5 =1(0,0,1). We let a9 = (1,—1,0) and ag = (0,—2, 1), so that ¢ = &9 + &; and
0 = ag+ 1. Notice that these g and 1 project on the ones given in by the
projection on by /Ré, identified with RAg @ Raq, and thus also with the space
V = R? of Section 2. Usually ag,aq are called the two positive simple roots of
Agl) and &g, & their coroots. One considers the set of integral weights

P={\ebgp:\N&)€Z,i=0,1},
and the set of dominant integral weights
P, ={\ebyp: AN&;) eN,i=0,1}.

For a dominant integral weight A one defines the character of the irreducible

highest-weight representation V' (\) of Agl) with highest weight A, as a formal
series

(4.1) chary = ) dim(V3(A))e?,

BepP
where V() is the weight space of V(A) corresponding to the weight 5. If we
let e’(h) = eP(M) for h € hg, and evaluate this formal series at h, the series

converges absolutely or diverges, and it converges when d(h) > 0. For more
details about affine Lie algebras and their representations, we refer to Kac [24].

4.2. A Duistermaat Heckman measure. A way to define the Duistermaat
Heckman measure for a semi-simple complex Lie algebra, is as an approximation
of the distribution of the weights of an irreducible representation when its highest
weight is large (see Heckman [20]). Let us explain how the same approach is
possible in Agl). Let r > 1, for a dominant integral weight A, and h, € hgr such
that 0(h,) > 0, we define a measure v, on by, letting

(4.2) Y=y dim(V(A))e” ") 85,
Bep

where dg/,. is the Dirac measure at 3/7.
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Proposition 4.1. Let p € [0,1], (t,x) € C’aﬁc, and {\,,7 € N*} be a sequence
of dominant weights such that

lim \./r=1tAy+ xﬂ,

r—+o0 2

and h, = %(ud1+2d). Asr — o0, for Tt € R, u > 0.

2+u)t (2+u)x
’ 2

).

- 2(2 _rn?
/ eB(Ta1+Ud) 7r<d5) ~ M62(2+u)+( +'u)$802(7+u) (
h mwr 2+4u 2

*
R

Proof. One has for any v € b,

/hﬁi

When A = nAg +mS, with (m,n) € N? such that 0 < m < n, a € R, and

b € R%, the Weyl-Kac character formula implies that
> kez sinh(a(m + 1) + 2ak(n + 2))e—b(k(m+1)+k2(n+2))
> ez sinh(a + 4ak)e—b(k+2k2) ’

(see Kac [24]). So for v = 7&;1 + ud, one has immediately that the numerator of
the character chy, (7 + h;) converges, when r goes to infinity, towards

2+u)t (2+u)z

PV) v, (dB) = char)\r(; + hy).

chary(ady + bd) =

6(TJru)ac Sin( 27T(T =+ :u)

2t )802(27++uu>( 5 )
Besides Lemma [2.41] implies that the denominator of the character is equivalent
to
_ VT ™ sin(Lr(T 1) )
2(2+u) u+2
which finishes the proof. O

By taking u = 0 we obtain
Corollary 4.2. For 7 € R,

1 ; riult,
JEC e )
b

im ——
r—+oo chary, (hr) Jys ou(t, )
We denote by v, the probability measure on by given by
1

o= char),. (hT)%'

From the next theorem we see that the conditional measure of Theorem 2.40 can
be interpreted as a kind of normalized Duistermaat Heckman measure.

Theorem 4.3. Under the hypotheses of Proposition the sequence of the
push forward probabilities of {v,,r > 1} by the quotient map from by to b /Ro
converges to the law of Bg“) conditionally to AE”) = (t,x) when r goes to infinity.

Proof. This follows from the corollary and Theorem [2.40 U

Remark 4.4. Let Fr.Ag + Groq + H,.0 be a random variable in by with law v;.
From the theorem, as r tends to infinity, F, tends to the constant t, and G,
converges in law. But H, tends to —oo, as follows from Proposition with
s=0 and u > 0.
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For a compact connected Lie group, the Duistermaat Heckman measure also
appears as the pushforward measure of the Liouville measure on a coadjoint
orbit by the projection on a Cartan subalgebra. Frenkel has shown in [I6] that
the law of a Brownian motion on su(2) indexed by the time in [0, 1], given
the orbit of the endpoint of its wrapping on SU(2) under conjugacy, plays the
role of a normalized Liouville measure on a coadjoint orbit of the loop group
L(SU(2)). Identifying su(2) and its dual, the probability measure appearing
as a limit measure in Theorem is actually the projection of this law on a
Cartan subalgebra of su(2) (see Frenkel [16] and also Defosseux [12]). It is the
Duistermaat-Heckman measure corresponding to the action of the torus of SU(2)
on the coadjoint orbit through (¢, x).

4.3. Asymptotics for the crystal B(co) of Agl). The infinity crystal B(oo)
of Kashiwara ([25]) is the crystal of the Verma module with highest weight 0 of

A11 . This crystal is important since any irreducible highest weight crystal may
be obtained from B(oo). It is shown in Nakashima and Zelevinski ([30]) that
using string parametrizations, a realization of B(c0) is given by

B(oo) = {z € NV, forsomenEN*,%2%2--~2@>0,:ﬂk20f0rk‘>n}.
n

Notice that the only condition on zg is g € N. For z € B(oc0), we let
n
o(z) = Zwkak € by,
k=0

when zp = 0 for £ > n. Then —o(z) is the weight of = in the crystal B(co) (see
[30]). For p = 2d + a1/2, we define

+oo
s(x) = xp = o(z)(p).
k=0

The character chary, of the Verma module of highest weight 0 is defined as in

[1). and
(4.3) char, = H (1—e )L,
BeER

where

(4.4) Ri ={a;+nd,i=0,1,n € N}U{nd,n € N}

are the so called positive roots of Agl) (see Kac [24], (9.7.2)). As previously, if we

let e?(h) = P for h € hg, and evaluate the formal character at h, it converges

if and only if 6(h) > 0. Let 7 € R%. On each element x of the crystal B(oco) we

put the Boltzman weight e=*(*)/". We introduce the probability distribution 3,

on B(oo) by

e—s@)/r
Z.

Br({x}) =

x € B(o0),

where
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Since B(o0) is a Borel subset of I' we may consider 3, as a probability on I'. The
following theorem indicates that the affine Brownian model describes a kind of

continuous version of the infinity crystal B(oo) for the affine Lie algebra Agl).

Theorem 4.5. Let X € T'.r € N, be random variables with distribution B;.
Then X /7‘ converges in dzstmbutwn on I' to the Verma parameter £(oo) of

B(1/2)

Proof. We use the results on anti-lecture hall compositions recalled in Let

1/r

us first prove that XY) /7 converges in law to &1 (o0). For ¢ = e /", it follows

from (j5.8)), (5.9) that, for a > 0,

1Al
B0 < ar) = tochmin 0 Cpicuinisons

- > (weB(oo) I°P - > pednt ™
1 —a —a —a —a —a
=146 7*)oo(€ G €)oo (€7 % €70 ) oo

s(z)

where (p; ¢)oo = [[0o(1—pg™). Since (¢; e7%¢%)oo is equivalent to (1—¢)(e™% e %)
one has, by Proposition |2.44

lim P(X{"” < ra) = (e e )% = [J(1 = e7™)* = P(&1(o0) < a).
n=1

So X; (r) /T converges to 51( ). We now consider the full sequence X ]ir) /r k€ N.

First it is clear that X / r converges in law to £y(c0). For any r and n > 1, one
has

(r) (r) (r)
X0 xp o xp
1 - 2 = - n
which implies that for any n € N, the collection of laws of (%X{T), cee %Xr(f))wo

is tight since X fr)/ r converges in law. By Cantor’s diagonal argument, we con-
struct an increasing sequence (1) € N, r € N, such that the sequence of random
variables ( ﬁX li"g(r)), k > 0) converges in finite dimensional distribution when r
goes to infinity. Let us denote by (Ry, k > 0) the limit, and let us first prove that
{% - }zlf:f ,k > 1} has the same distribution as {2¢ /k(k+1),k > 1} where (&)
are independent exponential random variables with parameter 1. For x € B(o0),
one has, since s(z) = zo + 5 19 (kzp—1 — (k — V)ay),

1 TP
PX" =g)=—— ¢ 7% [[e > e (beg o —(k=Dak)
charso(2p) kl_[z {52
_ o 1T = (zk— Te+1l) g 3 (R[5 2] —(k—1)y,) ©
Charoo 0 H e 2 k+1 E Lk k 1{xk2!—k kkrll-‘p
where [-] is the ceiling function. As for k =1,--- |n,

2 < oo kI e —(h=Dzr) < 4

— — )
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one obtains for n € N and tg,--- ,t, € Ry,

(r) (r) (r)
1 P <, XE XD <t,
C(r,n)(14+o0(-)) < (Xo 0 (n+1 +11 )

< C(r,n),

r P(i/(](r)gt07 7Yn()§tn)
where C'(r,n) is independent of tg, - - - , t,, and tends to 1 when r tends to +oo,
where YO(T) and Yk(r), =1,---,n, are independent geometric random variables
(r) (r) kol

with values in N, and Y, ’ with parameter 1 and Ykr with parameter e™ 2r |

when k£ > 1. This proves that for any n,

Lo 1,0 L)
- - - <k<
TXO ’ T(Xk [k‘ + 1Xk;+1-|)’ 1 = k =N,

converges jointly towards e, 1%151“ 1 <k < n, when r goes to infinity. Besides

7y _ k
(X5 (ka& 1) = Ri — T 1Rk;+1

r=o0 p(r)

Thus, fork:> 1, Ry — k,+1

law as 45 + 7€k- The positive sequence Ry/k is decreasing. Let S be its limit. We
have the identity in law, for all k£ > 1,

Ry, _+OO 2en
7_Zn(n+1)+5'

Rj1 are independent random variables with the same

We have proved that in law R; = &£1(00), so S = 0 which finishes the proof. O

Recall (Corollary [2.42)) that L(}/?)(c0) = (0, D'/?(cc)) where the density of
D'?(c0) is 1/(7rcoshx).
Proposition 4.6. When r goes to infinity, in law,

(1) The normalized weights o(X ™)) /r converges to L(1/?)(c0) in the quotient
space by /RO.
(2) The coordinate of o(X"))/r along § goes to +oo.

Proof. One has for any u € bg,
charso(u + p/r)
charoo(p/7)

In view of (4.4]), the expression (4.3)) of the character gives the Laplace transform
of o(X () and shows that, in distribution,

o(XT)) = "(Go(n)(an + nd) + Gi(n) (a1 + nd) + Ga(n)(n + 1)3),

n>0

E(e X)) =

where G;(n), i =0,1,2, and n € N, are independant random variables such that
Go(n), G1(n) and Ga(n), are geometrically distributed with respective parameter
e~ (@0 +nd)(p/r) = o=(e1+n0)(p/1) and e~ (Mt13(B/7) e with respective parameter
e 2 t1/2)/r o =2(n+1/2)/1 gnq e=2(n+1)/7 The proposition follows easily. O

Notice that, due to the need of the Lévy correction, the formal expression
o(limy 400 &) is not equal to lim,_, 4o O'(X( )) mod 4.
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5. APPENDIX

5.1. The conditioned Brownian motion in [0, 1]. We recall some well known
facts about the Brownian motion conditioned to stay forever in the interval
[0,1]. It first appeared in Knight (]27]), called there the Taboo process, as the
limit when ¢ tends to oo of the standard Brownian motion starting in (0, 1),
conditioned to reach the boundary after time ¢. To define it rigorously, consider
the Brownian motion in [0, 1] killed at the boundary. Its generator is %% with
Dirichlet boundary condition. Its maximal eigenvalue is —m2/2 with positive
eigenvector

h(z) = sin(7x),

called the ground state. We consider the associated h-Doob process {Z;,t > 0}.
It is the Markov process with transition probability density g;(z,y) given when
,y € (0,1) by

sin(7y) RET

sin(7x) u(,y),

(5.1) qe(x,y) =

where u;(x, y) is the transition probability density of the killed Brownian motion.
Definition 5.1. We call (Z;) the conditioned Brownian motion process in [0, 1].

It can also be viewed as the diffusion in [0, 1] with generator

5 g2 T meot(mz) .
It is well known (and follows from the reflection principle), that, for z,y € (0, 1),
(5.2) wle,y) = 3 (ol + 2k,y) — i~z — 2k, ),
kEZ

where p; is the standard heat kernel ([23]). Using the Poisson formula, or the
spectral decomposition of the generator, one has,

(5.3) u(z,y) = Z sin(nmx) sin(nwy)e_”2”2t/z.
neZ

By scale function techniques, one sees that 0 and 1 are entrance non—exit bound-
aries. In other words, (Z;) can be started from the boundaries and does not touch
them at positive time. Let us remark that (Z;) can also be defined by the lati-
tude of the Brownian motion on the 3-dimensional sphere (see Ito and McKean
[23], Section 7.15) or by the argument of an eigenvalue of the Brownian motion
in SU(2). The boundaries behaviour is also clear from this description.

The entrance density measure starting from 0 is the limit of ¢;(x,y) when x
tends to 0, which is for y € (0,1), by (5.3),

(54) q:(0,y) = sin(my) Z n sin(nﬂy)e—%ﬂ(ntn‘
nez

Another interpretation of Z is given by the distance between two non colliding
Brownian motions on a circle (see Hobson and Werner [21]).
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5.2. The conditioned planar Brownian motion in a dihedral cone. It
is intuitively given by the two dimensional Brownian motion with drift starting
from 0 conditioned to stay in the cone C,, forever. It is rigorously defined in 5.1
of [4] for a planar Brownian motion without drift. The definition when there is
a drift is the following. We recall (see Section that for v = (z,y) € R?,

hin(v) = hm (2, y) = S((z + iy)™).
and, for v € C,,

() = Z (—1)Hw)glw) =70},

wel(m)
For z,y € Cp, let
VI (y)
Tt(x7y) = m U:(%y);
Y ()

where v; is the semi group density of the standard planar Brownian motion with
drift ~ killed at the boundary of C,,.

Definition 5.2. The conditioned planar Brownian motion ASJ) in the dihedral

cone Cp, with drift v € Cy,, is the continuous Markov process with values in
Cm U {0} with transition probability density ri(x,y) for z,y € Cy,, such that

AS{) (0) = 0, and with entrance probability density at time t proportional to, for
x € Cp,
Y ()

m ()

In the definition above, ¥1'(z)/hy(7) is obtained by analytical continuation
when hp,(y) = 0.

6_2%@’@.

B ()

>

Proposition 5.3. Let W) be the planar Brownian motion with drift v € Cy,

starting from the origin. The process PI’Z“OW('Y) has the same law as Ag{).

Proof. This is proved in Biane et al. [4] when v =0. For 0 < t; < --- < t,, and
a bounded measurable function F': R” — R, the Cameron—Martin formula gives

E(F(AQ(1),..., AD (1)) = B(F(AD (1), ..., AD (t;))e =3 0ntnt(rWe )y

m

By Theorem 5.5 of [4], this is equal to

k:E(F(Afg) (t1),... ,Agg) (tn))e_%wmtn

9

m 4(0)
'lpfy (Am (tn)) e(fy,Agg) (tn)>)
t

o (7)o (AR ()
where k is a constant. This implies easily the proposition. O

Another quick manner to define rigorously Aﬁg) is to use Dunkl processes
with multiplicity one and the approach given by Gallardo and Yor in [I7]. One
considers the Dunkl Laplacian associated with I(m) given, for f € C?(R?), by

Afoagsey (k) 1@~ flow)

ol (o, x) (o, )?

where o, is the reflection with respect to {z € R?, (z,a) = 0}, A is the Laplacian
and V the gradient. Roesler and Voit ([36], Section 3) show that for any v € R2,
there exists a cad-lag process X,(t),t > 0, with generator A/2 such that X, (0) =
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7. Let p : R? — C,, be the projection where C,, is identified with R?/I(m). Then
(Roesler Voit, Theorems 4.10, 4.11) X,(t) = p(X,(t)) is a continuous process
and its norm is a Bessel process of dimension 2(m + 1). According to Gallardo
and Yor ([I7], Section 3.3), the conditioned Brownian motion in C, with drift
v € Cp, starting from 0 is defined as ¢tX.(1/t). Its probability transitions are

given by (25) of [17], which shows that it coincides in law with A

5.3. The conditioned space-time Brownian motion in C,g. Let (B;) be
the standard real Brownian motion and B(“ ) = (t, By + ut) be the space time

Brownian motion with drift ;. We will define rigorously the process AE“ ),t >0,
which is the process B conditioned to stay forever in the affine cone Coff =
{(t,z) e Ry x Ry : 0 < x < t} starting from (0,0). It has been introduced and
studied in Defosseux [10, [T}, 12].

We suppose that p € [0, 1]. Let {Kt(“),t > 0} be the space-time process Bt(”)
killed at the boundary of Cyg- This is the process in the cone with generator

aat + 2 8:62 + pus 8 and Dirichlet boundary condition.

Proposition 5.4. The function ¢, defined in 18 a space-time non negative
harmonic function for the killed process K*) on Caﬁ’ vanishing on its boundary.

Proof. The harmonicity is clear by computation. The boundary condition ¢, (t,0)
=0, resp. ¢, (t,t) = 0, follows from the change of variable from & in —k, resp. k
in —1 — k. Positivity follows for instance from the lemmas [2.38 and [2.39] - O

Using the Cameron-Martin formula and Defosseux ([11], Proposition 2.2), one
obtains that, if we write K}' = (¢, K}'), the density w}'((r,z), (¢t +7,.)) of K}.,
given K} =z is
(5:5)  wl((ro). (t+r.y) =02 ) (r,2), (4 .y))

_ Z 6_2 k:x-i—kQT)(eu(ri-i—x) (1‘ + 2kr, y)
kEZ
— e IR~ — 2k y)),

where p}’ is the standard heat kernel with a drift u. For 0 < pu <1, let {A(“ ) ¢ >
0} be the Markov process in C,gU{(0,0)} such that, if we write A(“) (t, ALY,
the law of AY,, given A} = x has the density
pu(r +1,y)
eu(r, )

for (r,z),(r +t,y) € Cyg, such that A(”) (0,0) and with entrance density
given for (t,y) € Cyg by

(5.7) s((0,0), (t,9)) = @u(t,y) sin(%ﬂ-)e—i(y—m)?.

Definition 5.5. For 0 < u < 1, the process {A,g“),t > 0} is the space-time
Brownian motion conditioned to stay in Caﬁ'

(5.6) sp ((ryx), (r+t,y)) = wy ((r,2), (r +,9)),

Recall that uy, resp. ¢, is the transition probability density of the killed Brow-
nian motion in [0, 1], resp. of Z (see (5.1))).
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Lemma 5.6. For 0 <r <t,
_ 1.2
uyyr—1ye(y/tz/r)e” w0 = wd ((r,2), (t,y))e 7 for0<z <r0<y<t,

g1z, y) = crsin(my)e 2 o, (178, y/t), for 0 < 2,y < 1.

Proof.
wi o1/t /1) = P11/t + 2k, 3/r) = P11~y /t — 2k, 2/1))
ez
p'r 0 x
- —r {4, 2 —Hi—r\4y T Y T 2
Zpt 0.y 1 250) (pt (,y + 2kt) — pr—r(2, —y — 2kt))
_orl02) S eI (g (1 + 2Kty y) — pur(—x — 2Kkr,1)),
p(0,y)

keZz
which gives the first equality, by identity (5.5). The second one follows from

Lemma and (5.3). O

Theorem 5.7. For p € [0, 1], the processes {Ag“),t >0} and {(t,tZ 1), > 0},
where Z starts from p, are equal in law.

Proof. We let Xy = tZ;),t > 0. For 0 < t; < .- < ty, the quantity P(X;, €
dxi,---, Xy, € dxy,) is equal to

Tn Tn-—1 T2 X1

Tn
— — e —= dxy -+ - dx,.
4 (s tn Ja L1 tn’ tn_l) =5 (t tl) Pt

We conclude by using the Lemma O

This implies that Ag“ ) is really in the interior of the cone for ¢ > 0.

5.4. A property of Pitman transform for piecewise C! paths. As men-
tioned in the introduction, the need of an infinite number of Pitman transforms to
represent the space-time Brownian motion in C, g is due to its wild behaviour.
The situation is much simpler for regular curves, as shown by the following
proposition (recall that paths in C off are fixed under the Pitman transforms).

Proposition 5.8. Let m : [0,7] — R and n(t) = (t,7(t)) be a continuous
piecewise C' path such that w(0) = 0. There is an n such that for all t € [0,T],

Pan ctt Palpaon(t) 6 éaﬁ.

We use the notations of Section [3] It is equivalent to prove that there is an
n > 0 such that
0<P,---PiPor(t) <t,
for all t € [0,T]. Let 7(mw) = inf{t > 0;7(¢) < 0}, 10(mw) = inf{t > 0;m(¢) > t},
and let |7’| be the supremum of the left and right derivatives of 7 on [0, T].

Lemma 5.9. (1) |(Pin)| < |7'|, and |(Pom)'| <2+ |7'].
(2) When 0 <t < 7i(m) A1o(m), Pim(t) = Por(t) = w(t).
(3) There is an n > 0 such that 0 < (P, --- PaPim) (0) < 1.

Proof. (1) and (2) are straightforward. For (3): if sg and s; are given by so(z) =
—z and s1(x) = 2 — z, then (P;7)'(0) = s;7/(0), for i = 0,1 and it is well known
that one can bring any real into [0, 1] be the actions of sp and s;. i
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Lemma 5.10. Proposition holds when Ti(m) A To(m) > 0.

Proof. We first suppose that 7o(m) < 71(7). Let mp = Pom,me = Pimy, w3 =
Poma, -+ and a1 = 7o(m), a2 = 11(71),a3 = 10(m2),---. By (1) of Lemma
|7l | < |7'| 4 2n. Since oy (azn) = 0, T2, (a2n+1) = a2n+1, we obtain by the mean
value theorem that

a2n4+1 — A2n = enil

|| + 4n

and so the increasing sequence a, is bigger that T for n large enough. When
T0(m) > 11(7), then 79(m1) > 71(71) and we apply the same proof to w1, beginning

by applying P;. O

Proof of Proposition[5.8 Using (3) of Lemma one can suppose that 0 <
7/(0) < 1.When 0 < 7/(0) < 1, then 71 (7) A 19(7) > 0 and we can apply Lemma
5.10 If 7/(0) = 1, let v = Pomw. Then ~/(0) = 1, and ~v(¢t) < ¢ for t > 0. In
that case 19(y) > T, and 71(y) > 0. Indeed otherwise there is a sequence t,

decreasing to 0 such that v(t,) > On and +/(0) is not 1. So we can also apply
Lemma The case 7/(0) = 0 is similar. O

5.5. Anti-lecture hall compositions. The set A, of anti-lecture hall com-
positions is defined in Corteel and Savage [7] as the set of sequence of integers
A1, A2, - -+ such that, for some n € N,

Al A An

— > _Z...>—>0

1 = 2 —n ’
and A\, = 0 when p > n. So we see that

AOO = {()\13 >\27 e ), (07 >\13 )‘Qa o ) € B(OO)}

For A = (A, A2+, 20,0,0,--+) € A, let [A] = >, Mg It is known, see
Corteel et al. [7,[8] and (1.2) and (1.3) in Chen et al. [6], that for 0 < ¢ < 1,

N (69
(5.8) Ag@ ql | — m7
(5.9) Z q"\‘ _ (-4 q)oo(q;qk+2)oo(qk'+1; qk+2)oo(qk+2;qk+2)oo7
AEAoo, M 1<k (45 @)oo
where (a;¢)oo = [ (1 — ag™).
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