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PITMAN TRANSFORMS AND BROWNIAN MOTION IN THE

INTERVAL VIEWED AS AN AFFINE ALCOVE

PHILIPPE BOUGEROL AND MANON DEFOSSEUX

ABSTRACT. Pitman’s theorem states that if {B;,t > 0} is a one-dimensional
Brownian motion, then {B; —2 info<t Bs,t > 0} is a three dimensional Bessel
process, i.e. a Brownian motion conditioned in Doob sense to remain forever
positive. In this paper one gives a similar representation for the Brownian
motion in an interval. Due to the double barrier, it is much more involved
and only asymptotic. This uses the fact that the interval is an alcove of the
Affine Lie algebra Af.
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1. INTRODUCTION

The probability transition of the Brownian motion conditioned to stay positive
R;,t > 0, is the difference of two heat kernels. This is a consequence of the
reflection principle at zero. Pitman’s theorem ([32]) of 1994 gives the path
representation R = PB where B is a standard Brownian motion and

PBt = Bt — 2 min BS.

0<s<t
The transformation PB is written with the reflection at 0. The Brownian motion
Z; conditioned to stay in the interval [0, 1] forever can be seen at the Doob
transform of the Brownian motion with Dirichlet condition at 0 and 1. It is
classical that its probability transition is an alternating infinite sum which can
be obtained by applying successive principles of reflection at 0 and 1 (method of
images). It is therefore natural to ask ourself if Pitman’s theorem as an analogue
written with an infinite number of transformations at 0 and 1. The main result
of this article is to show that, at our surprise, this is not exactly true. A small
correction (a Lévy transform) has to be added. We give the precise statement
in Section 2.

The proof of our main result is given in Section 3. It uses only basic tools (no
knowledge on Kac Moody algebra is necessary) but is somewhat intricate. Many
notions that are used come from representation theory. We first now explain the
ideas behind the scene in this perspective because this theory has been a source
of inspiration and also as a reading guide for the paper.

An interval can be viewed as a fundamental alcove for the action of an affine
Weyl group. A key remark is that one can write Z; = tB(1/t) where (t, By) is
the space time real Brownian motion conditioned to 0 < By < s for any s > 0.
This can be interpreted as a condition to stay in a Weyl chamber of the affine
Lie algebra A}.

Let us elaborate on this point of view, by first recalling the link between the
classical Pitman’s theorem and the Lie algebra sla(C), through Littelmann path
theory. Let a be a positive root and V' = Ra (identified with the real part of
the dual of the Cartan subalgebra).

Fix T'> 0. A path 7 : [0,7] — V is a continuous function such that 7(0) = 0.
It can be written as 7(t) = f(t)a with f(¢) € R. Fix T" > 0. An integral
path is a path such that 2f(7T),2min,<r f(¢t) € Z. A dominant path is a path
with values in the Weyl chamber, which is here R;«. For an irreducible highest
weight sl (C)-module, one chooses an integral dominant path 7 defined on [0, T7,
such that 7(T) is its highest weight. A path realization of the crystal associated
to this module is the Littelmann module B, which is the set of integral paths n
defined on [0, T'] such that P,n = 7, where P, is the path transformation defined
by
(1) Pan(t) = (p(t) — 2inf o(s))ar
where 7(t) = ¢(t)a. One recognizes the Pitman’s transform.

In the case of the A} affine Lie algebra, a realization of a real Cartan subalgebra
br and of its dual by is given by three dimensional vector spaces defined by

br = Spang{ai,c,d}, and by = Spang{Ag, a1, 6},
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where &; = (0,1,0), ¢ = (1,0,0), d = (0,0,1), and Ay = (1,0,0), a1 = (0,2,0),
5 =(0,0,1). Welet &y = (1,-1,0) and oy = (0,—2,1) so that § = ap + a;.
In the following one identifies the quotient space b /RJ, in which ag + a1 = 0,
with RAg & Ra;. The Weyl group is generated by the fundamental reflections
Sa;, © = 0,1, defined on b /Ré by sq,(v) = v — &;(v)a;. A fundamental chamber
for its action is the convex cone

Cof = {tho +2a1/2 : t,x € R, sit. 0 <z <t}

A path 7 is now a continuous function defined on an interval [0, T, with values
in b /R6, such that n(0) = 0. One defines path transformations P,,, i € {0, 1},
by

Pain(t) = n(t) —mind;(n(s))as, t &[0, T].

A dominant path is a path with values in C . As above, one can define integral
paths. For an integral dominant path 7 defined on [0, 7], the Littelmann paths
module generated by 7 is the set of integral paths 7 defined on [0, 7] such that
it exists n € N such that

PanPap_y - 7)0417)01077 =,

where «,, = a9 when n is even and «a,, = a3 when n is odd. This gives a
description of the crystal of highest weight 7(7T") (see [29], [3]).

For an integral path n, and ¢ € [0,7], and more generally for continuous
piecewise C'! path (see Proposition , there is a £ € N such that for all n > k,

Par -+ Pagn(t) = Pay, -+ - Pagn(t).
We let
(1.2) Pn = li_>m Pa, =+ Pagn-

A Brownian motion conditioned to remain in an interval [0,1] is equal in law,
up to a time inversion, to the space component of the space time Brownian
motion BO) = {tAg + Bya1/2,t > 0}, conditioned to remain in Cyff, Where B
is a standard real Brownian motion (see Section . Thus it is natural to ask if
the limit of exists when 7 is replaced by the space-time Brownian motion
BO) . We prove in this paper that the answer is no. Nevertheless one proves
that a slight modification converges to the space-time Brownian motion B(®)
conditioned to remain in the affine Weyl chamber C_ .

Let us explain the strategy of the proof. We have to understand the sequence

(1.3) Pa, - Pay B,

One can associate to any path 7 defined on [0,7] a sequence of positive real
numbers called the affine string parameters of 7, which when 7 is integral co-
incide with the string parameters of Kashiwara or Littelmann of the element
corresponding in the crystal, ([26],[29]). Let &(T) = (&(7T))ieny be the se-
quence of affine string parameters of the space-time Brownian motion with drift
BW = {tAg 4 (B; + pt)ay /2,0 < t < T}. One has

n

Po, - PaDB(“) (T) = B™(T) + Zéi(T)Oéi~
i=0
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The point is the following: when 0 < p < 1 the limits & = limp_ 4o &(T)
are well defined (we call them the Verma affine string parameters as they cor-
respond to the crystal B(co)). Moreover their law can be expressed easily with
independent exponential random variables. The law of £(T") can be deduced by
a truncation argument. Finally we prove that a.s.

n—1
N (e o L
(1.4) PBW(t) = B +nlggo;@(t)az + 2£n(t)an, t >0,

and identify the limit.

Actually to prove these results we approximate the space time Brownian mo-
tion BW by planar Brownian motions with proper drifts and the affine Weyl
group by finite dihedral groups I(m),m > 1, whose positive Weyl chambers
are a wedge in R? of dihedral angle 7/m and use deeply the results of [3] in
this situation. Due to the need of the correction term the approximation is not
immediate.

The paper is organized as follows. In Section [2| we state the main result of the
paper. In Section we recall the Pitman representation theorem for a planar
Brownian motion in a dihedral cone and give a precise description of the law of
the string and Verma string parameters. One studies their asymptotic behaviour
in Section and obtains a description of the Verma affine string parameters
& = (&) of a space time Brownian motion. In Section one proves that the
series E?:O &a; up to a correcting term, converges. In Section we prove the
almost sure convergence of . The limit, called the highest weight process is
shown to be the space time Brownian motion conditioned to remain in the affine
Weyl chamber C,g. One obtains in Section a representation theorem for this
conditioned space-time Brownian motion by applying a last Lévy transform to
the iterates of Pitman’s ones. In Section [3.8] one makes some comments on the
distributions of the first string parameter £; of the space time Brownian motion
and of its affine Verma weight.

In Section [ we show how our results are related to highest weight represen-
tation of the affine Lie algebra A}. We consider a kind of Duistermaat Heckman
measure appearing as a semiclassical limit, and study the asymptotic of large
weights for the infinity crystal B(co). Section [5|is an appendix where we define
the conditioned Brownian motion in the interal [0, 1] and the conditioned space-
time Brownian motion in the affine Weyl chamber and prove that the first one is
equal in law, up to a time inversion, to the space component of the second one.
Notice that approximation by finite dihedral group is very natural but unusual
in the study of A}.

2. REPRESENTATION OF THE CONDITIONED BROWNIAN MOTION IN [0, 1]

In this section we state the main result of this paper for the Brownian motion
in the interval [0, 1]. We consider, for a continuous path ¢ : R — R, such that

©(0) =0,

Lip(t) = ¢(t) - Oiggfgtw(é‘)

Pro(t) = o(t) — 2 inf o(s),

0<s<t
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that we call the classical Lévy and and Pitman transform. The first occurs in the
representation of the reflected Brownian motion, the second in the representation
of the Brownian motion conditioned to remain positive.

Let Tp(t) =t — ¢(t). We introduce the transformations £y and Py given by
TLy= L1T and TPy = P, T, namely

Lop(t) = ¢(t) + Oiggfgt(s —¢(s))
Pop(t) = »(t) + 2Oi§gf§t(s —p(s)).

The Brownian motion with drift is BY' = By + tu,t > 0, where By is the
standard Brownian motion with By = 0. We let P,, = Py and L,, = Lo when n
is even and P,, = Py and L,, = £; when n is odd. The main result of this paper
is the following representation theorem.

Theorem 2.1. Let u € [0,1]. For any t > 0, almost surely,
lim tL£,Pp_1---P1PoB*(1/t) = ILm tLyPr_1---PaP1B*(1/t) = Z,

n—oo

where {Z;,t > 0} is the standard Brownian motion starting from u, conditioned
to remain in [0,1] forever (see Definition [5.1]).

The proof is the juxtaposition of Theorem and Theorem We also
show that, a.s.,
lim tPp_1---P1PoB*(1/t) + (—1)" = Z(¢t)
n—oo
which clearly shows the need of a correction for the Pitman transforms. As an
illustration we prove that (see Proposition ,

Proposition 2.2. When 0 < u < 1, there is a standard Brownian motion W, a
stopping time o > 0 for W and a random variable D* such that for 0 <t < o,

Zt:,U/—FWt—FtD'u.

3. REPRESENTATION OF THE CONDITIONED SPACE-TIME BROWNIAN MOTION
IN THE AFFINE WEYL CONE

In order to represent the Brownian motion Z conditioned to stay in [0, 1], we
will linearize the problem and use the fact that Z is the space component of
the time inverted process of A where A is the space-time Brownian motion
conditioned to stay in an affine cone C,g (see Appendix . This process A®
will be approached by the planar Brownian motion conditioned to remain in a
dihedral cone.

3.1. Pitman representation for the dihedral cone C),. In this section we
describe the representation of the planar Brownian motion conditioned to stay
in a dihedral cone, using the results of [3],[4].

3.1.1. Dihedral Cozxeter system. The dihedral group I(m), where m € N, is the
finite group generated by two involutions sg, s; with the only relation (sgs1)™ =
1. In the two dimensional vector space V :~R2 identified with its dual V', one
chooses two pairs (vg*, 05"), (v1", 91") in V' x V, such that

vg'(vg') = 07" (vf") = 2,

W) = 5 (oF) = —2 cos(/m).
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Namely, one takes
o = (2sin(r/m), —2 cos(r/m)), vi" = (0,2),
and 95 = v /2,97 = v /2. The following two reflections sJ*, sT* of R?

S7(0) = v — T (", v e R,

generate the group I(m). The usual scalar product on R? is denoted by (.,.),
with our convention )" (v) = (v/",v).

Definition 3.1. The convex dihedral cone C,,, with closure Cy,, is

Cp ={v € R%0"(v) > 0,i=0,1}
—{(rcosf,rsinf) € R r>0,0<6<7/m}.

Let Co(R?) be the set of continuous path 1 : Rt — R? such that 7(0) = 0.
The following path transformation is introduced in [3].

Definition 3.2. The Pitman transform Pin,i = 0,1, is defined on Co(R2) by
the formula, for n € Co(R?), t > 0,

son(t) =n(t) — inf 77" (n(s))vi"

Notice that

n(®) = n(t) = ind (id = ") (s)

Theorem 3.3 ([3]). Let w = s}"---s}! be a reduced decomposition of w € I(m)

y m m m m
with s77, -, s € {sg', s{"}. Then

m ._ pm m
Pw " ,Psim U Psim
T 1

depends only on w and not on the chosen decomposition.

For each ¢ € N, when we write v", 0", s7", - -

there is a unique longest word, namely

-, we take ¢ modulo 2. In I(m)

(3.1) wo = Sy

m._m __ _.m m._m
m—1"""5150 =S, " 52951 -

Proposition 3.4 ([3]). For any path n € Co(R?), the path Pyin takes values in
the closed dihedral cone C,.

Let v € R? and let W) be the standard planar Brownian motion in R? with
drift v and identity covariance matrix, starting from the origin. The conditioned
planar Brownian motion in the cone C,, with drift v € C,, rigorously defined
in [3], [], is intuitively given by W) conditioned to stay in C,, forever (see
Section . We first recall:

Theorem 3.5 (B]). Let W) be the planar Brownian motion with drift v, where

v € Cn. Then P%W(V) 1s the conditioned planar Brownian motion in the cone
Chn, with drift .
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3.1.2. String parameters in Co(R?). We fix an integer m > 1. For simplicity of
notations, one chooses the decomposition

m

— m . m
wo—smfl---sl 80

of the longest word wp in I(m). Notice that here the roles of s{* and s{* are
symmetric. When n € Co(R?), one defines in [3] new paths n, € Co(R?), 0 < k <
m — 1, by ng =n, and, for k > 1,

Nk = P:?anl - PinPan,
called Pitman’s transforms of 7. Let

m _ . ~m
ri'(t) = Jnin T (MK (s))-

Definition 3.6. Let 0 be a path in Co(R?) and
a™(t) = (g (8), 27" (1), -+, w1 (1))

We call ' (t),--- ,zp_,(t) the string parameters of the path {n(s),0 < s < t}.
When

. m e m B
(3:2) Jim o5 (n(s)) = lim 97"(n(s)) = +oo,
we define the Verma string parameters xi',--- ,x"_; of n by
mo__ : ~m
T = og?éﬂoovk (m(5))-

Notice that
m—1
(3.3) Pann(t) = n(t) + > ai (t)of"
k=0
When (3.2) holds, then the Pitman transforms of 7 have the same property and
forallt>0and 0 <k <m—1,
(3.4) 0 <ap'(t) <z’ < +oo.
Remark 3.7. Fort >0, forallk=0,--- ,m—1,
2 (t) = (P Pln(t) — Pl - Pan(t)).
Let, for 1 < k < m,
ap' = sin(kmw/m).

Definition 3.8. The cone I'y, in R™ is defined as
Tm—1

T = {(@0++ »&m_1) € R L > ;% >z it > 0,09 2 0},
1 2 m—1
For \ € Cy,, the polytope Ty (N) is
m—1
Tn(A) = {(z0,  ,Zm-1) €T 0 S SN = D zp0)),0< 7 <m—1}.
n=r+1

Notice that the particular role of zzp. The following proposition is proved in [4],
Section 5.1, for the string parameters, its extension to Verma ones is immediate.

Proposition 3.9 ([, 5.1). The set of string parameters of paths in Co(R?) is
contained in 'y, and the set of Verma string parameters is equal to I'y,.
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3.1.3. String parameters of the planar Brownian motion. When v € Cp,, the
planar Brownian motion W) with drift ~ satisfies |D by the law of large
numbers, so its Verma string parameters are well defined:

Definition 3.10. Let v € Cy,. We denote with £™(t) = (E5*(¢),- -+ ,&7_1(1)),
the string parameters of {WS(W),O < s <t} and with ™ = (§",--- ,&0_,) the
Verma string parameters of W) when v € C,,.

Theorem 3.11. (i) When v € C,y,, for anyt > 0, conditionally on the o-algebra
O'(PL%W(’Y)(S),S < t) the random wvariables §*(t),0 < k < m, are independent
exponentials with parameters v;* = (7, v") conditioned to be in Ty, (Pyy WO (1)).
(i) When v € Cy,, the random variables §',0 < k < m, are independent
exponentials with parameters " = (v, v") conditioned to be in I'y,.

Proof. 1t is shown in [4], Theorem 5.2, that when v = 0, the law of £™(t) condi-
tionally on F; = J(P%W( )(s5),s <) is, When Pm WO () = A, the normalized
Lebesgue measure on I'y, (A). It follows from that

m—1

(3.5) W =PrwO @) - 3 e
k=0

By the Bayes and the Cameron-Martin formulas, for any bounded measurable
¥ : Co(R?) — R,

E(W(W.0 < s < 1)|F)
E(p(Wi",0 <5 < elr! "NF)
E(e Wi |]:t)
E((W,0 < s < 1) PiV O OS5 €0 7,
E(e (7P WO (1) =S L em (tup) 7)) .

If we take 9( 5(7),0 <s<t)=F(™(t)) where F': R™ — R, and if dx is the
Lebesgue measure on R™ we obtain that

m—1 _m
S 1p, (o i) @) F (w)e™ 2o 27k da

E(F(E™ (1) Ft) =

_ m—1 _m Y
J 1rm(7>$owt”))($)e im0 Wk da

which proves (i). We suppose that v € Cy,, so for any 0 < k < m, ' =
limy—y 4 o0 &*(t). Therefore, when F' is bounded and continuous,

EEET) = I BEE0)
= lim E(E(F(E™(t))F)
f 1Fm(’Pm Wt(w))(ZL‘)F(;E)e— ZZL:_OI Pk g

= lim E( T )
t—+00 j‘ 1 Iy i 78 dx

(P Wm)( T)e

f Ir, (2)F(z)e™ Ziso Wk dy
J1r,.(z)e Zkzo Tk dy

i
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since, a.s., Py Wt(ﬁ/)/t) converges to 7y as t — 400 and thus each o;" (P, W(V))
tends to +o0o. This proves (ii). O

Proposition 3.12. Let €,,n € N, be independent exponential random variables
with parameter 1. When v € Cp,, in law, ' = eo/vy", and fork=1,--- ,m—1
and v = (v, vy"),

&' = Z
Proof. Theorem says that
P(fg)n de()? o 7577371 € dxm—l)

m
B T O

m
—~m —_~Am
= Ce 0 %0 dg | | e %4“—11{% Ly ey drg_q
Ok

k=2 k-1
Tk—1 Tp
—(ta A ap ) (g — k)
=Ce” 0" xodﬂ?o R 1 Th—1 2 drp_1
H {Thl> ohy
k=2 k—1 k

where by convention z,,/a; = 0 and C is a normalizing constant. Thus

R X
ay Gy ay as Am—1
has the same law as
(S0 & €2 o Em—1 )
R T e e A N T SR s RTINS
which proves the claim. O

Notice that (1) is similar to Renyi’s representation of order statistics ([34]).

Warning 3.13. In all this paper, when 0 < p < 1, we suppose that m is large
enough to have ™ tan - > i to insure that (%, ) € Cp,.

3.2. Affine string parameter ¢ of the space-time Brownian motion. We
will use a terminology inspired by the Kac-Moody affine algebra Al (see in
particular [25] 26] and Section 4). The infinite dihedral group I(oco) is the infinite
group generated by two involutions sg, s1 with no relation. In V' = R? identified
with its dual V', let (g, ag), (1,a1) in V' x V', given by

Q] = (07 2)a Qo = (Oa _2)7

Qi = (O’ 1),@0— ( )7
then ag(ap) = ai(ar) = 2, and ap(a1) = @1(aw) = —2. The two reflections
S0, S1 of Rz,

Si(”) == di(v>aia (S R27
generate the group I(co). Notice that sg is a non orthogonal reflection. For each
k € N, as above when we write ag, ag, S, - - - , we take k modulo 2. Thus
A = (—1)ka0.
Definition 3.14. The affine Weyl cone (or chamber) is
Coff = {v e R% a;(v) >0,i =0,1} = {(t,z) € R*0 <z < t},

and C_’aﬁc 15 its closure.
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As in the dihedral case, we define the Pitman transform P ,i = 0, 1, associ-
ated with (a;, &;) on Co(R?) by the formula:

(36) Pun(t) =n(t) = inf ai(n(s)as,

where 1 € Co(R?). We will use space-time paths which can be written as n(t) =
(t,¢(t)), t > 0, in this case,

Posgn(t) = (t, (1) + 2inf(s — o(s))
Psn(t) = (¢, ¢(t) — 2inf o(s)).
One recognizes in the second component the_transformations Py, Py defined in
Section [2. One defines 9 = n, and, for k > 1,
N = Psk—l .. .PSIPSOU.
Definition 3.15. Let n a path in Co(R?), and x(t) = {xx(t),k > 0} given by

zp(t) = — min Gy (1 (s))-

We call zi(t),k > 0, the affine string parameters of the path {n(s),0 < s < t}.
When limg_, 1 oo @;(n(s)) = 400, i = 0,1, one defines the Verma affine string
parameters of n as v = {xy, k > 0} where

TR == min g (e(s))-

We fix a real p such that 0 < p <1 and let
B = (t, By + tp)
where By is a standard real Brownian motion starting from 0.

Definition 3.16. We let £(t) = {&k(t), k > 0} be the affine string parameters of

{Bg“), s <t}, and, when 0 < pu <1, & = {&, k > 0}) be the Verma affine string
parameters of B,

Let 7, : R? — R? defined by

7t

(37) Tm(t,$) = (E)'%%
for (t,x) € R?, We will frequently use that for v € R?,
7r _ N T, .
(3:8) TmU = (W(%ﬂ(v) + 07" (v) cos E),v{”(v)),

so the asymptotics of 7,,v and (07" (v) + 97" (v), 97" (v)) are the same as m — oo.

Lemma 3.17. Fori=20,1,

3 m
lim 70" = oy
m—+00

lim 7, 0s™ o071

= S5;.
m—r—+00 m

Proof. The first statement is clear. The second one is trivial when i = 1 and for
(t,z) € R? and i = 0,

. _ o, mt mt
(7 © (id = 557 0 72 ) (1) = Ton (55" ("o, )0F") = T (s ) Tl

converges to (t — x)(0, —2) = (id — s¢)(t, x). O
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One considers for ¢t > 0, the string parameters ™ (¢) of {WS(?”), s < t}, and
when 0 < p < 1, and m large enough to have 7= tan > > u, the Verma string

parameters £ of W),

Proposition 3.18. Almost surely, for allt > 0,
. moa
lim €7 =€(0)

and when 0 < p <1,
lim & =¢.

m—+00
Proof. Let, for all k € N, w» = s)*--- s € I(m) and wy = si---s9 € I(00).
For any path 5™,
(Tm © Py 0 1, (™) (8) = 1™ (¢) + inf (7 0 (id - 5") o )™ (5),
i s<

so it follows from Lemma and by iteration that

lim (7, 0 P o7 1Y) =P, .
mHJroo(m wzn m) Wi

Hence, if n™ € Co(R?) is a sequence of paths converging uniformly on compact
sets to a path n,

lim (7 0 (P = Pifin ) 0 70, )™ (t) = (Puy, = P, )(2)-

m——+00

This implies that
lim 5 (1 (Pl — Pt 7o 17 (0) = Gi((Pay, — Pun_, ()

m—s+00
since 03 = @&; and since the first coordinate of (Py, — Pu,_,)n(t) is 0 when k
is even. We choose n"(t) = (%ﬁ’ + ¢, By + pt). Then n(t) = Bt(”) and 7, 1n™ =
Wm/mr) - One has

(P — P Yrlyf™ (1)) = €7 (D)o
Since, when m — oo, ' (Tmup') — 2, we see that &(t) — &i(t) using the

analogue of Remark in the affine case. When 0 < p < 1, this drift implies
that, a.s., & = £'(t) and & = & (t) for ¢ large enough, so " — &. O

As before, we let €,,n € N, be independent exponential random variables with
parameter 1.

Theorem 3.19. We suppose that 0 < p < 1. In law & = €0/2(1 — ), and for
k>1,

+oo
é.ik _ Z 2En
ko Znm+1)+01- 2u)vy,’
where vy, = nlon(n) — (n+ 1)lan(n + 1).
Proof. The drift of W™/™1) is (m/m, 1), thus
m m T T
w0 =), e07) = 2(sin() — peos()) 01" = (- w), o) = 2p
By Proposition [3.18 and Theorem [3.11]

Sk _ i m En

= 1 = lim — g .
m—+oco may’  m—+oom = a4+ apty

m—1
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Let ¢ = max{1/9/*,m € N,i = 0,1}. Since 0 < 2t < sinnt, when 0 <t < 1/2,
one has for k < [m/2]

S i T koo >k:2
Za _;sm(m)_zcm_cm.

n=1
For k > [m/2],
k [m/2]
Sz S ar e
n=1 n=1

Therefore, by the law of large numbers, when N is large enough,

_mel . [m/2]
n
sup — < sup (2¢m — +4em
m>N M 7; a4 ap ot T >N Z %/2
4
< sup (2em Z En —Cﬂ 5—n)
m>N m n—0 m

is a.s. as small as we want. We finishes the proof by using that, for any fixed n,
. U En 2e,
lim — — — =

m—too ma'y 4+ - +amy?  n(n+1)+ (1 —-2p)v,

since limy,  yo may’ = km and for any r € N,

fim 72 N m1—1>I—If—100 ’ygn - 2(1 - M)’ml—i}—r&-loo fy;an—H - m1—1>r-1i-1c>o fﬁn = 2u.

m——+00

An important for us and maybe unexpected result is:
Theorem 3.20. Almost surely, limyg_, o & = 2.

Proof. Tt is easy to see that E(&) — 2 and that Y oo E((& — E(&))*) is finite,
which implies the almost sure convergence. U

3.3. Affine Verma weight L"), In this subsection we introduce the affine
Verma weights. We consider for 0 < g < 1, the affine Verma string parameters
£ = (&) of BW. For k > 1, let

k—1

1
My, =) &non + Sk k-

n=0
Notice that, more simply, since a,, = (—1)”040,

Mk — ( ( k‘+1£k + 22 n+1€n
the notation with the «,’s, maybe strange for the reader, is explained by its
natural interpretation in A}.

Proposition 3.21. Let u € (0,1). When k goes to infinity, My, converges almost
surely and in L? towards

1 — €on+1
52 n+1— +n+ua1)'
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Proof. One has

E2p+1 E€2p
Moyt — My, = (0, —&2p 4 2&2p+1 — E2p12) = (0, - ;
P+ D ( D P+ p+) ( D+ u p—l—l—u)

hence { My, p > 0} is a martingale, bounded in Ly and its limit is L(). As

1
Moy = Moy, + §(§2p —&opr1)0
and & — 2 by Theorem [3.20] My, 1 has the same limit. O
Definition 3.22. We call L") the affine Verma weight of B™.

The terminology is due to the fact, that we will see in Section [4] that L®*)
plays the role of an asymptotic weight in the Verma module of highest weight
0 in the case of the affine Lie algebra A} (more correctly of minus this weight
modulo §). Remark that, in coordinates, L(*) = (0, D*) where

o

Eon+1 E2n
3.9 DH = — .
(3.9) nzz:o(n +u n+1- M)

Notice that L") is not the limit of the series > ko Sk, since limy_,oo & = 2

(Theorem |3.20)).

3.4. Some technical results. In this subsection we prove some results which
will be used to conclude the proof of our main theorem. We take here p € (0,1)
and m large enough to have tan'- > p. Let for 0 < k < m, with the
convention that & = 0,

k—1
1
M= & + &
n=0
Proposition 3.23. For any k > 0, 7, M]" converges to My, a.s. when m goes
to infinity.
Proof. This follows from Lemma [3.17] and Proposition [3.18 O

Proposition 3.24. One has, in probability
(3.10) lim  sup ||7M}"* — M| =0.

Proof. We use Theorem Forany 1 <2p+1<m,
1 1
M3y o — M3y = 55%%”%% + &pr1V3ps1 T 55%”%'
Therefore,
- T
UE)n(Méz—i-Q - Mg;) = fg;;-m -2 COS(%)&%-H + fé’;

€2p+1
alt +aglayt + -+ Atay

T
= —2cos(—)ay’
(m) 2p+1

€2p+1 €2p )
)

+ as, +
2”(71”@’1" oo Eartagy o el e agtag

since -
m m m __
a2p+2 — 2COS(*)a2p+1 + a2p = O
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One deduces that

p—1 I (l+1)7r
. . €91 COS — €92]+1 COS ———
"’gl(MZla):%m*Z m i 1 o Ll 151 1)
maz5 71 osin T+ sin ™ 7 sin ===7 + 7" sin -7
by using the relations
i m  Sin 7R ™ gin ¢ Z sin? o i m  Singsin (”;rn?ﬂ
agy, = asy, 1 = LY ap =
2k sin k=17 Tgin & k sin 5~
m k=1 m
Similarly, one finds
- 7r
07" (M3,) = —2cos —50 + sin — - " tan p—ﬁzp
. T P £2]+1 COS L 821 COS w
+2 Smgz( P sin B T 51
— 1 s T+ g sin - '71 sin — 7T + 0" sin ™
On the other hand, one has
1
My — My, = 5(5%“6” + &p 101
Thus the proposition follows from the next lemma. O
Lemma 3.25. Let for p € {0,---,[m/2]}, 0 < p < 1, and v{*,~y", which
converge respectively towards 2u and 2(1 — p),
m . T P 821 cos l—” 9141 COS (l+1)7r
Sy =sin— Z( . I+1 I+1 1)
mi ~1" sin mﬂ + 74 sin = 71 sin =-=7r + gt sin -

p—1

_ €21 G241
Sp_;(2l+2(l—ﬂ) 2z+2ﬂ)‘

Then in probability
lim sup [|S)'—S,|=0.
M0 1<p<[m /2] %"= 5l
Proof. {S}' — S, —E(S)' = Sp),p=1,---,[m/2]} is a martingale. Let ¢ > 0. We
have

[mf}:_l( sin/m coslm/m B 1 )2

v sin Lo+ sin Bl 20+ 2(1 - p)

Var(S[Tn/Q] — S[m/g]) =

- sinw/mcos(l+ D)mr/m 1 )2
o4 smliw—i—'y Slnl7r 204 2u
As for € [0, 3], one has 2z < sinz < z, one has the majorations
sin 7 /2

v sin Lo+ Agsin e T AP+t (14 1)

and o
sin 7 /2
¥ Sln”—lﬂ—i—'yo smlﬂ' AP+ 1) + A

for 0 <1 < [m/2] — 1. Thus there is a pg € N such that for all m > 2(pg + 1),
the sum on the right hand side above for [ > pg is smaller than . Since each
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term tends to 0, we obtain that for m large enough this sum is smaller than e.
Thus we have by Doob’s martingale inequality

E( sup (S)' =S, —E(S)" — Sp))?) < 4e.
1<p<[m/2]

Thus sup<p<pm/g 155" — Sp — E(Sp* — Sp)| converges in probability toward 0.

Besides one has for p,q € {0,--- ,[m/2]}, p > q,
-l 2(m m
m m ™ (’70 +71 )
E(S)" —5;")] <
B = S L i+ Y+ 0+ 70D

and
p—1

E(Sp— Sg) = 22p—1)

— (20 4+ 2(1 — ) (20 +2u)

As for a fixed k, E(S}") converges towards E(Sy) when m goes to infinity, one
obtains that supg<,<pm /o [E(S)" — Sp)| converges towards 0 when m goes to
infinity, which finishes the proof of the lemma. U

For a sequence = = (z1) € RY we let

n—1

(3.11) o(x) = lim Zwkak—{— — Ty,

n—-+0o0o

when this limit exists in R? (recall that oy, = (—1)Fayp).

Definition 3.26. One defines, for A € éaﬁ’

F:{x:(mk)ERN:%Z Tht >0, forallk>1, 29 >0, o(z) € R?},
E—k+1
k
PN ={zel:z, <ar(A\—o(z)+ ina,-), for every k > 0}.
i=0

We remark that z € I' is in I'(A) if and only if for all & > 0,

k—1
1
ar(A—o(x) + Z; Tioy + ixkak) > 0.
1=

When 0 < p < 1, the Verma string parameters & of B* are a.s. in I, and
o(¢) = LW,

The following proposition will allow us to pass from Verma affine string param-
eters to affine string parameters in the next subsection.

Proposition 3.27. Let (A;,) be a sequence of R? such that Ay, € Cy, and such
that T Am — A when m — oo where \ € Caﬁ‘ The random sets {™ € T'py(Am)}

converge in probability to {€ € T(\)}.



16 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

Proof. To prove convergence in probability, it is enough to show that each subse-
quence has a subsequence which converges almost surely. Therefore, by Propo-

sitions and working with a subsequence, we can suppose that the set
of w € Q) for which

sup || 7 M (w) — My (w)|| — 0, My (w) — LW (w)
1<k<m

is of probability one. So we see that if,
XP =MD" - M, Xp=LW - M.
then (see (3.8)

(312) s [FO) - k(X)) > 0.3k (Xi(w)) = 0.

For these w we will show that

(3.13) h,fflj;lop{gm € Ln(Am)} C{€ € TN} C lim inf{€™ € Ty (Am) -

Notice that 0" (Am) — () for £ = 0,1. One has {™ € I'y,(Ayy,) if and only if
O (A — XJ*) > 0 for 0 < k < m, and § € I'(\) if and only if &p(A — Xj) >0
for every k € N. The left inclusion in follows from . Now, suppose
that £(w) € I'(A). Since A is fixed and the distributions of X} are continuous,

P(Vk > 0, ax(A — Xi) =0) =0,
and one can suppose that
Vk >0, ap(N — Xi(w)) > 0.
We choose € > 0 such that
ai(\) >e,1€{0,1}.
Using , one can choose mg such that m > mg implies that

sup U (X' (w)) — ap(Xi(w)) < e.
0<k<m

and then we choose kg such that & > kg implies that
dk(Xk(w)) < &k()\) — E.

As for each k, 07" (X}") converges towards dy(Xj) when m goes to infinity, one
takes mq such that when m > mq,

U (X3 (W) < ar(N),
for k=1,---,ky. Then for m > mg, mq one has for k > kg
o (X (W) = o (X (W) — aw( Xk (w)) + aw(Xi(w)) < aw(N),
and for k < ky,
o (X3 (W) < ar(N),

which proves the right inclusion, and finishes the proof of the proposition. [
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3.5. The highest weight process A (t). In this subsection we introduce the
highest process which will appear as the limit of our Pitman’s transform (with
a correction) and show that it coincide in law with the space-time Brownian
motion conditioned in C, -

Let 0 < u < 1. We define for k£ > 0,

k—1 1
M(t) = 3 &nOan + 56O

n=0

where &(t) = {£,(t),n > 0} are the affine string parameters of {Bg“), s <t}. We
consider the planar Brownian motion W(™/™#) with drift (m/x, 1) and let

Ap(t) = P W (¢),

and -
— 1
MMt = &rtyor + S8k (v
n=0

Proposition 3.28. For every k > 1, 7, M]"(t) converges to My(t) almost surely
when m goes to infinity.

Proof. By the Cameron-Martin theorem, it is enough to prove the proposition
for p € (0,1). In that case, it follows from Proposition and Lemma[3.17, O

Theorem 3.29. When p € [0, 1], for each t > 0, My(t) converges almost surely
when k goes to infinity. We denote by LU (t) the limit.

Proof. By the Cameron-Martin theorem, it is enough to prove the proposition

for p € (0,1). Let ¢ > 0. By Lemma and Proposition T M) (t)
converges a.s. to My (t) as m — oo. Hence, for p,q € N,

P((|Mp1q(t) = Mp@)[| = €) = Tim P([|7m My, (£) — 7 My (t)]| > €)

= lim E(fum(Am(1))

where

S (A () = EQ i nam ()7 Mz (1)) >l Am (£)-
One has, by Theorem [3.11
fmN) = P([|[rm My’ g =t M || 2 €]€m € T (N))-
If 7\ — A as in Proposition then f,(An) — f(A) where
F) =P([Mpiq = Mp|| > €l€ € T(N)).
On the other hand we will show in Theorem [3.48] independently of this proof,

that when m tends to infinity, 7,,A,,(t) converges in law to Ag” ) therefore
E(fm(An(t)) — E(f(Ag“))) by Proposition This shows that

P(| My () — My()] > &) = /Q P(|Mpyq — My|| > €€ € T(AP (@)))dP(w).

Since (M}) converges a.s. to L") we see that My(t),p € N, is a Cauchy sequence
for the convergence in probability, and thus converges in probability. We will
prove the almost sure convergence at the end of this subection. O

Proposition 3.30. In probability, as m — 0o, T, M™(t) converges to L1 (t).
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Proof. By Cameron-Martin theorem, it is enough to prove the proposition for
w € (0,1). In that case, one has for e > 0,

P(|7m My (t) = LW (8)] > €) < P(|mn M7 (1) — My (1)) > %)
+ (| Mon(t) = LO(1)] > 2).
For the first term, we condition by A,,(t) as in the proof of Theorem and
use Proposition [3.24] and for the second we use Theorem [3.29] O

We had (see (3.3))
A (t) = P W (t) = WO () 4+ My (1),

therefore it is natural to introduce the following definition.
Definition 3.31. For 0 < p < 1, we define the highest weight process of
{B™ >0}, by, fort >0,

AW () = BW 1 L1 (¢).
Proposition 3.32. In probability,

lim 7, Wm0 (1) = BM,

m—-+00

m 7, Ay (8) = AW(2).

m—-+00

Proof. The first statement is obvious. The second is then a consequence of
s : _ pm/mp) m
Proposition [3.30] and the relation A, (t) = W, + M (). O

Let {AE“ ),t > 0} be the conditioned space-time Brownian motion in the affine
Weyl chamber C, g, with drift y, starting from the origin defined in

Theorem 3.33. For any p € [0,1], in law
{(AW@),t >0} = {AW ¢ >0}

Proof. This follows from Proposition [3.32, and Theorem [3.48 U

In order to prove the almost sure convergence in Theorem let us show:
Proposition 3.34. For 0 < p <1 and f : R?> — R bounded and continuous,

E(f(BY.£(t)o({A¥)(s). s < 1})) = g(A® (1))
for each t > 0 where
9(0) =E(F(A = L™, )1geery) /P(€ € A).

Proof. By Theorem[3.11], the conditional distribution of (7, M7 (t), & (t)) know-
ing o({Am(s),s < t)}) is the one of (7, M)}, &) knowing {&,, € I'in(Am(2))}-
Hence

E(f (A¥(t) = M7 (1), Em ()]0 (A (s), 5 < 1)) = g (A (2))

where

gm(/\) = E(f()‘ - TmM:nnv gm)l{émEA})/P(gm € )‘)
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Using the convergences in probability obtained before, if 5 is bounded, continu-
ous, and depends only on a finite number of variables,

E(f(AV(t) — LU (1), £(8) BH{AM (s), 5 < 1})))
= lim E(f(AY(t) = m My (), &m () B{TmAm(s), s < 1)}))

m——+00

= lim E(gm(Am(t)B{TmAm(s),s <1)})).

m——+00

Since Ay, (t) tends to A (t), we know from Proposition that, in probability,
{&n € Tiu(An(2))} tends to {€ € T(AM(t))}. Therefore the limit above is equal
to

E(g(AW (0)8({A" (s),s < 1)}))

which proves the theorem. U

End of the proof of Theorem [3.29 By the Cameron-Martin theorem it is enough
to prove the proposition for p € (0,1). In that case, this follows from

P(lim My,(t) = LU () = E(E(L i as (1)=1.00 (3|0 (A (1)) = 1
since My — L™ a.s. and by Proposition which implies that
B(L i ay (=20 (1|0 (A (8))) = E(Lgtim a, =13 1€ € T(AW (1)) = 1
O

3.6. Representation using Pitman and Lévy’s transform. Let us remind
where we stand. For Bg“) = (t, B; + tp), we have written, see |D

Pa, - Pay Pag BM () = Bt(#) + Zg,-(t)ozi,
=0

and
. 1
M1 (t) = Zfi(t)ai + §§n+1(t)an+1-
n=0
We have seen that when p € [0,1], a.s., for t > 0, limy_, o0 My(t) = LW (1)

and that the process AE“ ) = Bw (t) + LU(t) has the same distribution as AW,
Hence,

Theorem 3.35. When 0 < p <1, almost surely, the process

1
lim Py, - - Pay Pag BW(t) + anﬂ(t)am, t>0,

n—-+oo
exists and has the same distribution as { AW (t),t > 0}.

To interpret this correction term it is worthwhile to introduce the Lévy’s
transform. Lévy’s Theorem (see [35], VI.2) that if B; is the Brownian motion

LB(t) = B; — ogi;tBs

has the same law as |B;| and that —info<s<¢ Bs is the local time of LB(t) at
0. We introduce here the following Lévy’s transform (sometimes the Lévy’s
transform of B is defined as fot sign(Bs)dBs, this is related but different from
our transform).
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Definition 3.36. For n € Co(R?) and i = 0,1, the Lévy transform L, of 0 is

Laut(t) = 0(t) — ~ inf Gs(n(s))ous.

2 s<t
Another way to state the former theorem is
Theorem 3.37. Almost surely,
Hm Lo, 1 Pay - Pay Pag BH(t)

n—-+00

(W)

exists and has the same distribution as A,".

The following proposition indicates that the presence of this Lévy transform

is due to the bad behaviour of AE“ ) for ¢ near 0 (recall that each &(t) is non
decreasing in t).

Proposition 3.38. For allt > 0, a.s.

li t) =2.
Proof. Since &, — 2 a.s. (Theorem [3.20)), the proof is the same as the end of the
one of Theorem [3.290 O

It implies that
Hm Pa, - Pay Pag BW (&) + (=1)"an = AW,

n—-+00

So without correction the iterates of Pitman’s transform do not converge.

In the whole paper one has chosen to begin by the transformation P,,. Let
us notice that we obtain the same results if we begin with P,,. More precisely,
if we denote with a tilde the quantities previously defined when we begin by P,
rather than P,,, one has, for each u € [0, 1],

Theorem 3.39. (1). Almost surely,
lim £ak,Pak71 o "Pal'PaoB(“) (t) = klilf £ak+l7)ak T 'PM’PC”B('“) (t)
—+00

k—+o0
(2) £(t) defined for BW has the same law as £(t) defined for BA—H).

Proof. For (1) we have to prove that L(#(t) = L") (t). We have seen in Propo-
sition that 7,, M™(t) converges in probability to L(*)(t). By the same proof
T M (t) converges in probability to L (t). Now we use the non trivial fact,
proven in [3], that M (t) = M™(t) by . Thus Lt (t) = LW (t) a.s..

(2) follows from the fact that Id — B* has the same law as B! ~~. O

3.7. The law of B (t) conditionaly to {A#(s),s < t}. Let v € R? and
let W) be the standard Brownian motion in R? with drift 4. There is a root
system associated with the group I(m) and a so-called alternating polynomial
(see [15], 6.2.3) defined as the product of roots and given explicitely by, for
v=(z,y) € R?

him(v) = hp(z,y) = S[(z + 1y)™].
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For w € I(m) let [(w) be the length of its shortest expression with si* and sj".
Let, for v € R?, vy € Cy,

Yo(y) = Z (—1)lw)glww)=(vv),

wel(m)

Lemma 3.40. For z € R? and v = PZJ’BWW) (t)

B o (P (9,0 < s < ) = PE LD Tnl) ey

Proof. Theorem 5.5 in [4] gives, for F; = O'(PUT?OW(O)(S), 0<s<t),
WO £y Yo(2) o2
E(e\>™"t | F) kihm(v)hm(z) e\,

for v =Py W) (t) and k a constant independent of v and z. We conclude with
the Bayes and the Cameron-Martin formulas which give

E(e (4, W) |~7'—t)

B(e IRy = =
Bl )| )

For o € (0,1), we define a function ¢, on R} x R by,

inh(a(2kt
(3.14)  paltyr) = ¢or 3 TIMOEH D) e g e
= sin(ar)

Notice that the definition of ¢, makes sense by continuity for & = 0. Besides,
the following lemma implies that ¢ (¢, ) = p1-(t,t — x) and allows to extend
the definition of ¢, to all a € R.

Lemma 3.41. Fora € (0,1),t >0, z € R,

Lo / _1 2 2 msin(kra) sin(krz/t
valt, ) = e2i( t)? Z kem sm)(a)( /),

oft, ) = et 21/ Z e ak® kmsin(kmax/t).

kEZ

Proof. The first identity follows from the Poisson summation formula (see [1])
22
for the 2t-periodic function x — e~ 2t 4 (¢, z). Letting a goes to zero in the first
identity leads to the second one. O
Recall that 7., (¢, ) = (wt/m, x).
Lemma 3.42. Let v™ € R? 4™ € C,, such that, as m — 400, T,,(7™) — (1, )
and T, (V™) = (t,x), then

(3,19 Jim_ () = 20 1),
(3.16) lim (—)™hy(y™) = sin(ra).

m—oo M,
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Proof. We use complex notations. Let w = e2im/m the dihedral group I(m) of
order 2m is equal to the set of the m reflections 7 : z — Zw® and the m rotations
0 : 2z — 2w¥ 1 <k <m. When m — +00,

2
0;(7), 0™ = RO tia)wd (ML —iz)) = Tt~ k2t + 2karm+ (2 2kt)a+o(1),
Y T T

(ri(y™),v™) = %((%—ia)wj(m?t—ix)) = m—Qt—Qth—i-Qkxﬂ'—(:z—2kt)a—|—0(1),

When [§] +1 < |k < p, cos( m) < 0, so one can choose mg € N such that for
m > mo,

e_<,ym7vm> Z (€<T‘k’ym,’um) . e("”ksl’ymﬂ)m>) S €
k:[p/2]+1<|k|<p
Since
N N
e—<’7m,vm> Z (e(rk'ym,vm> _6<rk81“/m,vm>) ~ Z Sinh(u(y_th))6—2(k2t—kx)—;m:7
k=—N k=—N
this gives (3.15)). The relation (3.16|) is immediate. O

Recall that BW (t) = (¢, By + tu).

Theorem 3.43. One has, for s € R, when LW (t) = (0, D)
S (O—t) (A1)
Pu(AW(1))

AW(t))
E(S_SD#”O'(A(H)(S)’S <t) = Pstul '
eu(AW(1))

Proof. The first formula is obtained by letting m goes to infinity in the Lemma
[3:40] and using Proposition [3.32] and Lemma [3.42] It gives the second one since

AW (#) = BW £ LW (1), 0

E(e*? o (AW (s),5 < 1) =

3.8. Remarks on the Verma weight L(*) and string parameter ¢;.

8.8.1. Law of L") = (0, D*). The Laplace transform of D* is, by (3.9),

—sDHy - S _ S -1
2 = [0+ - i)™
Using
rarE v 9
(3.17) T(a+v)T(B—7)) T!_[()(l+n+a)(1 n—l—ﬂ)

(Formula 8.325.1 of [20]) and I'(2)I'(1 — z) = 7/sin (7z) we obtain that

ey sin(mp)
(3.18) E(e ~sin(r(p + )’

in particular,

(3.19) E(D*) = mcot(mp).
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By taking the expectation in Theorem |3.43| one sees that, in law,
lim D' = D*.

t—o00

Corollary 3.44. The density of D'/? is 1/(r coshx).
Proof. One uses that the Fourier transform of 1/m cosh(x) is 1/ cosh(An/2). O

Notice that the law of 3¢ | (25 — =25 appears in [10].

3.8.2. A representation of Z; before a small random time.

Proposition 3.45. When 0 < p <1 and Zy = p, there is a standard Brownian
motion W and a stopping time o > 0 a.s. for W such that for 0 <t < o,

Zt:Wt‘i‘M‘i‘tDu

Notice that E(D*) = mcotmu in agreement with the generator 3d?/dx? +
(mcot mx)d/dx of Z;.

Proof. Let 79 = max{t > 0, Bt(u) Z Cygt, and

Tp+1 = max{t > 7,, Bt(”) + Zﬁk(t)ak ¢ Coft
k=0

for n > 0. Then, a.s., 7o < +o0 and for t > 79, &y(t) = &, hence
71 = max{t > 7o, Bgu) + & € Caﬂ'}.

Recursively, one has 7, < +o00 and

Tp+1 = max{t > 7,, Bf“) + Z&kak Z Coft)-
k=0

We know that ) _, &k is bounded, a.s., therefore 7 = sup 7, < +o00 and for
t > 7, &(t) = & for all k > 0. This shows that for t > 7, LW () = L™ hence
Ag“) = Bg“) + L which implies the representation since (Z, tZy ) = Ag“). O

8.8.3. Law de &1. The Bessel 3 with drift v can be defined as
o) = WP () + W3 (1) + W3 (1) + tv]
where Wy, Wy, W3 are three standard independent Brownian motions.

Corollary 3.46. For 0 < p <1, & has the same law as Suptzo(ggl_”) —t).

Proof. By [33], ggl_” ) has the same law as PalBt(l_“ ), so the claim follows from
(2) of Theorem when 0 < p < 1, and by continuity also when p = 1. O

One has, when p =1,
+o00

1 €oan—1 t €2n
G=32
n=

Its distribution is studied in [2] where it is symbolized %222. Its Laplace trans-

form is )
A
E(e™221) = I
( ) sinh?(mv/\)
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and its distribution function is (cf. Table 1 in [2])

+0oo
F(z)=1+2 (1 - dkz)e 2
k=1

so in this case, Corollary is also given in the exemple 20 of [3§].
When p = 1/2,
+oo

2en,
b= Z n(n+1)

n=1
Proposition 3.47. When p = 1/2, the Laplace transform of &1 is
2mA

E(ef)‘gl) - ’
cosh(my/2\ — 1/4)
its density is
“+oo
S (1) n(n 4 1)(2n + 1)e D2,
n=0
and, in law,
(@)
51 = sup EL,
n>0,i=1,2,3 T

(%)

where the e’ are exponentials independent random variables with parameter 1.

Proof. 1t is easy to see that, using the formula

400 2

z
coshmz = (1 + 422 1+——),
e 10 )
one has
+oo
2\ 27
E e*)\gl — 1_|_ -1 — )
( ) g( n(n + 1)) cosh(my/2\ — 1/4)
Let

—2}2 (2 + 1)~z (m2)?,

One knows (e.g. [2]) that 1/cosh /2] is the Laplace transform of 7g(w2z)/2.
Hence

/ e~ Az :v/8 )d.T _/ —Az(ea;/8g(x))/ dz,

by an integration by parts. Computing the derivative (e*/8¢g(x))’ gives the den-
sity. By integration, the distribution function is

cosh 2/\ — 1/4

+oo
Z(_l)n(2n + l)e—n(n+1)m/2
n=0

which is equal to [[02;(1 —e~"®)? by a formula of Jacobi (Thm 357 of [19]). O
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3.9. Convergence of the dihedral highest weight. In this subsection, we
prove the convergence of the dihedral highest weight to the conditioned space-

time Brownian motion {AE“ )t > 0} that we have used before. Let 0 < p < 1
and m > 1. We consider the planar Brownian motion W (/™) and

Ap(t) = PR m/min (),

Theorem 3.48. As a process, {TmAm(t),t > 0} converges in law to {AE“),t >0}
when m — +o00.

We will prove this theorem after the following proposition. Let {Z;,t > 0},
be the conditioned Brownian motion in [0, 1] starting from g (as defined in [5.1]).

Proposition 3.49. For m € N, let X"t > 0, be the R?-valued continuous
process such that X, is the conditioned planar Brownian motion in the cone
Con, with drift v = m2e"™/™ where 0 < u < 1. One writes in polar parameters
X{" = R" expinb}",
R > 0,07 € [0,1/m]. Then, when m — 400, as processes,
mOy" — Zy jr2g, B — T

Proof. The process X", ,t > 0, is an example of Dunkl process introduced in
[36] 37]. More precisely it is a radial multidimensional Dunkl process with drift
(see also [7], [14] and for the case with drift [I8], here we are in the case where the

multiplicity k = 1). Therefore, the process R, is a Bessel process of dimension
2(m + 1) with drift m?, starting from 0. In other words, one can write

(R0)? = (m2t 4 Bi(1)® + -+ (By(2(m + 1))

m2t
where Bi(1),-- -, Bi(2(m+1)) are independent standard real Brownian motions.
Since
2(m+1)
E( Y (Byme(k)? = 2t(m +1)/m’
k=1

tends to 0 as m — 400, R converges to ¢ in L'. It is shown in [I8] that the
process Y; = X, has the time inversion property, in the sense that tY; ; is the
conditioned planar Brownian motion in C,, without drift but starting from the
drift . Using its skew product decomposition, one can write

+o0 1
W&:Zzt = U;?m, Wlth "}/;n = / Thm N2 dS,
t (Ry)

where the process 07" is a solution of the following stochastic differential equation
do{" = dB; + mcot(moy")dt

where B is a Brownian motion independent of R™ and o(" = pum/m (see [14]).

One remarks that Z; = %0‘;22 Jm? satisfies to

(3.20) dZy = dpy + 7 cot(mwZy)dt

for another Brownian motion (3, and is therefore the conditioned Brownian mo-
tion in [0, 1] starting from p (see (5.1)). As m — +oo,

1 [T 1
"= —= ——du
’Yt/mQ m2 /t (R;?’L/m2)2



26 PHILIPPE BOUGEROL AND MANON DEFOSSEUX

m
m

is equivalent to 1/tm?. Therefore m@* = Toy

converges t0 Zy /2. (]
t/m?2

Proof of Theorem [3.48. Let XJ* = -L A, (7%t). Since

mT

1 m/Tm
— W = (B, + m®t, By + mynt),

mm Tem2t
one sees that X, is the conditioned planar Brownian motion in the cone Cp,
with a drift equivalent to m2e’™/™_  QOne writes its polar decomposition as
X" = R expimd]". Using the continuity of the solution of with respect
to the initial condition, we see that Proposition [3.49] also holds when the drift
is only equivalent to m2e’™/™. Therefore mb" — Z) x> and Ri" — t and

TmAm (t) = (772R;7/17r2 cos(w@f}ﬁg), me?}wg Sin(ﬂ'e?}ﬂg))

converges in law, as a process, to (t,tZ; ;) which has the same law as Ag“ ) O

4. SOME ASYMPTOTICS FOR REPRESENTATIONS OF THE AFFINE ALGEBRA A%

As we said in the introduction, there are strong links between what we have
done and the affine Lie algebra A}. In this section we will see that some quantities
we have met occur in the description of some semi-classical limits of highest
representations of A}. In particular a kind of Duistermaat Heckman measure is
given by the conditional law of the space time Brownian motion. The asymptotic
behaviour of the infinity crystal B(oo) of Kashiwara, for large weights is given
by our Verma string coordinates &.

4.1. The Kac Moody algebra A]. We consider the affine Lie algebra A}. For
our purpose, we only need to consider a realization of a real Cartan subalge-
bra. We introduce, as in the introduction, hg = Spang{ai,c,d}, and b =
Spang{Ag, 1,0}, where &3 = (0,1,0), ¢ = (1,0,0), d = (0,0,1), and Ag =
(1,0,0), g = (0,2,0), § = (0,0,1). We let &g = (1,—1,0) and a9 = (0,—2,1),
so that ¢ = @g + &1 and § = ap + a;. Notice that these ay and a7 project on
the ones given in by the projection on by /Ré which we identified with V.
Also ag, &y project on the ones given by their projections on hr/Rd, identified
with V. Usually a; and «g are called the two positive simple roots and &; and
& their coroots. One considers the set of integral weights

P={\ebgp:AN&)€Z,i=0,1},
and the set of dominant integral weights
P, ={\ebgp: AN&;) eN;i=0,1}.

For a dominant integral weight A one defines the character of an irreducible
highest-weight representation V()\) of Al with highest weight )\, as a formal
series

(4.1) chy = dim(V(\)g)e’,

BeP
where V(A)g is the weight space of V(\) corresponding to the weight 3. If we
let e#(h) = €8, for h € bg, and evaluate this formal series at h, the series
converges absolutely or diverges, and it converges if and only if 6(h) > 0. For
more details about affine Lie algebras and their representations, we refer to [25].
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4.2. A Duistermaat Heckman measure. A way to define the Duistermaat
Heckman measure for a semi-simple complex Lie algebra, is an approximation of
the distribution of the weights of an irreducible representation when its highest
weight is large (see [2I]). For a compact connected Lie group, this measure
also appears as a measure associated to a coadjoint orbit. Actually this is the
pushforward measure of the Liouville measure on this coadjoint orbit by the
projection on a Cartan subalgebra.

In an affine framework it is also possible to consider a semiclassical approxi-
mation of the distribution of the weights of an highest weight irreducible module
when the highest weight is large. Let us explain how. Let > 1, for a dominant
weight A, and h, € bhgr such that d(h,) > 0, we define a measure 7, on by,
letting

(4.2) Y=y dim(V(A))e” ") 85,
BeP

where dg/,. is the Dirac measure at 3/r.

Proposition 4.1. Let (t,z) € Caﬁ’ and { )\, € N*} be a sequence of dominant
weights such that . is equivalent to r(tAg + x%L) when r goes to infinity. If for
w € 10,1] one chooses h, = %(udl + 2d) in , then, as r — oo,

~ 1 2
sp(a1) dB) ~ rm? /4 (s+p)x ¢
/hﬂ*ie ’YT'( 5) ﬂ'\/ﬁe € QOSJrM( ,.’E)

Proof. One has for any v € b,

v v
[0 = s, (25 ).
The Weyl-Kac character formula implies that

inh 1 2ak 9 —b(k(m+1)+k?(n+2))
hy (ady + bd) = > rez sinh(a(m + 1) + 2ak(n + 2))e 2 |
> pez sh(a + dak)e—blk+2k%)
for A\, = nAo +mS, with (m,n) € N? such that 0 < m <mn,a € R, and b € R%
(see [I1]). For A, equivalent to r(tAg + zay/2), v = say, and hy, = (uoy + 2d),
one has immediately that the numerator of the character chy(? + h;) converges
towards

sin(s + u)m
6(8+u)r(ﬂ“)%+u(t’ z),

when r goes to infinity. Besides Lemma implies that the denominator of
the character is equivalent to

Vare 1™ sin (s + ),

which finishes the proof. O
We denote by v, the probability measure on bg
. 1
T Ch)\y‘(hr)fy’/"

The theorem below states that the conditional measure of Theorem [3.43] can be
interpreted as a kind of normalized Duistermaat Heckman measure.
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Theorem 4.2. Under the hypotheses of Proposition the sequence of the
push forward probabilities of {v,,r > 1} by the quotient map from b to b /Ro

converges to the law of Bg“) conditionally to Ai“) = (t,x) when r goes to infinity.
Proof. This follows immediately from Theorem and Proposition O

Remark 4.3. Frenkel has shown in [17] that the law of a Brownian motion on
su(2) indexed by [0,1] given the orbit of the endpoint of its wrapping on SU(2)
plays the role of normalized Liouville measure on a coadjoint orbit. Identifying
su(2) and its dual, the Duistermaat Heckman probability measure appearing as a
limit measure in Theorem[{.3 is actually the projection of this law on a Cartan
subalgebra of su(2).

4.3. Asymptotics for the crystal B(oo) of Al. The infinity crystal B(oo) of
Kashiwara ([20]) is the crystal associated with the Verma module with highest
weight 0. It is important since any irreducible highest weight crystal may be
obtained from B(oco). It is shown in [31] that using string parametrizations, a
realization of B(o0) is given by

B(co) = {z € NV; for some n € N,% > %
Notice that the only condition on z is g € N. For z € B(o0), we let

>..> 5 S0 2 =0 for k> n).
n

n
o(z) = Zxkak € by,
k=0

when zp = 0 for £ > n. Then —o(z) is the weight of z in the crystal B(oo) (see
[26]). Notice that (3.11]) holds modulo §. For p = 2d + &;/2, we define

+oo
s(2) = Y ap = o(2)(p).
k=0

The character chy, of the Verma module is defined as in (4.1]), and one has
that (see chapter 9 of [25]),

(4.3) choe = J] 1 =e?)7,
BER L
where

(4.4) Ry ={a; +nd,i=0,1,n € N} U{nd,n € N*}

are the so called positive roots. As previously, if we let e (h) = e (h) for h € b,
and evaluate the formal character at h, it converges if and only if §(h) > 0. Let
r € R%. On each element x of the crystal B(co) we put the Boltzman weight
e=5@)/7 Then
Z, = Z e=*@/" = cho (p/7)
z€B(00)
and we introduce the probability distribution 5, on B(o0) given by
e—s(@)/r

Br(x) = 7 x € B(o0).
T
Since B(oo) is a subset of I' we consider (3, as a probability on I". By the
convergence in distribution below we mean the convergence of finite coordinates.
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The following theorem indicates that the affine Brownian model describes an
asymptotic (or continuous) version of the infinity crystal B(co) for the affine Lie
algebra Al.

Theorem 4.4. Let x" € I',r € N, be random variable with distribution (.
Then X" /r converges in distribution on I' to the law of the Verma parameter &
of B1/2),

Proof. We use the results on anti-lecture Hall compositions recalled in Let
us first prove that xj/r converges in law to &;. For ¢ = e 17 it follows from

(©-9), (5.10) that
. ZzéB(oo);zlgar qS(:c) _ ZAEAOO;/\lgar q|>\‘
> weB(oc) ) S e @

1 _ _ _ _ _
=1, (@e “0*)oo(€ G €)oo (€7 0% €0 ) oc

1
Since (¢; 7 %?) oo is equivalent to (1 — q)(e~% e~%) one has, by Proposition

[e.e]
. Xq _ ( —a._ —a\3 __ —na\3 _
tim POY <) = (e = [[( - e =Bl < )
n=1
So x| /r converges to &;.
We now consider the full sequence xj./r,k € N. First it is clear that xq/r

converges in law to £. For any r and n > 1, one has

T T T
Xy Xy X
1 = 2 = - n
which implies that for any n € N, the collection of laws of (%X’l’, . ,%X;)Do

is tight. By Cantor’s diagonal argument, we construct an increasing sequence

1 w(r)

o(m Xk k> 0)
converges in finite dimensional distribution when r goes to infinity. Let us denote
by (xk,k > 0) the limit, and let us first prove that {xx/k — xx+1/(k+1),k > 1}

has the same distribution as {2¢;/k(k + 1),k > 1}. For x € B(c0), one has

o(r) € N,;r € N, such that the sequence of random variables (

o0

PO = z) = chwl(}ﬁ)e_ixo klle—;(kxk_l—(k—l)xk)l{l;k:ll_Ikk}
L Tl e T D) - R G )DL
Chm(%[’)e k:1e ‘ {zezlk557 1)
Asfork=1,--- ,n,
o3 < e*ylr(kf%mf(kfl)xk) <1,
one obtains for n € N and tg,--- ,t, € Ry,
T c T[T
Gl +o() <« TS I 20 o)

where C(r) is independent of ty,--- ,t,, and where Yj and Y/, k = 1,--- |n,
are independent geometric random variables with values in N, and parameters 1
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and e~ k;;l, k=1,---,n. This proves that for any n,
1,1, . k
- - 1<k<
rXO’ T(Xk: [k—l—IXkHD SRZN,
converges jointly towards e, mek, 1 < k < n, when r goes to infinity. Besides
. 1 o(r) k
1 = Xk — .
Jim SO(T)( [kaHJ) Xk = g Xkt

Thus, for k£ > 1, %Xk — k%rlxlcﬂ, are independent random variables with the
same law as ﬁsk. The positive sequence xi/k is decreasing. Let S be its
limit. We has the identity in law, for all £ > 1,

+oo
Xk 2en
= —+ 5.
I
We have proved that in law 1 = &1, so S = 0 which finishes the proof. O

Recall (Corollary |3 that L1/2) = (0, D'/?) where the density of D/? is
1/(m coshx).

Proposition 4.5. When r goes to infinity, in law,

(1) The normalized weights o(X")/r converges to L/?) in the quotient space

by, /RS.
(2) The coordinate of o(x")/r along § goes to infinity.

Proof. In view of (4.4), the expression (4.3) of the character shows that, in
distribution,

o(x") =Y _(Go(n)(ag + nd) + G1(n)(en + nd) + Ga(n)(n + 1)5),

n>0

where G;(n), i = 0,1,2, and n € N, are independant random variables such
that Go(n), G1(n) and Ga(n), are geometrically distributed with respective pa-
rameter e (@0119)(0) o—(1+n0)(5) and ¢~ (+1)(A) i e. with respective parameter
e 21/ /1 o =2(n+1/2)/r anq e=2(n+1)/7 The proposition follows easily. O

5. APPENDIX

5.1. The conditioned Brownian motion in [0, 1]. We recall some well known
facts about the Brownian motion conditioned to stay forever in the interval [0, 1].
It first appeared in Knight ([28]), called there the Taboo process, as the limit
when ¢t — oo of the standard Brownian motion conditioned to reach the boundary
after time ¢. To define it rigorously, consider the Brownian motion in [0, 1] killed
at the boundary (its generator is half the Laplacian with Dirichlet boundary
condition). Its maximal eigenvalue is 72/2 with eigenvector

h(z) = sin(7x),

called the ground state. This function A is m2/2-harmonic, and we consider the
h-Doob process {Z;,t > 0}. It is the Markov process with transition probability
density ¢;(z,y) given when x,y € (0,1) by

sin
) = ST

sin(mx) (@, y),
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where u;(x, y) is the transition probability density of the killed Brownian motion.
Definition 5.1. We call Z; the conditioned Brownian motion process in [0, 1].

It can also be viewed as the diffusion with generator

1 d?
> da2 + WCOt(Fl’)%

in [0,1]. It is well known (and follows from the reflection principle), that, for
z,y € (0,1),

(51) ut(‘r)y) = Z(pt(x + Qk,y) - pt(_x - 2k7y))7
keZ

where p; is the standard heat kernel ([24]). Using the Poisson formula, or the
spectral decomposition of the generator,

(5.2) ur(z,y) = Z sin(nmz) sin(nﬂy)e*”%zt/?.
nez

By scale function techniques, one sees that 0 and 1 are entrance non—exit bound-
aries. In other words, Z; can be started form the boundaries and do not touch
them at positive time. The entrance density measure from 0 is the limit of
¢ (x,y) when z — 0, which is for y € (0,1), by (5.2),

(5.3) q:(0,y) = sin(my) Z n sin(nﬂy)e—%ﬂ(n?_n‘
nez

Let us remark that Z; can also be defined by the latitude of the Brownian
motion on the 3-dimensional sphere ([24] Section 7.15) or the argument of an
eigenvalue of the Brownian motion in SU(2). The boundaries behaviour is also
clear from this description. Another interpretation is given by the distance be-
tween two non colliding Brownian motions on a circle ([22]). A natural question
is to extend our results to more than two points on a circle, or in other words to
consider the affine Lie algebra A} n > 2.

5.2. The conditioned planar Brownian motion in the dihedral cone C,,.
It is given by the two dimensional Brownian motion starting from 0 conditioned
to stay in the cone C,, forever. It is rigorously defined in 5.1 of [3].

5.3. The conditioned space-time Brownian motion in C,g. We fix some

w € [0,1] and define rigorously the process Ag“ ),t > 0, which is the space time

Brownian motion with drift x4 starting from (0,0), namely
B® = (t, B, + pt)

(where (B) is the standard real Brownian motion), conditioned to stay forever
in the affine cone

Cog =1{(t,z) Ry xRy : 0 <z < t}.

Let {K/',t > 0} be the space-time process Bg“ ) Killed at the boundary of Caﬁ'

This is the process in the cone with generator % + %(%22 + u% and Dirichlet
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boundary condition, and let u}’ be its transition probability density. Using the
Cameron-Martin formula and [12], Proposition 2.2,

(54)  ul((s,2), (t +5,y)) =e"ED TG (s, 2), (t + 5, y))

(5.5) = Z 6_2(lm+k28)(e“(2k5+z)pf($ + 2ks,y)
keZ
- 67#(2k8+x)p?(_‘r - 2k87 y))u

where p)' is the standard heat kernel with a drift . The function ¢, defined on
R% xR by

inh(u(2kt
(5.6) ou(t,x) =e M Z i S(ll:lE 7r)+ x))e*wm”“%), t>0,z €R,
kEZ K

when 0 < p < 1 and by continuity for u = 0,1, is a space-time harmonic for the
killed process K(*), non negative on C, and vanishing on its boundary [T1].

Definition 5.2. For 0 < p < 1, the continuous Markov process {Ag”),t >0} in
C’aﬁ, with transition densities

(5.7) (s 2), (s + t,)) = PETED i 0y (5 1 1,)),
(PM(S"T)

for (s,z),(s+t,y) € Cajj‘ and entrance measure
(5.8) @((0,0), (1:9)) = pult,y) sin(m)e 3 v
for (t,y) € Caﬁ 18 the space-time Brownian motion conditioned to stay in Caﬁ'

Lemma 5.3. For 0 < s <t,

1.2

_1 1,
u oy p(y/t)s)e 2 = ud ((s,2), (ty))e 2"

Proof.

u?/sfl/t(y/tv .CE/S) = Z(pl/s—l/t(y/t + 2k, I'/S) - pl/s—l/t(_y/t — 2k, x/s))
keZ

ps(O,:):)
=" BT (g @,y + 2kt) — pe_s(x, —y — 2kt
kEE 0.y 2]mt)(pt (z,y ) = pr—s(w, —y )

5(0, 2 —2kz—2k?s
_b (0,2) Z o~ 2ka—2k? (pt—s(x + 2kt,y) — pr—s(—z — 2ks,y)),
pt(oay) keZ

which gives the lemma, by identity ([5.5)). O

Lemma and (5.2) imply the following lemma.

Lemma 5.4.
. 12
qe(w,y) = crsin(my)e 20 o (1/t,y/t).

Theorem 5.5. For u € [0,1], the processes {Ag”),t >0} and {(t,tZ,),t > 0},
where Z starts from p, are equal in law.
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Proof. We let Xy = tZ,),,t > 0. For 0 < t; < - < ty, the quantity P(X;, €

dxi,- -+, Xy, € dzy,) is equal to
x Tn Tp—1 To T1
qi(/ﬁ’l)q 1 _L(fn, n Yorrqa_a (==, —=)dxy---dxy,.
tn tn " tho1 tn tp tp—1 ity 1

We conclude by Lemmal5.4] for the first factor and Lemmal5.3 for the others. [

Since we have described in a precise way the boundary behaviour of Z;, the

one of AE“ ) follows from this theorem.

5.4. A property of Pitman transform for piecewise C! paths. As men-
tioned in the introduction, the need of an infinite number of Pitman transforms to
represent the space-time Brownian motion in C, g is due to its wild behaviour.
The situation is much simpler for regular curves, as shown by the following
proposition. Let 7(t) = (¢,7(t)) be a continuous piecewise C! path such that
m(0) = 0.
Proposition 5.6. For any T > 0, there is an n such that for all t € [0,T],
Pan tee ,PQQPCYlT’(t) S Caﬁ.

We use the notations of Section [2] It is equivalent to prove that there is an

n > 0 such that
0<P,---PoPrim(t) <t,
for all ¢t € [0,T]. Let 71 (m) = inf{t > 0;7m(¢) < 0} and 7o(7) = inf{t > 0;7(t) >
t}, and let |7’| be the supremum of the left and right derivatives of 7 on [0, 7.
Lemma 5.7. (1) Si |7'| < M, then
|Pi7’| < M, and |Por’| <2+ M.
(2) Pour 0 <t < 1i(m) A 7o(7)
Pim(t) = Por(t) = w(t).
(3) There is an n > 0 such that
0< (Pn---PoPim)'(0) < 1.

Proof. (1) and (2) are straightforward. For (3): if so(x) = —x and s1(z) = 2 —=,

for i = 0,1, P;w'(0) = s;7/(0), and it is well known that one can bring any real
into [0, 1] be the actions of sy and s;. O

Lemma 5.8. Theorem holds when Ti(m) A To(m) > 0.

Proof. By symmetry it is enough to consider the case where 7 (7) < 79(7).
Let m = Pym,mg = Pomy, w3 = Pima, -+ and a1 = 7(7m),a2 = 70(m1),a3 =
T1(m3), -+ +. By (1) of Lemmal5.7} |r},| < M + 2n so, by the mean value theorem,
|Ton (a2n41) — Ton(a2n)| < (M + 4n)(a2,41 — a2n)
|Ton+1(a2n42) — Tont1(aznt1)| < (M 4 4n + 2)(a2n42 — a2n41)

One has mop(az,) = aon, Ton(a2n+1) = 0,mont1(a2n+1) = 0, mont1(a2n42) =
azn+2, thus
M+4n+1 >M—i—4n—|—2

M+4n U= A un 11
and a, > T for n large enough. O

a2p41 = A2n41,
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Proof of Proposition[5.6, Using (3) of Lemma one can suppose that 0 <
7'(0) < 1.When 0 < 7/(0) < 1, then 71 (7) A 79(7) > 0 and we can apply Lemma
If for instance #«'(0) = 0, let n = Pyw. Then 1/(0) = 0, and n(t) > 0
for t > 0. In that case 71(n) > 1, and 79(n) > 0. Indeed otherwise there is a
sequence t,, decreasing to 0 such that n(t,) > t, and 7’(0) is not 0. So we can
also apply Lemma [5.§ O

5.5. Anti-lecture Hall compositions. The set Ao, of anti-lectures Hall com-
positions is defined in [8] as the sets of sequence of integers A1, Ag, - - - such that,

for some n € N,
1. A2 An
22> 5
1=2 T 7
and A\, = 0 when p > n. So we see that
AOO:{(A17A27),(O))‘17)\2;)GB(OO)}

For A= (A1, A2+, A, 0,0,--+) € A, let [N\ = D1, A It is shown, see [8] 9]
and (1.2) and (1.3) in [6], that for 0 < ¢ < 1,

(5.9) Z q\)\| _ (—¢ @)oo

N (% q)
N (G Do (@ ) oo (P 652 0 (625 67 o
(5.10) oo g
: — | |
AEA N <k (¢ Q)oo

where (a;¢)o0 = [[12 (1 — ag™).
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