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Abstract

The integration of electromechanical actuation systems for aerospace applications requires additional thermal stress considerations
during the preliminary design, which were not necessary within the hydraulic technology. The favored models during this design
phase are simple, continuous and explicit mathematical expressions to enable easy analytical manipulations or implementations in
worksheets or optimization loops. The paper shows how such models can be obtained for the desired applications, illustrating the
example of a Limited Angle Torque Motor (LATM) with different cooling strategies. The used method for gathering the models is a
regression process on data obtained by finite element simulations. The originality of the method stands in the physical insight of
the regression function which is based on scaling laws and dimensional analysis. An example of preliminary design of a LATM
illustrates the use of the obtained models for the comparison of two possible architectures intended to minimize the mass of the
actuator by implementing different cooling strategies.
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Abbreviations

3D three-dimensional
DDV Direct Drive Valve
DoE Design of Experiments
LATM Limited Angle Torque Motor
RMS Root Mean Square
SLAWMM Scaling-LAW-based MetaModels

Nomenclature

β air thermal expansion coefficient [1/K]
∆θ difference between the winding temperature and bulk

temperature of the fluid [K]
λ fluid thermal conductivity [W/mK]
µ fluid dynamic viscosity [kg/ms]
πi dimensionless numbers [−]
ρ fluid density [kg/m3]
ρCu copper density [kg/m3]
ρel electrical resistivity [Ωm]
τ copper volume fraction in the copper-resin mixture [−]
θ temperature [◦C] or [K]
ϕ heat flow rate density [W/m2]

∗Corresponding author. Tel.: +33 (0)5 67048823; fax: +33 (0)5 61559950
Email address: ion.hazyuk@insa-toulouse.fr (Ion Hazyuk)

Br remanent induction of the permanent magnet [T ]
Cp fluid specific heat capacity [J/kgK]
D motor diameter [m]
di geometric dimensions [m]
e air gap of the motor [m]
g gravitational acceleration [m/s2]
Gr Grashof number [−]
h global convective heat transfer coefficient [W/m2K]
J current density [A/m2]
L motor length [m]
M mass [kg]
Nu Nusselt number [−]
Pr Prandtl number [−]
Q heat flow rate [W]
Re Reynolds number [−]
S motor external surface [m2]
T electromagnetic torque [Nm]
TL linear electromagnetic torque [N]
U kerosene velocity in the motor air gap [m/s]
VCu volume of the copper [m3]

1. Introduction

1.1. The context

The distribution and the transformation of the electrical energy
on-board of embedded systems progressively replace hydraulic
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Figure 1: Examples of electrical power transformation in aerospace applications:
(left) Spoiler electromechanical actuator on Boeing 787 from MOOG [4], and
(right) electromechanical thrust vector control of the Vega launcher [5]

and pneumatic power segments (fig. 1). The more electric air-
craft concept illustrates this trend with systems for flight control,
braking, engine start, air conditioning, deicing, etc [1]. Aircraft
engines can be then optimized while taking advantage of elec-
trical network reliability and ease of maintenance of electrical
systems. However, this technology also keeps its own weak-
nesses, among which are the hard thermal constraints. While
within hydraulic technology the hydraulic fluid helps to dissi-
pate the heat generated by the losses, in the case of electric
technology the heat remains rather localized. This requires addi-
tional, thermal stress, considerations during the design, which
may be critical in some cases. For instance, electric motors and
their associated converters are often sized on thermal criteria
[2]. Electrical network on the aircraft is also strongly thermally
constrained, especially if the neighboring airframe is in com-
posite material [3]. Thus, the technological change requires the
integration of the new constraints in all the stages of system
design.

1.2. Necessity of simple algebraic models in preliminary design

As shown in the V-cycle diagram (fig. 2), different types of
models are used during the developing process of a mechatronic
or more electrical system [6]. In the descending phase of the V-
cycle, the system is gradually defined and the detail level of the
models increases accordingly. During the specific design stage,
the various components of the solution concept are fine-detailed
and their three-dimensional (3D) simulation models can be built
up. The aim of these 3D models is the precise evaluation of the
developed components by performing local computations (finite
element method, etc). Finally, during the integration phase of
the process the various components are assembled to form the
solution concept and validate its performance. To do this, the
highly detailed 3D simulation models are transformed into, less
detailed, macro 0D/1D models to perform physical simulations.

Preliminary design is situated on the descending branch of
the V-cycle. During this stage, the designer should be able to
narrow down to a single candidate solution out of a bunch of
possibilities. This process may involve a number of steps such
as the choice of one or several candidate concepts/architectures,
rough sizing of the components, multi-criteria optimization of
the components, comparison of the different solutions and their
evaluation with respect to the initial performance requirements.
The aim of this stage is to take strategic decisions early in the
project, thus avoiding to waste time and money for the detailed
design of solutions that in the end may turn to be unfeasible or
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Figure 2: V-cycle diagram for the design of a mechatronic system and its
associated modeling

far from optimal. Therefore, the following features are crucial
for the models used in this stage:

• simple – to gain rapidity and easy handling, i.e. simple al-
gebraic or ordinary differential equations that can be easily
implemented in worksheets or optimization loops;

• explicit – to enable analytic manipulations that provide
direct access to the main integration parameters (mainly
weight and geometrical parameters) disposing of very little
input information (usually functional requirements);

• continuous – at least in the range of conventional parame-
ter variation for the given application, which is especially
useful for the optimization.

Since the operation of even a single component may touch on
several physical fields, its sizing is often performed within an
optimization process. During this process, particular attention
is granted to various hard constraints, also called design drivers,
because they restrain the space of possible solutions. They alone
may eliminate some candidate solution, by this also significantly
reducing the optimization task. In the case of electrical power
transformation, thermal constraints are frequently among the
design drivers [2].

Note that today a wide range of tools are available for the
simulation of the thermal behavior, which are based on finite ele-
ment/volume methods. However, all of them require a precisely
defined geometry. Consequently, they can be used in the bottom
stage of the V-cycle, or even during the ascending phases via
model reduction techniques, but they are totally unsuitable for
descending phase, i.e. the preliminary design.

For the early design stage, a preferred approach may be the use
of analytic/semi-empirical laws elaborated for basic geometries
such as vertical/horizontal plane surfaces [7, 8], cylinders [9–
11], cubes [12] etc. Two aspects may favor this approach. Firstly,
at this stage the system component geometries can be replaced
by very basic ones such as parallelepipeds and cylinders (see
fig.1 right: cylinders for the motors and parallelepiped for the
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converters). Secondly, these laws can relate some geometrical pa-
rameters and physical properties of the component/environment
to the global parameters such as thermal flows, temperature
differences, heat transfer coefficients, etc. However, the dimen-
sional parameter is usually a single ”characteristic length” of
the body, which gives models valid for limited ranges of the
body aspect ratios. At best, some authors provide tables of coef-
ficients to be used in the formula for different aspect ratios [11].
Moreover, the given models are valid only for particular topo-
logical and boundary configurations. This is not advantageous
in preliminary design because the dimensions are actually the
searched/unknown variables. Then, since the model to be used in
preliminary design is not the same for different variation ranges
of the searched variable, it is impossible to know beforehand
which model has to be used.

Another possibility is to use the same technique that is used
during the integration phase of the design process, i.e. model
reduction [13]. Here, as shown in fig. 2, the 3D models are
transformed in lumped parameter models for the assessment
and validation of system specifications. Thus, one can use this
knowledge to generate relations between the integration param-
eters (geometrical dimensions and masses) of interest and the
functional parameters (torque, inertia, heat transfer coefficient,
etc.). One way to do this is the use of the metamodeling concept
[14, 15]. It supposes to generate a Design of Experiments (DoE)1

on a particular case study for which the integration parameters
are varied, and then fit a regression model on the obtained data.
The problem of the regression models such as polynomial, Gaus-
sian RBF or Kriging is their nonphysical basis which in some
cases gives poor predictive capability outside the DoE used for
their construction [17]. Nevertheless, a recent paper has shown
that if a physical base is used for the regression, the fitting gives
simple relations with acceptable predictive capability outside
the DoE [17]. This technique is therefore used in this paper.

For the sake of clarity, the basic principles of the used tech-
nique for the research of the regression expression are restated
in the second section. The third section briefly describes the
application for which the models will obtained and tested. The
fourth section presents the thermal model construction. Finally,
an example of the utilization of the obtained models is given in
the fifth section.

2. Scaling laws, dimensional analysis and metamodels

This section describes the fundamentals of a particular
form of metamodels: the Scaling-LAW-based MetaModels
(SLAWMM), which in our opinion are essential for the under-
standing of the paper body. For an in-depth description of the
regression process, the readers are invited to consult [17].

1Design of experiments is a branch of statistics that deals with the planning
of a number of tests to be conducted in order to obtain a good quality mod-
els after the regression analysis. Its result is a minimal number of optimally
spread configurations for which experiments should be conducted. An in-depth
explanation of this tool can be found in [16]

2.1. Scaling laws and dimensional analysis
Scaling laws based on dimensional analysis, also called sim-

ilarity laws or allometric models, have been very successfully
used throughout the past decades for solving scientific [18] and
engineering problems [19–22] and for presenting results in a
compact form. The mathematical form of scaling laws is a power
law:

y = kLa (1)

where y is the secondary characteristic to be estimated, L the
main characteristic length of the component, and k and a are
constants. Equation (1) is valid only under material similarity,
geometric similarity and uniqueness of the design driver assump-
tions, as demonstrated in [17] using the Buckingham theorem
[23–25]. To illustrate the construction and the use of such laws,
a simplified example addressing brushless motors is described
hereafter. The objective is to evaluate the mass of the motor as a
function of the rated torque.

For magnetic aspects, the torque T can be linked to the main
characteristic length and current density through

f

T, L, d1, d2, . . . , dn︸             ︷︷             ︸
n+1

, J, Br︸︷︷︸
m

 = 0 (2)

which, according to the Buckingham theorem, leads to

f ′

 T
JBrL4 ,

d1

L
,

d2

L
, . . . ,

dn

L︸            ︷︷            ︸
n

 = 0 (3)

The construction of the first dimensionless number T
JBr L4 is ex-

plained in Appendix B. By Assuming geometrical similarity
(the aspect ratio is constant during the size change) the following
relation is obtained:

T = k1JL4 (4)

where J is the current density, L the length of the motor, di other
geometrical dimensions, Br the remanent induction of the per-
manent magnet and T the electromagnetic torque. It is assumed
here that the main design criterion for the motor is the wind-
ing temperature [2]. If convective heat transfer characterized
by a constant global heat transfer coefficient h is the dominant
thermal phenomenon, the current density J can be linked to the
dimensions through:

f

J, L, d1, d2, . . . , dn︸             ︷︷             ︸
n+1

, ρel, θ, h︸  ︷︷  ︸
m

 = 0 (5)

which, according to the Buckingham theorem, leads to

f ′

ρelJ2L
hθ

,
d1

L
,

d2

L
, . . . ,

dn

L︸            ︷︷            ︸
n

 = 0 (6)

The construction of the first dimensionless number ρel J2L
hθ is ex-

plained in Appendix B. Assuming geometrical similarity:

J = k2L−0.5 (7)
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Figure 3: Brushless motor masses according to the nominal torque [26, 27]. The
reference point corresponds to the motor whose data where used in the scaling
law (eq. (9)) to evaluate the constant k5.

where ρel the resistivity of the copper and θ the maximal tem-
perature rise for the winding insulation. Combining these two
aspects, modeled by eqs. (4) and (7), one can obtain an estimate
of the torque depending on the motor size:

T = k3L3.5 (8)

The motor mass can be estimated assuming material and geo-
metrical similarity:

M = k4L3 = k5T 3/3.5 (9)

Figure 3 compares the eq. (9) with data from industrial cata-
logs. It shows that scaling laws can provide good trend for the
quantities of interest for such components.

2.2. Scaling-LAW-based MetaModels (SLAWMM)
To maintain the physical meaning and the benefits of scaling

laws, the regression model will be based on the power form from
eq. (1). However, to eliminate the assumptions of geometric
similarity and uniqueness of design driver, estimation models of
the following, more general form will be sought:

y = f (L, π1, π2, . . . , ) = k(π1, π2, . . .)La(π1,π2,...) with πi =
di

L
(10)

where y is the parameter to be estimated, L is the characteristic
length of the component, di are the secondary geometrical dimen-
sions of the component and πi are the dimensionless numbers
representing the aspect ratios.

With geometrical similarity, the aspect ratios are constant
(πi = C st) and the form from eq. (10) simplifies into the classic
scaling law form, eq. (1). The desired form of the model (10)
lends itself to direct regression less easily than polynomial re-
sponse surfaces [28], product of pure power laws, radial basis
functions [29, 30], or kriging [31, 32] directly on the parameter
y. Budinger et al. [17] proposed an approach to determine the

shapes of functions k(π1, π2, . . .) and a(π1, π2, . . .) representative
of multiplicative and power coefficients.

Budinger et al. [17] tried to find an expression linking a vari-
able of interest to the main dimensions of a component. There-
fore, they defined and used only dimensionless numbers that
represent aspect ratios. The present paper, however, attempts to
express the variable of interest which depends not only on geo-
metrical dimensions but also on other physical variables and/or
properties of the used materials. Therefore, the dimensionless
numbers that will be used later in the paper will also include
physical properties.

3. Description of the case study

3.1. Electromechanical actuator and its considered cooling
strategies

Aircraft flight control surfaces such as ailerons, elevators,
flaps, spoilers, etc. are manipulated by actuation systems. They
generally employ electric motors somewhere in the power trans-
mission chain. For instance, brushless motors can be used at
various levels of the system such as :

• In compressors to generate the hydraulic power for hydro-
mechanical actuators.

• In electro-mechanical actuators to drive the screw-nut sys-
tem.

• In Direct Drive Valves (DDVs) to control hydrostatic actu-
ators, etc.

This paper focuses on the last type of applications where the
used motor is a LATM [33, 34]. An example of such apparatus
is illustrated in fig. 4. For the selection of a suitable motor,
two main aspects should be considered: (i) the motor must
be able to deliver a certain nominal torque, T , and (ii) since
the DDV is itself a closed loop system, it must ensure a given
bandwidth. In order to achieve the latter, the motor mechanical
inertia should be carefully chosen. Actually, the time constant of
the LATM dynamical model depends mainly on its mechanical
inertia (more exactly it is the ratio between the inertia and the
viscous friction). Thus, if its corresponding cutoff frequency
(the inverse of the time constant) is smaller than the required
closed loop bandwidth, the controller should have larger gains.
This will give higher amplitudes for the command which, at best,
will lead to larger energy consumption. At worst, the maximal
torque of the motor will be smaller than the maximal command
(the motor torque will enter in saturation) and the system will
not ensure the required closed loop bandwidth.

The nominal torque of the LATM depends on its size and
the maximal electrical current density. The maximal current
density, in turn, is limited by the maximum winding tempera-
ture that prevents the insulation degradation. In other words,
the nominal torque of the motor is that one which avoids the
overheating of its windings. For ground-based applications, the
nominal torque of a motor, provided by constructor catalogs, is
generally calculated for an open space at a fixed environmental
temperature, usually 25 ◦C or 40 ◦C. In aerospace applications
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Limited Angle Torque Motors (LATMs)

Figure 4: Illustration of a DDV driven by a LATM [35]

the thermal and mechanical boundary conditions may differ sig-
nificantly, which make catalog data unsuitable. Furthermore,
different cooling strategies may be employed in order to improve
the thermal behavior of a motor. The usually accepted cooling
strategies in this area on which engineers may count during pre-
liminary design are natural and forced convection. Heat removal
by conduction toward the structure via the mounting brackets
is generally prohibited. Thus, heat may be removed from the
windings either by natural convection via its housing (or via a
heat sink), and when this is not efficient enough (or the needed
heat sink is too heavy) heat may be removed by forced convec-
tion via a fluid circulating through its air gap. In both cases, the
estimation of the average heat transfer coefficient is crucial for
the preliminary design stage. Moreover, since the mechanical
inertia of the motor depends on its geometry, implicitly it is
impacted by the cooling capabilities of the motor.

The particularity of this application is that it is used for com-
bustion control of a helicopter turboreactor. Thus, since kerosene
is available nearby, if necessary, it may be used for equipment
cooling.

3.2. Modeling approach

As stated in the previous paragraph, the nominal torque de-
livered by a LATM is limited by the hot-spot temperature of
its windings. Thus, to assist the engineer in the selection of a
LATM with an appropriate cooling strategy, one would need one
or several expressions relating the nominal torque of the motor
to the hot-spot temperature of its windings for a given size and
cooling strategy. Hence the need of reduced models to predict
the electro-magnetic and thermal phenomena taking place in the
motor during its operation. This task is achieved in three steps,
as shown in fig. 5. First, electric Joule losses, Q, are evaluated
from motor geometry, materials and current density. Actually,
in electrical motors there are other sources of heat generation
such as mechanical friction and iron losses (hysteresis, Foucault
current). However, since LATMs function at small average ve-
locities (common for servo-positioning actuators), these ones
are usually low in comparison with electric Joule losses and

Dimensions

Materials

Current
density J

Thermal
environment

Coolant fluid
flow rate

Joule losses
model

(1) Thermal
model

(2) Electromagnetic
model

(3)

Q

∆θ

T

LEGEND:

input/design
parameter

model
output

input

Figure 5: N-squared diagram of the LATM modeling process

thus can be neglected. Secondly, a model is established linking
the winding temperature rise above the environmental tempera-
ture, ∆θ, and the input parameters with the corresponding losses
Q. When only natural convection is involved, the environment
represents the ambient air while in the case of forced convec-
tion, the environment is considered to be the temperature of the
cooling fluid. In the latter case, the coolant flow rate is also an
input of the thermal model. The output of this model helps to
determine if the current density J avoids winding overheating.
Lastly, a third model is established to relate the torque to the
motor geometry, materials and current density.

4. Model construction and validation

Figure 6 illustrates the sectional views of the studied LATM.
Finite element simulations were performed in COMSOL Multi-
physics. For each thermal simulation, the hot-spot temperature
of the motor windings was retrieved in order to use it for the
regression process. Similarly, the torque was retrieved from
electromagnetic simulations.

4.1. Electromagnetic modeling

As stated in the previous section, the torque of a motor de-
pends on its geometry, material properties and current density:

f (TL,D, J, Br) = 0 (11)

where TL is the linear torque, D the motor diameter, J the current
density and Br the magnet remanent induction. In the case
of LATM geometry, the torque is very little influenced by the
magnetic circuit saturation under the effect of the current density
J. According to the Buckingham π theorem, the problem can be
expressed as:

f ′(π1) = 0 (12)

where π1 = TL
JBr D3 , which implies that the motor’s electromag-

netic torque can be expressed as:

TL = kJBrD3 (13)
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Figure 6: Sectional views of the studied LATM

In order to obtain the parameter k by regression, finite element
simulation were carried out in Comsol. Since we measured the
linear torque, a planar electromagnetic model was used (fig. 6
bottom) where the air gap e varied with the same ratio as the
motor diameter D (this is an observation that can be made on
the Parvex motors range [26]) and the remanent induction of
the magnet was constant (Br = 1 T ). The mesh contained only
triangular elements and its independence on the solution has
been tested. During the motor size variation, the computational
domain always consisted of about 30 000 elements.

The value of the coefficient k in eq. (13) is obtained by regres-
sion on simulation data (k = 0.00418). These simulation data
were obtained for a five level full factorial DoE on the current
density J and motor diameter D. The variation range of the
current density J was 106 − 107 A/m2 and that of the diameter is
given in table 1. Figure 7 compares the electromagnetic torque
gathered from simulations with that obtained by eq. (13) for
two data sets (first set – ”DoE” and second set – ”Outside DoE”
ranges, indicated in table 1); the first set is used for regression
and the second set is generated only for validation purpose. As it
may be observed, eq. (13) predicts the torque based on motor’s
geometry and current density with satisfactory precision.

Similarly, the losses transformed in heat by Joule effect, are
estimated by:

Q = ρelτJ2 (14)

where Q is the heat generation rate, ρel the electrical resistivity of
the copper and τ the copper volume fraction in the copper-resin
mixture (τ = 0.4 for all the sizes).

4.2. Natural convection modeling

A previous study [17] have shown that if the windings of the
LATM are flooded in potting resin, the thermal gradient appears
essentially in the convective boundary layer. For usual config-
urations, the ratio between the convective (Rcv) and conductive
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T
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m
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(Max err. 9%)

Figure 7: Comparison of the electromagnetic torques obtained by Comsol
simulation, Tsimulation and eq. (13), Testimate

Table 1: Range of parameter variations for suspended cylinder and LATM study

Variable
DoE range

(for regression)
Outside DoE range

(for model validation)

L(cm) 2 – 6 2 – 10
D(cm) 2.5 – 10 2.5 – 12.5
π2 0.8 – 2 0.8 – 8
Gr 2 · 106 – 4 · 106 2.7 · 104 – 6 · 108

Re 12.9 – 25.8 5 – 50

Rcd thermal resistances is very high: Rcv/Rcd ≈ 15. Thus, the
temperature of the motor body is practically homogeneous. Con-
sequently, it is acceptable to consider that the heat exchange can
be characterized only by its convection heat transfer coefficient.

In day-to-day applications, the actuators are attached to a
frame or to another component. In the studied application case,
it is considered that the LATM is vertically placed on a horizon-
tal flat surface. For the study of the worst case scenario, it is
considered that there is no heat exchange between the LATM
and the support surface, i.e. adiabatic boundary conditions are
assumed on the bottom face of the motor. This is often im-
posed by the system engineer. If, for a different application, this
assumption is invalid, an additional study must be conducted
similarly to the one for the forced convection which is described
in the next section.

For this study, the finite element model built in Comsol is
axisymmetric (fig. 6 top). The simulated motor is placed in a
confined space, whose size is ten times larger than the cylinder
itself in order to eliminate the impact of confinement degree on
the hot-spot temperature. The boundary conditions are a constant
heat flux in the LATM windings and a bulk air temperature of
300 K. The following assumptions are considered for modeling
and simulation:

• The air flow around the motor is assumed laminar;

• Given the considered range of the environment tempera-
ture, the fluid properties are also assumed to be constant.
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Actually, when the density variation is small, the Boussi-
nesq approximation can be made. It assumes that the den-
sity is constant everywhere in the equations except in the
buoyancy term itself. For the latter it is considered that
ρ − ρa = −ρaβ(θ − θa), where ρ and θ are the density and
the temperature in the buoyancy term, ρa and θa are the
ambient density and temperature respectively and β is the
air thermal expansion coefficient [36];

• The copper-resin mixture composing the LATM windings
is homogeneous with a copper volume fraction of τ = 40%.
Mixture properties are calculated as suggested by [37];

• Ideal solid-solid contacts are considered in the LATM.
Thermal contact resistances are thus neglected;

• At this stage, only convective heat transfer is considered.
The radiative heat transfer is considered to be decoupled
and thus modeled by the Stefan-Boltzmann law. This as-
sumption was verified and validated by additional simula-
tions.

The mesh in the solid parts contained triangular elements and
in the fluid part contained rectangular elements. Mesh indepen-
dence on the solution has been tested.

The studied problem depends on eight dimensional variables:

f (ρ, µ, λ,Cp, gβ∆θ, L,D, h) = 0 (15)

where ρ is the air density, µ is the air dynamic viscosity, λ is
the air thermal conductivity, Cp is the air heat capacity, g is the
gravitational acceleration, ∆θ is the winding temperature rise
above the bulk air temperature, β is the air thermal expansion
coefficient, L is the LATM length, D is the LATM diameter and
h is the global convective heat transfer coefficient. The combina-
tion gβ∆θ corresponds to the Archimedes force in Boussinesq
approximation. Since the problem depends on eight dimensional
variables and four independent fundamental quantities (mass,
distance, time and temperature), according to the Buckingham
theorem the problem can be reformulated in terms of four di-
mensionless variables:

Nu = f ′(π2, Pr,Gr) (16)

where π2 = D
L is the aspect ratio, Gr =

gβϕρ2L4

µ2λ
Grashof number,

Nu = hL
λ

Nusselt number and Pr = λ
µCp

Prandtl number. Since in
this application the convection is generated by the heat produced
in the cylinder, the Grashof number is defined in terms of the
heat flow rate density ϕ instead of temperature difference ∆θ (via
the Fourier’s law). For the given parametric study, the Prandtl
number is constant. Thus, according to [17], the researched
mathematical form of the convective heat transfer coefficient is:

h = k(π2,Gr)La(π2,Gr) (17)

By replacing the expression of the Nusselt number in eq. (16)
gives:

Nu =
hl
λ

= f ′(π2,Gr) (18)

or
h = f ′(π2,Gr)λL−1 (19)

6.2 6.4 6.6
−0.8

−0.7

−0.6

−0.5

log Gr

lo
g

k

π2 = 0.8
π2 = 1.5
π2 = 2

−0.2 0 0.2 0.4
−0.8

−0.7

−0.6

−0.5

log π2

lo
g

k

Gr = 2E6
Gr = 3E6
Gr = 4E6

Figure 8: Plots in logarithmic bases of the multiplicative function k versus
Grashof number (left) and form factor (π2) (right)

Thus, the power expression is a(π2,Gr) = −1 while k(π2,Gr) =

f ′(π2,Gr) should be identified.
The regression process is performed in two steps. First, the

mathematical form of the multiplicative expression k(π2,Gr)
is identified and then the regression itself is performed on the
identified bases. To proceed for the regression, a three level
full factorial DoE was generated in logarithmic scale, whose
parameters range of variation are given in table 1 in the second
column. Using this DoE, the data necessary for the regression
process were obtained by finite element simulations.

Following the methodology described in [17], the variation of
the multiplicative coefficient k versus π2 while Gr is constant is
plotted on a logarithmic base in fig. 8 left. The same is done for
the second dimensionless number Gr in fig. 8 right. Thus fig. 8
shows that the expression of the multiplicative coefficient can be
expressed as a power law: k(π2,Gr) = AπBGrC . By performing
a nonlinear regression on the simulation data (DoE – table 1
second column), the obtained coefficients A, B and C are:

hSLAWMM = 0.61π−0.179
2 Gr0.19λL−1 (20)

The results obtained by applying the SLAWMM method are
compared with those obtained by two other correlations pro-
vided by the literature for a representative geometrical shape.
The considered geometry is a suspended vertical cylinder since
this shape resembles most to the LATM geometry. Moreover,
the same procedure is used by motor manufacturers to study the
thermal behavior of their motors [38]. The first compared cor-
relation, suggested by Minkowycz and Sparrow [10], evaluates
the heat transfer coefficient by an analytical study of the bound-
ary layer for different sizes and thermal boundary conditions.
The second one, presented in the Handbook of Heat Transfer
[11], gives an experimental correlation of the convective heat
transfer coefficient for a suspended vertical cylinder. Figure 9
compares the convective heat transfer coefficients evaluated by
SLAWMM, Minkowycz and Handbook methods. Two data sets
were used for the SLAWMM method; one set was used for the
regression procedure, and another data set is used for the evalua-
tion of prediction capabilities of the correlation. For the second
data set, the variation ranges of the parameters exceed those of
the DoE used for regression (refer to the corresponding column
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in table 1). By analyzing the results obtained in fig. 9 it can
be concluded that Handbook method does not offer sufficiently
accurate predictions for parameter variations in the range given
in table 1. Minkowycz method offers satisfactory prediction ca-
pabilities, except for some particular cases where the precision
may be unacceptable (see fig. 9 left, circled areas). These values
are obtained for π2 > 2, that is to say the motor has a large
diameter as compared to its height. In practice, such geometry
may be particularly interesting when lightweight actuators with
large torque are required (see eq. (13)). Actually, Minkowycz
method is based on the analytic resolution of the convective
boundary layer of the lateral surface of the cylinder. Thus, when
motor diameter exceeds its height, convection on the top surface
of the motor significantly impacts the overall mean heat transfer
coefficient. As shown in fig. 10, the larger the aspect ratio π2, the
higher the relative error. By contrast, in the SLAWMM method
the correlation is obtained by regression on simulation data, so
the impact of the top surface convection is still captured. There-
fore, eq. (24) offers better prediction capabilities as compared
to Minkowycz method (see fig. 10). Furthermore, in the case of
SLAWMM method, the prediction error can be decreased even
more by extending the DoE over the regions of interest, while
this is impossible to achieve within the Minkowycz method.

The importance of a simple mathematical form of the obtained
model in eq. (20) lays in its further use for preliminary design.
During this phase, the modeling process described in fig. 5 is
reversed; engineers tend to impose the maximal temperature
rise in the motor winding and calculate the maximal admissible
current density, which is then used for torque calculation. The
current density is obtained from the Newton law, where the
heat transfer coefficient should be used. Thus, since the heat
transfer coefficient in eq. (20) depends on the heat flow rate (via
Grashof number), eq. (20) cannot be used directly in this form.
Nevertheless, after some simple mathematical manipulations,
described in Appendix A, one is enable to express this coefficient
in terms of motor geometry and winding temperature rise above

kerosene flow

ax of
symmetry

flow
velocity, U

adiabatic
boundary
condition

heat
generation

Figure 11: Simulation model for the LATM in the case of internal cooling

the environmental temperature, as in eq. (21). It should be noted
that if the mathematical form of eq. (20) would not be so simple,
probably it was more difficult, or even impossible, to obtain
eq. (21).

hSLAWMM = 1.05D−0.22L−0.0753∆θ0.234 (21)

4.3. Internal forced convection modeling
For this case study the same LATM is considered except for

the fact that a fluid passes through the air gap of the motor to
cool it form inside. The used fluid is kerosene – the same one
used by the hydraulic jack (for certain applications in the prox-
imity of the reactors). Several simulation tests revealed that even
for the smallest flow rates usually encountered in this area of
applications, the heat evacuated by natural convection toward
the ambiance is insignificant as compared to the heat evacuated
by the coolant fluid. Moreover, in the range of the studied geo-
metrical dimensions and for the usually encountered flow rates,
the hydraulic and thermal entry lengths are small (max. 10%) as
compared to the size of the duct (L). Therefore, it can be consid-
ered that the flow is laminar and fully developed thermally and
hydrodynamically. Therefore, for this configuration, adiabatic
limit condition is assumed on the external surface of the LATM
(see fig. 11). Given all these assumptions, the problem depends
on nine dimensional variables:

f (ρ, µ, λ,Cp,U, L,D, e, h) = 0 (22)

where ρ – kerosene density, µ – kerosene dynamic viscosity, λ
– kerosene thermal conductivity, Cp – kerosene heat capacity,
U – kerosene velocity along the lateral surface of the LATM,
L – cylinder’s length, D – cylinder’s diameter, e – the air gap
and h – convective heat transfer coefficient. Since the problem
depends on nine dimensional variables and four independent
fundamental quantities, it can be reformulated in terms of five
dimensionless variables:

Nu = f ′(π2, π3, Pr,Re) (23)

where π2 = D
L and π3 = e

D aspect ratio, Nu and Pr Nusselt
and Prandtl numbers defined as previously and Re =

ρUe
µ

the
Reynolds number. Since the air gap of the motor varies with the
same rate as the diameter, the form factor π3 is constant and thus
it can be omitted from the analysis. Assuming small variations
of the fluid temperature, the same applies to the Prandtl num-
ber. The dimensional analysis which gave these dimensionless
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Figure 9: Comparison of the convective heat transfer coefficient for the LATM using Minkowycz (left) Handbook (center) and SLAWMM (right) methods

numbers, is conducted by considering only the heat exchange
between the lateral surface of the motor with the fluid. The
heat exchanged between the fluid and the top/bottom surfaces of
the motor are neglected at this stage. According to SLAWMM
methodology the researched mathematical shape of the heat
transfer coefficient is:

h = k(π2,Re)La(π2,Re) (24)

For the same reasoning as in the previous, natural convection,
case the power expression is a(π2,Re) = −1, which gives:

h = k(π2,Re)λL−1 (25)

Applying [17], the variation of the multiplicative coefficient k
versus one dimensionless number while the other one is constant,
is plotted in fig. 12. In this case, its mathematical form is a
polynomial:

k(π2,Re) = A0 + A1π2 + A2π
2
2 + B1Re + B2Re2 + Cπ2Re (26)

By performing the regression itself, the obtained coefficients
are:

hSLAWMM = (77 − 42.795π2 + 2.487π2
2 + 5.876Re − 0.070Re2−

− 0.295π2Re)λL−1 (27)

Figure 13 compares the convective heat transfer coefficient ob-
tained by eq. (27) with the one obtained by the Newton law, for
two data sets. The first data set was used for the regression itself
(DoE) and the second one is used for validation purpose (outside
the DoE). It can be noted that there is a group of estimates (cir-
cled points in fig. 13) that are quite far from the simulated ones.
This group is obtained for geometries with π2 = 2.6. When the
aspect ratio becomes larger, the estimation error increases even
more. Since the dimensional analysis was conducted for the heat
exchange between the lateral surface of the motor and the fluid,
this explains the validity limits of the obtained correlation. That
is to say, once the motor diameter is larger than its high, the heat
transferred by the top and bottom surfaces becomes significant.
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Figure 12: Plots in logarithmic bases of the multiplicative function k versus
Reynolds number (left) and form factor (π2) (right)

In order to extend the validity range of the model for larger
aspect ratios, the authors presume that the dimensional analy-
sis should also consider the heat exchange via the top/bottom
surfaces of the motor. This will give additional dimensionless
numbers that potentially may help to minimize the estimation
error for the usage beyond the DoE used during the regression.

5. Metamodel use for the selection of the cooling strategy

This section presents an example of the utilization of previ-
ously obtained metamodels in preliminary design of a LATM
with its cooling strategy intended for the command of a DDV in
aerospace applications. The usual requirements for such appli-
cations are the peak and/or Root Mean Square (RMS) torques,
the maximal stroke and the actuator bandwidth. Given the appli-
cation area, the mass of the actuator is also regarded. The peak
torque of a permanent magnet motor is usually limited by the
demagnetization, its RMS torque is limited by the overheating
of the winding insulation [39] and its bandwidth - mainly by the
rotor mechanical inertia. Here, the RMS torque is considered to
be the design driver because of the severe thermal environment
(next to the reactor), while the mass and the inertia are surveyed
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to remain below the acceptable limits. Thus, for the application
the following input data and objectives are considered:

• the required RMS torque is 0.1 Nm

• the maximal winding temperature is 140 ◦C

• the environment temperature is 90 ◦C

• the LATM mass M should be smaller than 200 − 250 g

• the LATM inertia I should be smaller than 10−6 kg m2

For the estimation of the mass and inertia of the LATM, the
following scaling laws are used [40]:

M = kD2L (28)

I = kD4L (29)

These laws can be used for two distinct cases:

• To check if a given motor will resist overheating in a dif-
ferent thermal environment from than which is specified in
the catalog

• To find the dimensions of a motor for a given list of specifi-
cation (torque, thermal constraints, cooling, etc.) within an
optimization loop.

The sizing procedure of the LATM can be resumed in four steps,
fig. 14:

1. Heat transfer coefficient calculation: the radiative and con-
vective (natural or forced) heat transfer coefficients are
calculated for a given motor dimension (D and L, chosen
by the user or the optimization algorithm) and a maximal
allowed temperature rise in the motor’s winding.

2. Thermal losses calculation: the maximal heat flux den-
sity is calculated using the Newton law which gives the
corresponding current density for the LATM.

T ∗ ∆θ D, L

Compute
hcv by eq. (21)

and hrd by:
hrd =

εσ(θ4−θ4a )
∆θ

Compute J by: J =

√
(hcv+hrd )∆θS
τVCuρCu

Compute T
by eq. (13)

T > T ∗

Compute M
by eq. (28)
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Figure 14: Preliminary LATM sizing by optimization and using the constructed
metamodels. In the optimization problem, T > T ∗ represents the inequality
constraint and the eq. (28) represents the objective function to be minimized

3. Torque calculation: the RMS torque of the LATM is cal-
culated using the previously obtained scaling law. If the
obtained torque is lower than the required one, the opti-
mization repeats steps 1-3.

4. Mass and inertia calculation: the motor’s weight and/or
rotor’s inertia are calculated, and according to the optimiza-
tion criteria the steps 1-4 may be repeated or not.

During the first try, with the LATM cooled by natural con-
vection, when the LATM mass was optimized, the sizing gave a
motor with the following characteristics: D = 5.56 cm, L = 2 cm,
m = 252 g and I = 9.58 · 10−6 kg m2. The obtained mass is ac-
ceptable but the inertia is too large. A second try, where the
inertia of the LATM rotor was optimized gave D = 2.84 cm,
L = 15 cm, m = 492 g and I = 4.9 · 10−6 kg m2. The rotor’s
inertia is smaller but still too important while the motor is too
heavy and its aspect ratio D/L is unrealistic (π = 0.16). Thus, a
solution to minimize the motor’s mass and inertia is to change
the cooling strategy by passing a fluid in the air gap (internal
forced convection). The considered fluid is kerosene at 90 ◦C
and a flow rate of 3 · 10−3 l/s. The minimization of the mass
gave D = 2.9 cm, L = 2 cm, m = 68 g and I = 0.7 · 10−6 kg m2.
In this case all the design requirements are fulfilled.

Even if a motor with exact sizes obtained in the last example
does not exist in catalogs, the aim is to give to the designer a
rough idea about the achievable performances when different
cooling architectures are used. For this example, the designer
can see that by changing the cooling strategy, the motor can be
more than three times lighter and its inertia can be about ten
times smaller.

6. Conclusions

This paper attempts to apply the technique of scaling laws
based metamodel construction to obtain thermal models adapted
for preliminary design of electromechanical actuation systems.
An adapted model for preliminary design should relate the in-
tegration variables to the other variables of interest via simple,
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explicit and continuous expressions. Given that during prelim-
inary design the geometry of the components may be viewed
as basic geometrical shapes (rectangles and cylinders), some
existing semi-empirical models were tested. Although these
models gave acceptable estimations for boundary conditions
where they were defined, the results may diverge for slightly
different topological configurations. For instance, the expression
for the estimation of the convective heat transfer coefficient, ap-
plicable to a suspended cylinder, don’t give accurate estimations
for a cylinder, which is three times larger than its high, sitting on
an adiabatic surface. Moreover, the mathematical expressions of
the semi-empirical models are often laborious which may burden
their integration in worksheets or optimization loops (although
from scientific point of view this is not an issue, it may count in
industrial environment).

The method presented in the paper is based on scaling laws
metamodeling, which by their physical fundamentals provide
simple mathematical functions while presenting interesting ex-
trapolation capacities. Moreover, the advantage of this method
is that it enables to adapt the researched model to a topology
requested by the application, for which no anterior studies are
available. In comparison with the previous study of the authors,
Scaling-LAW-based MetaModels (SLAWMM) [17], where only
aspect ratios of the studied component are varied, this paper
extends the modeling to cases where other physical variables
may also be varied.

The models derived in the paper give the expression of the
convective heat transfer coefficient for a Limited Angle Torque
Motor (LATM) when it is cooled by the surrounding air or by
a fluid passing through its air gap. The obtained expressions
are simple enough to be easily handled in preliminary design
stage, yet predicting with sufficient accuracy outside the Design
of Experiments (DoE) range where they where constructed.

Finally, an example is given to illustrate the SLAWMM use
for the selection and preliminary design of a LATM with its
cooling strategy. The most important outcome of the obtained
models is that they permit to the designer to have rapid rough
estimations of the design when comparing several system archi-
tectures.
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Appendix A.

This section illustrates how the convective heat transfer coef-
ficient of a cylindrical shape, expressed and calculated in terms
of heat flux rate density, may be expressed in terms of tempera-
ture difference. The general expression of the convective heat
transfer coefficient, obtained in section 4.2, is

h = AπB
2 GrCλL−1 (A.1)

where π2 = D
L and Gr =

ρ2gβϕL4

µ2λ
. As it can be noted, it depends

on the heat flow rate density ϕ. According to the Newton law:

Q = ∆θhS (A.2)

where Q is the heat flux to be dissipated and S the motor external
surface. Equation (A.2) can also be expressed as:

Q
S

= ϕ = ∆θh (A.3)

By replacing ϕ from eq. (A.3) in the Grashof number and in
eq. (A.1) gives:

h = A
(
ρ2gβ
µ2λ

)C

λ︸         ︷︷         ︸
k

(D
L

)B (
∆θhL4

)C
L−1 = kDBL4C−1−B∆θChC

(A.4)
Thus, the convective heat transfer coefficient can be expressed
from eq. (A.4) as:

h = k
1

1−C D
B

1−C L
4C−1−B

1−C ∆θ
C

1−C (A.5)

Appendix B.

This section illustrates how are obtained the dimensionless
numbers in eqs. (3) and (6). These numbers can be obtained by
several methods; we used the method described in [25].

The procedure which helps to obtain the dimensionless num-
bers is based on the use of a table where are listed the variables
(quantities) that may construct the dimensionless number, along
with their dimensions (usually expressed in SI base units: length,
mass, time, electric current, temperature, amount of substance
and luminous intensity). Thus, for the construction of the dimen-
sionless number from eq. (3), table B.2 can be constructed. In the
first part of this table are listed the physical variables involved
in the problem, with their associated dimensions. For instance,
the dimension of the torque is Nm = kg m

s2 m = kg m2s−2. The ex-
ponent of each dimension is noted in the corresponding column.
This step is repeated for every variable. Since dimensionless
numbers don’t have dimensions, the idea is to find how can be
combined the physical variables (divided or multiplied) so that
the sum of the exponents for each dimension gives zero. These
combinations are presented in the second part of the table B.2.
We can see that in order to cancel the kg from the torque, only the
induction of the permanent magnet can be used. Thus the first
group that can be formed is T

Br
, which has the dimension m2A.

In order to cancel the A from the first group only current density
can be used. The second group is then T

Br J , whose dimension
is m4. Finally, in order to cancel the m from the second group
we can use the length at forth power, which gives T

Br JL4 . All the
dimensions have been canceled, so the last obtained group is
a valid dimensionless number. Exactly the same procedure is
followed in table B.3 to obtain the dimensionless number from
the eq. (6).
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Table B.2: Construction of the dimensionless number from eq. (3)

Quantity Symbol Dimensions
kg m s A

Torque T 1 2 −2 0
Length L 0 1 0 0
Current density J 0 −2 0 1
Induction of PM Br 1 0 −2 −1

T
Br

0 2 0 1
T

Br J 0 4 0 0
T

Br JL4 0 0 0 0

Table B.3: Construction of the dimensionless number from eq. (6)

Quantity Symbol Dimensions
kg m s K A

Current density J 0 −2 0 0 1
Length L 0 1 0 0 0
Electric resistivity ρel 1 3 −3 0 −2
Temperature θ 0 0 0 1 0
heat transfer coefficient h 1 0 −3 −1 0

ρel
h 0 3 0 1 −2

ρel J2

h 0 −1 0 1 0
ρel J2

hθ 0 −1 0 0 0
ρel J2L

hθ 0 0 0 0 0
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[37] Laı̈d M. Extraction de modèles thermiques simplifiés des machines
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