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Abstract

This paper deals with the global analytical modeliof cylindrical piezoelectric micromotors. The
modelling, based on an equivalent electric cirdsigstablished by using geometrical and
electromechanical parameters for the differentspairthe motor. The motor stator is represented
here in a form very similar to a traditional Masorcuit. The differences occur in the particular
configurations of movement, namely flexural inste&tbngitudinal vibrations. In the equivalent
circuits, contact between rotor and stator is regmeed by voltages which are functions of vibratory
speed. Useful results for design can be obtainel as torque/speed curve, no load admittance,
supply voltage, stress and amplitude of vibratidiss modelling is simple to implement and

would also lend itself to optimisation by analytioeethods because of the relatively small amount

of computation required.
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Abstract : This paper deals with the analytical modelling of piezoelectric cylindrical
micromotors [1] and supplements kinematics analysis done by [2]. The modelling, based on an
equivalent dectric circuit, is established by using geometrical and electromechanical
parameters for the different parts of the motor. It gives electromechanical characteristics and

other useful valuesfor motor design.
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l. I ntroduction

Piezoelectric actuators have many well-known adgegd compared with other
technologies. They provide a high torque-mass rdtiey can lock when the supply is
switched off and they ensure increased comfort s [B][4]. Cylindrical type ultrasonic
motors have interesting characteristics for a gelegtromechanical energy conversion and
have a very simple structure which is adapted ttimatric sizes. However there is litte in
literature which deals with modelling and theorati@nalysis. The objective of this paper is to
supplements the kinematics analysis done by [2¢ dmalytical modelling presented here is

based on electric equivalent circuit and givesadal but simple model of the motor.



[1.  Modeling of therotating-mode motor stator

Cylindrical ultrasonic micromotor has a cylindricgtator and two rotors. The stator
consists of a titanium tube, a layer of PZT thimfand electrodes as shown in fig. n° 1. The
poling direction of the PZT film is in the thickreglirection. The fundamental bending

vibration is generated by the piezoelectric lenggttension effect.
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Figure n° 1 : The structure of the stator transduldg

The stator of the rotating-mode motor presentsutsire which resembles a Langevin
type transducer. The difference comes from thel levéhe excited modes; modes of flexion

for rotating-mode motor and longitudinal vibratiorodes for the Langevin type transducer.

Equivalent electric circuit modeling of L angevin type actuator

The Langevin type transducer is modeled in a dasgy with Mason equivalent
electric circuits [5]. From the transducer geomethey make it possible to get a relatively
precise model of the electro-mechanical conversased on an analogy between longitudinal
vibratory speed and current (the counterpart obrefin one section is then voltage).
According to this approach, a non piezoelectric irotkaction/compression can be modeled
by the equivalent circuit of Fig. n° 2 where vokdgand current) represent respectively the
effort and speed at the extremities of the rod.rakagformer which expresses the electro-

mechanical energy conversion is added to the tifoua piezoelectric ceramic.
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Figure n° 2 : Non piezoelectric rod modeling

M odeling by equivalent circuits of the stator

Following this approach, the model of the statormaaftating-mode motor has been
developed, which, in this case, lends itself to ¢h&ulation of the characteristic bending

magnitudes and hence the angular vibratory spe@dn@ment at a section.

Stator’s equivalent diagram in flexion

A flexural vibration system can be modeled withransfer matrix which connects
vibratory efforts and speeds in these two endsl{6$ also possible to represent this matrix
by an electric circuit. For that, an elementaryssrsection of a beam of sectidnand of

moment of inertid is isolated in Fig. n° 3.

Figure n° 3 : Elementary cross-section of a bearfierion



Displacement is orthogonal displacemantdr rotation angle ¢). Effort is shearing
(T) or moment ). By applying the fundamental principle of dynamio this elementary
volume, we get:
0%u _ T 1) 0’Y _oM . )

And

oy M 3 T ou (4)

ox cl &= a AG " ox
And

The beams studied here are relatively short: thenemd of inertia oldx(@?w/at?) of

the section and the shearing eff@di(a, SG will not be neglected [7]. We finally get:

4 21 A4 2 4 (5)
CI6u+,olau au:(pHc,olj d‘u
aG

+ 0S
ox* aG ot’ 'Ocat2 ot°ox’
For steady-state, sinusoidal excitation and vibrathe following complex notation

can be adoptedu=ue!“. The differential equation of propagation of tHaséc wave then

becomes:
'V ., c |o°U . P2 B (6)

cl Pv +w pl(l+ aTGJ PV +[a) 2 G w ,oSJU =0
This has a solution of the form:

U (X) = Asin(kx) + Bcos(kx) + Csh(k,x) + Dch(k,X) ()

\/Z+,0I(1+ ¢ jwz x/Z—,ol(1+ ¢ jwz
: a;G a,;G
with:  k; = and: k, =
2cl 2cl
where: A ={p| (1+LJaﬂ]2+4clp6w{1— A aﬂj
arG ar SG

The structure of the motor is excited by ceramighjch only excite moments of

flexion. It can be supposed that for a lenigtbf non piezoelectric rod, only pure momekts



and M, are applied at the extreme sectidisand S, (shearing effortsT; and T, are then
null).Starting from the general expression (7) bk torthogonal displacementd, the

expression of the moments is

M (x) = ayy (Asin(k,x) + Bcos X)) + By (Csh(k,x) + Dch(k,X)) (8)
. P (P
with : @, :cl(iG—kfj and: B, :cl[iG+k§j

the expression of the angles is given by :

w(x) = a, (Acosfyx) - Bsin(k X)) + B, (Cch(k,X) + Dsh(k;x)) 9)
with: a, = k;Eathilif) and:f, = ki’i“gt;jf)
and the expression of the efforts is written :
T(X) = a; (Acos(kx) - Bsin(k X)) + B; (Cch(k,x) + Dsh(k,x)) (10)
with : a; =a; SG(aw - kl) and: fS; =aTSG(,8w - kz)

By applying boundary conditions at the end sectrendS, (shearing effort3; and
T, null) coefficientsA, B, CandD can be determined as functions of anglesand ¢s. Once

these coefficients are determined, the expresditticeanoments can be written:

M1:M(—%): (11) And MZ:M(+%)=
E(a%(_am Br tank, L /2) + B a tanh,L /2)) _ 20!5/;"'_41/;3”T (—aM BGr tanky L /2) + B ar tanhk,L /2)) 12
+ﬂ%(ﬁﬂ fr cotan(k L /2) + By ar cotanh(k,L /2)) + 5 ail?i_-ngm (ary) Br cotan(k L /2) + By ary cotanh(k,L /2))

They can also be rewritten in the form of:

(13) (14)

Mle(_%):ﬁwl-"B( 1_1//2) MzzM("'%):‘ﬁl//z"',E( 1_1//2)

And



awbr , Puar
With : 4 = aw Br tandl(ﬂ- 12) = Buar tanhk,L /2) and g = j sin(gL) sinhk,L)
ialay B - Byar) wlay Br - Byar)

These equations can be put in the form of an éteetjuivalent circuit (Fig. n° 4) as

for a Langevin type transducer.
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Figure n° 4 : Electric form equivalent circuit

Stator model validation and application

This equivalent diagram represents the passive (pigahium) of the stator. The
thicknesses of the active parts (PZT) are very lsmidle dynamics of the stator is thus rather
well represented by this diagram. The engine fanston the first of resonance in free-free

bending. This corresponds to null moments on esfdstator Mi;=M»=0).One can thus
calculate the frequency of resonance wherZég= ,E+c7/2 null . For the geometry of
stator of the figure n°2, the calculated frequeiscgbout 104 Khz (value close to the 105 Khz
measured [1]).
On the end surface of the stator, motion componenta cylindrical coordinate
reference can be written as [2] :
U, U, cos@t +6)
Uy |=|Ugsin(at +6)
U, - Ry, cosed +6)
There is a travelling wave on the circumferencehef stator. It is made up of two

elliptic movements : a first, tangential and driyicomponent, a second, radial and

undesirable component. This undesirable componantbe eliminated by inclining the



contact zone (Fig. n° 5). The previous model igdblcalculate this angle with geometrical

parameters of the stator.

Figure n° 5 : Contact zone geometry

To obtain a pure travelling wave without radialgstic movement, thg, component
of the radial component in a reference mark V , tnhes null. Angle¢ must check the

following relation:

tan@) = %

0
To determine the value o, relation betweenrl andUy should be given. By taking

again the equations described previously, one loaw shat:

| | 1 (2+a1B)(p, tan(k,L 12)-a, tant(k,L /2)))-
U, =p,, with y= ~
W Wiy 2(0/¢,ﬁT—ﬂ,,,UIT)((éF/,B)(,BTcotan(le/2)+aTcotank(kzL/Z))
And thus :
tan@):&
4

For the geometry of stator of the Fig. n° 1, thglarof inclination calculated is nearly

24.5° (value close to the 25.5° calculated by dimiements [1]).

Piezoelectric effect modeling



The ceramics used are a layer of PZT thin film. pbkng direction of the PZT film is
in the thickness direction and the bending vibratis generated by the length-extension
effect. The electric field componektcan be assumed constant along the full lengtthef t

ceramic. Stress and strain are thus expressed by :

S, = SET, +do By (15) With S (y) = (dg/dxX)y (16)
Ds =daiT; +€3;E; Eg=-VI/L
Effort T can be rewritten as :
Tl :i+hx (19)
sp sl
By integratingT;.y on the active surface of the ceramic, monMn$ deduced:
20
= [T 2 ] ons Y [ joa €9
which can equally be written in the form :
sy dx
with:
=[] ydA (22)  And _ Ga1 d31 ”Md A (23)

In relation (21), an expression of the fomn=ci(dy/dx) can be found again, and the

supplementary terms are equivalent to a monfeNV . The electric equivalent circuit of
stator (Fig. n° 4) can be completed by a transfonwviech accounts for the electromechanical
conversion which takes place at the level of tharoé. The equivalent electric diagram of

the stator is given Fig. n° 6 with, the electric capacity of the ceramic.
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Figure n° 6 : Equivalent electric diagram of microtar stator

[11. Modeling of the stator/rotor contact

To obtain the complete characteristics of the matas necessary to add to the stator
model, which describes the electromechanical pawewnersion, an analytical modeling of

rotor/stator interaction. This stage has alreadgnbearried out for travelling wave actuators

[8] [9].

Zone of contact

The vibrating stator is assumed to be equivaleatportion of a cylinder and the rotor
to a plane surface. Thus the rotor/stator conm@quivalent to a cylinder/plane contact of
length 2a (Fig. n° 7). Hertz’'s theory provides the lengthaointact and the distribution of

pressurep.

10
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Figure n° 7 : Contact Stator/Rotor

Let x be the position on the external perimeter of tte#os. The travelling wave

deformationy has for formula at t=0:

y = Ry, cos@) = Ry, cosx/ R) (36)
The radius of the equivalent cylindey, takes then the expression:
2 (37)
Req = ]_/a_z/ = 3
X" Y,
The length of contact takes as value:
) LnReq 1/2 (38)
a_ *
TE
with :
I:pres H
L, = - the linear load ;
1,2 1,2
1* = 1= Vstator 4 1= Viotor , the equivalent elasticity constant.
E Estator rotor
The distribution of pressugeis given by:
(39)

2 1/2 oL

p= P{l—(fj ] with p, ="

a B

Calculation of the torque/speed curve for a giviematory speed

11



The rotor speed is deduced from the tangentialypaof elliptic movement:
v=U, =U,wcos/R) (40)
In Fig. n°® 7, co-ordinaté corresponds to the point for which the local spekthe
stator is equal at the tangential speedfhe rotor :

V. =U, =U wcosb/R) andb=Rcos*(V, /U,w) (41)
The efforts transmitted to the rotor depend ontiredaspeed :
e Forv>V,or —b<x<+b : positive ;
* Forv<V,or —a<x<-b ou +h<x<+a : negative.

By taking a law of friction of the typeF = x. psg(v-V, )dS, torqueC is calculated by:

b a b a (42)
C= ZuRU p(x)cdx—j p(x)cdx} = 2,ucRF5U \/1— (x/a)? dx—_[ \/1— (x/ a)? dxj
0 b 0 b
2
C= chR%{arcsir{Ej +E 1—[9j —]—TJ
a/ a a 4
And for low speedsi{> a), it takes the value:

(43)

m
Cmax :E:uaCRF()) = IUFpresR

Considering these expressions, the torque/speedathastic is given by Fig. n° 8.

AC

Cmax

b>a b<a

Uyacos(al/ R) Q
R

»
»

Figure n° 8 : Torque/speed characteristic

Expression of the mechano/mechanic conversion in the equivalent circuits

12



For the points corresponding to thea part of the characteristic (Figure 21.), the total
power Py developed in the contact for the tangential movenman be written in the

following form :

a a X 2 X (44)
Py =2,u£ [()).C\(x)dx=2,ucU0aP0J(; 1{5) co{ﬁjdx
X 2 TX
If 1—&) is approximated byo{zj, Pe becomes:
a (45)
_ TX X
Py = 2,ucU0aP0£ Co{gj CO{E]dX )
a m
P@ = ,UCUOC(PO CO{Ejﬁ .
mo_(a
YaH
Moreover, another expressionfyj is:
PH = PSperte + Pmeca Wlth Pmeca= Cmax-Q (46)
In equivalent circuits, the pow@pcould be calculated by:
_ .1 . . (47)
P, = 25 REM,¢,] = RdM ¢, ]
This expression can be rewritten according to (8864 to :
REM,U ] = REM ;] = P (48)
Then:
o RdM,U] (#9)
4
AsU,, ¢, and M, are assumed to be co- phasal, the final expres$iuh is :
_ P _ {aj )
= = YR CO§ — |5
2 an) 0 R (ﬂjz B (aJZ 50)
2 R

In the same way for the radial movement, the pd¥veleveloped can be written :

13



(51)

_ [cod 7 sin( X
P = Z,UCUOQPOJ(;CO{ Za] sm( Rjdx
a m_(a
- 5(a)
&G
As for powerPy, this power correspond to a tensMp given by expression :

a I . (aj (52)
= —-sin =
R R

P =uwcUuP2a———

The equivalent circuit (Fig. n° 6) of the motor d¢ans be supplemented by adding :
A resistance R to take account of the mechanicase® within the stator (this
resistance can be replaced by the use of compstieconstant [15]) ;
* A voltageEy to represent the power developed by tangentiabtolby movement
(Eq. (50));
* A voltageE; to represent the power developed by tangentiaglratbvement (Eq.

(52)).
V. Numerical implementation of the model
Let us take the case of a micro motor made up of :

« A stator transducer (Fig. n° 1) ;

» Two rotors hold against the stator transduceretdp and the bottom by a spring.

The equivalent circuit of the motor is as Fig. n°9.

14
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Figure n° 9 : Equivalent electric diagram of microtar

Near frequency resonance, the dynamic part ofithaitcan be represented by a RLC

equivalent circuit (Fig. n° 10).

W

VI::CO C Tf ®

Figure n° 10 : Equivalent RLC electric diagram atnemotor

The electromechanical characteristics of this matan be obtained : No load
admittance of the stator, torque/speed curve, tpplg voltage. An example of results is
presented in fig. n° 11 (No load admittance, Cantaessure , Torque/Speed curve with

supply voltage).

15
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Figure n° 11 : Electromechanical caracteristics

V. Conclusion

This article has presented a global model for cyloal piezoelectric micromotor; it
takes into account both electromechanical conversiahe stator and mechano-mechanical
conversion between stator and rotor. The motoostiat represented here in a form very
similar to a traditional Mason circuit. The diffex@s occur in the particular configurations of
movement, namely flexural instead of longitudindbrations. In the equivalent circuits,
contact between rotor and stator is representedoligges which are functions of vibratory
speed. Useful results for design are obtained asdorque/speed curve, no load admittance,
supply voltage, stress and amplitude of vibraticBeod agreements between model and
numerical or experimental results are observedrésonance frequency for example). This
modeling is simple to implement and would also letsélf to optimisation by analytical

methods [10] because of the relatively small amaficbmputation required.
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Notations

Rotational angle

Frequency

Density

Poisson constant

Friction constant

Dielectric constant for constant S
Section area

Half length of contact (Hertz theory)
Timoshenko's coefficient

Elastic stiffness

Clamped capacity

Elastic stiffness for constant-D

Electric displacement component along a¥@x
Electric field component along ax&x
Piezoelectric constant

Equivalent voltage for tangential movement
Equivalent voltage for radiall movement
Effort on stator

Coulomb modulus

Piezoelectric constant

Moment of inertia

Current

Wave number

Coupling factor

Length of rod

Linear load (Hertz theory)

Bending moment

Force factor

Contact pressure

Power of the tangential movement
Maximum pressure of contact (Hertz theory)
Power of the radial movement

Cylinder radius

Radius of equivalent cylinder (Hertz theory)
Strain

Shear force

Displacement

Supply voltage
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