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We propose a robust pressure-correction scheme for the numerical solution of the compressible
Euler equations discretised by a colocated finite volume method. The scheme is based on an
internal energy formulation, which ensures that the internal energy is positive. More generally,
the scheme enjoys fundamental stability properties: without restriction on the time step,
both the density and the internal energy are positive, the integral of the total energy over
the computational domain is preserved thanks to an estimate on the discrete kinetic energy,
and a discrete entropy inequality is satisfied. These stability properties ensure the existence
of a solution to the scheme. The internal energy balance features a corrective source term
which is needed for the scheme to compute the correct shock solutions: we are indeed able to
prove a Lax consistency type convergence result, in the sense that, under some compactness
assumptions, the limit of a converging sequence of approximate solutions obtained with space
and time discretisation steps tending to zero is an entropy weak solution of the Euler equations.
Moreover, constant pressure and velocity are preserved through contact discontinuities. The
obtained theoretical results and the scheme accuracy are verified by numerical experiments; a
numerical stabilisation is introduced in order to reduce the oscillations which appear for some
tests. The qualitative behaviour of the scheme is assessed on 1D and 2D Riemann problems
and compared with other schemes.

Keywords: Finite-volume methods, compressible flows, pressure-correction methods.

1. Introduction

In this work we address the numerical solution of the compressible Euler equations:

Op + div(pu) =0, (1a)
Oc(pu) +div(pu @ u) + Vp =0, (1b)
0:(pE) + div(pEu) + div(pu) = 0, (1c)

(1d)

1
p=0,e>0,p=p(pe) E=glul*+e, 1d
where u, p, p, E and e denote the velocity, the density, the pressure, the total energy and the
internal energy respectively. The function p is the equation of state for an ideal gas, which we
extend by 0 for negative p and e, for the sole purpose of the mathematical study of the scheme:

y—1)peif p >0 and e >0,
plpe) = 4 O~ e @
0 otherwise.
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The problem is defined over {2 x (0,T"), where (2 is an open polygonal bounded connected subset
of R% d=1,2or 3 and (0,T) is a finite time interval. The system is complemented by initial
conditions for p, e and w, which are denoted by pg, €9 and ug, with pg > 0 and eg > 0. In
the presentation and in the study of the numerical scheme, we shall consider for simplicity the
boundary condition u - n = 0, where n stands for the outward normal vector to the boundary,
but other conditions are also easily implemented (see Section 5).

The scheme proposed in this paper falls in the class of pressure correction methods. Such
schemes were originally introduced by [2] and [40] for the incompressible Navier-Stokes equa-
tions, see also [16] for a review of most of the variants. They were adapted to compressible flows
in the pioneering works by [17, 18] in an attempt to avoid the stringent stability conditions such
as a CFL condition based on the celerity of the fastest waves; these latter algorithms may be
seen as an extension to the compressible case of the celebrated MAC scheme, introduced some
years before by [19]. Numerous projection schemes followed; many of them used staggered finite
volume space discretisations, we refer to the references in [15]; others were on colocated grids as
the ones we choose here, see [22, 37, 7, 26, 38, 24, 4, 30, 32, 41, 23, 25, 34, 35, 33, 39, 1, 43, 5].
Algorithms proposed in these works may be essentially implicit-in-time, and the pressure cor-
rection step is then an ingredient of a SIMPLE-like iterative procedure such as [36]; conversely,
several of these schemes propose a single (or a limited number of) prediction and correction
step(s), as in the previously mentioned projection methods for incompressible flows.

The semi-implicit fractional step scheme proposed in the present paper belongs to this
latter category, since only one correction step is implemented. The unknowns associated to
the velocity and the scalar variables are colocated at the center of the meshes. Developed in
the spirit of the recent schemes based on staggered meshes [20, 21, 15], the proposed algorithm
enjoys the following salient features:

First, upwinding is performed equation per equation with respect to the material velocity
only. This approximation of the mass balance ensures the positivity of the density.

Second, a discretisation of an internal energy balance equation is used rather than of the
total energy balance, which allows to preserve the positivity of the internal energy by standard
upwinding techniques. It is however well known that computing the solution with the internal
energy rather than the total energy yields wrong shock speeds (see e.g.[42]). A correction term is
added to the discrete internal energy balance to obtain the correct shock speeds; it is computed
as follows. First, a discrete kinetic energy equation is established from the discrete momentum
and mass balances; this equation features a positive residual term. It may be anticipated that
for regular solutions, this term tends to zero when the space and time steps tend to zero;
but for shock solutions, it subsists as a measure borne by the shocks. The idea is thus to
add the opposite of this residual term in the internal energy balance equation. For colocated
discretisations, summing the kinetic and internal energy balance yields in fine some kind of
conservative discrete total energy balance; weak consistency of the total energy is thus ensured,
which implies that correct shock speeds are obtained. Note that the situation is simpler here
than for staggered discretisations: in this latter case, the discrete kinetic and internal energy
balance are not associated to the same mesh [20, 21, 15]. Here as in these latter works, the
energy of the flow, i.e. the integral of the total energy over the computational domain is
preserved; since the density and internal energy remain positive, this total energy preservation
yields an unconditional stability property.

In addition, the pressure correction step couples the mass and internal energy balance equa-
tions, with two beneficial consequences: first, we recover the structure which allows to establish
an entropy inequality; second, with the specific considered equation of state (and, more gener-
ally, for all equations of state such that the product pe is a function of the pressure only), the
scheme keeps the velocity and pressure constant across 1D contact discontinuities.

Finally, a stabilisation is obtained from the above-mentioned upwinding of the convection
terms with respect to the material velocity only, possibly combined with a nonlinear viscosity
[27] when needed. Consequently, the scheme does not blow up when the celerity of waves tends
to infinity or, in other words, when the Mach number tends to zero.



This article is organised as follows. In Section 2, a cell-centered finite-volume discretisation
of the compressible Euler equations is introduced along with the pressure-correction scheme.
Section 3 is devoted to the positivity of the density and energy and to the stability of the
scheme. A proof of existence of a discrete solution in the multi-dimensional case is also given.
In Section 4, the scheme is proven to be consistent in the Lax sense, i.e. a limit of a converging
sequence of solutions to the scheme obtained with mesh and time steps tending to 0 is shown
to satisfy the weak form of the Euler equations (1). Numerical experiments are performed in
Section 5; the scheme is also compared to an alternative already existing pressure correction
scheme [31], which is described in the appendix.

2. Space and time discretisation
2.1 Finite volume mesh of 2 and discrete space unknowns

Let M be a family of disjoint convex polygonal subsets of {2, called control volumes, such that
2 = UgemK. The d-dimensional measure (area if d = 2, volume if d = 3) of a control volume
K is denoted by |K]|, its boundary and the (d — 1)-dimensional measure of its boundary by
0K = K\ K and |0K]|. The edges (d = 2) or faces (d = 3) of all control volumes of M are
included in hyperplanes of the space R%; for short, they will be referred to as faces in the rest
of the paper, whatever the space dimension. The (d — 1)-dimensional measure of a face o € £
is denoted |o|. We define &, Eint, Eoxt and E(K) as the set of faces of the mesh, the subset of
internal faces, of faces lying on the domain boundary and of faces of the cell K respectively.
Given two neighbouring control volumes K, L € M?, we denote their common face o = K|L.
The normal vector to a face o pointing outwards the control volume K is denoted by nk ..
Note that

> ol nk., =0. (3)

oc€€(K)

FiG. 1. Cell-centered finite-volume discretisation.

Let P = (xx)kem be a family of points of 2 with, for K € M, xx € K. For a face
o € &yt separating the cells K and L, the point x, is defined as the intersection between the
segment [xxxy] and the hyperplane containing o.

The discretisation is colocated in the sense that the discrete unknowns are associated to the
same location. The discrete unknowns are thus (ux ) e for the velocity, (px)kem, (PK)Kem
and (ex)rkem for the density, pressure and internal energy respectively.

2.2 Discrete gradient and divergence

The discrete velocity divergence and pressure gradient operators are defined by duality. Indeed,
we look for a discrete equivalent of the classical div-grad duality property: if w : 2 — R? and
p: 2 — R are sufficiently regular functions such that w-n = 0 on 942 then:

/ (pdivu+u-Vp) de =0.
7



Definition 2.1 (Discrete divergence and discrete gradient) Let K, L € M be two neigh-
bouring cells, separated by the face o. We set

dr,r = |ex —xr| and dx o = [Tk — 5, (4a)
d d
OK,e = L2 and QLo = Ko (4b)
dr.1, dr.1,
where | - | stands for the Euclidean norm in R, Let (ux)xem be a given discrete velocity; its

discrete divergence is defined by:

1

divg u = ﬁ Z lo| uk,, VK €M, (5)
cel(K)
where
Uy MK = (kUK +apsUL) N foro=K|L € Ep,
UK,oc = (6>
0 for o € Eext.

Despite the interpolation formula (6), the divergence operator is generally not consistent (i.e.
the discrete and continuous divergence operators do not coincide for affine velocity fields) except
when the point x, is the mass center of o; this is the case for instance for rectangles and
simplices in two space dimensions (of course, with a specific choice for xy, namely if xx is
chosen as the mass center of K for rectangles and the circumcenter of K for simplices) and for
rectangular parallelepipeds in three space dimensions (with Ty the mass center of K ). Next we
define the discrete gradient of a pressure field (Wi )kem by

1
VKI?:|

ﬂ[ Z ‘0'| (aL,opK +aK,apL) NK.o + Z |U| PK MK, (7)

o=K|L 0EEexiNE(K)

for all K € M, where the notation ZJ:K|L means that the sum is over the neighbouring cells
L of K, and that o stands for the common face K|L of K and L.

Lemma 2.2 Under the assumptions of Definition 2.1, the discrete divergence and gradient
operators satisfy:

1
Vkp= K] Z o] ko (PL — PK) MK o (8)
o=K|L
S K| (uk - Viep + pr diview) = 0. (9)
KeM

Furthermore,

. . 1
ug - Vgp+pgdivg u=divg (pu) = |?| Z lo] (pu)6 - N6
ce&(K)
(10)
aK,oPLUK + 0 DL for 0 = K|L € &y,

with (pu), =
0 'LfO' S gext-

Proof 1 The equality (8) is a direct consequence of (3) and the fact that ak . + o, = 1.
From the definition of the discrete divergence operator given by Equation (5), we have

Z |K| px divg u = Z DK Z lo| ax,e Uk NK o+ Z DK Z lo| oo UL MK 6.

KeM KeM oc=K|L KeM oc=K|L



Reordering the second sum of the right hand side as:

Z PKr Z \U| ALoc UL "MK, = Z |0\ (OéL,aPK UL Mg+ Ko PLUK 'nL,a)
KeM o=K|L 0€Eint
o=K|L

= Z Z lo| axopLuK ML,

KEM o=K|L

we get

Z |K| pr divi u = Z UK - Z lo| ak,e (Pk —PL) MK 0,

KeM KeM o=K|L

which, thanks to (8), concludes the proof of (9). Let us now turn to the proof of (10). By
definition of the discrete operators, using once again (8), we get:

K| (uk - Vi p+prdiveu) = > o] [ax,a (pL — pr) uk +px (AK UK + QL) uL| - NK,o
oc=K|L

E ol {QK,UPLUK'F@L,UPKUL "MK,o
oc=K|L

which concludes the proof.

2.3 Upwind choice and discrete convection operators

The terms div(pu) in the mass balance equation (1a) and div(pewu) in the momentum balance
equation (1b) are discretised as follows. The numerical mass flux across a face o is thus chosen
as:

FK,a = |U| PocUK,o (11)
where ug , is defined by (6) and p, the upwind value of p on 0. We recall that, for a given

discrete scalar field (ax)xem, the upwind choice a, on a face 0 = K|L € &y, with respect to
UK, is defined by:

ar if UK, o > 0,
ay = ) (12)
ar, otherwise.
We may thus define a discrete divergence operator of the functions pu and pew as:
. 1 : 1
divg (pu) = ﬁ Z Fk o, and divg(peu) = ﬁ Z eoFi o, (13)
ce&(K) c€e&(K)
where e, is the upwind value of e at the face o with respect to Fi ..
The non linear convection term div(pu ® u) in equation (1b) is discretised as
. 1
leK(p’LL®’U) = W Z FK,U Vo,cus (14>
cel(K)

where v, ¢, is defined componentwise as either the upwind face value of v (§"P = 1) with respect
to Fi , or its centered value (6"P = 0):

(1+446"P)/2if Fg o, >0,

15
(1 —6"P)/2 otherwise. (15)

Vo0 =E€K,o VK + (L —€xo) v with eg s = {

All the theoretical results presented hereafter apply for §*P = 0 and 0"P = 1.



2.4 Time discretisation

For the sake of clarity, we start with an implicit-in-time scheme. Let §t be a time discretisation
step, which is assumed to be constant. Let N € N be the number of time discretisation steps
and dt = T/N the time step. The discrete time is defined as ¢, = ndt for n € [0, N]. The
discrete unknowns are the discrete density, internal energy and velocity fields {p%, e, uk; K €
M, n € [1,N]}. Assuming a given initial state (p%,u%, %) xerm and p% = (y — 1)p%e%, the
implicit-in-time discretisation of Problem (1) reads:

VK e M, Vn € [0,N —1],

1 T s : n n

57 (0 = pie) + divie (p" ) = 0, (16a)
1

57 (P = plewie) + divie (p" T T @ w4 Ve ptt =0, (16b)
1 T n : 7 n n

LR — i) + divic (o ) 4 diview™ = S (160)
P = (= 1) pR et (16d)

where divg is the discrete divergence operator defined by (5) and (13), divk stands for its
vector-valued extension defined by (14), and Vg is the discrete gradient operator defined by
(7). Note that, as announced in the introduction, a balance equation for the internal energy
(Equation (16¢)) is used instead of a total energy balance, with a corrective term S7"" at the
right hand side needed for consistency. For the implicit scheme, this term reads

Sn+1 n+1

5o
7 ur]L{|2 + 4|K| Z |un+l . uL+1| Fn:i;1| o F}é—zl)
o=K|L

%t Pl luy
It is built so as to compensate the numerical dissipation term appearing in the derivation of
the kinetic energy balance, as detailed in Section 3. As shown in the sequel, the positivity of
the term S}‘{H is a sufficient condition for the positivity of the internal energy.

In real-life applications, the implicit scheme is expensive in terms of memory and CPU
requirements so that semi-implicit schemes are generally preferred. We choose here a class of
pressure-correction schemes recently developed for staggered finite volumes in [21]. In the same
spirit as projection schemes for the incompressible Navier-Stokes equations, a tentative velocity
is computed using the momentum balance (18), with a scaling of the pressure introduced so as
to recover a discrete kinetic inequality, see Remark 3.6. Then a non-linear problem is solved in
order to update the pressure, internal energy and density and correct the velocity (Equation
(20a) below) such that the mass balance (20b) and the internal energy balance (20c) are verified.

Initialization: for K € M,

1 1 1

pK = K] /Kﬂo de, uf = & /Kuo da, e = K] /KeO de, (17a)
1 _ .

5 (P = pic") + St divie (") =0, (17b)
P = (v — 1) p k- (17¢)

Iterations: for n € [0, N — 1],
e Prediction: compute @7 by solving for all K € M,

1, "
5 (PRUET = Pl u) + divi (p"u" @ @ 1) 4 Vipn =0, (18)
with Vapr = | 2K Vi p" (19)

/J'K



e Correction: compute u”“, p’};rl, e’}(ﬂ and p;?'l by solving the non-linear system of

equations obtained by writing, for all K € M,

1 —~

Pk (i = i) + (Vi p™ = Vicpr) =0, (20a)
1 T ' : n n

57 (P = pli) + divie(p" ) =0, (20D)
1 ' n : 7 n n

(o es = o) + divie (o7 e ) i divgcw L = S5 (200)
PR = (v = Dpit et (20d)

The proof of the discrete kinetic inequality in Proposition 3.3 below relies on a compatibil-
ity condition between the mass balance and the time derivative and convection terms in the
momentum balance equation (18) [21]; this condition may be formulated as the fact that the
sum of these two terms vanishes for constant velocity fields. Since the mass balance solution is
part of the correction step, it is only satisfied at time ¢,,_; when dealing with the momentum
balance at time ¢,,; hence the backward shift in timc on the density and the advective mass flux
in the momentum balance and the definition of p K For the same reason, the face value @2 "!
in the divergence operator in (18) is constructed according to (15) using F'it Ko as advecting mass
flux, while the advected quantities p?*! and e?*! in the divergence terms of the discrete mass
balance (20b) and internal energy equation (20c) use F}ét_l Again for stability reasons, these
two latter equations need to be coupled, see [34, 35], [15, Section 4] and Section 3 below; this is
the reason why both mass balance and energy balance are included in the correction step. The
corrective term S;’{H for the semi-implicit scheme reads:

1
Sn+1 = n—1 ,i'L’I'L+1 _ un 2 ~n+1 ~’I’L+1 F Fn . 21
K 26tPK K KklI©+ 4|K| Z | (1Fgol — Fi o) (21)
o=K|L
As in the case of the implicit scheme, it is built so as to compensate the numerical dissipation

terms appearing in the derivation of the kinetic energy balance (see Section 3).

3. Stability of the scheme and existence of a solution

Let us first recall a result on the transport operator [14] which is used to prove the positivity
of the approximate density and internal energy. Here and in the sequel, for a € R, we set
a™ = max(a,0) and ¢~ = —min(a,0). Therefore |a| = a™ 4+ a~ and 2a~ = |a| — a.

Lemma 3.1 (see [14, Lemma 2.2]) Let (px)xem C Ry, (pk)kem C Ry and (uk o)oes(k),kem C
R be three families of real numbers satisfying:

VK € M, (pK pxc) +divg (pu) = 0.

Let us assume that, for any internal face 0 = K|L, ux s = —ur,, and that, for any external
face 0 € E(K), uk,o = 0. Then, for any families (Yyx)xkem C R and (yi;)kem C R, we have:

=3 1K ) [ o picvic ivietonn)] > 55 B i picli 7]
KeM KEM

Proposition 3.2 (Positivity) Letn € [0, N —1]. Assume that €}, >0, S >0 and pl > 0
for any K € M, and let p”+1 and e’;;rl satisfy the correction step (20). Then

VK € M, pi™ >0 and et > 0.

Proof 2 The positivity of the density is a consequence of the upwind discretisation of the mass
balance equation (20b), see for instance [14, Lemma 2.1]. Let us then show that the internal



energy remains non-negative as long as the corrective term S;?’l of the internal energy balance
is non-negative. Multiplying the internal energy equation (20c) by —|K| (67}(“)* and summing
over K € M, we get:

T+ 15+ T3 =0, where

= 3 IR ()5 (R R plkek) + divie (e ),

KeMm
Ty=— Y K| pi (e divie(w™h),
KeMm
Ts= > |K| (i) Spt.
KeM

The term Ty is equal to zero, thanks to the form of the equation of state (2) and to the fact that

(67}(“)_ = —min(O,e"K+1). Since S;’(‘H > 0, we have T3 > 0. Applying Lemma 3.1 on T1 we
get:
S (G (S E ) S Sl (e
KeM KEM

thanks to the fact that e} > 0. Gathering all terms yields
K] i) ont1y—
Z WPKH[(eKH) ]? <0.
KeM

As a result, for all K € M, min(e?j‘l, 0) =0 and therefore e’}{"l > 0.

Proposition 3.3 (Discrete kinetic energy balance) Let (p}, e, ul, Uy, p%)KeM, ne[0,N]

be a solution to (18)-(20). Then the following local discrete kinetic energy balance equation holds
forall K e M, n € [0,N —1]:

1 1 _
2(% (pK |un+1‘2 an—l ‘u?{|2)+m Z uz%;{l n+1FK a+un+1 VK pn+1 _ R%+17PI?+17
oc=K|L
(22)
with
Uy k = Uk, Uy, = Uy, in the centered case (6"P = 0), 23)
Up |k = Uy, = Ug,cv 0 the upwind case (8P = 1).
and
1 ) , B
n+1 ~n+1 n ~n+1 ~n+1 n
R = =55k aE" k] - 2|K\ o lartt —at (Fro) (24)
oc=K|L
prtl _ Vi pit! V.2 .
L I @

Proof 3 Asin [21], the proof mimicks the continuous case: we multiply the momentum balance
by the velocity and use the mass balance twice. The mass balance (20b) written at time t,_1
reads

;(pK it Z Fi,=0. (26)

o=K|L

Multiplying this relation by 11’;(“ and subtracting from the momentum balance (18) yields:

1 n n 1 E ~n ~n n
(StpK ( - uK) + |K| (ucr,tt% - uKJrl) FK,J + VKpn =
o=K|L



Multiplying by u Y and using the identity 2(a — b)a = a®> — b* + (a — b)?, we have:

1 i/ L X N ~
g ([ k) 4 gy o™ il gy 32 (Joeit =) %
2|K\ Z |G en — ~?<H|2F17570+V/;:/17".11?<+1:0'

o=K|L

Multiplying the mass balance (26) by = ‘~"+1 and adding to this latter equation yields:

1 ~n41(2 i 112 on a4
2(5t( | | pK ’ ) 2|K| zK:lL| ch’ FK,U+VKp U

1 n 1 ~n+1 n ~n+1 ~n+1
= 25t Ug _uK 2|K| ZK:IL’ o,cv FKO" (27)

The velocity update (20a) in the correction step can be rewritten as:

\/_un-i- 1 5t \/_un—i- 1

1 1 ——
T
N VP

ot
Taking the square of this equality and multiplying by 5 we get:
1 ~n ~ N . n n n
557 pK’ +1‘ K+1'VKP" 26tpK|u +112 +’U, v p +1+P +1 (28)

where Pptt is defined by (25). Using this relation in (27) yields the following discrete kinetic
energy balance:

1
+112 +1 +1 +1
26t (”K|“n —pic |u ) 2|K| S @t P F, + V™
=K|L
L1 ant n atl _ gttt 2 1
- _ e — prtl
2(%/)[( ‘UK U/K 2|K| UzK:lL’ o,cv Ug | K,o K

In the centered case, 2&2*;3, = ﬁ"+1 + N”‘H, and the flux terms on the left and the right hand
side can be combined to yield:

1
+1 ~n+tl ~ +1 +1 +1 +1
e
with 1
+1 —1 |~ +1 2

In the upwind case, i.e. Wy b, = '&?{H if F, >0 and alltl =altt if Fg , <0, the fluz at
the right-hand side simplifies to give:

1
26t(pK| i [ i ) 2|K| —ZKL| Wt FR o+ Vi p" ! = RIS o~ PR
with.: )
~ 2 ~ ~ 2 —
Ripui = ~ggpPic ' [uk" —uie]" ~ 2|K|UZK:|L’ apt —a | (Fi,)

We conclude the proof by recasting R?('H under the form of (24).



Remark 3.4 (Well posedness of the prediction step) The momentum balance (18)-(19)
of the prediction step yields a linear system for the unknowns (ﬁ?(Jrl)KeM. The corresponding
homogeneous system reads

1 ~n . n
5tpK wptt + divg (p"u" @ a" ) = 0.

Estimate (27) established in the above proof applied to this homogeneous system (i.e.  setting

’fL

and VK p" to zero) yields, multiplying by |K| and summing over K € M,

o SRkl e Y Y R, = S S fantt - eyt PR,

KeM KeMa K|L KGMD’ K|L

Thanks to the conservativity of the fluzes, the second term of the left-hand side vanishes, while
the right-hand side is zero in the centered case and non-positive in the upwind case. Hence,

K| pfe ai ] <
i 2,

which, since the density is positive, shows that the solution of this system is the null vector.
The prediction step is thus well-posed.

The pressure correction scheme on staggered grids was proven to preserve the overall total
energy balance [20, 21] (i.e. the integral of this relation over the space domain). Thanks to the
colocated feature of the present scheme, it is easy to prove here that the total energy balance
is conserved locally.

Proposition 3.5 (Local total energy balance) Assume that p is given by (2), that po > 0
and eg = 0, and that {p%, e, ulk, K € M, n € [0,N]} is a solution to the scheme (17)—(20).
Then the following local total energy balance holds for all K € M and n € [0, N — 1]:

1 - - 55 . n n n
E((PKEK)Wrl — (px Ex)™) + divg (p Hlentiyntl)

1
FoTR D ek R divie (et £ PR =0, (29)
oc=K]|L

where un"'1 and un's'1 are defined by (23), divy (p" T umt1) is defined by (10), P is defined
by (25) and

e~

1
(pxEx)" = pleele + = p% Hujk|>. (30)

2
Proof 4 From the definition of the terms R?(H and S?{Jrl, summing the kinetic energy balance
given by (22) with the internal energy balance (20c) and using the property (10) yields the total
energy balance.

Remark 3.6 (On the scaling of the pressure gradient) The scaling of the pressure gra-
dient (20a) appearing in the momentum balance (18) (and subsequently in the velocity update)
is chosen such that the term Py defined by (25) appears to be the difference of a same quan-
tity written at two successive time steps; this allows to obtain the weak consistency of the total
energy (see the proof of Theorem 4.5) from the local total energy balance(29). To explain this

choice, let us write the scaling (19) as Vg p™ = a% Vi p™ with o, € R. Then the term Pk
appearing in (28) becomes:

ot 1 (a%)?

+1)2 K 2
K= gy |V S Ve
bn—i—l bn
K K



which takes the desired form if by = 1/pl " = (a%)?/p%, that is a = /ol /\/ P ", hence
the choice of the scaling (19). This technique is quite general (in the sense that it does not
depend on the discretisation), as shown in the time semi-discrete setting in Appendiz A of [15].

Remark 3.7 (Presentation of the scheme as a discretisation of the conservative equations)
Instead of discretising the internal energy balance, we could have equivalently introduced the

scheme by stating the discrete total energy balance (29), and thus presenting the algorithm as

a conservative approzimation of the (conservative) Euler equations. Then, deriving the kinetic

energy balance and subtracting yields a discrete internal energy balance, whose expression en-

sures that this latter quantity remains positive. This computation justifies the definition (30) of

the discrete total energy and the expression of the convective fluzes in (29), both being rather
non-standard.

An entropy for the Euler system with a perfect gas EOS is given by the function n : R% X
R*% — R defined by

1
n(p;e) = pln(p) — ﬁplne. (31)
Indeed, formally, the following entropy inequality holds
din(p, e) + div[n(p,e) u] <0.

The scheme satisfies an analogous entropy inequality, stated in the following lemma; this
result is an immediate consequence of [13, Theorem 2.3].

Lemma 3.8 (Discrete entropy inequality) Any solution of the scheme (16) or (20) satis-
fies, forany K e M and0<n < N —1:

K] nt 1
W(ﬁ}? — k) + Z o]y gy <0, (32)
c€&(K)

with N = pli ln(p%)—ﬁp% Ine, m=n, nt+l, and it = pitl ln(pgﬂ)—%pg*l Inentl.
Even though this inequality is not an estimate on the approximate solution, it is useful in

order to prove that if a sequence of approximate solutions to the implicit scheme (16) or the

pressure correction scheme (20) converges, then its limit is an entropy weak solution of the

Euler system, see Theorem 4.5 below.

The proof of existence of a solution to the non-linear projection step relies on the topological
degree theory, see e.g. [6] for the theory and [9, chapter 6], for an application to finite volume
discretisations of PDEs. We proceed here as in [9, section 6.4.1].

Theorem 3.9 (Existence of a solution to the scheme) Under the assumptions of Propo-
sition 3.5, there exists a solution to the scheme (18)—(20d).

Proof 5 We proceed by induction. Let us assume the existence of a solution up to t,, i.e.
the existence of (pﬁ(,pf{,ﬁ%,uﬁ(,e’;{)KeM for 0 < k < n, and let us prove the existence of

(p?(ﬂ,p?(ﬂ,&?jl,u?(ﬂ, e?(Jrl)KeM, We already showed in Remark 3.4 the well-posedness of

the prediction step. Let us now prove the existence of a solution (p}?rl,;t7?(+17u’[?rl7 e"K“)KGM
to (20a)—(20d). Let A be a real number in [0,1]. We consider the following non-linear system
of equations:

Unit £ AF(URTY = Vi (33)
where Ut and V2 are vectors of RM, M = (2 4 d) card(M), defined by

t
Ut = [(ug ke (0K Dxems (0 e rem]

n ~n n non t
Vi = [(UKH)%GMa (P ) Kem; (pKeK)KGM] )



and )
— (VKPHI - VKP")

F(UT) =6t ntlgnt)

divg (p

- 1 n+1,,n+1 +1 g 1 +1
divg (p" et tun ™) + pit divg um ™ — S

with Pttt = (v — 1) plet et and ST defined by (21). For A = 1, the system (33) is the
original projection-correction step. For X\ = 0, it is a (trivially) invertible linear system. By
the same arguments as in the proof of Proposition 3.2, we get that p’;(H >0 and e?;rl >0, for
any X € [0,1]. Moreover, multiplying the second equation of (33) by |K| and summing over all
K € M, we get by conservativity:

SR pEt = > K| e = > K] plk, (34)

KeM KeMm KeMm

which yields a uniform (in \) estimate on p}‘("’l. Let us then take the inner product of the first
equation of (33) with |K|plu’tt, to get:

A A —
] e P+ SV aep™ et = K| et S| Ve ug
By Young’s inequality, we thus get:
A
IKI/MKIU"HI2 + 5 K| Viep™™ ‘up <Ok

where Ck only depends on quantities which are known at this stage. Summing with the third
equation of (33) multiplied by | K| and then summing the resulting relation over the mesh and
invoking the discrete V —div duality and the conservativity, we obtain the following uniform
(in \) estimate:

Z |K‘ (|pn+1 n+1| + pn ‘un+1|2) <C, (35>
KeM

where C' = 0 once again only depends on known quantities. The mapping H(A,-) = Id — A\F
defines a homotopy between the mapping H(1,-) associated with the original system U}\le +
FUY") = Vi and the identity function H(0,-). Thanks to the uniform estimates (34) and
(35), we can then define a closed ball B of RM with radius large enough so that the possible
solutions of Problem (33) (including V3 which is obtained for X = 0) lie in the interior of B.
Let us consider the topological degree deg(H(A,-), B, V) of the map H(A,-) on the set B. Using
the invariance of the topological degree for a homotopy, we have:

deg(H(la ')aBa V./(L/l) = deg(H(Oa ')767 V./(L/t) = deg(lda Ba V./(l/l) =

As a result, the non-linear problem obtained for X = 1 has at least one solution in B, which
concludes the proof.

4. Passing to the limit in the scheme

In this section, we show that any possible limit of a sequence of discrete solutions to the
pressure-correction scheme obtained with a sequence of meshes and time steps such that the
space and time steps tend to zero satisfies the weak form of the continuous problem. In some
respect, it means that the shocks are correctly computed by the pressure-correction scheme,
since the Rankine-Hugoniot conditions are derived from the weak form of the Euler equations.
Furthermore, any such possible limit is shown to satisfy a weak entropy inequality. The con-
vergence analysis is performed for the mesh size iy of the mesh M tending to 0; the mesh size
hy is defined by:

hw = sup hg, with hg = diam(K).
KeM



DISCRETE UNKNOWN FUNCTIONS AND NORMS — Let M be a finite volume mesh of (2 as
defined in Section 2.1. To a set of discrete scalar of vector field (2x)xem, We associate the
piecewise constant function za : 2 — R or R? defined by:

zm(x) = Z zx 1x(®), V€ £,
KeMm

where, for any set A C R? the function 14 is the characteristic function of A defined by
Ta(x) =1if x € A, LTa(x) = 0 otherwise. We denote by L the set of piecewise constant
functions on M. We define a BV discrete semi-norm of a function zxq € L by:

lemlBv, = Y ol 20 — 2] (36)

o€Eint
o=K|L

Let (M, dt) be a space-time discretisation. To a set of discrete values {2}, K € M, n €
[0, N]}, we associate the following piecewise constant function of time and space:

2 s0(a, t) Z >t k(@) 1a(t), Vo e 2, Vte0,T),
n=0 KeM

where, for short, 1,, stands for the characteristic function of the time interval (¢,,t,+1]. We
define the following BV discrete semi-norm:

lemstl L v,y = D 0t | 2R 5elBvss

Given a solution {p%,u}%, ek, K € M, n € [0,N]} of the scheme (17)—(20), we may thus
define the piecewise constant functions paq,s¢, D 5¢, U, st, €m,5¢ and their BV semi-norm.

INTERPOLATES AND DISCRETE DERIVATIVE OPERATORS — Let ¢ € C'°(§2x [0,T)) be a given

test function. We denote by g6 its interpolate for the space-time discretisation (M, dt),
defined by:

©m,st(x,t) Z Z Ok T (x) 1,(t), with o% = p(xk,tn), VK € M, Vn € [0, N—1].
n=0 KeM
(37)

The interpolate ¢ 5 5, of a vector-valued test function ¢ € C2°(£2 x [0, T))? is then the vector
valued function whose components are the interpolates of the components of . We may then
define a discrete time-derivative operator d; by:

n+1
Orpanse(@, t) Z 3 “’K ‘pK 1x(2) 1,.(t), V& € 2, Vt € [0,T).
n=0 KeM

Owing to the regularity of ¢, the quantity O:ps: converges uniformly to Oy as the space
and time steps tend to 0. It is also convenient in the convergence analysis to define a discrete
gradient of ¢ a¢,s¢ on a dual mesh which is composed of the so called “diamond cells”, represented
on Figure 2 and defined as follows. For a control volume K € M, o € £(K), we define the
half-diamond cell Dg , as the cone with basis o and vertex x:

Dio = {tex + (1 —t)y, t€[0,1], y €o}. (38)



Fic. 2. A dual mesh and cell.

We then define the diamond cells D, as

Dk ,UDyp,if o = K|L int
Da—{ KoUDps 1o | € Ent (39)

Dk, if 0 € Eex and 0 € E(K).

We denote by |Dk | and |D,| the d-dimensional measure of Dk , and D,, respectively. The
dual mesh regularity is defined by:

Do |
‘DK,6|’

nM:maX{ K e M, UEE(K)}. (40)

A discrete gradient operator Vezaq of a piecewise constant function zaq € L may then be
defined as the following piecewise constant function on the dual mesh:

o
Vezpm = Z |£||(ZL—ZK)TLK,U 1p,. (41)
0€Eint 7
oc=K|L

This discrete gradient is not consistent in general, in the sense that, applied to the interpolate
of a smooth function, it converges only x—weakly in L ({2 x (0,T)); this result may be related
to the weak convergence of a discrete gradient proven in [8, Lemma 2] for meshes satisfying
an orthogonality condition in the case r = 2 and of [28, Lemma 6.2] for quadrangular and
hexahedral meshes, and any r. It is in fact valid for any kind of mesh under a regularity
assumption, and was extended to time-dependent functions, see [11, Lemma 3.2]. We recall
here this latter result for the sake of completeness.

Lemma 4.1 (Weak consistency of the face gradient) Let (M(m))meN be a sequence of
meshes such that the mesh step h m) tends to zero when m tends to +o0o. Assume that there
exists a real number 8V such that

lol [#r —2k| v v e, (42)
0'65.("")702K|L |DU|

int

Form € N, we suppose given a time step 6t™), and suppose that 6t'™) also tends to zero when
m tends to +00. Let ¢ € C2(02 x [0,T)) and, form € N, V™ o € L=(2 x [0,T))? be defined
by:

N
V=3 Y B ek - e nie Lo, (@)L (43)

n=0 UGS.(m) |

int

Then the sequence (V™) p)en is bounded in L (2 x [0,T))* uniformly with respect to m
and converges to Ve in L= (82 x [0,T])¢ weak x.



BOUNDEDNESS ASSUMPTIONS FOR SEQUENCES OF APPROXIMATE SOLUTIONS — Consider a
sequence (M (™) §t(m)) - of space-time discretisations of £2 x [0, 7). For m € N, let us denote
by (p(™), p(m), e(m) a™), u(™) the piecewise constant functions reconstructed from the
solutions of the scheme (17)-(20) for (M, dt) = (M §t(™)). Let us introduce the following

notation:
1

1
1™ = max{(p <m>) KeM™ nelo,N™]}.
In any other ocurrence, the notation ||z||« stands for the usual L* norm of the function z. For
the consistency result stated above, we need to assume that there exists C' > 0 such that, for
all m e N,

= max{ KeM™ nel-1,N™]},

1) oo + (™) v, + ™) oo + (™) 5y, < C, (44)
1 m .
”p(m) HOO + ”p( )”oo + |p( )|L1(BVE) <C. (45)

Note that the assumptions on the unknowns at the first time step imply that the BV-norm of
the initial data for the density and the velocity is bounded.

RECONSTRUCTION OF DISCRETE FUNCTIONS — In order to alleviate the consistency proofs,
some stability and convergence results on the reconstruction of approximate solutions on dual
meshes are first introduced; these results are a rather straightforward extension to general
meshes of those presented in [12, Lemmas 3.3 and 3.9] for rectangular meshes.

Lemma 4.2 (Dual mesh reconstruction: definition and stability) Let M be a finite vol-
ume mesh of {2 as defined in Section 2.1 and let T be its dual mesh, formed with the dual cells
defined by (38)-(39). A reconstruction operator is an operator R from the set L of piece-
wise constant functions on M to the set Lt of piecewise constant functions on T, defined as
follows:

Rm : Ly — LT

Zm = RMZM:Z/Z\U ]lDU,
oce&
where Z, s a convex combination of the values of the neighbouring cells, i.e.

~ to 2 + (1 — po) 2, if 0 = K|L € Eing, with 0 < py <1
7 2k if 0 € Eoxty0 € E(K).

For any r € [1,+00), there exists Cy,, > 0, depending only on r and on the reqularity of the
mesh naq defined by (40), and non-decreasing with respect to naq, such that, for any zp € L,

RamzmllLr2) < Cope llzmllzr o)

Proof 6 Letr € [1,+00) and zp € Lag; by definition,

HRMZM”ET(Q) = Z Dol 25| = Z | Do | |MUZK +(1- MU)ZL’T + Z | Do | |ZK|T~

cel o€&int o€Eext
o=K]|L ce&(K)

Since |o| <1 and (a+b)" < 27" Y(a" +b"), for a,b € [0, +00), we get:

IRmzntliray <2770 30 1Da] (laxl” + 12l7) + D2 1Do] lexl”

0€E&int 0E€Eext

o=K|L ceE(K)
<273 D] ekl <2t D K]

KeM ce&(K) KeM

thanks to the definition (40) of na, which concludes the proof.



The following lemma states that if a sequence of piecewise constant functions of the primal
mesh tends to some function in L", then a sequence of reconstructions also converges to the
same function in L". Tt can be proven exactly in the same way as in [12, Lemmas 3.3 and 3.9].

Lemma 4.3 (Convergence of the dual mesh reconstructions) Let (M(™),.cy be a se-
quence of finite volume meshes such that hym) — 0 as m — +oo, and which is supposed to
satisfy the following regularity assumption:

There exists n > 0 such that Ny m) <1, for any m € N. (46)

with Nymy defined by (40). Let 1 < r < +o0. Let Z € L"(12), and let (zf(,tn))meN be such that
25\7/7) € Lyim for any m € N and le”) converges to Z as m — +oo in L"(§2). Let R pqm) be a

reconstruction operator on the dual mesh, in the sense of Lemma 4.2.

Then R pqem) zxtn)

— Z in L"(£2) as m — 4o0.
THE CONSISTENCY RESULT — To pass to the limit in the scheme, we use an assumption linking
the mesh and the time step which we now state. For a finite volume mesh M, let b, be defined
by:
K]
hy = min ——-. 47
"M KeM |OK]| (47)
Note that the fact that the ratio h,,/ha is small detects the presence of "flat” control volumes
in the mesh (in other words, |K|/|0K| is significantly lower than diam(K) when the control
volume K is flat). Let us now consider a sequence of meshes (M), cy and times steps
(6t0™),,en. Then the consistency proof given below requires the following condition:

m)\2

lim Lt( ) =0. (48)
m—=00 hp4(m)

This latter relation combines a regularity assumption on the sequence of meshes (it forbids in-
creasingly flat control volumes as m — +o00) with a CFL-like condition, however less restrictive
than usual (it involves 6t instead of §t), and rather natural in practice. It is used in the present
analysis to control the residual terms of the discrete kinetic energy balance equation taking the
form of the square of a discrete pressure H'-norm (terms denoted by Pt in (25), see the proof
of Lemma 4.6 below).

The following result states the weak convergence of the pressure gradient, and will be used
in the proof of consistency of the scheme below.

Lemma 4.4 (Weak consistency of the gradient) Let (M) §t(™), cy be a sequence of
discretisations such that h(™ = haqemy and 5t tend to 0 when m — oo and which satisfy
the reqularity assumptions (42) and (46). Let (p\"™))men be a sequence of discrete pressures,
associated to the sequence of discretisations (M™ §t(™), ey and let us suppose that (p™)),en
converges to p in L"(82), for 1 <r < oco. Let p € C(2 % [0,T)) be a given test function and
let us denote its interpolate @ pqim) s.0m) defined by (37) by o™ Then:

N 1

T
Y o™ S K] V™) e = [ [ p Vodean )
m—r oo
n=0 0 (9]

KeM(m)

Proof 7 Dropping for short the exponents (™ whenever it does not hinder comprehension, let
T(™) be the quantity at the left-hand side of (49), namely:

N

—1
T — Z ot Z |K| Vi p" .
n=0 KeM



Let m be large enough so that ¢ vanishes on the boundary cells; using the definition (7) of the
discrete gradient and reordering the summation, we get:

N-1
T = St Y i s ()= X0t 3 155 (Bl )

0€Eing 0€Eint
oc=K|L o=K|L

where, for o = K|L, p"Jrl = ar, ng Ly QK.oY 1. We thus obtain that there exists a dual
mesh reconstruction p of the discrete function p\™ such that:

T
TW”:Al/l/p?”ng¢W”dm&.
0 2

The conclusion follows by Lemma 4.3 and Lemma 4.1.

We are now in position to prove the following consistency result, which is the aim of this
section.

Theorem 4.5 (Consistency of the pressure-correction scheme) Let (M) §t(™), - be
a sequence of discretisations such that h™) = haqgomy and 5t tend to 0 when m — oo, satis-
fying the regularity assumptions (42) and (46) and the CFL-like condition (48).

Form € N, let (p(m),p(m), ﬁ(m),u(m), e(m)) be the piecewise constant functions corresponding
to the solution of the scheme (17)~(20) for (M, t) = (M) §t0™) we assume that these func-
tions satisfy (44) and (45), and that the sequence (p(m),p(m),'&(m),u(m),e(m))meN converges
in L™(£2 x (0,7))3T24 for 1 < r < oo to a limit (p,p, @, u,e) € L=(02 x (0,7))3+24.

Then @ = u and (p,p,u,€) is a weak solution of the Euler equations, i.e. satisfies:
Vo € CX(2 % [0,T)), Yo € C=(2 % [0,T))%,
A?@@@¢+mrv@dmm+Z¥M@¢@ﬁwmzo, (50)
/OT/Q(puﬁtsH(pu@u):w) dwd“‘/ﬂﬂo(m) uo(z) - p(x,0) dz =0,  (51)
/OT/Q(PE(?HPJF (PE + p)u - Vo) dzdt + /on(w)Eo(w) o(x,0) dz =0, (52)

_ 1 _ __
|, Eo=eo+ §|U0|27P = (y—1)pe.

|~

E=c+

If we furthermore assume that there exists C' € Ry such that || = —wy |l < C, then (p, p,u,€) is
an entropy weak solution, in the sense that it satisfies the following weak entropy inequality:

T
[ [ apaaesapou Ve dedt~ [ g0 el do <o,
0o Jo 2
for any function p € C°([0,T) x 2),¢ >0. (53)

Proof 8 The proof is organized in several steps: we first show that the predicted and the end-of-
step velocity converge to the same limit, then the convergence of the initial data for the density,
and, finally, we pass to the limit in the equations of the scheme and in the discrete entropy
inequality. Throughout the proof, for the sake of simplicity, we shall drop the exponent “(m)”
associated to the sequence of discretisations when it does not hinder comprehension.

Equality of the limits @ and @ - Using the velocity update (20a) and the definition of



the pressure gradient (8), we have

T N—
/O /Q|a—u| de dt = Z > IK] fuptt - apt
ot n‘

n=0 KeM

z > 1wl [ i - v
n=0 KeM ’ N
|_||00225t2 Z Z lol IpL — pk|

KeEM o=K|L

,_\

<40t H;Hoo Pl (BV,)-

Thanks to the assumption (45), we may pass to the limit in the above inequality and obtain

u=u.
Inltlal condition for p - In the prediction-correction algorithm, the discrete initial con-
is not directly computed from the continuous initial condition pg but rather by the

dition p° i
solution of a discrete mass balance, as specified by (17); thus,

1
% — —/ po da = 5t div g (p'u?).
K| Jx

Therefore,
L1 —mldz =t 37| 3 lolobule,| <ot (147
KeM oe€&(K)
with:
=3 Il = ) ) o= D o] Y ol (e — ulmo)|
KeM ce&(K) KeM oce&(K)
The first term may be estimated by Ty < 2 ||[u°||so|p’| BV, . Moreover
Z P Z |o| |UL UK| 210" |oo v By, -
KeM o=K|L

ST % D ol [(akoultor o ul)—

KeM o=K|L
Consequently, / lp” — po| de — 0 as 6t — 0, thanks to assumption (44)

7
Passage to the limit in the equations of the scheme — Let ¢ € C°(2 x [0,T)) and
For a given discretisation (M(m)ﬁt(m)), the interpolates @ pq(m) se(m)

p € CX(N2 x1[0,T))4.
and @ yqm) spm) of p and @ defined by (37) are respectively denoted by ™ and (™)

Mass balance — Let us now prove that (p,w) satisfies the mass balance equation (50). Mul-
tiplying (20b) by otw} and summing for n € [0, N — 1] and K € M yields Tl(m) + TQ(m) =0

with
N-1

n+1 n
) Pr> 2
n=0 KeMoe&(K)

Y Y w G
n=0 KeM
= 0 at least for m large enough,

Reordering the summation in Tl(m) and using the fact that



we get

™ = Z(St > K] p "*“pK — N K] pheok

n=0 KeM KeMm

/ /p( )8,p(m dmdtf/( (m))ogo(m)(ac,()) dex

—>—/ /ﬁ@tcp da dt —/ po(x) o(x,0) de as m — +o0,
o Jo 7

thanks to the convergence assumption on the approximate solutions and to the convergence of
the initial condition for the density (see the corresponding step in this proof). Reordering the

n+1 TL+1

summation in TQ(m) and using F}é‘“ = |o| p yields:

N-1 T
T = =35t > Dol oy uptt £||(90L Vi) Ko = — /0 /p,(gm) u" - Vep™ dadt,

0€Eint
o=K|L

where p( ™ and uém) are piecewise constant functions on the diamond cells respectively equal

to p" Tt (the upwind choice) and u*! (average value defined by (6)) on each dual cell Dy and
time interval [ty, tn+1). Thanks to the fact that ny e < 1 and to Lemma 4.3, the function p( m)
(respectively u(gm)) converges to p (respectively w ) in L (£2) (respectively L™(£2)¢), r € [1, +00);
hence, thanks to the weak convergence of the discrete gradient stated in Lemma 4.1, we get

T
lim 7/ /pém) u(gm)~ ( ) dedt = / /pu Ve dzdt.
m——+0o0 0 0

Momentum balance — Let us then prove that (p, p, @) satisfies the weak form of the momentum
balance equation (51). Let us add the prediction equation (18) with the wvelocity correction
equation (20a), and multiply the resulting relation by ot ¢% and sum for n € [0, N — 1] and

K € M. We obtain T\™ + T{™ + T\™ = 0 with

N—
T =37 0 K] (ki = i i) -

n=0 KeM

™ = Zét Z K| divg(p"u" @ @™ ™) - o,
n=0 KeM

T{m™ = Z(St ST K| Vigpt
n=0 KeM

With arguments similar to those used for the term Tl(m) in the mass balance equation, we get

lim T / /pu D dadt — / o(@) wo () - (@, 0) da.

m——+00

n)

Reordering the summation in TQ(7 . we get, denoting by Y ; (respectively u"'H) the i-th com-



ponent of @7 (respectively a1 ):

TZ(m) Z 5t Z Z FKO‘ ZJFI 711(
= KeM oeé(K)
d N-1

ZZ& Z ‘D |pL~n+1 ’U,Z |g||( (pLz)nK,U

i=1 n=0  oE&mnt
o=K|L

T
—/ p™ (@t — 6t ™) (ul™ (2, t — 6t) @ al™) : Ve ™ (2,t) da dt
0 2

(m) (m)

where pg and ug ' were defined in the mass balance step (and are extended in the previous
relation to the time interval (fdt(m),O) by the reconstruction of p° and u® respectively), and
ﬂgm) is defined similarly. Hence, by Lemma 4.3 and Lemma 4.1,
lim T2 / / (pu® ) : Vi dedt.

m——+oo

Finally, by Lemma 4.4, we get:
T
lim T( —/ /pdivcp da dt.
m——+00 0 N

Total energy balance — Let us finally prove that the limit (p,p, u,€) satisfies a weak form of
the total energy balance (52). Multiplying the local discrete total energy balance (29) by 0t

and summing over the mesh cells and the time steps, we get Tl(m)+T2(m)+T3(m) +T£m)+Tém) =0
with

N-1
T =30 30 K| ((0xBx)™" = (0xEx)")

n=0 KeM
N—
(m) _ n+1 n+1 n+1
I Z(S Z Z o] ez U, Pk
= KeMoeE(K)

T = Z 5t Y |K| divg(p" et ok,
n=0 KeM

Z oty N el aptt - apt ot , oh if 6 =0,

n=0 KeMoc&(K)

5 Z 5ty > ol lapt Popul , ok if 8 =1,

n=0 KeMoec&(K)

™ = Z t 3 |K| PR o,

n=0 KeM

l\.’))—‘

—_

where (px Ex)™ is defined by (30). By similar arguments as for the mass and momentum
balance equation, we get:

lim 7™ / /pE Do dmdt—/ pol@) Fo() o(x,0) da.

m—o0

Reordering the summation in TZ(m

T
1= Y Y e s = - [ v s
0 0

0€Eint
o=K|L

yields:



where p(gm) and uém) have already been defined and eém) 18 the piecewise constant function on

the dual mesh equal to the upwind choice e, on each cell D,. Thanks to the assumptions of
strong convergence in any L", 1 < r < 400, of the approzimate solutions e(™, p(™) and u(™
and to the weak convergence of the gradient given by Lemma 4.1, we thus get, invoking Lemma

4.3, that
T
lim T(m) = / / epu - Vi de.
m——+00 0 0

Using the definition (10) and reordering the summation, we may write the term Tém) as

T(m) Zét Z Z lo| (pu)? ”H ‘NEK. P

n=0 KeM o=K|L

N-1
|o
=Yoo XD G o k- b
n= 0€Eint 7
o=K|L

T
— [ [ G e dawat
0 (9]

where (ffﬁ)(m) is the piecewise constant function on the dual mesh defined by:
(5) ™) (@, 1) = (FR)2 for @ € Dy and t € (tn, tus1],

with (pu)s defined by (10), i.e. (pU)y = QKo PLUK + QLo Pr UL for any face 0 € Eiy,
o = K|L. Remarking that, since py, and px are positive, the quantity (pu)s/(Qk o PL+0L o D)
is a convexr combination of wx and wy, we thus obtain that there exist two reconstruction
operators Ri s and Ro aq such that:

T
3" = 7/ / Ramp™ Ry ™ - V™ da dt.
o Jo

Thanks to the assumptions of strong convergence in any L™, 1 < r < 400 of the approzimate
solutions p(™ and '™ and to the weak convergence of the gradient given by Lemma 4.1, we
thus get that

T
lim T( —/ / pu - Vi dedt.
m—+00 0 0

m .
( ), can be rewritten as:

The convection term, T

N 1
m - n |o|
o= 3" 6t > ol At At ot w Z-(D |(w?<—so’£)m<,a

0€Eint
o=K|L
where u"+1 a1 and u"+1 a" L in the centered case (5™ = 0), and u""'1 =a"tl = ultt
K L 7,2

in the upwmd case. In both cases, the discrete velocity fields uy and u ug deﬁned by these relations

are reconstructions of w. Hence, with the same arguments as for the term Tg(m), we have:

T
lim T(m): lim / /ﬁﬁm)~ﬂém)p(m) ™) Vg(m)go ) dz dt
0 N

m—r 00 m—r oo

pu- Vo dedt.

Il
S,
S~

:.\

[~}

Finally, the fact that Tém) — 0 as m — oo is dealt with in Lemma 4.6 below.



Entropy inequality — Let ¢ € C(2 x [0,T),Ry) and let ™ = @ om) som be its
interpolate. Multiplying the local discrete entropy inequality (32) by 6t and summing over
the mesh cells and the time steps, we get T1( ™ 4 Tém) < 0 with

Z STK| it - i) ok, T = Zatz ST Jof i truptt k.

n=0 KeM = KeMoe&(K)

Clearly, thanks to the convergence assumtions on p™ and ™), one has n(p™), ™) = n(p, e)
in L™ for any r € [1,400[, so that by similar arguments as for the mass, momentum and total
energy balance equations, we get:

lim 7™ / [ 0.6 o0 azat = | nip.co)(@) o(a.0) da.

m—r oo

Reordering the summation in TQ(m) yields:

(m) Zét Z |0,| nn+1 n-+1 (@7 ()OL Ngo = — / / (m)VEQO(m) de.

0€Eint
o=K|L

(m) (Tn))

Again, it is clear that n(ps ", — n(p,e) in L" for any r € [1,4+00[, so that by arguments

similar as those used for the term TQ( ™) in the total energy balance, we get that

T
T2(m)_>—/ /n(ﬁ,é)ﬂ-Vgodscdt as m — +00,
0o Ja

which concludes the proof.

Lemma 4.6 (Pressure remainder terms) Let (M) §t(™), cy be a sequence of meshes
and time steps such that h™ — 0 and 6t'™ — 0 as m — +oo, and satisfying (48). Let
(PN men and (pU™ ) men be (part of) the associated sequence of discrete solutions. We assume
that the sequences (p(™)men and (pU™))men satisfy the boundedness assumptions (44) and (45).
Let p € C(2 x [0,T)), let Pt be given by (25), and let X™ be defined by

N(™ 1

X0 = S a Y K| PRk
n=0

KeM

where @Y is the interpolation of ¢ defined by (37). Then

lim X =o.

m——+o0o

Proof 9 The proof of this lemma is similar to the proof of [21, Lemma 3.16], which concerns
the same result for the case of a staggered hexaedral or tetrahedral grid and a slightly different
discrete gradient. By definition of Py, and thanks to a reordering of the summations, we get

N 1

B 6t2 |van+1|2 |VKpn|2
- Z Z | pn—l ) PK
KeM K

N _1

ot? |Vip™ |2 |VKP |2
S DR SR e P (L P
n=0 KeM Pk KeM



Now, by the definition of the discrete gradient (8), and since the coefficients oy o lie in the
[0, 1] interval, we have:

2 1 )
Vi < [ del o =] [ X Jel o - pi]

oc=K|L oc=K|L
1
<o [ 2 Il Wi -] 0K il
‘ | oc=K|L

By the definition (47) of h,,, we have
|OK]| 1
Litulall N

K|~ hay
Furthermore, there exists Cy, > 0 such that |<p7}<+1 — | < Cy bt and ||¢(.,0)||oc < Cyp. Hence,

5t2

m 1
X < Coz =l IPlloe (I°12v, + Pliacav,) -
apm P

Therefore, under assumption (48), X(™ — 0 as m — +oc.

5. Numerical results

The numerical results produced by the scheme (17)-(20) use an upwind convection operator
in the momentum balance, i.e. the parameter 6"P is set to 1 in (15). The same tests are
also performed with the SLK scheme, as a competing pressure-correction scheme for all-Mach
flows, and with the Godunov method as a reference scheme. The SLK scheme is implemented
in our numerical code whereas the results from the Godunov method are calculated using the
Clawpack 4.3 code, see [3].

First, we consider several 1D Riemann problems to assess the accuracy of the scheme (17)-
(20). Then two-dimensional Riemann problems are considered. In both cases an oscillatory
behaviour is observed near shocks, which does not affect the L' convergence. We show how to
cure it with an artificial viscosity method such as in [27].

In all the tests, the non-linear system for the projection-correction step is solved with a
simple fixed-point procedure. The sub-iterations are initialised with the most up-to-date flow
variables. During a sub-iteration, we successively update the velocity with (20a), solve the
density with (20b), update the term S7-"" with (21), solve the internal energy with (20c) and
finally update the pressure with the equation of state. Let n and & > 0 be respectively the
time iteration and the fixed-point iteration indices. The stopping criteria for the fixed point
sub-iterations is a non-dimensional stagnation criterion defined as:

<uk+1 _ uk|oo |pk+1 _ pk‘oo \ek+1 _ ek|oo ‘karl _pk|oo> _

n ’ n ’ n ’ n
[u™| o P |oo "o [P |oo

The value of € should be chosen so that the mass balance and the internal energy balance are
well resolved. A good indicator of whether this is the case is the local residual of the discrete
total energy balance (29), since this latter equation is constructed using all the three balance
equations. Should any of these balance equations be under-resolved, it would impact the local
total energy balance. In our tests, we set e = 1076, and the residual of the total energy balance
is computed at convergence (see Section 5.1.2).

5.1 Accuracy tests

5.1.1 Problem definition The accuracy of the three schemes is evaluated on seven 1D Riemann
problems, with initial states given in Table 1. The domain is {2 = [—4,4] with Dirichlet
boundary conditions on 9f2. The solution of the first problem is a pure shock wave (the contact



wave and left shock wave have their amplitude set to zero). Likewise, the solution to the
second problem is a pure contact wave, with a left and right non linear wave of zero-amplitude.
Riemann problems 3 to 7 are classical problems, see [42]. Test 3 is a Sod shock tube. In
Test 4 to Test 7, the genuinely nonlinear waves appearing in the solution are respectively: two
rarefaction waves, a left rarefaction wave and a right shock, a left shock and a right rarefaction
wave and two strong shocks. The tests are carried out on 6 grids with 2™ cells, 10 < m < 15.
The space discretisation step is taken constant to h = 23~ ™; the time steps 6t and total time T
are given in Table 1. The convergence orders for the three schemes is summarized in Table 2.

Test AL ur, PL PR uR PR T ot
1 0.26557  0.92745 0.30313 0.125 0.0 0.1 0.25 h/l
2 2.0 2.0 0.4 1.0 2.0 0.4 0.15 h/Q
3 1.0 0.0 1.0 0.125 0.0 0.1 0.25 h/l
4 1.0 -2.0 0.4 1.0 2.0 0.4 0.15 h/2
5 1.0 0.0 1000.0 1.0 0.0 0.01 0.012 h/25
6 1.0 0.0 0.01 1.0 0.0 100.0 0.035 h/6
7 5.99924  19.5975  460.894 5.99242 -6.19633  46.0950 0.035  h/20

Table 1. Initial states for the 1D Riemann problems used in accuracy tests.

5.1.2  Analysis of the results In Tests 1 to 7, the average number of sub-iterations of the
fixed-point procedure is less than 6 for all meshes. The normalized L* residual of the total
energy balance is monitored at each timestep t,:

Ir(nea./\)sl|T1?< + Do + Tk + Tug + T5?(’

wn = , with:
o g 73| oo Tl g ] s 7 oo 75 )
1/ — —
Tk = 5 (( kErx)"t - (pKEK)n) , Tyl = divg (p" e T,
1 . 2 e
T3y = K] Z |uZ+1| Fg ., Taf = divg (p"u™), and T5y = Pt

o=K|L

In each test, the quantity W™ stays below 2 x 10~7 for any timestep n and for any mesh.
This confirms the relevance of the stopping criteria chosen for the fixed-point iterations.

Order of convergence — The order of convergence for each test is reported in Table 2.
The code using the Godunov solver failed for Test 4 hence the absence of results. The exact
solution to the Riemann problems is computed using the method presented in [42]. The L!
error is calculated as:

Errp. (w) = Z ‘K| |wnum,K - wref,K|
KeM

with w = {p, e, p, u; }, Wyum,k the numerically computed value and wyer x the exact reference
value.

For a pure shock wave (Problem 1), both the scheme (17)-(20) and the SLK scheme exhibit
a convergence order close to 1 for density, pressure and velocity. The two other waves (contact
and genuinely nonlinear waves) of the Euler system, whose amplitude is set to zero in the
initial data, appear here with a non-zero amplitude. However, this does not seem to impact the
convergence order. Let us notice a spurious oscillation at the shock computed with the SLK
scheme, which does not occur with the scheme (17)-(20) (see Figure 3).

As to the pure contact wave (Problem 2), both the scheme (17)-(20) and the SLK scheme
present an order of convergence close to 0.5 for the density and close to 1 for the pressure and



Test 1 (pure shock), N=4096 Test 2 (pure contact), N=4096

Our scheme Our scheme
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F1G. 3. Final state for Test 1 (left) and Test 2 (right) with the scheme (17)-(20) (blue), the SLK scheme (black),
the Godunov method (green) and the exact solution (red). The mesh size is h = 8/4096.

the velocity. Nonetheless the two schemes differ noticeably: while the SLK scheme presents two
waves (shocks) whose amplitude are not zero as they should be, the scheme (17)-(20) preserves
the contact wave well and no phantom wave is present in the solution (see Figure 3, right);
this agrees with the fact that the scheme was constructed to preserve constant pressure and
velocity through a contact discontinuity. For the Godunov method, the order of convergence
for non-conserved variables is limited by the order of convergence of the conserved variables on
which they depend, hence the lower order of convergence for the velocity and the pressure.

For the Riemann problems 3 to 7, the order of convergence in L! norm is between 0.5 and 1.
With both schemes, while shocks are sharply captured, contact discontinuities are inaccurately
calculated, which is the main source of error in all the tests. The SLK scheme is often slightly
more accurate than our scheme even if convergence orders are close. Both schemes suffer
from oscillations near shocks. Nevertheless although the magnitude of the oscillations does
not decrease with the mesh size, the L' measure of these oscillations vanishes; therefore, they
do not have a significant impact on the L' convergence of error. The issue of the oscillatory
behaviour is addressed in the next subsection. Recall that in Test 2, the pressure and velocity
are computed exactly by our scheme (precisely speaking, are left to their initial value), as
indicated in the table below.

Variable Test 1 Test 2 Test 3 Test 4 Test5 Test 6 Test 7
p (our scheme) 0.989 0.502 0.644 0.658 0.527 0.529 0.544
p (SLK) 1.003 0.498 0.634 0.656 0.521 0.517 0.530

(
(Godunov)  0.975 0.506 0.652 NA 0.563 0.552 0.547

P
p (our scheme) 0.989  conserved  0.848 0.708 0.877 0.852 1.015
p (SLK) 1.005 1.002 0.818 0.712 0.879 0.855 0.991
p(
u
u

Godunov)  0.974 0.510 0.797 NA 0.898 0.859 0.933

(our scheme) 0.982  conserved  0.878 0.679 0.894 0.866 0.994
(SLK) 0.993 0.924 0.834 0.598 0.891 0.868 0.980
u (Godunov)  0.961 0.506 0.834 NA 0.928 0.875 0.931

1

Table 2. Convergence orders (L' norm) for 1D Riemann problems with our scheme, the SLK scheme and the

Godunov method.

Corrective term S?’l — As outlined in the previous sections, the most critical component
of our method lies in the corrective term S}L(H added to the internal energy balance. As



observed in Figure 4, the source term is located at shocks but not at contact discontinuities.
Its L' measure does not vanish when the space discretisation step tends to zero.

The density field at the final time for Test 7 is given for our scheme with S7-! (in blue) and
without S}L(H (in green). The two profiles are similar, however the shock speeds are different,
and so are the intermediate states. In absence of the corrective term, the scheme still seems
to converge to a limit, but this limit is not a weak solution of the continuous problem (the
Rankine-Hugoniot jump conditions are not verified at the shocks).

Let us have a closer look at the behaviour of Sp"! through its L'(0,7;2) norm. In the
case of an upwind choice in the momentum convection (6"P = 1), the correction term reads:

Si = s g w4 g S lolel () Japt - g,

2|K|
oc=K|L
and the L'-norm of the piecewise constant function S with values S’?(H reads:
1SNz 0,750) = Z ot Y K| SEt. (54)

n=0 KeM

Let us denote by [(u,@)|r1(pv;) the following quantity:

|, @) vy = Y IK\Z |af — ul

KeM n=0

Then we easily get:

1 - . _ -
1112 0752 < 5 llplloo (Nutlloo + Nalloo) |(w @)lca(mve) + llollo @lloo [@lLr 5y,

Thus, for a sequence of discretisations, ||S||z1(0,7;0) remains bounded provided that the norms
and semi-norms at the right-hand side remain bounded. This seems to be true, for the tests
performed in the present study. Let us now consider a discontinuity transported at a constant
speed over the domain, so that the numerical solution is a travelling profile. Equation (54)
yields ||S||z10,750) = T + T> with:

T1:722|K|p?(1|un+1 n|’

n=0 KeM

1N—l
L=y 6ty > loleh (uie,)™ Jap™ —ag[?
n=0

KEM o=K|L

The term T35 equivalently reads:

1= _ _
=320t Y lolel e, @yt — gt

n=0 gE€Eint
oc=K|L

Let us denote AU the amplitude of the discontinuity for the velocity @ and £p the set of faces
inside the numerically computed discontinuity, with M = card £p. For o = K|L € &p, let ("1

be such that: R
’~n+1 ~7I1(+1| _ C;H_lAU.

If the discontinuity is computed without oscillations, we have ¢ntl = 1. With this

notation, we get:

c€ED

7\2
S lolo o g - ag [ = B e,

g€Eint
o=K|L



with

TE = MY ol A
oe€p

If the coefficients ("1 are all the same, and so equal to 1/M, T]";+1 is the average of the
product pj; |u | over the faces involved in the shock. Let us thus consider TEH! as a quantity
characterising the numerical discontinuity profile, and taking similar values in time. Denoting
by Tp the range of Tt we get:
Tp (AU)?

2 M

Since the discontinuity is supposed to travel trough the mesh at a constant speed, the term T}
may be estimated with similar arguments. Let us now suppose that the considered discontinuity
is a shock, and that the scheme captures the shocks within a number of cells that is independent
from the mesh size. This seems to be verified numerically: for instance, with a variation of
magnitude greater than 1% of either the left or right state as selection criterion, the left shock
is computed within 8 cells and the right shock within 3 cells with all meshes for Test 7. Note
that this fact is also consistent with an order one convergence for the tests where the solution
is a combination of shock waves. In this case, ||S||z1(0,7;) should remain approximatively
constant. On the other hand, if M increases when the mesh is refined (which is the case for
contact waves), ||S||1(0,1;02) tends to zero as hag, 0t — 0. Finally, if the velocity is smooth,
151l L1 (0,7;02) may be seen to behave as haq and ot.

15

1

The evolution of S?{H in L' and L norm is given in Table 3. Tests 1, 5 and 7 all feature at
least one shock wave and the L' norm of S;‘(H is kept constant. In contrast, in Test 4 which has
two rarefaction waves and one contact wave, the L' norm of the compensation term decreases
as O(hap"%"). As expected, the L™ norm of Sj™ behaves as O(1/hpq) in all tests.

Density with and without S, at T=0.035, N=4000 Localization of the source term S, at T=0.035, N=4000
45 T T T T T T T T 35

2500

40t

sl . . . | 2000

30 1
<1500
o 25F 1 20 1 «

20 1 -11000

101 . . 3500
101 L

F= : . . . ] s L,
i i i i i i i i n n n n n n n n
0 005 0.1 0.15 02 025 03 035 04 0.45 0 0.05 0.1 0.15 02 025 03 035 04 045
position position

p (exact)

FiG. 4. Influence of the source term for Test 7. Left: density at T = 0.035 with Sk (blue), without Sk (green)
and exact solution (red). Right: localization of Sk (blue) with respect to the exact solution (red).

5.2 2D Riemann Problems

We now test a set of classical 2D Riemann problems, described in detail in [29], for an ideal
gas with v = 1.4. The computational domain is a square [0,1] x [0,1] and the initial data
consists in four constant states in the quadrants defined by the lines = 1/2 and y = 1/2.
The 19 initial states are given in figures 5 to 9. According to [29], they represent all the
admissible configurations for polytropic gas with only one non-zero-amplitude wave at the 1D
Riemann problem between two quadrants, i.e. either a rarefaction (R), shock (S), negative
contact (J7) or positive contact (JT). On figures 5 to 9 the arrows at the interface between
two quadrants indicate a forward or a backward wave. Tests 1 and 2 feature four rarefaction



N Test 1 Test 4 Test 5 Test 7
! L™ Lt L Lt L Lt L*>®

1024 3.75e-3 8.46e0 4.58e-3 T7.72e-1 1.99el 3.04e5 1.79e2 3.62e6
2048  3.6le-3 1.69el 3.29e-3 1.54e0  1.97el 6.08e5 1.78e2 7.23e6
4096  3.55e-3 3.39%el 2.19e-3 3.09e0  1.95el 1.22¢6 1.78e2 1.45e7
8192  3.5le-3 6.77el 1.39e-3 6.18e0  1.94el 2.43e6 1.78e2 2.89e7
16384 3.50e-3 1.35e2 8.5le-4 1.24el  1.93el 4.86e6 1.78¢2 5.79e7
32768 3.49e-3 2.7le2 5.07e-4 2.47el  1.93el 9.73e6 1.78e2 1.16e8

Table 3. Evolution of residual term S}?rl in LY(0,T; ) and L>(0,T; {2) norms.

waves, Tests 3 and 4 four shocks, Tests 5 and 6 four contact waves, Tests 7 to 10 both contact
and rarefaction waves, Tests 11 to 14 both contact and shock waves and Tests 15 to 19 contact,
shock and rarefaction waves. In all the tests, the problem is discretised with a Cartesian grid
with uniform space step de = dy = 1/400. The time step is fixed to §t = dz/10.

The iso-values of the density calculated with our scheme, the SLK scheme and the Godunov
solver for the 19 test cases are given in figures 5 to 9. The wave speeds appear to be correctly
calculated by all schemes and the main differences lie in the presence of spurious oscillations.
For Test 2, the SLK scheme exhibits oscillations for the rarefaction waves near the bottom left
corner of the domain. For Test 3 and 4, both our scheme and SLK suffer from severe oscillations
near shocks.

5.3 Numerical stabilization

The Weak Local Residual (WLR) method [27] is an interesting and efficient technique for
damping spurious oscillations at shock and contact waves by adding an artificial viscosity,
controlled by a variable viscosity coefficient p which is proportional to the weak local residual
W of one of the conservation equations. For instance the weak residual of the mass balance
reads:

W(¢)=/:/Qpat¢+/:/gpu-v¢, Vo € C=(02 x RY).

We assume hereafter that the mesh M is a one dimensional grid with constant step h. The
discrete weak local residual is obtained using the piecewise constant approximate solution and
the following specific test functions:

o0

1 1 tn+1 el el
wit=wei h = 5 [ [ (sbocit + spup Vo t) der

n=0 PeM



Test 1 Test 2 Test 3 Test 4

Initial data: Initial data: Initial data: Initial data:
1 1 1 1
1 1
p=0.4 | p=1 p=0.3 | p=15
p= 0.5197 p=1 p= 0.5323 p=1.5
y= —0.72L5 wuy=0 uy=1.206 5 uy=0
1 1
05F--4R-4---4R - 0.5 05F--yS-q---§yS -
p= 0.0439 : p=0.15 p= 0.029 : p= 0.3 p=1.1 : p= 0.35
p=0.1072_ p=0.2579 p=10.138 | p=0.5323 p=1.1 p=0.5065
w=—0.72 0 ;=10 ug=1.206g iz=0 ug=0.893F1z=0
y= —1.40.30,= —1.4047 uy=1.206 | uy= 1.206 uy=0.803L7 1y = 0.8939
1 1 1
0 0.5 1 0 0 0.5 1 0 0.5 1

Solution at time t = 0.2:  Solution at time ¢t = 0.2:  Solution at time ¢t = 0.3:  Solution at time ¢t = 0.25:
W [l
|

F1G. 5. Density contours (40) for 2D Riemann problems 1 to 4 with our scheme (first row), SLK scheme (second
row) and Godunov method (third row).
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Test 5 Test 6 Test 7 Test 8

Initial data: Initial data: Initial data: Initial data:
1 1 1 1
1 1
p=1 0.4 | op=1
=2 0.5197 -1
u:;: 0.5 o> ,’Z: 0.1
uy= 0.7 —0.62L y=0.1
0.5 05F--gt —-9--g+-- 05— 3= - R
p=1 : p=1 p= 0.4
p=1 ' op=3 p=10.8
ug= —0.79" = —0.75 up= 0.1
uy= 0.5 :uy: —0.5 uy=0.1
1 1
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
Solution at t = 0.23: Solution at time ¢ = 0.3:  Solution at time ¢t = 0.25: Solution at time t = 0.25:

F1G. 6. Density contours (40) for 2D Riemann problems 5 to 8 with our scheme (first row), SLK scheme (second
row) and Godunov method (third row).



Test 9 Test 10 Test 11 Test 12

Initial data: Initial data: Initial data: Initial data:

1 1 1 1
| | |
1 p=1 p=1 I p= =
p=1 p=0.5 _ p=1 =
Jt wugz= 0.3 ug=0.60"J .= 0.4297 =
I uy=20 uy=0 luy= = 1
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Solution at time t = 0.3:  Solution at time ¢ = 0.15: Solution at time ¢ = 0.3:  Solution at time ¢t = 0.25:
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F1G. 7. Density contours (40) for 2D Riemann problems 9 to 12 with our scheme (first row), SLK scheme (second
row) and Godunov method (third row).



Test 13 Test 14 Test 15 Test 16

Initial data: Initial data: Initial data: Initial data:
1 1 1 1
I
p=0.4 | op=1 0.4
p=0.5197 p=1 0.5313
z= —0.3 ‘Ptum —0.3 0.1
y= —0.62L uy= 0.1 0.1
1 1
0.5 05F--yS-q---yS - 05F—g— —9---§yS - 0.5 4s. -
p= 2.6667: p= 2.6667 p=0.4 : p=0.4 p=1 : p=1
" p=0.47: " p=0.9474 p=10.8 p=0.5313 p=10.8 p=1
ug=0 J. z2=0 up=0 J. z2=0 ug= 0.1 JI+ z=0.1 ug= 0.1 JI+ z=0.1
uy= 0.8145 uy= 0.4276 uy=1.2172 uy= 1.1606 uy= —0.3 |uy= 0.4276 uy=0.1 |uy=0.8276
1 1 1 1
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

Solution at time ¢t = 0.3:  Solution at time ¢ = 0.1:  Solution at time ¢t = 0.2:  Solution at time ¢t = 0.2:

F1G. 8. Density contours (40) for 2D Riemann problems 13 to 16 with our scheme (first row), SLK scheme
(second row) and Godunov method (third row).



Test 17 Test 18 Test 19

Initial data: Initial data: Initial data:
1 1 1

Solution at time t = 0.3:  Solution at time ¢ = 0.2:  Solution at time ¢t = 0.3:

F1G. 9. Density contours (40) for 2D Riemann problems 17 to 19 with our scheme (first row), SLK scheme
(second row) and Godunov method (third row).



Convergence of the error for the density with and without WLR stabilization Density with and without WLR stabilization for N=4096 Density with and without WLR stabilization for N=8192
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F1G. 10. Application of the WLR artificial viscosity method for our scheme in Test 7: evolution of the error in
L'-norm (left), zoom on the density for N = 4096 (center) and for N = 8192 (right).

where ¢nK_%(x,t) = Bg(z) - B" %(t) and Bg and B"2 are quadratic and linear B-Spline
functions:

l/x—xg  3\2 . 3 1
5( A +§> 1fx€[xK—§h, sz§h)
3 T — Tg\2 1 1
- — if — =h —h
Br(z) = { 4 ( h ) iteelon = ghooctgh)
l/x—xx 3.2 . 1 3
5( A —5) 1fx€[xK+§h, $K+§h)
0 otherwise
t—ty + 26t 3 1
—= ift t, — —ot, t, — —ot
5t nte [ n 25 2 26)
Bri(t) = o+ 56t —t 1 1
- <, f n - 5 b) n a
= if 1€ [ty — 50t by + 501)
0 otherwise

1
Note that test function (b?{ 2 has the local support 3h x 2dt. The artificial viscosity u, at the
face o = K|L is taken proportional to the largest weak local residual among neighboring cells
K and L:

nol _1

P = Cw max([Wy 2|, [Wp %) (55)

The coefficient Cyy is tuned by hand as a trade-off between the damping of oscillations and

_1
the amount of artificial diffusion introduced. It can be shown that W; 2 is o(h) near shocks,
o(h®) near contact waves with 1 < o < 2 and o(h?®) in smooth regions, see [27].

Introducing WLR artificial viscosity with Cy, = 10? in our scheme for Test 7 significantly
damps the oscillations (see Figure 10). Despite the added diffusion, the global accuracy of the
scheme is not noticeably affected, except for the grid N = 4096, in which case the overshoot is
indeed completely removed, but the accuracy of the solution is degraded (see Figure 10). The
convergence orders in L' norm are improved: 0.587 for the density, 1.13 for the pressure and
1.17 for the velocity. However we should note that they are impacted by the poorer accuracy
for the N = 4096 grid. For other meshes, the accuracy of the solution is the same as the results
without WLR and the overshoot, though still present, is severely reduced. For instance the
overshoot on the density is reduced by 94% on average.

Let us then turn to the 2D case and focus on Test 3, which seems to be the most impacted



F1G. 11. Density contours (50 values) for 2D Riemann problem 3 computed with our scheme without WLR
stabilisation (left), with WLR stabilisation (middle) and the reference solution from the Godunov method
(right).

1
by the spurious oscillations. Similarly to the 1D case, the test function ¢nK 2 is defined as:

1
O *(x,y.t) = Br () Br(y) - B"2(t).
The WLR technique is used with a coefficient Cy = 6.4 x 10* in (55) (figure 11, right). The
oscillations behind shock waves are effectively reduced. Most of the remaining oscillations are
in the top-right quadrant [0,0.5] x [0,0.5] and their amplitude is very small. Note however
that oscillations remain due to phantom waves; these are shock waves with zero amplitude
originating from the initial conditions, see e.g. [10] for examples of such waves.

A. The SLK scheme

The pressure-correction scheme introduced in this paper is compared in Section 5 to the SLK
(for “Saturne-LiKe”) scheme, introduced in [31] and implemented in the Code_Saturne CFD
code developed at EDF R&D. Among the differences between our scheme and the SLK scheme,
it should be stressed first that the latter is derived from the compressible Euler equations
written with the total energy balance (1); second, thanks to a decomposition of the variation
of the pressure into the variations of the density and of the entropy, the projection-correction
step of the SLK scheme (here taking the form of an “acoustic step”) is linear.

A.1 Time discretisation

Among the several variants of the SLK algorithm, we consider the following semi-discrete algo-
rithm from [1]. For all n € N

Acoustic step (compute p"t1, g"1)

Ye3

Pt —p
ot
q"t = ptu” — StV p" T — 5tV s™. (56b)

+divg™t =0, (56a)

Momentum and total energy steps (compute w1 En+l)

un+1 _ un

pnT —u" T divg" ™ +div(u"T @ ") + Vp" =0, (57a)
EnJrl _ En n
p"—& — E" 1 div g™t + div [(E”Jr1 + p;:+1> q”+1] =0. (57Db)

Pressure update (compute p"*1)

pn+1 — (’)/ _ 1)pn+1 <En+1 _ %un—i-l _un+1> ,



where q is the “acoustic mass flux” (see [31] for an interpretation of the acoustic step), s the
entropy, ¢ the speed of sound and g = p".

A.2  Space discretisation

We give the space-time discretisation of the SLK scheme for cell-centered finite-volumes that
we actually used in the numerical tests:

Initialization
VK e M, py, ul, pi given 5 pt=p" ; Ej =p%/(y— Dok — suk - ulk.
Iterations forn =0,1,...,N — 1:
1. Update passive scalar variables: for all K € M
sk = Pi/(Pk)
()& = Wk/rk-
2. Predict the density (pi*): solve for all K € M
|§(| (p’f;gi’l n Z qn+1 0,
oCE(K)

Titn = lolppul ;= 0tlol(c*)5(Ok.0p)" ™ = 8tlolop(pk)" ™ (OK.o5)"-

3. Compute the velocity (ut!): solve for all K € M

LY

EPK(U?(H wp) —witt > G+ Y wlt g + Vipt =0
s€E(K) oeE(K)

4. Compute the total energy (E}-): solve for all K € M

|K| n+1 n+1 n+1 n+1 pzTTL n+1 __
5t K(E EK E Z 4K Z E pn+1 qK o =0.
o€E(K) o€E(K) 7

5. Update the pressure (p”“) for all K ¢ M
n n mn 1 n n
pK+1 (v— 1)pKJrl <EK+1 2uK+1 uK'H) .

The face normal gradient of the entropy and of the density are calculated in the same manner:
Ok,05 = (8¢ — Sk )/dK,- with s, centred. The pressure p, and the advecting velocity ug , are
centred. The face values p,, u, and e, are calculated with an upwind scheme with respect
to the acoustic flux an As to the square of the speed of sound, a harmonic interpolation is
used: for a face o = K|L,

2 2
oy 2ckcr
(o=2 "z

Cx TCL
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