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A Bayesian nonparametric approach for generalized
Bradley-Terry models in random environment

Sylvain Le Corff', Matthieu Lerasle!, and Elodie Vernet?

I aboratoire de Mathématiques d’Orsay, Univ. Paris-Sud, CNRS, Université Paris-Saclay.
2Centre de Mathématiques Appliquées, Ecole Polytechnique, Palaiseau.

Abstract

This paper deals with the estimation of the unknown distribution of hidden random vari-
ables from the observation of pairwise comparisons between these variables. This problem is
inspired by recent developments on Bradley-Terry models in random environment [5] since this
framework happens to be relevant to predict for instance the issue of a championship from
the observation of a few contests per team [7]. This paper provides three contributions on a
Bayesian nonparametric approach to solve this problem. First, we establish contraction rates of
the posterior distribution. We also propose a Markov Chain Monte Carlo algorithm to approx-
imately sample from this posterior distribution inspired from a recent Bayesian nonparametric
method for hidden Markov models. Finally, the performance of this algorithm are appreciated
by comparing predictions on the issue of a championship based on the actual values of the
teams and those obtained by sampling from the estimated posterior distribution.

1 Introduction

This paper considers a class of models to deal with pairwise comparison of individuals. The outcome
of all the successive comparisons is described by an ordering after all the contestants have met once.
A potentially large number of participants are ranked using scores which aggregate the outcomes
of their meetings. The objective is to predict this ranking when only a small number of pairwise
comparisons has been observed. In generalized Bradley-Terry models, each player ¢ > 1 is associated
with an unknown real parameter V; characterizing his strength or ability. When contestants i and
j face each other, the outcome of their meeting is a random variable taking values in a discrete set
X. For all z € X, this random variable equals « with probability K(z,V;,V;), where the function

K is known. The most famous example of such a function K is the Bradley-Terry model [2, 39] in
which
Vggvjl—x
X ={0,1}, Kz, V;, Vi) = —L . 1

If x = 1, i has beaten j, otherwise, j has beaten ¢. These models have emerged as key tools
to describe pairwise comparisons and have been applied to chess ranking [20], sports [31], animal
behaviour [36]. The maximum likelihood estimator (MLE) of the strengths V; was studied theoret-
ically in [30] when each contestant has faced all the others once. This result has led to interesting
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developments in computational statistics to design efficient algorithms to approximate the MLE
[1, 19]. The assumption that each contestant has faced all the others is restrictive in some appli-
cations and there has been several attempt to weaken it [7, 37]. However, it cannot be completely
relaxed as the MLE only exists in the Bradley-Terry model if there exists a path between each pair
of players in the oriented graph where an edge is drawn from ¢ to j if ¢ has beaten j [39]. When
only a few contests have been observed, it is very likely that the previous condition is not met.

Studying the scores in the American baseball league, [31] introduced a simple model where the
parameters V; are independent and identically distributed (i.i.d.) with common uniform distribution
on [a, 1] for some parameter o > 0 that has to be estimated. The authors obtained striking results
for the prediction of consecutive-game team winning and losing streaks for instance. This motivated
in [5] the introduction of the Bradley-Terry model in random environment where the function K is
given by (1) and the strengths (V;);>1 are assumed i.i.d. with common distribution 7 on (0, +00).
The authors proved in [5] that in the case of general Bradley-Terry models in random environment,
the winner of a championship is the one with maximal strength if and only if the tail of 7 is
sufficiently convex. In other words, interesting predictions regarding the outcome of a tournament
can be inferred from 7. This is why [7] considered the problem of estimating the distribution of the
(Vi)i>1 in generalized Bradley-Terry models in random environment, showing that the MLE of this
distribution can be defined even when each player has only been involved in 2 contests. They also
studied the MLE of m when players meet according to the round-robin scheduling, a widely spread
method employed by tournament schedulers. The cornerstone of the work presented in [7] is that
risk bounds for the MLE of 7 follow from the analysis of the likelihood of the following graphical
model [7, Lemma 1].

Xl X2 Xn

" Vs ) oo (T Vs

Figure 1: Graphical model of the nonparametric hidden graph.

The details of the link between the graphical model in Figure 1 and (generalized) Bradley-Terry
models can be found in [7, Section 2]. Roughly speaking, in Figure 1, each V;, 1 < i < n+1, gathers
a group (V;);eq, of contestants in the Bradley-Terry model and each X;, 1 < i < n, gathers the
outcomes of meetings between contestants j and k when both belong to G; or when j € G; and
k € G;+1. In this representation, it is shown in [7] that when meetings are scheduled according to
the round-robin algorithm the Markov chain (X'i, Viﬂ)lgign is stationary.

The contribution of this paper can be summarized as follows. First, in a Bayesian formulation
of the problem considered in [7], Section 3 provides the first nonparametric posterior concentration
rates for the estimation of the distribution of the hidden variables (V;)igi<n+1 associated with
the graphical model given in Figure 1. Then, Section 4 introduces an algorithm to simulate this
posterior distribution. In particular, this algorithm allows to compute an estimator of = and to
observe the actual performance of our estimation strategy. These practical aspects are illustrated
in a simulation study inspired by data from season 2017-2018 of the French Ligue 1 in Section 4.

In the case of i.i.d. observations, posterior concentration rates have been obtained for a large
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class of prior distributions and target densities, see [23, 29] for Gaussian mixtures and [14, 27]
for Beta mixtures. Overviews on recent developments of the nonparametric Bayesian theory can
be found in [28, 16] and the references therein. Posterior concentration rates were established for
partially observed dependent data by [34] following the seminal paper [15]. In [34], the observations
arise from a discrete state space hidden Markov model and minimax posterior concentration rates
are obtained for the finite-dimensional distributions of the observations. In this paper, posterior
concentration rates are obtained for the unknown distribution of latent variables which take values in
a continuous state space. Following the approach of [15] (see also [28]) this requires in particular to
design exponentially consistent tests by using concentration inequalities for Bradley-Terry models.
An important difference with the frequentist analysis performed in [7] is that these inequalities have
to be uniform in 7 to bound the power of these tests. The main results given in Section 3 require
therefore a substantial extension of the technical tools used in [7] even if the underlying strategy is
similar.

The Bayesian nonparametric procedure introduced in this paper to sample from the posterior
distribution of 7 is inspired by the mixture of Dirichlet processes and the data augmentation
scheme presented in [38]. The algorithm proposed by [38] is a Markov Chain Monte Carlo (MCMC)
algorithm applied for discrete hidden Markov models with conditional distribution specified as a
mixture model in which a base measure is mixed with respect to a Dirichlet process prior (DPP). In
Section 4, we propose a mixture of Dirichlet processes formulation where the unknown distribution
7 is defined as a mixture model where Gaussian distributions are mixed with respect to a DPP. The
joint posterior distribution of the parameters of both the DPP and the hidden variables (V;)1<i<n+1
is sampled from by adapting the block Gibbs sampling mechanism of [38] to our setting. The main
challenge is to sample from the posterior distribution of the states (V;)1<i<n+1. Contrary to the
discrete case setting considered in [38], exact sampling from this distribution is not possible here
and a Sequential Monte Carlo algorithm is used instead. Section 4 presents the performance of the
overall procedure when the Forward Filtering Backward Simulation algorithm proposed by [17] (see
also [8]) to perform this step is used.

The remaining of the paper is divided as follows. Section 2 displays the formal setting of the
paper and Section 3 the main results: posterior concentration rates are established under standard
assumptions on the prior distribution. Examples of priors satisfying these assumptions are also
given. Section 4 presents the numerical experiments. The MCMC algorithm to sample from the
posterior distribution is introduced and an application to a simulated dataset inspired from the
results of the French soccer championship is also discussed.

2 Setting

Let n be a positive integer and (V;)1<i<n+1 denote ii.d. random variables taking values in a
measurable set (V, B(V)). For all 1 < i < n, the observation X; takes values in a discrete set
X and conditionally on (V;)1<ign+1 the random variables (X;)1<i<n are independent. The con-
ditional distribution of X; given (Vi)i<k<n+1 depends on V; and Vi1 only and is denoted by
x = K(z, Vi, Vig1), where K: X xV x V — [0,1] is known. Let II be a set of probability measures
on (V,B(V)). For all 7 € II, note that when the probability distribution of each V;; 1 <i<n+1,
is , then the joint sequence (X;, Vit1)i<icn is a stationary Markov chain with transition kernel
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P: X xV—P(X)® B(V) given, for all (z,v) € X x V and all (2, A) € X x B(V), by
P (x,v;2'  A) = /]IA(’U/)TI'(dU/)K(.'L‘/,U,U/), (2)

where 1 4 denotes the indicator function of the set A. This Markov chain may be extended to a
stationary process (Xj;, Vi4+1)icz with the same transition kernel P,. In the following, we use the
shorthand notation X = (X;);ecz and V = (V;);cz. The joint law of this extended joint process is
denoted by P, and the associated expectation is written E,. For all 1 <¢ < n, and all 7 € I,

Pr (X5|V, X1:i-1) = Pr (X;|Vi, Vigr) = K(X3, Vi, Viga)

where for any sequence (ag)ocz, Guw = (Qy, - - -, ay) if w < v and ay., = 0 if u > v. These conditional
dependences are represented in the graphical model given in Figure 2. In the Bayesian setting of

X1 X2 X"

‘/2 V3 e Vn Vn+1

Figure 2: Graphical model of the nonparametric hidden graph.

this paper, the set of distributions II is equipped with a sigma-algebra A and a prior distribution
1. The posterior distribution of any m € II given the observations is defined, for all A € A, by

" K(XG, v, 1) LA () 7@ (dogy, dnr
w(m e AlXqn) = IH'—ln ( ‘ A+1? Al anﬂ (dviin1)p(dm)
in:l K(lev’bvvwrl)ﬂ- (dvlszrl)M(dﬂ')

In the following, 7, denotes the true value of the unknown density. This paper focuses on the
frequentist properties of the posterior distribution u (+|X7.,). The aim is to establish rates at which
the posterior distribution concentrates around , for a well suited loss function. In the following,
let v be a o-finite distribution on (V, B(V)) and ST be the set of probability densities with respect
to 7. ST is equipped with the topology induced by the L;-norm and the corresponding Borel o-field
is written B(S™).

3 Posterior concentration rates

3.1 Main results

Consider the following assumption.
H1 There exists 0 < v < 1 such that for all z € X and all v,w € V, K(z,v,w) > v

Under H1, the transition kernel of the Markov chain (V;11, X;);cz satisfies, for all ¢ € Z and all
Ae B(V),

P (X1, Vi3 X4, A) = /ﬂA(vi+1)7T(d'Ui+1)K(XizVz’avi+1) >vm(A). (3)
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This uniform lower bound ensures that the joint Markov chain (V;41, X;)icz is uniformly ergodic
and that the whole space V x X is a small set. Theorem 3 establishes the posterior concentration
rates under P, , it is derived from two important results.

Following [28] and the references therein, Kullback-Leibler type conditions are first required.
Kullback-Leibler controls are obtained in Proposition 1. For any n € II and any x;.,, € X", let
L, (7, x1.,) be the loglikelihood of the observations 1.y,

En(Tﬁ xl:n) = log (/ H K(-Tia Vi, Ui+1)7r®n+l(dvlzn+1)> . (4)
i=1

Let || - ||« be the total variation distance between probability measures: for all 7y, o € II,

||7Tl - 7T2||tv = SUPAecB(V) |7T1(A) - 7T2(A)‘ :

Proposition 1. Assume that HI holds. Then, there exists a constant ¢, > 0 such that for all
distributions w, 7' € Il and alln > 1,

Er [0n(m, X1:n) — Lu(7', X1:0)] < |7 — 7T/||t2v n (5)

and
Vary [0 (1, X1:0) = bu (7', X1:0)] < e llm = '|[3, Jog? (| — 7'lo) .- (6)
Proof. The proof is postponed to Section A.1. O
To prove the existence of exponentially consistent tests, required in [28] for example, we use the
concentration inequality obained in Proposition 2. Following [11, Proposition 1] (see also [7]), it is

established in Lemma 7 that, under H1, for all 7 € II, there exists a function ¢, such that P, -a.s.
and in L' (P,,),

n—oo

%én(w,Xlzn) — Lx, () = Eg, [0x(X)] . (7)

The quantity £(X) is the P, -a.s. limit of the sequence (logP;(Xo|X_r.—1))e>1. For all subset
IT C IT compact for the topology induced by |||, let N(II, ||-||,, , €) be the minimal number of balls
of radius ¢ necessary to cover II. For all w, 7’ € II and all n > 1, define

1
AL (X)) = Eﬁn(ﬁl?le) — La(7"). (8)

Proposition 2. Assume that H1 holds. Then, there exists a constant ¢, > 0 such that for all
compact subset I1 C IT for the topology induced by ||-||,,, all ®# € II, all € > 0 and all t > 0,

VIog 2N(IL |, &) + ¢
IE:D‘n' sup |AZ -n—/(Xl:n) - A: ! (Xln)| P ¢ e+ <e .
71'/,7T”€ﬁ ’ ’ \/ﬁ

Proof. The proof is postponed to Section A.2. O

For all € > 0, define
Si(e) ={m:[lm = mllev <€} (9)

Consider the following assumption.
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H2 -(c1,c2) There exist a sequence (IL,),»1 of subsets of II and two sequences (g,)n>1 and
(£1)n>1 such that (né2)~1log?(&,) = o(1), &, < &, satisfying

IOg N(Hm ”Htv 16”) < ns% )

(Su(En)) = e and g (II5) < e

As in [7], using that for all 7 € II, 7 € Argmax L., define the risk function on II as
Ry, i Ly, () = La, ()
and for all € > 0 and all constant ¢ > 0,
Bes(e) ={m eIl : R (7) <ce}.

Under assumption H2, posterior concentraction rates are derived with respect to the risk function
R, .

Theorem 3. Assume that Hl and H2- (c1,c2) hold for constants c¢1,ca > 0 such that ca > ¢, + ¢

where ¢, is defined in Proposition 1. For any positive sequence (cu,)n>1 such that a1 = O(ecangi)
with 0 < ¢ < c3 — ¢, — ¢1 and any ¢ > 2(1 +/2) (l—i—\/@)cy,

P"T* (u (Bg,*(€7L)|X1:n) > Oén) = 0(1) .
Proof. The proof is postponed to Section A.3. 0

Theorem 3 establishes convergence rates of the posterior distribution for the Kullback-Leibler
risk R,,. The Kullback-Leibler divergence between two probability distributions usually scales as
the square norm between these probabilities, so that a scaling in €2 could have been expected in
Theorem 3. The reason is that we use the approach of [7] that builds on the analysis of empirical

risk minimizers by Vapnik [33] to bound the risk which results in “slow” rates of convergence of the
estimators. “Fast” rates (see [32] for a discussion on fast and slow rates in learning) in €2 could be
derived under margin type assumptions [25, 22]. Proving that such margin conditions are satisfied

in our framework is an interesting question that goes beyond the scope of this paper.

3.2 Examples of prior distributions

This section presents classical examples of prior distributions satisfying the assumptions of Theo-
rem 3.

Dirichlet process mixtures of Gaussian distributions Dirichlet process mixtures of Gaus-
sian distributions are commonly used to model densities on R. In [29] and [23], this prior distribution
is used to obtain adaptive posterior concentration rates for i.i.d. observations. Let G denote a prob-
ability measure on R, with positive density on R with respect to the Lebesgue measure and let 11,
denote a probability measure on (0, +00). These measures are assumed to satisfy the following tail
assumptions.
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H3 -(x) There exist (b;);ef0,1}, 20 > 0 such that

Vo >ao, 11— G(-z,1]) < bee
Vo < gt IL, ([0,2]) < boe 1o
Yz > xg, I, ([z,+00)) < box ",

Vs >0, vt € (0,1), I, ((5,5(1 +1))) = bys Potboe=bos™

K/2

Let a > 0, DP(aG) be the Dirichlet process with base measure aG, ¢, be the Gaussian density
function with mean 0 and variance o on R and assume that under the prior distribution

= /qsg(. —w)dP(n),  (P,o) ~DP(aG) ®1I,. (10)

Let 8 > 0, 7 > 0, L a non-negative function on R and let C(8, L, ) be the class of locally-Holder
functions with regularity S:

C(B, L) = {f: R =R : V) € B[ f1 (@) - f1D ()] < L(w)e " | -y 7171
where | 3] denotes the largest integer smaller than 8 and, for any integer k, f*) denotes the k-th

derivative of f. Consider also the following assumption.

H4 -(8, L) There exist positive constants §, z,, by, b5 and 7 such that

(k) (28+0)/k
Vk < 18], / <M> 7, (dx) < 00,

Ty ()
L(x) (28+9)/8
/(m(x)) me(dz) < 00,
Y|z >z, T (@) < byeslel”

Corollary 4. Let m, € C(B,L, 7). Assume that H5-(k) and Hj-(B,L) hold with k > 0 and let
d* = max(1,k). Then, there exist c1,ca such that the prior distribution u defined in (10) satisfies
H2- (c1,ca) for every positive constants c; and co with, for alln > 1, all t >ty > (d*(1 + 771 +

B +1)/2+d"/B),

£y ox n” P/ EBF) (1og )t &, ox n~ P/ (Jog p)to |
Proof. For all n > 1, let oy, = agn®/#+47) (log n)_Qt/'B with g > 0 a sufficiently large constant.
By [29, Theorem 4],

-1
M ({7‘( . KL(T('*,’JT) < a;ﬁ 7 ‘/2(71_*,,”) < a;ﬁ}) > efca}l/Q(logan)@Hi )t’

where for all p > 0,

p
KL (7, ) :/m(u) log m(u) du and V,(m,,7) = /Tr*(u) log m(u) du. (11)
m(u) m(u)
Then, by Pinsker’s inequality, |7, — 7|lsv < V2KL(7,,7)'/? and therefore
where S, is defined by (9). This concludes the proof using [29, Theorem 5]. O
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Dirichlet process mixtures of Beta distributions Following [27], the posterior concentration
rate established in Theorem 3 may be investigated in the case of mixtures of Beta distributions.
For all & > 0 and all € € (0, 1), the probability density function of the Beta distribution with mean
¢ and scale parameter « is written:

xaa,5—1(1 _ x)ba.e—l
B(aa,aba,e) ’
where aq = /(1 —¢€), ba,e = a/e and for all a,b > 0, B(a,b) = I'(a)['(b)/T'(a + b), with T' the

Gamma function. For any probability distribution P on (0, 1) and any « > 0, define the continuous
mixture g,,p by

Joe T

Jo.p = /ga,aP(ds)- (12)

[27] introduces the following prior distribution on density functions 7 = g,,p on (0, 1) with a random
mixture distribution P:
(P,a) ~ DP(v) @ 7q (13)

where 7 = g, p and P = Z?Zl pjle,;. Asin [27], assume that:

- 1) is a probability distribution on (0,1) such that there exist ,7 > 0 and T' > 1 satisfying,
for all z € (0,1),
0 <na’(1-a2)" <nle) <7;

- the density m, has support [n?,4+o00) for some 0 < ¢t < 1 and for all b > 0, there exist
¢, c1,c2,c3 > 0 such that for all «,, satisfying a,,n~¢ — +o00,

7%/2 _bla;’/Q -

o (Cram < a < cay) > ce b1 and 7, (csa, < a) < ce

Let 8, L > 0 and H(S, L) be the class of Holder functions with regularity g:
— . . 2 | p(LBD) _ £UBD _ 8- 18]
H(B,L) = {F:(0,1) > R : ¥(w,p) € (0,12, |f1D (@) - fUD ()| < Lla—y" 7'} .

Consider also the following assumption.

H5 -(8) For all € (0,1) m.(z) > 0 and there exist 8, L > 0 and 0 < ko, k1 < 8 such that
moeMB, L), =)0, #F)1)<o.

Corollary 5. Assume that H5-(f3) holds with 0 < 8 <t —1/2. Then, there exist constants cy, ca
such that the prior distribution (13) satisfies H2- (c1,c) with, for some sufficienty large constant
co and alln > 1,

£ = con P/ 2BV (1og n)®B/ 2B+ 2 — =B/ (20+1) (1og )58/ (45+2)

Proof. In [27], the author analyzed the approximation of the probability density 7, on (0,1) by a
continuous mixture of the form (12). When , is Holder with regularity 8 > 0, it is shown in [27,
Theorem 3.1] that for all & > 0 and all p > 1, there exists a probability density 7, on (0,1) such
that KL(Ty, ga.r,) < ca™?, V(e gar,) < ca™@ and ||, — gar, [|loo < a?/? where KL and V,,
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are defined in (11). If 0 < 8 < 2 we may choose 7, = 7, and, if 8 > 2, 7, must be different from
7 to obtain the optimal approximation. Therefore, if 7, is Holder with regularity 8 > 0, m, can be
sharply approximated by a continuous mixture of Beta distributions of the form (12). Then, [27]
introduced a discrete mixture approximation of g, -, of the form g, p, where P, is a probability
distribution with finite support. Using this distribution, it is shown in [27, page 171] that

— — _cal/? 5/2
M({T( : KL(m,,m) < o | Va(m,,m) < anﬁ}) > e/ (logan)™®
for some positive constant c¢. Then, by Pinsker inequality, |7, — 7||sv < V2KL(7,,)'/? and

H (S*(\/iagﬁ/z)> > efCNOO‘i:,/Q(log an)s/z > efcnéfL ,

where &, = an”/? = ggn=8/28+1) (log n)®#/4#+2) and where S, is defined by (9). On the other

hand, [27, proof of theorem 2.2, pages 171 to 173] introduces a sequence of subsets (II,),>1 such
that,

M (H%) < Cvoégefoz\/ﬁlog(ocn)s/2 < efcnéi
and with a log-entropy of II,, in total variation distance lower than ne?. O

4 Numerical experiments

4.1 Block Gibbs sampling algorithm

Following [38], a Markov Chain Monte Carlo (MCMC) method can be introduced to solve the
Bayesian nonparametric problem introduced in this paper, i.e. to sample from the posterior dis-
tribution given Xj.,. The unknown distribution 7 is specified as a mixture model in which some
probability density ¢, is mixed with respect to a discrete probability measure P. Defining the
discrete probability measure P as in [38], the mixture of Dirichlet processes with base measure aQ),
where « is a positive constant and @) a probability distribution, is given by:

(ﬁj)j>1 o~ Beta(l,a), (14)
i.i.d.
j—1
wip =% and forj>2, wj:ﬁjH(l—ﬁi), (15)
i=1
(zj)jz1 ~ @, (16)
ii.d.
(ki ui)icicntt Y Luicw,65(Ri) (17)
Lid. 555
Viv g, forl<i<n+l, (18)

The Dirichlet process prior is defined by the stick-breaking weights (9;);>1, the mixture param-
eters (z;);>1 the allocation variables (k;)1<i<nt+1 ans some auxiliary variables (u;)1<i<n+1. This
representation with auxiliary variables is introduced in [35] and used in [38]. Forall 1 < i< n+1,
integrating out the random variable u; on (0,1) leads to the usual marginal distribution for &;:

K; E w]‘(Sj,
iid.

j=z1



Le Corft, S., Lerasle, M. and Vernet, E.

and moreover integrating out the random variable k;, marginally

Vim Y wges, = [:(0P(@),

Jjz1

where P =" i>1 wjd; is distributed from a Dirichlet process with base measure a@). The auxiliary
variables greatly simplifies the expression of the posterior distributions of x; as detailed in (ii) below.
Sampling from the joint posterior distribution of (Vi.,41,U1.n+1, K1:n+1, 2, 9) is then performed by
block Gibbs sampling according to the following steps, where z = (2;),>1 and ¥ = (9¥;);>1.

(i) The hidden states Vi.,4+1 are sampled according to their posterior distribution given the
random variables (X1.,, %1.n41,2,9) with a collapsed step. Note that by integrating out
K141, the conditional distribution of (X1.n, Vi.nt1) given (¢1.n41, 2,9) is given by

n+1
pn(vlzn,+17X1:n|u1:n+l7Z;ﬂ) X H Z 9021 7 H K X’Lv‘/la ‘/1+1)
i=1 \J,u;<w; =1

Therefore, the posterior distribution of Vi.,11 given the random variables (Xi.,,, u1.n41,2,9)
is the joint smoothing distribution of Vi.,41 given Xi., when (V;)i<icnt+1 are independent
with V; ~ 32, . <w,; Pz, for all 1 <4 <n+1. This step cannot be done explicitly as in [38]
where the hidden states are discrete. A Sequential Monte Carlo smoother described below is
used instead.

(ii) For all 1 < i < n+ 1, the posterior distribution of x; given (X1.n, Vint1, U1:mt1, 7, 2) is given

by
Ki|X1:naVv1:n+1;u1:n+1a19aZ ~ Z QOZJ- (‘/7,)6](”/7,)
J,wji>u;g

This expression motivates the use of the auxiliary variables uj.,41. In the case where
U1.n4+1 are not introduced in the model, k; is sampled from its posterior distribution given
(X1, K1int1, 2,9) which is proportional to 3, wjps; (V;)d;(k;). Due to the infinite sum,
this distribution has an intractable normalizing constant so that sampling x; without the
auxiliary variable u; is challenging.

(iii) (¢, u1.n+1) are sampled according to their posterior distribution given (K1.n41, X1:ns Viint1, 2)-
As detailed in [38], (¥;),>1 are updated according to their distribution given (K1.n41, X1:n, Vi1, 2):

7-9 |lf1’n+laX1n7Vv1n+172 '\él Be (mj+1 TL-’-].—ZT)’L[—FO[) )
mn =1

where m; = Card({1 < ¢ < n+1;k; = j}). Then, the random variables (u;)1<i<nt1 are
conditionally independent given (K1.n+1,, X1, Viint1,2,9) and such that u; ~ U(0,wy,).

(iv) z are sampled according to their posterior distribution given (X1i.n, &1:n, Viint1, U1:nt1, ).
This posterior distribution is given, for all j > 1 by

n+1

ZJ|X1n,Hln7‘/1n+lau1n+1719 ~ QZJ H (‘DZJ
in =1, k;=7

10



Le Corft, S., Lerasle, M. and Vernet, E.

Following [38, Section 4.2.2], the probability density function ¢, is set as a Gaussian probability
density with mean p and variance 1/A where z = (g, A). The distribution @ is chosen as @ =
N(0,1)®Gamma(1, 1), a standard Gaussian distribution for x which is independent of the precision
parameter A distributed according to a Gamma(1, 1).

Sequential Monte Carlo smoother for step (i)

A Sequential Monte Carlo smoother is used to sample the hidden states V;.,41 according to their
posterior distribution given the random variables (X7i.,,, 1.5, 2,9). This is the joint smoothing dis-
tribution of V4,41 given Xy, when marginally (V;)1<i<n+1 are independent with V; ~ 2j7 wi<w; P
foralll <i<n+1.

Particle filtering Particle filtering algorithms are simulation based procedures used to approxi-
mate recursively the distributions ¢, of V, given X;, ,fork=1tok=n+1:

¢x[h] = E [A(Vi) | X1p—1] -

The auxiliary particle filter of [24, 26] is the most widely used particle filtering method and is a
generalization of other approaches such as the algorithms proposed in [18] and [21]. The auxiliary
particle filter produces recursively a set of states (££)} | associated with importance weights (w)?Z,
using importance sampling and resampling steps. At k =1, (5{)% , are sampled independently from
¢2,, and each particle ¢! is associated with the standard importance sampling weight w!{ = 1/M.
For any bounded and measurable function h defined on X, the expectation ¢;[h] is approximated

by a self normalized importance sampling estimator:

M
o [h) =M1y b (&) -
=1
Then, using {(&;_,,wt_,)}L,, the auxiliary particle filter of [24, 26] samples pairs {(If,£5) 1L, of

superscripts and particles from the instrumental distribution:

(€, ) o Wﬁ—wk(fﬁ—l)pk(fﬁ—la )

defined on {1,..., M} x V, where (p(&5_,))M, are adjustment multiplier weights and pj is a
transition density chosen by the user. In the definition of mj, the weights wﬁ_lpk(fﬁ_l), 1<l M,
are used to duplicate promising particles or discard particles with low importance weights at the
previous time step. For £ € {1,..., M}, «fﬁ is associated with the following importance weight:

i
wi _ (ijuk<UJj szj (§£)> K(Xkafkfla ﬁ) . (19)

(€ Ipr(El | €8

Particle smoothing The Forward Filtering Backward Simulation (FFBSi) algorithm proposed
by [17] (see also [6, 8, 13] for its convergence properties and [12] for its computational efficiency)
samples backward trajectories from time n + 1 to time 1 among all the M"™*2 trajectories which
can be built using the particles &, with 1 < ¢ < M and 1 < k < n+ 1. Each trajectory is sampled
according to the following steps:

11
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- At time k = n + 1, sample J,; € {1..., M} with probabilities proportional to waJrh for
te{l,...,.M}.

- For k=nto k=0, define for all 1 < £ < M,

0 L ¢+l
wk;K(lefk?f )
A T1.0) = = ’?+1Jk+1 1<l< M. (20)

Zj:l WiK(X/c’ ia il )

Then, J, is sampled in {1..., M} with probabilities A (J,,,¢), 1 < £ < M.

These sampling steps produced a trajectory (77, ... ,Ei’_ﬁl) approximately distributed according
to the target joint smoothing distribution. The computational complexity of the FFBSi algorithm
grows with M? due to the normalizing constant of A}, 1 < k < n. In the context of this paper, K
is upper bounded by 1 and the acceptance rejection mechanism introduced in [8] to implement the
FFBSi algorithm with a complexity which grows linearly with M can be used. In this case, at each
time step 1 < k < n, the new index J,, is sampled in {1,..., M} with probabilities proportional to
(wf)M, and accepted with probability K(X,, &/, &4).

4.2 Application to soccer results

The algorithm introduced in Section 4.1 is used in this section to estimate the distribution of
French soccer teams abilities. Using the outcomes (wins, losses, ties) of the first 30 games during
the season 2017-2018, the Expectation Maximization (EM) algorithm for generalized Bradley Terry
model with home advantage and ties described in [1] is run to estimate the abilities of the 20 teams
with X = {—1,0,1} and the distribution

e (62 — 1)aevscvs
o Govs an ( s Usy Uj) (aevi + He'uj)(eaevi + Vi )

K(l,vi,vj) = (21)

The parameters «, characterizing the home advantage (v; is the home team), and 6, associated
with ties, are also estimated with the EM algorithm. The estimates (0;)1<i<20, & and 0 are set as
the estimates produced by the algorithm btemhometies', see Figure 3. The (supposedly) unknown
target density m, for the Block Gibbs sampling algorithm is then defined as kernel density estimate
of the strengths (rescaled around zero) (9;)1<i<20 obtained with the function ksdensity of Matlab,
see Figure 3.

Then n = 3000 observations are sampled by first sampling independently (V;)1<i<n+1 distributed
according to this target density and the observation model (21) with & and 6. The initial estimate
of the Block Gibbs sampling algorithm is set as a mixture of two Gaussian distributions N (u1,0?)
and N (2, 03) with g and py independent with distribution A'(0,1) and o; 2 and o5 ? independent
with distribution Gamma(1,1). The weight of the first Gaussian distribution is distributed as a
Beta(1, @) random variable with o = 1.

The Sequential Monte Carlo smoother is set as a standard Bootstrap filter i.e. at each time step
1<k<n+l pp=Tlandp(z,2’) =3, , . ©-,(@'). The number of particles is set to M = 100
and 6500 iterations of the Block Gibbs sampling algorithm are performed. The first 5000 samples
are discarded as a burn-in period and the estimate of 7, is set as the average over the last 1500

Thttp:/ /www.stats.ox.ac.uk/~caron/code/bayesbt/index.html
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Log-strengths estimates produced by btemhometies

Teams

-4 -35 -3 -25 -2 -15 -1 -0.5 o
Log-strength
Loglikelihood of the estimates produced by btemhometies Kernel density estimate of the log-strengths
—400 - — — —— — 0.7 . . . ,
-500f p sl o~
: \
/
\
—600 1 ,
0.5 / \
' \
/
3 =700 4 o ) .
£ : %’ ’ / \
T -800f ] z , \
E ‘ © o3} / \
-900 J ) \
N
I / N
0.2 / N
-1000 4 N
I h .
01t ! N
-1100 1 ’ / N
/ N
~
-1200 ; . 0 _ . . RS
0 50 100 150 -2 -1 0 1 2
Iterations v

Figure 3: Results of the EM algorithm btemhometies with 2017-2018 Ligue 1 results.
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Estimation of the unknown density
07 T T T T

T
—— Target density
1m i m i Initial guess
Mean estimate
06— —— Mean estimate (translated) H

Value of the density

Figure 4: Density estimates from the Block Gibbs sampler.

samples produced by the Block Gibbs Sampler, see Figure 4. By (21), the law of the observations
only depends on (eVi)lgignH, therefore 7, can only be identified up to a translation on R. Such a
translation is displayed in Figure 4 to highlight that the Block Gibbs Sampler recovers mainly the
shape of 7.

In Figure 5 and Figure 6 1000 championships are sampled independently using for each run 20
parameters sampled with the estimated density obtained with the Block Gibbs Sampler to produce
boxplots of the scores at the end of the championship. These results are compared to the scores of
1000 championships run with the parameter estimates provided by btemhometies in Figure 5 and
with parameters sampled from the target density in Figure 6.

A  Proof of Theorem 3

A.1 Proof of Proposition 1
Note first that

2 P (X X1
ETI’ [log]PTr(Xl:n) - logP‘/r’(Xl:n)] = ZEW |:10g (P/((AX—||_X*1111))>:| )
i—1 T ) -

i=1

The inner term of the expectation may be upper bounded using that for two probability distributions
pand g on X,

]Pw(Xi = xi|X1:i71) )
]P)ﬂ— Xz = T; X — IOg ( .
xze:x | i)l (g, (Xi = 2| X1i-1)

p(x) plx) —qz) < (plz) —q(x))?
> plz)log (q(m)> < o) R > :

zeX zeX q zeX q(a:)
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Estimated scores at the end of the championship
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Figure 5: Estimated scores at the end of the championship with btemhometies parameter estimates:
median (dotted line) and first and last deciles (grey area). Boxplots of the scores obtained with the
Block Gibbs Sampler.

Estimated scores at the end of the championship

100 —

Number of points
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12
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14
15
16
17
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Figure 6: Estimated scores at the end of the championship with parameter sampled with the target
distribution: median (dotted line) and first and last deciles (grey area). Boxplots of the scores
obtained with the Block Gibbs Sampler.
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Then, by Lemma 8,

Pr(X; = 24 X1:-1)
Z Pr(Xi = ;[ X1:i-1) log ( —
T E€X Prr (X = 24| X1:-1)

< Z (]Pﬂ(Xi = mi|X1:i71) - EDTF/(Xi = xi|X1:i71))2
= Prr (X = 24| X1:-1) ’
SAXP 2+ v P lr =8,

which concludes the proof of (5). By [34, Equation (32)],

Va'rﬂ' [log IPTK‘ (Xlzn) - IOg ]P)TI'/ (Xln)]
1/2

<4Y E (244 Y E[Z2])E B 1Z1X0] B 1Z)7] L (22)

1<ign 1<i<jg<n

where, for all i > 1, Z; = logP,(X;| X1.5-1) — log P (X;| X1.4— 1) Following [9], (22) can be upper
bounded using the extended Markov chain defined, for all 1 < ¢ < n, by
Ri - (‘/;+1,Xia773777?*) ) (23)

where, for all ¢ > 1, 7 is the predictive filter at time 7 when the law of the hidden states is
nT = m and for i > 2,
’17:- A= Py (‘/z S A|X1;i,1> .

Define the function h, for all r = (v,z,7,7m%) € X x V x ST x ST by:

h(r) = log <fW*(dvp-i-l)n*(dvp)K(UpvUp-i-lax)) ) (24)
fﬂ(d”p+1)n(dvp)K(”pa”p+17x)
Then, for all 1 > 1,
h(R;) =logPr, (X;|X1:i-1) — logPr (X[ X1:i1) = Z;
and for all 1 <i<j<n,
[Ex [Z;| X1:i-1] — Ex [Z;]] = [Ex [h(R;)[X1:-1] — Ex [h(R;)]] -
Let ® be defined for any 7 € I, z € X and probability distribution 1 on V by:

f]lA (dz)K(z’,z,x)'

O(z,m;m): A I (dz) (dz)K(', 2, x)

For all ¢ > 2, the predictive filter at time ¢ may be expressed as:
07 = (X1, mq;7) - (25)

The transition kernel of the extended chain is given, for all (z,v,n,7m%) € ¥V x X x ST x ST and all
B(V) x P(X) x B(ST) x B(ST), by

Qﬂ'(v7x7nan*aAVaAXaBl7B2)

Z/ (dv)K(v, 0", 2") La, (2') L ay, (V) 1B, (22,05 7)) LB, (2(z, nu; 7)) - (26)

' eX

16



Le Corft, S., Lerasle, M. and Vernet, E.

For all p > 1, the p-th iterate of Q, is denoted by Q2. For all 1 < i < j < n, using Lemma 10,

B, [Zj|X1.i-1] /HQJ *h(r) — QI "h(F)|| pr (drs| X1:-1) pr (dF7)
6v (1 —v) 72, (27)
On the other hand, by Lemma 8, for all 1 < j < n,
E [22] <452 +v ) w1, (28)

so that for all 0 < 8 < 1, using (22), (27) and (28),
Var, [log Pr(X1.) — log P (X1:0)]
1-8/2
<o Y E (2] 4e Y B[22V B 121X - Bl (2] s [22) 0,
1<ign 1<i<j<n

<eB2m -7l P n

)

where ¢, is a constant which depends on v only. The proof is completed by noting that the best
upper bound is obtained for 5 = —4/log(||m — 7' ||t )-

A.2 Proof of Proposition 2

For all 7,7/, 7" € 11, by (8),

1
Ag,ﬂ',('Xlin) — Aﬂ. ! (Xl n) = Efn(W/,le) —

Note first that by Lemma 7, for all 7 € ﬁ,

1 1
sup IE'n’ |:€n<7r/7X1:n):| - I—7r(7r/) < —3-
weil L7 nw
Therefore, for all 7 € ﬁ,
2
sup |A:\'L7ﬂ'/ (Xl:n) - AZJ// (Xln)| g —_s + 2GZ(X17L) ) (29)
71",7r”61:[ nv
where
Gx (Xl n) = SUP |Z7r Xl n)| ) Z:rl_’ﬂ',(Xlin) = nil‘gn(ﬂ—/;Xlzn) - nil]Ew [en(ﬂ—/aXl:n)} .

n'ell

G?7 is a function of the Markov chain (X, Vit1)1<i<n Whose transition kernel Py is uniformly lower
bounded by (3). By Corollary 12, it is enough to obtain a bounded difference inequality to establish
a concentration inequality for G2. For all 1 < k < n and all x;., € A" define 7)€ X" such that

W £ ap andforallj # k.3 = ;. (30)
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Note that, for any 7’ € 11,

gn(ﬂ-/) Tig) — En(ﬂ'/v fgk)) )

n

Z8 (1) — 22 (B0

”_12‘1%19}'(%@1:%1) — log P (27|75 ))
=1

1> [log P (zifaniioa) — log P (217 J3 1))
i=k

)

b

asfor 1 <i<k—1, xi:igk). In the case i =k,
[P (ilrio1) = P (87125 1)| = [P (@xlz10-1) = P (a?,i“\:clzk_m <1,
so that |log P (z;]z1.i—1) — log IPW/( lxﬁ’? Dl <vt Forall k+1 < i< n, by Lemma 6,

P (2|28 1)_/Pw'(dvk+1|$u 1 H KO (g, dvjg )7 (dvid)K (i, i, )
Jj=k+1

and

VX
Pr(@ilz1:i-1) :/ (dvgtr|Triio1) H K. lﬂ 1 (v, v ) (dvie ) K (v, vigr, 24) -
j=k+1

Therefore, [P (" [#)_;) — P (@if21-1)] < (1 - »)"*~! and
|log]P’,r,(j§k)|5:§’fi)71) —log P (w4 21:-1)| S v 11 —v) 7kt (31)

which yields, for any 7/ € II,

Z8 (1) — 22 (30

n

n
; 2
-1 -1 —1 —k—1
<n <y + E v—(1-v) ><m/2
3

i=k+1

By Corollary 12 applied with v; = ... =7, = 2/(nv?), for all 7,7’ € Il and all ¢ > 0,
2+/5t
P, <|Z;ﬁ7,, (X1m)| = V5 ) 2" . (32)

By Lemma 8,
| Zp s (1) = Zpomeg (T1:0)| < 473 (24071 |1 — | - (33)
Let R(¢) denote an e-net of II. By (33),
Gr(X1m) < F;relgé)\Zﬁm/ (z10)| + 4072 (24071 e

Applying a union bound to (32) yields

24/5t

]PTI' (GZ(Xln) = f

+4v 3 (2407 > < 2N(II, ||.||tv,€)e*t2.
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A.3 Proof of Theorem 3

For n > 1,
m (Bc (E ){X ) B fB%,*(En) exp {En(ﬂ'y Xl:n) - En(ﬂ'*, Xln)} ‘u(dﬂ-) B &
Z,x\En lin fl‘[ exp {En(ﬂ-7X1:n) - En(ﬂ—th:n)} M(dw) D, .
Following [2%, Section 3.3], consider, for all v > 0 and all function g : R% — R’ , the decomposition

P, (,u (Bg,*(sn)|X1:n) > an) < Er, [q);rln,c(u) (Xl:mw*)} + Py, (Dn < g(u))

Ny,
+IP71'* ({(I):zn'c(u)(Xlzmﬁ*) = 0} N {Dn > g(u)} N { > an}) )
where for all n» > 1 and all ¢t > 0,

D) (X1ims M) = L(3retly 5 £ (7, X1in) /r—n (s X1on) /1t L, (72) L, (7)1} (34)

and forallu >0,c>0and n > 1
Tn,e(u) =c <n_1/2u + 5n> i

By Markov inequality, for all u > 0,

D,
<P, ({@;Mu) (X1 0) = 0} A{N, > ang(u)}) ,

e (w) - exp {£n(m, X1.0)} S o olu
s ({/Bﬁ,*(sn) <1 On (Kren, *)) eXp{en(W*le:n)}M(d ) > andl )}> ’

P, ({07 (X m) = 0} 0 (D0 2 g} 1 {32 > 0 )

! exp {ln (7, X1.)}
g Eﬂ' 1— @T"«C(“) X . s d
ang(u) * /Bf (en) ( n ( 1: 1777*)) exp {En(’ﬂ'th;n)}u( 7T') R
1
S E" |1 — ¢me() (X, 4.
ang(u) /B() g { A 1-m7f*)] p(d)
Therefore,

IPW* (:u (Bg,*(gn)’XI:n) > an) < ETL, |:(I):1W"C(U) (X12n777*):| +Pﬂ'* (Dn < g(u))
1

p (I05,)
omg(u) '

ang(u)

/ Er [1 - 0700 (X, m,)] pu(dr) +
B¢, (en)NII,

Then,
Er, |07 (X1, )|

=P, Grell, : (lu(m, X1n) — Ln(me, X1:0)) /1 — (L () — Ly, (70)) > ()
<P, (EI?T ell, : |AZ*,7’I’(X1:7L) — A" (Xl;n)| > Tmc(u)) ,

T s Tk
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where A7 (Xi.,) and A} (X1.,) are defined by (8). Then, by Proposition 2 with Il = I, U{m,},

T 5Tk

choosing ¢ = (1 4+ v/2)c, and u = u,, = (¢/(2¢) — 1)y/né,, for any sufficiently large n,

Er, |07 (Xy, m)| <0740
This yields

P, (,u (Bg,*(sn)|X1;n) > an) < e~ un + Pr, (Dn < g(uy))
1

p(I15)

s
ang(un) Jee  (e,)nm,

E,|1- CIJTT;“C(“")(XLWW*)} p(dr) +

ang(un) .

Then, using that for all 7 € IL,,, Ly (7) —Lx(my) = 0, and for all m € BS , (¢5), Lx, (74) =Ly, (7) > Cey,

Ex [1- @7t (X, )|

<
<

Since Ty, (un) < Cep/2,

P
Pr (b, X1m) /0 — £
P

(V' €T, 2 Ly (7, Xiin) /10— L (T X1an) /10— (L, (7)) = L, (72)) < Te(tn))
n('/T*,Xlzn)/n < Tn,c(un) - Esn) ;
T ((é (77 X, n) - gn(ﬂ'*aXl:n))/n - (L7T(7T) - L7r(7r*>) < Tn,c(un) - E@n) :

Pr (|AZ,W(X1:n) AT ( | c&:n/2)
<Py (|A2 L (Xiin) — A2 (X1)| = 7
et

where the last inequality follows from Proposition 2. Then,

Pr, (1 (BE, (6n)|X1m) > an) <™ +Pr, (Dn < g(un)) +

2
et p (I17)
ang(un) ang(un)

Let ¢35 > ¢, where ¢, is given in Proposition 1. Since

D, > /S @ )eXP {gn(WaXl:n) - gn(WﬂXl:n)} ]l{én(ﬂ',le)—én(ﬂ'*,Xl:n)2—C3n€$L}N(d7r) s
En

then

Pr, (D < g(un))

<P, (u (Su(&n) N{m : (7

<P, (u (S*(én) N {7r A (m

=~ c3né?
7X1:n) _gn(ﬂ'ﬂXl:n) = —ané‘i}) < g(un)e 3 ”) )

7X1:n) - gn(ﬂ-*aXlzn) 2 _CSngi}c) > M (S*(én» - g<un)e(:3n€i) .
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By Markov inequality,

E., [u (S En) N {7r Lo (7, X1n) — Lo (s, X1im) 2 703715%}6)]
1 (S« (€ )) g(uy)ecansn 7
fs @) 7r*( (T, X1in) — b (74, X1n) < —03n5) p(dm)
1 (Sx(En)) — g(un)e C‘“’"szr ’
1 (S+(€n)) ¢y log® (&)
(Sx(En)) — g(un)ecws (c3 —cy)*néd’

P, (Dn < g(un)) <

<

where the last inequality follows from Proposition 1 and [15, Lemma 10]. Choosing g : u +— S /2
with 7 = (c3 + ¢1)/(¢/(2¢) — 1)? yields g(uy)e®"n = e=1"¢% /2 and by H2-(co, c1, 2),

2¢, log?(€,)

P, (Dn n) K ———% -
A < g(un)) (c3 — ¢,)?né2

Then, with c3 = ¢, + (ca — ¢, —¢1 —¢q) /2 > ¢,y
N(H%) < 2 e[(03+c1 cz)]nsn _ 0(1)
ang(un) — an

which concludes the proof.

B Forgetting properties of the loglikelihood

Lemma 6. Assume that H1 holds. For any i > 1, conditionally on X1.;, (Vi)k>1 is a Markov

chain. Its transition kernels (K |k y

satisfying for all measurable set A

Jk>1 are such that, for all 1 < k < i, there exists a measure iy, ;
KX‘;CXZ(VkaA) Pr (Vit1 € AVii, X1:) = Pr (Vg1 € A|Vi, Xiei) = v i(A)

where p;; =7 and for 1 <k <1,

J 14 (vpg1)7(dvgs1)Pr (X126 [0k41)
J (A1) Pr(Xpes1:6|vk41)

On the other hand, for all k > i+ 1 and all measurable set A,

fk,i(A) =

VlX(Vk,A) Pr (Vit1 € AlVig, X1:) = w(A) .

Trkz

Proof. The proof is a classical result for strong mixing latent data models, it follows closely [11].
See also [7] for a proof in the framework described by Figure 2. O

Lemma 7. Assume that H1 holds. For all distribution @ and all 1> 1, £ >0,

llog Py (2i|z1:-1) — log Py (zi]@—pin)| < v H (1 =)t
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There exists a function £, such that, for all distribution ', Prr-a.s. and in L*(P./),

%én(ﬂ.vxl:n) — Lﬂ" (ﬂ.) = E”/ [KW(X)]

n—oo

and

E,. [;Kn(w,Xm)} — L ()

Proof. Let x € X%. For all i > 2 and all £ > 0,
P (Ii|fU1:i—1) = /P dUl|931 i—1 <H KT\F/Ile 1 Uk,dvk+1)> 7T(dw+1)K(Iz',Ui7Ui+1)a

P (zilz—gi—1) = /Pw (dv1|z—pi—1 (H K Uk,dvk+1)> m(dvi1)K(zi, vi, vig1)

as Vo.;41 is independent of X_y.9 conditionally on V;. Therefore, by Lemma 6,
P (i]a1:5-1) = Pr (2il2—gi-1)] < (1 - )"
and, since P (z;]21:i-1) A Pr (@i|2—p:-1) = v,
llog Pr (2]21:i-1) — log Pr (z4]z_piim1)| < v ' (1 —v) 7

Similarly, for i = 1,
[log P, (1) — log Py (21]2—0:0)] < vl

Let (X, Vit1)iez be a process with distribution P,.. For all i € Z,
|10gPﬂ- (Xi|X1:i—1) — IOgPTr (Xi|X_g:i_1)‘ g V71(1 — I/)ii1 .

Define the shift operator ¢ on X% by (9x); = 41 for all ¢ € Z and all x € XZ. There exists
a fun_ction ¢, such that for all ¢ € Z the sequence (logP.(X;|X_¢i-1))es0 converges Pr-a.s. to
(= (9°X). Then, when ¢ grows to oo, this yields

i -1 i—1
™ i l:i— i X - .
[log Pr (Xi|X1:i-1) — bx (9" X)| < v (1—v)

Then,

n

1 1 ; 1< ;
gén(ﬂ',Xlzn) — E Zgﬂ— (79 X)‘ = ‘TL Z{log]}bw (Xi|X1:i71) - €7r (19 X)} < TI,I/2

=1 i=1

and the proof of the second claim is completed with the ergodic theorem [1, Theorem 24.1]. Re-
marking that for all i > 1, E [ZW (ﬁiX)] = L,/ (7), the loglikelihood of X7., also satisfies

< 1
2’

E. [ien(w,Xl;n)] —Le(m)| =

% Z {log Pr (z;]21:-1) — lx (9 X) }]
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Lemma 8. Assume that H1 holds. For all x1.,, € X™, all distributions w,7’ € Il and any 1 < i < n,
P (2i|215i-1) — Prr (zi]z1:-1)] <2022+ v Y| — 7 [fa -
Proof. When i =1,

Py (z1) — Pr(z1) = /{ﬂ @ m(dvi.g) — 7'@n’ (dvi) } K(z1, v1,02) .

Thus |Pr (1) — Prr(21)] < 2|7 — 7’ ||ty. For all 2 < i < n,
i+1
Pw(xi‘xlcifl) - Pﬂ"(xi|x1:i71) = Z {Pe($i|$1:if1) - Pz+1($i|$1zi71)} ,
=1

where Py is the joint distribution of (Xi.;, Vi.;41) when (Vi,...,V,—1) are i.i.d. with distribution =’
and (Vp,..., V1) are i.i.d. with distribution 7. Then, for all 1 < £ <i—1,

i
v
Py (zi]215-1) = /]P’e (dvegi|my:i—1) < H Kﬂlkz 1 (vr, dvg 41 ) K(zs, vi, vig1)
k=0+1
i—1

VX
Z/]P’z (dve+1|l‘1:i—1) ( H K,rl;“ 1 Uk,dvk-s-l ) dvz+1 xz,UuUH-l)

k=(+1
Therefore, for all 1 < ¢ <i— 1, by Lemma 6,
B (2]2is1m) — Pt (2ilziz1n)] < 1= 0) " TP (Joriot) — err Cliot)lly
where Py (+|21.,-1) is the distribution of V;4; conditionally on {X1.;—1 = z1.;—1} when (V1,...,Vo_1)
are i.i.d. with distribution 7’ and (V, ..., Vi+1) are i.i.d. with distribution 7. We first show that
IPe (fa1:i-1) = Pegr (1)l < 207217 — 7l -
Write, for all 1 <£<i—1,

i—1

L?m 1 d'Ulz H ﬂ- dUm H 7T(d’1]7n) H K(l‘m,vm,vm-&-l)- (35)
m=~{

m=1
Then, for any function f on V),

J fegr) Ly (dvyyg)
fLIlL 1 d’U1;i)

/f W+1 ]Pz (dveﬂ\xu 1)

Therefore,

/f(ve+1) {P¢ (dvet1|21:—-1) — Peg1 (dvega|z1.i-1)}

/f v L (dvyg) Ly ' (dony)
E-‘rl fLJHI 1 d’l}l z) ijj_i 1 dvl:i) ?
:/f(v Ly () — Lyt (dvrs)
€+1 fLZ1;171 dUll>

/f vy Zii 1(dU1:1’) f [ini_l(dvl’b) - leri_l(dvlzi)]
1 T1:1 T1io .
UL (dvr) S L (v
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Thus, for any function f on V such that ||f]|. < 1,

LR (o) = L (@)}

’/f(UEJrl) {P¢ (dveg1|z1:i—1) — Pogr (dvggr|zii—1) | < TLT (dury)

(36)
By (35), 1< <i—1,
‘/{Lzlzi_l(dvlzi) - Lﬁi_l(dvl:i)}‘
-1 i i—1
= / H 7' (dvy,) {m(dve) — 7' (dve) } H 7(dvp,) H K(Zms Vmy Vimt1)] -
m=1 m=~¢+1 m=1
As K is upper bounded by 1,
-1 (-2
’/{nghil(dvlzi) —Lﬁil(dvlzi)}’ < (/ H 7' (dvp) H K(ﬂﬁm,vm,vmﬂ))
m=1 m=1
i i—1
o | ( H m(dvm) H K(xmvvvaerl)) ‘
m=~+1 m=~{+1

Similarly, since K is respectively lower bounded by v,

—1 0—2
/lezifl(dvln-) > (/ H W/(dvm) H K(.rmﬂ)m,Uerl))
« 2 (/ H 7(dvy,) 1:[ K(xm,vm,vm+1)> )

m=¢+1 m=¢+1

Plugging these bounds in (36) yields, for 1 < £ <i—1,

\ [ 7w B el ) = B (dvé+1|$1:i1)}‘ <o -, .

Then, by bounding similarly the two last terms of the telescoping sum,

i1
P (zi|z1.6-1) — Prr(mi]212621) = 21/72||7r — 7|t { (1- V)17£71 + 2} <22+ 1/71)V72||7r — 7| -

{=1
O

C Forgetting properties of the predictive filter
For all k£ > 1, nf is the predictive filter at time k& when the law of the hidden states is m: n] ==

and for k > 2,
7]2 A Pﬂ- (Vk S A|X1:]€_1) .
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By applying (25) recursively, for all p > 1, define the function @, by:
Np1 = ©(Xp, i m) = B(Xp, (Xp1, 1y _137)i7) = ... = @p( Xy, {5 7)

with the convention ®; = ®. Lemma 9 establishes the exponential forgetting of the prediction
filter. Its proof follows closely [9, Proposition 1] in the case of general hidden Markov models.

Lemma 9. Assume that H1 holds. For ollp > 1, all 1., € XP and all probability distributions
777 77/’71— on v’
19p (210513 7) = (21,7 7)o < (L= 2)P

Proof. By definition, ®,(z1.p,7;7) is the predictive distribution of V41 given { X1, = x1.p} when
Vi~nand Vy ~7for2<k<p+1. By Lemma 6,

P
/ép(xlzpa77§7T)(d7}p+1)h(vp+l) = /¢n,7r,p(dvl) H KXL);(Ukvdkarl)h(varl)v
k=1

where ¢,  , is the conditional distribution of V; given {X1.p =21} when Vi ~n and Vi, ~ 7 for
2 <k < p+ 1. Therefore, by Lemma 6,

951,15 7) — @p(@1:, 15 1) lev < (L= )P Dmp — Gl
which concludes the proof. O

Lemma 10. Assume H1 holds. Then, for allr = (v,z,m,1n,) € VXX XSTXST v = (v, 2", 7' ,n,) €
YVxXxStxST andallp>1,

|QRh(r) — QFh(r)| < 607 (1 — )72,
where h and Q, are defined in (24) and (26).

Proof. For all measurable function h, r = (v,z,m,1:) € X x V x ST xSt ¢ = (v,2',9/,n,) €
X xVxStxStandall p>1,

|QRh(r) — QRh(r")| < |QRh(v, x,m,m:) — QRh(v,z,1', 1)
+ |Q£h(v, 37,77/77];) - erh(v/a $/7 77/’ "71)| . (37)

With the convention vy, = v, for all p > 1,

Qﬁ.h(’l‘) = Z /h(vp+2,$p+1,¢p(($,$2:p)»7757f>7‘I)p((xaﬂfz:p)ﬂ?*;ﬂ*))

T2.ptr1 EXP
p+2
X H K(zp—1, vk—1, v) ™7 (dvgpy2) -
k=3
By H1, the function h defined in (24) satisfies:
h(v, 2,7, m0) = h(v, 2,0, 1)l < v (I =0 lly + ne =0 lle) - (38)
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The exponential forgetting property of the predictive filter given by Lemma 9 yields
@1 (22ip, P, 75 7); 1) = @i (22ip, D2, 05 ) ) few < (1 = w)P 7 (39)

and, as CI)p((x, xQ:p)v 3 77) = (I)p—l($22p’ @(m, Uh 7T); 71');

|Qh(v,2,m,m) — Q2h(v, 2,1, n,)| < =(1—v)P~'.

RN

For the second term of (37), write for p > 2,

(I)I)((xa x?:p)) 3 7T) = q)p—Q(x3:p7 @2((37, .’132), ;5 77)7 7T)
and for any ¢ and ¢, in P,
h(vp+2a Tp+1, ¢>p((x, x2:p)» n;7), (Dp((xa x2:p)v Nx; Tx)) =
h(vp+2a Tp+1, @P—2(x3:p7 ‘I)Q((x7 x2)7 3 ﬂ-); 7T)7 ‘I)p—Q(x?):pa (1)2((567 IQ), T3 77*); 77*))

- h(vp-‘r% Tp+1, ‘pp_g(.%‘g;p, (b; 7T)7 CI)17—2<-773:pa (b*; 77*))
+ h(vp+2a Tp+1, (Dp72(x3:p7 (b; 7T)7 q)p72(x3:p7 (b*; 77*)) .

Then using that

p+2

Z /h(vp+2>xp+la Dy 2(T3:p, ;) Pp—2(T3:p, P ) H K(zg—1, vp—1, vr)K(22,0,03) 7P (dv3p12)
ZT2:p+1EXP k=4
p+2
= Z /h(vp+27xp+17 Dp—2(3:p, 3 ), Pp—2(T3:p, Pi ) H K(xkflakala’Uk)K(x%vlva)W®p(dv3:p+2)
To.py1 EXP k=4
and (38) and (39),
|Qh(v, 2,0 n}) — QRh(v' 2", m))|
P42
< 2V71(1 — V)p72 Z / (K (x2,v,v3) + K(22,v",v3)) H K(x_1, vk_l,vk)ﬁ®p(d03:p+2)
ZT2:p+1EXP k=4

< 4y_1(1 — l/)p_2 .

In the case p =1,
Q5h(v,z, 1, 0,) — QRh(v' ' )| < 4wt
O

D Concentration inequality for Markov chains with uniformly
lower bounded transition kernel

Theorem 11 and its proof can be found in [10]. As this book is not published yet, the proof of this
result is reproduced here for the sake of completeness. Let v > 0 and (X, B(X)) be a measurable
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space. In this section, P denotes a Markov kernel defined on (X, B(X)) bounded from below by
v > 0 : there exists a probability measure n on (X, B(X)) such that for all A € B(X) and all x € X,

P(x,A) > vn(A). (40)

For any € X (resp. any probability distribution 7 defined on (X, B(X))), let P, (resp. P,) be
the distribution of a Markov chain (X,,),>0 with Markov kernel P and such that Xy = = (resp.
Xo ~ 7). The expectation w.r.t. P, (resp. Pr) is denoted by E, (resp. E;). Let v € R’} and B(y)
be the set of functions f : X — R such that, for all z,y € X", k € {1,...,n},

n
@) = FW < D Wl -
k=1
Following for instance [3, Chapter 4], the Dobrushin coefficient of P can be defined as
|lmP — 7' Pty

|7 = 7'[lev

A(P) = sup(, pexe | Pz, ) = P(2',) o = supy o

where for any distribution 7 on (X, B(X)) and all A € B(X), nP(A) = [n(dz)P(x, A). For all
n > 1, define

D, = En: (w +2 En: Tm A (Pm—f)> . (41)

{=1 m={+1

Theorem 11. For any distribution m on (X, B(X)), any v € R}, any f € B(y) and any t > 0,
Pr (f(X1se s X)) = B [f(X,. o, X)) > 1) S e 20/Pn,
where D, is defined by (41).
Proof. Assume without loss of generality that E.[f(X1,...,X,)] =0. Forany ¢ € {1,...,n}, define
Ay = Yo+ 2 Z ,ymA(meé) .
m=¢+1

For all £ > 0, define Fy = o(X;,1 < i < {) and Gy = E;[f(X1,..., X,)|Fe] with the conventions
Fo =1{0,Q) and Gy = 0. Hence,

f(Xq,..., X,)

> (Ge—Gr),  Gea =E[Gi|Fea].

(=1

The pivotal step of the proof is to establish that for all 1 < ¢ < n there exist F;_j-measurable
random variables ay, and by such that

ag <Gp<by and by—ay < Ap. (42)
Forall1</<n, £<s<n—1, 21X and z441., € X"* define

Kpo(x1, ... T, Tsg1, .- Tp) = inf Sy, o T U1y ey Uy Tty - -5 L)
(Upg1yemmyus ) EXZ—E
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and

Wf,s(l'lv"';xfaxs+17'°'axn) = KZ,s(xlv'~~7xZ7$5+17"'7xn) - K@,S+1(x1;"'axfax8+2a"'7‘rn) .

Hence, 0 < Wy s < 7541 and

n—1

Gr=Kon(X1,...,X0) + Y Ex[Wea( X1, o, Xo, Xap1, -, X)) Fil.
s={

Let X7,..., X} denote an independent copy of X1,..., X, so that
1 n

n—1

Gr=Kon(X1,.. ., X0) + Y Ex[Wea(Xa, oo, X, Xors o, X5 T
s={

Defining Hy = Ex[f(Xo,..., Xe, X[ 1. .., X;;)|Fe] yields

n—1

n

Ge = He| <) [Ex[Weo(X1, .., Xo, Xag1,y oo X)) Fol = Ex[Woo(Xn, .o, Xo, X2, X0 F|

s={

Write for all y € X,
h(y) = Ex[Wes(X1,..., Xe,y)|Fe] and A (y) = Ey[h(X1,..., Xn-s)]-
Then,

|ExWeo( X1, .o, Xo, Xog1, oo X)) | Fe] = Ex[Wes(Xa, o, X, X3, -0, X)) F]|
= |EXg [h(Xs+17€a cee 7Xn7€)} - E7TP‘€ [h(Xerle; [ERE ané)]‘ )

— /Wpe(dy)(Ps+1_[h/(Xg) _ Ps+1—lh/(y))’
< oo AP,
As |l oo < [Wesll o < ¥s+1, we have

G — Hil < ) AP .
s={+1

Define, for all 1 < ¢ < n, the following F,_i-measurable random variables
ay = o;ignefxE[f(Xl’ o Xz, X)L X | F
by = sup,, exBLf (X1, Xo—1, w0, X0 X Fe)
Since aj, < Hy < bj, and b, — aj, < 7y, it follows that

ae:az— Z ’ySA(PS—é) and bg:b2+ Z ’YSA(PS_Z)
s=0+1 s—t1
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satisfy (42). By McDiarmid’s inequality, for all A > 0,
8log E,[eMCr=Ce-v)| 7, 1] < N2 A7

Then, by Markov’s inequality, for any s > 0,

2 n 2D,
P,r(f(Xl,...,Xn)>t)<e_’\t+% P A7 o g

Applying this inequality with A = 4¢/D,, concludes the proof.

Corollary 12. For any distribution ™ on X, any v € R, any f € B(vy) and any t > 0,

v2 2

Pr(f(X1,. o, Xn) = Er[f(X1,..., Xp)] > 8) Se ° Timf

Proof. For all z € X, define Q(z,-) = (1 —v)"1(P(x,-) — vn(-)) where v and 7 are given by (40).
For any = € X, Q(z,-) is a probability distribution and

Pa,) = (1 =v)Qx,-) +vn().
Therefore, for all (z,2") € X2,
1P(x,) = P(a', v = (1= )[Q(z,-) = Q" )ew <1 = v,

which yields, for all ¢ > 1, A(P?) < (A(P))? < (1 —v)?. By Theorem 11, for any distribution 7 on
X, any v € R, any f € B(y) and any t > 0,

2¢2

P7r (f(Xl, o 7Xn) _ }Eﬂ[f(Xl, o 7Xn)] > t) <e Ez’:l(wwzzldﬂ 'Ym(l—u)m/—g)Z

Note that by Cauchy-Schwarz inequality,

En:<w+2 Z’yml—u ) <2 7§+8§:<Z (1= )™ —Z>2,

500

=1 m=£+1 =1 241
2 1—v - 2 m—~£
<2 7E+8 v Z Z ’Ym(l_y) ;
=1 £=1 \m=(+1
1-v)*\ v
=1
which concludes the proof. O
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