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Existence of strong solutions to a fluid—structure system with a
structure given by a finite number of parameters*

Guillaume Delay!
July 8, 2019

Abstract. We study the existence of strong solutions to a 2d fluid—structure system. The fluid is modelled
by the incompressible Navier—Stokes equations. The structure represents a steering gear and is described by
two parameters corresponding to angles of deformation. Its equations are derived from a virtual work principle.
The global domain represents a wind tunnel and imposes mixed boundary conditions to the fluid velocity. Our
method reposes on the analysis of the linearized system. Under a compatibility condition on the initial data,
we can guarantee local existence in time of strong solutions to the fluid—structure problem.

MSC numbers: 74F10, 74H20, 74H25, 74H30, 76D03.

1 Introduction

The goal of this study is to prove the existence of a unique solution to the fluid—structure problem presented in
this section. We first expose the modelling of the structure. The goal is to approach the behaviour of a steering
gear depending on two angles of rotation #; and #;. We then give the equations of the whole fluid—structure
interaction problem. In the sequel, we have to account for a time dependent domain for the fluid and for
potential singularities. We present an adapted functional framework to tackle those difficulties. We state the
main result of this study about existence and uniqueness of solutions to the fluid-structure interaction problem.
Finally, we expose the scientific context of the study and the plan of the proof that is developped in the next
sections.

1.1 Modelling of the structure

The considered structure lies inside an open bounded domain @ C R? and deforms itself over time. The
deformation depends on two angles #; and 6> and approximates the behaviour of a steering gear structure. The
couple of parameters (6, 60s) lies in an admissible domain Dg which is an open connected subset of R?. Let
Sref, & smooth closed connected subset of 2, be the reference configuration for the structure (for instance Syef
is the volume occupied by the structure for §; = 63 = 0). We consider a function X defined on Dg X Syet such
that X (61, 602,y) is the position of the matter associated to the point y in the reference configuration Syef.

The volume occupied by the structure for the parameters (6,6s) € Dg is a closed bounded connected subset
of Q denoted S(61,62) = X(01,02, Sret). We further assume that for every (01,02) € Do, S(61,62) C Q, ie.
there is no contact between the structure S(61,602) and the boundary of the domain 9f2.

We give on page 3 the modelling assumptions that have to be fulfilled. They enable an extension of the
present work to a wider class of structures. Moreover, even if we consider only two parameters, all the results
remain valid for any finite number of parameters. The extension of all proofs is indeed straightforward.

1.1.1 Motivations

Structures depending only on a finite number of parameters arise in the field of aeronautics. For instance, let us
consider a steering gear structure. In a first approach, we can model this structure by two rigid solids. Solid S
is tied to the fixed frame by a pivoting link O and solid S5 is tied to solid S; by a pivoting link P. The whole
model is represented in Fig. la. Note that S; can be thought of as the aerofoil of a wing and S, as a steering
gear such as an aileron. For a given Syer C €2, the function X representing the motion of this structure with
respect to (01,0s) is given below

X(01,602,y) = x5, (Y)Ro, ¥ + X5, (¥) (Ro, Y'5" + Roy10,(y — ¥55)),  Vy € Seet,  V(01,62) € Do,
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(a) A pivoting link P. (b) A structure continuously (c) A limit configuration.
deforming.

Figure 1: Three different kinds of structure deformation.
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> is the rotation matrix of angle 0, y's' = (yp1,yp2) is the coordinate of the

where Ry — ( cosf) —sinf

sinf  cos@
point P in the reference configuration S,.f and Y, the characteristic function over a set E C R2, is given below

1 ifyek,

wen e ={, 4 (11)

In the previous example, the admissible domain Dg for (61, 63) is chosen such that no overlaps of the structure
occur.

Note that for 85 # 0, the function X%(#;,0s,.) is not a diffeomorphism as it is discontinuous through the
interface 851 NS, between the two solids. In the same way, for 6 # 0, the velocity field is discontinuous inside
the structure (we denote 05 the time derivative of 65). In other words, if we keep S; at rest and rotate Se around
P, a discontinuity of the velocity appears through the interface between the two solids. This discontinuity can
reduce the regularity expected for the fluid velocity. Indeed, if we assume no—slip boundary conditions between
the fluid and the structure and if at time ¢ the trace of the velocity is discontinuous on 95 (61(¢),02(¢)), then
a Sobolev embedding argument shows that we cannot hope for a better regularity in space for the velocity of
the fluid than the Sobolev space L2(0,T; H*(Q\S(01(t),02(t))))!, while for strong solutions we usually expect
the velocity in the Sobolev space L2(0,7;H?(Q\S(01(t),02(t))))!. This loss of regularity would harm the
estimates of the nonlinear terms (see Appendix B). That is why we consider a smooth approximation X’ of the
deformation X¢.

In the sequel, y = (y1,¥2) is the Lagrangian coordinate and y* = (—yz,y1) is normal to y. The behaviour
of the smooth structure is represented in Fig. 1b, we give X’ below

N
Xb(91,92,Y) = g9, (Y1)er1 + 9o, (y1)er2 + yQHNEZgﬁ;W Y = (Y1,92) € Srer, (01,02) € Do, (1.2)

where gy, and gy, are real-valued functions. The domain Dg is chosen small enough, for instance Dg =
B((0,0),¢€) for some £ > 0, and Sy can be chosen as Sy = S(0,0). We use the notations: e,; = (cos#,sin6,),
ery = (cos(01 + 02),sin(01 + 02)), N(y1) = gy, (y1)eo1 + gp, (y1)eo2, where eg; = e and egs = e’. Moreover,
we have ||N(y1)|| = (N1(y1))? 4+ (Na(y1))?)'/2, where N is the i** coordinate of N.

The function y1 — gs, (y1)er1 + go, (y1)er2 gives for (01,02) € Dg the position of a curve. Every fibre of
matter that is normal to this curve in the reference configuration stays normal when (61,6:2) changes. This
means that the deformation of this curve gives the deformation of the whole structure. The normal direction
to the curve at abscissa y; is given by N(y;). We assume that 65 is small enough and that (g )* + (gp,)* > 0,
this implies ||N(y1)|| > 0. This model is inspired by the fish-like model described in [28, Section 7].

To enforce smoothness of X°, gy, and gy, are taken as € functions which are smooth approximations of
respectively yp 1 + (Y1 — YP,1)X(0,yp.] (Y1) a0d (Y1 — YP,1)X[yp.1 ,ymax] (1), Where X is defined in a similar way as
(1.1) for I C R. For instance, let € > 0 and consider u. a ¥ cut—off function such that

pe(yr) = 1, for y1 < yp,
pe(y1) €[0,1],  forypr <wy1 <yp1+e,
pe(y1) =0, foryp1 +e <y1.

Then, we can use
{ 90, (1) = yp1 + pe(y1) (1 — ypa),
90,(v1) = (1 — pe(v1))(y1 — yp1),

1These spaces are given here in an informal manner. They will be defined more precisely later.



in (1.2) to get a smooth deformation as represented in Fig. 1b. The velocity field of the structure is not any
more discontinuous, we can thus expect the fluid velocity to have the usual regularity of strong solutions.

Remark 1.1. When ¢ tends to 0, these functions become

{ 90, (1) = X[ap{(¥1)Y1 + X(p,e) (1) YR, (1.3)
90, (Y1) = Xpp,e)(W1) (Y1 — yp2),

for some real numbers a,b,c. In this case, we recover the behaviour of a pivoting structure with two rigid solids
(see Fig. 1c), corresponding to a transformation denoted X°. However, with this definition, the two solids
overlap each other, so that we will not use it neither in the sequel. Also let us remark that the limit X¢ of our
smooth approximation X’ is not the original model X¢.

We shall keep in mind only the example of X® (see Fig. 1b), though our original motivation was to deal with
X (see Fig. 1a). More generally, our approach will be applicable to many more choices of deformations X. Let
us list below the assumptions used in the sequel.

Modelling Assumptions.

For every y € Syt = S(0,0), X(0,0,y) =y.

(

Sref 1S a smooth simply connected closed subset of €. (
For every (01,02) € Dg, we have X (01,02, Sier) C 2 and inf  d(X(01,02, ), 002) >0. (1.

(

(

(

(01,02)€De

e For every (01,605) € Do, X(01,0s,.) is a € diffeomorphism from Syef to its image S(61,62). (1.7)
e The function X is € on Dg X Siet. 1.8)
e The functions 99, X (61,02, .) and 0p,X (61,02, .) form 1.9)

a free family in L2(0S,f) for every (61,65) in Dg.

In (1.4), we have assumed that S.ef = S(0,0) to ease the study. In (1.6), we assume that the structure stays
away from the boundary of the wind tunnel. Assumption (1.7) enables us to use a change of variables. This
is a crucial step in our approach, as we shall see in Section 3.1. Assumption (1.8) ensures continuity of the
velocity field inside the structure and on its boundary. This assumption could be weakened, as €™ would be
sufficient for n large enough, but we keep € for simplicity. In our approach, Assumption (1.9) is natural and
mandatory to determine the equations of the structure, as we shall see below in Section 1.1.2. We now state
the fact that the proposed deformation X fulfils those assumptions.

Lemma 1.2. For Dg small enough, the function X® defined in (1.2) satisfies the modelling assumptions (1.4)—
(1.9).

A proof of this statement is provided in Appendix A. In the sequel, we do not only consider X® but any X
that satisfies (1.4)—(1.9).

The inverse diffeomorphism of X(61,05,.) whose existence is guaranteed by (1.7) is denoted Y (61,605, .), we
have

V(91,02) S ]D@, Vy S Sref, Y(01,02,X(91,02,y)) =Y. (110)

The diffeomorphisms X (61, 6,,.) and Y (6;,602,.) are illustrated in Fig. 2.
Remark 1.3. The choice of X? allows changes of volume for the structure and then for the fluid. In our setting
where mixed boundary conditions are considered, this is not a problem. However, in the case, for instance, of
homogeneous Dirichlet boundary conditions on 95, the diffeomorphism X’ would have to be modified to ensure
a constant volume to the structure.

1.1.2 Dynamics of the structure

In order to simplify the equations of the structure, we consider the following assumption for the dynamics of
the structure.

Modelling Assumption.

e No friction and no elastic forces are considered in the structure. (1.11)

The equations satisfied by the structure are obtained by a virtual work principle [2, p. 14-17]. We know
that the admissible parameters of the structure are (61,62) € Dg, and that the admissible velocities v, satisfy

Vs € Vect(391X(91, 92, .)7 892X(017 92, ))



®(04,0,,.)

X (64,0, .
(61,82.) ®(01,02,y) X(01,02,y")
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Figure 2: Correspondance between real and reference structure configurations.

Thus, the virtual work principle can be formulated for every time ¢t € [0, 7] as
Find (0:1(t),02(t)) € De, such that for every w € Vect(09p,X (01 (t), 02(t), .), 00,X(61(%), 02(2), .)),
d
[ (e KOO0 82001.9)) = oy 1. X001 0. 02001.9))) - wly) o)

- f]—‘—>S(77;) : W(Y(el (t), 92(t)7 '71)) dvy, =0,
05(01(t),02(t))

where f},,4, is a distributed source term in the body (modelling for instance the gravity), p is a positive constant
that represents the mass per unit volume of the structure in the reference configuration Syer and fr_,g is the
force exerted by the fluid on the structure along 05(61(¢), 02(t)).

Note that the presence of fj04, is compatible with Assumption (1.11), as this term represents external forces.
It does not depend on 6, 05 and their derivatives.

Remark 1.4. Assumption (1.11) has been used in (1.12) as no interior works have been considered.

Let us denote respectively ; and 6; the first and second time derivatives of the function #;. Then, the
velocity of the structure can be written as

2
Vs(t’Y) %X(Ql( ) 92(t)7y) = Z 9] (t)60]X(91 (t)702(t)7y)7 vt € [O’T]’ Vy S Sref; (113)
and its acceleration as
9 2 2
Svalty) = S5 (XO:0,0:(0),5)) = D B0 0.0200.9) + 3 0010 X010, 0200, )

Now, problem (1.12) can be rewritten as follows

Find (61,02) € Dg, such that for every i € {1,2}, we have,
2 2
/ P> 0;0X(01,02,y) - 0o X (01,02, y) dy = — / P 0;0:050X(01,02,y) - 0pX (01,02, y) d
Sref j=1 Sret 7,k=1

+/ fooay (t, X (01,02,y)) - 09 X(01,02,y) dy
S

ref

+ fros(Va) - 00.X(01,602,Y(01,02,7;)) dva.
8S(61,62)

Let us denote the structure body source term

(fs)i = /S fooay (t, X (01,02,)) - p.X(01,02,y) dy. (1.14)

ref

On a matrix form, the equations of the structure read



/ S(61(2),02(1))

|
(i I'y, B

Figure 3: The geometrical configuration.

P .
Mo, 0, ( 9'; ) = Mj(01,02,61,02) + Ma (01,02, f75) +fs  on (0,7), (1.15)

where fs = ((fs)1, (fs)2) and

(801X(617 927 ) 7801X(917 927 ))S (892X(917 927 ')7891X(91> 927 ))S ) c RZXQ

Moy0, = < (06.X (61, 602,.),00,X(61,02,.))s (0. X(01,02,.),96.X (61,602, ))s (1.16)

My (81, 0.6, 62) — < —(0300,0,X (61,02, .) + 2010209,0,X (61,62, .) + 0309.0,X (61,02, .) ,06,X (61, 62, .)) 5 ) R,

—(0309,0,X (01,02, .) + 201050p,0,X (61,02, .) + 0300,0,X (01, 02,.) ,09,X (61,02,.)) s

(1.17)
where (.,.)s is the scalar product
@,%)5 = [ o3 ¥y) dy. (118)
ref
and
/ 00, X (01,02, Y (01,02,72)) - fr-5(72) dva
Ma (01,02, f75) = 25(61,02) € R% (1.19)

aé)zx(aly 0, Y(ola 0, "Yac)) : f.7:—>S(’ch) dve
85(61,02)

The matrix My, g, in (1.16) is the Gram matrix of the family (09X (61,02), 99,X(01,62)) with respect to
the scalar product (.,.)s. It is invertible due to Assumption (1.9) (if two 4> functions are colinear in L?(Syef)
then they are colinear in L?(9Ser))-

We also consider the following initial position and velocity for the structure

01(0) =619, 62(0) =02,
) ' ) ’ 1.20
{ 01(0) = w10, 62(0) =wap. (1.20)

1.2 Modelling of the full fluid—structure problem

We here present the full system of equations that are studied in the sequel.

1.2.1 Equations of the fluid

In our study, the global domain Q = (0, L) x (0,1) represents a wind tunnel of length L > 0, see Fig. 3. Hence
its boundary is composed of four regions: an inflow region I'; = {0} x (0, 1), a bottom region I'y, = (0, L) x {0},
a top region I'y = (0, L) x {1} and an outflow region I'y = {L} x (0,1). We denote I'y, = I’y UT}, the part of
the boundary corresponding to walls and I'p = I'; UT, the part of the boundary where Dirichlet conditions are
imposed.

At time ¢, the structure occupies the volume S(61(¢), 82(t)), therefore the fluid fills the domain .7 (0, (t), 02(t)) =
O\S(61(¢), 02(1)).



The velocity of the fluid is modelled by the incompressible Navier—Stokes equations

aa—ltl(t,X)—i-(u-V)u(t,x)—divaF(u(tx),p(t,x)) =fz(t,x), t€(0,T), x¢€ F(0:1(t),0(t)),

divu(t,x) =0, te(0,7), x€e.F(0:(t),02(t)),

u(t,x) = ui(t,x), te(0,7), xely, (1.21)
u(t,x) = te (0,7), xeTly,
or(u t,x) p(t,x))n(x) =0, te (0,7), xely,
( ,X) = uo(x), x € F(01,0,020),

where u(t,x) and p(t,x) are velocity and pressure of the fluid at point x and time ¢, and
UF(uap) = V(vu + (vu)T) _pIa

is the stress tensor of the fluid, where v > 0 is the kinematic viscosity of the fluid. The vector n denotes the
unit outward normal to Q. The term fz(¢,x) in (1.21), is a force per unit mass exerted on the fluid. Moreover,
a nonhomogeneous Dirichlet boundary condition with datum u® is imposed on the inflow region I'; and we
consider an initial datum ug for the fluid velocity. Of course, these equations should be completed with suitable
boundary conditions on 95(61(t),82(t)) that are made precise in Section 1.2.2.

1.2.2 Interface conditions between the fluid and the structure

The velocity u of the fluid fulfils an adherence condition with the boundary of the structure whose velocity is
given in (1.13),

2

u(tv X(01 (t)v 02 (t)v y)) = Z éj (t)aﬁjx(al (t)v ) (t)v y)a te (07 T)v Y€ OShet-

j=1
Note that this no—slip boundary condition corresponds to the continuity of the velocity through the interface
between the fluid and the structure and can also be rewritten as

2

u(t,x) = Zéj (1)0p,X(01(t), 02(1), Y (01(2), 02(t),%)), t€(0,T), x€IS(01(t),0(t)). (1.22)

j=1
The forces exerted by the fluid on the structure are given by the stress tensor of the fluid
f].-Hs(t,X> = —aF(u,p)ngl’gz(t,x), te (0,T), X € 85(01(t),92(t)), (1.23)

where ny g, (x) is the outward unit normal to the fluid domain .7 (01(t), 02(t)) on 9S(61(t),02(t)).

1.2.3 The complete set of equations

The full set of equations is given by (1.15), (1.20), (1.21), (1.22) and (1.23). Note that the coupling between the
fluid and the structure appears in equations (1.21) (the fluid domain depends on 6; and 63), (1.22) and (1.23).
The considered system is given by the following set of equations

%—ltl(t,x) + (u(t,x) - V)u(t,x) — div op(u(t,x),p(t,x)) = f£(t,x), t€(0,T), x€F(01(t),02(t)),

div u(t,x) =0, te(0,7), xeF(01(t),02(1)),
2

u(t,x) = Z Q.j(t)ang(Ql(t),(92(L‘),Y(6‘1(t)7 0(t),x)), te(0,T), x€0S(0:1(t),0:(t)),

u(t,x) = i;Zt, x), te(0,T), xeTljy,

u(t,x) =0, te(0,T), x€Ty, (1.24)

or(u(t,x),p(t,x))n(x) =0, te(0,T7), xely,

u(0,x) = up(x), X€Z (bh,0,020),

M01,02 (z; :M1(6‘1, 32, 9.17 92)+MA(01, 92, —Up(ll,p)l’lel’g?)—‘rfs, te (07 T),

01(0) =610,  02(0) = b2,

91(0) = W1.,0, 92(0) = W20




1.3 Functional framework

In this section, we present the functional framework of the study. In the sequel, Zy = .% (01 ,0,62,0) denotes the
initial fluid domain and Sy = S(61,0,02,0) the initial configuration of the structure. For the sake of simplicity,
the initial parameters of the structure are taken equal to zero,

9170 = 9270 =0.
This can be done without loss of generality by the change of variables
(01,02) — (01 — 010,02 — 629).

Moreover, the reference configuration for the structure S, and for the fluid %, are taken as the initial
configuration,
Sret = So = 5(0,0), Fret = Fo = F(0,0).

Sobolev spaces. In the sequel, H*(%) is the usual Sobolev space of order s > 0. We identify L?(%,) with
HO(Fy). We denote L2(.%) = (L*(%))?, H* (%) = (H*(%))? and so on.

Corners issues. The domain considered for the fluid has four corners of angle w/2. The ones that are
located between Dirichlet and Neumann boundary conditions induce singularities, we denote them A = (L, 1)
and B = (L,0) (see Fig. 3). We also denote #;,, = {A, B} the set of these corners and we define the distance
of a point x from them,

forje fan, forxe, r;jx)=d(x,j). (1.25)

Note that corners between two Dirichlet boundary conditions do not induce singularities as soon as suitable
compatibility conditions are satisfied. We report to [22] for more details.

Weighted Sobolev spaces. The strong solution to the Stokes problem in the domain with corners A and
B and with a source term in L?(.%) belongs to a classical Sobolev space of lower order than what we usually
have with smooth domains. In order to get the usual gain of regularity between solutions and source terms, we
have to study the solution in adapted Sobolev spaces. As the loss of regularity is located around corners A and
B, we can recover the usual regularity if we consider norms that are suitably weighted near these corners. The
weighted Sobolev spaces are then defined for 5 > 0 as

H} (%) = {u with [allaz (7,) < +oo},
Hj(Fo) = {p with Pl my(70) < +00},

where the norms ||.||H%(go) and H.||Hl13(g;0) are given by

ullfes (7, = > Z/ [T @) | 10%uy)? dy, (1.26)

la|=0 i=1 V%0 \ je 74,

and

1
1921 5 = S /9 | I e ) e ay (1.27)

o] =0 JE Fdn

Here the sum is on all multi-index « of length |a| < 2 for (1.26) and |a| < 1 for (1.27) and r; is defined in
(1.25). The Sobolev embedding H3 (%) — H2-8(%,) links classical and weighted Sobolev spaces, see [22] for
more details.

Steady Stokes problem with corners. The following lemma from [24] explains how and why the spaces
H% and H é appear in the context of corners. It gives the result expected for the steady Stokes problem in %,
with weigthed Sobolev spaces and the regularity obtained in the classical Sobolev spaces.

Lemma 1.5. [24, Theorem 2.5.] Let us assume that f € L?(%,). The unique solution (u,p) to the Stokes
problem
—div op(u,p) =f% in Fy,

divu=0 in %,
u=20 on I'p U 0S8y, (1.28)
or(u,p)n =0 on I'y,

belongs to H(Fo) x Hy(Fo) for some B € (0,1/2) and to H3/2t20(F0) x HY 2 e0(Fy) for some gy € (0,1/2).
Moreover, we have the following estimate

lallez (7o) nmerzteo (70) + 1Plmy (7o nmrzee (2y) < CllEzllLz(5)- (1.29)



Let us denote ng the outward unit normal to .%y on 9Sy. The regularity proven in Lemma 1.5 gives a meaning
to all integrations by parts as pjp.z, and dn,u)9.4, are well defined traces for (u,p) € H3/2420 (Fg) x HY 2420 (Fy).

Also note that according to [15, Theorem 1.4.3.1], there exists a continuous extension operator from H* (%)
to H*(R?) for every s > 0. This implies that all the classical Sobolev embeddings and interpolations are valid
despite the presence of corners as they can be led in R2.

Remark 1.6. Lemma 1.5 uses the geometry of the problem. Especially, we do not consider junctions between
two segments where Neumann boundary conditions are imposed and all junctions between segments are right
angles. To consider other angles, the reader can report to [22]. Note that the value of ¢y and 8 depends on
those angles.

Time—dependent spaces for the study in the fixed domain .%,. In the sequel, we study the problem
in the fixed domain .%;y. Let T' > 0 be the final time of the system. The following spaces are considered

Uy = L*(0, T; H3 (%)) N 6°([0, T); H' (F0)) N H' (0, T; L*(F0)), (
Pr = L*(0,T; H3(F)), (
Or = H*(0,T;R?), (
Fr = L*0,T;L*(%)), (1.33
Gp = HY(0,T; H*2(dSy)), (
St = L*(0,T;R?). (

We endow ©p with the following norm

101, 0)ller = 1(01,0)[| 20,7y + 1|01, 02) | L= 0,1) + ||(91792)\|Lw(0,T)7

the other spaces are endowed with their natural norms. The norm ||.||e, has been chosen so that we have the
estimate |[(0y,0,)| Lo (0,1) + [|(01,02)| L= 0,7) < C||(0,05)]le0, where C' does not depend on T'. Note that with
the natural norm of ©p, C' would depend on T'.

1.4 Main result

The diffeomorphism ®. A classical difficulty in fluid—structure problems is that the fluid domain changes
over time. The classical way to get rid of this difficulty is to use a change of variables on u and p in order to
bring the study back into a fixed domain. This procedure uses a diffeomorphism that we have to define properly.
When the state of the structure depends only on a finite number of parameters, it is convenient to construct
this diffeomorphism as an extension of the deformations of the structure into the fluid domain.

The diffeomorphism used is defined as an extension of the diffeomorphism X given for the structure. Hence,
we need the extension operator defined below.

Lemma 1.7. There exists a linear extension operator € : W3°°(Sy) — W3 (Q) N H{(Q) such that for every
AVAS W3’OO(S()),

(1)  E(w)=winSp,

(#9)  €(w) has support within Q. = {x € Q | d(z,9Q) > €} for some e > 0
such that d(S(61, 02),082) > 2¢ for all (01,602) € Do,

(iii)  ||wllws.~ () < C|[Wllws.=(sy), for some C' > 0.

Proof. Extension results are classical, we can for instance find an extension result for smooth domains in [19,
Lemma 12.2]. We can get the result by multiplying the extension function of [19, Lemma 12.2] by a cut—off
function in D().). Note that the existence of € > 0 fulfilling (¢) is a consequence of Assumption (1.6). O

Then we define the following function

(}(917927}’) =Y +5(X(91792a ) - Id) (y)7 V(01a92) € ]DG)a \V,y € Q? (136)

where Id denotes the identity function.

We have V®(0,0,y) = I for every y € , hence det(V®(0,0,y)) = 1. Then for every (61,62) € Dg small
enough, the function ®(01,0s,.) is a diffeomorphism close to the identity function. We denote ¥ (01,65, .) the
inverse diffeomorphism of ®(6y, 6, .), i.e.

V(91592) S D@7 Vy S Q) ‘I’(917025 @(91792aY)) =Y. (137)

We can prove that ® and ¥ belong to ¢°°(Dg, W3>°(Q)). These diffeomorphisms are represented in Fig. 2.



The properties of £ imply that
for every (91, 92) € Deg, @(91, 0, So) = 5(91,02) and Vy € Q\QE, @(91,02,}’) =Y. (138)

The inflow boundary conditions. We use the following space to define the admissible boundary data on
the inflow part of the boundary I},

10y, 4 (y2)

u’ € H3/?(I;) with ufari =0, dys < +o0,

b2 . (1.39)

0
1 ] 2
a 1
/ ‘ y2u2(y2)| dys < 400
3/4 1—ys

U =

The conditions with integrals in the definition of U? are chosen to match the homogeneous boundary conditions
on I'y,. We now state the following existence theorem.

Theorem 1.8 (Main result: Local existence in time of a solution). Let Ty > 0, let u* € HY(0,Ty; U?),
uy € HY(F)) and (w1,0,wa,0) € R? satisfying the compatibility conditions

divuy =0 in Fo,
2
uo(,) = ZWj,Oang((),O, ) on 8507 (1 40)
J=1 |
up = u'(0,.) on I';,
uy =0 onI'y.

Let £ € L%(0,To; WH>(Q)) and fs € L?(0,To;R?). Then there exists a time T € (0,Ty] such that problem
(1.24) admits a unique solution (u,p, 61, 6) with the following regularity

(91,92) S H2(0,T, ]D(—)),
u(t, Q(gl(t%eQ(t)?y)) € L2(O>T; H%('/O)) ﬂ‘fo([O,T];Hl(ﬁO)) n H1(07T; L2('g.0))7
p(t, ®(01(1), 02(t),¥)) € L*(0,T; Hy(Fo))-

Moreover, we have the estimate

[a(t, ®(01(t), 02(t), ¥) || 20,7882 (£0)) 060 (10,71 H (F0)) N H (07512 (Fo )
+||p(t7 lI)(el (t)’ 92(t)7 Y)) HLZ(O,T;Hé(go)) + ||(01a 92) HHQ(O,T;ID(—))
< C(lluollgr (#,) + w10l + w20

+ If21 20,1012 F0)) + 10 | 111 0, sm12/2 (1)) + sl 220,702 )-

The proof of Theorem 1.8 mainly follows the one in [9] and is presented in the rest of the present article.
Remark 1.9. Note that we have the regularity H3/2+¢0 for the fluid velocity because of the embedding H% (o) —
H3/2+60 ({9‘0)

Remark 1.10. The study in dimension three would require to adapt the functional framework with more intricate

weighted Sobolev spaces (see [22]). An adaptation of Lemmas 1.5, 2.10 and estimate (B.32) would also be
required.

Remark 1.11. In the present work, we do not study the global in time existence of solutions to the problem.
This would be an interesting extension.

1.5 Scientific context

Fluid—structure interaction problems have been considered in several works. The structure is often rigid and
immersed in an incompressible fluid [10, 14, 16, 17, 29, 31, 32] or a compressible one [6, 20, 21]. More complex
structures have been studied for instance in [11, 27| where a plate immersed in an incompressible fluid has been
considered or in [3, 18] where the authors studied the interaction between a 1D beam and a 2D fluid.

The interaction of an elastic structure with a compressible fluid has been studied in [8, 7] and with an
incompressible fluid in [5].

Deforming structures that have a given deformation have been considered to model fish-like swimmers
[23, 28]. However, they do not fit our framework since, in the present study, the deformations of the structure
fulfill an ODE.

The case of a deformable structure depending on a finite numbers of degrees of freedom can be found in
[9]. The model of the structure approximates the linear elasticity equations and it depends only on a finite
number of degrees of freedom. However, to the best of our knowledge, besides the rigid solids, we have not
found any work dealing with a structure depending naturally on a finite number of degrees of freedom fulfilling
an equation. In that sense, the modelling proposed in the present article is original.

Moreover, additional difficulties are induced by the corners on 92, more information can be found in [22, 24].



1.6 Outline of the paper

In the next sections, we give the proof of the main result. In Section 2, we study the linearized problem in
the fixed domain %, and prove existence of strong solutions. We first discard the boundary terms to ease the
study. The full linearized problem is then treated by the use of liftings. In Section 3, we prove local existence of
strong solutions to the nonlinear system. The proof is first conducted in the fixed domain by using the results
on the linearized system and a fixed point argument. We then obtain the main result with a change of variables.
In Appendix A, we prove the fact that the proposed diffeomorphism X of Section 1.1.1 fulfils the modelling
assumptions. Finally, the proof of the estimates of the nonlinear terms can be found in Appendix B.

2 Existence of solution to the linearized problem

In this section we study the linearization of problem (1.24) around the null state, first with only source terms f
and s and then with all source terms and boundary data. These equations are written in the fixed domain %
using a change of variables explained in Section 3.1. In the sequel, (1, p) denotes the velocity and the pressure
of the fluid in the fixed domain .%;. We denote T' > 0 the considered final time.

2.1 Linearized problem with nonhomogeneous source terms

Let us study the following problem

%—?—VAﬁ—i—Vﬁ:f in (0,T) x Fo,
diva =0 . in (0,7) x %,
i = 0,8,9(0,0,.) 4 0,80,8(0,0,.) on (0,T) x Sy,
a=0 on (0,T) x I,
a=0 on (0,T) x Ty,
op(a,p)n = on (0,T) x I'y,
@(0,.) = uo(.) in 7, (21

i [pI — v(Va + (Va)")Ing - 35,2(0,0,7,) dv,
M070 ( él ) = 250 +s on (O,T)7

2 [T — v(Va + (Vi) ")ng - 95,2(0,0,7,) dv,

95

6,(0)=0,  6,(0)=0,
01(0) = w10, 05(0) =wap,

where the unkwnows are (1, p, 0;,6,) and the source terms are (f,s) € L?(0,T;L*(%)) x L?(0,T;R?). We will
show later that this system corresponds to the linearization of the nonlinear problem (1.24) transported in the
fixed initial configuration .%.

Remark 2.1. The state (@1,7,6;,6,) of problem (2.1) can be reduced to (i1, ,6,,6,). Considering the velocity
of the structure instead of its position is sufficient to solve (2.1). However, we prefer to consider the full state
(Q,p,6,,05), as it is useful in the sequel to deal with the nonlinear problem.

Let us fix an arbitrary time Ty > 0, e.g. Ty = 1. We want to prove the following result.

Proposition 2.2. There exists a constant C' > 0 such that for all T € (0,Ty), C does not depend on T, for
all ug € HY(Fy) and (w1,0,w2,0) € R? satisfying the compatibility conditions (1.40) (with u* = 0) and every
(f,s) € Fr x 8¢, problem (2.1) admits a unique solution

(ﬁ,ﬁ791,92) € Ur x Py x Or.

Moreover, the following estimate holds

[allwr + 12ler + (61, 02)llor < Cluollar (zy) + lwrol + w20l + [1E ey + [Is]lsr)- (2.2)

In order to prove Proposition 2.2, we will study problem (2.1) under its semigroup formulation. Let us define
the space

H =

{(ﬁ,91,02,w1,w2)€L2(<§%)XR4, diva=0in.%,, u-n=0onTp, } 23)
, 2.3

u- ng = ijé)gj{)(o, 0, ) +1lp Oon 850
J

where ng is the unit outward normal to the fluid domain .%y. The space H is endowed with the scalar product
(-y.), of L?(Fo) x R* defined by

-~ ~ ~a )~ a pa 0% a  a w?
((u“,0%79§,w?7w§),(ub,95’,9§7wzf,w§))o = [g u® -’ dy + (67 65) (9é) + (Wi wg) Moy (wé) ’

10



where My o is the matrix defined in (1.16) with 6; = 6 = 0. We also define

{ (@,0;,0,,wp,w,) € HY(F) x RY, divia=0in.%, @ =0onTp, }
V= ,

ua= ijagj@[)(o, 0, ) on 850
J

endowed with the scalar product (.,.), of H' (%) x R* defined by

gb

(2.4)

b
(000,08, ), 00000 ), = [ (a9 ww) ay 07 05)(F ) ) Moo 2]
F 2 2

0

In the sequel, we denote (f;);=12 = < ;1 >
2

Lemma 2.3. The orthogonal space to H with respect to the scalar product ('7')0 18

(IH)J_ = { (Vpaoa Oa 7M(I(1) (/ png - 89j¢(0a 07'73;) d’Yy)
880 j=1,2
Proof. Let (1%,0%,0%, w$,wg) € L2(%y) x R* such that for every (@®, 6%, 05, w?, wh) € H,
(0%, 6,05, wi,ws), (0" 67,65, 0w}, w)), = 0.
By taking ©” = 0 and w? = w} = 0, we easily obtain #7 = 63 = 0. With w® = w} = 0, we also get
/ a¢-u’dy =0, Va’ e L?(.%) such that diva® = 0in.% and ° - ng = 0 on I'p U Sy,
(go
which implies, according to [24, Lemma 2.2], u® = Vp, where p € H'(.%;) and p = 0 on I'y. Now,
/g Vp- @’ dy + Zw?wi(ang(O, 0,.)500,X(0,0,.))s = 0,
Z°0 J,k
becomes with the divergence formula and the compatibility condition in (2.3)
Zw;?/ png - g, 2(0,0,7,) dyy + Y wiwp(95,X(0,0,.),05,X(0,0,.))s =0,
; 850 I
then

/ png - 9y ®(0,0,7,) dyy + 3wl (0,X(0,0,.),0,X(0,0,.))s = 0,
50 :

which yields a first inclusion. The converse inclusion is obtained via an integration by parts.

We define the operator (A, D(A)) on H as

(@,0,,0,,w,,wy) €V, &t € H32e0(Fy), 3p € HY/?+50(F,) such that
D(A) = c L2 ’

div op(a,p) (Zp) and op(0,p)n =0o0nI'y

where € is introduced in Lemma 1.5, and

u div op(0,p)
2 Wi
A 02 == H]H W2 ,
“ Mg (/ —or (0, p)ng - 99,2(0,0,7y) d7y>
2 950 j=1,2

where Iy is the orthogonal projector from L?(.%,) x R* onto H with respect to (.,.)0.

> with pEHl(g\o),pOOHFN}.

Remark 2.4. The use of p in the definition of (A, D(A)) is useful to guarantee that div op(1,p) belongs to

L?(.%) and then that the application of ITg in the right hand-side of (2.6) makes sense.

Lemma 2.5. The operator A is uniquely defined.

11



Proof. Let (1,6, 0,,w,,ws) € D(A) and consider two functions p, ¢ € HY/?+%0(%,) satisfying the conditions
appearing into the definition of D(A). Then, div or(0,p — q) = —=V(p — q) € L?(%) implies p — ¢ € H*(F),
and or(0,p — ¢)n = 0 on I'y implies p — ¢ = 0 on I'y.

Now,

div op(1,p) div op(uq,q)

Wy Wy

Wy | w,

Ma,(lJ (/_O'F(ﬁ7p)n0 . (r“)ejq)(oa O,W’y) d'Vy) M(;,é (/ —UF(fl, Q)no . 86]-(1)(0,07’73;) d’7y>

9% j=1,2 850 =12
Vip—4q)
0
= 0 ,
Mg </ (p — q)ng - 9p;2(0,0,,) d’yy)
950 j=1,2
which belongs to Ht according to Lemma 2.3. Therefore A is uniquely defined. O

Before going further, let us point out that D(A) can be characterized as follows.

Lemma 2.6. We have

D(4) = (W, 6,0, wy,wy) €V, 0 € H3(F), 3p € Hy(Fo) such that
o divop(a,p) € L?(%) and ox(,p)n = 0 on I'y

Proof. Assume that (0,0, 60,,w,,w,) belongs to D(A) given by (2.5). Then (@, p) satisfies

div UF(ﬁ7ﬁ) € LQ(}‘O),
diva=0 in %,
u= ijagji)(Q 0, ) on 350,

J
u=20 on I'p,
op(a,p)n =0 onI'y.

According to |24, Theorem 2.16], there exists v4 € H?(.%) such that

div JF(VS,O) =0 in jo

divv, =0 in %y,

Vs =y w;0p,®(0,0,.) on dSy,
J

ve=0 on I'p,
op(vs,0)n =0 on I'y.

Let f = —div op(u,p) € L?(%). Then (u — v, p) satisfies

—divop(a —vs,p)=1f in %,

div (1 —v,) =0 in Fo,
u—-vy=0 on I'p U 0S8y,
op(Q —vs,p)n =0 on I'y.

According to Lemma 1.5, a—v, € H3(.%) NH3/2+e0(F), p € H} (Fo)NH/2+e0(F;). This ends the proof. [

We define the bilinear form a; on V x V for every (%, 0, 0%, w$,w$) and (a®, 0%, 05, wb, wh) in V by

~a pa pa ,.a ,.a ~ v ~a ~a ~ ~
a1((u ,91,927601,(412), (ubaei)aeg?wi}awb)) = 5/ (Vu + (Vu )T) : (vub + (Vub)T) dy
Fo

We define the operator (A1, D(A)) on H by
D(A1) ={z € V with z+— ay(z,2) is H — continuous },
and

Vz € D(4;), VzeV, (Alz,i)o = —ay(z,2).

12



Lemma 2.7. We have

D(Ar) = D(A),
and
a div op(1,p)
0, 0
A1 92 = H]H O
- Mg (/ —op(Q, p)ng - 99, 2(0,0,7y) d7y>
Wa S0 12

Proof. The inclusion D(A) C D(A;) comes easily. Moreover, for every z = (@,0;,02,w1,w2) € D(A), an
integration by parts yields

div op(,p)
0
VaeV, (Aizy2),=|]| 0 2
M(Ié (/ *UF(ﬁaﬁ)no : 691®(07 Oa’Yy) d’}/y)
9So

Jj=1,2 0

Let us now prove the reverse inclusion D(A;) C D(A). Let z = (@, 0,05, w;,w,y) € D(A;). According to
Riesz representation theorem, there exists f € H such that

VieV, a(zz) = (f,2),.

We write f = (fu,f9,,f0,,f0,,f0,). For v € Dgiy = {u € (6>°(%))? with div u = 0}, we know that
(v,0,0,0,0) belongs to V, and an integration by parts yields

a1(z, (¥,0,0,0,0)) = / (—div op(@,0)) - Vdy = [ fu-Vdy.
go ?O

Then, according to [30, Lemma 2.2.2|, there exists g € L?(.%) such that
—div op(@,q) = £, in Fy, (2.7)

and thus div o (11, q) belongs to L?(.%;), which gives a meaning to o (1, 7)ng on 9.%.

Now, let us prove that oz (11,¢)n is constant along I'y. Let g € (¢>°(I'x))? fulfilling / g-ndy =0.
I';

According to |13, Theorem IV.1.1], there exists vy € H (%)) satisfying

div vg = 0in %,
vg =0onI'p UJISy,
vg =gonly.

We know that (vg,0,0,0,0) belongs to V. An integration by parts yields

a1(z, (vg,0,0,0,0)) :/

(—divop(a,q)) - veg dy + / op(a,gn-gdy, = / fu - vg dy,
Fo

FN 320

and with (2.7) we get
/ op(i,gn-gdy, =0.
I';:

The previous equality holds for every g € (¢>°(I'x))? fulfilling / g -n dy, =0, then there exists a constant ¢
I';
such that op(Q,¢)n = cnon I'y.
Let ¢ = ¢ — c € L*(%), we have div op(11,q) = div ox(11,q) and or(@1,¢)n = 0 on I'y. Moreover, (11, q)
satisfies

div UF(ﬁ7 Q) € LQ(}\O)a
divi=0 in %,
u=20 onI'p,

=) w,;0p,%®(0,0,.) on 39S,
J
op(l,¢)n =20 on I'y.

We finish this proof with a lifting of the boundary datum on 95y [24, Theorem 2.16] and Lemma 1.5. We get
D(A;) C D(A), thus concluding the proof of Lemma 2.7. O
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The key point of this section is the following lemma.

Lemma 2.8. The operator A generates an analytic semigroup on H. Moreover, for A € R large enough, \I — A
is positive and D((\ — A)Y/?) = V.

Proof. We first prove the properties of Lemma 2.8 on the self-adjoint operator A; and then we extend it to A
with a perturbation argument.
The bilinear form a; is symmetric and according to Korn’s inequality [12, p. 110], there exists ¢ > 0 such
that y
V(ﬁ, 01; 027w17w2) ev, al((ﬁv 017 927 w17w2)7 (ﬁa 017 923 Wi, wQ)) + 5”11“%2(90) 2 C||ﬁ||%11(%)v

so that,

V(@,0;,0,,w,w,) €V,

~ ~ v ~ ~
al((u,91,92,w1,w2), (u591a62,w17w2)) + max (570) H(ua91792vw1vw2)”%{ 2 C||(u,91,92,w1,w2)H%,.

Then we can easily conclude that D((—A;)'/?) = V. Moreover, according to [4, Theorem 2.12, p. 115], 4;
generates an analytic semigroup on H.

Now, we use the fact that A — A; € L(H), then according to [25, Corollary 2.2.], A generates an analytic
semigroup on H.

A consequence of the previous result is that there exists A > 0 such that AI — A is positive. Moreover,
D(M — A) = D(A;), then by interpolation, D((AI — A)/2) = D((—A;)Y/?) = V. O

We are now in position to prove Proposition 2.2.

Proof of Proposition 2.2. Let us denote F = H]H(f,O,O,M(I(lJS) and zg = (ug,0,0,w;1 9,w20). We have F €
L?(0,T;H) and, according to the compatibility condtions (1.40) (with u’ = 0), zg € D(AY?) = V.
According to [4, Theorem 3.1, p. 143] and Lemma 2.8, the problem

'(t) = >
7' (t) = Az(t) + F(t), t>0, (2.8)
Z( ) = Zo,
admits a unique solution z € L?(0,T; D(A)) N H'(0,T; H) and there exists C > 0 such that
Izl z20,7;0(a)nm (0,71) < CUIF (| L200,75m) + 1Z0]lW)- (2.9)
With the Sobolev embedding
L*(0,T; D(A)) N H' (0, T; H) < €°([0,T]; V),
we have
Izl 22 (0,7;D(a)) w0 (0, 77:v)nE (0,751) < CUIF Nl 22(0,75m) + |20 ]lv)- (2.10)

Moreover, C' can be taken independent from T' € (0,7p). To prove this statement, we consider

F(t) iftel0,T],

Vte[0,To), F(t) = { 0 if t €]T, Tp].

If Z is the solution on [0, Tp] of

then for ¢t < T, z(t) = z(t). We have the inequality
121 L2 (0, 70; (Y0 (0,0l vy (0,T0st) < CUIE L2 0,70:m0) + llZ0llv),
where C' does not depend on T'. Moreover,
HZHL2(O,T;D(A))ﬂ%”o([O,T];V)ﬂHl(07T;1H) < ||Z”L2(O,TO;D(A))F]‘KO([O,TO];\\/)ﬂHl(07To;]H)a

and 3
¥ 2 0,70:1) = [IFllz2(0,7:m0)-

By combining these arguments, we get (2.10) with C independent from T

14



Now, if we write z = (1, 0, 05, w;,w,), problem (2.8) becomes

i divop(a,p) + £
0, w1
% 92 == H]H w2 ,
o M(;(l) s + (/ —or (@, p)ng - 05,2(0,0,.) d’yy>
2 ’ 950 /=12

where p € L%(0,T; Hé(ﬁo)) Then, Lemma 2.3 implies that there exists ¢ € L?(0,T; H'(%y)) such that
(a,p+gq,0;,0,) satisfies the linear problem (2.1). Moreover, according to (2.10), we have (6,,6,) € H?(0,T;R?),
a e HY(0,T;L%(Z0)) N€°([0, T); HY (F)) N LQ(O,T;H%(%‘O)), p=p+gqc LQ(O,T;H},(%‘O)) and

18l 220,712 (F0 ) 0 (0,718 (Fo) ) (0,7512(Fo)) T 1PNl L2(0,7508 (70)) + (61, 62) o
< CO(lJuollmr (2o + lwi,0] + w20l + Il 20,7512 20)) + Il 22(0.7:82))-

This concludes the proof of Proposition 2.2. O

2.2 Linearized problem with nonhomogeneous boundary data

Let us now consider two more nonhomogeneous data: one datum g on the boundary of the structure 05y and
one datum u’ on the inflow boundary region I';. Let Ty > 0, we study

ou

E—uAﬁJFVﬁ:f in (0,7) x %o,
diva=0 . in (0,T) x Fo,
a = 0,0p,®(0,0,.) + 0,00,2(0,0,.) + g on (0,T) x 8Sy,
= 7 on (OaT)XFi7
a=0 on (0,T) x Ty,
op(,p)n =0 on (0,7T) x I'y,
3(0,) = uo(y) in 7y, A

j BT vV (7)o - 00, 8(0,0.3,)d,
Moo ( 01 > = 950 +s on (0,7),

2 [pI — v(Va + (Va)")ng - 95,2(0,0,7,)dv,
8So

0_1(0) =0, QQ(O) =0,
0:1(0) = w10, 65(0) =w2p,

where the source terms and data are f € L?(0,T;L%(.%)) , g € H'(0,T;H?/2(0S,)), u* € H'(0,Ty; U?) and
s € L2(0,T; R?).
We prove in this section the following result.

Proposition 2.9. There exists a constant C > 0 such that for oll T € (0,Ty), C does not depend on T, for all
u’ € HY(0,Tp; UY), ug € HY(F) and (w1,0,wa0) € R? satisfying the compatibility conditions (1.40) and every
(f,g,s) € Fr x Gr x St with g(0) =0, problem (2.11) admits a unique solution

(ﬁ,ﬁ,91,92) S UT X IPT X @T,

with
I8lu + 18ller + 163, )llor < Cllluollans + ool + ool .12)
+Eller + lIgller + lIsllsy + [0*[lm10,100))-
Proposition 2.9 is proven at the end of the section. The proof uses the following lifting result for the terms
g and u’.

Lemma 2.10. For every g € H>/%(9Sy) and every u* € U?, there exists a € H(F,) satisfying

diva=0 in %,
u=g on 0S5,
u=u on Ij, (2.13)
u= on [y,

0
(Va+ (Va)")n=0 on I'y,

with ‘
[lla2(7,) < Cu'|ui + lI8llasr20s0))- (2.14)
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Note that despite the presence of corners, we recover the expected regularity of the lifting for smooth
domains.

Remark 2.11. For the sake of readability, from this point onwards all terms dy and dv, are omitted in the
integrals.

Proof of Lemma 2.10. The lifting result has been established for u’ = 0 on the inflow region in [24, Theorem
2.16]. We first lift the inflow boundary condition u’ # 0 in 2 and then we use the aforementioned result.

Lifting of the inflow boundary condition. Let us look for a function v defined on the entire domain € and
satisfying

divv=0 in Q,
v=u' on I},
v=0 on [y, (2.15)

(Vv + (Vv)')n =0 on I'y.

As v is divergence—free and € is simply connected, we look for it under the form v = V4, where ¢ is a
scalar—valued function. In the geometry considered, I';, I'y, I', and I'y are straight lines, hence 0y, is written as
+0,, or +0,, according on the considered part of the boundary.

We can prove that i has to satisfy the conditions

Oyp = —uy  and 9y, = uj on T,
0y, =0 and Oy, =0 on 'y,
0y, ¥ =0 and 0y, =0 on I',

8@;181121/}:0 and 8731'(/)_852w:0 on FN-

We choose to meet these conditions in the following way:

Y2

Y(y2) = — /ull and 9y, = uj on Iy,
0
Yv=0 | and ay2¢ =0 on I'y, (2.16)
7,[1:7/ uj and Oy, =0 on I'.
Ty
V) = —n(w) [ w90 =0 and 33,0 = ~d3n) [ wi oD,
where 7 is a ¥ function on [0, 1] satisfying
0 ity € [0,1/4),
Vs €0,1], nly2) =4 €[0,1] if ys €]1/4,3/4], (2.17)
1 if yy € [3/4,1].

The theorem [15, Theorem 1.6.1.5, p.69] with m = 3 and d = 2 gives the existence of ¢ € H3() fulfilling
(2.16) under the compatibility conditions:

ol
)
there exist a7 and ao > 0 such that 9y Y2 (2.18)
[
1—ao 1- Y2

These conditions are the ones in the definition of U’ in (1.39) with a; = az = 1/4. Moreover we have the
estimate

Vi) < dlvllus@) < Cla'|[ms2 .- (2.19)
The divergence-free field v = V1 € H?(Q) satisfies (2.15).
Lifting of the structure velocity. Now, v =1 — vz, has to satisfy

divv =0 in %,
vV=g-vVv on 0y,
v=0 on I,
v=0 on 'y,
(Vv +(Vv))n=0 on I'y.

According to [24, Theorem 2.16], such ¥ exists in H?(.%) as soon as g — v € H%2(9Sy). Moreover, we have
the estimate

Vllg2(7) < Cllg = vime2@s) < Cllgllae2oso) + [1VIa2@)- (2.20)
This yields the expected result since U = v + v| #,, the estimate (2.14) comes from (2.19) and (2.20). O
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We can now prove Proposition 2.9 in the following way.

Proof of Proposition 2.9. Let u® € H(0,Tp; U?), ug € H (%)) and (w19, wa,0) € R? satisfying the compatibility
conditions (1.40). Let (f,g,s) € Fr x Gy x $7 with g(0) = 0.
Let u € H*(0,T;H?(%)) be such that w(t) is the solution to (2.13), it fulfils

19l 111 0,7512( 7)) < CUN (12 0,70:0%) + 1811 21 0, 7:183/2 0150 )) )- (2.21)
The lifting U also belongs to ¢°([0, T]; H*(Z)), and as g(0) = 0, we have
[l g0 (0,782 (#0)) < CUN a1 0,10507) + &1 0.7:58372(850)) ) (2.22)

where C' does not depend on T'.
Let (0,p,6,,05) be the solution to

%—VAﬁ—l—V;ﬁ: —%—?—FVAG in (0,T) x Fo,
diva = . in (0,T) x Zo,
1 = 6,00,9(0,0,.) + 05,00,9(0,0,.) on (0,T) x 0Sy,
a=0 on (0,T) x Iy,
=0 on (0,7) x Ty,
or(0,p)n=20 on (0,7) x I',
1(0,.) =up(.) —u(0,.) in %,

; [T = (V@) + (V@4 @) o - 56,8(0.0.7,)
Moo ( él ) = 250 +s on (0,7T),

’ [ 1= vV @+ + (V@4 @) ino - (0.0,

8So

01(0) =0, 9_2(0) =0,
01(0) =wi0, 65(0) =w2p

f — 88—1: +vAu € L3(0,T; L2 (%)),

110(~) - ﬁ(ov ) =0on Fi’
5 + / _V(Vﬁ + (Vﬁ)T)no : 89j'1’(0707’7y) € LQ(OaT)
9So
Then, according to Proposition 2.2, (11,7, 6,,60,) € Ur x Py x ©7 and we have (2.2) with @ instead of a.
Now, we consider 1 = G+, then (Q,p,0,,0,) € Up x Pp x O and (2.12) is a consequence of (2.21)—(2.22)
and (2.2). O

Remark 2.12. Note that a larger space than H'(0,Ty; U?) could be considered for u’. Indeed, we use a lifting
in space only, inducing the requirement u® € H'(0,Ty; U?). Using a space-time lifting would be slightly more
complicated (see [26]), but would allow a larger space for the inflow boundary datum u’.

3 Local existence of solution to the full problem

In this section, we study the nonlinear problem. We recall that 61 o = 620 = 0. At first, we rewrite the equations
(1.24) in the fixed domain %, then we prove existence of a solution to this problem.

3.1 The equations in a fixed domain

Our goal is to write the equations (1.24) in the fixed domain %#;. To do so, we use the diffeomorphism defined
in (1.36). We denote Jg its Jacobian matrix and cof(Js) the cofactor matrix of Js. We use the change of
variables

(t7 y) = COf(j‘i' (01 (t)a 02 (t)a Y))Tu(t7 @(91 (t)v 02 (t)7 Y))a
(t,y) = p(t, ®(61(t),02(t),y))-

This choice is motivated by the fact that, according to [9, Lemma 3.1], we get diva = 0.

In the sequel, v; denotes the i*" component of the vector v. We recall that W(fy,6,,.) is the inverse
diffeomorphism of ®(6y,60s,.). To compute the equations satisfied by (q, p, 0, 6,), we use the following explicit
formula:

vt e [0,T), Vy e Zo, {

ST =1

u(t,x) = cof (Jw (61(t), 02(1), x)) "0 (t, ®(01(t), 02(t), %)),

17



we have
T
oru(t,x) = cof <(i.7\p(91(t),02(t),x)> a(t, T(01(t),02(t),x))
+cof (Tg (01(t), 02(t), x)) T O (t, ¥ (01(t), 02(t),x)) .
+cof (Jw (01(1), 02(t) ))TVyﬁ(t‘1’(91(75)792(t)7X))&‘1’(91(t),92(15),X),

x))Ta(t, ®(0:(t), 02(t), %))
Ty (t, ®(0:1(t), 02(t)

X

)

Oz, u(t,x) = cof (0z, Tw (01(t), 02(t),
+COf(j‘P(01(t)7'9 ( )7 ))
and
Bg%ju(ax) = cof(aijjq,( 1(1), 02(t), x)Ta(t, (6, (t), 02(t),x))
+2c0f (0z, Ju (01(t), 02(t), x)) " Vyu(t, ¥( (1), %))z, W (6:1(1), 62(t), %)

) ( 2
+COf(t7‘I’(91( )a 2(t)7x ) Zaykvyﬁ(t":[’(el( )’92( )7X)>8wj‘11(91(t)792(t)7x)aij\llk(91(t)792(t)’x
k

—l—COf(j\p (91( ), 92 (t), X ) Vyﬁ(t, ‘I’(91 (t), 92 (t), x))c’)iJ ‘I’(91 (t), 92 (t), X).
Problem (1.24) in the fixed domain reads (2.11) where f, g, s are defined by

f=F (917027 7p)+f?(t @(6 ( )192(t)ay))7
G(01702791702)
8(917025 7p) +fsa

(3.1)

where F, G and S are nonlinear terms. We use the decomposition F(6,,60,,1,p) = F! + F? + F3 + F4 + F°.

We write ®(6,, 6,,.) under the simpler notation ®. The nonlinear terms are given as follows:

o5
F1(0,,0,,0) = (I — cof(Jg (01,0, é))T)§7

F2(0,,05, ) = —cof (00 Tw(01,02,.)) 0 ® ) (L, y) — cof (Fu (01, 02, @) (Vy i) (08 (01,05,.))o®)

F3(91,02,ﬁ)izujkze:mcof(ﬂp(ﬁl,ﬁg, )),ﬂaagk g\l"(ﬁl,ﬁzv )3(9\1;?(01’92@)
+2V%cof(8m_jj@(01,92, ))kl%’;?(el,ag, ®)
+y%cof(jw(el,92, ))klg“kaa‘l;f(el,ez, )
+chof(8§j Jw (01,02, ®))rity, — vAy,(t,y),

F4(6,,0,, @) iiof T (01,02, ®))i;c0f (0, T (01, 0) ) sy i,
g k,r
—%T:det(jq,(ﬁl,ﬁg, ))223 ng

F5(91702aﬁ) = (I - j‘I’(017927@))Tvyﬁ7
2
G(013927w17w2) = Zw] (COf(j’i’(elv027y))T89j¢’(91792ay) - aeji’(oaoay))y

j=1

e 0 ..
8(91,02,11,}7) :7(M91792 - M0,0) ( ! > +1\/II(9130279D92)

0y
. |j‘1’t0| [ﬁI - V(g(alv 6‘27ﬁ) + g(alv 92; ﬁ)T)]n91,92 ((I)) ’ 891¢(9170277y)
4 o

- |Tato| [B1 — v(G(0y,05,0) +G(0;,05,0)")|ng, g,(P) - 09,2 (0;,0,7,)

[HI — v(Va + (Vi)")ng - 95,%(0,0,7,)
9So

[pI —v(Va + (Va)")ng - 05,2(0,0,7,)
dSp

where t( is a unitary tangent vector to 05y, My and My, o, are defined in (1.16), (1.17) and

8uk 8\1/15

g(91’027ﬁ)ij = ZCOf [azjj‘l’(alvgw )) © @ uk =+ ZCOf \7‘1’ 917927 (I)))kl 3ye 8
k
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For every T' > 0, we define the space
N = {(a,p,0;,0,) € Ur x Py x O with 6,(0) =6,(0) =0, and Vte[0,T], (01,05)(t) € Do},
that we endow with the norm

1(@, 9,01, 0)|lwr = l[allur + [1Bller + 1161, 0)llor- (3-4)
We can state the following theorem.

Theorem 3.1. Let Ty > 0. Let u® € HY(0,Ty; U?) and (f#,£5) € L*(0,Ty; WH(Q)) x L?(0, Tp; R?). For every
(ug,w1,0,w2,0) € HY(Fy) x R? satisfying the compatibility conditions (1.40), there exists T € (0,Tp] such that
problem (2.11) where the source terms are given by (3.1) admits a unique solution (Q,p,0;,05) € Np satisfying
the following estimate

8,5,601,05ln, < Cl[uoll () + lwiol + w0l + €2 20,10512(70)) + 10|71 (0,70507) + sl L2(0,73))5

where C does not depend on T, £z, fs and u’.

This theorem is the rewriting of Theorem 1.8 in the fixed domain .%#,. To prove Theorem 3.1, we use the
results of Section 2 and a fixed point argument.

3.2 Proof of Theorem 3.1

Proof. We work in the fixed fluid domain .%. Let Ty > 0.
Let u’ € H(0,Tp; U?) and (ug,w1,0,w2,0) € H'(F) x R? satisfying the compatibility conditions (1.40).

We define an application A7 on Ny such that for every (Q,p,01,02) € Nr, (Q,p,0,,0,) = AT (1, p,01,05) €
Up x Py x ©p is the solution to problem (2.11), where the nonhomogeneous terms are given by

f= F(§17§2;ﬁ.5p).+ fﬁ(ta (p(gl»g%y))v
g = G£01L02’01792)7
S = S(Gl,ﬁz,ﬁ,ﬁ) + fs,

where F, G and S are given by (3.2). Note that AT is well defined, indeed if (Q,p,0:,02) € N7, we have
G(01,02,01,05)(t = 0) = 0 and we prove below that (f,g,s) belongs to Fr x Gr x S7 (see Lemma 3.2 with
(a%, p%,0¢,0%) = (0,0,0,0)). Then according to Proposition 2.9, AT (1, p, 01, 05) is uniquely defined. Note that
AT depends on the initial data (up,w1,0,ws,0) and on the source term u’.

We take

R =2C(|[0"|| 11 0,100y + [wollm (#0) + [wi,0] + |wa0 + 1£2] 220, 10:12(F0)) + sl £200,70))5

where C' is the constant of Proposition 2.9, so that Proposition 2.9 gives

[A7(0,0,0,0) I < CUI || 71 (0,107 HIWo [ (570 Heor,o FHw2,0 FHIE % || 12 0,70 512 (#0))HIEsl L2 (0,10)) = R/2. (3.5)

The strategy adopted is based on the existence of T' > 0 such that A7 is a contraction on

IBR(T) = { (ﬁ7ﬁ701762) € INT Wlth H(ﬁaf)velaGQ)”]NT S R } (36)

The domain Deg is an open subset of R? and (0,0) € De, then there exists r > 0 such that B((0,0),r) C De.
Then for T' < r/R, if (.,.,0,,0,) € Br(T'), we have ||0;||L=0,r) < R and ,(0) = 0, then

101z~ (0,7) < THéj”Loo(o,T) <RI'<r,

and we have for all ¢ € (0,7, (6,(t),05(t)) € De. In the sequel we choose Ty > 0 such that Ty < r/R. Hence
VT € [O,T},AT : IBR(T) — IN7p.

The solution to the nonlinear problem will be obtained as a fixed point of the application AT on Bz(T). We
use the estimates of the following lemma.

Lemma 3.2. For every R' > 0, there exists a constant C' = C"(R') > 0, such that for every T € (0,Tp), and
every (0, p’,67,05) € Br/(T) , we have

IF (67,05, 0%, 5%) — F(6%,05, @, 7°) g, < C'TY*([0" — 0’|y, +15" — B'lle, +110 — 0°llo,), (3.7)
IG(05,05,07,03) — G(63,05,63,0%)|c, < C'TV?)0°—06"||o,, (3.8)
IS(65, 05, 8% p%) — S(6%, 05,0, ") ls, < C'T2(|J0" — 0°llu,+15* — B'llp, +110 — 0°llos), (3.9)
£ (¢, ®(05, 05, y) Lz (1, (67,05, y) e, < CT[0"—6"]e,. (3.10)
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These estimates are proven in Appendix B.
For (a’,p’,0,05) € Br(T), Proposition 2.9 yields the estimate

[AT (a, 5%, 0, 05) — AT (0’ p°, 6%, 05) [ o
< O(||F(01,05,a%,p*) — (95’,9b, a’, 5) |, + |G (67, 603,07,03) — G(6%,65,0%,63)| e (3.11)
+||S(91’92a a7pa) 8(91792’ b7pb)”ST + ny(t q’( 927Y))_f?(t’ ¢(9€’957Y))H]FT)’

and with Lemma 3.2, we have
JAT @, 5, 05, 09) — AT(R, 7, 00, 08)lvy < KTVA(J60 — @ luy + 15 — ey + 10° — Pllo,),  (312)
where K = 4CC’(R) depends on R but not on 7. For T € (0,Tp) such that
T<r/R and KTY*<1/2,
estimates (3.12) and (3.5) yield
IAT (8,561, 00) I < AT (0,0,0,0) vy + KTV ([illuy + [5llps + 10llor) < R/2+ KRTV < R

Then, VT € [0,T],AT : Bg(T) — Br(T) and according to (3.12), the application AT is a contraction on Bg(T).

We have proven that AT : B(T) — Bg(T) is a contraction. Then, according to the Picard fixed point
theorem, there exists a unique fixed point to AT in Bg(7'). This fixed point is the solution to problem (2.11)
where the source terms are given by (3.1). This proves Theorem 3.1. O

3.3 Result in the moving domain, Theorem 1.8

We consider (a, p, 6,65) in N7 the solution to problem (2.11) with (3.1) given by Theorem 3.1. Let u(t,x) =
cof (T (0, (1), 05(t),x))Ta(t, ®(6,(t),05(t),x)) and p(t,x) = p(t, ¥(0,(t),0,(t),x)). Then the quadruplet (u,p, b, 0>)
is solution to the problem in the moving domain, i.e. problem (1.24). This proves Theorem 1.8.

Acknowledgement: The author would like to thank the anonymous referees who improved the pre-
sentation of the introduction.

Appendix
A  Proof of Lemma 1.2

We have gg, (y1) + g0, (y1) = y1, Assumption (1.4) is then fulfilled. The reference domain Syes is chosen to
satisfy Assumption (1.5). Assumption (1.6) is fulfilled by restriction of Dg. All terms composing X? in (1.2)
are smooth, Assumption (1.8) is then easily fulfilled. For all ¥1 < yp1, go,(y1) = 0. This implies that
Vy1 < ypa,09,X%(y1,01,02) = 0, which proves (1.9).

We still have to show that X? is a bijection. Let us compute its jacobian matrix. We denote the jacobian

components as follows
Tt = X1 Xy
X7 01Xe Xy )
We have

det(ij) = 01 X1 X 02X — 09X x 01 X9
= (s st o (- IN)Y (N
= r r
. o2 IINllI/ ||N||2 [IN|

/
. / /
(gale“+geze’”2+y;<||N|| ||N||2 )) <||N|

N/ N
= | gp,©r1 + gp,r2 + Yo (glen + gp,€r2 + Y2 = ) ()
( 0 o2 INT| /4 |N|| o) ¢ 929 ) [IN| (gl\)ﬂ\ L sy +6)
- 51n 51n + cos + CcoS +
- (gél cos(61) + gp, cos(61 + 02) + y2 %, ) ”1\?6')' LT20) « 9o, ! ||§2|| 1T

gy, cos(th) + gy, cos(61+02) y —9p, sin(01) — gy, sin(01 +02)
) [IN]| [IN]|
— <(g€1) + (g(’,2)2 + Qgglg(’,Q(sin(el) sin(f1 + 02) + cos(61) cos(61 + 92)))

||N||
9, (cos(01) sin(0; + 02) — sin(6;) cos(61 + 62))

_ (gél sin(6y) + gé2 sin(6y + 02) + y2

Y2
MSESE

+4p, 94, (cos(61 + 02) sin(61) — cos(6:) sin(61 + 02)))
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Y2
N2

det(F) = 1y e (09,2 + (90,2 + 205,05, cos(02)) + 225 (g5, 5, in(0:) + g, g5, sin(~02))
= [IN[I+ HN||2(9£)’1952 — 96,99, ) sin(02).

This implies that for a given reference configuration and for 65 small enough, det(Jxs(01,62,y)) > 0 for every
y € Sper. Hence, according to the inverse function Theorem, the function X°(6;,6s,.) is a bijection. We then
restrict Dg to ensure that 65 is small enough. The proof is complete.

B Proof of Lemma 3.2

This section is devoted to the proof of Lemma 3.2. We start with some intermediate lemmas that will be used
to decompose the intricate terms of Lemma 3.2 in smaller pieces.

B.1 Technical Lemmas

The following lemma contains Lipschitz estimates on several terms.

Lemma B.1. For R > 0, there exists a constant C = C(R) > 0 such that for every T € (0,Ty) and every
(.,.,07,63) € Br(T), the following estimates hold

|®(65,05) — ®(67,05)|| L~ (0,7:L~(2)) < CT6* — 6°]lo, (B.1)

1T (07,05) — j@(%’ﬂz)llm(o rmz() < CT)0% = 0°|ley, (B.2)

| 7w (65,05, ®%) — Tw (07,05, ®")|| L~ (0.r:12()) < CT)0" = 0", (B.3)

10, T (01,05)) 0 ®(07,05) — (0a, T (03,603)) 0 ®(63,05)|| L~ (0,711 () < CT0" = 6|0 (B.4)
102, Tw (05, 05)) 0 ®(05,05) — (92, Tw(65,05)) 0 ®(67,03)|| L (0.7:12(0)) < CTN0% = 6|0, (B.5)
[Mog.05 — Mgy gell L0y < CT)0% = 0"l (B.6)

[gg 05 (R(65,05)) — 0y g (R(63,05)) | L (0,71 (050)) < CT[0% = 6°[los, (B.7)

| det(Fw (65, 05)) — det(Tw (67, 05)) || L~ (0.1~ ()) < CT[0% = 6°|ler, (B.8)

109,@(67,05,.) — 06,867,605, )| L~ (0, m2(02)) < CTN60% = 6|y, (B.9)

100,0, (05, 605,.) — Dp,0,8(07,05, )| o= (0,712 (02)) < CT0" = 6°[lor, (B.10)

| 1T (65, 65)to| — [T (67, 65)t0] Lo (0.1 (950)) < CT0% = 6°[lo, (B.11)

and

”atj‘i’( (117 0(21) - 6t\7‘1’(9l1)7 GS)HLOC(O,T;HQ(Q)) < CHea - ob”@T’ ( )
10: (% (6,63)) 0 D6, 05) — 9, ((67,63)) 0 (67, 05)]| v (0,71 () < C|6” — 6o (B.13)
10 (T (67, 65)) o B (67, 03) — (T (67, 603)) 0 B (6], 63)| L= (0,751.= (0)) < CI0 — 6"||er, (B.14)
1:(00,@ (61, 63,.)) — 0:(00,2(61, 63, )| L= (0,712 (7)) < 107 = 6°[|or- (B.15)

Moreover, for every (W, .,01,603) € Br(T), the following estimates hold on G defined in (3.3)
IG(65. 65, 0) — G(67,05,8°) || 2(0, ;12 (950)) < C([0° — & lloy + 0" = 8°[lv,),  (B.16)
IV — G605, 03, 6%) — V" + G(0}, 0%, 612 0.r2050)) < CT(0" — 0 lloy + 60 — &) (B17)

In particular, as a direct application of Lemma B.1, using that (0,0,0,0) € Bg(T), we obtain the following
lemma.

Lemma B.2. For R > 0, there exists a constant C = C(R) > 0, such that for every T € (0,Ty) and every
(oy.,0,,05) € BR(T), the following estimates hold

[T&(6:,05) — IllL(0.mim2(0)) < CT), (B.18)

| Tw (01,05, ®(01,05)) — I||Lo<(0,7.m2(0)) < CT, ( )

102, Tw (67,05) 0 ®(01,05)|| Lo~ 0,711 (2)) < CT, ( )

102, Tw (01,05) © (61, 05)|| L~ (0,112 () < CT, (B.21)

Mo, 0, — MoollL=(0,r) < CT, ( )

Ing, 6,(®(01,02)) —noll L~ (0,71 (850)) < CT), ( )

[ [Teto| — 1| Lo (0,7;2(850)) < CT, (B.24)
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and
10:(T& (61, 02))|| Lo (0,712 (02)) < C, (B.25)

<, (B.26)

H T (0,.60,)) o B(0,.0,)
L>(0,T;L>(£))

<C. (B.27)

H «7‘1' 91»‘92 )o ‘I’(91a92)
Le2(0,T;L°° ()

Moreover, for every (u,.,60,,0,) € Br(T), we have the following estimate on G
[Va —G(6y,05,0)|2200,m;12(050)) < CT- (B.28)
Proof of Lemma B.1. Three kinds of estimates have to be proven. First estimates (B.1)—(B.10) are of the type
(62, 62) — a8, 09)l| o 0.1x) < CTIN(6,62) — (6%, 0o
where « is a differentiable function defined on Dg and valued in X. We thus use Taylor series and get

(05, 05) — (63,05 lL=0.rx) < sup  [[Voa(0y,05)|| Lo (0,75 10 — 0°|| L= 0.17)-
(91792)€ID6

According to the definition of Bg(7') in (3.6), 62(0) = 6°(0) = (0,0), we finish with
16 = 6°|| Lo 0,7y < TN16% — 0°|| -
The second type of estimates (B.12)—(B.15) is of the form
Ha( iL’ 9%? 9.%7 eg) - 04(91117 912)7 911)7 éS)HL”(O,T;X) < CH(@%, 9;) - (9%1)7 eg)||@T>
where « is now a function defined on Dg x R? with values in X. We use the same strategy and get
ler(65, 65, 07, 05) — (6%, 03, 09, 03) | L= 0.7x) o
< sup ||V w8y, 05, w1, w2)| oo 0,1 (110 = 6% oo 0,y + 1107 = 6°] Lo (0,7))-
(91’92)€ID9
|wi]+|wa2| <R

Note that contrary to the first type of estimates, we do not have the decay in T because we did not enforce
62(0) = 6°(0).
Estimate (B.16) is a direct consequence of (B.17). The last estimate to prove is (B.17). We do it via the
computation
(G(6%,03,0%)—G(6%, 605, 0%) — Va® + Vi),
= Z (cof (0u, Tw (07,65,.) 0 ®*)1; — cof (0, Tw (62,65, .) 0 B)1;) g

+ Z cof (8, T (6%,605,.) 0 ®°)(af — 1)

k
oug oV
+D_ cof (Jw (67,05, ) = Tu (61,05, @)y, =56, 65, 9)
W) Oye Oz
0w oug o}
£( T (02,05, 7)) (05,05, ) — 8y k_ ok
"‘;(CO (T (07,03, ®°))ki 8xj( 1,03, @) — Okide; Dy O
(9’LL 3\115 (‘ng
b pb b k a pa a b pb b
S eol(Fu(0h 05,8 it (Gosiot.op.00) - T ot oh.2).
and with the use of estimates (B.3), (B.4), (B.19) and (B.20) we get estimate (B.17). O

B.2 Detailed proof of Lemma 3.2

Proof. In all the following estimates we use Lemmas B.1 and B.2.

e Estimate (3.7) is a consequence of the following estimates
IE (67,05, 0%) — F (67,65, 0°)|[p, < CT (07 — 6°[loy + 0% — &°uy), (B.29)
B2 (67,65, %) — F(6},65,0") e, < CT'2(]60° — 6llo + 0" — °[lu,), (B.30)
[F2(67,05,0%) — F*(67,05,0°) g, < CT(|6" = 6"[l0y + [[0* — 0°|luy), (B.31)
IF(67, 65, 0%) — F4(6],05,0") e, < CTV4(|0° — 6[lo, + [0 — 0°[lu,), (B.32)
IF°(07, 03, 5%) — F(0,05, ")l < CT(10° = 0"llor + 15" = 7llp,), (B.33)

where C' does not depend on T'. We now prove all of them.

22



e Estimate (B.29): We use the decomposition

ou® 8u
ot ot

i h
ot’

F (6,05, 6%)—F (6}, 65, 6°) = (I—cof (Ja( g,ag,w»ﬂ( )+cof<j\p(t9 05, @)~ T (07,05, 99) -

and we use estimates (B.19) and (B.3).
¢ Estimate (B.30): We use the decomposition

T

T
F2(0, 02, 6%) — F2(6°, 08, @) = — cof (gt(j\p( ‘f,@g,.))oqm) u® + cof (g]s(jxy(@ifﬁg,.))oq)b) al

T 0
+cof (a0 04,8%) - Tu01,05.2%)) 'y (w0805, ) 0 0

0

+ of (70 01,05, 877y & — ) (

\11(0;1,92,.)) o O
+ ool (a0t 04, 2TV (w005 )owt = (500,05, ) o)

where, for j € {a,b}, we denote ® = &(#7,6). We use estimates (B.27), (B.26), (B.14), (B.13), (B.3) and the
estimate ||| L2 (0,711 (#0)) < T30 o 0,181 (720) -

e Estimate (B.31): Since 1 has a space regularity of H% (Zo) and not H?(%y), we need the following estimate
in the sequel: for f € L*°(0,T; L>°(%)) with support within .%; N Q. (defined in Lemma 1.7), we have

H 0?1,
X
aylaym

< O||f||L°° 0,T;L> (Fo) ||‘1||L2(0 T;HZ (F0)) (B.34)
L2(0,T;L2(F))

where C' does not depend on T'. It is a consequence of

f 5 0%y
fx <|\—=—= n
H &Waym L2(0,T;L2 (%)) 11 7"2 nel;f[d . 3y53ym [
n€Fan Moo (0,150 (2.0 F0)) (0.T5L%(%0))

We now use the decomposition

(105 08,0%) ~ F2(00, 08 5)) = v+ Ani+ Ay + A

where
a pa a 8\1] a pa a 6\1!,,, a pa a
Avg=v Y7 (cof(Tuw(67, 05, 8% 5 (67,05, 8°) 5 (67,65, @)
ik l,m J J
o o, o2as
b b 4 b b b b k
— i 7 0%,05, ®
cof (T (03,05, @) (01,05, @) 522 01, 05,8 5o
0¥, oV, 0?ug R4
6°.605, ®°)) 6%, 05, ®° 6°.05, ®°) — 61,000 ko _ k
+VJ§m (COf \7‘1’( 1, Y2, ))k Oz ]( 1> Y2 ) oz ; ( 1> Y2, ) kiOje J) <3yeaym ayzaym
oV, b 00 b o) OUY
Ay =2 £(0,, L D)) s ¢ 0%, @) — cof (0, Ju (62,05, ®°)) ks —— (67, 65, ®
2 Z( (0, T (03,05, @) (07,05, 8°) — cof (0, Ta (0,03, @) 5 L (08,05, 8 0!
o, oy oud
+20 ) cof (O, j\p(01{793,<§b))k28 (6%,05, ®°) (af‘aﬁ)’
3okt Y Y
a a a 82 a a 82\11 8710‘
A= vy (cof(Tu (07,05, )i 55 (0705, @) — cof (T (6, 05, @) S (9?,92,@17))67’;
7.kl J J
02w dag  day
f D))k 0%,05, ®%) (& — &
+ijk:/(:o (\7‘11(9 02a ))k 8 ( 29 ) ayl ay[ )
and
Agi = vy (cof (02, Tu (67,05, @) — 02 Tu (6,05, ®")) i+ cof (92, Tu (6}, 05, @")) (af —if)).
7.k
Now,
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e to estimate A; ;, we use estimates (B.3), (B.19) and (B.34), also note that Jg (0,05, ®%) — Jg (6%, 65, ®°)
has support within ..

e To estimate A ;, we use estimates (B.3), (B.4), (B.19) and (B.20).
e To estimate As;, we use estimates (B.3), (B.4), (B.19) and (B.20).
e To estimate A4 ;, we use (B.5) and (B.21).

e Estimate (B.32): Let us first prove, for f € L>(0,T; H' (%)) and g € L>(0, T; L*(.%,))NL3(0, T; H'/?(%y)),
the following estimate

1fgllz2 1z < CTY 4l st (2o 191 (0 2 () 191 ot 117250 (B.35)
where C' does not depend on T
e Holder inequality with respect to time applied to fg x 1 gives
1£9ll20.7:22 (7)) < T I 9l Ls0.7:22(20))-
e We have the relation 1/10 4+ 2/5 = 1/2, then Hoélder inequality yields

1 £9llao,r;02(70)) < Nf Lo (o,m;010( 20 191 L4 0,7 15/2 (20 ) -

We have the Sobolev embedding H'(Fo) < L' (%) : || fllL=(0,1:01050)) < CIf 10,111 (#0))-

e We have the Sobolev embedding H/4(.%y) < L%/2(.%) (sce [1, Theorem 7.58]) and the Sobolev interpo-
: 1/2 1/2
lation [L2(Fo), HY2(Fo)]1 /2 = HY(Fo) : lglluaragmyy < Clgllmsscry) < ClaIE2 o 913

We end the proof of (B.35) with

T T
T / l9ll40/s5 < C / (P A A

which implies
1/2 1/2
||g||L4(O,T;L5/2(ﬂo)) < CHgHLoo(o,T;[ﬁ(yO))HQHLZ(O,T;Hl/z(gO))'

We then use the decomposition

(F4( ¢, 05,0 — F*(63, 05, ﬁb)) =B+ B+ Bs; + By,

where
Bui == (cof(Ta (03,03, B))sc0f (9, T (67, 03, B%)) i —cot (T (67, 65, B))jc0f (0, T (67, 65, B°).s) i
7.k,
BM:_X)duﬂ%%@mmmww%@w;@»(@w—@ﬁ)
7,k,r
0P¢ oY ous
o a pa a\\2Y F¢ b pb b\\2 i\ ~a T
Ba ;(detm(al,eg,@ )G, detlTw (6,08, @) G L )it
o0t /. 0ul oub
By, =— det Qbﬁb(I)bQ i(~maY P r  ~b L
4, ; € (*7‘1’( 1>Y2 )) 8%( kayk ukayk)
We use

e cstimates (B.3), (B.4), (B.19), (B.20) and (B.35) with f = a{, g = a¢ for By,
o estimates (B.19), (B.20), (B.35) with f = a¢, g = 4% — a® and (B.35) with f = a¢ — @?, g = @’ for Ba.,

o estimates (B.3), (B.2), (B.18), (B.19) and (B.35) with f = @¢, g = % for By,
Yk
dus b ot
o estimates (B.18), (B.19) (B.35) with f = @, g = == — = and (B.35) with f = @ — @}, g = = for
oyr. Oy Oy,

B,
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e Estimate (B.33): We have

T
B (07, 08,5°) — T°(64, 08, 7) = (1~ Ju (05,05, ) Wy (5" — 1) + (w0}, 05, @") — T (65,65, %)) Vi,

we use estimates (B.3), (B.19) and we adapt estimate (B.34) to obtain a Hj(.%) norm for p.
e Estimate (3.8): We use, for f € L?(0,T), the Holder inequality

Ifllz20.m) < T2l 0.1 (B.36)
We have
0 oo
5 (G(07.05.07,05) — (6%, 05,07, 64)) = D1 + Dy + Dy + D,
where
Dy = (05 — ) (cof (T (07, 05,7))" 06,2 (05, 05,¥) — 05,8(0,0,5) )
J
Do = Y 8 (cof (T (65 05.¥)7 00 @ (687.,63,y)) — cof (T (07, 63.3)" 00 @ (61, 65.7))).
J
Dy = > (07 — 62) (cof (94T (67,63, ¥))) 00, (65,63, y) + cof (T (65, 05,3))" 0u(00, @ (65, 05,¥)) )
J

D4 = Z 9? (COf(at(j‘I)(elll7 6(217 y)))Taefﬁ( llla 6(217 Y) + COf(j‘I’( (lla 955 y))Tat(aejq’(etll7 9(217 y))

J
- COf(at(j‘i’<9?’ 9l2)7 y)))Ta%(I)(HZl)’ 93, Y) + COf(j‘I’(ellj’ 9[2), y))Tat(agj(I)(ell)v ega Y)))
We use
e (B.18) and (B.9) for Dy,

(B.2), (B.18) and (B.9) for Dy,
o (B.36), (B.25), (B.9), (B.18) and (B.15) for Dj,
e (B.36), (B.12), (B.9), (B.2), (B.15), (B.18) and (B.25) for Dy,

P o
this gives us the estimate on — (G(0¢,0,6%,609) — G(6%,65,0%,65)). Similar arguments give the estimate on

ot
G( 1a02a (11’0%) - G(01a912}70l1730b)'

e Estimate (3.9): we use the following decomposition

(8(91,9“ a, p%) — S(6%, 65, a’ ~b)) =FE;+Ey; + E3; +Ey; + Es; + Eg s,
3

where

Bl ((Mgf,gg ~ Moy (Z;) ~ (Moo — Moyo) (22 Z§)>

By = (M(67, 05,07, 05) - M0}, 04, 6.05) )

Byi= [ (ko] I 78t0l) (1~ V(@07 05,5) + 08,05, 5°)7) e s (7) -5, 2"

Bui = [ 180l (57 = v(G(07.05.5) + GL07.05.5)7) oy 5 (8°) - (008 0y,

Poi= [ 178t0l (57 = v(G(07.05.5) + G(07.05.5)7)) (o5 (8°) = m (8")) - 0y 8.

Poi = [ 1Thto] (57 =301 = (G07.03.5%) + GU07.03.5%)T — G(01. 05, 5) = G(01. 05, 5)7) g - 008"
- /as ((ﬁa — I —v(Va® — vVid 4+ (Va® — Vﬁb)T)>n0 - 0p,2(0,0,7,).

Then we use
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9) for Ey 4,
9),

B.

(B.10) and (B.36) for B,
B.11), (B.28), (B.23) and (B.9) for Es.,
o (B.24), (B.28), (B.23) and (B.9) for Ey .,
. ), (B.28), (
) ), (

24), (B.28), (B.7) and (B.9) for Es ;,

(
(B.
(
(B.
(B.
o (B.24), (B.17), (B.23) and (B.9) for Eg,; .

e Estimate (3.10): we use the Lipschitz regularity of fz and estimate (B.1),
||fy(ta (I’( (lla 9%, Y)) _f?(ta @(9?7 ega Y)) ”LQ(O,T;L?(.?O))

< Clfz 20w ) [[R(0F,05,y) — (01,05, ¥) || Lo (0,7:L> (F0))
< OT)|0* — 6*||or-
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