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COUNTING CUSPED HYPERBOLIC THREE-MANIFOLDS

THAT BOUND GEOMETRICALLY

ALEXANDER KOLPAKOV AND STEFANO RIOLO

Abstract. We show that the number of isometry classes of cusped hyperbolic 3-manifolds that bound
geometrically grows at least super-exponentially with their volume, both in the arithmetic and non-
arithmetic settings.
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1. Introduction

A hyperbolic manifold is a manifold endowed with a Riemannian metric of constant sectional
curvature −1. Throughout the paper, hyperbolic manifolds are assumed to be connected, orientable,
complete, and of finite volume, unless otherwise stated. We refer to [22, 36] for the definition of an
arithmetic hyperbolic manifold.

In view of the classical Rokhlin’s theorem [13], stating that every orientable closed 3-manifold
bounds a compact orientable 4-manifold, one may translate the question of bounding to the setting of
hyperbolic geometry.

Following Long and Reid [20, 21], we say that a hyperbolic n-manifold M bounds geometrically if it
is isometric to ∂W , for a hyperbolic (n+ 1)-manifold W with totally geodesic boundary. This class of
hyperbolic manifolds has attracted significant interest, and for n = 3 some progress has been recently
done – see [17, 24, 32, 33]. As follows from [20], to bound geometrically is a non-trivial property.
Namely, any compact hyperbolic 3-manifold that bounds geometrically has integral η-invariant, which
is not always the case (c.f. the tables of η-invariants produced by SnapPea [19]).

In the present work, we concentrate on cusped hyperbolic 3-manifolds. We do not know if to bound
geometrically is a non-trivial property also for non-compact manifolds, but we suspect this is the case.
On the other hand, we show that in the case under consideration there are plenty of geometrically
bounding hyperbolic 3-manifolds. More precisely, the goal of this paper is to show the following

Theorem 1.1. There exist constants C,K, v0 > 0 and a family {Wk}k∈N of hyperbolic 4-manifolds
with connected, non-compact, totally geodesic boundary ∂Wk = Mk such that:

(1) the Mk’s are pairwise non-homeomorphic,
(2) the Mk’s are all arithmetic (resp. non-arithmetic),
(3) the cardinality of {Mk | Vol(Mk) ≤ v} is at least vCv for all v ≥ v0,
(4) the Mk’s have all the same systole s0.

Moreover:

(5) the doubles D(Wk)’s are pairwise non-homeomorphic,
(6) the D(Wk)’s are all arithmetic (resp. non-arithmetic),
(7) Vol(Wk) = K ·Vol(Mk).

Here, the double of a hyperbolic manifold W with totally geodesic boundary is the hyperbolic
manifold D(W ) = (W tW ) /∂W .
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By combining Theorem 1.1 (1)-(4) with the work of Belolipetsky, Gelander, Lubotzky and Shalev
[4] and Burger, Gelander, Lubotzky and Mozes [6] on the growth of the number of isometry classes of
hyperbolic manifolds, we obtain

Corollary 1.2. The number of non-compact, arithmetic hyperbolic 3-manifolds with volume ≤ v, that
bound geometrically, has the same growth type as the number of all arithmetic hyperbolic 3-manifolds
with volume ≤ v.

Similarly, the number of non-compact, non-arithmetic hyperbolic 3-manifolds with volume ≤ v and
systole ≥ s0, that bound geometrically, has the same growth type as the number of all hyperbolic
3-manifolds with volume ≤ v and systole ≥ s0.

Here, we say that two non-decreasing functions f, g : R → R have same growth type if there exists
a constant C > 1 such that, for all x big enough,

f(x/C) ≤ g(x) ≤ f(Cx).

Indeed, the works [4, 6] show that the number of arithmetic hyperbolic n-manifolds, n ≥ 2, with
volume ≤ v has growth type of v 7→ vv, both in the compact and non-compact case. An analogous
statement holds for non-arithmetic hyperbolic n-manifolds, n ≥ 3, with an extra lower bound on the
systole, if n = 3 (otherwise, by hyperbolic Dehn filling, there are infinitely many 3-manifolds of volume
≤ v big enough).

The recent work [18] of Reid, Slavich and the first author implies that a few arithmetic hyperbolic
manifolds (in arbitrary dimension, compact or non-compact) bound geometrically. The proof there
relies on arithmetic techniques and does not provide any counting results on the number of such
manifolds with bounded volume. On the other hand, we did not find in the literature any example
of a non-arithmetic hyperbolic 3-manifold which bounds geometrically. In this paper, we provide the
first such examples.

Note that Theorem 1.1 has also some consequences in dimension four. Indeed, by adding also (5)-(7)
to [4, 6], we have:

Corollary 1.3. The number of non-compact, arithmetic (resp. non-arithmetic) hyperbolic 4-manifolds
with volume ≤ v and with a connected separating totally geodesic hypersurface has the same growth
type as that of all hyperbolic 4-manifolds with volume ≤ v.

What Theorem 1.1 actually shows is stronger. Roughly speaking, the statement is: “Many cusped
arithmetic (resp. non-arithmetic) hyperbolic 4-manifolds are doubles of manifolds with arithmetic
(resp. non-arithmetic) connected boundary”. Let us formulate it more precisely in terms of lattices.

Recall that the orientation-preserving isometry group of the hyperbolic space Hn can be identified
with PSO(n, 1), and that a lattice (resp. uniform lattice) is a discrete subgroup Γ < PSO(n, 1) such
that the quotient Hn/Γ has finite volume (resp. is compact).

Corollary 1.4. Let δ(v) be the number of conjugacy classes of torsion-free, non-uniform, arithmetic
(resp. non-arithmetic) lattices Γ < PSO(4, 1) with co-volume ≤ v such that

Γ ∼= Λ ∗∆ Λ (amalgamated free product),

for some non-uniform, arithmetic (resp. non-arithmetic) lattice ∆ < PSO(3, 1). Then, δ(v) has the
same growth type as the number of conjugacy classes of all lattices in PSO(4, 1) with co-volume ≤ v.

Note that the non-arithmetic hyperbolic lattices built by Gromov and Piatetsky-Shapiro [11] are
of the form Γ ∼= Λ1 ∗∆ Λ2. There, ∆ < PSO(n, 1) is a lattice and each Λi is the fundamental group
of a “piece” Wi, which is a hyperbolic (n+ 1)-manifold with totally geodesic boundary ∂Wi

∼= Hn/∆.
The manifold Hn+1/Γ is obtained by glueing the pieces through an isometry ∂W1 → ∂W2. In [11], the
groups ∆, Γ1 and Γ2 are arithmetic in contrast to our situation, where all of them are already non-
arithmetic. However, we do not see any obstruction for D(Wk)’s to be commensurable with Gromov
– Piatetsky-Shapiro manifolds, c.f. [10, Section 6.2] and Fact 3.4 in Section 3.
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The proof of Theorem 1.1 follows by an explicit construction. In both cases, arithmetic and not, the
manifolds Mk cover a certain right-angled polyhedron, whose geometric and combinatorial properties
help us establishing the necessary facts.

In the arithmetic case, c.f. Section 2, our construction is an application of a theorem by Martelli
[24], which shows that hyperbolic 3-manifolds tessellated by right-angled octahedra can be realised as
totally geodesic hypersurfaces in hyperbolic 4-manifolds. Some more work is necessary to arrange so
that they also bound geometrically. The key observation is that the right-angled octahedron is a facet
of the right-angled 24-cell. We then assemble copies of a 4-dimensional building block (tessellated by
right-angled 24-cells) as prescribed by certain glueing graphs. There exists a one-to-one correspondence
between the isometry classes of these manifolds and the isomorphism classes of their glueing graphs.
The number of such graphs grows super-exponentially in the number of vertices, and this essentially
shows Theorem 1.1 (3).

The proof of Theorem 1.1 in the non-arithmetic case, c.f. Section 3, is similar, but more involved.
The main ingredient is the following

Theorem 1.5 (Proposition 3.5). There exists a non-compact finite-volume right-angled 4-polytope
P 4 ⊂ H4 whose associated reflection group ΓP 4 < PO(4, 1) is a non-arithmetic lattice. Moreover, P 4

has a facet P 3 whose associated reflection group ΓP 3 < PO(3, 1) is a non-arithmetic lattice.

Then, we proceed in analogy to the arithmetic case, the only difference being in the way of
distinguishing manifolds by distinguishing graphs. We refer to Remarks 3.18 and 3.19 at the end
of the paper for some more observations about the differences between the two cases.

It is known that hyperbolic right-angled, resp. Coxeter, polytopes of finite volume do not exist in
dimensions greater than 12 [8], resp. 995 [16, 30], so our technique cannot be extended to arbitrary
dimensions, c.f. Remarks 3.16 and 3.17. On the other hand, an advantage of the present construction
is that it allows us to prove the bound from Theorem 1.1 (7) on the volume of the “ambient” 4-manifold
and, in particular, to show Corollaries 1.3 and 1.4. We have not found a simpler way to prove them.

We conclude the introduction by asking the following

Question 1.6. Are there infinitely many geometrically bounding hyperbolic 3-manifolds with volume
bounded by a given positive (sufficiently big) constant?
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2. The arithmetic case

In this section we prove Theorem 1.1 in the arithmetic setting. However, the techniques that we
use will not require any specific arithmetic tools to be involved.

2.1. The block. Consider an ideal right-angled octahedron O ⊂ H3, and colour its faces in black and
white in the chequerboard fashion. By doubling O along the white faces, we produce a hyperbolic
3-manifold B′ with non-compact totally geodesic boundary, colloquially known as the “Minsky block”.

In total, the manifold B′ has 4 boundary components D1, . . . , D4 and 6 annular cusps Cij , i < j ∈
{1, . . . , 4}, with Cij ∩ ∂B′ ⊂ Di ∪Dj . The symmetry group of B′ is naturally identified with that of
the regular octahedron, and acts transitively on each of the sets {Di}i and {Cij}i<j , c.f. [7] or [32,
Proposition 2.3].

Consider now the cubical graph in Figure 1. Take a copy B′v of B′ for each vertex v of the graph,
and for each of its edges with label i ∈ {1, 2, 3} identify the corresponding copies of Di through the
map induced by the identity. One can easily check that the resulting manifold is orientable.
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Figure 1. This labelled graph will be employed in more than one construction in the present paper.

Definition 2.1. We call the hyperbolic 3-manifold B with totally geodesic boundary resulting from
the above construction the block.

The following fact will be essential later.

Lemma 2.2. The block B has 8 mutually isometric boundary components C1, . . . , C4, C ′1, . . . , C
′
4, and

admits an orientation-reversing fixed point free involution ι ∈ Isom(B), such that ι(Cj) = C ′j for all

j ∈ {1, 2, 3, 4}.

Proof. Let ι′ be the orientation-reversing involution of B′ obtained by exchanging the two octahedra.
The map ι′ preserves each boundary component of B′, so it extends to an involution ι′′ of the whole
block B.

We put ι = a ◦ ι′′, where a is the involution of B induced by the antipodal symmetry of the cubical
graph in Figure 1. The map ι is orientation-reversing since a is orientation-preserving on B. The
maps ι′′ and a commute, and thus ι is an involution.

The induced map ι∗ on the cubical graph coincides with the previously defined antipodal map a.
In particular, this implies that ι is fixed point free. Moreover, since the boundary components Ci, C

′
j ,

i, j ∈ {1, 2, 3, 4} of the block B′ correspond to the vertices of the cubical graph permuted by ι∗, they
can be partitioned into pairs Ci, C

′
i = ι(Ci), as desired. �

Next, we shall describe the cusps of B. The tessellation of B into copies of the octahedron O induces
tessellations of the cusp sections into Euclidean squares.

Figure 2. The annulus A2×h (left) and the torus T2×h (right), with their tessellations into 2h copies
of the square Q0. Each cusp of the 3-manifold MG has shape T2×h for some h ≥ 4.

Lemma 2.3. The connected cusp sections of the block B are

(1) tori T2×4 tessellated by 8 squares as in Figure 2 (right), and
(2) annuli A2×2 tessellated by 4 squares as in Figure 2 (left).
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Proof. The shape of each cusp of B′ is an annulus A2×1 tessellated by two squares, as depicted in
Figure 2 (left, with h = 1). Recall that there is a cusp Cij in B′ for each pair of labels {i, j},
i < j ∈ {1, 2, 3, 4}, and vice versa.

By construction, there is a cusp in B for every simple cycle with alternating labels i, j ∈ {1, 2, 3}
in the cubical graph from Figure 1. Its section, up to a homothety, is tessellated by k copies of the
annulus A2×1, where k is the length of the cycle. Since each such cycle has length 4, we obtain the
tori T2×4.

On the other hand, the cusps of B′ labelled (i, 4) give rise to the cusps of B whose sections are
tessellated by 2 copies of the annulus A2×1. Moreover, these are exactly the cusps of B that intersect
∂B non-emptily. Therefore, they are the annuli A2×2. �

2.2. Graphs and manifolds. The manifolds Mk from Theorem 1.1 will be related to graphs of a
special kind.

Definition 2.4. Let c be a positive integer. A simple c-regular graph is called 1-factorable (or,
simply, factorable), if it admits a proper edge colouring in exactly c colours (i.e. the edges at each
vertex are coloured in c colours without repetitions). We shall always suppose that the set of colours
is {1, 2, . . . , c}. A simple c-regular factorable graph G with a chosen colouring is called a c-regular
factor.

Given a 4-regular factor G, we produce a hyperbolic 3-manifold. Namely, for each vertex v of G, we
pick a copy Bv of the block B; for every edge {v, w} coloured by j ∈ {1, 2, 3, 4}, we glue the boundary
component Cvj to Cwj , and C ′vj to C ′wj , through the map induced by the identity (c.f. Lemma 2.2 for

the notation).

Definition 2.5. For every 4-regular factor G, let MG be the hyperbolic 3-manifold described above.

Remark 2.6. By construction, there are orbifold coverings MG → B → B′ → O of finite degree – c.f.
Section 3.4 for more details. Moreover, the quotient of O by its symmetry group is isometric to the
[4, 3, 4] hyperbolic orthoscheme, which is an arithmetic orbifold [36]. In particular, the manifold MG

is arithmetic for any 4-regular factor G.

It follows from Martelli’s work [24], that the manifold MG bounds geometrically.

Proposition 2.7. The hyperbolic 3-manifold MG bounds geometrically a hyperbolic 4-manifold WG

with
Vol(WG) = K ·Vol(MG),

where K > 0 does not depend on G.

Proof. Observe that the manifold MG is tessellated by ideal right-angled octahedra. Moreover, the
involution ι ∈ Isom(B) from Lemma 2.2 extends to an orientation-reversing, fixed point free involution
ιG ∈ Isom(MG). The proof follows by Martelli’s [24, Theorem 3, Corollary 10], implying that
the 4-manifold WG, tessellated by ideal right-angled 24-cells, can be built explicitly from MG (c.f.
Proposition 3.11 for more details).

Compared to our case, Martelli’s construction is more general and guarantees the existence of a WG

with
Vol(WG) ≤ K ′ ·Vol(MG).

It will be clear later (c.f. the proof of Proposition 3.11) that we actually have

Vol(WG) = K ·Vol(MG).

�

Remark 2.8. Similarly to Remark 2.6, the double D(WG) is arithmetic. Indeed, the quotient of the
ideal regular the 24-cell by its symmetry group is the arithmetic orthoscheme [4, 3, 3, 4], c.f. [36], which
by construction is finitely covered by D(WG).
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In order to distinguish manifolds MG by distinguisihng their “glueing graphs” G (c.f. Proposition
2.10 below), we shall proceed similarly to [7] by studying the cusps of MG’s.

In the sequel, TO and TB denote the tessellations of MG into copies of O and B, respectively. Note
that the tessellation TO induces a tessellation of the cusp sections of MG into Euclidean squares.

Lemma 2.9. A connected cusp section C of the manifold MG is a torus T2×h tessellated by 2h squares
as in Figure 2 (right), where:

(1) h = 4, if C is contained in the interior of a copy of the block B in the tessellation TB;
(2) h = 2k ≥ 8, otherwise.

Proof. If C is contained in the interior of a copy of B in the tessellation TB, it’s section is homothetic to
T2×4 by Lemma 2.3. Otherwise, TB induces a tessellation of C into annuli A2×2. The number of such
annuli equals the length k of the corresponding cycle in the graph G made of edges with alternating
colours i→ j → i→ . . .→ j → i. But every such a cycle in a 4-regular factor has length k ≥ 4. �

Figure 3. The maximal horosection of the octahedron O. With the induced Euclidean metric, each
square section inside O has edge length `0.

We are ready to show that non-isomorphic 4-regular factors produce non-isometric manifolds. Here,
we consider graphs up to usual graph isomorphism (i.e. not necessarily preserving edge colourings).
More precisely:

Proposition 2.10. If two manifolds MG and MG′ are isometric, then the graphs G and G′ are
isomorphic.

Proof. Given a manifold M := MG, we show how to recover the glueing graph G solely from the
topology and geometry of M .

Choose the maximal horosection S0 of the ideal octahedron O depicted in Figure 3, which is
preserved by the action of its whole symmetry group. It consists of 6 copies of a Euclidean square Q0

with edge length `0 > 0, whose interiors are disjoint from each other. Let S denote the cusp section
of MG induced by S0.

By Lemma 2.9, the set S ⊂ MG can be defined as the cusp section of MG whose each connected
component has systole 2`0 with respect to the induced Euclidean metric. We have recovered the cusp
section S from MG.

By the Epstein – Penner decomposition theorem [9], a cusp section of a non-compact hyperbolic
manifold determines a unique (and invariant under isometries) tessellation of the manifold into ideal
polytopes, and in the case of MG the tessellation TO is the one determined by S (and by all the cusp
sections of MG that are homothetic to S). This allows us to recover the tessellation TO from MG.
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To recover TB from TO, it suffices to observe that, by Lemma 2.9, the cusps of MG with shape T2×4

are exactly those contained in the interior of the copies of B in TB. Thus, having recovered TB we
also recover the glueing graph G.

Finally, any isometry MG → MG′ sends S to S′ (the cusp section of MG′ whose every connected
component has systole 2`0), and thus, thanks to the previous discussion, induces a graph isomorphism
G→ G′. �

If two MG’s are non-isometric, so are WG’s. This does not imply that the doubles D(WG)’s are
non-isometric. However, it is not difficult to estimate the number of graphs producing the same
4-dimensional double.

Proposition 2.11. Let G be a 4-factor and v = Vol(D(WG)). Up to graph isomorphism, there are
at most C · v 4-factors G′ such that D(WG′) is isometric to D(WG), where C > 0 is a constant
independent of v.

Proof. We need an estimate for the number of possible MG′ ’s such that D(WG′) ∼= D(WG). Since there
is an isometric involution of D(WG) for each such MG′ , this number does not exceed the cardinality
of Isom(WG), which is at most C · v for some C > 0. Finally, by Proposition 2.10 each such MG′

determines G′ up to graph isomorphism. �

2.3. Proof of Theorem 1.1 in the arithmetic case. Let us partition all 4-regular factors into
isomorphism classes (as uncoloured graphs), and choose a representative for each of them. We index
them G1, G2, . . . in a non-decreasing order according to the number of vertices. Let Mk = MGk

and
Wk = WGk

denote the corresponding manifolds.
We need the following:

Lemma 2.12. Let C(m) be the number of 4-regular factorable graphs with at most m vertices. Then
there exists C > 1 such that C(m) ≥ mCm, for m big enough.

Proof. The Lemma follows from the facts that:

• the number R(m) of all 4-regular graphs with ≤ m vertices has growth type of m 7→ mm by
[5], and
• the probability P(G is 4-factorable | G is 4-regular)→ 1 as m→∞ by [31].

�

Theorem 1.1 follows essentially from Proposition 2.7 and Lemma 2.12. More precisely:

(1) follows from Proposition 2.10 and the Mostow-Prasad rigidity [26, 29];
(2) follows from Remark 2.6;
(3) follows from Lemma 2.12 by observing that the number of vertices of the graph G equals the

number of copies of the block B in the manifold MG;
(4) follows by construction;
(5) follows from Proposition 2.11 up to taking a subsequence (indeed, vv/v has growth type of vv);
(6) follows from Remark 2.8;
(7) follows from Proposition 2.7.

The proof of Theorem 1.1 in the arithmetic case is now complete.

3. The non-arithmetic case

In this section, we extend the previous construction of Section 2 to the non-arithmetic case.
Beforehand, we will need to build a finite-volume right-angled hyperbolic 4-polytope with a facet
that is a non-arithmetic polyhedron.
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3.1. Coxeter polytopes. Recall that a convex polytope P ⊂ Hn is a Coxeter polytope if all its
dihedral angles are integral submultiples of π. In this case, the group ΓP < Isom(Hn) generated by
reflections through the supporting hyperplanes of P is discrete, and the quotient orbifold Hn/ΓP

is
isometric to P . A similar statement holds for Euclidean and spherical Coxeter polytopes. We refer to
the book [36] for all the details about Coxeter polytopes, including the arithmeticity of their reflection
groups.

A reflection group ΓP is encoded by its Coxeter diagram D, which is a weighted graph defined as
follows. There is a vertex in D for every supporting hyperplane of P . If two hyperplanes intersect at
an angle of π/m, then the corresponding vertices of D are joined by an edge with label m. There are
two exceptions: if m = 2 the edge and the label are omitted altogether, while if m = 3 only the label
is omitted. Two hyperplanes that are tangent at infinity (resp. ultraparallel) are represented in D by
an edge with label ∞ (resp. a dashed edge).

The lower-dimensional strata of a Coxeter polytope can also be recovered from its diagram. However,
we shall only need to determine which vertices are finite (i.e. placed inside Hn) and which are ideal
(i.e. placed on the ideal boundary ∂Hn).

Theorem 3.1 (Vinberg [35]). Given a Coxeter polytope P ⊂ Hn with Coxeter diagram D, let
H1, . . . ,Hk be a collection of supporting hyperplanes of P and D′ be the associated sub-diagram. Then,
H1 ∩ . . . ∩Hk is a finite vertex of P if and only if k = n and D′ is the Coxeter diagram of a spherical
reflection group.

The Coxeter diagrams of spherical and Euclidean reflection groups are classified, c.f. [36, Chapter
5, §1, Table 1]. Note that, by the Mostow-Prasad rigidity, in dimension n ≥ 3 the Coxeter diagram of
a finite-volume Coxeter polytope P ⊂ Hn determines P up to isometry, and ΓP up to conjugation in
Isom(Hn) (c.f. also [2, §3] and [3]).

3.2. Two pyramids. The Coxeter diagram D depicted in Figure 4 represents a non-compact polytope
Q4 ⊂ H4 of finite volume. Combinatorially, Q4 is a pyramid over a triangular prism, c.f. Tumarkin’s
list of polytopes in [34]. The Schlegel diagram of Q4 is given in Figure 5.

Figure 4. The Coxeter diagram for Q4

Figure 5. A combinatorial picture of the 3-dimensional boundary of the pyramid Q4, projected into
S3. The ideal vertices are hollow. Bold dots indicate the finite vertices v and v′, c.f. Section 3.3.
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Let HX ⊂ H4 denote the hyperplane associated with the vertex of D having label X ∈ {A, . . . , F},
and let rX be the reflection through X. Moreover, we identify H3 with the hyperplane HA ⊂ H4.
Also, let Q3 ⊂ H3 be the facet Q4 ∩ HA of the pyramid Q4. Observe that combinatorially Q3 is a
pyramid over a quadrilateral.

Figure 6. The Coxeter diagram for Q3

Proposition 3.2. The facet Q3 ⊂ H3 of Q4 ⊂ H4 is a non-compact finite-volume polyhedron with
Coxeter diagram depicted in Figure 6. Its associated reflection group ΓQ3 < Isom(H3) is non-
arithmetic.

Proof. We have to find the dihedral angle in H3 between the planes H3 ∩ HX and H3 ∩ HY , for all
X 6= Y ∈ {B, . . . , F}. In this case we shall avoid most of the tedious computations as follows. Observe
that H3 = HA is orthogonal to HX for all X ∈ {C, . . . , F}, and thus the angle between H3 ∩HX and
H3 ∩HY is the same as the angle between HX and HY , for all X 6= Y ∈ {C, . . . , F}. These angles can
be then transferred from the diagram in Figure 4 to the diagram in Figure 6.

It remains to compute the angle between H3 ∩ HB and H3 ∩ HX for X ∈ {C, . . . , F}. As before,
since HB ⊥ HX for all X ∈ {D,E, F}, then the angle between H3 ∩HB and H3 ∩HX is the same as
the angle between HB and HX for all X ∈ {D,E, F}.

The only dihedral angles left is that between H3 ∩HB and H3 ∩HC . As depicted in Figure 5, these
two planes are tangent at the ideal boundary ∂H4.

The non-arithmeticity of ΓQ3 easily follows by applying Vinberg’s criterion [36, Chapter 5, Theorem
3.1] to the diagram – see also [12]. �

We conclude the section with two more facts about the pyramid Q3. The reader interested only in
the proof of Theorem 1.1 may skip to Section 3.3.

Recall that a lattice Γ < Isom(Hn) is maximal if Γ is not a proper finite-index subgroup of any
discrete group Γ′ < Isom(Hn). The following observation is non-trivial, and interesting in itself.

Fact 3.3. The lattice ΓQ3 < Isom(H3) is maximal.

Proof. Recall that a cusp of a 3-orbifold H3/Γ is flexible if any of its sections covers a Euclidean
rectangle. The pyramidQ3 = H3/ΓQ3 is a non-orientable orbifold, and satisfies the following properties:

(1) Isom(Q3) = {id},
(2) the cusp of Q3 is flexible,
(3) Vol(Q3) ≈ 0.40362.

Property (1) holds because the Coxeter diagram of ΓQ3 has no non-trivial symmetry. Property (2)

holds because a cusp-section of Q3 is a rectangle. The quantity in (3) is computed, for instance, in
[12, §2.3 (2.13)], or can be verified numerically by using Orb [14].

By Adams’ [1, Theorem 4.1], the volume of an orientable hyperbolic 3-orbifold with a flexible cusp
belongs to the set

{1/4,
√

7/8,
√

2/4} ∪
(
0.3969,+∞

)
.

Since the covering of a flexible cusp is flexible, the volume of a non-orientable hyperbolic 3-orbifold
with flexible cusp belongs to the set

{1/8,
√

7/16,
√

2/8} ∪
(
0.19845,+∞

)
.
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Let us suppose that ΓQ3 were not maximal. Then, by (1), we would have ΓQ3 < Γ′ for a lattice Γ′

with
[
Γ′ : ΓQ3

]
≥ 3 (since index-two subgroups are normal, symmetries would lift). Moreover, H3/Γ′

would be non-orientable, and by (2) its cusp would be flexible. Then, by (3), we would have

Vol(H3/Γ′) =
Vol(Q3)[
Γ′ : ΓQ3

] ≤ Vol(Q3)

3
≈ 0.1345 < 0.19845.

By Adams’ theorem, we would actually have that
[
Γ′ : ΓQ3

]
= 3, because Vol(Q3)/4 < 1/8. Again,

this is a contradiction, since

0.1345 ≈ Vol(H3/Γ′) /∈ {1/8,
√

7/16,
√

2/8} ∪
(
0.19845,+∞

)
,

after a simple numerical check. �

The second observation is that the lattice ΓQ3 is a Gromov – Piatetsky-Shapiro’s hybrid (while we
cannot conclude the same for ΓQ4):

Fact 3.4. We have

ΓQ3
∼= Λ1 ∗∆ Λ2 and ΓQ4

∼= Λ′1 ∗∆′ Λ′2,

where Λi < Γi (resp. Λ′i < Γ′i) is generated by reflections through all but one supporting hyperplanes of
an arithmetic pyramid with reflection group Γi (resp. Γ′i). Moreover, Γ1 and Γ2 are incommensurable,
while Γ′1 and Γ′2 are commensurable.

Proof. See [12, Section 2.2 and Section 4]. �

3.3. Two right-angled polytopes. Consider the Coxeter diagram D depicted in Figure 4, which
represents the pyramid Q4 introduced in Section 3.2. Since the group

Γv = 〈rB, rC , rD, rE〉 < ΓQ4

is a spherical reflection group, then HB ∩HC ∩HD ∩HE = v ∈ H4 is a vertex of Q4 by Theorem 3.1.
Let us define

P 4 =
⋃
γ∈Γv

γ(Q4), and P 3 = P 4 ∩H3.

Proposition 3.5. The polytopes P 4 ⊂ H4 and P 3 ⊂ H3 are right-angled, and P 3 is a facet of P 4.
The associated reflection groups ΓP 4 < Isom(H4) and ΓP 3 < Isom(H3) are non-arithmetic.

Proof. Every 2-face of Q4 is contained in a co-dimension 1 hyperplane that intersects v, which can
be seen in Figure 5. Therefore, by construction, the 2-faces of Q4 incident to the vertex v will be
contained in the interior of P 4 (if we regard it as a union of copies of Q4).

All the remaining 2-faces of Q4 carry a dihedral angle of π/4 or π/2. Thus by combining together
the copies of Q4 under the action of Γv, each of these angles will be doubled. Thus, the polytope P 4

is right-angled. Since P 3 is a facet of P 4, then P 3 is also right-angled.
Since the reflection group ΓQ3 is non-arithmetic, so is its finite-index subgroup ΓP 3 . Since P 3 is a

facet of P 4, the group ΓP 4 is also non-arithmetic. �

Let us now describe the combinatorics of the polyhedron P 3.

Proposition 3.6. The polyhedron P 3 ⊂ H3 is depicted in Figure 7. In particular, P 3 has 4 pairwise
disjoint hexagonal faces (that are pairwise tangent at infinity) and 12 quadrilateral faces intersecting
in triples at its finite vertices. The symmetry group of P 3 acts transitively on the set of its hexagonal
(resp. quadrilateral) faces.
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Figure 7. The right-angled polyhedron P 3. The ideal vertices are represented by white dots. The
symmetry group of P 3 is that of a regular tetrahedron. The labels 1, 2 and 3 indicate a chosen colouring
of the quadrilateral facets of P 3 – see Sections 3.4 and 3.5.

Proof. By an argument analogous to that in the beginning of this section (this time by looking at the
Coxeter diagram in Figure 6), we obtain that v′ = H3∩HC ∩HD∩HE is a finite vertex of the pyramid
Q3. The group

Γv′ = 〈rC , rD, rE〉
is isomorphic to the symmetric group S4.

Since H3 = HA is orthogonal to HC , HD and HE , but not to HB, we have that

P 3 =
⋃
γ∈Γv′

γ(Q3).

Note that Q3 has trivial symmetry group, so that the symmetry group of P 3 is exactly Γv′ ∼= S4.
In other words, the polyhedron P 3 has tetrahedral symmetry.

We proceed to studying the faces of P 3. By construction, there are only two types of faces of P 3

up to isometry: P 3 ∩HB and P 3 ∩HF .
The face Q3 ∩HB of the pyramid Q3 is a triangle. Since HB is orthogonal to HD and HE , but not

to HC , we obtain

P 3 ∩HB =
⋃

γ∈〈rD,rE〉

γ(Q3) ∩HB.

The group 〈rD, rE〉 is dihedral of order 6. Moreover, the plane HF ∩ H3 intersects HD ∩ H3 non-
orthogonally, and is tangent at infinity to HE ∩ H3. Thus, the face P 3 ∩ HB is a hexagon with
alternating ideal and finite vertices. There are [〈rC , rD, rE〉 : 〈rD, rE〉] = 4 such hexagons in total, and
they are adjacent at ideal vertices only.

The face Q3∩HF of the pyramid Q3 is also a triangle. Since HF is orthogonal to HC , but is neither
orthogonal to HD nor to HE , we have that

P 3 ∩HF = (Q3 ∪ rC(Q3)) ∩HF .

Since the plane HC ∩H3 intersects HD ∩H3 non-orthogonally and is tangent at infinity to HB ∩H3,
the face P 3 ∩HF is a quadrilateral with one ideal vertex.

Finally, the group 〈rC , rD〉 is dihedral of order 6, so that we have [〈rC , rD〉 : 〈rC〉] = 3 such
quadrilateral faces of P 3 that meet at a finite vertex of P 3. Moreover, there are [〈rC , rD, rE〉 : 〈rC , rD〉]
= 4 such vertices, and thus 3 · 4 = 12 quadrilateral faces in total.

All the information we collected is now sufficient to draw Figure 7. �
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3.4. The colouring technique. Let us briefly recall a standard technique to produce hyperbolic ma-
nifolds from right-angled polytopes, and some of its straightforward generalisations. For more details,
we refer the reader to [24, Sections 1.1, 1.2].

Given a right-angled polytope P ⊂ Hn of finite volume, we assign surjectively to each facet a colour
in a set {c1, . . . , ck}, so that any two intersecting facets have distinct colours (however, if two facets
are adjacent only at an ideal vertex, they are allowed to have the same colour).

Then we take 2k (coloured) copies of P , say P ε1,...,εk with (ε1, . . . , εk) ∈ {0, 1}k, and glue through
the map induced by the identity each facet of P ε1,...,εk with colour ci to the corresponding facet of
P ε
′
1,...,ε

′
k , for all (ε1, . . . , εk) and (ε′1, . . . , ε

′
k) which differ only in their i-th entry.

The resulting metric space is a hyperbolic manifold M = Hn/Γ. The group Γ is the kernel of an

epimorphism ΓP → (Z/2Z)k defined by the colouring, where ΓP is the reflection group associated with
P .

It is possible to generalise this construction in more than one way. E.g., if some pairwise disjoint
facets of P are left uncoloured, then M is a hyperbolic manifold with totally geodesic boundary.
Moreover, one can colour the components of ∂M and apply an analogous procedure to M itself.
Exactly this procedure was performed in Section 2.1 to construct the arithmetic blocks B′ and B.

Let us further generalise the colouring technique. Namely, if some uncoloured facets of P intersect,
then M is a hyperbolic manifold with right-angled corners, that is, a manifold locally modelled on an
orthant of Hn. Same as for right-angled polytopes, the boundary of a hyperbolic manifold with right-
angled corners is naturally decomposed into facets, which in their own turn are hyperbolic manifolds
with right-angled corners. Then the colouring technique can be applied, c.f. see [24, Proposition 6].

3.5. The block. Let us assign three distinct colours c1, c2 and c3 to the quadrilateral faces of the
polyhedron P 3, as indicated in Figure 7. We call B′ the resulting space obtained by applying the
above colouring technique to P 3.

The glueing graph of B′ is the cubical graph depicted in Figure 1. Each vertex of this graph
represents a copy of the polyhedron P 3, and two vertices are joined by an edge labelled j ∈ {1, 2, 3}
if the four quadrilateral faces coloured cj in a copy of P 3 are identified with those of the other copy.

Lemma 3.7. The space B′ is a hyperbolic manifold with totally geodesic boundary that consists of
four 12-punctured spheres. The the symmetry group of B′ acts transitively on the set of its boundary
components.

Proof. The hexagonal faces of P 3 are the only uncoloured faces, and they are pairwise disjoint, so that
B′ has totally geodesic boundary. By Proposition 3.6, the symmetry group of B′ acts transitively on
the set of its boundary components.

For each hexagonal face H of the polyhedron P 3, there is a boundary component of B′. Indeed,
the 3-colouring of P 3 induces a 3-colouring of H, in which all the three colours are used. The glueing
graph of each boundary component of B′ is again the cubical graph from Figure 1: now the vertices
of the graph represent copies of H, and we readily observe that each boundary component of B′ is a
12-punctured sphere (the punctures correspond to the edges of the cubical graph). �

Definition 3.8. We assign three distinct colours to three of the four boundary components of B′. We
call the hyperbolic 3-manifold B with totally geodesic boundary obtained by applying the colouring
technique to B′ the block.

The glueing graph of B is once again the cubical graph from Figure 1, where now the vertices of
the graph represent copies of B′.

Proposition 3.9. The block B has 8 mutually isometric boundary components C1, . . . , C4, C ′1, . . . , C
′
4,

and admits an orientation-reversing fixed point free involution ι ∈ Isom(B), such that ι(Cj) = C ′j for

all j ∈ {1, 2, 3, 4}.
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Proof. First, we observe that the antipodal symmetry a of the cubical graph induces an involution
ι′ ∈ Isom(B′) with the following properties:

(1) ι′ is orientation-reversing,
(2) ι′ preserves each boundary component of B′,
(3) the fixed points of ι′ are all in the interior of B′.

In order to show (1), (2) and (3) simultaneously, it suffices to notice that ι′ acts on each boundary
component of B′ as the antipodal map on the sphere S2.

Second, we recall that the boundary components of the block B correspond to the vertices of the
cubical graph, and observe that the isometric involution ι′′ of B induced by a is orientation-preserving
and fixed point free. Then, we define ι : B → B to be the map obtained by first applying ι′ to each
copy of B′ in B, and then applying ι′′ to the whole of B. Clearly, the map ι is well-defined and satisfies
all the required properties thanks to (1), (2) and (3) above. �

3.6. Graphs and manifolds. Exactly as in Section 2.2, given a 4-factor G (see Definition 2.4), we
build a hyperbolic 3-manifold MG: this time by taking the block B of Definition 3.8.

Remark 3.10. By construction, there are orbifold coverings MG → B → P 3 → Q3 of finite degree. In
particular, the manifold MG is non-arithmetic.

The following is an analogue of Proposition 2.7. The argument to prove it is very similar to Martelli’s
[24, Theorem 3, Corollary 10], where instead of P 3 and P 4 one has the ideal regular octahedron and
the ideal regular 24-cell, respectively.

Proposition 3.11. The hyperbolic 3-manifold MG bounds geometrically a hyperbolic 4-manifold WG,
such that

Vol(WG) = K ·Vol(MG),

where K > 0 does not depend on G.

Proof. Observe that the 3-manifold MG is tessellated by copies of the polyhedron P 3, which is a
facet of the right-angled polytope P 4. Since all the glueing maps are induced by the identity, we can
naturally place a copy of P 4 “above” each copy of P 3, to get a hyperbolic 4-manifold with right-angled
corners W ′G (recall Section 3.4).

More precisely, the space W ′G is obtained as follows. Consider the 12 facets of P 4 that intersect P 3

in some of its quadrilateral faces. By colouring them with 3 colours as depicted in Figure 7, and by
applying the colouring technique to P 4 (where P 3 remains uncoloured, and the neighbouring facets
of P 4 acquire the colours induced from the respective faces of P 3), we obtain a hyperbolic 4-manifold
with right-angled corners B4. The facets of B4 are partitioned into 3 sets:

• the “bottom” facet B3 (that is, the block B)
• the facets intersecting B3, called vertical facets, and
• the remaining facets, called top facets.

Then, W ′G is obtained by glueing copies of B4 along the vertical facets through the identity map as
prescribed by the graph G. One connected component of ∂W ′G is isometric to MG, and (being totally
geodesic) is a facet of W ′G.

Let us now consider the remaining facets of W ′G. Since W ′G is obtained by glueing copies of B4 along
vertical facets through the identity map, we can colour the remaining facets of W ′G with N colours
(distinct from the ones already used), where N is the number of top facets of B4. By applying the
colouring technique to W ′G, we get a hyperbolic 4-manifold W ′′G with totally geodesic boundary ∂W ′′G
isometric to many disjoint copies of MG. The manifold W ′′G is tessellated by 2N copies of W ′G.

Observe that MG has an orientation-reversing fixed point free isometric involution ιG. Indeed, ιG is
obtained by applying the involution ι ∈ Isom(B) from Proposition 3.9 to each copy of the block B in
MG. By construction, the map ιG is well-defined, since all glueing maps between copies of B in MG
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are induced by the identity. We quotient all but one boundary components of W ′′G by the involution
ιG, to get the desired WG.

Finally, we compute

Vol(WG) = 2N ·Vol(W ′G) = 2N · ]{vertices of G} ·Vol(B4) =

=
2N ·Vol(B4)

Vol(B3)
Vol(MG) = K Vol(MG).

�

Remark 3.12. Similarly to Remark 2.8, we have that the double D(WG) is non-arithmetic. Indeed, by
construction, D(WG) finitely covers the non-arithmetic orbifold Q4 ∼= P 4/Isom(P 4) of Section 3.2.

Since the polyhedron P 3 is not ideal, we cannot apply the argument of Proposition 2.10 in order
to distinguish manifolds by distinguishing their glueing graphs. We shall rather exploit the non-
arithmeticity of P 3.

The following is a consequence of a classical result by Margulis [23] about commensurators of lattices,
stated here in a way that will be convenient for us (c.f. [22, Theorem 10.3.5] and the discussion in
[27]):

Theorem 3.13 (Margulis). Let Γ < PO(n, 1), n ≥ 3, be a non-arithmetic lattice. Then there is a
unique maximal lattice Γmax containing Γ. Moreover, every subgroup Γ′ < Γmax isomorphic to Γ is
conjugate to Γ in Γmax.

We are finally ready to prove the following

Proposition 3.14. Let G be a 4-factor and v = Vol(MG). Then the number of 4-factors G′ such that
MG′ is isometric to MG is at most C · v, where C > 0 is a constant independent of v.

Proof. Since MG
∼= H3/Γ, B ∼= H3/ΓB

, by recalling Remark 3.10 we can assume that Γ < ΓB.
Now we show that the factor G is determined by the inclusion Γ < ΓB. Indeed, the group ΓB has

a finite presentation P with a generator of order 2 for each boundary component of B, and such that
all the remaining generators have infinite order. Let Ḡ be the Schreier co-set graph of Γ < ΓB with
respect to P. Then Ḡ has its edges coloured by the generators from the presentation P. The factor G
is readily obtained from Ḡ by deleting all the edges coloured by generators of infinite order.

Now, assuming that MG
∼= MG′

∼= H3/Γ′ and Γ′ < ΓB, we have that Γ and Γ′ are conjugate in
Isom(H3). By Margulis’ Theorem 3.13, they are actually conjugate in Γmax. The number of conjugacy
classes of Γ in Γmax is at most the index [Γmax : Γ] = C · v, where C = Vol(H3/Γmax)−1 = Vol(Q3) (the
last equality follows from Fact 3.3, however it is not necessary).

Thus, the upper bound of C · v holds for the number of all the possible Γ′ < ΓB with H3/Γ′
∼= H3/Γ

and, by the previous discussion, also for the number of all possible 4-factors G′ with MG′
∼= MG. �

Similarly to Proposition 2.11, we can estimate the number of graph factors producing the same
4-dimensional double.

Proposition 3.15. Let G be a 4-factor and v = Vol(D(WG)). Then there are at most C · v2 4-factors
G′ such that D(WG′) is isometric to D(WG), where C > 0 is a constant independent of v.

Proof. Let us fix D(WG) = H4/Γ. We want to estimate the number of possible MG′ ’s such that
D(WG′) ∼= D(WG). Since there is an isometric involution of D(WG) for each such MG′ , this number
does not exceed the cardinality of Isom(WG), which is at most C1 · v for some C1 > 0.

Now, we fix such an MG′ . By Proposition 3.14, the number of 4-factors G′′ such that MG′′
∼= MG′

is at most C2 ·Vol(MG′′) = C3 · v, for some constants C2, C3 > 0, where the last equality follows from
Proposition 3.11.

Finally, the statement follows by bringing together the above two facts and putting C = C1 ·C3. �
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3.7. Conclusion and remarks. The proof of Theorem 1.1 in the non-arithmetic case now follows
similarly to the arithmetic case. The difference here is that on one hand we do not need to count
4-factors up to graph isomorphism, but in any case we need to exclude some of the MG’s from the
sequence.

As in Section 2.3, (2) follows from Remark 2.6, (4) by construction, (6) from Remark 2.8, and (7)
from Proposition 3.11. Now, by Proposition 3.14, the number of manifolds MG produced from 4-factors
G with ≤ v/Vol(B) vertices has growth type of f(v) = vv, while the number of non-isomorphic 4-
factors G′ producing manifolds MG′ isometric to MG has growth type of g(v) = v. However, f(v)/g(v)
has growth type of vv again. In particular, we have proved (1) and (3) up to taking a subsequence.
Up to another subsequence, by Proposition 3.15 also (5) holds, since vv/v2 also has growth type of vv.

The proof of Theorem 1.1 is finally completed. We conclude the paper with a series of remarks.

Remark 3.16. One could apply this technique to the right-angled octahedron to show a similar result
for geometrically bounding arithmetic surfaces. Moreover, by glueing right-angled polyhedra, one
could easily build many explicit examples of arithmetic or non-arithmetic, compact or non-compact,
geometrically bounding hyperbolic surfaces.

Remark 3.17. This technique can be probably extended to dimensions 4 ≤ n ≤ 7 by means of
the Potyagailo-Vinberg right-angled polytopes [28]. However, some more work would be necessary
to distinguish graphs from manifolds. Indeed, these polytopes are arithmetic (so one cannot use
Margulis’ Theorem) and have some finite vertices (so one cannot use the Epstein-Penner polyhedral
decomposition either).

Remark 3.18. By glueing copies of another non-arithmetic 4-polytope studied in [15, 25], one can show
that there is a hyperbolic 4-manifold with right-angled corners and a facet that resembles the block B
of Definition 2.1. Namely, this facet is a hyperbolic 3-manifold with totally geodesic boundary, and it
covers an ideal right-angled icosidodecahedron, which is non-arithmetic. With this in hand, one could
prove Theorem 1.1 without appealing to Margulis’ Theorem, and rather using the Epstein-Penner
polyhedral decomposition again. However, such an alternative “arithmetics-free” proof encounters
much technical difficulties: for example, one needs at least 600 copies of the initial 4-polytope to start
with.

Remark 3.19. An advantage of Margulis’ Theorem, instead, is that it can be directly applied to compact
non-arithmetic manifolds. Unfortunately, we do not know any example of a non-arithmetic compact
right-angled 4-polytope with a non-arithmetic facet. Does such a polytope exist?
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