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ON THE CAUCHY PROBLEM FOR A
KADOMTSEV-PETVIASHVILI HIERARCHY ON NON-FORMAL
OPERATORS AND ITS RELATION WITH A GROUP OF
DIFFEOMORPHISMS

JEAN-PIERRE MAGNOT! AND ENRIQUE G. REYES?

ABSTRACT. We establish a rigorous link between infinite-dimensional regu-
lar Frolicher Lie groups built out of non-formal pseudodifferential operators
and the Kadomtsev-Petviashvili hierarchy. We introduce a version of the
Kadomtsev-Petviashvili hierarchy on a regular Frolicher Lie group of series
of non-formal odd-class pseudodifferential operators. We solve its correspond-
ing Cauchy problem, and we establish a link between the dressing operator
for our hierarchy and the action of diffeomorphisms and non-formal Sato-like
operators on jet spaces. In appendix, we describe the group of Fourier integral
operators in which this correspondence seems to take place. Also, motivated
by Mulase’s work on the KP hierarchy, we prove a group factorization theorem
for our group of Fourier integral operators.

Keywords: Kadomtsev-Petviashvili hierarchy, Mulase factorization, infinite jets,
Fréchet Lie groups, Fourier-integral operators, odd-class pseudodifferential opera-
tors.

MSC(2010): 35Q51; 37K10; 37K25; 37K30; 58J40 Secondary: 58B25; 47N20

1. INTRODUCTION

The Kadomtsev-Petviashvili hierarchy (KP hierarchy, for short) is a system of
nonlinear differential equations on an infinite number of dependent variables, each
of which depend on infinitely many independent variables. It reads as follows:

o L= (L) 1) = () L= L (2
in which ) )
L: g‘FUl <a>_ +’U,2 <a>_ +
Ox Oz Ox ’
U1, ug, --- are dependent variables, (L™), indicates the projection of the product
L™ = L...L on the space of differential operators, and t¢1, to, - -- denote indepen-

dent variables. An object such as L above is a formal pseudodifferential operator. It
is known that the set of formal pseudodifferential operators can be equipped with
an associative algebra structure, see [8], and therefore (1) makes sense, at least,
in an algebraic context. The reader is referred to [8, Chp. 1, 5] for a thorough
algebraic discussion of KP and other important hierarchies.

The KP hierarchy is related to several soliton equations: for example, it contains
the Korteweg-de Vries hierarchy and more generally the Gelfand-Dickey hierarchies,
see [8]. Moreover, it is universal. In Mulase’s words, “the KP system is the master
equation for the largest possible family of iso-spectral deformations of arbitrary
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2 J.-P. MAGNOT AND E.G. REYES

ordinary differential operators”, see [35, Section 3] and [36]; see also [8, Corollary
6.2.8] for another expression of this universality. Solutions to KP can be recovered
from quantum field theory and algebraic geometry among other fields, see for in-
stance [19, 33, 35] and references therein, and it can be posed for instance in contact
geometry, see [32].

Can we solve Equation (1), in the sense of understanding its associated Cauchy
problem? Yes. In the 1980’s Mulase published several fundamental papers on
the algebraic structure and formal integrability properties of the KP hierarchy, see
[34, 35, 36]. A common theme in these papers was the use of a powerful algebraic
theorem on the factorization of a group of formal pseudodifferential operators of
infinite order which integrates the algebra of formal pseudodifferential operators:
this factorization —a delicate algebraic generalization of the Birkhoff decomposition
of loop groups appearing for example in [42]— allowed him to solve the Cauchy
problem for the KP hierarchy in an algebraic setting. A review of this theorem is
in [12]. Mulase’s results have been re-interpreted and extended in the context of
(generalized) differential geometry on diffeological and Frolicher spaces, and they
have been used to prove well-posedness of the KP hierarchy in analytic categories,
see [13, 27, 31] and our recent review [30].

It is important to point out that in the above mentioned papers the operators un-
der consideration are formal pseudodifferential operators: they are not understood
as operators acting on smooth maps or smooth sections of vector bundles. They
differ from non-formal pseudodifferential operators by (unknown) smooth kernel
operators, the so-called smoothing operators. As is well-known, any classical non-
formal pseudodifferential operator A generates a formal operator (the one obtained
from the asymptotic expansion of the symbol of A, see [1, 2, 15]), but there is no
canonical way to recover a non-formal operator from a formal one.

Can we introduce and discuss a version of the KP hierarchy using classical non-
formal pseudo-differential operators? Yes. The aim of this paper is to show that
Equation (1) can indeed be posed and solved on reqular Frolicher Lie groups built
with the help of a particular class of non- formal pseudo-differential operators. Our
first motivation for considering this problem comes from the following observation:
pushing forward equations onto a quotient of a relation of equivalence is easy and
unambiguous (up to compatibility conditions), while pulling-back equations from
a quotient space to full space can be often performed in very many ways. As
explained in the previous paragraph, the KP hierarchy can be understood as posed
on a quotient space of classical pseudodifferential operators, and so it would be very
natural to aim at proposing a version of KP using the pseudodifferential operators
themselves. Our second motivation for considering non-formal pseudodifferential
operators comes from our previous work [31]. In this reference we use versions of
“dressing operators” for equation (1), and we obtain solutions to KP with the help
of an operator which acts on initial conditions (see [31, Section 4]). It is natural to
wonder if it is possible to understand these operators in a non-formal setting.

What class of pseudodifferential operators can we use, in order to write down an
equation such as (1)? We work with odd-class classical pseudodifferential operators
which act on smooth sections of a given trivial (finite rank) vector bundle S* x V.
These pseudodifferential operators were first considered by Kontsevich and Vishik
in [20, 21] in order to deal with spectral functions and renormalized determinants.
We use them in two ways:
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e We take them as building blocks for our non-formal KP hierarchy. One
reason why odd-class pseudodifferential operators are natural to use in this
context is the fact that differential operators are all odd-class, and so we
can indeed hope to pose Equation (1) with their help.

e We build a central extension of Dif fy(S') by a group of bounded odd-class
classical pseudodifferential operators, in which Dif f, (S) is the group of
orientation-preserving diffeomorphisms of S'. We present this construction
because the structure of this central extension allows us to prove rather
easily a Mulase-type factorization theorem in our non-formal context, an
observation we think is interesting of its own?.

We organize our work as follows. Section 1 is this introduction. Section 2 is a
short review on Frolicher Lie groups, mostly inspired by [31, 30]. In this paper we
consider several infinite-dimensional groups built with the help of non-formal pseu-
dodifferential operators. Some of these groups are beyond the reach of traditional
analytic means but they do possess Frolicher structures, and so it is natural to
begin with a review of the Frolicher setting. Section 3 is on Frélicher Lie groups of
Fourier integral and pseudodifferential operators, following mainly [28]. References
for the analytic tools used therein are [3, 15, 43]. Then, in Section 4 we propose our
version of KP hierarchy: we consider the Lie algebra Clj, oqa(S*, V') of formal power
series in a parameter h whose coefficients are classical odd-class pseudodifferential
operators satisfying some technical conditions. These conditions allow us to find
a regular (a notion explained in Section 2) Frolicher Lie group which integrates
the Lie algebra Clh,odd(Sl, V). In this extended context we can pose and solve
the Cauchy problem for KP. In Section 4 we also highlight a non-formal operator
Uy, € Clpoaa(S*, V) which depends on the initial condition of our KP hierarchy;
this operator generates its solutions very much in the spirit of the standard theory
of R-matrices, see [12, 31] and references therein. Then in Section 5 we show how to
recover the operator Uy by analysing the Taylor expansion of functions in the image
of the twisted operator A : f € C%°(S*; V)~ Sy (f) o g, in which g € Diff,(S")
and Sy is our version of a “dressing operator” as considered for example in [8, Chap-
ter 6]. Finally, we include an appendix in which we introduce a group of Fourier
integral operators, the central extension of Diff, (S!) by the group Clg;;j(Sl, V)
of all odd-class, invertible and bounded, classical pseudodifferential operators. As
mentioned above, working with this central extension we can prove a non-formal
analogue of the Mulase decomposition of [34, 35, 36].

2. PRELIMINARIES ON CATEGORIES OF REGULAR FROLICHER LIE GROUPS

In this section we recall briefly the formal setting which allows us to work rig-
orously with (Lie) groups of pseudodifferential operators. No new statements are
given here: we follow the expositions appearing in [27, 30, 31]. We begin with the
notion of a diffeological space:

lElements of this central extension are Fourier integral  operators called
Dif fy(S')—pseudodifferential operators. To the best of our knowledge, groups of
Dif f(S')—pseudodifferential operators were independently described (with S! replaced by
a compact Riemannian manifold M) in [28], in the context of differential geometry of non-
parametrized, non-linear grassmannians, and in [41] as a possible structure group on which
Chern-Weil constructions could be performed.
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Definition 1. Let X be a set.
o A p-parametrization of dimension p on X is a map from an open subset O of
R? to X.
o A diffeology on X is a set P of parametrizations on X such that:
- For each p € N, any constant map RP — X is in P;
- For each arbitrary set of indexes I and family {f; : O; — X }icr of compatible
maps that extend to a map f: UJ;c; Os — X, if {fi : Oy — X}ier CP, then f € P.
- Foreach feP, f:0CRP - X, and g: O C R? — O, in which g is a
smooth map (in the usual sense) from an open set O' C R to O, we have fog € P.

If P is a diffeology on X, then (X, P) is called a diffeological space and, if
(X,P) and (X', P") are two diffeological spaces, a map f : X — X' is smooth if
and only if foP C P'.

The notion of a diffeological space is due to J.M. Souriau, see [44]; see also [6]
for related constructions, and [18] for a contemporary point of view. Of particular
interest to us is the following subcategory of the category of diffeological spaces.

Definition 2. A Frélicher space is a triple (X, F,C) such that

- C is a set of paths R — X,

- F is the set of functions from X to R, such that a function f: X — R is in F
if and only if for any c € C, foce C®(R,R);

- Apathc: R — X isin C (i.e. is a contour) if and only if for any f € F,
foce C*(R,R).

If (X,F,C) and (X', F',C") are two Frolicher spaces, a map f : X — X' is
smooth if and only if F' o f oC C C*(R,R).

This definition first appeared in [14]; we use terminology borrowed from Kriegl
and Michor’s book [22]. A short comparison of the notions of diffeological and
Frolicher spaces is in [26]; the reader can also see [27, 29, 31, 46] for extended expo-
sitions. In particular, it is explained in [31] that Frolicher and Gateaux smoothness
are the same notion if we restrict to a Fréchet context.

Any family of maps F,; from X to R generates a Frélicher structure (X, F,C) by
setting, after [22]:

- C={c:R— X such that F;0c C C*(R,R)}

-F={f:X — Rsuch that foC C C°(R,R)}.

We call F; a generating set of functions for the Frolicher structure (X, F,C).
One easily see that F, C F. A Frolicher space (X, F,C) carries a natural topology,
the pull-back topology of R via F. In the case of a finite dimensional differentiable
manifold X we can take F as the set of all smooth maps from X to R, and C the
set of all smooth paths from R to X. Then, the underlying topology of the Frolicher
structure is the same as the manifold topology [22].

We also remark that if (X, F,C) is a Frolicher space, we can define a natural
diffeology on X by using the following family of maps f defined on open domains
D(f) of Euclidean spaces, see [26]:

Poo(F) = H{f :D(f) = X; FofelC®D(f),R) (in the usual sense)}.
peEN

If X is a finite-dimensional differentiable manifold, this diffeology is called the
nébuleuse diffeology, see [44]. Now, we can easily show the following:
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Proposition 3. [26] Let(X, F,C) and (X', F',C") be two Frélicher spaces. A map
f: X — X' is smooth in the sense of Frolicher if and only if it is smooth for the
underlying diffeologies Poo(F) and Poo(F').

Thus, Proposition 3 and the foregoing remarks imply that the following impli-
cations hold:

smooth manifold = Frolicher space = diffeological space

These implications can be refined. The reader is referred to the Ph.D. thesis [46]
for a deeper analysis of them.

Remark 4. The set of contours C of the Frélicher space (X, F,C) does not give us
a diffeology, because a diffeology needs to be stable under restriction of domains. In
the case of paths in C the domain is always R whereas the domain of 1-plots can
(and has to) be any interval of R. However, C defines a “minimal diffeology” P (F)
whose plots are smooth parametrizations which are locally of the type co g, in which
g € Po(R) and ¢ € C. Within this setting, we can replace Pso by P1 in Proposition
3. The main technical tool needed to discuss this issue is Boman’s theorem [22,
p.26]. Related discussions are in [26, 46].

Proposition 5. Let (X,P) and (X', P’) be two diffeological spaces. There exists
a diffeology P x P’ on X x X' made of plots g : O — X x X' that decompose as
g=fxf, where f:O0 =X € P and f': O — X' € P'. We call it the product
diffeology, and this construction extends to an infinite product.

We apply this result to the case of Frolicher spaces and we derive (compare with
e.g. [22]) the following:

Proposition 6. Let (X, F,C) and (X', F',C") be two Frolicher spaces equipped with
their natural diffeologies P and P’ . There is a natural structure of Frolicher space
on X x X' which contours C x C' are the 1-plots of P x P'.

We can also state the above result for infinite products; we simply take Cartesian
products of the plots, or of the contours.

Now we consider quotients after [44] and [18, p. 27]: Let (X, P) be a diffeological
space, and let X’ be a set. Let f : X — X’ be a map. We define the push-forward
diffeology as the coarsest (i.e. the smallest for inclusion) among the diffologies on
X', which contains f o P.

Proposition 7. Let (X,P) b a diffeological space and R an equivalence relation
on X. Then, there is a natural diffeology on X/R, noted by P/R, defined as the
push-forward diffeology on X/R by the quotient projection X — X/R.

Given a subset Xy C X, where X is a Frolicher space or a diffeological space,
we equip X with structures induced by X as follows:
(1) If X is equipped with a diffeology P, we define a diffeology Py on X called
the subset or trace diffeology, see [44, 18], by setting

Po = {p € P such that the image of p is a subset of X} .

(2) If (X, F,C) is a Frolicher space, we take as a generating set of maps F, on
Xy the restrictions of the maps f € F. In this case, the contours (resp. the
induced diffeology) on Xy are the contours (resp. the plots) on X whose
images are a subset of Xj.
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Our last general construction is the so-called functional diffeology. Its existence
implies the following crucial fact: the category of diffeological spaces is Cartesian
closed, something which is certainly not true in the category of smooth manifolds.
Our discussion follows [18]. Let (X,P) and (X', P’) be diffeological spaces. Let
M C C*(X,X') be a set of smooth maps. The functional diffeology on S is the
diffeology Ps made of plots

p:D(p) CR* = S

such that, for each p € P, the maps ®,, : (z,y) € D(p) x D(p) — p(y)(z) € X’
are plots of P’. We have, see [18, Paragraph 1.60]:

Proposition 8. Let XY, Z be diffeological spaces. Then,
CO(X XY, Z)=C"(X,C*(Y,2)) =C>®(Y,C*(X, Z))
as diffeological spaces equipped with functional diffeologies.

Now, given an algebraic structure, we can define a corresponding compatible diffeo-
logical (Frolicher) structure, see for instance [23]. For example, see [18, pp. 66-68],
if R is equipped with its canonical diffeology (Frolicher structure), we say that an
R—vector space equipped with a diffeology (Frolicher structure) is called a diffe-
ological (Frolicher) vector space if addition and scalar multiplication are smooth.
We state:

Definition 9. Let G be a group equipped with a diffeology (Frolicher structure).
We call it o diffeological (Frélicher) group if both multiplication and inversion
are smooth.

Since we are interested in infinite-dimensional analogues of Lie groups, we need
to consider tangent spaces of diffeological spaces, and we have to deal with Lie
algebras and exponential maps. We state, after [10] and [7]the following definition:

Definition 10. (i) For each x € X, we consider
C, ={ce C®R, X)|c(0) =z}
and we take the equivalence relation R given by
R & Vf € C*(X,R),0,(f o c)li=o = 0i(f o )]i=o-

Equivalence classes of R are called germs and are denoted by 0pc(0) or
O¢c(t)|t=0. The internal tangent cone at x is the quotient ‘T, X = C,/R.
If X = 0yc(t)]4=0 € "Tx, we define the derivation Df(X) = 0y(f o c)|i=o -

(ii) The internal tangent space at © € X is the vector space generated by
the internal tangent cone.

The reader may compare this definition to the one appearing in [22] for man-
ifolds in the “convenient” ¢*°—setting. The internal tangent cone at a point z is
not a vector space in many examples; this motivates item (ii) above, see [7, 10].
Fortunately, the internal tangent cone at = € X is a vector space for the objects
under consideration in this work, see Proposition 11 below; it will be called, simply,
the tangent space at x € X.

Following Iglesias-Zemmour, see [18], we do not assert that arbitrary diffeological
groups have associated Lie algebras; however, the following holds, see [23, Proposi-
tion 1.6.] and [31, Proposition 2.20].
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Proposition 11. Let G be a diffeological group. Then the tangent cone at the
neutral element T.G is a diffeological vector space.

The proof of Proposition 11 appearing in [31] uses explicitly the diffeologies P; and
Poo which appear in Proposition 3 and Remark 4 of this work.

Definition 12. The diffeological group G is a diffeological Lie group if and
only if the Adjoint action of G on the diffeological vector space *T.G defines a Lie
bracket. In this case, we call *T,G the Lie algebra of G and we denote it by g.

Let us concentrate on Frolicher Lie groups, following [27] and [23]. If G is a
Frolicher Lie group then, after (i) and (ii) above we have that:
g ={0:c(0);c € C and ¢(0) = eg}
is the space of germs of paths at eg. Moreover:
o Let (X,Y) € g%, X +Y = 9;(c.d)(0) where ¢,d € C?, ¢(0) = d(0) = eg,
X = 0:¢(0) and Y = 9,d(0).
o Let (X,9) € g x G, Ady(X) = 0:(gcg™")(0) where ¢ € C, ¢(0) = eg, and
X = 3t6(0)
e Let (X,Y) € g2, [X,Y] = 0(Ad)Y) where ¢ € C, ¢(0) = e, X = 0,¢(0).
All these operations are smooth and thus well-defined as operations on Frolicher
spaces, see [23, 27, 29, 31].
The basic properties of adjoint, coadjoint actions, and of Lie brackets, remain
globally the same as in the case of finite-dimensional Lie groups, and the proofs are
similar: see [23] and [10] for details.

Definition 13. [23] A Frélicher Lie group G with Lie algebra g is called regular
if and only if there is a smooth map

Exp : C*([0;1],9) = C>([0,1],G)
such that g(t) = Exp(v(t)) is the unique solution of the differential equation
0)=e

@ { o =)
We define the exponential function as follows:

exp:g — G

v o= exp(v) =g(1),

where g is the image by Exp of the constant path v.

When the Lie group G is a vector space V, the notion of regular Lie group
specialize to what is called regular vector space in [27] and integral vector space in
[23]; we follow the latter terminology.

Definition 14. [23] Let (V,P) be a Frolicher vector space. The space (V,P) is
integral if there is a smooth map

/(‘) 1C([0; 1 V) = C%([0; 1, V)

such that fo(.) v = u if and only if u is the unique solution of the differential equation

{ u(0) =0
u'(t) = v(t)
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This definition applies, for instance, if V' is a complete locally convex topological
vector space equipped with its natural Frolicher structure given by the Frolicher
completion of its nébuleuse diffeology, see [18, 26, 27].

Definition 15. Let G be a Frélicher Lie group with Lie algebra g. Then, G is
regular with integral Lie algebra if g is integral and G is regular in the semse of
Definitions 13 and 14.

We finish this section with two structural results proven in [27]. The first one
provides us with an example of a Frolicher Lie group (instances of which appear
prominently in the analysis of the Cauchy problem for the Kadomtsev-Petviashvili
carried out in [27, 31]), while the second one is used in the construction of regular
Lie groups of non-formal pseudodifferential and Fourier operators, see [27, 28] and
Section 3 below.

Theorem 16. Let (Ap)nen+ be a sequence of integral (Frolicher) vector spaces
equipped with a graded smooth multiplication operation on @, cy- An, i-e. a mul-
tiplication such that for each n,m € N* A,.A,, C Anim is smooth with respect
to the corresponding Frolicher structures. Let us define the (non unital) algebra of

formal series:
A= { Z an|Vn € N* a, € An} ,

neN*
equipped with the Frélicher structure of the infinite product. Then, the space

l—l-A:{l—i— Z anVneN*,aneAn}

neN*
s a reqular Frélicher Lie group with integral Frolicher Lie algebra A. Moreover, the
exponential map defines a smooth bijection A — 1+ A.

Theorem 17. Let _

1 —K—G-5HH—1
be an exact sequence of Frélicher Lie groups, such that there is a smooth section
s : H — G, and such that the trace diffeology from G on i(K) coincides with
the push-forward diffeology from K to i(K). We consider also the corresponding
sequence of Lie algebras

0—t-g2h-—0.
Then,
o The Lie algebras € and by are integral if and only if the Lie algebra g is
integral;
e The Frélicher Lie groups K and H are regular if and only if the Frolicher
Lie group G is regular.

A result similar to Theorem 17 is also valid for Fréchet Lie groups, see [22].

3. PRELIMINARIES ON PSEUDODIFFERENTIAL OPERATORS

We introduce the groups and algebras of non-formal pseudodifferential operators
needed to set up our version of the KP hierarchy. Basic definitions are valid for a
real or complex finite-dimensional vector bundle E over S*; below (see paragraph
“Notations”) we specialize our considerations to the case E = S! x V in which V is
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a finite-dimensional complex vector space. The following definition appears in [3,
Section 2.1].

Definition 18. The graded algebra of differential operators acting on the space of
smooth sections C> (S, E) is the algebra DO(E) generated by:

e Elements of End(E), the group of smooth maps E — E leaving each fibre
globally invariant and which restrict to linear maps on each fibre. This group acts
on sections of E via (matriz) multiplication;

o The differentiation operators

Vx:g9€C®(SYE)— Vxg
where V is a connection on E and X is a vector field on S*.

Multiplication operators are operators of order 0; differentiation operators and
vector fields are operators of order 1. In local coordinates, a differential operator
of order k has the form P(u)(z) = > pi,-.i,Va, -+ Vg, u(z), r <k, in which
the coefficients p;,..;, can be matrix-valued. We note by DO¥(S1)k > 0, the
differential operators of order less or equal than k.

The algebra DO(E) is graded by order. It is a subalgebra of the algebra of
classical pseudodifferential operators CI(S*, E), an algebra that contains, for ex-
ample, the square root of the Laplacian, its inverse, and all trace-class operators on
L?(S', E). Basic facts on pseudodifferential operators defined on a vector bundle
E — S! can be found for instance in [15] and in the review [41]. A global sym-
bolic calculus for pseudodifferential operators has been defined independently by
J. Bokobza-Haggiag, see [4] and H. Widom, see [47]. In these papers is shown how
the geometry of the base manifold M furnishes an obstruction to generalizing local
formulas of composition and inversion of symbols; we do not recall these formulas
here since they are not involved in our computations.

Following [24, Section 1], see also [28], we assume henceforth that S* is equipped
with charts such that the changes of coordinates are translations. We also restrict
our considerations to complex vector bundles over S'. It is well-known that they
are trivial, i.e. E = S' x V. Taking this fact into account, we use the following
notational conventions:

Notations. We note by PDO(S', V) (resp. PDO°(S', V), resp. CI(S',V)) the
space of pseudodifferential operators (resp. pseudodifferential operators of order o,
resp. classical pseudodifferential operators) acting on smooth sections of F, and
by C1°(S',V) = PDO°(S8*,V) N CI(S', V) the space of classical pseudodifferen-
tial operators of order 0. We also denote by C1°*(S',V) the group of units of
Clo(SH, V).

A topology on spaces of classical pseudo differential operators has been described
by Kontsevich and Vishik in [20]; see also [5, 40, 43] for other descriptions. We use
all along this work the Kontsevich-Vishik topology. This is a Fréchet topology such
that each space C1°(S*,V) is closed in CI(S*, V). We set

PDO™>(S",V) = (| PDO°(S",V) .
0€Z
It is well-known that PDO~>°(S', V) is a two-sided ideal of PDO(S',V), see e.g.
[15, 43]. Therefore, we can define the quotients

FPDO(S*, V)= PDO(S',V)/PDO~>(S*, V),
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FCI(S', V) =ClL(S*,V)/PDO~>(S', V),
FCOI°(SY, V) =CI1°(S',V)/PDO~>=(S*, V) .
The script font F stands for formal pseudodifferential operators. The quotient
FPDO(S',V) is an algebra isomorphic to the set of formal symbols, see [4], and
the identification is a morphism of C-algebras for the usual multiplication on formal
symbols (see e.g. [15]).
A known result on the structure of the spaces we are using is the following.

Theorem 19. The groups Dif f,(S*), CI%*(S',V), and FCI1°*(S*,V), in which
FCI1%*(S1, V) is the group of units of the algebra FCI°(S*, V), are reqular Fréchet
Lie groups.

Indeed, it follows from [11, 39] that Dif f, (S') is open in the Fréchet manifold
C>(S1,81). This fact makes it a Fréchet manifold and, following [39], a regular
Fréchet Lie group. The same result follows from the discussion appearing in [38,
Section IIL.3]. Also, it is noticed in [25] that the results of [16] imply that the group
C1%*(S1, V) (resp. FCI%*(S1,V)) is open in CI°(SL, V) (resp. FCI°(S1,V)) and
that it is a regular Fréchet Lie group. This fact is also discussed in [41, Proposition
4]. Our comments after Definition 2, see also Remark 2.6 in [31], imply that these
groups are also regular Frolicher Lie groups.

Definition 20. A classical pseudodifferential operator A on S' is called odd class
if and only if for allm € Z and all (x,€) € T*S' we have:

Un(A)(l‘, —f) = (_1)n0n(A)(x7f) )
in which o, is the symbol of A.

This particular class of pseudodifferential operators has been introduced in [20,
21]; it is also called the “even-even class”, see [43]. We will follow the terminology of
the first two references: hereafter, the notation Cl,qq will refer to odd class classical
pseudodifferential operators.

We will need the following result, intrinsically present in [20, 43] which we prove
quickly:

Lemma 21. Clygq(S', V) and C19,,(S', V) are associative algebras.

Proof. That Cl,qq(S?, V) is an associative algebra can be checked thus: we consider
the map ¢ given by

- 6: CIUSL,V) — FCIUS.,V)
A = Y nen0-n(2,8) = (=1)"0_n(z, =E) .
Then,
Cloga(S',V) = Ker(¢)
which proves the first claim. That C1%,,(S', V) is an associative algebra follows

from the previous result and the standard fact that zero-order classical pseudodif-
ferential operators form an algebra, see for instance [41]. O

Now we observe that because of the symmetry property stated in Definition 20,
an odd class pseudodifferential operator A has a partial symbol of non-negative
order n that reads

(4) on(A)(x, &) = (2) ()",
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where v,, € C>°(S', L(V)). This consequence of Definition 20 allows us to check
the following result, which is of importance for the upcoming description of our KP
hierarchy:

Proposition 22. The space of odd class classical pseudodifferential operators sat-
isfies the direct sum decomposition

(5) Cloga(S*, V) = Cl1;1,(S*, V) ® DO(S', V) .

We finish this section with a proposition which singles out an interesting Lie
group included in Clyqq(St, V).

Proposition 23. The algebra C19,,(S*,V) is a closed subalgebra of CI°(S', V).
Moreover, CI25,(SY, V) is

e an open subset of C1°,,(S*, V) and,

e a reqular Fréchet Lie group.

Proof. We note by o(A)(z,€) the total formal symbol of A € C19(S*, V). Similarly
as in (3) we let
¢:CI°(SY V) — FoI° (S, V)
defined by
$(A) =Y oon(2,6) = (~1)"o_p(z,~E).
neN
This map is smooth, and

Cl(o)dd(Sla V) = K@T((ﬁ),
which shows that C1°,,(S,V) is a closed subalgebra of C1°(S', V). Moreover, if
H=L*(S4,V),
Cloga(S",V) = Cliga(S', V) N GL(H),
which proves that 012&2(5’17 V) is open in the Fréchet algebra C1°(S1,V), and it

follows that it is a regular Fréchet Lie group by arguing along the lines of [16,
38]. O

4. THE H-KP HIERARCHY WITH NON-FORMAL ODD-CLASS OPERATORS

First of all let us make some comments on the spaces just introduced. In order to
find an analogue to Equation (1) we need to consider a space of pseudodifferential
operators which is close with respect to taking powers of operators. Since the space
of odd-class pseudodifferential operators is an associative algebra, we can take this
class as the space in which the dependent variable appearing in Equation (1) lives.
Proposition 22 implies that we have the diagram of Lie groups and Lie algebras

Cl " (SY, V) — Ol 4y (S1, V) - (H 7
I i
CId® Cl (S, V) — Cloga(S*, V) — DO(S'.,V)

[
Cl,(SY, V) ® DO(S', V)

The problem is to find a suitable Frolicher Lie group H. If it were possible, we
could set up an equation of the form

9 n
ot L =10, 1]
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for fixed n, where (.)p denotes projection into the space of differential operators,
and try to study its corresponding Cauchy problem with the help of a factorization
theorem, as in our previous papers [27, 30, 31]. Now, in these articles we find a
regular Frolicher Lie group H with Lie algebra the space of differential operators by
using formal differential operators of infinite order but, if we proceed in this way in
the present context, we would leave the framework of non-formal pseudodifferential
operators. Thus, instead of doing this we use series, motivated by [27, 30] and [31,
Subsection 4.2].

Definition 24. Let h be a formal parameter. The set of odd class h-pseudodifferential
operators is the set of formal series

(6) Clpoaa(SH, V) {Zan | an eczgdd(sl,V)} :

neN
We have the following result on the structure of Clp, pqa(S*, V):

Theorem 25. The set Cly, 0qa(S, V) is a Fréchet algebra, and its group of units
given by

7 Clyoaa(SYV) anh™ | an € C1%y(ST, V), a0 € CIO7(SY, V) 3,
odd

neN

is a reqular Fréchet Lie group.

Proof. As we showed in Proposition 20 (and it follows from the work [16] by
Glockner) the group C’ZS(’;;(Sl,V) is a regular Fréchet Lie group since it is open
in C19,,(S*, V). According to classical properties of composition of pseudodiffer-
ential operators [43], see also [20], the natural multiplication on C’lg;&(Sl,V) is
smooth for the product topology inherited from the classical topology on classical
pseudodifferential operators, and inversion is smooth using the classical formulas of
inversion of series. In this way we conclude that Cl, oqq(S 1V) is a Fréchet algebra.

Moreover, the series ) _ya,h" € Clp0aa(S*, V) is invertible if and only if
ay € CZS&Z(Sl, V'), which shows that CIj; oaa(SY, V) is open in Cly pqa(S*, V). The
same result quoted before, from [16], ends the proof. O

Remark 26. The assumption a,, € C1,, in Definition 24 and Theorem 25 can be
relaxed to the condition

ag € C’lg;d and Vn € N*,a,, € Clygq ;

this is sufficient for having a regular Lie group. The more stringent growth con-
ditions imposed in (6) and (7) will ensure regularity and they will allow us to use
arguments borrowed from [31, Subsection 4.1] for proving existence and smoothness
of solutions to our KP hierarchy to be introduced next.

Now we need to split the algebra Clp, oqq(S*, V). We do so in a very straight-
forward way: since an operator A € Clygq(St, V) splits into A = Ag + Ap, in
which Ag € C’lo_dld(Sl,V) and Ap € DO(S',V), see Proposition 26, we have, for
A= cyanh™ € Clh.0ada(S*, V), the decomposition A = Ag + Ap with

AS = Z(an)shn

neN
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and
Ap =Y (an)ph"
neN
We set DO, (S, V) ={>, ey anh" : an € DO(S',V)}.

We now introduce our version of the KP hierarchy with non-formal pseudodif-
ferential operators. Let us assume that tq,ts,--- ,t,, -, are an infinite number
of different formal variables which will become the independent variables of our
equation. We make the following definition:

Definition 27. Let Sy € Cl_,;" (S, V) and let Lo = So(h£)Syt. We say that an
operator

L(tl, to, - ) € Clh7odd(517 V)[[htl, ey hntn...]]
satisfies the h—deformed KP hierarchy if and only if

) { L(0)= Lo

L= [(L")p,L] .

Let us make some comments on Definition 27. We have followed Mulase, see
[34, 36], in fixing the “time dependence” of the dependent variable via series. Thus,
our equation (8) is written for a dependent variable of the form

L(tl,tg,"') = ZLSTS s
seT
in which L; € Clp, 04a(S', V), 7 = (ht1)(h?*ts)--- and for s in T, s = (a1, qz, )
(in which oy € N, o; # 0 just for finite number of indexes i) we define 7° =
(ht1)®t (h%ty)@2 ---. This series can be understood as a smooth function on the
algebraic sum

(9) T= P (Rt,)
neN*

for the product topology and product Frolicher structure, see Proposition 6 and
[27, 31]. The “space dependence”, on the other hand, is fixed with the help of a
derivation on S* which in standard coordinates (see Section 3) reads d/dx. Finally,
we stress the fact that we are scaling our variables via

{ t, +— A",
d d
@ = ha

Our reason to do this is that we need to work with regular Frolicher Lie groups,
and this scaling allows us to do so, as we explain in [27, 31].

In this context, we have a “Mulase factorization”, in the spirit of [34, 36] and
[27, 31], which looks schematically as follows:

Clyoia(S*V) = CL; q(SV) = DO3(S.,V)
4 1 !
Cld® Cli:,lodd(slv V) = Clhoaa(SH,V) — DO,(SYV)

in which

DO;(SY, V) = {Zanhnan € DO(SY, V), a9 € DOO’*(Sl,V)} )

neN
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Now we solve the initial value problem (8). Since Sy € CL,;*(S', V) and
h(d/dz) € DOy(S!, V), we have that the initial condition Lq belongs to Clj_pqa(S*, V).
Also, we need to use the operator U, = exp (3,cn+ h"tn(Lo)™). We note that
> en~ Btn(Lo)™ belongs to Clp oaa(S*, V)[[ht1, h*t2, - - -]]. In the theorem below
we consider this sum as a series and also as a smooth function with domain 7" and
image in Clp 04a(S*, V), in which T is given by (9).

Theorem 28. Let Up(t1,...,tn,...) = €xp (EneN* h”tn(Lo)") € Cl;;odd(Sl,V).
Then:
e There exists a unique pair (S,Y) such that
(1) U, =Sy,
(2) Y € Clj ,4q(S*, VD
(3) Se C’l;’odd(Sl,V) and S —1 € Clp 04a(S',V)s.
Moreover, the map
(S0s t1s eees by o) € Ol (ST V) X T (Un,Y) € (Cl 4qa(S*,V))?
18 smooth.
e The operator L € Clp oqa(S', V)[[ht1, ..., h",...]] given by L = SLyS™! =
YLoY !, is the unique solution to the hierarchy of equations

(10) L = [(L"p), L) =~ [(L")s(t), L(t)]
L(0) = Lo )
in which the operators in this infinite system are understood as formal
operators.

e The operator L € Clp oqa(S*, V)[[ht1,...,h",...]] given by L = SLyS™! =
Y LoY ! is the unique solution of the hierarchy of equations

L = (L"), L) = — [(L™)s(t), L(t)]
L(0) = Lo
in which the operators in this infinite system are understood as odd class,

non-formal operators.

Proof. First of all, we consider Uj. Since

Un(tr oty o) = exp ( 3 h”tnwo)”) € Ol paa(S, V) [t oo 1"t ]]
nenN*

we can write
Up =Y As(hr)*,
seT
in which hr = (hty, h*ty, ht3,---) and A, € Cl}; ,44(S", V). In turn, for each
s € T we can set A, = > _as,h", where a,, € Cl"y(S1, V), n > 1 and ag €
C’lg;;;l(Sl, V). Thus, we have

U = Z (Z asnh"> (h1)*

s€T \neN

Now we observe that, since ag, € (}'lf}dd(5'17V)7 the total symbol of ag, can be

written as
J(asn) = Z asnkgk
—oo<k<n
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in which agpx : St — R® End(V). (The pass from pseudodifferential operators to

symbols is discussed in detail in, e.g., [1, Section 2] and [2, p. 55]). This means
that we can write

o(Un)

UYL DY awme® | pm | (hr)?

s€T \neN \ —oco<k<n

S| 5 (o] e i
neN | —co<k<n \seT

Equation (12) tells us that o(Up,) belongs to the algebra ¥y (R), in which R is the
algebra of power series in 7 whose coefficients belong to the differential algebra of
smooth functions C*°(S') @ End(V). See Definition 4.3 in [31]. (Also, we can

say that o(Up,) € A, where A is defined in Section 5.4 of [27]). Now we use that
asp € C’lg;;j(Sl, V) and that therefore its total symbol is of the form

o(aso) = Z asOkfk = as00 + Z asokfl~C

—00<k<0 —co<k<—1

(12)

in which asg is invertible. Let us set
a(T )k = Z asnk(hT)% .
seT
It follows that o(Uy) can be written as

oUn) = Y a@a +D | D alr)autt| "
—00<k<0 n>1 | —co<k<n
(13) = a@wt+ Y, a@u +D | D alr)aws®| .
—oo<k<-1 n>1 | —oco<k<n

Since a0 is invertible, we conclude that o(Uj) belongs to GU4(R) (see Definition
4.3 in [31]; we can also say that o(Uy) € G4 in the notation of [27]). Now we use
Equation (4.14) of [31]. There exist unique Ssyms € Gr,n and Ysymp € Dg(R) such
that

U(Uh) = S_l Ysymb .

symb
Now, there exist non-formal odd class operators Y and S defined up to smoothing
operators such that Sy, = 0(S) and Yymp = 0(Y'), and so we can write

o(Up) =o(S) to(Y).

The symbol o(Y) is a formal series in h,tq,---t,, - of symbols of differential
operators, which are in one-to-one correspondence with a series of (non-formal) dif-
ferential operators. Thus, the operator Y is uniquely defined, not up to a smoothing
operator; it depends smoothly on Uy, and so does S = YU{l. This ends the proof
of the first point.

The second point on the h—deformed KP hierarchy is proven along the lines of
[27, 31], since it corresponds essentially to an existence result for symbols.

Finally, we prove the third point: We have that L = Y LyY ! is well-defined
and, following classical computations which can be found in e.g. [12, 31], we have:

(1) L* = YLFY !
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(2) Un LfU, ' = L since Ly commutes with Uy, = exp(32, hFty, Lf).
It follows that L¥ = YLSY ' = WW LY LFY 1TWW L = WLFW L.
We take t-derivative of U for each k > 1. We get the equation

dUy, g aw _,dY
— = — — WY +85 " —
dtk dty, + diy,
and so, using Uy = S~!Y, we obtain the decomposition
dW dy
WLEW = —— W14 vy,
0 dty. + dty
Since GEW ! € Clp 04a(S',V)s and $5Y 7' € Cly 0aa(S", V) p, we conclude that
dY dW
IMp=—Y"! and (LF)g=—-——WL
( )D dty an ( )S dty
Now we take t,-derivative of L:
dL dY dY
— = — L)Y l'-YL)y!l—vy!
dty, dty, 0 0 dty
dY dY
= Y 'YLy 'YLyl —vy!
dty, 0 0 dty,
= (I*)pL—-L(L*)p
= [(L*)p,I].

We check the initial condition: We have L(0) = Y (0)LoY (0)~%, but Y(0) = 1 by
the definition of Uy,.

Smoothness with respect to the variables (S, t1, ..., ts,...) is already proved by
construction, and we have established smoothness of the map Lo — Y at the
beginning of the proof. Thus, the map

Lo L(t) =Y (t)LoY (1)
is smooth. The corresponding equation

d .
dtkL =— [(L )S,L]
is obtained the same way.

It remains to check that the announced solution is the unique solution to the
non-formal hierarchy (11). This is still true at the formal level, but two solutions
which differ by a smoothing operator may appear at this step of the proof. Let
(L+ K)(t1,...) be another solution, in which K is a smoothing operator depending
on the variables ¢1, ..., and L is the solution derived from U},. Then, for each n € N*
we have

(L+K)p=Lp,
which implies that K satisfies the linear equation

K
dt,,

with initial conditions K|i=g = 0. We can construct the unique solution K by
induction on n, beginning with n = 1. Let g, be such that

(97 dgn)(tn) = Lp(t1, - -tn-1,tn,0,..) .

:[ %7K]
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Then we get that
K(ty,..tn,0....) = Adg, 1,y (K(t1,t,-1,0...)) ,
and hence, by induction,
K(0)=0= K(t1,0...)=0=--- = K(t1,...tp,0...) =0=--- |
which implies that K = 0. (]

5. KP EQUATIONS AND Dif f,(S1)

Let Ay € Cl;},(S,V), and set Sy = exp(Ag). The operator Sy € CI_,;*(S*, V)
is our version of the dressing operator of standard KP theory, see for instance [8,
Chapter 6]. We define the operator Ly by

d _
£ Lo(f) = (S0 4055 ) (1
for f € C*°(S*,V). We note that LE(f) = h*Sy-Lx(Sy 2 (f)), a formula which we
will use presently. Our aim is to connect the operator

Uh = exXp (Z hntnLg'> 5
nENx*

which generates the solutions of the h—deformed KP hierarchy described in Theo-
rem 28, with the Taylor expansion of functions in the image of the twisted operator

A:feC®S V)= Sii(f)og,

in which g € Diff(S'). We remark that A € CI,;*(S",V) for each g €
Diff(S'); our decomposition theorem proven in the appendix (see Theorem 35)
will imply that it is also smooth with respect to g.

For convenience, we identify S with [0; 27|~ R/27Z, assuming implicitly that
all the values under consideration are up to terms of the form 2k, for k € Z. Set
c=81(f)og e C=(S', V). We compute:

cmo+h) = (Sg'(f)og) (zo+h)
o (700 o)+ X (B (557 00)] )
neN* :
(5 o) (o) +
S S Bkt () ot t1(0)) - (S5 (F) 0.9) (w0)|
n dx
neN* T k=1

in which we have used the classical Fad de Bruno formula for the higher chain rule
in terms of Bell’s polynomials B,, 1, and wu;(zo) = ¢ (zo) for i = 1,---n — k + 1.
We can rearrange the last sum and write

c(xo+h) ~z (S5 (f)og) (zo)+

h" d*
5 3 [ Baswsla0) st o0 o (557 ()] o)

kEN* n>k
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or,
d _
(14) ot 1) sy Y ot (5570)| (ot
in which ag = 1 and
hn—k
ar = 1 Brk(ua (o), -, tn—r+1(20))

n>k
for k > 1. In terms of the operator Lo, Equation (14) means that
(15) c(zo+h) ~m Sgt Y [arn L(f)] (9(=0)) -
keN

We now define the sequence (¢, )nen+ by the formula
(16) log (Z aka> = Z t, X",

keN neN~
so that both, a; and t,,, are series in the variable h. We obtain

_ iy
c(wo+h) ~az Sp exp ( g* r L’S(f)) (9(z0)) -

We state the following theorem:

Theorem 29. Let f € C®(S*, V) and set c = Sy *(f)og € C(S*, V). The Taylor
series at xo of the function c is given by

c(ao +h) ~ug Syt (Un(tr/hyt2/B?, .. )(f)) (g(x0)) ,
in which the times t; are related to the derivatives of g via Equation (16).

The coefficients of the series aj and t,, appearing in (16) depend smoothly on
g € Diffi(S!) and zy € S'. Indeed, the map

(z,9) € 8" x Dif f4(S") = (g(x), (un(2))nen-) € S x R

is smooth due to Proposition 6 (more precisely, due to the generalization of Propo-
sition 6 to infinite products); smoothness ay then follows, while smoothness of ¢,
is consequence of Equation (16).

Remark 30. As a by-product of the foregoing computations, we notice the following
relation. If f € C°(S*, V), we can write

Foth) o Fao)+ S (5 () 5) o) = (exp (020 ) ) (o) € 7057,

neN*

for xy € S*.Thus, the operator exp (h%) belongs to the space Cly (S, V).
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APPENDIX:THE GROUP OF Dif fi (S')—PSEUDODIFFERENTIAL OPERATORS

Now we present a restricted class of groups of Fourier integral operators which
we will call Diffy(S')-pseudodifferential operators following [28]. These groups
appear as central extensions of Dif f, (S!) by groups of (often bounded) pseudo-
differential operators. We do not state the basic facts on Fourier integral operators
here (they can be found in the classical paper [17]), but we recall the following
theorem, which was stated in [28] for a general base manifold M.

Theorem 31. [28, Theorem 4] Let H be a reqular Lie group of pseudodifferential
operators acting on smooth sections of a trivial bundle E ~ V x S — S'. The
group Dif f(S*) acts smoothly on C>(S*, V), and it is assumed to act smoothly on
H by adjoint action. If H is stable under the Dif f(S')—adjoint action, then there
ezists a reqular Lie group G of Fourier integral operators defined through the exact
sequence:

1= H—G—=Diff(S") = 1.

If H is a Frélicher Lie group, then G is a Frélicher Lie group.

This result was proven in [28] by applying Theorem 17. Using the equivalence
between Gateaux-smooth and Frolicher-smooth in the Fréchet category stated after
Definition 2 and proven in [31], we have a Fréchet version of Theorem 31: if H is a
regular Fréchet Lie group which is stable under Dif f(S!)—adjoint action, and G
is a smooth Fréchet manifold isomorphic to H x Dif f(S!) with multiplication and
inversion Frolicher (hence Fréchet) smooth, we have the equivalence:

H is a regular Fréchet Lie group < G is a reqular Fréchet Lie group .

The pseudodifferential operators considered in Theorem 31 can be classical, odd
class, or anything else. Applying the formulas of “changes of coordinates” (which
can be understood as adjoint actions of diffeomorphisms) of e.g. [15], we obtain
that odd-class pseudodifferential operators are stable under the adjoint action of
Dif f(S'). Thus, we can define the following group:

Definition 32. The group FCZ%:ff(Sl),odd(Sl’ V) is the regular Fréchet Lie group
G obtained in Theorem 31 with H = C125,(S*, V).

Following [28], we remark that operators A in this group can be understood as
operators in C125 (ST, V) twisted by diffeomorphisms, this is,

(17) A=Bog

for unique g € Dif f(S') and unique B € C’lg(’i’;(Sl, V'), and also that its Lie algebra
is isomorphic as a vector space to C1%,,(S*,V) & Vect(S'), in which Vect(S!) is
the space of smooth vector fields on S*.

Remark 33. The diffeomorphism g appearing in (17) is the phase of the operators,
but here the phase (and hence the decomposition (17)) is unique, which is not the
case for general Fourier integral operators, see e.g. [17]. This construction of phase
functions of Dif f(M)—pseudodifferential operators differs from the one described
by Omori [39] and Adams, Ratiu and Schmid [1] for the groups of Fourier integral
operators; the exact relation among these constructions still needs to be investigated.

Now we note that the group Dif f(S') decomposes into two connected compo-
nents Dif f(S*) = Dif fy(SY)UDiff_(S'), where the connected component of the
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identity, Dif f, (S), is the group of orientation preserving diffeomorphisms of S*.
We make the following definition:

Definition 34. The group FCl%jff+(Sl) Odd(Sl, V') is the regular Fréchet Lie group
of all operators in FC'Z%:ff(Sl) Odd(Sl,V) whose phase diffeomorphisms lie in the
group Dif f(S).

Theorem 35. Let U € FCZ%*” (s1), oaa (81 V). There exists an unique pair

(S,Y) € Ol 1" (SY, V) x (DO (S, V) x Dif f(S"))
such that
U=8Y .

Moreover, the map U — (S,Y) is smooth and, there is a short exact sequence of
Lie groups:

1= Cloyi™ (81 V) = FCUL - g1) 0aa(S"5 V) = DOY(SY, V) x Dif f1(S') =+ 1
for which the Y -part defines a smooth global section, and which is a morphism of
groups.

Proof. We already know that U splits in an unique way as U = Ag.g , in which
g € Diff(S') and 4y € CZS;IZ(SI,V). By Proposition 22, the pseudodifferential
operator Ay can be written uniquely as a sum, A = A; + Ap, in which Ap €
DO%(SY, V) C Clogq(S, V). Since Ay is invertible, o¢(A4g) € C*°(St, GL(V)) and
hence Ap € DO%*(S', V). We can write

U= Ay AR Ap.g.

We get Y = Ap.g € DO%*(S1, V) x Dif f(S") and S = Ag.Ap' € CI1%(SY, V)
(the inverse of an odd class operator is an odd class operator). Let us compute the
principal symbol o¢(5):

O’()(S) = 0’0(140)0‘0(1451) = 0’0(140)0‘0(140)_1 = Idv .

Thus, S € C’l;dlci*(Sl,V). Moreover, the maps U — g and Ay — Ap are smooth,
and this observation ends the proof. [

Let us summarize our constructions. The semi-direct product of Fréchet Lie
groups

FCl;, fo(shy.0aalSHV) = C125(SY, V) % Dif f(SY)

fully described by the exact sequence

1 = Clog(SV) = FCOIS . 61 0aa(SSV) = Diffi(sh) — 1
and by the associated sequence of Lie algebras

0 — O8N V) — CI°%SYV)xVect(S') — Vect(S') — 0,

in which we have used (4) and (5) in order to understand differential operators
having symbols of order 1 as elements of Vect(S') ® Idy, can be completed by the



THE KP HIERARCHY ON NON-FORMAL OPERATORS 21

following diagram in which vertical and horizontal lines are short exact sequences
of Lie groups:

1 1
I 4
1 — CL*(SLV) — C1%r(SY, V) — DO%*(S' V) - 1
| } }
L = Cloyi"(SYV) = FCIS e 61 0aa(SH V) = DO (SL,V) % Dif fr(S') — 1
!
Diff,(SY) = Diff(S")
{ 4
1 1

The corresponding diagram of Lie algebras, all of them embedded in Cl,qq4(S*, V)
is:

0 0
1 1

0 — CLLsL V) — 10,81, V) - DO°(S',V) - 0
| \: I

0 — CLLISLV) — CI0u (S, V) xVect(SY) — DO°S', V) x Veet(S*) — 0
! I

Vect(S) = Vect(S)

1 1
0 0

We end this appendix by considering exponential mappings. We can do so,
. . —1,% 0,%
since the Lie groups CI_,:*(S*, V), FClDiff+(S1),odd(Sl’V) and DO°(SY, V) x
Diff(S) are regular (see our discussion at the beginning of this section and Defi-

nition 24). Let us consider a curve L(t) in the Lie algebra of FCZ%:ff+(51)7odd(Sl, V)

which, thanks to Proposition 25 and the Mulase decomposition, we can identify (as
a vector space) with C1 2, (S', V) @ DO'(S', V). Thus, we assume
L(t) € C>([0;1], Cl,1,(S", V) & DO' (S, V)

and we write L(t) = Lp(t) + Lg(t). We compare the exponential exp(L)(t) €
C([0;1), FCUR 4 (511 0aa(S", V) with

exp(Lp) (1) € C ([051], DO (5, V)) x Dif f1(5))
and

exp(Ls)(t) € C>([0;1], Clyzi* (S*,V)) .
On the one hand, we can write
exp(L)(t) = S()Y (¢)

according to Theorem 35, and we know that the paths ¢t — S(t) and ¢ — Y (¢) are
smooth. On the other hand, using the definition of the left exponential map, we
get

%exp(L)(t) — exp(L)().L(t)
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Thus, gathering the last two expressions we obtain

Lexpn)t) = sy
= (;S(t)> STLB)SH)Y (1) + S(H)Y ()Y ~L(¢) <C‘;ty(t)>

(&s0s~ ) ee0) + epimyoy =) (470)
d

= exp(L)(t) (Adexp(L)(t)l (<ﬁS(t)S_1(t))) +Y 1) (iY(t))) .

Now, Y’l(t)%Y(t) is a smooth path on the space of differential operators of order

1, and we have

d _ _
Adexp(L)(t)—1 ((dtS(t)S 1(t))> S Clodld(Sl,V) .

These calculations allow us to prove the following:

Proposition 36. Let us assume that L(t) is a curve in the Lie algebra of the group

FCURT s (51,0405 V), that L(t) = Ls(t) + Lp(t) with Ls(t) € Clyj,(S*,V) and

Lp(t) € DOY(SY, V), and that exp(L)(t) = S(t)Y (t). Then,
Y (t) = exp(Lp)(t)
and
S(t) = exp (Adexp(r) ) (Ls)) (t) -

Proof. We have already obtained that

and that
d _
Ls = Adexp(r)(1)-1 ((dts(t)s 1@)))

because of the uniqueness of the decomposition
L=Ls+Lp.

We obtain the result by passing to the exponential maps on the groups Cl;dld’* (S, V)
and DO%* (S, V) x Diff,(SY).
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