N

N
N

HAL

open science

Canards Existence in Memristor’s Circuits

Jean-Marc Ginoux, Jaume Llibre

» To cite this version:

Jean-Marc Ginoux, Jaume Llibre. Canards Existence in Memristor’s Circuits. Qualitative Theory of

Dynamical Systems, 2016, 15 (2), pp.383 - 431. 10.1007/s12346-015-0160-1 . hal-01856950

HAL Id: hal-01856950
https://hal.science/hal-01856950
Submitted on 13 Aug 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01856950
https://hal.archives-ouvertes.fr

Canards Existence in Memristor's Circuits

The aim of this work is to propose an alternative method for determining
the condition of existence of “canard solutions” for three and four-dimensional
singularly perturbed systems with only one fast variable in the folded saddle
case. This method enables to state a unique generic condition for the existence
of “canard solutions” for such three and four-dimensional singularly perturbed
systems which is based on the stability of folded singularities of the normalized
slow dynamics deduced from a well-known property of linear algebra. This
unique generic condition is perfectly identical to that provided in previous
works. Application of this method to the famous three and four-dimensional
memristor canonical Chua’s circuits for which the classical piecewise-linear
characteristic curve has been replaced by a smooth cubic nonlinear function
according to the least squares method enables to show the existence of “canard
solutions” in such Memristor Based Chaotic Circuits.

Key Words: Geometric singular perturbation theory, singularly perturbed dy-
namical systems, canard solutions.

1. INTRODUCTION

As recalled by Fruchard and Schéfke [20, p. 435]: “In the late 1970s,
under the leadership of George Reeb, a group of young researchers, Jean-
Louis Callot, Francine and Marc Diener, Albert Troesch, Emile Urlacher
and then, Eric Benoit and Imme van den Berg, based in Strasbourg some
in Oran and others in Tlemcen were given as research program to develop
methods for “non-standard analysis!” for the study of singular perturbation
problems. Georges Reeb had proposed to introduce a particular control
parameter a in the original van der Pol’s equation [45].

cei+(1—a¥)i+z=a

The study of this equation has led this group to discover surprising so-
lutions, which they named “ducks®”. Van der Pol relaxation oscillator
is considered as the paradigm of slow-fast systems, i.e. two-dimensional

LFor more details see Robinson [38] and Nelson [34].
2Canards in French.
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singularly perturbed system with one slow variable and one fast. It is well-
known that for the control parameter value a = 1, a Hopf bifurcation takes
place in this system®. So, as expected by this group of researchers, by
setting € constant, one would make the amplitude of the periodic solution
(limit cycle) change very fast for values of a near (just below) 1. But, the
results exceeded their expectations: at one critical value a = 0.9987404512
a very small change of this parameter’s value produced an amplitude drop
of about 80 %.

According to Marc Diener [13, p. 38]: “It was as if the existence of
medium size solutions would be a “canard*”! Canard is now the name of a
type of solution of a slow-fast differential system, to which the above “miss-
ing” medium-size solutions belong, that had previously been ignored.”. An-
other interpretation of the denomination “canard” also given by Diener [13,
p. 45] in the the same article, is that the periodic solution resembles, for
this critical parameter value, to a duck (See Fig. 1.).

FIG. 1. “Canard cycle” of the Van der Pol equation, Diener [13, p. 45].

In the beginning of the eighties, Benoit and Lobry [5], Benoit [6] and
then Benoit [7] in his PhD-thesis studied canard solutions in R3. In the
article entitled “Systemes lents-rapides dans R3 et leurs canards,” Benoit
[6, p. 170] proved the existence of canards solution for three-dimensional
singularly perturbed systems with two slow variables and one fast variable
while using “Non-Standard Analysis”according to a theorem which stated
that canard solutions exist in such systems provided that the pseudo singu-

3See Callot et al. [10], Benoit et al. [2], Benoit et al. [3], Benoit [4] and Ginoux et al.
[21].

4Canard = false report, from the old-French “vendre un canard moitié” (Sell the half
of duck).



CANARDS EXISTENCE IN MEMRISTOR’S CIRCUITS 3

lar point® of the slow dynamics, i.e., of the reduced vector field is of saddle
type.

Nearly twenty years later, Szmolyan and Wechselberger [41] extended
“Geometric Singular Perturbation Theory®” to canards problems in R3
and provided a “standard version” of Benoit’s theorem [6]. Very recently,
Wechselberger [47] generalized this theorem for n-dimensional singularly
perturbed systems with &k slow variables and m fast (Eq. (1)). The method
used by Szmolyan and Wechselberger [41] and Wechselberger [47] require
to implement a “desingularization procedure” which can be summarized as
follows: first, they compute the normal form of such singularly perturbed
systems (see Eq. (28) for dimension three and Eq. (48) for dimension four)
which is expressed according to some coefficients (¢ and b for dimension
three and @, b and ¢; for dimension four) depending on the functions defin-
ing the original vector field (1) and their partial derivatives with respect
to the variables. Secondly, they project the “desingularized vector field”
(originally called “normalized slow dynamics” by Eric Benoit [6, p. 166]) of
such a normal form on the tangent bundle of the critical manifold. Finally,
they evaluate the Jacobian of the projection of this “desingularized vector
field” at the folded singularity (originally called pseudo singular points by
José Argémi [1, p. 336]. This leads Szmolyan and Wechselberger [41, p.
427] and Wechselberger [47, p. 3298] to a “classification of folded singulari-
ties (pseudo singular points)”. Thus, they show that for three-dimensional
singularly perturbed systems such folded singularities is of saddle type if
the following condition is satisfied: a < 0 while for four-dimensional singu-
larly perturbed systems such folded singularities is of saddle type if a < 0.
Then, Szmolyan and Wechselberger [41, p. 439] and Wechselberger [47, p.
3304] establish their Theorem 4.1. which state that “In the folded saddle
and in the folded node case singular canards perturb to mazimal canard for
sufficiently small €”. However, in their works neither Szmolyan and Wech-
selberger [41] nor Wechselberger [47] do not provide (to our knowledge) the
expression of these constants (¢ and @) which are necessary to state the
existence of canard solutions in such systems.

So, the aim of this work is first to provide the expression of these con-
stants and then to show that they can be directly determined starting from
the normalized slow dynamics and not from the projection of the “desin-
gularized vector field” of the normal form. This method enables to state a
unique “generic” condition for the existence of “canard solutions” for such
three and four-dimensional singularly perturbed systems which is based
on the stability of folded singularities of the mormalized slow dynamics
deduced from a well-known property of linear algebra. This unique condi-

5This concept has been originally introduced by José Argémi [1]. See Sec. 2.7.
6See Fenichel [14, 15, 16, 17], O’Malley [35], Jones [29] and Kaper [30].
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tion which is completely identical to that provided by Benoit [6] and then
by Szmolyan and Wechselberger [41] and finally by Wechselberger [47] is
“generic” since it is exactly the same for singularly perturbed systems of
dimension three and four with only one fast variable. So, it provides a path
to many applications.

In the very beginning of the seventies, Leon Chua [11] considered the
three basic building blocks of an electric circuit: the capacitor, the resistor
and the inductor as well as the three laws linking the four fundamental
circuit variables, namely, the electric current i, the voltage v, the charge
q and the magnetic flur ¢. He thus concluded from the logical as well as
axiomatic points of view, that it is necessary, for the sake of completeness,
to postulate the existence of a fourth circuit element to which he gave the
name memristor since it behaves like a nonlinear resistor with memory.
On April 30" 2008, Stan Williams and co-workers [40] announced in the
journal Nature that the missing circuit element, postulated thirty-seven
years before by Leon Chua has been found [23]. Since, the memristor has
been subject to many studies and applications [12, 36]. More particu-
larly, memristor-based circuits have been used by Itoh and Chua [27, 28],
Muthuswamy and Kokate [31], Muthuswamy [32], Muthuswamy and Chua
[33] and Fitch et al. [18, 19] to construct dynamical systems whose solu-
tions exhibit chaotic and hyperchaotic behavior [18].

In a paper entitled “Duality of Memristors Circuits”, Itoh and Chua [28,
p. 1330001-15] gave the memristor canonical Chua’s circuit equation (69) in
the three-dimensional flux-linkage and charge phase space. Differentiating
this Eq. (69) with respect to time they obtained memristor-based canonical
Chua’s circuit equation (73) in the four-dimensional current-voltage phase
space’. In both cases, the ¢ — ¢ characteristic curve of these circuits has
been represented by a piecewise-linear function (Eq. (40) in Itoh and Chua
[27, p. 3189] and Eq. (70) in Itoh and Chua [28, p. 1330001-15]). In their
works, Itoh and Chua [27, 28] have shown that the dynamical systems
modeling such circuits possess at least one eigenvalue with a large negative
real part. This specific feature is of great interest since it enables to consider
memristor-based canonical Chua’s circuits as slow-fast dynamical systems.
So, there exists in the phase-space a slow manifold on which trajectories,
solution of the dynamical system modeling the memristor circuit, evolve
slowly and toward which nearby orbits contract exponentially in time in
the normal directions.

For these memristor-based canonical circuits Itoh and Chua [27, 28] have
used a classical piecewise-linear function for the ¢ — ¢ characteristic curve.
However, Muthuswamy [32] and Fitch et al. [18] have proposed to replace

"Let’s notice that Eq. (73) corresponds exactly to what Itoh and Chua [27, p.
3188] have called in their previous paper on “Memristor Oscillators” the fourth-order
memristor-based canonical Chua’s circuit equation (35).
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this piecewise linear characteristic curve by a smooth cubic nonlinear func-
tion. This enables to exhibit the existence of generic “canard solutions” in
such Memristor Based Chaotic Circuits.

The outline of this paper is as follows. In Sec. 2, definitions of singularly
perturbed system, critical manifold, reduced system, “constrained system”,
canard cycles, folded singularities and pseudo singular points are recalled.
The method proposed in this article is presented in Sec. 3 & 4 for the case
of three and four-dimensional singularly perturbed systems with only one
fast variable. Existence of canard solution for the third and fourth-order
Chua’s memristor is established according to this method in Sec. 5 & 6.

2. DEFINITIONS
2.1. Singularly perturbed systems

According to Tikhonov [43], Pontryagin [37], Jones [29] and Kaper [30]
singularly perturbed systems are defined as:

—

T =cf

7

P )

(@,
g(Z,9,¢).

where Z € RF, i € R™, ¢ € RT, and the prime denotes differentiation
with respect to the independent variable ¢’. The functions f and § are
assumed to be C> functions® of Z, i/ and € in U x I, where U is an open
subset of R x R™ and I is an open interval containing ¢ = 0.

In the case when 0 < ¢ < 1, i.e. € is a small positive number, the
variable ¥ is called slow variable, and ¢ is called fast variable. Using
Landau’s notation: O (eP) represents a function f of u and e such that
f(u,e)/eP is bounded for positive £ going to zero, uniformly for w in the
given domain.

In general we consider that Z evolves at an O () rate; while § evolves
at an O (1) slow rate. Reformulating system (1) in terms of the rescaled
variable ¢ = ¢t’, we obtain

(2)

The dot represents the derivative with respect to the new independent
variable ¢.

The independent variables ¢’ and t are referred to the fast and slow
times, respectively, and (1) and (2) are called the fast and slow systems,

8In certain applications these functions will be supposed to be C”, r > 1.
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respectively. These systems are equivalent whenever € # 0, and they are
labeled singular perturbation problems when 0 < € < 1. The label “singu-
lar” stems in part from the discontinuous limiting behavior in system (1)
ase — 0.

2.2. Reduced slow system
In such case system (2) leads to a differential-algebraic system (D.A.E.)
called reduced slow system whose dimension decreases from k& 4+ m = n to
m. Then, the slow variable # € RF partially evolves in the submanifold
My called the critical manifold®. The reduced slow system is

o

—
ual
AR

'€)s

€).

[T
Il
Q)

2.3. Slow Invariant Manifold
The critical manifold is defined by

Mo :={(@,9): (% 7.0) = 0} . (4)

Such a normally hyperbolic invariant manifold (4) of the reduced slow
system (3) persists as a locally invariant slow manifold of the full problem
(1) for e sufficiently small. This locally slow invariant manifold is O(e)
close to the critical manifold.

When Dz f is invertible, thanks to the Implicit Function Theorem, M,
is given by the graph of a C*° function ¥ = Go () for § € D, where
D C R* is a compact, simply connected domain and the boundary of D is
a (k — 1)-dimensional C* submanifold!®.

According to Fenichel [14, 17] theory if 0 < ¢ < 1 is sufficiently small,
then there exists a function G (7,¢) defined on D such that the manifold

M. = {(&9): 2= G (7). (5)

is locally invariant under the flow of system (1). Moreover, there exist
perturbed local stable (or attracting) M, and unstable (or repelling) M,
branches of the slow invariant manifold M. Thus, normal hyperbolicity
of M. is lost via a saddle-node bifurcation of the reduced slow system (3).
Then, it gives rise to solutions of “canard” type.

9Tt represents the approximation of the slow invariant manifold, with an error of O(e).
10The set D is overflowing invariant with respect to (2) when € = 0. See Kaper [30]
and Jones [29].
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2.4. Canards, singular canards and maximal canards

A canard is a solution of a singularly perturbed dynamical system (1)
following the attracting branch M, of the slow invariant manifold, passing
near a bifurcation point located on the fold of this slow invariant manifold,
and then following the repelling branch M, of the slow invariant manifold.

A singular canard is a solution of a reduced slow system (3) following the
attracting branch M, o of the critical manifold, passing near a bifurcation
point located on the fold of this critical manifold, and then following the
repelling branch M, o of the critical manifold.

A mazimal canard corresponds to the intersection of the attracting and
repelling branches M, . N M, . of the slow manifold in the vicinity of a
non-hyperbolic point.

According to Wechselberger [47, p. 3302]:

“Such a maximal canard defines a family of canards nearby which are
exponentially close to the maximal canard, i.e. a family of solutions of (1)
that follow an attracting branch M, . of the slow manifold and then follow,
rather surprisingly, a repelling/saddle branch M, . of the slow manifold for
a considerable amount of slow time. The existence of this family of canards
is a consequence of the non-uniqueness of M, . and M, .. However, in the
singular limit € — 0, such a family of canards is represented by a unique
singular canard.”

Canards are a special class of solution of singularly perturbed dynami-
cal systems for which normal hyperbolicity is lost. Canards in singularly
perturbed systems with two or more slow variables (¥ € R¥, k > 2) and
one fast variable (¥ € R™, m = 1) are robust, since maximal canards
generically persist under small parameter changes'!

2.5. Constrained system
In order to characterize the “slow dynamics”, i.e. the slow trajectory
of the reduced slow system (3) (obtained by setting ¢ = 0 in (2)), Floris
Takens [42] introduced the “constrained system” defined as follows:

f = f(f7 _’7 0) 9
Dyg.y = —(Dzg.f) (%,7,0), (6)
0=4g(7.0).

11See Benoit [6, 9], Szmolyan and Wechselberger [41] and Wechselberger [46, 47].
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Since, according to Fenichel [14, 17], the critical manifold §(Z,y,0) may
be considered as locally invariant under the flow of system (1), we have:

dg N e
dt(,yO):O < Dzg.i+ Dygg.y=0.

By replacing 7 by f (Z,7,0) leads to:

This justifies the introduction of the constrained system.

Now, let adj(Dyzg) denote the adjoint of the matrix Dgg which is the
transpose of the co-factor matrix Dyg, then while multiplying the left hand
side of (6) by the inverse matrix (Dzg) ™' obtained by the adjoint method
we have:

2.6. Normalized slow dynamics
Then, by rescaling the time by setting ¢t = —det(Dy;§)T we obtain the fol-
lowing system which has been called by Eric Benoit [6, p. 166] “normalized
slow dynamics”:

¥ = —det(Dgg) f (&,5.0),
y = (adj(Dy).Dzg.f) (%,5.0), (8)
0=4g(,7.0).
where the overdot now denotes the time derivation with respect to 7.
Let’s notice that José Argémi [1] proposed to rescale time by setting

t = —det(Dyg)sgn(det(Dyzg))T in order to keep the same flow direction in
(8) as in (7).

2.7. Desingularized vector field
By application of the Implicit Function Theorem, let suppose that we
can explicitly express from Eq. (4), say without loss of generality, x
as a function ¢; of the other variables. This implies that Mj is locally
the graph of a function ¢; : R¥ — R™ over the base U = (X,#) where
X = (x2,x3,...,x). Thus, we can span the “normalized slow dynamics”
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on the tangent bundle at the critical manifold My at the pseudo singular
point. This leads to the so-called desingularized vector field:

= (adj(Dgq)-Dzg.f) (X, 4,0) .

2.8. Pseudo singular points and pseudo singular manifolds

As recalled by Guckenheimer and Haiduc [24, p. 91], pseudo-singular
points have been introduced by the late José Argémi [1] for low-dimensional
singularly perturbed systems and are defined as singular points of the “nor-
malized slow dynamics” (8). Twenty-three years later, Szmolyan and Wech-
selberger [41, p. 428] called such pseudo singular points, folded singularities.
In a recent publication entitled “A propos de canards” Wechselberger [47,
p. 3295] proposed to define such singularities for n-dimensional singularly
perturbed systems with k slow variables and m fast as the solutions of the
following system:

det(Dgg) = 0,
(adj(Dy§)-Dzd.f) (,§,0) = 0, (10)
§(&,%,0) = 0.

Thus, for dimensions higher than three, his concept encompasses that of
Argémi. Moreover, Wechselberger [47, p. 3296] proved that folded singu-
larities form a (k — 2)-dimensional manifold. Thus, for k = 2 the folded
singularities are nothing else than the pseudo singular points defined by
Argémi [1]. While for k > 3 the folded singularities are no more points
but a (k — 2)-dimensional manifold. Moreover, let’s notice on the one hand
that the original system (1) includes n = k + m variables and on the other
hand, that the system (10) comprises p = 2m + 1 equations. So, we are
faced to a system of p equations with n unknowns. If p < n the system
is triangular and will necessarily have an infinite number of solutions that
will be able to express in terms of the last unknowns. Since in this work
we are only interested in three and four-dimensional singularly perturbed
systems with m = 1 fast variable and with k slow variables we have p = 3

and n = k+1 and so, n —p = k — 2. Thus, we will examine the case k = 2
and k > 3.

2.8.1. Pseudo singular points — Case k = 2

If k£ = 2 the number of variables of system (1) is equal to n = 3 and the
number of equations is also equal to p = 3. So, all the variables (unknowns)
of system (10) can be determined. The solutions of such system are called
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pseudo singular points. An example of such situation is given by the third-
order Memristor-Based canonical oscillator analyzed in Sec. 5 and for which
(m, k) = (1,2). We will see in the next Sec. 3 that the stability analysis of
these pseudo singular points will give rise to a condition for the existence
of canard solutions in such systems.

2.8.2. Pseudo singular manifolds — Case k > 3
)

If k > 3 the number of variables of system (1) is equal to n =k + 1 and
the number of equations is still equal to p = 3. So, only three variables
(unknowns) of system (10) can be determined while the remaining k — 2
unknowns are undetermined. The solution of such system takes the form
of a (k — 2)-dimensional manifold that we call pseudo singular manifold.
An example of such situation is given by the fourth-order Memristor-Based
canonical oscillator analyzed in Sec. 6 and for which (m, k) = (1,3). We
will see in Sec. 4 that for k£ > 3 the stability analysis of this pseudo singu-
lar manifold will give rise to a condition (represented by a domain) for the
existence of canard solutions in such systems.

3. THREE-DIMENSIONAL SINGULARLY PERTURBED
SYSTEMS

A three-dimensional singularly perturbed dynamical system (2) with k =
2 slow variables and m = 1 fast may be written as:

& = f1(x1,22,91), (11a)
&o = fo(x1,22,Y1), (11b)
ey = g1 (21,2, 41) , (11c)

where 7 = (21,22)! € R?, ¥ = (y1) € R, 0 < ¢ < 1 and the functions
fi and g; are assumed to be C? functions of (z1,z2,%1).

3.1. Critical Manifold

The critical manifold equation of system (11) is defined by setting e =0
in Eq. (11c). Thus, we obtain:

g1 (z1,22,91) = 0. (12)
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By application of the Implicit Function Theorem, let suppose that we
can explicitly express from Eq. (11), say without loss of generality, =1 as
functions of the others variables:

1 = ¢ (v2,91)

3.2. Constrained system

The constrained system of system (11) is obtained by equating to zero
the time derivative of g1 (21, z2,y1):

. . 991 .
—— = T1t+ T2+ Y1 = (13)
€2 Y1

By replacing @; by f; (x1,x2,y1) with ¢ = 1,2, Eq. (13) reads:

0 0
ﬂfl + i]02
y.l _ 8951 8332 ) (14)
991
oy
So, we have the following constrained system:
&1 = f1 (21, 72,91),
i'2 = f2 (331,5527?/1) 5
991 991
o 0x1 hi+ 0xo F2 (15)
Y1 %
oy

0=g1(z1,22,91).

3.3. Normalized slow dynamics

0
By rescaling the time by setting ¢ = fa—ng we obtain the “normalized
Y1
slow dynamics”:
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g1

iy = —f1(z1,72,91) e = Fi (z1,22,%1),
. 0
Ty = —fo (w1, 72,y1) 7851 = F> (z1,22,%1), (16)
. Og1 991
= — — :G
" axlfl + 92, 1 (@1, 22,y1) ,

0=g1 (z1,22,71).

where the overdot now denotes the time derivation with respect to 712.

3.4. Desingularized vector field

Then, since we have supposed that z; may be explicitly expressed as
a function ¢ (z2,y1) on the others variables (Eq. 12), it can be used to
project the “normalized slow dynamics” (16) on the tangent bundle of the
critical manifold. Thus we obtain the so-called “desingularized vector field”

. 0
T = —fo ($1,$2,y1) 8791 ($1,$2,y1) ,
Y1
(17)
Y1 = % 1 (5U17£C27y1) + %fz (301 x27y1)'
ory O0xa ’

in which x; must be replaced by ¢ (z2,y1).

3.5. Pseudo-Singular Points

Pseudo-singular points are defined as singular points of the “normalized
slow dynamics” (16), i.e. as the set of points for which we have:

g1 (w1, 22,51) =0, (18a)
g1

2 =0 18b
oy (18b)
991 o1 , _

8331f1 + 87332f2 =0. (18c)

Remark 1. According to Argémi [1], pseudo singular points are singular
points of (18) but not necessarily singular points of (11). In the following,
we do not consider the case for which fi(z1,22,11) = fa(z1,22,91) =
g1(z1,22,y1) = 0. Let’s notice that contrary to the previous works we

12In the three-dimensional case det(Dg;g) = 8g1/0y1.
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don’t use the “desingularized vector field” (17) but the “normalized slow
dynamics” (16).

Thus, the Jacobian matrix of system (16) reads:

8F1 8F1 8-FZ
o Oy y1
(9F2 aFQ aFQ
Jirme) = | Bz e e (19)
0G1 0G1 0G4
drq Oz o

3.6. Benoit’s generic hypothesis
In his famous papers, Eric Benoit [5, 6, 8] made the following assumptions
without loss of generality. First, he supposed that by a “standard transla-
tion” the pseudo-singular point can be shifted at the origin and that by a
“standard rotation” of y;-axis that the critical manifold (12) is tangent to
(z2,y1)-plane, so he had:

_ 991
000 N

0
£1(0,0,0) = g1 (0,0,0) = <o

o —0. (20

(0,0,0)

Then, he made the following assumptions for the non-degeneracy of the
pseudo-singular point:

. Ig
f2 (07030) 7& 0 ) 6331

8291
#0; 5.2
(0,0,0) Y1

£0 (21)

(0,0,0)

According to Benoit’s generic hypotheses Eqgs. (20-21), the Jacobian
matrix (19) reads:

0 0 0
¥ g1 _ g _f g1
JF F6h) = 2010y 20za0y1 2042 (22)
as1 a32 ass

where
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as; = %8f1 a7 fori=1,2
3 8561 8$i 283:28331 T
0g1 0 f1 8291

U337 Bay oy T2 0ma0yy

Thus, we have the following Cayley-Hamilton eigenpolynomial associated
with such a Jacobian matrix (22) evaluated at the pseudo singular point,
i.e., at the origin:

/\3—0'1/\2+0'2/\—O'3:0 (23)

It appears that o3 = |J(p p, ¢,)| = 0 since one row of the Jacobian
matrix (22) is null. So, the Cayley-Hamilton eigenpolynomial reduces to:

AN —0o1A+02) =0 (24)

Let A; be the eigenvalues of the eigenpolynomial (24) and let’s denote
by A3 = 0 the obvious root of this polynomial. We have:

0g1 0f1
o1 r(J(Fy,F,Gh)) LAz dx1 Oyr’
3

ngz

i=1

_2 Pg P [ Pq ?
2\ 0x3 oy? O0x20y1
dg1 (0291 Ofr D’ Ofr
+ foz— A — = |-
Oy; Ozxa  0z20y1 Oys

8131

= M2

(1;717F2,G1)
(25)

where o1 = Tr(J(p, F,,G,)) = P is the sum of all first-order diagonal mi-

nors of Jip, m,,Gy), i-e. the trace of Jip g, ¢,) and oo = SO

(Z;'thGl) =
q represents the sum of all second-order diagonal minors of Jip, r, a)-
Thus, the pseudo singular point is of saddle-type iff the following condi-

tions Cp and Cy are verified:

Cr: A=p*>—14¢>0,
Cy: ¢q<0.
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Condition Cj is systematically satisfied provided that condition Cj is
verified. Thus, the pseudo singular point is of saddle-type iff ¢ < 0.

3.7. Canard existence in R?
In an article entitled “Systeémes lents-rapides dans R? et leurs canards”,
Benoit [6, p. 171] has stated in the framework of “non-standard analysis”
a theorem that can be written as follows:

Benoit’s theorem [1983]

If the desingularized vector field (17) has a pseudo singular point of saddle
type, then system (11) exhibits a canard solution which evolves from the
attractive part of the slow manifold towards its repelling part.

Proof. See Benoit [1983]. |

In his work, Benoit [6, p. 168] computed the trace T and determinant
D of the Jacobian matrix J(p, g,) associated with the two-dimensional
desingularized vector field (17). Taking into account his generic hypotheses
Egs. (20-21) he found that:

991 011

r(J(m,ci)) = M+ A2 9, O,

D= |J(F2,G1)| = A1)
=f3 <8291 g < > g >2> (27)
0z3 Oy? Ox20Y1
Oy <8291(‘3fl 0?g1 8]‘1)

+ f2c'97:r1 Oy? Oz  O220y1 Oy1

from which he established that the pseudo singular point is of saddle
type provided that D < 0. Then, Benoit [6, p. 171] stated his theorem.

In a paper entitled “Canards et enlacements”, Benoit [8] stated, while
using a standard polynomial change of variables (see Appendix A), that
the original system (11) can be transformed into the following “normal
version”:

ill = axry + byl + (0] ($1757$§>$2y179%) )
$.2:1+O(.’E1,£L'2,y1,5), (28)

egn = — (z1+y7) + O (emy, ewa, ey1, €2, 23y, 45, T12211)
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where he established that

1,5 (0%91 *q g1 \°
=52\ 5z a2~ \amo
Ty OYi T20Y1

L1 00 (Pq10f1 g1 0N

2720z, \ 0y Oy Ozoa0ys Oyr )’

O0g1 0f1

Ox1 Oy’

A few years later, Szmolyan and Wechselberger [41] gave a “standard
version” of Benoit’s theorem [6] (see Benoit’s theorem above) for three-
dimensional singularly perturbed systems with k& = 2 slow variables and
m = 1 fast. While using “standard analysis” and blow-up technique, Sz-
molyan and Wechselberger [41, p. 427] stated in their Lemma 2.1, while
using “a smooth change of coordinates” (see Appendix A), that the original
system (11) can be transformed into the “normal form” (28) from which
they deduced that the condition for the pseudo singular point to be of sad-
dle type is a < 0. Then, they proved the existence of canard solutions
for the original system (11) according to their Theorem 4.1(a) presented
below.

THEOREM 1.
Assume system (28). In the folded saddle and in the folded node case sin-
gular canards perturb to maximal canards solutions for sufficiently small .

Proof. See Szmolyan and Wechselberger [41]. |

As previously recalled, the method presented in this paper doesn’t use
the “desingularized vector field” (17) but the “normalized slow dynamics”
(16). So, we have the following proposition:

ProrosiTION 1.
If the normalized slow dynamics (16) has a pseudo singular point of saddle
type, i.e. if the sum oo of all second-order diagonal minors of the Jacobian
matriz of the normalized slow dynamics (16) evaluated at the pseudo sin-
gular point is negative, i.e. if oo < 0 then, according to Theorem 1, system
(11) ezxhibits a canard solution which evolves from the attractive part of the
slow manifold towards its repelling part.

Proof.
According to Egs. (25,27) it is easy to verify that:
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g1 = TT(J(F17F27G1)) = TT(J(F27G1)) =T = )\1 + )\2 = —b,

3
ii (29)
=3 ’J(Fl,Fz,Gl)
=1

= |J(F27G1)| =D = X)X =2a.

So, the condition for which the pseudo singular point is of saddle type, i.e.
o2 < 0 is identical to that proposed by Benoit [1983, p. 171] in his theorem,
i.e. D < 0 and also to that provided by Szmolyan and Wechselberger [41],
i.e. a < 0. So, Prop. 1 can be used to state the existence of canard solution
for such systems.

Of course, in the three-dimensional case the proof is obvious. We will see
in the next Sect. 4 that for four-dimensional singularly perturbed systems
this is not the case. Application of Proposition 1 to the three-dimensional
memristor canonical Chua’s circuits, presented in Sec. 5, will enable to
prove the existence of generic “canard solutions” in such Memristor Based
Chaotic Circuits.

4. FOUR-DIMENSIONAL SINGULARLY PERTURBED
SYSTEMS

A four-dimensional singularly perturbed dynamical system (2) with k = 3
slow variables and m =1 fast may be written as:

&1 = fi(z1,22,23,11), (30a)
B2 = fa(w1,72,73,11), (30Db)
i3 = f3 (v1,22,73,91), (30c)
etn = g1 (1,22, 3,41) (30d)

where & = (z1,72,23)" € R}, 7§ = (11) € R, 0 < & < 1 and the
functions f; and g; are assumed to be C? functions of (1, x2,x3,91).

4.1. Critical Manifold

The critical manifold equation of system (30) is defined by setting e =0
in Eq. (30d). Thus, we obtain:

g1 (71,22, 23,91) = 0. (31)
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By application of the Implicit Function Theorem, let suppose that we
can explicitly express from Eq. (31), say without loss of generality, =1 as
functions of the others variables:

1 = ¢1 (22, 23,91) - (32)

4.2. Constrained system
The constrained system is obtained by equating to zero the time deriva-
tive of g1 (w1, 22, 23, 91):

dg: 991 . 991 . 991 . 991 .
291 _ Yo ZZ - g =0 33
a 811+822+8 3+61y1 (33)
By replacing &; by f; (z1,2z2,23,y1) with i = 1,2,3, Egs. (33) may be
written as:

a91 891 891

f2+

%
oy

f1+

So, we have the following constrained system:

&y = fi (21,22, 23,91)
i'Q - f2 ($1,$2,$3,y1),
)

= f3 ($1a1‘2a$3791 )

0 0 0
Dorfy O, O (35)
< 8.231
Y1 = % )
oy

0=g1 (z1,22,23,91) -

4.3. Normalized slow dynamics

0
By rescaling the time by setting ¢ = fa—ng we obtain the “normalized
Y1
slow dynamics”:
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0g

1 = —fi (21,22, 23, Y1) 87;1 = Fy (21,22, 23,y1),

. dg

&9 = —fa (21,22, 23, Y1) 8741 = Fy (21,22, 23,41) ,

. dg 36

T3 =—f3 (Il,xz,zs,yl)fayl = F3(x1,22,73,91), (36)
1

. 991 991 g1 _
Y1 = (%clfl + 8x2f2 + 8x3f3 = G (x1,22,23,91),

0= g1 (v1,72,23,91) -
where the overdot now denotes the time derivation with respect to 7.

4.4. Desingularized vector field

Then, since we have supposed that z; may be explicitly expressed as
a function ¢; of the others variables (32), it can be used to project the
“normalized slow dynamics” (36) on the tangent bundle of the critical
manifold. So, we have:

. 0

T2 = _f2 ($17$2,I‘3,y1) 8517

. 0

T3 = —f3 (71,72, 23,91) 351’ (37)
- 891 891 391

4 ox fl + 8:52 f2 + 3x3 3

in which z; must be replaced by ¢ (22, x3,y1)-

4.5. Pseudo singular manifold

Pseudo singular manifold is defined as singular solution of the “normal-
ized slow dynamics” (36), so we have:

g1 (w1, 22, 23,y1) =0, (38a)
01

2 =0, 38b
oy ( )
g1 g1 991 , _

&lelJr 8x2f2+ 8x3f3 =0. (38¢)

Remark 2. 1In the case of a four-dimensional singularly perturbed system
with & = 3 slow variables and m =1 fast, pseudo singular manifold forms
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a (k —2)-dimensional manifold, i.e. a 1-dimensional manifold since the sys-
tem (38) comprises p = 3 equations and n = 4 variables (unknowns). So, in
spite of having a pseudo singular point (&1, Z2, &3, J1) we have pseudo singu-
lar manifold represented by, say without loss of generality, (%1, x2, Z3, 1),
where x5 is undetermined.

Let’s notice again that contrary to the previous works we don’t use the
“desingularized vector field” (37) but the “normalized slow dynamics” (36).

The Jacobian matrix of system (36) reads:

o, 0F, O0F, O0F
Oxy  Oxy  Oxs Oy
oFy, 0F, 0F, O0F
Oxy  Oxy Oz Oy
Jrmrc) = | or,  oF,  oF  0F (39)
w1 Ory  Odws Oy
86‘1 8G1 8G1 6G1
O Jra Ors Oy1

4.6. Extension of Benoit’s generic hypothesis

Without loss of generality, it seems reasonable to extend Benoit’s generic
hypotheses introduced for the three-dimensional case to the four-dimensional
case. So, first let’s suppose that by a “standard translation” the pseudo sin-
gular manifold can be transformed into (0, z2, 0,0) and that by a “standard
rotation” of y;-axis that the critical manifold (31) is tangent to (z2, x3, y1)-
hyperplane, so we have

fl (0,$2,0, 0) =01 (07x2707 0) =0
991 _ 991 _ %9 =0
922 (0,25,000  9731(0,02,00) Y1 1(0,05,0,0
Then, let’s make the following assumptions for the non-degeneracy of the
folded singularity:

(40)

2
Jo(0,25,0,0) £0; 29 4o, Lo
8l‘1

Yl
(0,22,0,0) 9y

£0. (41

(0,22,0,0)

According to these generic hypotheses Eqgs. (40-41), the Jacobian matrix
(39) reads:
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0o 0 0 O

a1 G2 (23 G24
J 3 = 42
(F1,F2, F3,Ga) az1 a3z a33 a34 (42)

a41 Q42 G43 Q44

where

ag; = — f28ijg;1 for i =1,2,3,

ags = — fo 882;%1

g; = — f3aijg;1 fori=1,2,3,

azy = — fsa;;?

o %9 dg1 0f1 s g1 g1 Of2

9’9 g1 O0f3
+ f3 61'3(9.%‘1 + 871‘3 6371
o2 0 2
g1, 0910k, Pgn | 0910
0z10y1  O0z1 Oy O0x20y1  Ox2 Oyn
g1 | 091015
0x30y1 Oz 32!1.

In his paper Wechselberger [47] stated that the determinant of the Jaco-

bian matrix associated to the “desingularized vector field” and evaluated at

a folded singularity, i.e. on the pseudo singular manifold is always zero'3.

fori=1,2,3,

Q44 =f1

+ f3

Thus, we have the following Cayley-Hamilton eigenpolynomial associ-
ated with such a Jacobian matrix (41) evaluated on the pseudo singular
manifold, i.e., at (0,z2,0,0):

M =A%+ 090 — o3\ + 04 =0, (43)

where o1 = T7(J(F, 7y, Fy,6,)) is the sum of all first-order diagonal minors
of Jip, ry,ry,c0)s i-€., the trace of Jip, g, 1y G,), 02 Tepresents the sum of

13This result will be proved below.



22 J.M. GINOUX AND J. LLIBRE

all second-order diagonal minors of J(g, g, r,,¢,) and o3 represents the
sum of all third-order diagonal minors of Jr, r, ry,q,)- It appears that
04 = |J(F,,F,Fs,G1)| = 0 since one row of the Jacobian matrix (42) is null.
So, the Cayley-Hamilton eigenpolynomial reduces to:

AN =1\ + 02X —03) =0. (44)

But, according to Wechselberger [47], o3 vanishes on the pseudo singular
manifold. Let’s prove it:

Proof.
The sum of all third-order diagonal minors of J reads:

s o s 0?g _f 0%,
0x20y1 Ox30y1 oyt
7= =1 it —f3 At _f382g1
0x20y1 O0x30y1 o3

42 Q43 44

Then, while using a Laplace’s expansion to compute this determinant,
it’s easy to show that it vanishes.

So, the Cayley-Hamilton eigenpolynomial (44) is thus reduced to

A2 (/\2—0'1)\—1-0'2) =0 (45)

Let A; be the eigenvalues of the eigenpolynomial (45) and let’s denote
by A3 4 = 0 the obvious double root of this polynomial. We have:
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dg1 O
o1 =Tr(J(py ko Fs,Gr) = A1+ A2 = 7675318751’
3
02 :Z 5%1,F27F3,G1) = A1Ag
i=1
—9fsfs Pgi g Pg Pgq
0x2013 OY? Oxo0y Ox3011
g1 g1 *g1
2 _ 2 (46)
ML (8:1:% oy? (3x28y1) )
g1 (0791 0f1 g1 Ofx
250 \ G2 902~ 20001 01
1 Y1 0T T20Y1 0Y1

g1 Pq g1
2 _ 2
s (&B% oy? (3x38y1) >

0 0%g1 0 52 0
+ 91( g1 0f1 g1 f1>7

8$1

Oyi Oxs  Ox30y; Oy1

where 01 = T7(J(p, F,,7;,G,)) = P is is the sum of all first-order diagonal
minors of Jg, g, ry.G,), i-€ the trace of the Jacobian matrix Jip, m, my,cy)

3 iy
and o2 = 355y |k my 1,60
diagonal minors of J( g, g, 1y G1)-

Thus, the pseudo singular manifold is of saddle-type iff the following

conditions Cy and Cy are verified:

= ¢ represents the sum of all second-order

Ci: A=p>—4¢>0,

47
Cy: ¢<0. ( )

Condition C; is systematically satisfied provided that condition Cj is
verified. Thus, the pseudo singular manifold is of saddle-type iff ¢ < 0.
But, as recalled previously, one coordinate is undetermined, say xo without
loss of generality. So, the eigenvalues (46) of the characteristic polynomial
are also functions of the variable x5 and of the parameters of system (30).
Now, let suppose that one parameter, say without loss of generality as (see
Sec. 6), modifies the nature of the pseudo singular manifold. Condition
Cy, i.e. ¢ < 0 is then represented in the space (x2,a2) by a straight line
defining a region within which the pseudo singular points are of saddle
type. In other words, it means that by choosing a value of the coordinate
Zo inside this region ensures that the pseudo singular point would be of
saddle type.
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4.7. Canard existence in R*

In a paper entitled “A propos de canards” Wechselberger [47] stated,
while using a standard polynomial change of variables, that any n-dimensional
singularly perturbed systems with k slow variables (k > 2) and m fast
(m > 1) (1) can be transformed into the following “normal form” (see
Appendix B):

d1 =dzs + by + O (21,25, w291, y7) + €0 (w1, 22, 2, 11)
2 =1+ O (21, 22,91,€), (48)
ﬁrj :5j+0(x17$2»y175)7 -7:3’7k

ey =r1 + yf + 21510 (22, ..., 2) + ny (x1,y1) + €0 (x1, T2, y1,€)
which is a generalization of system (28). We will establish in Appendix

B for any four-dimensional singularly perturbed systems (30) with & = 3
slow variables and m =1 fast variable that

1, (0%g1 %1 —( 0%g, 12) 4 }f 991 8291% B 0?q1 [
03 0y? Ox20y1 2720, Oy? Oxg  Oxady1 Oyr

1 2 82g1 8291 8291 2 1 891 6291 6f1 6291 8f1
555\ a2 a7~ Gman) ) T 300 \ 07 0w Gus0m 91
3 0Yi T30Y1 Z1 Y1 0x3 T30Y1 OY1

wps (P9 Per g Par
23\ Owq0r3 Oy?  Ox20yy 0x30y1 )’
g1 0f1

b=
dz1 Oyr’

Remark 3. Let’s notice that by posing f3 = 0 in @ we find again a given
in Sec. 3.7.

Thus, in his article entitled “A propos de canards” Wechselberger [47, p.
3304] has provided in the framework of “standard analysis” a generalization
of Benoit’s theorem [6] (see Benoit’s theorem above) for any n-dimensional
singularly perturbed systems with k slow variables (k > 2) and m fast
(m > 1). According to his Theorem 4.1(b) presented below he proved the
existence of canard solutions for the original system (1).

THEOREM 2.
In the folded saddle case of system (48) singular canards perturb to maxi-
mal canards solutions for sufficiently small ¢ < 1.

Proof. See Wechselberger [47]. |
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As previously recalled, the method presented in this paper doesn’t use
the “desingularized vector field” (37) but the “normalized slow dynamics”
(36). So, we have the following proposition:

ProproSITION 2.
If the normalized slow dynamics (36) has a pseudo singular point of saddle
type, i.e. if the sum oo of all second-order diagonal minors of the Jacobian
matriz of the normalized slow dynamics (36) evaluated at a pseudo singular
point is negative, i.e. if oo < 0 then, according to Theorem 2, system (30)
exhibits a canard solution which evolves from the attractive part of the slow
manifold towards its repelling part.

Proof.

By making some smooth changes of time and smooth changes of co-
ordinates (see Appendix B) we brought the system (30) to the following
“normal form”:

1 = awy + byy + O (w1, 2,23, 2991, 97) ,
&g =14 O (x1,22,y1,¢),
T3 =1 +O(1’1,$2,y175)7

2 2 2 .3
z1+yi + O (ewy, exa, ey1, €2, TY1, U5, 122Y1)

€1
Then, we deduce that the condition for the pseudo singular point to be
of saddle type is @ < 0. According to Egs. (46) it is easy to verify that

o1 = TT(J(Fth,Fa,Gl)) =AM+ A= —i)’
3
92 = Z ’J(Z;’l,Fz,Fg,Gl) = A2 = 2a.
i=1

So, the condition for which the pseudo singular point is of saddle type,
i.e. o9 < 0 is identical to that proposed by Wechselberger [47, p. 3298] in
his theorem, i.e. a < 0. |

So, Prop. 2 can be used to state the existence of canard solution for such
systems. Application of Proposition 2 to the four-dimensional memristor
canonical Chua’s circuits, presented in Sec. 6, will enable to prove the
existence of generic “canards solutions” in such Memristor Based Chaotic
Circuits.
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5. THIRD-ORDER MEMRISTOR-BASED CANONICAL
OSCILLATOR

Let’s consider the Memristor-Based canonical Chua’s circuit [27, 28] con-
taining five circuits elements: two passive capacitors, one passive inductor,
one negative resistor, and one active Chua’s flux controlled memristor (see
Fig. 2).

B vy 4
‘ i4 i2 * e | i
o ar C + ! ! L
V4§ =V, (Y @ IS
_ ©y _ |c memristor
@ - =

FIG. 2. Memristor-Based canonical Chua’s circuit [28].

The parameter values used by Itoh and Chua [28, p. 1330001-14] i.e.
are:

1 1
Ci=—, 0

[ — = :1 = — 2. :4..
o o G=L=1a=-20b=40

5.1. Flux-linkage and charge phase space

Applying Kirchhoff’s circuit laws to the nodes A, B and the loop C of
the circuit Fig. 2, Itoh and Chua [27, 28] obtained the following set of
differential equations, i.e., the following memristor based chaotic circuit:

dp1

Clﬁ =q3—k(p1),
d
Cz% = —q3 + Gya, (49)
dqs
L— = — 1.
a2

where the ¢ — ¢ characteristic curve of the Chua’s memristor is given by
the following piecewise-linear function:

1=k(g)=bp+ 2 (lo+ 1]~ o 1) (50)
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1 G
By setting x = o1,y =¢q3, 2 =2, e =C1, = —=—,7y= =—and L =1
Cy Cy
the memristor based chaotic circuit (50) can be written:

de 1

> Ty —k

b -k,

d

2 —z-a, (51)

dz

i —By +z.

Following the works of Tsuneda [44], let’s replace the ¢ — ¢ characteristic
curve of the Chua’s memristor ¢(p) which is given by the piecewise-linear
function (51) by a smooth cubic nonlinear function k(p) = ¢1¢° + co¢p for
which the parameters ¢; and ¢, are determined while using the least squares
method. The square error between k(¢) and k(y) is defined by:

s= [ Z (ko) — k(o) g (52)

where [—d,d] is an interval for approximation. Let’s note that in our
case d is considered as a parameter such that |d| > 1. Solving 85/d¢; =0
and 95/0ce = 0, we find

35(a —b) (—1+d?)”
16d7 ’ (53)
(a—b) (21 — 5042 + 45d%)
1645 +b

Cc1 =

Cy =

5.2. Piecewise-linear and cubic nonlinearity

While still using the same parameter values as Itoh and Chua [28, p.
1330001-14] i.e.

1L
10 0.47

the coefficients ¢; and ¢y have been chosen such that the extrema of both
piecewise-linear and cubic nonlinearity characteristic curves substantially
coincides as exemplified on Fig. 3. This condition is realized for d = 3 and

Cy = G=L=1,a=-20,b=4.0,

280 26

T 2T gy

@ 27
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0(¢) and 6(¢)

3L ‘
-2 -1 0 1 2

FIG. 3. Piecewise-linear and cubic ¢ — ¢ characteristic curves for parameter values:
a=—-2,b=4and d=3.

So, let’s consider the memristor based chaotic circuit (51):

dz 1

E—g[y—k(w)h

dy

A 54
Y i-a, (54)
dz

and let’s replace the piecewise-linear characteristic curves k(z) by the
cubic k(x) = c123 + cox. First, let’s notice that both chaotic attractors
given respectively by Egs. (51) & Eqs. (54) are quite similar as highlighted
on Fig. 4.
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FIG. 4. Memristor-Based canonical Chudstcircuits with piecewise linear (Egs.
(51) in red) and cubic (Egs. (55) in blue) functions for parameter values: ¢ = 1/10,
B=~v=047,a=—-2,b=4 and d = 3.



30 J.M. GINOUX AND J. LLIBRE

Now, let’s make the following variable changes in Egs. (54) in order to
apply the method presented in Sec. 3:

T—=zZ, Y— -, Z—=>Y.

Thus, we have:

e _

dt_z y»

dy

A 55
o = Py, (55)
dz 1

E—g[—ﬂﬁ—k(z)]-

This last transformation will enable to compare the condition (given be-
low) for the existence of canard solutions in system (55) with those given
in our previous works entitled “Canards from Chua’s circuits” [22].

Finally, let’s replace the variables (z,vy, z) by (21, 22,y1) and let’s apply
the method presented in Sec. 3 to the following system

oy _

dt = Y1 T2,

2 _ By + (56)
dt LT

d 1

=l k().

5.3. Critical manifold and constrained system
The critical manifold of this system (56) is given by —zy — k(y1) = 0.
According to Eq. (15) the constrained system on the critical manifold
reads:

Tl =y1 — Tz,
Ty = 1 + VT2,
Y1 — T2 (57)
— (1Y} + capn)’
0=—z — (clyg5 + chl) .

Y1 =
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5.4. Normalized slow dynamics

0
Then, by rescaling the time by setting ¢t = —8—917 = (3c1y? + c2) we
Y1

obtain the “normalized slow dynamics”:

1 = (y1 — x2) (3cly% +¢2) = Fy (21, 22,51)
2 = (Bar -+ 722) (ery? + 2) = Fa (@1,22,31),
U =x2 —y1 = Gy (21, 22,91),

0=—m — (Clyzf + caun) -

5.5. Pseudo singular points

According to Eq. (18), the pseudo singular points of system (56) are:

- 202 —Co —Co —C2
= 4+ —, = —_—, = —_—. 59
T = 3 Y 30, T2 = F4/ 3¢, Y1 = T4/ 3c, (59)

Let’s notice that these pseudo singular points are independent of the
parameter . The Jacobian matrix of system (58) evaluated at the pseudo
singular points reads:

0 0 0
48c2
J(F17F2701) =10 0 —2ve2 + 3 ? (60)
0 1 -1

Remark 4. Although, the pseudo singular points have not been shifted
at the origin Benoit’s generic hypotheses (20-21) are satisfied.

5.6. Canard existence in third-order memristor Chua’s circuit
According to Egs. (25) we find that:

p=oy=Tr[J]=-1,
2
q=02=730 (37 —2Bc2) .
Thus, according to Prop. 1, the pseudo singular points are of saddle-type

if and only if:

2
502 (37 —2B¢2) < 0.
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A=p*—4¢>0 and q < 0.

So, we have the following conditions C; and Cs:

2f¢cy

Cr: A=1+4(-2c)(y— ) >0,
25e 3 (61)
Cy: q=2c(y— 32)<0.

Since the pseudo singular points are independent of the parameter v let’s
choose v as the “canard parameter” or “duck parameter”. Obviously, it
appears that if the condition C5 is verified then the condition C; is de
facto satisfied'. Finally, the pseudo singular points are of saddle-type if
and only if we have:

20¢c

Bea <
3

where Ysaddle—node re€presents the critical value of the parameter v for

Vsaddle—node = (62)

which one of the two remaining eigenvalues A; or Ay of the eigenpoyno-
mial associated with the Jacobian matrix (60) vanishes. With this set of
parameters ¢ = 1/10, f = 047, a = =2, b = 4, d = 3, ¢; = 280/729,
Coy = —26/27

2f¢cy

~ —0.3.
3

Vsaddle—node =

5.7. Fixed points stability and Routh-Hurwitz’ theorem

However, as pointed out in our previous works entitled “Canards from
Chua’s circuits” [22] the system (56) admits, except the origin, two fixed
points, the stability of which could preclude the existence of “canards solu-
tions”. So, let’s compute the fixed points of system (56) and analyze their
stability. System (56) admits except the origin the following fixed points:

* Y 7_026 * *
:i* = = _—
TR Tas 0 TR T B

(63)
The eigenpolynomial equation of the Jacobian matrix of system (56)
evaluated at these fixed points (63) reads:

MKeep in mind that co is generally negative so that the characteristic curve admits
a negative slope.
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ol

B

il

eNd + 22
3

— e —2co) + A(1 - + Be + 2vea) + 2(y — Bez) =0 (64)

Let suppose that all the parameters are fixed except <, i.e. the “duck
parameter”. There are two methods to analyze the stability of fixed points
as functions of the “duck parameter” value. The first is to solve the above
third degree eigenpolynomial equation (64) with the Cardano’s method and
the second consists in using the Routh-Hurwitz’ theorem [39, 25]. This
latter method enables to easier analyze the stability of the fixed points
as functions of a parameter. According to Routh-Hurwitz’ theorem, the
etgenpolynomial equation can be written as:

a3/\3 + CL2>\2 + a1 A+ ag =0.

It states that if Dy = ay and Dy = ajas — agas are both positive then
etgenpolynomial equation would have eigenvalues with negative real parts.
In other words, if D; and Dy are positive the fixed points will be stable.
In the case of the eigenpolynomial equation (64) we have:

3 2
Dy =1 — 2 4 Be + 20,
B
: (65)
3y 3y
D2:—2E(7_ﬂ02)+ ?_76—202 1—7+B€+2'}/CQ .

By setting: ¢ = 1/10, 8 = 047, a = =2, b =4, d = 3, ¢; = 280/729,
cg = —26/27 and while considering that the “duck parameter” v can vary,
D; and Dy are respectively polynomial equations of degree two and three
in 7. These quadratic and cubic functions D; and Dy have been plotted on
Fig. 5. One can see that between the lower limit called vsqqdie —node and, the
upper limit called vgopf corresponding to the value of the parameter v for
which the real parts of both complex eigenvalues vanishes (see proof in Ap-
pendix C), D; and D, are strictly positive. So, for v € [Ysaddie—node, YHopf)
(purple rectangle on Fig. 5) the fixed points are stable while for v > ygops
they are unstable. With this set of parameters,

YHopf =~ 0.274.
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Dl and D2
oL j
1
'}’Hopf\
0 \ ~ b%
Y saddle-node
-1
-2r. B
-10 -05 0.0 0.5 10

FIG. 5. Routh-Hurwitz determinants of system (56). D; in blue, D2 in red and the
saddle-node axis v = 28c2/3 in green for parameter values: € = 1/10, 8 = 0.47, a = -2,
b=4,d=3, c; = 280/729 and ¢z = —26/27.
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Thus, it appears from what precedes and from Prop. 1 that “canards
solutions” may be observed in system (56) for ypycr values such that:

Q/BCQ
Ysaddle—node = 3 < YHopf < YDuck (66)

On Fig. 6, numerical “canards solutions” and slow manifold of system
(56) have been plotted for the “duck parameter” ypycr = 0.3275 (all other
parameters are the same as indicated above). Due to the symmetry of the
system (56), any of the two pseudo singular points plotted in green on Fig.
6 was chosen as initial condition.

L ] L L 1 1 1 I L | 1
- q 2

FIG. 6. Numerical “canards solutions” and slow manifold of system (56) for param-
eter values: € = 1/10, 8 = 0.47, Ypyck = 0.3275, a = =2, b =4, d = 3, ¢1 = 280/729
and co = —26/27.
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5.8. Particular case

In a previous work entitled “Canards from Chua’s circuits”, Ginoux et al.
[22] have studied the system (56) with the following particular parameters:

fy:ﬁ:a Cl:g 02:—1

First, let’s replace these parameters in the above conditions Cy and Cy
(61). We have:

40«

015 A:1+T>O,
10
025 q:77a<0

Obviously, if a > 0, then both conditions Cy and Cy are verified. This
is exactly the result provided by Itoh and Chua [26] as it has been noticed
in Ginoux et al. [22, p. 1330010-4]. However, it has been also remarked
in our same previous paper [22] that the system (56) admits, except the
origin, two fixed points, the stability of which could preclude the existence
of “canards solutions”. By setting: v = = «, ¢; = % and co = —1 in
Eq. (63) we find again the fixed points obtained by Ginoux et al. [22, p.
1330010-4]:

af =+£V6, 23 =+V6, yi=7FV6.

Moreover, still using the Routh-Hurwitz’ theorem and by setting: v =
B=a,c = % and co = —1 in Eq. (65) we find that:

D1 =1-5a+eaq,
Dy =a? (55—52) — 25 + 5.

Functions D; and Ds have been plotted on Fig. 7 on which one can
see that between the lower limit called asqgdie—node and, the upper limit
called afrops corresponding to the value of the parameter o for which the
real parts of both complex eigenvalues vanishes, D and Dy are strictly
positive. So, for & € [(saddie—node, CHops| (Purple rectangle on Fig. 7) the
fixed points are stable while for & > agopys, i.e. a > 1/5 they are unstable.

Thus, it appears from what precedes and from Prop. 3 that “canards
solutions” may be observed in system (56) provided that:

Qsaddle—node = 0 < OHopf < ODuck
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Dl and D2
ol
1
@saddie-node @Hopf

0 \ a
-1
-2 B

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5

FIG. 7. Routh-Hurwitz determinants of system (56). D;p in blue, D2 in red and
the the saddle-node axis v = 0 in green for parameter values: ¢ = 1/10, 8 = v = «,
c1 =1/3 and ca = —1.
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This is exactly the result obtained by Ginoux et al. [22, p. 1330010-6].

The phase portrait of system (56) with this set of parameter values has
already been published by Ginoux et al. [22].

6. FOURTH-ORDER MEMRISTOR-BASED CANONICAL
OSCILLATOR

Let’s consider again the Memristor-Based canonical Chua’s circuit [27,
28]. By adding an inductor in parallel with conductance —G, Fitch et al.

[18] have modified this circuit in order to obtain a fourth-order Memristor-
Based canonical oscillator (see Fig. 8).

nodel w_ node2

d G| + | +
DL v TV w
e §_G _2 Loop1 ' @

FIG. 8. Memristor canonical Chua’s circuit [18].

6.1. Flux-linkage and charge phase space
Applying Kirchhoff’s circuit laws to the nodes 1, 2 and the loop 1 of the

circuit Fig. 8, Fitch et al. [18] obtained the following set of differential
equations, i.e., the following memristor based chaotic circuit:

dp1
Ci—— =Rq1 — k
1 a1 —k(¢1),
d
Cz% =—q@+Gp2 —q1,
(67)
L @:gp —@ —Rq
n 2 1 1
dqs
L _— =
th Y2,

where the classical piecewise-linear function k(p) of the Chua’s memris-
tor (50) has been replaced by the cubic k(¢) = c1¢® + cagp.
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. 1
Bysettlngx:wlvy:qla Z = @2, U= (2, Cl =g, 02:17 51 = fla
1
B2 = I G = —ay and R = 1 the memristor based chaotic circuit (67)
2
can be written:
dx
= u—k
S A CR
dy _ —U — (g% —
at 2¢7Y
(68)
e _ bi(z—xz—y)
dt 1 y b
du
E = BQZ.

Now, let’s make the following variable changes in Egs. (68) in order to
apply the method presented in Sec. 4:

T—=u, Yy—=x, uU—>Yy.

Thus, we have:

(69)

Let’s notice that system (69) is exactly identical to that studied by Gi-
noux et al. [22]. Thus, condition (we will provide below) for the existence
of canard solutions in system (69) will be compared to that given in our
previous works entitled “Canards from Chua’s circuits” [22].

Finally, let’s replace the variables (z,vy, z,u) by (21,2, x3,y1) and let’s
apply the method presented in Sec. 4 to the following system (56) where
k(y1) = eyt + caun.
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dx

7151:/31(%3—931—?!1)7

dz

7;=B2$37

%_ (70)
a T2 — Qa3 — T,

dy1

—— =x —k .

ey = h (y1)

6.2. Critical manifold and contrained system
The critical manifold of this system (70) is given by 1 — k(y1) = 0.
According to Eq. (35) the constrained system on the critical manifold
reads:

dx
(T; =pi(x3 — 21— Y1),
dl‘g
E = Bax3,
dx
7; = —T2 — QX3 — I, (71)
@ _ _51 (z3 — 21— 1)
dt — (361?]% + CQ) ’
0=z —k(y1).

6.3. Normalized slow dynamics

0
Then, by rescaling the time by setting ¢ = —8—‘(]17 = (3c19? + c2) we
Y1

obtain the “normalized slow dynamics”:

% =01 (x3 — 21— Y1) (3clyf + C2) = Fy (21,22, 23,51) ,

dd% = Bows (3ery] + c2) = Fa (1,20, 23,1) ,

% = (—x2 — a3 — x1) (3c1y; + ¢2) = F3 (z1, 22,23, 91) , (72)
% = P1 (w3 — 21 —y1) = G1 (21,22, 23, 91) ,

Ole—k(yl).



CANARDS EXISTENCE IN MEMRISTOR’S CIRCUITS 41

6.4. Pseudo singular manifold

According to Eqgs. (38), the pseudo singular manifold of system (70) is
defined by:

3 o 2¢y [—co 2¢o —C2 —C2
(Z1, 22, T3, 1) ( 3\ 3¢, » B2, % ( 3 + )\/;’ \/g) 73)

Let’s notice that Zs is undetermined. In “Canards from Chua’s circuit”,
Ginoux et al. [22] have arbitrarily chosen Zy = 0. We will see in the fol-
lowing that this choice does not affect their results.

The Jacobian matrix of system (72) evaluated at (73, x, 75, §i) reads:

0O 00 0
0 00 682c1 T3+ Y1+
J . = N N - N
(F1,F2,F,Ga) 0 0 0 —6¢c (CYQ-TSi + 22+ 173y + C2yli) Y1+

81 0 B —B1
(74)

Remark 5. Although, the pseudo singular manifold has not been trans-
formed into (0, z2, 0, 0) extension of Benoit’s generic hypotheses (40-41) are
satisfied.

6.5. Canard existence in fourth-order memristor Chua’s circuit
According to Egs. (46) we find that:

pP= TT(J) = _ﬁla

5 L (75)
g =02 =+601c1 (a3t + T2+ T14) 1+

Thus, the conditions Cy and Cy for (jli, T, 333i, gfﬁ) to be of saddle type
reads:

Cr: A= B (B —24cr (a@3+ + 22 + T14) J14] > 0,

~ L (76)
Cy: q=+6p1c1 (eZss + 22 + T14) Tha < 0.

Then, due to the nature (£) of the pseudo singular manifold (73) we
have two cases corresponding to the positive and negative values.
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6.6. Positive case

Let’s consider the positive case for which the pseudo singular manifold
(73) can be written as:

~ ~ - 262 —C2 202 —C2 —C2
+ + ~+ N e e 1 __—a __—a
(@7, @0, 25,97 ) = (4— 3 ,/3cl,x2,+( 3+ ),/361,4— 361).

Conditions C'; and C5 reads then:

B
2481ﬂ1+,
Co: aolsy + o+ T14 <O0. (77b)

Cq: Oégi'3+ + xo + "f1+ < (77&)

Obviously, since the right hand side of the first inequality (77a) is positive
(f1 > 0, c1 > 0 and g1+ > 0), both conditions are satisfied provided that
the condition Cs is verified. So, to have pseudo singular manifold of saddle
type, the straight line asZsy + x2 + Z14+ must verify:

o3y +xo + 14 < 0. (78)

By taking into account the above preliminary result and while fixing all
the parameters excepted aw, this straight line (D) can be plotted in the
plane (22, as) and reads:

2c 2c c
wg;cu<2+0 31+2+—%%; (79)

Let’s notice that for:

0&2:0, Tro = ——(—

22 =0, az=—
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6.7. Negative case

Let’s consider the negative case for which the pseudo singular manifold
(73) can be written as:

(j* To.GT ~*) _(_2¢ [z 202 —C —C2
R A W T VA Y 3V 3e

Conditions C; and Cy reads then:

B . .
Ci: — _ _ 80
1 Ycrin < oTlz— + T2+ 71—, (80a)
Cy: 0< QoT3_ +To + T1_. (80b)

Obviously, since the left hand side of the first inequality (80a) is negative
(81 >0, ¢; >0 and g1 < 0), both conditions are satisfied provided that
the condition Cs is satisfied. So, to have pseudo singular manifold of saddle
type, the straight line asT3_ + T2 + 1 must verify:

QoZ3_ + X9 + Clgi)_ + cay1— > 0. (81)

By taking into account the above preliminary result and while fixing all
the parameters excepted o, this straight line (D_) can be plotted in the
plane (z2, as) and reads:

(D_): - (202+1>\/:+2— \/;Cf (82)

Let’s notice that for:

0 202 —C9
Qo = To —= — —_—
2 ) 2 3 361 )
202
=0, = .
T2 a2 2co + 3

On Fig. 9a & 9b, the straight lines (D) and (D_) have been plot-
ted in blue and in red (respectively). Thus, the region within which the
pseudo singular points are of saddle type corresponds to the cyan triangle.
A zoom of Fig. 9a is presented on Fig. 9b. Let’s notice on the one hand
that the point (a2 = 0.9,22 = 0) arbitrarily chosen by Ginoux et al. [22]
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X2

00 02 04 06 08 10 12
az

(b)

FIG. 9. Region within which the pseudo singular points of fourth-order memristor
Chua’s circuit (70) are of saddle type.
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and plotted in yellow on Fig. 9b belongs to the cyan region within which
the pseudo singular points are of saddle type. On the other hand, this cyan

triangular region is limited on the right, at the top of the triangle, by the
202

T2, 137"
with the condition stated in Gin20;1i_x et al. [22] and for which canard solu-
tions have been observed in Chua’s system 4D (70) according to Prop. 2.
In other words, to have a pseudo singular point of saddle type at x5 = 0,
ay < —23;i3. To confirm this fact, the two nonzero eigenvalues of the
characteristic polynomial associated with the Jacobian matrix (74) evalu-
ated at (Z1,x2,Z3,91) (73) have been computed for as = 0.9 and for the
corresponding values of x5 which have been taken equal to zero by Ginoux
et al. [22] but which is in fact very small o = F0.01. We have found that

the two nonzero real eigenvalues are of opposite sign what corresponds to

point of coordinate (g = o = 0) which corresponds exactly

the case of pseudo singular points of saddle type.

So, the value of the “duck parameter” as for which the pseudo singular
points are of saddle-type is defined by:

262

3+ 2¢o (83)

a2 < 2saddle—node =

where aosqddie—node Tepresents the critical value of the parameter oy for

which one of the two remaining eigenvalues A; or Ay of the eigenpoyno-

mial associated with the Jacobian matrix (74) vanishes. With this set of

parameters ¢ = 1/10.1428, 5, = 0.121, S = 0.0047, ¢; = 0.393781 and
co = —0.72357,

202

— =~ 0.932.
3 + 202

A2saddle—node =

6.8. Fixed points stability and Routh-Hurwitz’ theorem

However, as pointed out in the previous Sect. 5.7 the system (70) admits
the origin O(0,0,0,0) as fixed point, the stability of which could preclude
the existence of “canards solutions”. The eigenpolynomial equation of the
Jacobian matrix of system (70) evaluated at this fixed point reads:

agA* + az\3 + aa)? + a1 d+ap =0 (84)

where
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ap = (1+ c2) f152,

a1 = ¢ (1 + a2) B1 + B2) + B (a2 +¢fB2)
az = (1 +¢e+eag) B1+ca (g + 1) + e,
az =cy +e(az + B1),

a4 = €.

Let suppose that all the parameters are fixed except as, i.e. the “duck
parameter” and, let’s make use again of the Routh-Hurwitz’ theorem [39,
25]. Thus, it states that if Dy = a1, Ds = ajas — apag and D3 =
ajasas — apaj — alay are all positive then eigenpolynomial equation would
have eigenvalues with real negative parts. In other words, if Dy, D2 and
D3 are positive the fixed point will be stable.

By setting ¢ = 1/10.1428, 5, = 0.121, S = 0.0047, ¢; = 0.393781
and co = —0.72357 and while considering that the “duck parameter” as
can vary, the functions Dy, Dy and D3 have been plotted on Fig. 10.
One can see that between the lower limit called aagops corresponding to
the value of the parameter oo for which the real parts of both complex
eigenvalues vanishes (see Proof in the Appendix D.) and the upper limit
called aosqddie—node, P1 and Djg are negative while Dy is positive. So, in
this interval, the fixed point is unstable. With this set of parameters,

202
3+ 202

Q2Hopf = 0.0451 and  Qsqddie—node = — ~ 0.932.

Thus, we deduce from what precedes and from Prop. 2 that “canards
solutions” may be observed in system (70) provided that:

7262
3+ 2¢o

Q2Hopf < O2Duck < X2saddle—node = (85)

On Figs. 11 & 12, numerical “canards solutions” and critical manifold of
system (70) have been plotted for the “duck parameter” aspyer = 0.1 (all
other parameters are the same as indicated above). Due to the symmetry
of the system (70), any of the two pseudo singular points plotted in green
on Figs. 11 & 12 was chosen as initial condition.
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D4, Dy and D3
0.2f R
0.1
@2 saddle-node
@ Hop\ 7
0.0 a2
-0.1
-0.2¢ B
-4 -2 0 2 4 6 8 10
FIG. 10. Routh-Hurwitz determinants of system (70). D; in blue, D5 in red, D3 in
cyan and the saddle-node axis aasgddie—node = —2¢2/(3 + 2¢2) in green for parameter

values: € = 1/10.1428, 81 = 0.121, B2 = 0.0047, ¢c; = 0.393781 and ¢y = —0.72357.
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FIG. 11. Numerical “canards solutions” and critical manifold of system (70) in the
(z1,x3,y1) phase space for parameter values: ¢ = 1/10.1428, as = 0.1, 81 = 0.121,
B2 = 0.0047, ¢ = 0.393781 and c2 = —0.72357.
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FIG. 12. Numerical “canards solutions” and critical manifold of system (70) (z1,y1)
phase plane for parameter values: ¢ = 1/10.1428, oo = 0.1, 1 = 0.121, B2 = 0.0047,
c1 = 0.393781 and ¢z = —0.72357.
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7. DISCUSSION

In this work we have proposed an alternative method for determining the
condition of existence of “canard solutions” for three and four-dimensional
singularly perturbed systems with only one fast variable in the folded sad-
dle case. This method enables to highlight a unique generic condition
(o2 < 0) for the existence of “canard solutions” for such three and four-
dimensional singularly perturbed systems which is based on the stability
of folded singularities of the normalized slow dynamics deduced from a
well-known property of linear algebra. It has been stated that this unique
generic condition was perfectly identical to that provided by Benoit [6] and
then by Szmolyan and Wechselberger [41] and finally by Wechselberger
[47]. Finally, it has been established that this condition is “generic” since
it is exactly the same for singularly perturbed systems of dimension three
and four with only one fast variable. Application of this method to the
famous three and four-dimensional memristor canonical Chua’s circuits for
which the classical piecewise-linear characteristic curve has been replaced
by a smooth cubic nonlinear function according to the least squares method
has enabled to show the existence of “canards solutions” in such Memristor
Based Chaotic Circuits.

However, in this paper, only the case of pseudo singular points of saddle-
type has been analyzed. Of course, the case of pseudo singular points of
node-type could be also studied with the same method. Moreover, this
method could be successfully used for proving the existence of “canard
solutions” in four-dimensional singularly perturbed systems with two fast
variables such as the famous Hodgkin-Huxley model or in the so-called
coupled FitzHugh-Nagumo system. In a future work we will state that the
existence of canard solutions in such systems can be established according
to the same unique generic condition (o2 < 0).
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APPENDIX
Change of coordinates leading to the mormal forms of three and four-
dimensional singularly perturbed systems with one fast variable are given
in the following section.
A. Normal form of 3D singularly perturbed systems with one
fast variable

Let’s consider the three-dimensional singularly perturbed dynamical sys-
tem (11) with k = 2 slow variables and m = 1 fast and let’s make the

following change of variables:

r, =a’r, xza=oay, yi=az where a<<1. (A-1)

By taking into account Benoit’s generic hypothesis Eqgs. (20,21) and
while using Taylor series expansion the system (11) becomes:

COf L Oh

=Yt e ”

y:fQ (.Z',y,Z), (A—Z)
e . Ogq 19%g1 5 ¢ 10%g1 ,
2’ 8mx+ 2 Oy? vt 8y8zyz+ 279227

Then, let’s make the standard polynomial change of variables:

X = Az + By?,
Y
Y == A-
3 s
Z =Cy+ Dz.

From (A-3) we deduce that:

_X-BpY?
—
y = f2Y, (A-4)
Z-CRY
="

The time derivative of system (A-3) gives:
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X = Ai + 2By,

LY

Y = 2, A-5
7 (A-5)

Z =Cy+ Dz.

Then, multiplying the third equation of (A-5) by (¢/a?) and while re-
placing in (A-5) &, y and Z by the right-hand-side of system (A-2) leads
to:

. 0 0
X=a(2ry 20 Lopyp,
dy 0z
Y =1, (A-6)
€ . 3 on 10%g1 5 0’ 10%g1 ,
S = D Z2L - -
a2 a2cf2+ <8xz+2 8y2y +8y82yz 2027 )

Since £/a? < 1, the first term of the right-hand-side of the third equation
of (A-6) can be neglected. Then, replacing in (A-6) z, y and z by the right-
hand-side of (A-4) and identifying with the following system in which we
have posed: (¢/a?) = e

X =aY +bZ+0 (X,e,Y%YZ 2%,

Y=1+0(X,Y,Z,¢), (A-7)
¢Z=—(X+2°)+0(eX,eY,e2,6* X?2,2°, XY Z),

we find:

coa (2SO g

Ors DOy (A-8)
_ Ao
o Dayl’

where
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1991 8¢
A=50: a.2

p_1L Pg P [ Paq ?
4| Oy? 022 Oy0z ’
- 71 a291
2 0yoz’

71 3291
2 022

(A-9)

Finally, we deduce:

1, (0%q 0% g1 s 1, 0g1 (0*q1 Of1 g1 Ofr
a —*f2 P) > ( ) R > A - |

2 Ox3 0yi 02011 Ox1 \ Oy Oxa  0x20y1 Oyn
0g1 0f1

Om O (A-10)

This is the result established by Benoit [8] and presented in Sec. 3.7.

B. Normal form of 4D singularly perturbed systems with one
fast variable
Let’s consider the four-dimensional singularly perturbed dynamical sys-
tem (30) with k& = 3 slow variables and m = 1 fast and let’s make the
following change of variables:

T, = a’x, o = oy, T3 = az, Yy, = au where a < 1. (A-11)

By taking into account extension of Benoit’s generic hypothesis Egs.
(40,41) and while using Taylor series expansion the system (30) becomes:

on L on o
x_anyr 8zz+ u

y:fQ (x7y’z7u)7
z :f3 (3371/727U) )
e . Oq 19%g1 ,  10%g1 , }5291 ,  0%q g1 g1

2t %er 2 9y? vt 2927 T2 9uz"” + ayﬁzyZJr 6y8uyu+ 920u"
(A-12)

u.
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Then, let’s make the standard polynomial change of variables:
X = Az + By? + C22,
Y = fi
po (A-13)
Z=— + Dya
3
U=Fy+ Fz+ Gu.
From (A-13) we deduce that:
X = Bf3Y? - Cf} (Z - DfY)?
Tr = ’
A
y = fay, (A-14)
z=f3(Z—-DfY),
_U-ERY — Ffs(Z— DfY)
u = .
G
The time derivative of system (A-13) gives:
X = Ai + 2Byj + 2022,
vl
Z? (A-15)
Z = — + Dy,
s

U=Ej+ Fz+Gu.
Then, multiplying the fourth equation of (A-15) by (¢/a?) and while

replacing in (A-15) &, ¢, £ and @ by the right-hand-side of system (A-12)
leads to:

. 9] 0 0]
X =A iwainriu +2Byfo +2Czf3,
dy 0z ou

V=1,
. (A-16)
Z =1+ D/,

€ . € € Oq1 0%g

—U=—F —F —_—

a2U o2 f2+a2 f3+G(amJU+ +828uzu ,

Since €/a? << 1, the two first terms of the right-hand-side of the fourth
equation of (A-16) can be neglected. Then, by replacing in (A-16) z, y, 2z
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and u by the right-hand-side of (A-14) and by identifying with the following
system in which we have posed: (¢/a?) = e

X =aYy +bU +0 (X,e, Y2 YU,U?),

Y =1+0(X,Y,Uze),

, A-17
Z=1+0(X,Y,U,e), (A-17)
¢Z =— (X +U?) +0 (eX,eY,elU, e, XU, U3, XYU) ,
we find:
a=A oh _EON fot+ A of _FOh +2Bf2 +2Cf2,
0xo G 8y1 O3 G 31/1 (A—18)
j_Aoh
G oy
where
_ 10919,
290z ou?’
p_ I3 [P0 0 09 Pgi]  1|P0dq (g ?
2fy | Ou? Oydz = OyOu zOu 4 | Ou? Oy Oydu ’
o _ 1 PP (Pa ?
4 | 022 Ou? 0z0u ’
1
D=-——,
I2
_ 1%
2 Qyou’
N 71 8291
T 2020u’
1 a291
G= 2 0u?’

(A-19)
Finally, we deduce:
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1, (0%g1 %1 —( 0%g, 1) + }f 991 0%g: af1 B 2?1 oft
03 0y? Ox20y1 2720, Oy? Oxa  Oxady1 Oy1

1 2 82g1 82g1 8291 2 1 891 3291 8f1 3291 8f1
55\ a2 a7~ Gman) ) T 300 \ 07 0w Gus0m 91
3 0Yi r30Y1 z1 Y1 0x3 r30Y1 OY1

g1 gy g1 0%
+ fafs 5 = ;
Ox20x3 Oy; 020y, 0x30Yy1
5 __ 891 8f1
dx1 Oyr’

(A-20)
This is the result we established in Sec. 4.7. Moreover, let’s notice that
by posing f3 = 0 in @ we find again a given in Sec. 3.7.
Routh-Hurwitz’ theorem and their application to the determination of
the Hopf bifurcation parameter-value in the case of three and four-dimensional
singularly perturbed system are presented in this appendix.

C. Routh-Hurwitz’s theorem for 3D systems

According to (23) the Cayley-Hamilton eigenpolynomial associated with
the Jacobian of a three-dimensional singularly perturbed system (11) reads:

/\3—0'1)\2+0'2)\—0'3:0 (A-Ql)

where

o1 = A1+ A2 + As,
09 = A A + A3 + A1 A3, (A-22)
g3 = )\1)\2)\3.

Let’s rewrite the eigenpolynomial (A-21) as: asA® +asA? + a1 A +ap = 0
(ap > 0). Routh-Hurwitz’ theorem [39, ?] states that the real parts of
the eigenvalues of this eigenpolynomial are negative if and only if all the
following determinants:

a1 ap
az ag

D1 = ax ; DQ = = ai1ag — apas (A—23)

are positive.
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Now, let suppose that the eigenpolynomial (A-21) has one real eigenvalue
A1 # 0 and two complex conjugated Az 3 = a + b (with a # 0 an b # 0).
So, we have:

o1 = )\1 + 2CL,
o9 = 2a\1 + a® + b2, (A-24)
o5 =\ (a* +b%).

The determinant D5 reads:

Dy = —2a (a® + b° + 2a); + A7) (A-25)

Moreover, if we consider that the real part of the complex conjugated
eigenvalues Ao 3 depends on a parameter, say p, we have a = a (). Then,
determinant Dy vanishes at the location of the points where the real part
a =a(u). So, it can be used to determine the Hopf-parameter value.

D. Routh-Hurwitz’s theorem for 4D systems

According to (43) the Cayley-Hamilton eigenpolynomial associated with
the Jacobian of a four-dimensional singularly perturbed system (30) reads:

M= A3+ 0o\ — 3N +04=0 (A-26)

where

o1 =M1+ A2+ A3+ Ay,
o2 = AtA2 + A1Az3 + A2A3 + A Ay + Aadg + A3y,
03 = AMA2A3 + A1 Ao s + A1 A3 As + AaAs Ay,
04 = MAoAsAs.
Let’s rewrite the eigenpolynomial (A-26) as: as\* 4+ asA3 + asA? +aj A+
ag =0 (ap > 0). Routh-Hurwitz’ theorem [1877, 1893] states that the real

parts of the eigenvalues of this eigenpolynomial are negative if and only if
all the following determinants:

(A-27)

a a al ap 0

1 0

D1 = ai ; DQ = as ag = a1a2 — apas ; D3 = (a3 a2 ai (A—28)
3 0 a4 as

are positive.
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Now, let suppose that the eigenpolynomial (A-26) has two real eigenval-

ues A1, Ao with Ay # —A2 # 0 and two complex conjugated A4 = a + b
(with @ # 0 an b # 0). So, we have:

o1 =2a+ A + Ao,

oy = a® + 0% +2a (A + X2) + A,
o3 =2aM Az + (a® +b%) (A1 + A2),
oy = (a® +b%) Mo

(A-29)

The determinant D3 reads:

D5 = 2a (a® + 6% + 2a\; + A]) (A1 + A2) (a® + b7 + 2a)s + A3)  (A-30)

Moreover, if we consider that the real part of the complex conjugated

eigenvalues A2 3 depends on a parameter, say p, we have a = a (p). Then,
determinant D3 vanishes at the location of the points where the real part

a

10.

11.

= a (p). So, it can be used to determine the Hopf-parameter value.
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