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Abstract. The Polya urn is the most representative example of a reinforced stochastic process.
It leads to a random (non degenerated) time-limit. The Friedman urn is a natural generalization
whose almost sure (a.s.) time-limit is not random any more. In this work, in the stream of previous
recent works, we introduce a new family of (finite size) systems of reinforced stochastic processes,
interacting through an additional collective reinforcement of mean field type. The two reinforcement
rules strengths (one component-wise, one collective) are tuned through (possibly) two different rates.
In special cases, these reinforcements are of Pélya or Friedman type as in urn contexts and may thus
lead to limits which may be random or not. Different parameter regimes need to be considered.

We state two kind of results. First, we study the time-asymptotics and show that L? and a.s.
convergence always holds. Moreover all the components share the same time-limit (so called syn-
chronization phenomenon). We study the nature of the limit (random/deterministic) according to
the parameters’ regime considered. Second, we study fluctuations by proving central limit theorems.
Scaling coefficients vary according to the regime considered. This gives insights into many different
rates of convergence. In particular, we identify the regimes where synchronization is faster than
convergence towards the shared time-limit.

1. Introduction and model’s definition

In urn models, it is well known that the bicolor Pdlya reinforcement rule (reinforcement of the
chosen color) leads to a random limiting a.s. proportion whereas the Friedman rule (reinforcement
of the chosen color as well as the non chosen color) leads to a deterministic time-asymptotics
proportion. This somewhat surprising fact is explained for instance through a fix point Hill et al.
(1980). See Pemantle (2007) too. Following many recent works (see Section 3 for details), this
paper is motivated by the study of asymptotics time behavior of models of (discrete time) stochastic
processes interacting through a reinforcement rule.

Let us define the following new model. Let (Z,(i),1 < i < N),>0 be an N-dimensional stochastic
process with values in [0, 1] where N > 2. For each component indexed by i (1 < i < N) we
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consider the stochastic dynamics defined through the recursive equation, for any n € N,
Znr (i) = (1= 13y = 18) Za (i) + 10€pa (8) + 15041, (1.1)

where Zy(i) = § and where & (i) and &J_; denote local (component-wise) and collective rein-
forcements. Let (Fy), be the natural filtration associated with (Z,(i),1 < i < N),>0. Given the
o-field F,, they have independent Bernoulli distributions with

P(&n41() = 1Fn) = ¢1(Z(0)) := (1= 2A1) Zo (i) + A1, (1.2)
P( ntl = 1|fn) = wQ(Zn) = (1 — 2)\2)Zn + Aa, (13)
where ¢ : [0,1] — [0,1] (k € {1,2}) are linear maps with Z, := %Zf\; Zn(i) (so called

mean field) and where Aj, A2 € [0, 1] are parameters. The local (resp. the collective) reinforcement
rate (1), (resp. (r4),) are real sequences such that 0 < 7% < 1 and 0 < rj < 1, and

limn"7rt =¢; >0 and  limn?rd =c; >0 (1.4)
n n

where 7; € (1,1] for j € {1,2}. This assumption gives that (rf), (resp. (r),) satisfy the following
usual assumptions for processes defined through recursive equations like (1.1)

Zrﬁ = 400, Z(rﬁ)Q < +o0. (1.5)

Note (r£)? stand for the square of r{. As emphasized in Aletti et al. (2019), in order to state the
CLTs, we actually assume the slightly stricter following assumptions.

Assumption 1.1. There exist real constants v1, 72 and ¢; > 0, ca > 0 with (v1,72) € (%, 1]?, such

that when n — oo 1

n2’72

1 Cc2
rﬁfﬁ—i—(’)(ﬁ) and Tg*ﬁ—i—(’)(

). (1.6)

When the two reinforcement rules compete through the different rates rﬁ, ry, one individual rule,

one collective (in the sense all the components are involved), is there one leading? In particular,
is there loss of synchronization which means, is there an almost sure limit depending on the com-
ponent? Moreover, in the case were Polya and Friedman type of reinforcement rule do compete
through the system, and if there is synchronization, may the shared time-limit be random?

As emphasized in the previous works, there are many applications these stochastic models may
be useful for. Urn models are well known Mahmoud (2008) to have applications in economy, in
contagion models Harrington et al. (2019), in clinical trials adaptive design Laruelle and Pages
(2014), random networks Hofstad (van der). In general, the reinforcement rate (r,),, may be such
that lim, n"r, = ¢ > 0. The dynamics is nothing but a vector-valued stochastic algorithm Benaim
(1999); Duflo (1997). Such processes have many applications like in the framework of stochastic
optimization (see for instance Delyon et al., 1999; Gadat and Younes, 2007). In Crimaldi et al. (2019)
and in Aletti et al. (2017) an application of these processes as opinion dynamics was introduced. We
will briefly explain it in our context in Section 3 : each random variable Z,(i) may be considered
as an agent’s inclination towards one of two possible choices.

In the new family of models we introduce and study in this paper, following previous recent
works Dai Pra et al. (2014); Sahasrabudhe (2016); Crimaldi et al. (2016); Aletti et al. (2017, 2019,
2020); Crimaldi et al. (2019); Mirebrahimi (2019), we consider a (finite) system of reinforced sto-
chastic processes defined though recursive equations (1.1). Two kind of reinforcement are involved.
One depending only on the component (fn+1( i))n (see next section for the notations), one creating
the interaction (&2 +1)n and depending on the average over all components. The interaction holds
through the reinforcement. This is modeling a collective reinforcement effect that may compete with
the individual/local/component-wise reinforcement. For the sake of simplicity, we choose to con-
sider a mean field interaction, in the sense that collective reinforcement depends on the arithmetic
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mean over the system at previous time step. Each reinforcement has its own rate r’, (resp. ). Each
rate may have its own asymptotic behavior: 7& ~ c;n™1 (resp. 7§ ~ can™2). If 1/2 <71 < 72 < 1
(for instance), one may expect the collective reinforcement to become negligible in the long run. A
naive guess could be, the system behaves for large time like a system with independent components,
thus leading to a possible loss of synchronization. We prove later this does not happen: L?/a.s.
synchronization holds (meaning, each component dynamics shares the same random time limit) like
in Dai Pra et al. (2014). Additional issues we address, are: nature (deterministic/random, diffuse
or atomic) of the almost sure (a.s.) time limit distribution according to the type of reinforcement,
scales of fluctuations with respect to this limit, which are stated by proving central limit theorems
(CLT) w.r.t stable convergence. We prove, according to the parameters’ cases, that the rate of
synchronization is quicker, or the same, as the speed of convergence to the limit. In the models
considered in Crimaldi et al. (2019), synchronization quicker than convergence towards the asymp-
totics value Zy holds only in cases where Var(Z,,) > 0. In the following models it may happen
even when Z., is deterministic.

The paper is organized as follows. In Section 2 we give some preliminary remarks about the
model’s definition. In Section 3 we compare the model with related families studied in previous
works and give some interpretation as models for opinion dynamics. In Section 4 we prove that
L? and a.s. convergence holds towards a limiting value Z,, in R shared by all the components
(synchronization). Two main cases are to be distinguished: Theorems 4.1 and 4.2 deals with cases
where Zo, = 1/2 (the word synchronization is abusive in this situation) whereas Theorem 4.1 deals
with Z random. In Section 5, in the different cases, we state central limit theorems about the
fluctuations of (Z,, — Zs) and (Z,, — Z,(7)). Scaling factors are worth of interest. Th. 5.1 consider
the case where each individual and collective reinforcement leads to a deterministic limiting value.
Theorem 5.2 consider the special case when 1 = 9 = 1 reminiscent of the Friedman urn context,
in the regime where fluctuations are known not to be gaussian (c1 A1 + cod2 < %) Theorem 5.3
deals with the mixed cases where individual and reinforcement type are of different nature. Th. 5.4
consider the case where both the individual and the collective reinforcement lead to a random limit.
Section 6 is dedicated to comments on the model from a stochastic approximation perspective.
Section 7 is dedicated to the proof of the synchronization. Section 8 deals with the proofs of the
CLTs. An appendix A states and recalls for the sake of completeness some technical results.

2. Preliminary remarks

The model is define through the recursive equations (1.1), with (1.2), and general assumption (1.2)
about the rates’ asymptotic behavior. We refer to Crimaldi et al. (2019) for a discussion on the case
0 < v <1/2 in another model. We believe that the case 0 < v < 1/2 leads to a drastically different
behavior, and therefore leave this case for further studies.

For the sake of simplicity, we choose to have some symmetry in the model with respect to 1/2.
For the same reason, according to the previous works cited in the Section 3, we consider the starting
conditions all equal to 1/2 without loss of generality.

Remark 2.1. In the particular case when vy; = 72 =: 7y, we can rewrite the model as
Zns1(i) = (1 — 2r) Zy (3) + rnya (3),

where &,41(i) = € 1(i) + &2, therefore €ns1(i) € {0,1,2}. The other probabilities in (1.2) and
their subsequent relations may be computed in an analogous way. The reinforcement rate remains
such that r, ~ cn™ when n — oo.

Remark 2.2. In this paper the parameters A1, Ao are kept fixed. Cases where A1, A\ may converge
to 0 depending on n, N will be considered in a forthcoming work. Note that when A\ = Ay = 1/2
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(see (1.2)), there is no reinforcement. Moreover, when A; # 1/2 and Ay = 1/2, although we still
have reinforcement on each component individually, we loose the interaction between components.

Remark 2.3. 0 < A\ < 1/2 and 0 < Ay < 1/2, then 91 and 19 are increasing maps and occurrence
of events {£,(i) = 1} increases the probability of having {&,+1(i) = 1} at next time step. This is
the basic original meaning of reinforcement.

The following relationships hold.

E(Zps1(3) — Zn(8)|Fn) = Mirh (1 — 2Z,()) + Xord (1 = 2Z,,) +79(Zy, — Z(3)), (2.1)
and by averaging over i in {1,..., N}, we have
E(Zni1 — Zn|Fn) = vl + Xord) (1 —27,,). (2.2)

3. Related models and application motivations

As emphasized in Crimaldi et al. (2019), the evolution of proportions in urn models satisfies
recursive equation like (1.1) with 75 = 0 (i.e. without interaction) and with o4 = 1. This family of
models we introduce is related to some other models that were studied recently. We briefly present
them in this section.

3.1. Interacting urns models. The models considered in this paper were introduced in Mirebrahimi
(2019). When 75, = 0 and v = 1, the model is a non interacting system where each component’s
value Z, (i) can be interpreted as the proportion of balls of a given color in a bicolor balanced (same
deterministic number of balls are added whatever the chosen color is) urn classic model. The case
A1 = 0 leads to ¢ (z) = x which is the basic Polya reinforcement rule, where a fix number of balls
is added, whose color is the same as the chosen one. It is well known lim,,_,o Z,(7) exists a.s. and
defines a Beta distributed random variable Z., (i), whose parameters depend on the initial number
of balls of each colors. The case A; # 0 leads to a Friedman urn model. The unique fix point of 1
is 1/2. It is known, lim,, o Z,,(7) exists a.s. and is equal to this fix point Z (i) = 1/2 := Z. See
for instance Hill et al. (1980) where very interesting cases of less regular ¢); maps are considered.
This can be proven using stochastic approximation results Benaim (1999); Duflo (1997). In our
context we use the terminology Poélya type when A\; = 0 and Friedman type when Ay # 0. A
similar remark holds for the collective reinforcement effect ruled by s and tuned through o for
the asymptotic behavior of the reinforcement rate rj, and Ay for the reinforcement’s type.

In Dai Pra et al. (2014), the system introduced and studied is related to the case 73 = v = 1
and A; = Ay = 0. It solves Equation (1.1) with 7§ = 0 and with

P(gh, (i) = 1 F,) = (1 - a)Z,(i) + aZ,

where a € [0, 1] is a parameter. A.s. synchronization towards a random shared limit Z, (Var(Z) >
was proved as soons as « > 0. Fluctuations were studied in Crimaldi et al. (2016) by proving central
limit theorems. In Sahasrabudhe (2016), a similar interacting model was studied, whose components
dynamics can be interpreted as urn models (reinforcement’s rate behaving like n~1) with a Friedman
reinforcement rule. A.s. convergence holds towards a unique deterministic value. Moreover, it is
known that Friedman urns can exhibit non gaussian fluctuations Janson (2004); Pemantle (2007).
See Flajolet et al. (2006); Chauvin et al. (2015); Lasmar et al. (2018); Mailler (2018); Chauvin
et al. (2011) for more specific recent results about urn models and generalizations. In Sahasrabudhe
(2016), this was proven to have consequences for the mean-field interacting system, where different
speed of convergence may happen. In relationship with systems of interacting urns, some variations
with different kind of urns/reinforcements bias towards one or the other color, were considered
in Louis and Minelli (2018).

0)
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For the model considered in this paper, similar interpretation as bicolor balanced urn model can
be made, when 71 = 2 = 1. Each Z,,(i) can be interpreted as the proportion of one chosen color
in an urn 4. Two reinforcement mechanism hold which can be related to the following one, applied
to each urn i of the systems, independently, between two iterations. One (for instance) ball is
chosen uniformly at random in the urn 7 and one (for instance) ball of the chosen color is added into
urn ¢ (Poélya reinforcement type, Ay = 0); resp. one ball of the non chosen color, Friedman type,
A1 # 0). Additionally, one ball is chosen uniformly at random in the whole system (proportion Z,
at previous time step) and one ball of the chosen color is added (collective reinforcement of Polya
type, A2 = 0) into urn 7; resp. one ball of the non chosen color, collective reinforcement of Friedman
type, A2 # 0). In fact adding a ball of the non chosen color is similar in general to add a ball of the
chosen color as well as the non chosen color. The reinforcement matrices (for local reinforcement,
resp. for collective reinforcement) defining these numbers are then giving the exact values of \;

(resp. A2).

3.2. General reinforcements’ rates. Generalizing the reinforcement rate r,, asymptotic behavior from
Tn ~ "L 10 T ~n_eo cn” 7 leads to systems of stochastic processes with reinforcement which can
be considered as interacting stochastic algorithms of Robbins-Monro type. In Crimaldi et al. (2019)
several cases of reinforcement (like Polya/Friedman) were considered. A.s. synchronization was
stated towards different kind of limit Z, (deterministic or not) and speed of convergence studied
through functional central limit theorems (FCLT) for Z,,(i) — Z,, and Z,, — Z~. It was proved that in
parameters’ regime where the time limit Z, is random (in the sense Var(Z,,) > 0), synchronization
happens quicker than convergence to the time limit.

Building a reinforcement with the average proportion Z, (mean field) helps in these interacting
systems since it is enough to deal with closed uni-dimensional recursive equations for (Z,,), and
(Zp,—Zn(1))n. The interaction was generalized from mean field to network based interaction in Aletti
et al. (2017), with a reinforcement of Polya type. The system dynamics is defined, for i € V :=
{1,---, N}, through

Znt1(i) = (1 = 10) Zn(4) + rnén+1(d) (3.1)
where for any n > 0, the random variables {£,4+1(i) : i € V} are conditionally independent given
Fn with

N
P(n41(1) =1 [ Fp) = ij,izn(j) (3.2)
j=1

with F,, := 0(Z,(i)). The non negative matrix W = [w;;];jicvxv is considered as a weighted
adjacency matrix of the graph G = (V, E) with V' = {1,..., N} as the set of vertices and ECV x V
as the set of directed edges. Each edge (j,7) € E represents the fact that the vertex j has a direct
influence on the vertex . The weight w; ; > 0 quantifies how much j can influence i. The weights are
assumed to be normalized W1 = 1 where 1 denotes (1,...,1) € RN. The matrix W is assumed
to be irreducible and diagonalizable. The reinforcement rate r,, is assumed to satisfy (1.4) with
v € (1/2,1] or a more restrictive condition as (1.6). Synchronization is proven to hold and CLT’s
were stated. The empirical means N, (i) :== N~} Zfil &0 (i) are studied in Aletti et al. (2019): a.s.
synchronization toward Z, and CLT are proven. Weighted empirical means are studied analogously
in Aletti et al. (2020).

As considered in Crimaldi et al. (2019); Aletti et al. (2019), we may think about following context
for the random evolutions we consider. Let us state in the case where S = {0,1} represents two
possible choices or actions made by "individuals" or agents ¢ € V. To each vertex i € V is associated
a value Z, (i) € [0,1]. The quantity Z, (i) (resp. 1 —Z,(i)) is interpreted as the inclination to adopt
the choice 1 (resp. 0) at time n. The recursive equation (1.1) means the inclination of agent i at
the next time step, is a convex combination of
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e the inclination Z, (i) with self-reinforcement weight 1 — ¢ — r3,

e a choice & (i) made With a probability 11 (Z,(7)) for opinion 1 related to the personal
inclination, with a weight ¢

e and a collectlve choice &J 11 made with a probability 9(Z,) for opinion 1 related to the
collective inclination Z,, average of the personal inclinations, with a weight 7.

As time goes, the rates 72 and rj vanish. For larger n, the self-reinforcement leads. The different
speed of convergence towards 0 for 7¢ and 75, tuned by 71,72 could mean the influence of collective
actions may disappear quicker than the influence of individual choices. On the contrary, the a.s.
synchronization phenomenon towards a shared inclination Z., could be interpreted as the emergence
of a consensus, in the sense every individual shares the same inclination. The special case Zo, = 1/2
may be interpreted as a complete undetermined "fifty-fifty” inclination towards the two actions.
Issues we addressed at the beginning of this paper may be reconsidered through this interpretation.

4. Main results: convergence and a.s. synchronization

In this section we state result on the convergence of (Z,),, and the synchronization phenomenon.
Indeed we obtain different kind of time-limit (deterministic or (truly-)random) for (Z,), according
to the nullity of A\;, Ao. Moreover L? and a.s. synchronization are stated in all the cases. As
previously mentioned, the choice of the mean-field instead of a network-based interaction allows us
to address the proofs by studying Z,, and Z,, — Z,, (i) instead of dealing with RY valued recursive
equations.

4.1. Case of a deterministic time-asymptotics. We call the case deterministic, if the time limit Z,,

(n — o0) is not random (Var(Z) = 0). This behavior corresponds to cases where at least one

of the following assumptions is true: A\; > 0 or A2 > 0. The mean field process (Z,), is not a

martingale. In order to investigate the behavior of the interacting system, we first consider the time

limits of Var(Z,). Second we show that L?-synchronization holds i.e. lim,, ;oo Var(Z, (i) —Z,) = 0.

We get the rates of convergence too. Finally, we prove that the synchronization holds almost surely
1

and the deterministic limit is Zo, := 3.

Theorem 4.1. For any A1 > 0 and Ao > 0 the following results hold:

i) Asymptotics of variance as n — oo:
Var(Zy,) = O(-2) where v, := min(y1,72);

nx
ii) behavior of the L?-distance between Z, and Z,(i) when n — 0o:
1
:

a) if 1 < vz, then B([Zyn — Zn(i)]*) = O(557).
b) if72 <71, then E([Zn - Zn(z)] ) = O(nZ'ul 72)
iii) almost sure convergence holds i.e.
Vie{l,..,N}, limy, 400 Zn (1) = limy, 400 Zp, = % =: 7 a.5.

Two others choices of parameters A1, A2 lead to the following results.

Theorem 4.2. In the following cases: either (A1 > 0 and Ao =0) or (A1 =0 and Ay > 0) it holds
limy, 400 Zn (1) = limy, 400 Zn = % a.s. Moreover, the following table summarizes the L? speed of
convergence.

AM#0, Aa=0 A =0, o #0
v < Y2 Var(Z,) =0 n%l) Var(Z,) =0 n%l,w)
E((Z0 — Zali)P) = O(h) | B(Zn — Zali)]?) = Olcml)
Yo < 71 Var(Z,) = O(n%;_“) Var(Z,) = O(n%z)
E([Zn — Zn(z) 2) = O( - 72) E([Zn - Zn(i)]z = O( 271 72)
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Remark 4.3. (Comparison of convergence and synchronization rates)

In the case Ay > 0, Ao > 0, when 71 < 79, the L? convergence rate of (Zy,), to % and the L2
rate of convergence of (Z,(i) — Zy)n to 0 are the same. However, when v, < 71, we obtain that
synchronization happen faster than convergence.

Moreover in the case A1 > 0, Ao = 0 and when ~; < 79, the speed of convergence and synchro-
nization are the same (n~71). While when 9 < 71, the synchronization is faster than convergence.

Similarly, in the case Ay = 0, Ao > 0 and when v; < 79, the speed of convergence and synchro-
nization are the same (n~(271772)), while when 7 < 71, the speed of synchronization is faster than

convergence (n~(311772) and n=72 respectively).

4.2. Case of a shared random time-asymptotics. Unlike to the previous cases, the case Ay = A2 =0
yields (Z,), is a martingale. We will prove it leads to a random time-asymptotics Zoo (Var(Z) >
0). We will study the system’s time-asymptotics behavior in a similar way as in the previous cases.
First we show that lim,, o Var(Z,) # 0. Second we prove that L2-synchronization holds. Third
we state the almost sure synchronization holds.

Theorem 4.4. When \{ = Ay =0,

i) it holds (n — o) Var(Z,) > 0. In particular (Z,), converges a.s. to a non-degenerated
random limit denoted by Z~o (Var(Zs) > 0).
ii) The L2-distance between the mean field Z, and each component Z, (i) behaves as follows,

1
. 21
E[(Zn(z) - Zn) ] - O(nQ’Yl—’Yz)

and synchronization holds almost surely. It means, for alli € {1,...,N},
limy, 00 Zn (i) = Zoo a.s.

5. Main results: fluctuations through CLT

In this section we study the fluctuations of (Z,(i) — Z,), (synchronization) w.r.t 0 and also
fluctuations of (Z,), w.r.t its limit Z,,. These are studied by stating Central Limit Theorems. Pay
attention to the fact that different scalings hold according to (v1,72) relationship. We follow the
proof’s techniques initiated for these models in Crimaldi et al. (2016) based on Theorem A.5 in
Appendix, which leads to stable convergence results.

We first study cases where Z,, = % Theorems 5.1, 5.2 deal with the case \; > 0 and Ay > 0.
Moreover, we show that there is some special regime when 0 < (¢1 A1 + c2A2) < %. The Theorem 5.3
describes the results of the cases where exactly one of the A; is 0.

Finally we state the behavior when Var(Z,,) > 0 in Theorem 5.4.

The following statements hold, where the generic symbol ¢ denotes the variances (depending on
N and A1, A2) make more precise in proofs. In the proofs of Sections 7 and 8 we used ¢ = cg =1
to simplify. Following statements are nevertheless formulated in full generality.

Theorem 5.1. Let \y > 0, \y > 0; let 7, := min(~v1,72).
i) It holds
a) when 1 < 12, 0¥ (Zy = Zn(i)) 222 A (0,57),
n—oo

271 -2

b) when yo < 1, T 2 (Zn — Zn(i)) ti—“% /\/(0,53).
ii) When v, <1, it holds

* 1 Ssta
05 (2, — =) e, N(o,&2>.
27 n—oo

iii) When v, =1,
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1 1
a) if (cih + cado) > =, Vi Zn — =) 2 N(o,gf).
411 2 1 n—o0
. _ Lt n L stably ( *2>
b) Zf (Cl)\l + C2>\2) - 47 lnn(Zn 2) m]\/‘ O, 0-2 .
O
1
Theorem 5.2. Let \y > 0, 2 > 0. When v, = 1 and when (c1A1 + caX2) < 7 the following
statement holds
n4(C1)\1+cg)\2)(Zn B 1) a.s,/Ll X’
27 n—oo

for some real random variable X such that P(X # 0) > 0.

This regime is related to the known non gaussian fluctuation regime of the Friedman urn (see for
instance Th. 2.9 (ii) in Crimaldi et al. (2019) or Th. 4 and 5 in Sahasrabudhe (2016) were additive
assumptions need to be used).

Two other main cases leads to following results.
variances are detailed in the proofs.

For the sake of readability, the asymptotic

Theorem 5.3. In the following cases: either (A1 > 0, Ao = 0) or (A1 = 0, Ay > 0), the stable
convergence towards some Gaussian distribution holds for the quantities (Z,—Zy(i))n and (Zn—3)n.
The following tables summarizes the different scales according to the relationship between 1, ~vo. The
first table deals with v, := min(vy1,7v2) < 1.

MA0 A =0 M =0, 20
< | (- 20) N (0.63) [ 07T (20— 2a(0) " N (0.59)
n%l(Zn — %) % N(O,é’%) ?22712_W2 (Zn — %) M N<O>&%>
o < | TR (T — Zn(d)) S N(o, &g) 0T (2 — Znli) S22 N(o,&%)
T (2 - 1) " N (0,63) (2, - 3) % N (0,62)

The following second table holds when v, = 1. The indices i and j are different and belongs to

(1,2}

Ai=0, N> XN=0, \j=1 N =0, )\ <1
1
J(Zy — by S, N(0,0§2> S (2, - §) N(o, Jf> piOutx) (7, _ 1y @l

Theorem 5.4. Assume \y = Ao = 0. The stable convergence towards some Gaussian kernel holds
for the quantities (Z,, — Zn(i))n and (Z, — 3)n with the following scalings.
(i) It holds

27172

T (= Za(i) 2 N(O,ﬁ Zoo(1 — ZOO)).
(ii) With v« := min(y1,72), it holds

x = bl
25 I(Zn 7y M/\[(()’ﬁ Zoo(1 — Zoo)>7
n—oo
where ¥ denotes a constant, whose dependency according to N, v1, v2 is given in the proofs. O

Remark 5.5. (analogous to Theorem 3.2 in Crimaldi et al. (2016)).
We have P(Z = 0) + P(Zooc = 1) < 1 and P(Zy = z) = 0 for each z € (0,1). Indeed, it
guarantees that these asymptotic Gaussian kernels are not degenerate.
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Proof: The first part immediately follows from the relation E[Z2)] < E[Zs] by Lemma 7.2. The
second part is a consequence of the almost sure conditional convergence stated in Th. 5.4 (ii) (for
details see proof of Theorem 2.5 in Crimaldi et al., 2019). g

6. Stochastic approximation point of view

The recursive equations (1.1) may be written in the following stochastic approximation forms:

Zpi1(1) = Zp (i) +rEM (1 — 22,(3)) + rE AN, (4)

+rIXa(1 —22Zy) + 19(Zn — Zn () + r3AMY (6.1)
and

Lpy1 = Zn + (Tfl)\l +71IX)(1—2Z,) + TfLAM£+1 + T;QLAMgH (6.2)

where
AM 1 (i) 7= €51 (6) = E(&h 41 (1) Fn), (6.3)

L
¢ . Sl s

AM;, 4y = N ;AMn+1(Z)7 (6.4)
AMg—H = §Z+l - E(f%qwrl‘}-n) (6.5)

are martingale differences.
Similarly, it holds for X, (i) := Z,, — Z, (),

Xn41(8) = X (i) = (2A1ry, +79) X (1) + i (AMy 4y — AM; 4 (0)). (6.6)

We refer to the general theorems about asymptotic behavior as stated in Laruelle and Pagés
(2013); Lasmar et al. (2018); Laruelle and Pages (2019) and classical references therein like Duflo
(1997); Benaim (1999). According to the cases either 71 < 72 or 792 < 71 and A; = 0 or not
(i € {1,2}), then system Z, = (Z,(1),..., Z,(N))" satisfies the following framework.

Let Z = (Z,)n>0 be an N-dimensional stochastic process with values in [0, 1]N , adapted to a
filtration F = (F,,)n>0. Suppose that Z satisfies

Zn+1 =2y + TnF(Zn) + TnAMnJrl + TnCnJrl ) (67)

where (7,), is such that (1.5) hold; F is a bounded C! vector-valued function on an open subset O
of RY, with [0,1]Y c O; (AM,,),, is a bounded martingale difference with respect to F; and (()n
is a [0, 1]N -valued F,11-adapted term such that lim, - (;, = 0 a.s. Thus a.s. convergence towards
zeros of F' gives the a.s. convergence towards 1/2 when A; + A2 > 0 or towards a value belonging
to the diagonal {z = (21,...,2n) € [0, 1]V : Vi € {1,...,N},z = 21} when A\; = A2 = 0. The case
A1 = Ao = 0 leads to non isolated zeros of F which is not a case covered by the general stochastic
approximation theorems. The methods developped here, following Dai Pra et al. (2014); Crimaldi
et al. (2016) covers all parameters’ cases, including the one when A\; = Ao = 0; and they give L?
rates. These are useful to prove the scales of fluctuations stated in Section 5 thanks to CLT’s w.r.t
stable convergence Crimaldi (2016); Hausler and Luschgy (2015).

7. Proof of a.s. synchronization and rates of convergences

This section is devoted to the proofs of Th. 4.1, Th. 4.2, Th. 4.4. As discussed in Section 6 cases
need indeed to be distinguished according to the nullity of A1, Ao (A1 + A > 0 or Ay = A2 = 0).
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7.1. First results about the variances. First remark the assumption Vi € {1,...,N}, Zy(i) = %
leads to Vn € N, E(Z,) = E(Z,(i)) = 3 thanks to (2.1) and (2.2). We then state the following
relationships.

Proposition 7.1. The following recursive equation hold:

g
Var(Znia) = [1=4(Arrh + dord = 22 dorhrd = M(rE)? = M3(r8)? + (TZ) (1= 2x2)?)[Var(Zy)
N
(rp)? o1 1 2(; o, (1)
+ -2 (5 - & ;E(Zn(z))> + A= AT+ (7.1)
Proof: From (1.1), we get
Znyr = (1=, =14 anﬂ + -

Using (1.1) and (1.2), we compute:

'

Var(Zp+1|Fn) = Var[(l —rt —r9)2Z, t+n Zﬁnﬂ + 9 | F

¢

r ‘

O S (€ (1) + (8 Var (€L o)
i=1

then using (2.1),(2.2) and the law of total variance (x), we have

VaT(Zn-H) E[Var( n+1’]:n)] + VQT[E(Zn-i-ﬂ}—n)}
(sz)z 2 1 Y 2. 2
= D[ -20)?(B(Z) - 5 YEZ20)) + ;- N
i=1

+ ()2 (1 = 2002 (B(Z0) — B(Z2)) + A2 = 3] + (1= 207, — 220r8)?Var(Z,)

and using the fact Zy(i) = 1/2 leading to the result. O
1
Lemma 7.2. When A\; = Ay = 0, it holds lim,,_, Var(Z,) < ;. Moreover, sup, E(Z2) < 3 O
Remark this implies
- i1 2
i (3 3 Lo m@0) > o 72

Proof: Since for all i, E(Z2(i)) < E(Z,(i)) = 3, it holds obviously Var(Z,) < 3. Using (7.1) with
A1 = A9 = 0 gives:

r9)2 AV N
Var(Zusr) = (1= (r8)? ) Var(Z,) + ( Z) + (;) (% - % EI_I:E(Zﬁ(i)))
Then using the fact that
(- LS mzw) < (73)
2 N P " -2

we have

Var(Zp+1) < (1 —(r9) )Var(Zn) + (
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Let x, := Var(Z,) — 3 < 0, one gets z,,1 < (1 — (r%)z)xn + (TJ—LNP With K, = ﬁ, take

Tni1 = (1= (r)?)a, + Kn(rb)?. Since Y, (1) < 400, we obtain limy, o 2, # 0 by lemma A.2.
As claimed, lim,, o Var(Z,) < %, that equivalents to lim,, E(Z2) < %

W~

Moreover, since E(Z2, || F,) = Z2 + Var(Zn41|Fy), it holds E(Z2, || F,) > Z2 so, (Z2)x
is a sub-martingale. Consequently, sup, E(Z2) = lim,, E(Z2) < 1. O
To treat the cases when (A1, \2) # (0,0), we need the following lemma:

Lemma 7.3. If \y > 0 or Xy > 0, then it holds lim,_,~ Var(Z,) = 0.
In particular, lim, o Var(Z,) < 1/4 and

11 )
Jim (5 =y S EZ0) >0
]
Proof: We re-write (7.1) as:
—(1- 12y ()
Var(Zp+1) = (1 —4e,)Var(Z,) + K, (r,,)” + 1
where
¢ ¢ 2(,.0\2 20 vz, (1) 2
En = N1y, + Xord — 22X\ Aoy rd — A{(r),)7 — As(rd)c + : (1 —2X9)%,
and

1 1 2 1 1 Y 2 2
Ky = [(1—20) (5 S ZE(ZTL(Z))> 41— A2
=1

In all the considered cases, ), €, = +o00. Using (7.3), we get
1
0< K} < 5(1—2A1)2+A1—A§ <1.

It follows Var(Z,) < y, where (yn)n is the sequence defined in the proof of lemma A.1 (see (A.3))
with the same ¢, and K, is %(rﬁf + %. Thus, using Lemma A.1, we get lim,,_, Var(Z,) = 0.

Remark that using the same argument as previously, (Z2),> is a sub-martingale. Thus we get

1
sup,, E(Z2) < 5 as claimed. O

7.2. Proofs of L? and a.s. convergence. We now prove the theorems of Section 4 about convergence
and synchronization.

Proof: Theorem 4.1 (i)
& First consider the equation (7.1) summarized as

Var(Zp+1) = (1 = 4Xr) + o(r)))Var(Z,) + Kn(r;fb)2 + 0((7“:)2),

A if
where A = { t! 71<’Y2.andr;§: L

Ay if Y1 > Y2 ne

We now give the values of A and K,,, depending on 71,72, A1 and Ay for which this equation
holds, and show how one can apply Lemma A.l in all different cases.
e When v, < 72, then A =4X\; and

K= (-2 - LS BZ20) + 8- )
"N VTN & ntt 1=
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is bounded and lim,,_ K, > 0. Indeed, since E(Z2) < %, we get
N-1

ZE (Z2(0) =E(Z2() + > E(Z2(4)) < %Jr % = %
i=1, i#£j

By Lemma A.1 we get lim,,_,~ Var(Z,) = 0. Moreover, by Lemma A.2, it holds Var(Z,) = O(n—il)

e When v > 7, it holds A = 4X3 and K, = % thus, by Lemma A1 it holds lim,,—,~ Var(Z,) = 0
and Var(Z,) = O(:%;) by Lemma A 2.

e When 7, = 12(=: 7), we have
Var(Zni1) = (1= 400 + A2)ra = (201 +229) = (1= 2X0))r2 ) Var(Z,) + 12K,
where A = 4(A\1 + A2) and

1
K, = N((1—2>\1 f——Z]EZ2 N+ — AT+

2 Z)?

which is bounded and lim,, .o, K, > 0, which 1mphes by Lemma A.1 limn_>Oo Var(Z,) = 0 where by
Lemma A.2, it holds Var(Z,) = O(-%). In the case v = 1 and Ay + A2 = 1, Var(Z,) = (’)(lo%). O

Proof: Theorem 4.1 (ii)

Consider the following recursive equation satisfied, for any i € {1,..., N}, by the L2-distance
between one component and the mean field. For symmetry reasons, the following quantity x,, does
not depend on the specific choice of the component 7. With

Ty = B[(Zn(i) — Z,)?] = Var(Z,(i) — Z,),

recall x means law of total variation and it holds

Tni1 = E(Var[(1 —rf —r9)(Z,06) — Z,) + 74 (€4.(3) Z{n

+ Var [Zn(i) — otz (i) F19(Zn () — (1 — 2X2)Zn ) — Zp(1— 227t — rg)]

— (rh)?E[Var(€h() - Zg‘f )1Fa)] + Var (1= 27t = 19)(Z0(3) - Z0))

= (1= 2 — )PV (Za(i) — Zu) + 0 (1 52+ () B [Var (€ 01 7)]

=(1- 2/\1rfL —r9)2z,

N -1 . .
+ (A2 (1 = 202[E(Za(0)) — E(Z2(D)] + A — A
Therefore we obtain
T = (1= 40k = 208 + D305 + (79)2 + 20 ) + ()2, (7.4)

where J,, = %((1 —2X1)%[3 — E(Z2(i))] + M1 — A?) is bounded and not equal zero for N > 1.
(a) When v; < 7o the relation (7.4) gives x4 1 = [1 — 4\l — o(r8)]z, + (rf)%J,. Tt implies by

Lemma A.1 limy, ;o 2, = 0 and it holds, by Lemma A.2, x,, = (’)(n%l) where A = 4)\c1.

When 7, = 72, we have from (7.4)
Tri1 = [(1 =70 — 20070) Y20 + 17200 = [1 = (2 + 4M) 1 + o(rp)]zn + 12T,
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which implies by Lemma A.1 lim,_, , = 0 and it holds, by Lemma A.2, z, = (’)(n%) where
A=2+44)\.

(b) When vo < 71, Zpt1 = (1 = 2r5 + o(r9))xn + Jy ( )2 where A = 2 implies by Lemma A.1
lim,, o0 , = 0 and it holds, by Lemma A.2, z, = O(

2w1 72 )

0

Proof: (iii) Theorem 4.1
e To prove that, in this case, a.s. convergence holds towards 1/2, we use (6.2) and consider
1 1
E[(Zns1 — 5)2\?”] = (Z, — 5)2[1 +4(rE)2N2 + 4(r9)2 02 — Arf \p — 4r9hg + 4rf 9N Ao
+ (1) E[(AMy 1) | Fal + (r8)*E[(AM]] )| F]
1
= (Zn = ) |1 = ArAa = 4rfds + o(m) + o(r) | + (r)* Wy, + ()WL,
with WY = 4X3(Z, — $)? + E[(AM},)?|Fn] and Wi :=4N3(Z, — 3)2 + E[(AMYZ, |)*|F).
Thus, E[(Zn11 — 5)4Fa) < (Zn — 3)% + (rh)2WE + (r2)*W3. Since (v1,72) € (1/2,1]%, we get
that ((Zp+1 — l)Q)n is a positive almost super-martingale and a.s. convergence holds. It is enough
to consider L? convergence in order to identify the (deterministic) limit.

1
E(E[(Zns1 — 7) Fal) = E(Zn = 521 = 4rih = 4ra + drlrauhs

+ (r) K + () K.
With y, := E(Z, — 1)?, one gets
i1 = (1= 4rfAs = 40 + N () + X307 + drlrd\ide )y + (rf)2 Ky + (182K, (7.5)
where 0 < K! ;== E[(AM! 1)?] <1, and 0 < KJ,, := E[(AMY,,)?] < 1. By lemma A.l we get

e When 1 = 79, the proof holds similarly. Indeed,

E[(Zni1 — 5P 1Fa] = (Zo = 3)°[1 — 200 + )] + r2EIAN 1))

Thus, E[(Zn1—3)?|Fn) < (Zn —5) +7r2W,,, where W,, = 4(A\14+X2)2(Z,— 1) 2+ E[(AM,41(3)) 2| Fo).

To prove the a.s. synchronization, use (6.6) with X, (i) := Z,(i) — Z,, which means in the
considered case E(X,11(1)|Fn) = (1 — 2\178 — r$) X,,(i). Thus, we obtain E(X,,41(1)|Fn) < X, (i)
and therefore (Z,(i) — Z,), is a bounded super-martingale and its a.s. limit exists. O

Proof: Theorem 4.2

As expected, we shall consider two different situations of nullity or not for A;, A2 and different
relationships between v, and s.

The proof of following cases follows along the same arguments as above. We only sketch the proof
and list the essential elements below. Then it is easy to get the results.

& Case A\ #0, )\ = 0.
Consider the recursive equations (7.1) and (7.4) and letting Ay = 0 satisfied by Var(Z,) and L?-
distance respectively.
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e Case 71 < 3. To study the variance,
Var(Zni1) = [1 — 4\rh + o(rf)Var(Z,) + Kn(rh)?,
where K,, = L ((1 o023 — LN B(Z23)) + M — A%) and with A = 4);.
To study the synchronization,
Tnp1 = (1= 4\ + o(r8))zn + Ju (1),

where J, = Y2 ((1—2X1)%[5 — E(Z2(i))] + A1 — A?) and with A = 4);.

e Case v < 1. To study the variance

Var(Zny1) = (1 — 4\rb)Var(2,) + Ka(r9)?,

1
where K,, = 1 with A = 4.
To study the L2-distance’s behavior, z,41 = (1 — 214 4+ o(r9))x, + Ju(r)? with A = 2.

To prove that a.s. convergence holds towards 1/2 consider to equation (6.2) and let Ao = 0,

1\2
E[(Zns1 — 51l = (Zn = 5) [1 = 4rka] + G W+ (r9)2108
where W’ := 42 (Zn - %) +E[(AM., )| F,] and W§ := B[(AMY,)2|Fl.

e Case 71 = 72(=: 7). To study the variance,
Var(Zny1) = (1 — 4\, + o(rn))Var(Z,) + Kur2,
where K, = f((1 —2A)? (5 — L3N E(Z2 ))) NSV Z) and with A = 4);.
To study the L2-distance’s, 2,11 = (1 — (2 4+ 4X\1)7rn + 0(rn))zn + Jur2 with A = (24 4);).
To prove limy, 00 Zn = 5 50, E[(Zns1 — 1)1 Fn) = (Zo — 121 = 20 M1 )2 + r2E[A M, 41 (6)2] F)-

Finally, to prove the a.s. synchronization, using (6.6), E(X,1(i)|Fn) = (1 — 2\17t — 79) X, (4).
& Case A\ =0, )\ # 0.

e Case 71 < ¥2. To study the variance,
Var(Zni1) = (1 — 4xord 4+ o(rd)WVar(Z,) + K, (r%)?,
where K, = (5 — LYV R(Z2 ))) and with A = 4),.
To study the L2-distance, x, 41 = (1 — 275 + 0(79))zn + Jn(rh)?, with A = 2.
e Case 2 < 1. To study the variance,
Var(Zni1) = (1 — 419 + o(r9))Var(Z,) + K, (r9)?,

where K,, = i and with A = 4)\s.
To study the L?-distance, 2,11 = (1 — 2rf))xy, + Jo(r5)?, where A = 2.
To prove lim,, oo Zp, = % a.s.,
El(Znis — 5l = (Za = 5) [1 = 4rida] + GPWE+ (92,
where W := E[(AM} 1)?|F,] and Wi := 4X3(Z, — 3)* + E[(AME, )| Fnl.
e Case vy = 72 =: 7. To study the variance

Var(Zp+1) = (1 — 4Xory, + o(rp)Var(Z,) + Knr



Synch. and fluctuations, ind. and collective reinforcement 15

where K, = %((E — LN R(Z23)) + f) and with A = 4)s.

To study the L2—dlstance, Tpi1 = (1 —2ry + o(rp)zy + Jur,.

To prove lim, o0 Zn = 3 a.s. E[(Zn+1 - %)2]}- | = (Z - %)2[1 — 2ruXo)? + P2E[A M, 11 (1) | F).
Finally, to prove the a.s. synchronization, E(X,,11(7)|F,) = (1 — r5) X (4). O

Proof: Theorem 4.4 (i)

When A\ = A2 =0, (Z,), is a bounded martingale which therefore converges a.s. to a random
variable Z,. On the other hand, by Lemma 7.2, Var(Z), < %. Remark, it means we do not have
Zs € {0,1} a.s. which is a behavior that may happen with some reinforcements like in reinforced
random walks.

Let us use v, = min(y1,y2) and 7 := max(rt, r3),

Var(Zusr) = (1 — U

with the following developments.
e When 71 < 79, then A =1 and K,, = %[(% - % Ef\;l E(Z%(z)))] is bounded and not equal
zero. Indeed, since E(Z2) < % by Lemma 7.2, we get

N-1

1 N-1 N
2 2 20 - —
ZE (Z2(i)) =B(Z2(j)) + Z E(Z,(0) < 5+ 5
i=1, i#j
Using the first part of Lemma A.2, since ) ( ) < 400 we get Var(Z,) > 0.
e When v < v then, A = 1 and K, , thus, by the first part of Lemma A.2, we get
Var(Z,) > 0.

e When v = y2(=:7),
Var(Zp1) = (1 —r2)Var(Z,) + Kur2,

where K,, = $ — & SN E(Z2(i) + 2L which using Lemma A.1 implies Var(Z,) > 0, where A = 1.
([l

Proof: Theorem 4.4 (ii)
To study the synchronization phenomenon, we consider the L?-distance z,, between Z, (i) and Z,,.
o1 = (1= 20 + (1)) + (1))

+—+E(Z2(i))) is bounded and not equal zero for N > 1 and then A = 2. Thus, by

Lemma A.1 it holds lim,, o z, = 0 and Lemma A .2 yields x,, = O(

where J,, = 222 (1

W) meaning in particular

that the L?-synchronization holds as n — oo.
Moreover when 71 = Yo, Zpt1 = (1 — 2rp)z, + Jur2 we get x, = (’)(n%)

Finally, using (6.6) Where X (i) := Zp (i) — Zp, it follows E(X,,41(7)|Fn) = (1 — 75) X, (4). Thus,
we get E(Xp4+1(7)|Fn) < Xn(i). As bounded super-martingale, (Z, (i) — Z,), converges a.s. O
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8. Proofs of the CLTs

We now prove the central limit theorems in order to study the scales of the fluctuations. Recall

a

we are using the notation a,, ~ b,, when lim,,_, b—n exists and is a constant. We will use Th. A.5
n

in order to prove the CLT’s w.r.t. stable convergence.

8.1. Proofs of the CLTs (Theorem 5.1). Consider the following definitions.
Define Xy (i) := Z — Zy (7). Set Lo(i) = Xo(i) and define

n—1
Ln(i) = Xai) — S (B[Xpp1 () Fe] — Xi0)). (8.1)
k=0
As (6.6), we get
Xpi1(3) = [1 = 2078 — r9] X, (3) + ALyi1 () (8.2)

where ALy, 11(i) :== Lp41(i) — L, (7). Note that (L,,), is an F-martingale by construction. Iterating
the above relation, we can write

n—1
Xn (i) = c1nX1(8) + D chr1nALky1(4) (8.3)
k=1
where ¢, , =1 and ¢, = Z;,ﬁ(l - 2)\17“£ - r;ql) for k < n.

Proof: Theorem 5.1 (i-a)

Case 71 < 2. Note that in this case 1 # 1 because (y1,72) € (1/2,1].
We get lim,, ne c1,n = 0 since,

n—1 n—1
2M1¢1 Co 1
Cln = H[l — 2\ —rp] = H[l T T e (hz—\/l)}
h=1 h=1
n—1
2)\161 C9
= expl- Y (St — 5+ 0())]
h=1
_ (ex [_ 2)\161 nl_“(l _ (&) 1-— Y1 1 )
P 1—-m 11— 2 \icp n72™m
2\ 1-m )
= ex n .
( Ml_Wl )

Therefore, using the same argument as previously for ¢, we obtain

n—1

2M1c1 _ _ e 1—m 1
Ckn = H[l — 2)\17’£ — ’I”Z] = O(eXp[—l_i(nl - kl 71)(1 B 1— AIN1c1 2= )]>
P Y1 Y2 2A1C]
-2\
-0 [ 2 —#])

(agree with Lemma A.3).

It is then enough to prove the convergence n % >k Chr1n ALy (i) = N(0,(1 —1/N)/16A;). First,
let us define Uy, = n%ck+1,nALk+1(i) and Gp i = Fry1. Thus {Up,Gni 0 1 <k < n}isa
square-integrable martingale difference array.

Indeed we have E(ng) < +o0 and E(Up k41|90 k) = n%ckaE(ALkH(i)\FkH) = 0. In order to
conclude, we use the Theorem recalled as Th. A.5. We will prove the following three statements for
Upje =1 cor1nd Ly (0).
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a) maxj<g<p |Uni| — 0.
b) E[max;<x<p Ur%,k] is bounded in n.

¢) Yo Uz, = (1=1/N)/16A; as.
e It holds a) since ALy1+1(7) — (Xpt1(i) — Xpn (7)) = 201 X, (7)) n=, [ALp41(2)] = O(n™ ).

e To state b), we use a) and

E[maxU <EZ

n

=03y E[(A Lk (1))

k=1

—4N nl— 1—
~ pM Zel 71 M-k Wl)o(k—?h)

n—1
e n?0(n=*m
_n"flel w1 m el k 1 2’71)+ ( )
n
k=1
Thus, E[max;<g<p Uz ;] is bounded in n.
e Finally, in order to prove c), we have
n n 1 pl-m7
k= 2’?161 Pz
2 _ .y 2 N\N2 Y 27
E Ui =n" E Ch1n(ALpt(i))” = n™ E Dy 1 (ALt (i ))? k>,
= k k=1 el

From a) we obtain
ALpy1(0)? = (Xpa1 — X + 2070 X;)?
= [(Zks1 — Zi) = (Zia (i) = Zx(@))]” + AN (r)* (Zi — Zi(0))?
+ (i) (Zk = Zu(0)[(Zirr — Zi) = (Zia (i) — Zi(0)].
Since Z, — Zn(i) — 0 a.s. and (rf)2X? = O(k~") thus,

Z Upj=n" Z il (Zisr = Z10)? + (Zira (0) = Z3(0))° = 2(Zsr = Zi)(Zisa (i) — Z3(0)))-

k=1
Let V}, = k2’71[(Zk+1 — Zk)l (Zlc-i-l(i) — Zk(z))Q — 21(Zk+1 — Zk)(Zk_H(’l) — Zk(’l))] and setting the
Y1 k=71
sequences by, 1= n%leﬂ)‘l =71 and ai := k?l e M Hence, it holds
1,n

1
Ek 1 o m Tl Indeed,

n

. 1 1 B e N Tt
hmsupb— g — = limsupn™el-n u MMM T du
ag 1

1 yint nl—mn /" 1 g ui 1
=1i — ! 1 du) = —.
msup( e+ e T ) L) =1
The same holds for the limit inferior. Then hmn Zk 1= 0 N . It implies by Lemma A .4,
ag

that > p_, U> .k converges to m a.s., where V' is (determlnlstlc random variable) defined as limy, E(Vj41|F) =
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V. Indeed, we compute
E( (Zas (1) — Z4(0))21F) =
R ()P B(& 11 (6) = Z0()?1 ) + (PBA(EL 4 — Zr(0)*1 )
+ 2B (61 () — Z(D) (€l — Z0(0))I ) )
= K ()2 (Var (€ (D1F) + B2 () = Z6(0))21F0) + () (Var(6f, 1 Fi) + E((&, — Z6)*1F0))
+ 20 (€1 () = Z06)) (€L — Z6())IF))

which behaves like k%l((r’“) 4) ) when k — oo. Similarly,

[V

/-\

E[k271(2k+1 Zk) |fk] — k2’71< [ ngH ]fk} ( ) [(ﬁiﬂ - Zk)2|-7:k]
+ 2TkT‘zE|: Z&H'l Zk £k+1 k)|‘Fk})
=k <(r£)2 <Va7" ka-u )IF] +E* (- Z§k+1 ZkU—k))

+ (rf)? (Var[ékﬂrfk] +E(E],, - zkrm)

+27‘£T§E[ Zflﬁtl = Zk)(§i1 — Zk)u:kD

qee 12 ()2 (D) :
behaves like k“7 (*}5~ + ~£~) when k — oco. And it holds

E[E* (Zs1 = Z0)(Zpsa (3) - ZHONFi] =
E (rf)E | (61 (1) — Zam = Zo\Fe] + (B[4, — Ze()(ELy — Z0)IF])

which behaves like £271 (U6 + T8y 1t follows

E(vkmfk):kzw[(rﬁ)?(wr[sﬁﬂ(M |+ Var[ me )| F]

R U SERTRPA L) ENS TR

1
Thus, Vj, =2 i(l — %) and therefore, 52 = %.

The proof of next parts follows similarly as previously. We sketch the proofs and mention the
essential steps below.

e Case 71 = 72(=:7).
We obtain ¢, = (’)(exp
2014271) 1y K27 _20420) g1y

Let b, = n%e 1—y sap = F—e 177 and

1,n

[M 1"7]). Therefore lim,, oo n%cl,n = 0.
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Vie = K2 [(Zk1— Z1)* +(Zjgr (1) — Z3(0))? = 2(Zjg1 — Zi ) (Zi41 (i) — Zi (i) Therefore, 63 = Ao

020"
e Case 7| =y = 1.
We obtain ¢ 5, 1= Hh[ — (142 )] = O(n_(1+2)‘1)). Then y/ncy , — 0.
Let by, 1+4>‘1, ap = k~*M and
. jod 1_i
Vi = k2 [(Zk+1—Zk) +(Z1s1(1) = Z1 (1)) = 2(Ziy1 — Zi ) (Ziy1 (i) — Z(i))). Therefore, 67 = 7221#&)1)'

Proof of Theorem 5.1 (i-b)

Since ¢1,, = [[1Z1[1 —2\7f, — 1] = O(exp[=%- 71 n1=72]) therefore, "% e n—0.
Let by, :=n~(n- VQ)exp(lf N n'=72) and ay, := k:z““clnexp( 2 kl 72) and
Vi = kZ“[(ZkH Z)? + (Zis1 (1) = Z1(0))* = 2(Zp1 — Zk)(Zk+1( ) = Zi(i))].
Therefore, 53 = (1 — +).

Proof of Theorem 5.1 (ii)

1
e When v, < v, let Xy, 1= Z) — 5 S0,

n—1

n—1
1 1
L,=X,— Z_: (E(ZkJrl — g\fk) — (2K — 5)) = X +2(A17y, + Aor) ;OX’“

and X,,11 = [1— 2)\17‘ 22079 X+ ALpt1. Socry, = = O(exp[T=2* 2’\1 n!=7]) and therefore n%lclm — 0.

ax
1 pl-71 k271 1pl-7

—4x
k ~
Let b, := n%e’l*"ﬂ and a := ?61*71 and Vi = k.2’Y1 (Zs1 — Zk)2 therefore, 6% = ﬁ
n

e When 73 < 71, it holds ¢1, = O(exp[7=52 2)‘2 n'=72]) and therefore nA/TQCLH — 0.

2 12 k22 T2 kl*” 2 2 ) 1
Let b, := 2-eT2" 7 q = el and Vi, = k“72(Z 11 — Z)* therefore, 6° = —

C1 n 16Xo °
_ 2(A1+X2) 11—~ 1
e When v; = 12(=:7), it holds ¢1,, = O(exp[in ]) and therefore nz¢; , — 0.
4(>\1+/\2) nl-7 £27 —4(/\1+/\2)k1 ~

Let b, = Le 17 ,ap = e 17 and Vi = k2 (Zpy1 — Z1)2.
1,n
~2 1
Therefore, g~ = m

Proof of Theorem 5.1 (iii)

e When v = 75 = 1, it holds ¢1,, = [[}[1 — 2(\1 + A2)r] = O(n~2a+22)) We then consider
the following sub-cases.
1
- When (A1 4+ Ag2) > i, Vn cin = n~2MHA2)+5 0 then we get

_ k\2(xn+x2)
= O(E),
Moreover, Zk U,?n =n Y (E)H A+ (AL 1)2k2k~2 and therefore using A .4 taking suitable (ay, ),
and (b n)n, " Zk 1 ak m and thus, (ALnH)2 = (Zgy1 — Z;g)2 then

limg o0 K2E((Zis1 — Z3)%| Fi) = i a.s. and therefore, Ui“2 = 74(1_4(}\1_”\2)).

1

- When Ai+Xo = l , it holds y/n(logn)~2¢i, — 0. So ¢y = (%)% and Uy, = %CkJrl,nALkH

and Y p_, U,fvn = logn S (EYALg)? = @ i tk*(ALy41)%. Using Lemma A 4 leads to con-

clusion with 02 = %. O
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8.2. Proofs of the CLTs (Theorem 5.2). We now prove Theorem 5.2.

~ 1
Proof: Let us define X, := n4(/\1+>‘2)(Zn — 5) Recall we state ¢c; = co = 1 for simplicity. Since

E[X?] < oo, it is therefore enough to show that (X,), is a quasi-martingale. Indeed, we have

> E(EX 1| Fil ZE(\ YRR (1 20 + da)re) — 1))
k

= O(E)S()\l + X2)’E(| Xi|) < +oo.
k

Moreover, from the computations carried out in the proof of Theorem 5 I, BE(X2) < +oo and so
it converges a.s and in L! to some real random variable X.
In order to prove that P(X # 0) > 0, we will prove that (X2), is bounded in L? for a suitable
p > 1. Indeed this fact implies that X’Z converges to X2 and so we obtain E(X' 2) = lim,, E(X'g) =
lim,, n*MH+22)E(X2) > 0. To this purpose, we set p = 1 + €/2, with € > 0 and z, := E(]X,|>T¢).
Using the following recursive equation:

N
T ~ 1
Xpt1=(1—2r,)Z, + Nn Z;fkﬂ 3
1=
one gets

Zni1 = E(1 X279 — (2 + €)r2Z,E(| X, |11)
+ 2+ €e)r,E []X ]HE sign (X, kaﬂ ] R,

where R, = O(n~2). Now since E[+ 3", eni1 (D) Fn] = 22, — 2001 + Xo2)(Z, — %), we have
1 = E(|Xn[*7) = 2(2 + €)rn ZE(| Xn| )
+ (2 + )rp Bl X't sign(Xn) (2Zn — 2(A1 + A2)) Xn] + Rn
= E(|X,2T) — (24 €)rn2(M1 + M) E[| X, | € sign(X,) (Xn)Xn] + Rn

— 2+ ra2(h + M)E(|Xa ) + Ry
_ (1 —2(A + M) (24 e)rn) 20+ g(n)
with g(n) = O(n~2). Therefore, we have
Zng1 = (1 —2(M +A2)(2+ G)Tn> zn + g(n).

Since, for € > 0 sufficiently small, we have a(2 + €) < 1 and for n large,

)
= E(|Xa[**)

n—1 n—1

k];[O (1-200 + 202+ e)rg) = exp[kzzo(ln (1-200 +2) 2+ =+ o(k%)))]
= O(exp[—2(A1 + A2)(2 + €) Inn])
= O(n~2MatA2)(2+e))

Thus,
1

2+€)]
E[l X1 = O(—5yarg)



Synch. and fluctuations, ind. and collective reinforcement 21

which it implies that X2 is bounded in L'*t%. ]

8.3. Proofs of the CLTs from Theorem 5.5.

Proof: We organize the proof in two main cases according to nullity of A; and As.

& Case A\ # 0, =0.
In order to study the evolution of X, (i) := (Z,, — Z,(7)), we consider two sub-cases.

e When v < 7y, X, 11(4) = (1 — 2)\17'2)Xn(73) + AL,11(7) and the proof follows like the part
. 1—+ - 1
(i)(a) of Theorem 5.1 with 63 = (16/\1\1’) when v < 79, 65 = ﬁ when v; = 2 (denoted by 7)

. (1-1)
and 62 = 2(T4]i\1) when 71 = 12 = 1.

e When 72 < 71, Xpy1(i) = (1 — 7)) X, (i) + ALy,11(4), then the proof follows like part (i-b) of
Theorem 5.1 with 62 = (1 — %).

1
We further consider X, := (7, — 5)”

e When v < 72, Xp41 = (1 —r9)X,, + AL, 41, then the proof follows in a similar way as the
part (ii) of Theorem 5.1 with 67 = ﬁ when 71 < 2 and 6% = m when v = 2 = 7.

e When 72 < 71, the proof follows along the same lines as previously. We sketch the essential
arguments in the following. We have

Xpp1 = (1 =207 X, + ALpyq.
—2M1 1-m _n : i
therefore, ¢, = O(e™ ) and thus, n”?"2¢;, — 0. Following the same steps as in the
previous proof. Only showing that

ax k171

Z U2 _ n?’yz ’Ylel ’Yl ni—m Zk 2»y2 jp—m k2’yz (ALkJrl)

1 1
goes to a constant with lim,, . b— Zzzl o E and k22(ALgi1)? ~ k*2( 241 — Zi)? ~ T
n

s2 1
Therefore, 03 = 155 -

& Case A\ =0,y # 0.
Concerning the evolution of (Z,, — Z,(i)), for both cases 1 < v and v < 7, it is proved

analogously as part (i)(b) of Theorem 5.1 with 63 = 53 = 7( — i)

1
We now consider X,, := (Zn — f)n.

e When ~; < 79, the proof follows in a similar way. We sketch essential arguments below. We
have
Xny1 = (1 — 2)\27’9)X + ALn—f—l,
—2X 21—

therefore it holds ¢;,, = O(e'=72 2) and thus, n"~ el c1,n — 0. It is enough to show that

1'\/2

ZUQ — p2n- '7261 Sent” ”1213 211, gh = K21 (ALy 1)

=

1
tends to a constant with lim, b— pya a—k = Iy and k2 (ALpy1)? ~ k2 (Zpor — Zi)? ~
n

22 1
Therefore, 65 = 655 -
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1

The proof when 9 < 71 follows as in part (ii) of Theorem 5.1 with 63 = Tong

e The case 7, = 72 = 1 is proven similarly as in part (7i4) Theorem 5.1 with U§2 = m
when A\ + A2 > 1, 05 = 1 when \; + A2 = 1 and Theorem 5.2 when A\ + A < 1.

0

8.4. Proofs of the CLTs from Theorem 5./.

Proof -
Proof of Theorem 5.4 (i)
e Case 1 # 72. Define Xy (i) := Zx — Zi(i). Set Lo(i) = Xo(7) and let us rewrite

n—1
L (i) = Xn(i) = Y ([L = r)(Zk — Zi(0) — (Z1 — Z1(1)))
=0
n—1
= Xn (i) + Xi(1)
k=0

Then X,,+1(i) = [1—75] X (4) + ALyp+1(i). Note that (L, (i), is an F-martingale by construction.
Iterating the above relation, we can write X, (i) = ¢1,,X1(7) + > p—q Ck+1,nALn41(7) where
Cnin =1 and cpp = [[p_[1 —rf] for k <n. It holds ¢, = [[;_;[1 — r}] = O(exp[ﬁnl_w]).

Then 0~ % g, — 0 and ¢ = O(expl=4 (n! =7 — k1-2))).
So it is enough to prove that n? =% Yk Chr1nALpy1(7) = N(O, (1-1/N)(Zs — Zgo))

Again, this can be proved using Theorem A.5 for Uy, y4+1 = =% > ok Cht1.nALp11(i) and proving
a), b) and c). It is easy to check that conditions a) and b) hold. Let us now consider 3). We have

k172

n n

B ' _ k21T «,2
D Unp =01y G p (AL (i) =02y ———— (ALpy1(i))*K*7.
— k k=1 et—72

From 1) we obtain
(ALp11(i))? = [(Ziyr = Z1) = (Zra () = Zu(0))? + (r)* (Zk — Zk(4))?
+ (r)*(Z = ZkO)(Zi1 = Zi) = (Zi (6) — Z1(0))).
Since Z, — Z, (i) =% 0 and (r])2X4(i)2 = O(k~%2) so

Z Upj=n"""" Z Gl (Ziir = 20 + (Zea (0) = Z0(0)° = 2(Zir = Zi)(Zisa (i) — Z3(0))]

k=1
2 - _ 1-
where we use Lemma A .4 with b, := nz,ﬂ%welﬂzn ™ and ag : ]ZQVI e 1- W2k "
1,n
Let Vi = kQ”[(ZkH Zk) + (Zk1 (1) = Zk(0))? = 2(Zry1 — Z1) (Zrya (i) — Zk())]'
Thus lim,,_ye0 7 - Zk lag = 1 This implies that Zk 1 3  converges to K ., where V is such

that limp_, o (Vk+1|.7:k) V Indeed,
E(k* " (Zi11 (i) = Z1(8))?|Fr) = K (1) *E[(€g1 (1) — Z3(0))%| Fi]
= K27 (r},)*Var €], () F]
= PN (r)2(Z), — Z2) X5 Zo — 72
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Similarly, (k> (Zpy1 — Zi)?|Fr) 22 Zoo — Z2,, and
2’71 . . a.s ZOO - Zgo
Bk (Zh1 () = Zu(0))(Zisr = Zi)|F) = ——x—
Thus, limg_00 UZ = 92(1 — %) (Zos — Z%) a.s. where 9 = 1.

e Case v = 72(:' v). We get ¢ = [[_1[1 — 7] = O(exp[%nl_ﬂ). Then ngcl,n — 0.
Moreover limy,_;oc o py = % and Vi, = k2[(Zrs1 — Z1)? + (Ziy1(3) — Z3(3)? — 2(Zpy1 —

Z4)(Zreia (i) = Zi(0))].
Thus, limy_e UZ = 94(1 — % )(Zoo — Z2,) a.s. where 9 =

[e.9]

N[

eCase yi =7 =1 cip=[[_11—-r)= O(n~1). Then /n c1,n — 0. Choosing b, := n and
ajp = 1 and let Vk = kQ[(Zk+1 — Zk)2 + <Zk+1 (Z) — Zk(z))2 — 2(Zk+1 — Zk)(Zk-Jrl(Z) — Zk(l))] Thus,

1
limy 0o UZ = 94(1 — N)(ZOO — Z2) a.s. where ¥ = 1.

Proof of Theorem 5.4 (ii)

e Case 1 < 72. The process (Z,), is a (bounded) martingale. Therefore (Z,,),, converges a.s.
We want to prove the following two statements

(1) E[Supk K173 Zyyr — Zk:|] < +oo;
(2) n®n—1 > keon(Zkt1 — Zp)? 5 m(zoo - Z2).
Indeed, the first condition immediately follows from
| Zkv1 — Zi| = Z€k+1 — Zy) + 7 §n — Zk)| = O(k™™).
Concerning the condition 2), we observe that
2"(1 1 Z Zk;-|—1 Zk‘ _ n2'71 1 Z Lk~ 2’71 )Q(ZZ éjk\;l'l(l) _ Zk)Qk_Q'YI
k>n k>n
and so the desired convergence follows by lemma A.4 with ay, := E=2n+2 b .= n2n—1and
Uk = k27 (T£)2(Zk gJlierl(Z) - Zk)2v limy, 00 Op, Zan ﬁ -

1 .
1-2v1 50,

E((Z’ffj’?l(i) - 2)°|F) = Var(W!]—}) — %(Zoo ~7%).

1
2vi-1)°

e Case 72 < 71. We want to prove the following two statements
1) E(supk kVQ_%|Zk+1 — Zk|> < 4005
2) n®2 7 Y s (Zit = Zk)? 2 gy (Zoo — Z5).

The first result immediately follows from

| Zis1 — Zi| = | Zﬁkﬂ — Z1) (&) — Zi)| = O(k2).

Finally, we take ¥ =

To prove the second point, we observe that

2y3—1 2 2y9—1 0N27.—272 Z£i1§k+1(i) 2 272
0?2 NS (Zgr - Z4)% = 0220y ()% (7—2,@) k

N
k>n k>n
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and the desired convergence follows by lemma A .4 with aj, := k?7272, b, := n?2~! and
Up = K2 (r])? (€041 — Z1)% iy s b Y s, @ = _ﬁ and

E(&],1(1) = Zi)?|F) = Var(&] | F) = (Zoo — Z3).

Finally, we take 9 = ﬁ

e Case 1 = 72(=: 7). The process (Z,), is a martingale and converges a.s. Indeed,

Yo Enpa(d)

E(Zps1|Fp) = (1 — 2r0) Zn + rnE( x

|fn> — 7,

We want to check the following two conditions:

1) E[supk kV_%]ZkJrl — Zk]} < +0o0;

2) 07 Y (Zisr — Zi)® %(Zoo —Z3).
The first result follows from

| Zk+1 — Zx| =

N
1 = . _
(% Dbl - 220) )| = 0.
And for the second point, we observe that

£ ; 2
271 Z(Zk—H —Z)? =¥} Z r’%k,—zw(zz f]k\;rl(Z) _ Zk:) L2

k>n k>n
and so the desired convergence follows by lemma A.5 with aj := k=272, b, :=n?Y~! and
(i 2
U, = kww ~2z,.),
N
. 1 1 Sy & (4) 2 2 9 .
lim 00 b Yz 327 = — 57, and EKT - 2Zk) |f,€} — ~(Zoo = Z2). Finally, we
have ¥ = 1.
(2v-1)

e Case 7] = v = 1. As usual, we prove
1) E[Supk k2| Zpiy — Zkﬂ < +o0;

2) 0 Y pon(Zri1 — Zi)* =5 % (Zoo — Z%).
First result follows from

N
i = Z4] = ralp S & () — 220)] = OG).
=1

Second result comes from

ST 202 ST 222 2 (D)
%;L( k+1 k) %;L k ( N k)

and the desired convergence follows then by lemma A.4 with ar := 1, b, :=n and
s 1
Up = k2r2(=809 9702 Jim, by Y — = 1.
=" apby
2

Moreover, E(Zlgjkv“(l) —27;)2|F) = NZoo(l — Zoo). Finally, we have ¥ = 1. O
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Appendix A. Appendix

In this section, we prove and recall some technical results. The following Lemma is adapted

from Crimaldi et al. (2019) to the more general cases considered in this work. It is used with

en = arl or e, = ar and 8, = (rf)? or 6, = (1))

Lemma A.1. Let (x,) be a sequence of positive such that following equation holds:
Tnt1 = (1 —en)xn + Kpop (A1)

where a >0, r,, >0 and 0 < K,, < K. Assume that (e,)n and (0,), are positive sequences of reals
Zen = 400, Zei < +o0, and Z Op, < +00. (A.2)
n n n

Then limy,—, o x, = 0. ]

Proof. The case K = 0 is well-known. We will prove the statement when K > 0. Let mg be
such that ¢, < 1 for all n > mg. Then for n > my we have z, < y,, where

et = (L el 0 (A3)
Yo = Ty
It holds
n—1 n—1 n—1
yn =y [J(1 =)+ K> 6 [] (1—¢)). (A.4)
i=t i=0 =i+l
Using the assumptions (A.2) about (g,)y, it follows that
n—1
(1—¢)—0
=L
Moreover, for every m > my,
n—1 n—1 m—1 n—1 n—1 n—1
o [] A=) =>4 L—e)+> 6 J[ 1-¢j) (A.5)
i=C  j=it+1 i=0  j=i+1 i=m =i+l
n—1 m—1 +oo
<JJa-enD 6+d 6
j=m =L i=m

Using that H;L;Tt(l —¢;) — 0 and that )" J,, < 400, letting first n — +o0 and then m — +o0
in (A.5), the conclusion follows. O

We now present an extended version of the previous result, stating the rate of convergence.
Following Lemma is adapted from Crimaldi et al. (2019). This is in agreement with Aletti et al.
(2020, Lemma A.1), Aletti et al. (2019, Lemma A.1) given here as Lemma A.3 for completeness.
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Lemma A.2. Let (z,)n be a sequence of positive reals satisfying the following equation:
Znt1 = (1 — Aep)zp + Kyon, (A.6)
where A >0 andVn € N, 0 < K,, < K. Assume that (ep)n and (o), are positive sequences of reals

Zsi < 400 and Zén < 400
n n
Then it holds,
ngrfoozn =0& Z@n = 400
n

In particular, assuming liminf, K, > 0 and
C1 1
)

limn™26, =cy >0
n

E =
n n2s1

where % < k1 <1 < ko then, we get that

O(—=) if k1 <1,

(IOgn) ifkyr =1 and kg —A=1,
(n@l) ifki=1 and Ke—A<1
(L) ifki=1 and ko — A> 1.

n

Zn —

(3(3(3

0

Proof: The case K = 0 is well-known and we will prove the statement K > 0. Let ¢ be such that
Ae, < 1 for all n > £. Then for n > £ we have z, < y,, where

{yn+1 = (1 - Agn)yn + Kéna

Set €, = Ae,, and 4, = K&,. It holds

n—1
yn—yéH 1_€h +Z(3h H 1—6%).
h=f  k=ht1

!/

Since Y, en = 400, then lim, oo [[}— e(l —¢5,) = 0. Moreover, for every m > £,

n—1 m— n—1 n—1
01 (EEIES 3 | SIREIRD e 1 (I
h=¢ k=h+1 h=¢{ k=h+1 h=m  k=h+1
n—1 m— 400
<[[a-=» Z&h+ > 6
k=m h=m
Using the fact that HZ;:n(l —¢&,) — 0 and that 3, 8, < +oo, letting first n — o0 and then

m — 400, the conclusion follows. We are left to prove if ) &, < 400 then lim, 2z, # 0.
From (A.6) we have

Znyl 2 (1 - 5;) Zn

from which it follows
n—1
Zn 2 20 H <1 —5;1>.
k=0

Since by assumption, Zn £n < 400, we obtain lim,, o 2, > 0.



Synch. and fluctuations, ind. and collective reinforcement 27

Thus, limy, 5400 2p = 0 > e, = +00 (k1 < 1). Otherwise, if > e, < 400 (k1 > 1), then
limy,— 400 2n # 0.

More specifically, one gets.

e When k1 < 1. Let 2, := ) p_ t} 5, W [ i h+1( s;ﬂ), thus, assuming ¢ is large enough to replace
€n and d, with their asymptotics, and using the monotony of their asymptotics,

~o( szep( [ e
O(A T
=
(=

1 1 1 d
¢ sh2 © 1—/11(3”1 L n’ﬂ—l)] s)
n 1 1
e (1- mn”l (1—rp)nf1=T -kt gg
¢ s

(LI 2 T T sy

K2 1
n n*lﬂge(lfnl)nmlfl

=0

Letting n — oo, using L’Hopital rule, we obtain

1
1 n~k2e(1—rn 11 )
rk1—1

nk2

Zon = (’)(

1
[(—Eg)n_@—l + n—HZn_Hl]e(l—nl)s -

1 1
O( KR —R2 1 )
T e

(e (1)),

e When k1 =1, set

By (A.6) we obtain,
fov1 = fn+ F(n)

/

where F(n) = %. So, observing that fy = 25 = 0, we obtain
H}gzo(l*ek)
n—1
fn=>_F(h),
h=0
or equivalently,
n—1 n—1
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Since HZ;(I)( —&,) = O(-%) and therefore F(n) = O(n~"2), then

n

n—1

[li[ll—ek}hZ;OF(h) - o(
o(H

h Ohmz A)

hA K2
)

O(log”) if kg — A =1,

nA
n2ee O(=) ifre—A<1,.
O(-) ifrkp—A>1
The conclusion follows. OJ

As mentioned, previous result agrees with the next lemma which is proved as Lemma A.4 in Aletti
et al. (2017).

Lemma A.3. Let v be a real in (%, 1], and ¢ > 0. Let (r,)n be a sequence of real numbers such
that 0 < r, < 1. Assume that
c 1

)

as n — 0o.
Let a > 0. Denote with mg > 2 an integer such that Ym > myg, a < % Let

n

Do i= H (1 —ary) and by n = pm%h

m=myg
It holds
o fotenlgmat i <<

e o) ify=1
and

’ B (’)(exp[%nl_'y]) ifi<y<1

o O(n) ify=1 '
Thus, setting

Frin = pL‘)’Z formo <k <n,
mo,
one gets
Fiotn = O(exp(1=; (k1=r —nl=r1))) for1/2 <k <1
hn O((2)m) for ky = 1.

0

Lemma A.4. Let G be an (increasing) filtration and (Vi) be an G-adapted sequence of real random
variables such that E[Vi|Gr_1] — V a.s. for some real random variable V.. Moreover, let (ax) and
(br) be two sequences of strictly positive real numbers such that

= E[V2
b T +00, ) [2’3] < 400
= apbi

Then we have:
a) If Zk la, ¥ for some constant v, then = " Zk X Vk = 9V,
b) ]fb Zk>n iz Y for some constant ¥, then b, Zk>n otz = IV, 0
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Theorem A.5. (Theorem 3.2 in Hall and Heyde, 1980)
Let {Spk, Fugr : 1 < k < ky,n > 1} be a zero-mean, square-integrable martingale array with
differences Uy, 1, and let a? be an a.s. finite random variable. Suppose that

P
1) maxi<kg<k, |Un,k| — 0,‘
2) Elmax;<<k, U2 ,] is bounded in n;

ke 2 P2

and the o-fields are nested, i.e. Fpp C Fpp for 1 <k < k,, n > 1. Then Sy, = 211211 Un i
converges stably to a random variable with characteristic function ¢(u) = Elexp(—c?u?/2)], i.e. to

the Gaussian kernel N'(0,c?). O
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