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SYNCHRONIZATION AND FLUCTUATIONS FOR
INTERACTING STOCHASTIC SYSTEMS
WITH INDIVIDUAL AND COLLECTIVE REINFORCEMENT

P.-Y. Louis', M. Mirebrahimi**

ABSTRACT. The Poélya urn is the paradigmatic example of a reinforced stochastic process. It leads
to a random (non degenerated) time-limit. The Friedman urn is a natural generalization whose
a.s. time-limit is not random anymore. In this work, in the stream of previous recent works, we
introduce a new family of (finite) systems of reinforced stochastic processes, interacting through
an additional collective reinforcement of mean field type. The two reinforcement rules strengths
(one componentwise, one collective) are tuned through (possibly) different rates n~”. In the case
the reinforcement rates are like n ™!, these reinforcements are of Pélya or Friedman type as in urn
contexts and may thus lead to limits which may be random or not. Different parameter regimes
needs to be considered.

We state two kind of results. First, we study the time-asymptotics and show that L? and
almost sure convergence always holds. Moreover all the components share the same time-limit (so
called synchronization). We study the nature of the limit (random/deterministic) according to the
parameters’ regime considered. Second, we study fluctuations by proving central limit theorems.
Scaling coefficients vary according to the regime considered. This gives insights into the different
rates of convergence.

Keywords. Reinforced stochastic processes; Interacting random systems; Almost sure convergence;
Central limit theorems; Synchronisation; Fluctuations

MSC2010 Classification. Primary 60K35, 60F15, 60F05; Secondary 62120, 62P35

1. INTRODUCTION

In urn models, it is well known that the bicolor Pélya reinforcement rule [19] (reinforcement of the
chosen color) leads to a random limiting a.s. proportion where as the Friedman rule (reinforcement
of the chosen color as well as the non chosen color) leads to a deterministic limiting proportion.
This somewhat surprising fact is explained hereafter through a theorem stated in [12]. This work is
motivated by the study of asymptotic time behavior of models of (discrete time) stochastic processes
interacting through a reinforcement rule. When two rules, one individual, one collective (meaning
all the components are involved), compete (in a sense precised hereafter) through different rates,
is there one leading ? In particular, is there loss of synchronization 7 Moreover, in the case were
Polya and Friedman reinforcement rule compete, through the system, in case of synchronization,
may the shared time-limit be random 7

The first model of this class was introduced in [7] as a finite system of interacting Polya urns,
where each urn is updated through the Poélya urn using its own proportion or using the proportion
averaged over the system. Synchronization was proved in the sense of the a.s. convergence (in
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time) of each system’s component to a common random limit. Some variations are considered
in [16]. Fluctuations were then proved through central limit theorems (CLT) in [6]. The case
of interacting Friedman urn was considered in [20]. Generalizing the reinforcement rate r, from
T~ N1 10 7, ~poeo 177 leads to systems of interacting stochastic algorithms. In [5] several cases
of reinforcement (like Polya/Friedman) were considered. A.s. synchronization was stated and speed
of convergence studied through functional central limit theorems (FCLT). In parameters’ regime
where the time limit is random, synchronization happens quicker then convergence to the time limit.
The kind of interaction was generalized from mean field to network based interaction in [I]. The
empirical means are studied in |2, 3].

As emphasized in the previous works, there are many applicative contexts these models may be

useful for. Urn models are well known [17] to have applications in economy, in clinical trials adaptive
design [15], random netowkrs |[13]. In the general case r, ~p, 00 n~7, each component dynamics
is nothing but a stochastic algorithm [1| with many applications in the framework of stochastic
optimisation (see for instance [10]). In [5] and in [!] an interpretation of these processes as opinion

dynamics was presented.

In the family of models we are introducing (1) and studying in this paper, we are considering
a (finite) system of reinforced stochastic processes. There are two kind of reinforcement, one de-
pending only on the component ffﬂ_l(i), one creating the interaction fgﬂ and depending on the
average over all components. This is modeling a collective reinforcement effect to be confronted
with an individual reinforcement. For the sake of simplicity, we choose to consider a mean field
interaction. Each reinforcement has its own rate r! (resp. 7). Each rate may have its own as-
ymptotic behaviour: rl ~ n™" (resp. 7§ ~ n~72) up to constants. If v; < 7o (for instance), one
may expect the collective reinforcement to be negligeable. The system could behave like a system
with independent components, leading to a possible loss of synchronization. We prove later this
is not happening: L?/a.s. synchronization holds (meaning, each component dynamics share the
same random time limit) like in [7] Additionnal issues we are addressing are: nature of the almost
sure time limit distribution according to the type of reinforcement (deterministic/random, diffuse or
atomic), fluctuations with respect to this limit, which are studied through CLT. We prove, accord-
ing to the parameters’ cases, that the rate of synchronization is quicker or the same as the speed of
convergence to the limit. In the models considered in [5], synchronization quicker than convergence
towards the asymptotics value Z, holds only in cases where Var(Z4,) > 0. In the following models
it may happen even when Z, is determinisitc.

The paper is organized as follows. In section 2 we define the new family of models. In section 3
we prove that L? and a.s. convergence holds towards a limit Z,, shared by all the components
(synchronization). Two main cases are to be distinguished : Theorems 3.1 and 3.2 deals with cases
where Z, = % (the word synchronisation is abusive in this situation) where as Theorem 3.4 deals
with Z,, random. In section 4, in the different cases, we prove central limit theorems about the
fluctuations of Z,, — Zo and Z,, — Z,(i). Scaling factors are worth of interest. Th. 4.1 consider
the case where each individual and collective reinforcement leads to a deterministic limiting value.
Theorem 4.2 consider the special case when 77 = 72 = 1 reminiscent of the Friedman urn context,
in the regime where fluctuations are not gaussian (A1 + Ao < %) Theorem 4.3 deals with the
mixed cases where individual and reinforcement type are of different nature. Th. 4.4 consider the
case where the individual and the collective reinforcement leads to a random limit. Section 5 is
dedicated to the proof of the synchronization. Sections 6, 7, 8 and 9 deal respectively with the
proofs of the CLTs. An appendix A holds for the sake of completeness.
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2. MODEL DEFINITION AND FRAMEWORK

Let us define the following new model. For i € {1,..., N} and n € N, we consider the stochastic
dynamics defined through the recursive relation

Zy1(i) = (L =1y, = 19) Za(i) + 17,6041 (1) + 75801, (1)

where Zy(i) = % and where ¢, +1(7) and &, denote local and collective reinforcements random
variables. Given F,, they have independent Bernoulli distributions with

P (&1 (1) = 1[Fn) = ¥1(Zn(3)) := (1 — 2X1) Zn(3) + A1,
P(&) = 1Fn) = v2(Zn) := (1 — 2X2) Zp + Ao,

where 1 : [0,1] — [0,1] (k € {1,2}) with Z, := % SN | Z (i) (so called mean field) and where
A1, A2 € [0, 1] are parameters. The local (resp. collective) reinforcement rate are such that 7!, ~ %
(resp. T4 ~ %) The symbol ~ has the usual meaning lim,, ,o, n7r, = 1 whereas we will use the
symbol ~ to mean lim,,_,,, 777, is a constant.

In all the paper, we assume that % < ; < 1fori € {1,2} in order to satisfy the usual assumptions

about !, (resp. 77):
Z:r,l1 = +00, Z(Téf < +o0.

We are choosing the transformations ¢y and o as linear. For the sake of simplicity, we are
choosing to symetrize the model with respect to % For the same reason, according to the previously

(2)

cited works, it is enough to consider the starting conditions all equal to %

Remark 2.1. In the particular case when y1 = 2 = 7, we can rewrite the model such as
Zn+1(1) = (1 = 2ry) Zy (1) + Tngn-i-l (4),
!

where &,41 (1) = &1 (1)+E0 ., therefore €ns1(i) € {0,1,2}. The other probabilities may be computed
i an analogous way. The reinforcement rate remains rp, ~ D n™7.

Remark 2.2. As mentioned earlier, please notice that when v1 = 1, we find a reinforcement of Pdlya
type (A1 = 0) or of Friedman type (A1 # 0). The same remark hold for the collective reinforcement
effect tuned through ~a, Aa.

Remark 2.3. In this paper the parameters A1, Ay are kept fived. Cases where \j may converge to 0
depending on n, N will be considered in a forthcoming work. Remark, in the particular case when
Al =X = %, there is no reinforcement in the model anymore. Moreover, when Ay # % and Ay = %,
although we still have reinforcement at each component individually, we are loosing the interaction.

It is then straightforward, to compute the following relationships that will be used frequently in
this paper:

E(Zp 1 (i) — Zn(i)|Fn) = Alr;(1 - QZn(z')> + Azrg(1 - zzn) 9 (Zn - Zn(z’)>, (3)
and by averaging over i in {1,..., N}, we have
E[Zn+1|]:n] = (1 — 2)\17"5Z — QAQT,IQL)ZTL + )\1’/“,ln + )\27‘%. (4)

3. MAIN RESULTS: CONVERGENCE AND SYNCHRONIZATION

In this section we study convergence of (Z,), and the synchronization phenomenon. Indeed we
obtain different kind of time-limit (deterministic or random) for (Z,), according to the nullness of
A1, A2. Moreover L? and a.s. synchronization are proven to always hold.
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3.1. Case of a deterministic time-asymptotics. We call deterministic, the case when the time
limit Z» (n — o0) is not random. This behavior corresponds to cases where at least one of the
following assumptions is true A\; > 0 or A2 > 0. The mean field process (Z,), is not a martingale.
In order to investigate the behavior of the interacting system, we first consider the time limits
of the variances Var(Z,(i)) and Var(Z,). Second we show that L?-synchronization holds i.e.
lim,, oo Var(Z,(i) — Z,) = 0. We get the rates of convergence too. Finally, we prove that the
synchronization holds almost surely and the deterministic limit is Z, := %

Theorem 3.1. For any A1 > 0 and A2 > 0 following results hold, where C denotes a generic
constant:

i) asymptotics of variances (n — o0):
Var(Z,) ~ % and Var(Z,(i)) ~ & where v := min(y1,72);

i) behavior of the L?-distance between Z, and Z,(i) when n — 0o:
a) if 1 < o, then B[Z, — Z,(i)]? ~ el

nyi >’
b) Zf’YQ <71, then E[ZTL - Zn(l)]2 ~ 7’12717_72"
ii1) almost sure convergence holds i.e.
Vie {l,..,N}, My, o0 Zn (i) = iy st00 Zn = 3 1= Zoo a.s.

Two others choices of parameters A1, Ag lead to the following results.

Theorem 3.2. In the following cases: either (A1 >0 and Ay =0) or (A1 =0 and Ay > 0) it holds
limy, 400 Zn (1) = limy 400 Zn = % a.s. Moreover, the following table summarizes the L? speed of
convergence with v := min(y1,v2) and where C' denotes a generic constant.

M #0, Ap=0 M =0, \a#0
v <72 Var(Z,) ~ n% Var(Zy) ~ —mi=7
E[Zn — Za() ~ ;55 | ElZn — Za() ~ ;5r—5
ve<m| Var(Zn) ~ —zs=r Var(Zy) ~ 55
E[Zy — Zn()]* ~ = | E[Zn — Zo(D)]* ~ =5

Remark 3.3. (Comparison of convergence and synchronization rates)

In the case Ay > 0, Ao > 0, When y1 < 72, the L? convergence rate of (Zn)n to % and the L?
rate of convergence of (Z,(i) — Zp)n to 0 are the same. However, when vy < 71, we obtain that
synchronization happen faster than convergence.

Moreover in the case A1 > 0, Ay = 0 and when vy, < 72, the speed of convergence and synchro-
nization are the same (n="). While when 3 < 1, the synchronization is faster than convergence.

Similarly, in the case A\ = 0, A2 > 0 and when o < 71, the speed of convergence and synchro-
nization are the same (n_(%l_w)), while when ~a < 71, the speed of synchronization is faster than
convergence n~2M=72) gnd p=2 respectively).

3.2. Case of a common shared random time-asymptotics. Differently to the previous cases,
the case Ay = Ay = 0 yields (Z,), is a martingale. We will prove it leads to a random time-
asymptotics Zo, (Var(Zs) > 0). We will study the system’s time-asymptotics behaviour in a
similar way as in the previous cases. First we show that lim, , Var(Z,) # 0. Second we prove
that L?-synchronization holds. Third we state the almost sure synchronization holds.

Theorem 3.4. For A\ = Xy =0,

(i) it holds (n — o0) Var(Z,) — e ¢(212) ~ n2§_1, where v = min(y1,7y2) and C denotes a
generic constant, and ((s) := Y 2 n~* is Riemann’s zeta function. In particular (Zy)n
converges a.s. to a non-degenerated random limit denoted by Zoo (Var(Zs) > 0).
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(ii) The L?-distance between the mean field Z,, and each component Z,(i) behaves as follows,

C

. 2

E[Z(i) = Zn]” ~ o —

and synchronization holds almost surely. It means, for alli € {1,..., N},

limy, 00 Zp (i) = Zoo a.s.

4. MAIN RESULTS: FLUCTUATIONS THROUGH CLT

In this section we study the fluctuations of (Z, (i) — Z,), (synchronization) w.r.t 0 and also
fluctuations of (Z,), w.r.t its limit Z,,. These are studied by stating Central Limit Theorems. Pay
attention different scaling hold according to (71, 72) relationship. We follow the proof’s techniques
initiated for these models in [6] based on Theorem A.3 in Appendix leading to stable convergence
results.

We first study cases where Z,, = % The Theorems 4.1, 4.2 deals with the case Ay > 0 and
A2 > 0. Moreover, we show that there is a non gaussian limit distribution for some special regime
when 0 < (A1 + A2) < i. The Theorem 4.3 describe the results of the cases where exactly one of
the A; is 0.

Finally we state the behaviour when Var(Zy) > 0. with Theorem 4.4.

Theorem 4.1. Let Ay > 0, 2 > 0; let v := min(y1,72). The following statements hold, where C
denotes a generic constant (depending on N and \; ).
i) It holds
a) when g4t < V2, n%(Zn - ZTL(Z)) sm_bly) N(Oa C>7
n—oo

b) when v2 < 71, n 2 (Zn — Zn(1)) Sti—“% N(O, C’).
it) For vy <1, it holds
1 Sta
n?(Zn - 3) tT”l%N(o,C).
iit) For v =1 (meaning v1 = v2 =1),
1 1 Sta
a) for n+X2) > 1, vilZa = 3) e N(o, C).
. 1 vn 1 stably
b) f07" ()‘1 + )‘2) - 17 \/m(zn - 5) —>n—>oo N(O, C)
1
Theorem 4.2. Let \; > 0,Ay > 0. When v = v = 1 and when (A + A\2) < T the following
statement holds
1 a.s. 1 lnd
as/E ¢

4()\1+)\2) =

for some real random variable X such that P(X # 0) > 0.
Two other main cases leads to following results.

Theorem 4.3. In the following cases: either (A1 >0, A2 =0) or (A1 =0, Ay > 0), the stable con-
vergence towards some Gaussian distribution holds for the quantities (Z,, — Zy(i))n and (Z, — %)n
The following tables summarizes the different scaling of convergence according to the relationship be-
tween v1, 2 and where C' denotes a generic constant. The first table deals with v := min(~vy1,7v2) < 1.
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MZ0, Aa=0 M=0, A £0
< | 0 (Ze— Za@) THN(0.C) | 07T (2 - Za(0) T N (0,€)
(2, - 5) =% N (0,0) n¥(zn—%)w>1\/<o,c>
12 < |0 T (Zn = Za() TS N(0,C) | 07T (2 = Za(0) T N (0,€)
DT (2, - ) 2 N (0,0) n# (Zy - 5) “% N (0,0)
The following second table deals with v = 1.
Ni=0, A\ > 71 Ai=0, \j=1 Ai=0, \j <3
VilZy — 5) " N (0,0) | S (20 - 5) " N (0,0) | w0 (7, ) W5 %

Theorem 4.4. Assume A1 = Ay = 0.
(i) It holds

27172

T (2 = Z0(0) S N (0,C Zoo(1 - Zac) ).

(ii) With v := min(v1,y2), it holds

B (Fy — Zog) S0, N(o, C Zoo(1 - Zoo)).

n—oo

Remark 4.5. (analogous to Theorem 3.2 in [6]). We have P(Zoo = 0) + P(Zoo = 1) < 1 and
P(Zoo = 2) =0 for each z € (0,1). Indeed, it guarantees that these limit Gaussian kernels are not
degenerate.

Proof. (of Remark 4.5) The first part immediately follows from the relation E[Z%] < E[Zy] by
Lemma 5.3. The second part is a consequence of the almost sure conditional convergence stated in
Th. 4.4 (ii) (for details see proof of Theorem 2.5 in |7]). O

5. PROOF OF A.S. SYNCHRONIZATION AND RATES OF CONVERGENCES
This section is devoted to the proofs of Th. 3.1, Th. 3.2, Th. 3.4. Cases need indeed to be
distinguished according to the nullness of A1, Ao.

5.1. First results about the variances. Using (3) and (4), we compute the recursive equations
satisfied by variance of Z, (i) and Z,:

Var(Zu i ()| Fa) = Var [(1= 7k = 18)Zo + rhéh o1 () + 196041 | Fa
= (r)? [(1 = 2A0)%(Z0(0) = Zu()?) + X1 = M + (7)) [(1 = 202)%(Zn = Z3) + A2 = A3]

then using the usual decomposition (x), we have

Var(Zn41(i)) = E[Var(ZnH(Z)I}“ )] + Var[E(Zy11(2)[Fn)]
= (rl)2 [(1 = 201)2(Zn (i) — Zn(D)?) + M1 = M| + (192 [(1 — 2X0)%(Zy — Z2) + X2 — M)

+(1=2\78 —19)? Var(Z, (i) + (1 200)%(r9)? Var(Z,)+2(1— 2)\2)(1—2)\17“51—7",91)7“7%Var(Zn)e)
)
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where in the last equation we used the fact that Cov(Z, (i), Z,) = Var(Z,) by symmetry. Moreover,

(T‘l )2 N
Var(Zny1|Fn)) = -+ ZVar(féH(i)!fn)+(?"7%)2Var( nr1lFn)

N
= (HZ’;})Q [(1 - 2A1)2(Zn - %Z Zn(z')Q) A= M HED?2 [(1 = 2X0)%(Zy — Z2) + X2 — M)

i=1

thus,

Var(Zni1) = (1 — 2\7l — 2079)2 Var(Z,)
GV PP 7 (E(Z,) - li]EZQ(')) A A2
N 1 n N £ n\? 1 1

+(r9)? [(1 = 200)X(E(Z,) — E(Z2)) + X2 — A3] . (6)

Furthermore we can rewrite the equation (1) as

Znt1— Zn = T < Z €n+1 ) () (§Z+1 - Zn) ) (7)

also we can obtain easily

L
B (N izlé-'lll-i-l(i)

E(&) 1| Fn) = (1= 2X2)Zy + Aa.

Fn> = (1 — 2)\1)Zn =+ )\1,

Finally, remark that defining

! 1 o ! . 1 « l .
AM;, 4y = N Z Eny1 (1) — E N Z En1 (D) Fn
i=1 i=1

AM; =& — E(& [ Fn),

leads to
AMy 4y Z Eni1 (1) = [(1 = 2M1) Za () + ], (8)
AM =&y — (1= 2X2) Zn(i) + Aa]. (9)
Using (7), (8) and (9), the following relationship holds
A A TR W EAM! 9 A MY
Zn+1 5= Zn, 5 L—=2rp A1 = 2rg Ao | + 1, AM,, g + 17 AM; . (10)

Remark 5.1. The assumption Vi € {1,.N}, Zo(i) = § leads to ¥n € N, E(Z,) = E(Z,(i)) = 3
since

E(Zui1(i)) = (1 227 — 1) B(Za() + (1~ 222)rd B(Zy) + (vl + Aard).
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Thus from (6) we obtain

g\2
Var(Zni1) = [1 . 4(A1r; Ford — 20 Aerbrd — A2(rL)2 Z A2(p9)2 1 (TZ) 1- 2&))} Var(Zy)
(rn)” o, (r2)?
+ (-2 (5 - IE (%) + A — 43| + = (11)
and from (5) it follows
Var(Zu (i) = [(1= 2\, = ri)? = ()21 = 220)2)| Var(Z,(2))
1 1—2))? 1 1 —2\)?

+ 201 =27k — 79)rd (1 — 2X9) Var(Z,). (12)
Remark 5.2. When v1 = v =1,

E(Zni1 (D) Fn) = (1=2r)Z0(0) + rn By ()| Fn]
= (1= (14 20)7) Zn () + (1 — 2X0)rnZn + (A1 + A2)rm

and
E(Zpsr|F) = (1 — 20) Zpy + -2 ZIE €t ()] Fp) = (1 20\ + AQ)rn> Zn + (M1 + Ao)rn
Moreover,

1 1—2))2% 1 1 —2)y)2
VoZun@) = 7 (5-n+x- 0L L4y U220

2 4 2 4
+ (1 =@+ 1)) = 1m0 (1 = 2X01)?] Var(Z,(3))
+ [(1 =222 + 7 (1 — rp (20 +1))(1 — 2X\1)] Var(Z,). (13)

Furthermore,

Var(Zps1) = (1 =4[\ + X2)rn — (M + X)?r2] — (1 — 200)%r2) Var(Z,,)

+ (1—2)\1)2(2—N;E(Z (1)2) + A1 — A (14)
Finally we get
Zpi1 — % = <Zn - ;) [1— 21, (A1 + A2)] + 70 AM; 11 (i), (15)
where AM,,11(i) = AML (i) + AM. .

1
Lemma 5.3. When A\ = Xy =0, for everyn >0, Var(Z,) < T Moreover, it holds

1

supE(Z2) = E(Z%) < =.
n 2

Proof. Obviously Var(Z,) < %. We need to show that Var(Z,) < I. For this purpose, using (11)

with A\ = Ay = 0 gives:

P2 ()2 N
Var(Zp41) = (1= (19)?) Var(Z,) + ( Z) + (2’;3 — (rh)? <]1TZIE(Zn(i)2)) .



SYNCH. AND FLUCTUATIONS, IND. AND COLLECTIVE REINFORCEMENT 9

Since E(Z2(i)) < § we get,
()

4

Var(Z,41) > (1 - (Tfl)2> Var(Z,) +
Defining z,, := % — Var(Z,) > 0, the goal is equivalent to

Tpi1 < (1 — (7“;‘%)2>xn

from which it follows .

n—

Tn < To H (1 — (TZ)2>LUn.

k=0
Since by assumption, >, (r)? < oo, we obtain limy, e 2, # 0. Moreover, from E(Z2,|F,) =
Z2+Var(Zp41|Fn), we get B(Z2, || F,) > Z2. Thus, Z2 is submartingale. Consequently sup,, E(Z2) =
lim, E(Z2) = E(Z%) < 3. O
5.2. Proofs of L? and a.s. convergence results. We now prove the theorems of section 3 about

. . . . Gnp,
convergence and synchronization. Recall, we use the notation a,, ~ b, when lim,, 5= 1.
n

Proof. ((i) of Theorem 3.1)
First consider the equation (11) which behaves like

4
Var(Z,+1) = (1 — H) Var(Z,) + —=
where \ = A1 ?f M<72 .
Ay if vy > e
o If 1 < 72 then Cy ) = K,,/4\; where

N
1 9 1 1 2. 2
is bounded and not equal zero. Indeed, using E(Z2) < 1, we get

N N-1
. . . 1 N-1 N
STE(Zali) = BZ) + Y Bz <5+ 0=
=1 i=1, i#j
thus, by Lemma A.1, Var(Z,) ~ —C:X’l*.

o If vi > v then Oy = K,/4\y where K, = % that is bounded clearly, so we obtain that
C
Var(Zn) ~ %’;\

e Hence in both cases lim,,_, Var(Z,) = 0.

In order to investigate the behaviour of Var(Z,(i)), consider (12) in the three following cases and
use

Var(Zng1 (i) = [1 b —2r £ 22 el — (rh)2(1 - 2)\1)2] Var(Za(3))

1 (1 —2)p)? (1- 2>\2)2]

N2 | 2

(1= 22008 = 200 (1= 200)rtr0 ) (1 = 220)18 | Var(Z,.).

1
}+(rg)2[2—xg+xg—
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Cn,A

e When 71 < 2 we have Var(Z,) ~ =53 so,

Var(Zu(i) = [1—ahrl +o(rh)] Var(Z,(3)

(1 —2Xp)2

R e R (%

Cn,a

then Cy = K, /4\1 where K,, = (% — A1+ A - W) which implies Var(Z,(i)) ~ —5.

e When 2 < 71 we have Var(Z,,) ~ n% S0,

Var(Z,4+1(2)) = [1—2rd +o(r?)] Var(Z,(7))
_ 2
+(ro)? B EPVT (1?2)] . 2@%

then Cy ) = K, /2 in which K, = B —Xo+ A} - W +(1- 2)\2)]. It implies by Lemma A.1
Var(Z, (i) ~ S22

e When 71 = 79, using (14) we have
Var(Zni1) = (1 —2(A1 + A2)rp — N(1—2X2)*r2) Var(Z,) +r2K,

where Oy x, n, = Kn/2(A1 + X2) where

N
K=+ ((1 2 (; - fVZMZn(i)Q)) FA =X JD ,

=1

which implies Var(Z,,) ~ % Moreover, using (13) and the fact that Var(Z,) ~ &,

Var(Zp1 (i) = [(1=7ma@A+ 1) = (L = 220)2] Var(Z,(0)) + 12K,

then Cn x, », Where

1 1—-2))% 1 1 —2)\)?
K, = 3 — A1+ Ao — (41) + B — Ay + )\% — 7( 1 2) :|+[(1—2)\2)2+Tn(1—7‘n(2)\1+1))(1—2)\1)]
which implies Var(Z,(i)) ~ 2. O

Proof. (proof of (ii) Theorem 3.1)
Consider the following recursive equation satisfied, for any i € {1,..., N} by the L2-distance
between one component and the mean field. With

Tp 1= E[(Zn(l) - Zn)z] = Var(Zn(i> — Zn),
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it holds
ran = B [ Var |-~ 9)(Z() - Za) + L (ELG) Zﬁl I

+ Var [Zn(i) —onrl Z, (i) 19 (Z (i) — (1 — 2X0) Zn) — Zn(1 — 2017, — rg)}
= (LB Var(g,() Zgn ()1Fn)] + Var [(1 = 227}, = 18)(Za(3) - Zu)]
(1-— 2)\17" rn) Var( n(z) — Zn)

b0 27 o)) B Var(e ()] 72)

(1 —2x7h —7r9)2z,

+ %( n)’ H(l—%) E(Z ())+A1]—[“_W]E(Zn(iﬁ)+A%+2A1(1—2A1)1E(Zn))H.

Therefore we obtain
Tpi1 = (1 — 4)\1er —2rd + 4)\%(7{1)2 + (r;‘i)2 + 2)\17“517“7%):% + (rfl)26n, (16)

where ¢, = % (% - [(17]2\,)‘1)2 E(Z,(1)?) + A\ — )\%]) is bounded and not equal zero for N > 1.

(a) For 7, < 7o the relation (16) gives 41 = [1 —4XA7L, —o(r!)]z, + (r})%e, that can be written

as rp+1 = (1 — ib} )Ty + nét;l which implies x,, ~ C;ﬁfl where Cy \, = ,/4A1.
Also for 71 = 72 we have from (16)
Tpp1 = [(1—=7p = 207320 + 726, = [1 — (244X + o(1)|zn + 726,

which implies &, ~ XL where Ciyx, = £,/2 + 4A1.

N,

C
(b) When vo < 71, Tpy1 = (1— nT2 + O(mz )z, + 2v1 where Cy \, = €,/2 implies z,, ~ T

Thus in all cases, lim,, o E[(Z,(i) — Z,)?] = 0. O

Proof. ((iii) Theorem 3.1)
Now to prove that the convergence is towards % a.s, we use (10) and consider

E[(Zn+1 — f) | Fnl
2
— <Zn - ;) [14+4(rL)2N2 4+ 4(r9)2N2 — arb Xp — 4r9 g + 4rl rI N )]
+ (rh) P EI(AM] )2 Fal + (r))? E[(AME, )% F]

1 2
—(Zn—2> [1—4r 0 — 41800 4 o(rh) + 0(r9)|

#0421 = 37+ BUAML IR + 0207 [08(2, - 32+ BlAM2, )15
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Thus, E[(Zp11 — 3)4Fn] < (Zn — 3)% + (rL)* W) + (r5)2W where

whom [0 (2 5+ Bl )|

2
WE = (r4)? [% (2-3) + E[(AMLM&]} .

By assumption % <7 <1and % <o <1, s0 (Zny1 — %)2 is a positive super-martingale and

almost sure convergence holds. It is enough to consider L? convergence in order to identify the
(deterministic) limit. We consider

2
E <IE (Zns1 — %)2|J-’n)> = E <Zn - ;) {1 —4rt Ny —4r9n + 47“517“791)\1)\2]

+ () K, + (1)K
and let y, := E(Z, — )2, thus
oo = (1= by = 4rho 4 X20L)2 4 X3)? + rkrdande ) + ()KL + (92K,

where 0 < K| = E[(AM! ,)?] < K, 0 < KJ_, = E[(AM?,)?] < K, by A; < K and by

lemma A.1, limy,_yo0 z, = 0. So, limE(Z,, — %)2 = 0. Using the fact that (Z,), converges a.s., then
Zn 22 % The proof of the case when 1 = 75 is essentially the same as above using (15). Indeed,

2 2
E[<Zn+1 - ;) |'Fn] = (Zn - ;) [1 - 27’71()‘1 + >‘2)]2 + T72L E[AMn-i-l (1)2“?71]
+ 2 (Zn — ;) (1= 2rp (A1 4 A2)]rn B[AM, 1 (i) | F).

1 B
Thus E[(Zn1 — 3)*Fn] < (Zn — 5)2 + 12W,,, where

i = 1% (00 4 2020 = ) + BT 1))

To prove the a.s. synchronization, since L?-synchronization holds, it is enough to show a.s conver-
gence exists for (Z,(i)),. We can obtain that (Z,(i)), is quasi-martingale, i.e. satisfies

+00
> B|E[Zn1(6)|Fn] = Zn(i)] < +oc. (17)
n=0
Indeed using (3) and the fact that (Z,(i) goes to % in L2, we obtain the convergence using the
following inequality and bounding the expectation with the second moment,

. . L1 1 ,
D EBIE(Zni1(i) — Zn(i)|Fn)| < 207, B[ Z, (i) — 5l + 20 BIZ, = S|+ i B Z0 = Zn(3)].
n

O

Proof. (Theorem 3.2)
We shall consider two different situations of \; and different relationships between ;.
e Case A\ # 0,2 = 0.

First consider to the recursive equation (11) of Var(Z,).
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e When v; < 7o,
4\ 1 K,

- O(W)) Var(Z,) + o

Var(Z,+1) = (1 —

)

where

N
L1 (1—2)\)? .
Ky = N (2 TN ;E(Zn(z)z) — (M — )\%) )
where Cy x, = K, /4\1, it implies Var(Z,) ~ % It thus means (Z,,), converges to a constant.
Using similar argument in proof of Theorem 3.1(ii), we can proof that lim,, ,~ Z, = % a.s. To show
it, using (10) and let A = 0, then the result is obtained.

To study the synchronization, consider to the L?-distance (16) which behaves as follows

4)\1 1 £
Tpyr = (1 — — +of ))wn‘i'nTZla

n nm

where &, = Y- (% - [(1_?\7)‘1)2 E(Z,(i)?) + M — )\%]) and where Cn ), = €,/4\1. One can then
derive x, ~ n]\wlix which implies lim,_,oc 2, = 0. Using a similar argument as in Theorem 3.1(ii),

we get that synchronization holds a.s.

e When 71 = 72(=: 7), 50 (11)

4\ 1 K
Var(Zn1) = (1= —= 4 o(—)) Var(Z,) + —,
where Cn , = K,/4\1 which implies Var(Z,) ~ % Using (15) and let A2 = 0 then the

conclusion of a.s. follows.
To study the L2-distance’s behavior, consider (16)

1-—-2X\ 1 n
= (120520 )

ny n n2v’

where Cy x, = €,/(1 — 2A1) which implies z,, ~ CZTVL;“ , synchronization holds a.s.

e When ~9 < v;. Let us consider the recursive equation (11),

4 K,
Var(Zy,1) = (1 — W) Var(Z,) + nT;;
where Cy ), = K,/4\ which implies Var(Z,) ~ ngg’gl which implies (Z,,), converges to a

1

constant. Again by similar argument as before, we get lim, o Z, = 5 a.s. Moreover considering

the L2-distance’s (16) behaves,

2 1 €
Tnp1 = (1= — +o(—))zn + 2:1,
CN 2y

where Cy x, = €,/2 which implies x,, ~ synchronization holds a.s.

ST

e Case A\; =0, #0.
e When 7 < 72,

Ao 1 K
Var(Zn+1) = (1 — W + O(m)) Var(Zn) + 7112:1’
where Oy, = Kn/4ho and K, = 244 — L 5N B(Z,(i)?)} which implies Var(Z,) ~ —oi22_

thus means Z,, converges to constant. Using similar argument in proof of Th. 3.1(ii), we can prove
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that lim,, 0 Z, = 5 a.s. To show it, using (10) and let A\; = 0, then the result is obtained. To

2
study the synchronization, consider the L?-distance which behaves as follows
2 1 En
Tn1 = (1 - el O(W))l’n T o
where Cy », = €,/2 which implies z,, ~ ngﬁ’f%, synchronization holds a.s.

e When ~9 < 7. Let us consider the recursive equation (11),

49 1 K,
2 + O(E)) V&T(Zn) + W,

Var(Zny1) = (1 —

where Cy ), = K, /4y which implies Var(Z,) ~ 01%’;2 which implies Z, converges to constant
1

then again by similar argument Th. 3.1(ii) hence lim, o, Z, = 5 a.s. To study the synchronization,
consider the L2-distance which behaves as follows

2 En
Tpy1 = (1— Rﬂn + 2
where Cy ), = €,/2 which implies z,, ~ ngﬁ’fiz, synchronization holds almost surely.
e When 77 = 2. It holds
4 1 K,
Var(Zni1) = (1= —=+o(—)) Var(Z,) + —,
where Cn \, = K, /4\y which implies Var(Z,) ~ CJT\Z"WAQ . Using (14) and let A\; = 0 then the
conclusion of a.s. is obtained.
To study the L2-distance’s behavior,
1 1 €
Tnt1 = (1— =t O(H))ﬂﬁn + nan
which implies x,, ~ Mo , synchronization holds a.s. O

Proof. ((i) of Theorem 3.4)
If A1 = Ay = 0 then (Z,), is a bounded martingale. Therefore, it converges a.s. to a random
variable Z,,. Let us consider

Var(Zp41) = (1 —

n2 min(’Yl?’YQ),

where

a) If y1 < 2 then Cy = ANK,, and K,, = [(% - % SN E(Zn(z)2)>] Using lemma A.1, we get
Var(Z,) —e o i AT

o 1
b) Cy =4NK,, and K,, = % when 75 < 71, so Var(Z,) —e =022 ~ ngg’,l.
Also when 71 = g,

Ky

1
Var(Zn+1> - (1 - 7) Var(Zn) + ﬁ,

n2v

where K, = |(3 — % sz\il E(Z,(i)?)) + %] which implies Var(Z,) —e™ Lnzo 75~ nQC;L where
Cn = K,.

0
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Proof. ((ii) Theorem 3.4)
To study the synchronization phenomenon, consider the L2-distance

2

1
Tpt1 = (1 — 27’791 + (7’791)2)1In + (7’51)2871 = (1 - m + O(W))xn +

En
nZ'Yl ’

where &, = YA{E(Z,) — [% E(Z,(i)?)]} and then Cn = &,/2. Thus, z, ~ —SN__ hence the

n2711—-72"°
L?-synchronization holds as n — oco. Moreover when v; = 7o, Ty = (1 — n%)xn + n% which
implies x,, ~ %\’ To show that synchronization holds a.s., we shall show that the a.s. limit of
(Zn(1))n exists. We observe that —Z,, (7)), is a quasi-martingale, since E(Z,,+1(i) — Z,(i)|Fn) =
o\ Zn — Zn(i) ). As bounded quasi-martingale, it converges a.s.

O

6. PrROOFs OF THE CLTs (THEOREM 4.1)

We now prove the central limit theorems to study fluctuations. Recall we are using the notation

. an,
an ~ b, when lim,, — = cst.

bn,
Define Xy, = Zy, — Zx(i). Set Ly = X and define
n—1
Ly = Xn = Y (B[Xer1|Fr] — Xg). (18)
k=0
Then it follows:
Xpg1 = [1—2\7h —79)X,, + ALy (19)

where AL,+1 = Lyy+1 — L. Note that L, is an F,-martingale by construction. Iterating the above
relation, we can write

n—1
Xn=c12X1 + Z Chr1n ALk 11 (20)
k=1
where ¢, , =1 and ¢, = Z;,lf[l —2\y7h — 1] for k < n.

Proof. ((i)(a)Theorem 4.1)
If v1 < 79, it is easy to check that lim, ne c1,n = 0 since,

e = [HZi = 207), = o(r})] ~ exp (200171 ).
. Ck.n
lim su d _ 1‘ —0. 21
k—o0 nzg eXp[l_Eii (n1*71 — klf’ﬂ)] ( )

So it is enough to prove the convergence n 2 Yok k10 ALy — N(0,(1 —1/N)/16A1). First, let
us define Uy}, = n%ckaALkH and G = Frt1. Thus {Upg, Gk : 1 < k < n} is a square-
integrable martingale difference array.
5

Indeed we have E(ng) < 400 and E(Uy, k+11Gnk) = n?lckﬂ,nIE(ALkH\}'kH) = 0. Then, using
the Theorem recalled as A.3, through the following statements for U, ;, = n%ckJanALkJrl.

1) maxi<g<n |Un,k‘ — 0.

2) E[maxi<k<p ng] is bounded in n.

3) Yk UZ = (1=1/N)/16)\; as.
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Considering 1), since ALpt1 — (Xpt1 — Xp) ~ 20X, /0", [ALpyi| = O(n™").
For 2), use (21) and 1) to obtain
n
2 2
n
= 0" ) i1 El(ALks)?)
k=1

—ap

S o,

= nMe

HZI DIk oy 4 O
P n

Thus, E[maxi<g<n USIJ is bounded in n.
Let us now consider 3). We have

1—
2 v v —k 27161 Ea 272y
— 1 ~ 1 1
E Upp=mn E Chi1n(ALpgr)® =0y o (ALep) kR
k=1 k=1 el

From 1) we obtain
AL, = (Xpp1 — Xg + 2070, X5)?

(Zrr1 = Z1) = (Ziga (1) — Z1(0)) + 200r3,(Ze — Zi(0)))?

= [(Zk+1 Zy) = (Zia (i) = Zu (@) + 4AF(r})* (Zk — Zi(0))?

+ (M) (Zk = Z(@)[(Ziir — Zi) = (Zia (6) — Zi(0)))-

Since Z,, ~ Zy(i) a.s. and X7 = O(k™2") so,

DUk =1") cGianl(Zier = 2 + (Zia () = Z1(0))? = 2(Zi1 — Zi) (Ziia (i) — Zi(0))].

k=1
Let Vk = kQ’Yl[(IZ]:Jrl — Zk)2 (ZkJrl(.) o %k())Q — Q(Zk+1 — Zk-)(Zk+1(i) — Zk(l))] and setting the
1 k=7

bn: 1 +4)\11 71

2’Y —4)
n 1

and ap = . Hence, by Lemma A.2, it holds

1n

1
Zk Var —)n_mo oy Indeed,

Iyt Zk SR
4)\1 1
bn k=1 ak el— W1 n

—AN 1y [T -7
n"flel ’Yl _27164)\1 1—v1 du
1

=N 1y [Py wl=71
= nplet " 4\ u_“e@‘l - duy
1

12

4\
—4X nl- -1 w71 n w71
T [(u R ) L TR AIE =
4/\1 4/\1
_ 1 yn" 4N nlTnom1 e4>\1 g Jl du — 1
4\ 4\ 1—m ultm 4\
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implies that >, U, k converges to 4)\ a.s., where V' is deterministic such that E(Vy41|Fx) — V.
Indeed, we compute

E (k¥ (Zr1 (i) — Zi(i))?| Fi) =

K ()2 B ((6ha 6) = ZeG)AIFE) + 0D E (641 — Z0(0)*1F)
+ 20k (61 () = Zu()(EL 41 — Zr(0)IF))

= k2 (1) (Var(6h s (0)1F) + B(€hia () = Zu(0)21F0) ) + ()2 ( Var(€l | Fe) + B((EL — Z6(0)*1F0))
+ 2k B (€ () = Z6(0) (€41 — Z0(0)1F ) )

(Tl)2 (rg)2
behaves like k271 (<5~ + *£-) when k — oco. Similary,

Ek*" (Zgs1 — Z)*|F] = km( { ng-&-l |}—’“} (ri)” E[(%H_Z’“)Z'}-’“}
+ QTLTiE[ ng"’l Zk €k+1 k)’]:k})

= k%l((?"k) <Var Z§k+1 )| Fi] + B+ kaﬂ Zk’]:k))
- <rz>2(Var[§zHrfk1 + B2, — ZulF))
+ kB (5 D26k (0) = Z(el - 20\ 7))

(TZ)Q (r9)2
behaves like k27! (4~ 4+ ~£—) when k — co; and

E[k*" (Zep1 — Zi)(Zrsa (6) — Zk(i))\fk] =
B ((réFE (62 (0) - wa = ZOIFe] + (P E (€41 — Ze() (€l — Zk)lka

behaves like k27 (% + M) It follows

]E(Vk+1’fk) = k271 [(réf(Var[{éJrl( )|fk —l—Var ka+1 ‘.7'—]@

= 2B [ (641(0) - Zi(2) (N Xijdgﬂ(z') — zk> ’]—"kD] @, i“ - %),

Thus, Vi, <5 11— %).

The proof of next parts and the other theorems follows along the same lines as above. We sketch

the essential arguments below.

e Case 71 = 7o(= 7) We obtain that c¢;, ~ exp[Li)‘l) 1=,

Therefore lim,, oo nz c1n = 0. So,



18 SYNCH. AND FLUCTUATIONS, IND. AND COLLECTIVE REINFORCEMENT

lim sup Ckin —1/=0

k—o0 n>k eXp[ (1+2>‘1) (nl—'y _ kl—'y)]
and that 1), 2) (as in proof of (i)(a)) hold.
So it is enough to prove that > ;_, UfL’k — (1 =1/N)/4(1 + 2X1). By Lemma A.2 and letting
2(1+2Xq) 1 ¥ 2 _2(1+2’\1) 1—v
_ 1 _ k% —k 1 1 1
bn—?e I=y andak—ﬁe =y ,thUS Ezzzla—)m.
Then consider

E(k* (Z1(1) = Z0(0)*|F) = k27 Bl(ra (1) — Zu(0))*| Fi] =

U220 - - B2 0oy
W+A2(1—A2)—W—A2(1—2A2):

Similary, IE(k:QV(Z;H_l — Zk)2|.7:k) = kQVTiWIE[(% > 5k+1(i) - Zk(i))2\fk] 25, ﬁ, and

(k27(2k+1(') Z(D)(Zryr = Z0) | Fi) = K270 RS (8) = Zi(0)) (3 2o Gk (8) = Za) | i) = 3y,
thus Vj, 251 (1 — 7)

e Case vy =y = 1.
We obtain c1, := [[M1 — (1 + 2\1)ry] ~ n= 22 Then e, ~ n~ =212 — 0. So it is
enough to prove that /nY ;. cxr1.0ALnpt1 — N(0,(1 —1/N)/2(1 + 4\1)). This can be proved by
usual three conditions for Uy p+1 = VR Dk Ckt1.nQLnt1: 1), 2) (as in previous proofs) and 3)
Yoo U2y = (1=1/N)/2(1 +4\y).

To investigate these conditions, first consider to 1). Since ALy = X;—1 — X + (1 4+2X1) X, /n,
|ALn+1| = (9(71_1).

For 2), use (21) and 1) to obtain

1<k<n

E[ max Uik] < E[ZUzk]

1 k2(9k 2) n2(9(n_2)
nItaA Z L4\ n

Thus, E[max;<g<, U2 ,] is bounded in n. Let us now consider 3). We have

= 1 < Ek(ALpp)?
2 _ 2 2 n+1

E :Un,k = n§ :ckH,n(AL"H) = A Z 4

k=1 k

k=1

From 1) we obtain

AL~ [(Zeyr — Zk) — (Ziar (i) — Zi(0) + 77 Zk — Zi(d))?
+1%(Zk — Ze(i)[(Zig1 — Zk) — (Zea (i) — Zi(i))]
Since Z, <% Z,(i) and X2 = O(k~2) so,

n

U0 iy nl(Zier = Zk)? + (Zoga (i) — Zi(0))? = 2(Zksr — Zi)(Ziaa (6) — Zi(0)).
= k=1
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We use Lemma A.2 with b, = n!t* and a; = k=M.

Let Uy = kQ[(Zk+1 = Z1)* + (Zi1 (i) — Zi(3))? = 2(Zig1 — Zi) (Ziea (1) — Z1(0))].

So b Yhe1 — 1+}1)\1' This implies that > _, Qk converges to 1+Z>\ a.s., where V is de-

terministic such that E(Vk+1\]:k) — V. Indeed, E(k?(Zk41(3) — Zx())?|Fx) —> 3. Similarly,
E(k(Zys1 — Z0)*1Fi) 5 iy, and (K (Zy1(0) = Z(0)(Zinr — Zi)|Fie) = w

Thus, Vi, <5 1(1- ).

[(1)(b) Theorem 4.1]

e Case vy, < 7. Since ¢1,, = Z;}[l -1 —o(r])] ~ exp[ljY2 n'=72] therefore, n"~ T n— 0.
Thus
Ckmn
lim su —11=0
k—00 n>I}z exp[ (nl 72— k?lfw)]

and that 1) and 2) (as in proof of theorem) hold. So it is enough to prove that
> ory Uik — (1 =1/N)/4. We have
(ALp+1)* = [(Zer1 = Zi) = (Ziir (6) = Zk(@) + (r)*(Z), — Zi(0))?
+ () (Zk = Ze()[(Zirr = Zi) = (Ziaa () = Zi(0))].
Since Z, <% Zy,(i) and X2 = O(k=21172) so

n

S UL =022 "G W [(Zer = Z0)? 4 (Zraa (6) = Zk(D))? = 2(Zkgr — Zi)(Zisa (i) — Zi(3))).
k=1 k=1

_2 ol-7 2 __2 pl-ng
. . . n 71
We use Lemma A.2 in Appendix with b, = nhl%wze“v and ap = 122 e 17 thus,
1,n

1y 1 1

b Dokl an 2

Let Vk = kQVI[(ZkJrl - Zk)2 + (Zk-Jrl(Z) - Zk(2>)2 - Q(Zk+1 - Zk)(Zk+1(Z> - Zk(z))] This implies
that > p_, Uik converges to V' a.s., where V is deterministic such that E(Vj41|Fx) — V. Since
we completed this computation in the proof of the previous part of theorem, we know that in this
case Vi, = (1 — 4%).

[(ii) Theorem 4.1]
1
When 71 < 9, let X, = Zi — 3 5%

n—1

Ly =X, - 2 (Bue1 = 5170~ (= ) = X+ 2007 + ) 3 X

and X,4+1 ~[1— 2)\1T,l,L]Xn + ALpt1. So cip ~ exp[l_f—i‘inl_w] and therefore n%lcl,n —— 0. Then

lim sup Tkin
k=00 5>k exp[ 2)‘1 (nl " — kl—’h)]

—1‘20.

It is enough to show that >}, Ug’k =n"Yy 1ck+1 kT (ALk4q)?k® is a constant. Using

kl“f

1ot k21 1 1 1
Lemma A2, b, = —rel ™ and ap = Clne . Therefore ¢~ -~ — 55;. Also

1
(ALps1)? = (Zj1 — Zi + 207k (Zk — 5))2 = (Zk1 — Zk)*. Then kK*" E((Zj1 — Zi)*|Fi) = §
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1
When v < 71, set Xp = Zp — 5 then L, = X, + 2(A17rl + \ord) Z’;é X So Xy ~ [1—
22015 X + ALpt1. Thus, ¢1, ~ exp[l__Q—i‘znl_W] and therefore n%zcl’n — 0. Then

lim sup Chin —1]=0.
k—o0 >k exp[ 2>‘2 (nl Y2 — k1- 72)]

It is enough to show that Y UZ, = n"> 7| ¢,k 2?(ALki1)?k?™ is a constant. Using

L A2 with b 5" and ap = B2e 5% Therefore L3, L —» 1 Al
emma wit n = 55 € 2 and ar = C% - e 2 . ererore B Zk % — - SO
2 2
(ALp1)? = (Xpi1Xn — 20019 X,)

1
= (Zk+1 — Zp + 2Xor) (2, — 5))2
= (Zen — Zn)>
Thus, k*2 E((Zy+1 — Zk)*|Fx) = +

When 71 = v2(=: 7), set Xx = Zx — 1 then X, 11 = [1 — 2rp(\ + A2)] Xy, + ALy4q and

Clm ~ exp[M 1=7] and therefore n%clm — 0. Then
Ck,n
lim sup : —1]=0.
201+ A _ _

k=00 > exp[%(nl Y — k1))

It is enough to show that Y p U2, = n7> ¢tk 2" (ALky1)?k® is a constant. Using
4A1+A9) 1— —4(A1+A2) 11—

Lemma A.2 with b, = n%e i " and ap = fﬁe =

1,n

Therefore i >k i — Also (ALpy1)? = (Zpy1—Zi)? and so kY B(Zp11— Zi)?| Fr) = +

1
4()\1 +)\2) :

[(iil) Theorem 4.1|
When v =72 =1, it holds ¢1,,, = [}, [1 — 2(A1 + A2)7s] ~ exp[ln n—2+A2)) 20 tA2) g0
Vn cin = =20t +3 ) for (A + Ao) > %. Then we can obtain

lim sup | Chn -1 =0.

k—00 >k (n)Z()\H-/\z)

Moreover, >, U,an = nEk(%)‘w‘l*)‘?)(ALkH)Qka‘*Q and therefore by using A.2 with taking a,
and bnv i Zk é — m and thUS, (ALTL+1)2 = (Zk_;'_l*Zk;)Q then kQ E((Z}C+1*Zk)2|]:k) = =

When (A1 + A2) = 7, \/ﬁ(lnn)_%clﬁn — 0. So ¢xp = (%)% and Uy, = \/%ckH,nALkH SO
Zk U,fn = hm Zk(%)(ALkH)Q = =3 $k*(ALki1)? = k*(ALjyq)? therefore b, = Inn and
=k, 50 =3, 1 — L. O

7. PROOFs OF THE CLTs (THEOREM 4.2)
Proof. (Theorem 4.2)
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- 1 -
Define X,, = n4(’\1+)‘2)(Zn — 5) It is therefore enough to show that X, is a quasimartingale.

Indeed, we have

> E (| X |Fe] — Xil|) = ZE (k + 1)AF22) (1 —9(\ 4+ Ao)rp) X, — X
k
- ZO(E)B(M + X2)2 B(| Xy]) < +oo.

So ( ~n)n is an F—quasi martingale. Moreover, from the computations carried out in the proof of
Theorem 4.1, ]E(X %) < 400 and so it converges a.s and in mean to some real random variable X.
In order to prove that P(X # 0) > 0, we will prove that (X 2., is bounded in L? for a suitable p>1
Indeed this fact implies that X2 converges in mean to X2 and so we obtain E(X?) = lim,, E(X2) =
lim,, n*A1+22) |B(X?2) > 0. To this purpose, we set p = 1 + €/2, with € > 0 and z,, = BE(|X,|>1°).
Using the following recursive equation:

k
T z .
X1 = (1= 2rm) Zn + 37 le;m(z) -3
-

Tni1 = B(1 X027 = (24 €)rn2Z, B(|X,|1T)

+ 2+ )ra B || X[ sign(X Z&M R,

where R, = O(n™2). Now since E[& 3", &11(0)| Fn] = 2Zn — 2(M1 + M) (Zy, — %), we have
Tn1 = B(1X0 ) = 22+ €)rn Zn B(| X, ')
+ (24 €)1y B[| X |1 sign(Xy) (22, — 2(M1 4+ A2)) X)) + Ry,
= E(|X,>T¢) = (24 €)r2(A1 + Xo) B[| X, |1 sign(X,) (X,)Xn] + R,
)

= B(1Xo[7) = 2+ )20 + X) B (|X0 ) + Ry
= (1= 200 + 22 + ) 2 + g(n)
with g(n) = O(n~2). Therefore, we have

tni1 = (1= 200 + 22)(2+ €)ra ) + g(n).

ﬁ <1 —2(A\1 + A2)(2+ e)rn) = exp (TLZ:I In (1 —2(M +X2)(2+ e)rn)>

k=0 k=0
n—1
= exp (-2@1 +A2)(2+€) Zrn>
k=0
— n*Q(}\1+)\2)(2+€)'

Thus,
1

n2(A+A2)(2+e) )
and it implies that X2 is bounded in L1+, O

E[|X,|®*9] = O
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8. PROOFs OF THE CLTS (THEOREM 4.3)

Proof. We seperate the proof as two main situtaions acoording two A;’s values.

e Case A1 # 0,2 = 0.
In order to study the evolution of (Z,, — Z, (7)), we consider two cases.

e When 71 < 9, Xpp1 = (1 — 2/\17“f1)Xn + AL,+1 and the proof follows essentially the same as
the part (i)(a) of Theorem 4.1.

e When vy < v, Xpt1 = (1 —75)Xn + ALp41, then the proof follows essentially the same as
part (i)(b) of Theorem 4.1.

1
In order to study the (Z,, — i)n

e When v; <79, Xp41 = (1 —r3) X, + ALyy, then the proof follows essentially the same as the
part (ii) of Theorem 4.1.
e When v5 < 71, the proof follows along the same lines as previous. We sketch essential argument
below. We have
Xpp1 =0 =207 X, + ALy

—2M p1-m a1
therefore, ¢, ~ €'~ " and thus, n7?~ 2 ¢y, — 0. Following the same steps as in the previous

proof, it be can verified that 1) and 2) hold. Only showing that

axkl=m

ZU2 = n?r2- '“el T Zk e B2 (ALpy)?

tends to a constant. )

1
It is easy to derive by Lemma A.2 that Zk — I and k272 (ALjy1)? = k22( 241~ Zk)? = T
e Case A\ =0, #0.
Concerning the evolution of (Z, — Z,(i)), for both cases 71 < 72 and 2 < 71, it is proved
analogously as the part (i)(b) of Theorem 4.1.

For (Z,, — %)n
e When v < 79, the proof follows along the same lines as previous. We sketch essential argument
below. We have
Xn+1 = (1 — 2)\27’%)Xn + ALn+17

. i/\anfwz 72
therefore it holds ¢y, ~ e!=2 and thus, n "2 ¢y, — 0.

Following the same steps as in the previous proof, it be can vrified that 1) and 2) hold. It is
enough to show that

1—.

2
ZU2 _ izt Zk e i KAL)

tends to a constant. )

1
It is easy to derive by Lemma A.2 that Zk —> o~ and k27 (ALy1)? — B2 (Zpy1— 23)% = 1
2

is a constant.
The proof when 75 < 71 goes the same as the part (ii) of Theorem 4.1. (y2 < 71)

e The case 7; = 72 = 1 is proven similarly as in part (i) Theorem 4.1 and Theorem 4.2.
0
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9. PrROOFs OF THE CLTs (THEOREM 4.4)
Proof. (Theorem 4.4)
[(1) Theorem 4.4]
e Case 7 # 2. Define Xy, = Zy, — Zx(i). Set Ly = X and let us rewrite

|
—

n

Ly, = X,—) (E[Xgq1]Fn] — Xi)
k=0
n—1 n—1
= X0 =Y (1 —=r{)(Zk — Z(0)) — (Zx — Zx(i))) = X + ngxk.
k=0 k=0

Then X, 11 = [1—7r3] X, +ALy,y 1. Note that (L), is an F,-martingale by construction. Iterating
the above relation, we can write X, = ¢, X1 + Zzzl Ckt1,nALpt1 where cpip1, = 1 and ¢, =
_ -1 ,1—
[Thi[l =] for k <n. ey =T [1 = rj] ~ exp[i=n'77].

_xn 2 11
Then "'~ 2 ¢y ~n 72 exp[ﬁn1 2] — 0.

lim sup — Ckin — 1| =0.

k=00 > exp[ﬁ(nl—vz — k1=72)]

So it is enough to prove that n™ =% >k Chi1nALpr1 — N(0,(1 = 1/N)Zoo — Z2,/2). Again, this
can be proved using following conditions for Uy, 11 = =% Dok Chr1nALpyr.

1) maxi<ig<n ‘Un,k’ — 0.

2) Elmax;<x<p ng] is bounded in n.

3) Yk Un e = (1= 1/N)Zoo — Z3, /2.

It is easy to check that conditions 1) and 2) holds. Let us now consider 3). We have

n n k*Q’YI —1_{/ kl=72
U2, = p2n— 2 (AL )2 ~ 27172 e " (AL )2k271
’Il,k =n ck-+17n n+1 =n 1 nl—'yQ n+1 '
k=1 k k=1 el

From 1) we obtain

(ALnt1)? = [(Zisr = Zi) = (Zia () = Zk(0))P + ()2 (Zk — Z1(0))?
+ () (Zk — Zu(i)[(Zi1 — Zi) — (Zia (i) — Zi (D).

Since Zy, — Zn (i) <5 0 and X7 = O(k~271772) so,

D UR =" Gl (Zii — Zk) 4 (Ziga () = Ze(0))? = 2(Zkir — Zi)(Ziga (i) — Z(i))]
k=1 k=1

_2 l1-vg 2 2 pl-vg
. n 71

where we use Lemma A.2 with b, = 7712711_72 el and aj = ]ZQ e - .
1,n

Let Vi, = K" [(Zrs1 — Zi)* + (Ziy1 (1) — Zi(0))? = 2(Zis1 — Zi)(Zryr (1) — Z3(3))].
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1
Thus limy,— 00 i > ohq é =3 This implies that Y, Uik converges to V' a.s., where V is deter-
ministic such that E(Vj11|F;) — V. Indeed,
E (K" (Zip1 (1) = Ze(@)*1Fk) = K (r)? BUE () — Zk(0)*| Fi]
K27 (1)? Var[gh . (1) Fil
K (ri)? (Zy — Z7) *5 Zoo — Z2.

Similary, E(k*" (Zy11 — Z1)?| Fr) =2 Zoo — Z2%,, and
271 . . a.s Zoo — Zgo
Bk (Zrr1(0) = Z5(0)(Zi1 = Zp)lFk) — ———
1
Thus, limg 0o Up = 2(Zo — Z2,)(1 — N) a.s.

Consider the case 1 = y2(=: 7). Since L, = X,, + Zz;é rn Xk, it holds
Lpyi— Ly, = Xp41— (1 — 1) X5 So Xpp1 = (1 — 1) Xy + ALpy1. Note that (L), is an Fp,-
martingale by construction. Iterating the above relation, we can write
Xy = X1+ > ey Cht1,nALpy1 where cpp1n = 1 and gy, = [[7 (1 —rp) for k < n. We get
cim = [[h_1[1—7r4) ~ exp[l%lvn1*7]. Then n%cl,n ~n? exp[%nlfv] — 0.

Moreover lim,;,_ oo bi >k i = %,
n

E(k* (Z1 (1) — Ze(0))?|Fr) = k27 B(Gerr (1) — Zi(i))?| F]
k272 Var[€ o (1) | Fi) 25 2(Zoo — Z2).

Similary, B(k*"(Zy11 — Zi)?|Fr) =5 2(Zoo — Z2), and
a.s —Z2
E(k(Zi (i) — Z1(0)) (Zas — Zi)|Fi) =5 2 2)
Thus, Uy, =5 4(Zes — Z2)(1 — ).
e Case 7 = 79 = 1. Consider L, = X,, — S-020(Zk — Zi(0))(=70) = X + Y724 7 Xy. Then

Lyy1— Ly = Xp41—[1 —1rp] X, so, X1 = [1 — 1] X, + ALp4q. Note that L, is an F,-martingale
by construction. Iterating the above relation, we can write X,, = c1, X +ZZ:1 Ck+1,nALyp41 where
Cntin = 1and cgp = [[h_p[l =74 for k <n. c1p = [[h_1[L —7n) ~n~L. Then v/ c1p ~ v nt.
Choosing b, = n and ag = 1, lim,, i ok i = 1. It holds

E(k* (Zi11(0) — Zi(0))?|Fr) = 2(Zoo — Z5.)-
Similary, B(k*"(Zy11 — Zi)?|Fr) =5 2(Zo — Z2), and

2(Zoo B Zgo)

E(k*(Zys1(i) — Zi(i))(Zepr — Zi) | Fie) = N

Thus, limy_eo Uy = 4(Zes — Z2)(1 — %) ass.

[(i) Theorem 4.4]
e Case 7 < 72. The process (Z,), is a martingale. Indeed, by

E(Zpi1|Fp) = (1= 2078 — 20019) Zyy + Mi7l, + Aord,
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we have E(Z,4+1|F,) = Z, when A\; = 0, A\ = 0, therefore Z,, converges a.s.
To this purpose, satisfies the following two conditions:

(1) E [Supk K173 Zpyr — Zk|] < +o0;
(2) n*n—t > ieon(Zkt1 — Zr)?* 5 m(zoo — Z2,).
Indeed, the first condition immediately follows from
’Zk+1 Zk’ Z§k+1 Zk +7y (§k+1 k)’ = O(k_’yl)-

Regarding the second condition, we observe that

WS (Zgy — Z)? = a1 Y (ré)Z(Zi gjlifH(Z) _ Z)%m

k>n k>n
and so the desired convergence follows by lemma A.2 with a;, = k=2"+2, b, = n?"1~! and
291 (ol \2 ( 2ok Sh11(9) 2 7 1 1
Uk- = k gt (Tk) (% — Zk-) y hmn_>oo bTL Zkzn m = —1_72% SO,

B (2810 z5) v Slim) - Lz - 22

e Case 5 < 1. To this purpose, satisfies the following two conditions:
1) E (supk k727%|Zk+1 - Zk|) < 400
2) 027 s (Zirr = Zk)* = gy (Zoo — Z3)
Indeed, the first condition immediatly follows from
| Zk1 — Zx| = kaﬂ = Z) + 15 — Zk)| = O(k™).
Regarding the second condition, we observe that

n2v2— 12 Zii1 — Z1) _nQ’Yz 12 272 Z fk+1() k>2k2w

k>n k>n

and the desired convergence follows by lemma A.2 with a = k27212, b, = n?2~! and
Up = K22 (1) (€01 — Z1)?, im0 b Yoo ﬁ - fﬁ and

E(E],,(i) — Z0)21F) = Var(el, |F) = (Zoo — 22).
e Case 71 = y2(=: 7). The process (Z,,), is a martingale and converges a.s. Indeed,
E(Zn—l—l’]:n) = (1 — 2rn)Zn + T’nE (z:lgx;_l()’fn> - Zn
To this purpose, we need to check the following two conditions:
1) E [SUPk kY73 Zyg1 — Zk” < +oo;
2) 07 Yo (Zi1 — Z)? 2 gy (Zoo — Z3).

Indeed, the first condition immediatly follows from

| Zy1 — Zi| = | ( Z§k+1 - 2Zk)> | =O(™).
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Regarding the second condition, we observe that
- 2
- - —oy [ 220 &k (0)
n?t Z(Z/Hl — 7)) =nP7! Z rik 2 (Z N —Zy | K
k>n k>n
and so the desired convergence follows by lemma with a; = k=272, b, = n?>Y~! and

- , 2
Up = K77 (Zi 5]’;“(1) - 22k> ,

. Enia (i 2
limy, 500 by, Zan @ = _1_1277 I ((Z 5;;_1( ) - 2Zk)2‘]:k> = N(Zoo - Zgo)

e Case | = 79 = 1. To this purpose, satisfies the following two conditions:
1) E [supk k:%|Zk+1 - Zk|] < 4005
2) 0 Y pon(Zri1 — Zi)? = % (Zoo — Z%).
Indeed, the first condition immediately follows from
1 e , _
Zier = 24l = Irn(g 3 G (i) = 221)) = O(k™).
K3
To deal with the second condition, we observe that
_  Sha (i
0> (Zisr— Z)? =n>_ rik 222 S l) i’“v“( )z
k>n k>n

and so the desired convergence follows by lemma A.2 with ax = 1, b, = n and

. ¢ ] 3 1
U, = k%z(w —2Z3)%, iy y00 bn D gy ab? I
k

E(Zlg]’i;rl@) - 2Zk)2“r) = %Zoo(l - Zoo)'

APPENDIX A. APPENDIX

Lemma A.1. Let (x,), be a sequence of positive reals satisfying the following equation:

A K,
Tpy1 = | 1— navi Tn + Wa

1
where n,a,b € N, b > a > 0, b > 1, 3 < (vi,v) <1, (4,75) € {1,2}, A > 0 and Vn € N,
0< K, <K. it holds,
o if Y, — = +00 then, xy, e % (where C' denotes a generic constant),
n K2

o if Y, = < +00 then,

nbYi— v

. K, /A — i
limy, 0 <mn — b’:Lj/—1> = ¢ 4m=0 7 for a>2.
n

. Kn/A -y L
lim,,— o0 (a:n _ K/ ) = ¢ £m=07,7i for a=1,;
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Proof. Let xp41 = (1 — ey)xy + 6, where €, = ﬁ and 4, = If—;‘] It holds, for any 0 <[ <n—1,

n—1
_:c,H 1—¢) +Za IT =<0 (22)

i=l  k=it1
oIfZ%Enzwﬁm,mhnmmsfm;ﬂl—sw——+0
o If 3" £, < +o00, it follows that [["~}(1 —&,) = e~ St
Let y,, := >0, L [T H_1( — €k), SO ypn, behaves for n — oo like

.
n n K. [T s tie-av)s®i™t gg
/ 05 €Xp <—/ 5(u)du> ds = b: Ji = .
l s n-n i— 1

n—b’yj e (1—ay;)n®i

Letting n — oo, using de L’Hoépital rule, it holds

K 1 1
Yn ~n—oco A b —avi 1_ bry;ni
nA

Conclusion follows. O

Lemma A.2. Let G be an (increasing) filtration and (Yy)r be an G-adapted sequence of real random
variables such that limg_,oo E[Y%|Gr—1] = Y a.s. for some real random variable Y. Moreover, let
(ag)k and (bk)g be two sequences of strictly positive real numbers such that

S 2
EY,

by /o0, Y [Qb’;] < 400
=1 kY%

Then we have:
a) if limy, 00 7 o > ory alk = o for some constant o, then lim,_, oo = o Py 13 Yk =oY;

b) if imp 00 bn D s W = o for some constant o, then limy, o0 bp > j~,, JW =oY.
- k - k

Theorem A.3. (Theorem 3.2 in [11] )

Let {Spp, Fni : 1 < k < kyyn > 1} be a zero-mean, square-integrable martingale array with
differences Yy, 1, and let n? be an a.s. finite random variable. Assume

P

1) maxi<p<k, |Ya,

2) E(maxi<g<k, Y,2;) is bounded in n;
3) kn Y P s 7,’27.
n—oo

and the o-fields are nested, i.e. for 1 <k <k,, n>1, For C Foy1x- Then Sy, = Zz’;l Yok
converges stably to a random variable with characteristic function ¢(u) = E[exp(—n?u?/2)], i.e. to
the Gaussian kernel N'(0,n?).
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