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Abstract

This paper is concerned with the existence and further properties of propagation speeds
of transition fronts for bistable reaction-diffusion equations in exterior domains and in
some domains with multiple cylindrical branches. In exterior domains we show that all
transition fronts propagate with the same global mean speed, which turns out to be equal
to the uniquely defined planar speed. In domains with multiple cylindrical branches, we
show that the solutions emanating from some branches and propagating completely are
transition fronts propagating with the unique planar speed. We also give some geometrical
and scaling conditions on the domain, either exterior or with multiple cylindrical branches,
which guarantee that any transition front has a global mean speed.
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1 Introduction and main results

This paper is concerned with propagation phenomena for semilinear parabolic reaction-diffusion
equations of the type
uw = Au+ f(u), teR, €,

1.1
u, = 0, teR, x €0, (1.1)

set in smooth unbounded open connected sets (domains) Q of RY with N > 2 (more precise

assumptions on ) will be made later). Here, u; = %, v = v(x) is the outward unit normal
on the boundary 02 and u, = %. Neumann no-flux boundary conditions are thus imposed

on 0f). Such equations are ubiquitous in many models in biology, ecology and physics. The
quantity u(t,x) is assumed to be bounded, and then to range in the interval [0, 1] without loss
of generality. It may for instance stand for the density of a species at time ¢ and location .

The reaction term f is assumed to be of class C1#([0,1],R) (with 8 > 0) with two stable
zeroes 0 and 1, that is,

F(0)=f(1)=0, f(0)<0 and f(1) < 0. (1.2)

Having in mind that we are interested in propagating solutions u of (1.1) connecting the two
steady states 0 and 1 in some unbounded domains 2, we assume throughout the paper that the
states 0 and 1 can at least be connected by a planar traveling front, that is, equation (1.1), if
set in 2 = R, admits a traveling front ¢(z — ¢st) solving

" +crd+ f(@)=0inR, 0<p<1linR, ¢(—00)=1and ¢(+00) =0, (1.3)

with ¢; # 0 (the front is not stationary, it is truly propagating). Without loss of generality,
even if it means changing ¢(x — ¢st) into 1 — ¢(—z — ¢st) and f(s) into —f(1 — s), one can then
assume that

Cy > 0. (1.4)



By multiplying (1.3) by ¢’ and integrating over (—oo,{) with an arbitrary £ € (—o0, 400,
condition (1.4) also implies that fnl f(s)ds > 0 for every 0 < n < 1. The front ¢(z — cst)
describes the invasion of the state 0 by the state 1, with constant propagation speed cy > 0
and constant profile ¢. Actually, with condition (1.2), the speed ¢y of (1.3) is unique and the
profile ¢ is unique up to shifts, see [2, 18]. The assumptions (1.2)-(1.4) are made throughout the
paper and are therefore not repeated in the statements of the results.

For a function f satisfying (1.2), condition (1.3) is fulfilled if f is bistable, that is, there
exists 6 € (0,1) such that

f<0on (0,0) and f>0on (6,1), (1.5)

see [2, 18]. In particular, an important case of a function f satisfying (1.2)-(1.4) is the cubic
nonlinearity f(u) = u(l — u)(u — ) with 6 € (0,1/2). Other sufficient conditions for (1.3)
to hold for multistable functions f having more than one oscillation in the interval (0,1) are
given in [18]. Lastly, for mathematical purposes, we extend the function f in R\[0, 1] as follows:
f(u) = f'(0)u > 0 for u € (—o0,0) and f(u) = f'(1)(u—1) <0 for u € (1,+00).

The paper deals with propagation phenomena for (1.1) in various types of domains 2. Since
the steady state 1 is in some sense more stable than the steady state 0 due to (1.4), the region
where u is close to 1 is expected to invade the region where u is close to 0. Propagating solutions
connecting the stable steady states 0 and 1 play an important role in the dynamics of (1.1)
and the characterization of their propagation speed is a fundamental issue. This paper deals
with this issue and in particular with the understanding of the role of the geometry of the
underlying domain 2. In the one-dimensional line 2 = R, standard traveling fronts ¢(x — ct)
connecting 0 and 1 and propagating with constant speed ¢ = ¢; are assumed to exist by (1.3).
However, for general domains Q C R, standard planar traveling fronts of the type ¢(x - e — ct)
for some unit vector e and some speed ¢ € R do not exist anymore. The shape of the level
sets of the solutions u of (1.1) depend on Q and may be much more complex in general. To
describe propagating solutions connecting the two stable states 0 and 1 in arbitrary unbounded
domains €2, we therefore have to consider the recently introduced and more general notions of
transition fronts and global mean speed.

1.1 Notions of transition fronts and global mean speed

Before giving the general definition of transition fronts connecting the steady states 0 and 1
in general domains €2, let us first recall some well-known results about the reaction-diffusion
equation (1.1) in the whole space RY. By assumption (1.3), equation (1.1) set in R admits
standard traveling fronts u(t, z) = ¢(x — c¢st). In higher dimensions @ = RY with N > 2, planar
fronts ¢(x - e — ¢pt) moving with constant speed ¢, still exist, where e € S~ is any unit vector
of RN, Even in the homogeneous space 2 = RY, under assumptions (1.2)-(1.5), many other
types of solutions of (1.1) exist, such as axisymmetric conical-shaped, resp. pyramidal, fronts
Y(z—cte), where e € S¥71 ¢ > ¢; and the level sets of the function ¢ : RN — (0, 1) are invariant
by rotation around the vector e, resp. have a pyramidal shape, see [24, 25, 26, 30, 40, 53, 54, 55].
These solutions are all invariant with respect to time in a moving frame. Let us also mention
that standard traveling fronts ¢ (x — cte), with other shapes, still exist when f is balanced, that
is, [ f(s)ds = 0, see [10, 11, 20].



In general domains {2 without any invariance by translation, standard traveling fronts do
not exist anymore in general. Instead, there may still exist front-like solutions which behave
asymptotically as standard traveling fronts in some sense. For instance, in exterior domains and
in some cylinder-like domains, there may exist front-like solutions u(t, z) satisfying

u(t,z) — ¢(x - e —cst) = 0 as t — —oo uniformly in Q,

where e is the direction of propagation for very negative times, see [3, 6, 9, 43]. We will come
back to these solutions later.

Considering the various types of known existing fronts and the generality of the underlying
domains €2, unifying notions of generalized traveling fronts, namely the transition fronts, have
been introduced in [4, 5] (see also [46] in the one-dimensional setting). In order to recall the
notion of transition fronts and that of their global mean speed, let us introduce a few notations.
The unbounded open connected set 2 C RY is assumed to have a globally C?# boundary
with # > 0 (this is what we call a smooth domain throughout the paper), that is, there exist
p > 0 and C > 0 such that, for every y € 99, there are a rotation R, of RV and a C*# map
vy B= {2 e RN :|2/| < 2p} — R such that ¢,(0) = 0, [|[¢oy/|c26(5) < C and

QN B(y,p) = [y+ Ry({x = («/,2y) e RN : 2 € B,ay > ¢, (2)})] N By, p),

where
B(y,p) = {z € RY : [z —y| < p}

and | | denotes the Euclidean norm. Let dg be the geodesic distance in Q. For any two subsets A
and B of (2, we set
do(A, B) = inf {dq(z,y) : (z,y) € A x B},

and dqo(z, A) = do({x}, A) for z € RV,
Consider now two families (€ )ier and (€2 )ier of open non-empty subsets of  such that
O, NQ =0,
o0 NQ =00 NQ =T,
Q U, U =Q,
sup {do(z,Ty) : z € O } = sup {do(z,T) 1 2 € O } =400

vVt € R, (1.6)

and

inf{sup {dQ(y, [y):yeQf do(y,z) < r} teR, z e Ft} — +00
as r — 4o0. (L.7)
inf{sup {dQ(y, [y):y€Q,da(y,x) < r} teR, z e Ft} — +00

Notice that the condition (1.6) implies in particular that the interface I'; is not empty for
every t € R. As far as (1.7) is concerned, it says that for any M > 0, there is r3; > 0 such that,
for every t € R and x € I'y, there are y* € RY such that

y= e QOF, do(z,y®) <ry and do(y*,T) > M. (1.8)

In other words, condition (1.7) means that any point on I'; is not too far from the centers of two
large balls (in the sense of the geodesic distance in ) included in 2, and ©;", this property being
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in some sense uniform with respect to ¢ and to the point on I'; (without loss of generality, one can
also assume that the map M +— rj; is non-decreasing). Moreover, in order to avoid interfaces
with infinitely many twists, the sets I'; are assumed to be included in finitely many graphs:
there is an integer n > 1 such that, for each ¢ € R, there are n open subsets w;; C RY~!(for
1 <i < n), n continuous maps ;; : w;; — R and n rotations R;; of RV, with

I, C U R;; ({x = (2/,on) €ERY 12/ €wiy, oy = %,t(ﬂf/)}) ) (1.9)

1<i<n

Definition 1.1 [4, 5] For problem (1.1), a transition front connecting 0 and 1 is a classical
solution u : R x Q — (0,1) for which there exist some sets (i )ier and (Ty)ier satisfying (1.6)-
(1.9), and, for every e > 0, there exists M. > 0 such that

VteR, Yo eQf, (do(z,Ty) > M) = (u(t,z) >1-e¢), (110
VteR, VoeQ, (do(z,T) > M) = (u(t,z) <e). '
Furthermore, u is said to have a global mean speed v (> 0) if
do(Ty, T
Q|§—t’|s) — 7 as |t—s| — +oo. (1.11)
-5

This definition has been shown in [4, 5, 23] to cover and unify all classical cases. Con-
dition (1.10) somehow means that the transition between the limiting steady states 0 and 1
takes place in some uniformly-bounded-in-time neighborhoods of I';. Without this uniformity
condition, other solutions may exist: for instance, for the equation (1.1) in R under assump-
tions (1.2)-(1.5), there are solutions u(¢, x) converging to 0 and 1 as © — £oo for each time ¢t € R,
but which do not satisfy (1.10) and thus are not transition fronts, see [35]. Notice that, for a
given transition front connecting 0 and 1, the families (€ );cr and (T'y).er satisfying (1.10)
are not unique, since any uniformly-bounded-in-time thickening or thinning of ; or Q; satis-
fies (1.10) too. However, for a given transition front satisfying (1.10) with some families (QF)cr,
(T')ser and (Qi)teR, (Ft)teR, the Hausdorff distance between the interfaces I'; and T, is uniformly
bounded in time, see [5]. Notice also that, for a given transition front connecting 0 and 1, the
global mean speed ~, if any, does not depend on the choice of the families (QF)icr and (Ty)ser.
However, for equations of the type (1.1) in R with Fisher-KPP reactions f, there are transition
fronts without global mean speed, see [27, 29].

For problem (1.1) under assumptions (1.2)-(1.4), it was proved in [23] that, in the one-
dimensional case ) = R, the only transition fronts connecting 0 and 1 are the right-moving
and left-moving traveling fronts ¢(£x — ¢st) (up to shifts), moving with constant speed c;. In
the space RY, any almost-planar transition front (in the sense that, for every t € R, T is a
hyperplane) connecting 0 and 1 is truly planar [23]. Furthermore, still in RY | any transition
front connecting 0 and 1 has a global mean speed 7, which is equal to c¢; and is therefore
independent of the shape of the level sets of u, see [23]. We point out that the aforementioned
axisymmetric conical-shaped or pyramidal fronts of the type 1 (z —cte), existing for any e € SV 1
and any ¢ > ¢y, still have a global mean speed equal to c¢;, whatever ¢ may be in [cf, +00),
since the distance between the level sets of these fronts at times ¢ and s is always asymptotically
equivalent to c¢|t—s| as |t —s| — +o0. Lastly, even in the homogeneous space RY, non-standard
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transition fronts which are not invariant in any moving frame were also constructed in [23] under
assumptions (1.2)-(1.5). More generally speaking, there is now a large literature devoted to
transition fronts for bistable reactions in homogeneous or heterogeneous settings [6, 12, 17, 21,
47, 52, 59], as well as for other types of homogeneous or space/time dependent reactions in
dimension 1 [15, 28, 29, 33, 34, 36, 39, 41, 42, 50, 51, 56, 57] and in higher dimensions [1, 8, 37,
38, 48, 49, 58, 60].

Our goal in the present paper is to study some qualitative properties of transition fronts
and their propagation speeds for problem (1.1) under the assumptions (1.2)-(1.4) in heteroge-
neous domains 2. We will focus on two classes of domains: the exterior domains (that is, the
complements of compact sets) and the domains with multiple cylindrical branches (more pre-
cise definitions will be given in the next subsections). We will especially give some sufficient
conditions on €2 for the transition fronts to have a global mean speed equal to the same planar
speed ¢ as in the homogeneous case 2 = RY. We will also comment on the sharpness of these
conditions.

1.2 Exterior domains

Let us first consider the case where  is an exterior domain, that is, Q@ = RY \ K, where K
is a compact set with smooth boundary. The interaction between the obstacle K and a planar
traveling front, say ¢(x1 — cst) propagating in the direction z; without loss of generality, was
thoroughly studied in [6]. A solution u(¢,z) of (1.1) converging to ¢(x; — cst) as t — —oo
uniformly in # € Q was constructed in [6], for C11([0,1]) functions f satisfying (1.2)-(1.4). It
was also proved that, if the obstacle K is star-shaped or directionally convex with respect to
some hyperplane! (see Figure 1), then the solution u passes the obstacle, in the sense that u(t, z)
converges to ¢(z; — cst) as t — +oo uniformly in x € Q. In particular, in these cases, the
propagation is said to be complete, namely

u(t,r) = 1 ast — +oo locally uniformly in z € Q. (1.12)

That solution u is also proved to be an almost-planar transition front connecting 0 and 1, in the
sense that Definition 1.1 is satisfied and one can choose Iy = {z € Q : 21 = ¢4t} in (1.6), that
is, I'y is the intersection of {2 with a hyperplane. Notice that the interfaces I'; give a rough idea
of the location of the level sets of u(t,-) but they are not equal to these level sets in general. For
instance, here the solution u is not planar as soon as K is not empty, even if the interfaces I';
can be chosen to be included in parallel hyperplanes.

Transition fronts connecting 0 and 1 with other shapes are also expected to exist. For
instance, we conjecture that, under some geometrical conditions on K, equation (1.1) admits
transition fronts converging to any given axisymmetric conical-shaped or pyramidal traveling
front ¢(z — cte) as t — 4-oo uniformly in z € Q, where e € S¥~1 is any given unit vector. This
question will be the purpose of a future work.

!The obstacle K is called star-shaped if either K = () or there is  in the interior Int(K) of K such that
z+t(y—z) € Int(K) for all y € OK and ¢ € [0, 1). In the latter case, we say that K is star-shaped with respect to
the point 2. The obstacle K is called directionally convex with respect to a hyperplane H = {z € RN :z.e= a}l,
with e € SV~1 and a € R, if for every line ¥ parallel to e, the set K NY is either a single line segment or empty
and if K N H is equal to the orthogonal projection of K onto H.



Figure 1: Left: a star-shaped obstacle; right: a directionally convex obstacle K = K; U K.

Transition fronts with complete propagation

In the present paper, we focus on the existence and characterization of the global mean speed of
any transition front connecting 0 and 1, whatever the shape of its level sets may be. As recalled
in Section 1.1, any transition front connecting 0 and 1 for (1.1) in RY has a global mean speed -,
which is equal to ¢y, whatever the shape, planar or not, of level sets of the front may be, see [23].
Our first main result states that the same conclusion holds in exterior domains.

Theorem 1.2 Let Q = RV \ K, where K is a compact set with smooth boundary. Then any
transition front of (1.1) connecting 0 and 1 propagates completely in the sense of (1.12) and it
has a global mean speed v, with v = cy.

The aforementioned almost-planar transition fronts constructed in [6], connecting 0 and 1
(when K is star-shaped or directionally convex) and converging to ¢(z; — c¢ft) as t — +oo
uniformly in z € Q are particular examples fulfilling the hypotheses and the conclusion of
Theorem 1.2.

Transition fronts with or without complete propagation

It was also proved in [6] that, for some particular strongly non-convex obstacles K, the solutions
u(t,x) of (1.1) emanating from the planar front ¢(z; —cst) as t = —oo do not pass the obstacle
completely, in the sense that (1.12) is not fulfilled (in other words, the disturbance caused by
the obstacle K remains forever). However, one still has

u(t,z) — ¢(xy — cst) = 0 as |z| — +oo uniformly in ¢ € R, (1.13)

and the solutions w are proved to still converge to the planar front ¢(z1 — cst) as t — 400 far
behind the obstacle, in the sense that

sup |u(t,z) — ¢(x1 — ¢st)] = 0 as t — 400, provided that lim & — +o0. (1.14)
z€Q, T1>& feo

Furthermore, whatever the shape of K may be, it was proved in [6] that the solutions u(¢, x)
of (1.1) emanating from the planar front ¢(x; — ¢ft) as t — —oo still satisfy (1.13)-(1.14) and
are time-increasing, and that there is a C*(Q2) solution p : Q — (0, 1] of

Ap+ f(p)=0in Q, p,=00n 02, and p(x) — 1 as |z| - +o0 (1.15)
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such that u(t,r) — p(z) as t — +oo locally uniformly in z € Q. Observe immediately that
infgp = mingp € (0,1]. When the propagation is not complete (as it was shown in [6] for
some obstacles K), then necessarily 0 < p < 1in 2 and 0 < mingp < 1, whereas p = 1 in )
and the propagation is complete if K is star-shaped or directionally convex [6, Theorems 6.1
and 6.4]. However, whether p < 1 or p = 1 in Q, these solutions u(t, ) can still be viewed as
(almost-planar) transition fronts with I'; = {x ez = cft} and global mean speed cy, but,
instead of connecting 0 and 1 in Definition 1.1, they connect 0 and p in the sense of the following
definition.

Definition 1.3 [4, 5] Let p : Q — (0,1] be a C*(Q) solution of (1.15). For problem (1.1), a
transition front connecting 0 and p is a classical solution u : R x Q — (0,1) for which there exist
some sets (QF),cr and (Ty),er satisfying (1.6)-(1.9), and, for every e > 0, there exists M, > 0
such that

VieR, VeeQf, (do(z,T))> M) = (jut,z) —p(x)| <e), (1.16)
M. '

VieR, YeeQ, (do(z,T}) ) = (u(t,z) < ).

v

Furthermore, u is said to have a global mean speed v (> 0) if (1.11) is satisfied.

The second main result of the paper states that, whatever the shape of the obstacle K may be
and whatever the shape of the level sets of the solutions may be, any transition front connecting 0
and any solution p of (1.15) has a global mean speed equal to the planar speed c¢s, whether p be
less than 1 or identically equal to 1 in Q.

Theorem 1.4 Let Q = RN \ K, where K is a compact set with smooth boundary, and let
p:Q — (0,1] be a C%(Q) solution of (1.15). Then any transition front of (1.1) connecting 0
and p in the sense of Definition 1.3 has a global mean speed v, and v = cy. Furthermore,
u(t,r) — 0 ast — —oo and u(t,z) — p(x) as t — +oo, locally uniformly in x € Q.

Theorem 1.2 is clearly a particular case of Theorem 1.4. Furthermore, when Q = R, then p
is necessarily identically equal to 1 in R by [6]. Hence [23, Theorem 2.7] dealing with the case
Q0 = R" can therefore be viewed as a particular case of Theorem 1.4 too.

The property limjy|40 p(z) = 1 is essential for the conclusion of Theorem 1.4 to hold in
general and counter-examples can be constructed without this condition. For instance, consider
a function f € CYP([0, 1], R) satisfying (1.2) and for which there exist 0 < 97 < 9 < 95 < 1 such
that f < 01in (0,0)U (¥, 92) and f > 0in (¢1,9) U (g, 1). Thus, there exist two real numbers ¢,
and ¢, and two C%(R) decreasing functions ¢; and ¢, such that ¢ (x — c;t) and ¢o(x — cot) are
planar traveling fronts of (1.1) in 2 = R, with ¢;(—00) = ¥, ¢1(+00) = 0, ¢2(—00) = 1 and
Pa(+00) = V. If ¢; < co, then there is a traveling front ¢(z — cst) solving (1.3), and ¢ < ¢f < ¢o,
see [18]. In particular, if 0 < ¢; < ¢3 (such conditions are possible for some functions f), then
the conditions (1.2)-(1.4) are fulfiled. Furthermore, it follows from [6] that there exists a solution
up : R x Q — (0,9) of (1.1) such that sup, g |ui(t, z) — ¢1(z1 — c1t)] — 0 as t = —oc and such
that u; is an almost-planar transition front, with I'; = {x €eQ:x = clt}, connecting 0 and
a C2(Q) function p; : Q — (0,V] satisfying

Ap1+ f(p1)=0in Q, (p1), =00n 0, and p;(z) = ¥ as |z| = +o0 (1.17)
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This transition front u; has a global mean speed, equal to ¢;. Since ¢; < ¢y and ¥ < 1, Theo-
rem 1.4 can therefore not hold in general without the condition lim,— 4. p(z) = 1. However, by
replacing 1 by ¢ in the statement, Theorem 1.4 implies that any transition front u : RxQ — (0, 4)
of (1.1) connecting 0 and any solution p; : Q — (0,9] of (1.17) has necessarily a global mean
speed v, with v = ¢;.

Remark 1.5 Other notions of distances between sets could be considered instead of the one
used in the paper. Some would lead to similar results. But the Hausdorff distance dg would lead
to different results in general. For instance, for (1.1) in RY with N > 2 under assumptions (1.2)-
(1.5), there are transition fronts (examples of such fronts are the axisymmetric conical-shaped or
pyramidal fronts) connecting 0 and 1 for which dy (I'y,I's) ~ ¢|t —s| as [t — s| = +oo with ¢ > ¢;
and for which the global mean speed thus depends on the front. We refer to [23, Remark 2.8]
for further details.

Remark 1.6 We also point out that the situation of exterior domains considered here differs
from the case of periodic media, for which the speeds of pulsating fronts, which are particular

almost-planar transition fronts, may depend on the direction of propagation, see [13, 14, 16, 21,
31].

1.3 Domains with multiple cylindrical branches

In the second part of the paper, we consider the class of domains with multiple cylindrical
branches. By way of an example, the simplest case of such a domain is a straight cylinder,
namely when €2 can be written up to rotation as

Q={(z1,2') : 71 €R, 2 € w}, (1.18)

where w C RV~! is a smooth bounded non-empty open connected subset of R¥=!. In such a
domain, the planar front ¢(z1 — ¢st) is a solution of (1.1) moving with constant speed c;.

Another particular case of a domain with multiple cylindrical branches is that of a bilaterally
straight cylinder, that is, {2 can be written up to rotation as

Q={(z1,2"): 21 €R, 2’ € w(z1)}, (1.19)

where (w(x1))s,er 1S a smooth family of smooth bounded non-empty open connected subset
of R¥~! such that w(z) is independent of z; for ; < —L and for z; > L, for some L > 0. In
a bilaterally straight cylinder Q of the type (1.19) which is not a straight cylinder, the planar
front ¢(x; — ¢st) is not a solution of (1.1) anymore. However, there still exist some front-like
solutions emanating from the planar front ¢(z; —¢st) coming from the “left” part of the domain.
More precisely, there exists a unique solution u : R x Q — (0, 1) of (1.1) such that

u(t,z) — ¢(x1 — cyt) = 0 as t — —oo uniformly in €, (1.20)

see [3, 43] (see also [9] for related results in some more specific geometries). We call such a solution
a front-like solution. In fact, a similar result holds if €2 is bent, that is, the “left” and “right” parts
of 2 may not be parallel to the same direction, see [3]. Moreover, it was shown in [3] that, under
some geometrical conditions on € (for instance, if the map z; — w(z;) is non-increasing), the
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propagation is complete, in the sense that the solution w of (1.1) satisfying (1.20) satisfies (1.12)
too. However, under some other geometrical conditions (for instance, if x; — w(x;) is non-
decreasing and if w(0) is contained in a small ball and w(1) contains a large ball), blocking
phenomena may occur, that is, the solution u of (1.1) satisfying (1.20) is such that

u(t, x) = uso(r) as t — +oo uniformly in Q, with us(z) — 0 as x; — 400, (1.21)

see [3, 9, 45] (see also [14] for similar blocking phenomena in some periodic domains).

In the second part of this paper, we deal with transition fronts in domains with multiple
cylindrical branches generalizing the domains of the type (1.19). The results are concerned with
the propagation speeds of transition fronts. They are of a different nature than the aforemen-
tioned known results and are actually new even in the case of bilaterally straight cylinders, in
the sense that we especially also make more precise the behavior of the solutions as t — +oo
when the propagation is complete, and we provide other geometrical and scaling conditions for
the existence of a global mean speed for all transition fronts.

Let us now define what we mean by a domain with multiple branches. A cylindrical branch
in a direction e € SV~ with cross section w? and shift =, € R is the open unbounded domain

of RY defined by
Hewny ={2€ERY :2— (2 e)e €w, z-e >0} + . (1.22)

A smooth unbounded domain of R¥ is called a domain with multiple cylindrical branches if
there exist a real number L > 0, an integer m > 2, and m cylindrical branches H; := He, w, 2,
(with ¢ =1,--- ,m), such that

HiNH; =0 foreveryi#j€ {1, m} and Q\B(0,L)= gHi\B(O’L)’ (1.23)

H; \ B(0, L) is connected for every i € {1,--- ,m}.

Some examples of domains with 5 cylindrical branches are depicted in Figure 2.

Solutions emanating from planar fronts with complete propagation
We first show that the front-like solutions emanating from planar fronts in some branches and

propagating completely are transition fronts and converge to planar fronts in the other branches.

Theorem 1.7 Let 2 be a smooth domain with m (> 2) cylindrical branches and let I and
J be two non-empty sets of {1,---,m} such that I NJ = 0 and TUJ = {1,--- ,m}. Let
u:RxQ—(0,1) be a time-increasing solution of (1.1) such that

u(t,r)—(—x - e;—cst+a;) — 0 uniformly in H; N Q for everyi € I,
u(t,z) — 0 uniformly in Q\ UH“ ast — —oo (1.24)

el

2The section w is a smooth non-empty bounded domain for the (N — 1)-dimensional Euclidean topology of
the hyperplane of RY orthogonal to e and containing 0.

10



€2 €2

Figure 2: Examples of domains with 5 cylindrical branches.

for some real numbers (0;)icr. If u propagates completely in the sense of (1.12), then it is a
transition front connecting 0 and 1 with global mean speed c; and (T;)ser, (0 )icr defined by

Ft:U{xEHiﬂQ L xeeg=cplt|+A} (£<0), Ft:U{xEHjﬂQ cx-ej=cpt+A} (£>0), (1.25)
iel jeJ

and

Of =J{zetinQ:z e >cfft| + A}, O =Q\Qf, fort<o,

il
_ (1.26)
O =J{zeM;nQiz-e;>cpt+ A}, QF =Q\Q;, fort>0,
jeJ
for some A > 0. Moreover, there exist some real numbers (7;);e; such that
u(t, ) — ¢(x - e;—cpt+7;) — 0 uniformly in H; NQ for every j € J,
u(t,x) = 1 uniformly in Q\ U H;, as t — +oo. (1.27)

Jj€J

In a bilaterally straight cylinder or in a domain with two cylindrical branches, the existence
and uniqueness of time-increasing solutions u satisfying (1.24) follows from the arguments used
in [3, 6, 43]. In a domain with multiple cylindrical branches, the existence and uniqueness of
time-increasing solutions u satisfying (1.24) could be shown with similar arguments. The interest
of Theorem 1.7 is to show that, provided the propagation is complete in the sense of (1.12), these
solutions w are transition fronts connecting 0 and 1 and more precisely that they converge at
large time to the planar fronts (with some finite shifts) in the other branches. These facts are
actually new even in the case of bilaterally straight cylinders, where ¢; was only known to be
the asymptotic spreading speed.

Notice also that the condition (1.12) of complete propagation is necessary for the conclusion
to hold. In bilaterally straight cylinders of the type (1.19), some examples of blocking phenomena
have been exhibited in [3, 9, 45], namely there exist time-increasing solutions u : R x Q — (0, 1)
satisfying (1.20) and (1.21), for which (1.12) is therefore not fulfilled. These solutions could still

11



be viewed as transition fronts connecting 0 and 1 with, say, Qif = {x €Q:E(z —cpt) <0
andFt:{xEQ:mlcht} fortﬁOanin:{meQ:ix1<0} andFt:{xEQ:m:O%
for t > 0. In particular, these solutions do not have a global mean speed.

Our next result is concerned with the existence and uniqueness of the global mean speed of
any transition front, assuming the complete propagation of the front-like solutions emanating
from each of the branches. In the sequel, for each i € {1, e ,m}, we call u; : R x Q — (0,1)
the time-increasing solution of (1.1) coming from the branch #;, that is,

ui(t,x)—o(—x - ei—cft)t—> 0 uniformly in H; N Q, ui(t,x)t—> 0 uniformly in Q\H,;. (1.28)
——00 ——0
Theorem 1.8 Let Q2 be a smooth domain with m (> 2) cylindrical branches. Assume that, for
every i € {1, e ,m}, the time-increasing solution w; of (1.28) propagates completely in the
sense of (1.12). Then any transition front of (1.1) connecting 0 and 1 propagates completely in
the sense of (1.12) and it has a global mean speed equal to c;.

The condition of complete propagation of all these front-like solutions u; is actually necessary
for the conclusion to hold in general. Indeed, as already mentioned [3], in some bilaterally straight
cylinders of the type (1.19), there are solutions u satisfying (1.20) and (1.21), which then do not
satisfy (1.12) and yet are transition fronts connecting 0 and 1 without global mean speed. In the
general case of a domain 2 with m (> 2) cylindrical branches, consider now, if any, a solution u;
satisfying (1.28) but not (1.12). If this solution wu; were still a transition front connecting 0
and 1, then I'; could be chosen as I'; = {a: EH,NQ:x-¢; = cf|t\} for very negative t while
liminf, 4o inf {|z| : € I';} < +00 (since otherwise u;(t,z) — 1 as t — +o0 locally uniformly
in # € Q by (1.10) and the time-monotonicity of u;). Therefore, this solution u; does not have
any global mean speed. As a matter of fact, we conjecture that any solution u; satisfying (1.28)
but not (1.12) is still a transition front connecting 0 and 1. From the previous arguments, this
conjecture is equivalent to the following one.

Conjecture 1.9 The converse of Theorem 1.8 holds as well, that is, the complete propagation of
all the front-like solutions u; is equivalent to the property that all transition fronts connecting 0
and 1 have a global mean speed equal to cy.

Remark 1.10 In Theorem 1.2, we stated that, in an exterior domain €2, any transition front
connecting 0 and 1 with complete propagation has a global mean speed, equal to c¢;. We could
wonder whether a similar property could hold in a domain with multiple cylindrical branches.
We conjecture that such a property is actually false in general, more precisely that there may
exist some transition fronts with complete propagation and without global mean speed. To
be more explicit, consider the case of a domain with 3 cylindrical branches. Assume that the
solution u; emanating from the branch #; (it is given by (1.28) with ¢ = 1) satisfies (1.12).
Assume also that the solution uy emanating from the branch H, does not satisfy (1.12), and
converges as t — 400 to a stable stationary solution v : Q@ — (0,1) such that v(z) — 1
as x - ey — +00 in Hy and v(z) — 0 as |z| — +o0 in Q\ Hy (hence, for any a € (0,1), the
set where v(z) > a is included in the union of H, with a bounded set), see Figure 3. Such
a domain Q could be cooked up from the results of [3]. We then believe that there exists a
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time-increasing solution u : R x Q — (0, 1) of (1.1) such that
u(t,z)—¢(—x - 61—cft)t—> 0 (resp. u(t, x)tﬁ v(x)) uniformly in H;NQ (resp. in Q\H,),
——00 -0

u(t,r)—d(x - es—cst + T)H—>+000 (resp. u(t,x)t_mol) uniformly in HzNQ (resp. in Q\Hs),

for some 7 € R. This solution w would then be a transition front connecting 0 and 1 with, say,

Qf ={zetinQ:z-ey>c¢lt|+L}U{z e HoNQ:z-ey>L}, Q;:Q\Q_j, for ¢t <0,
Oy ={r € HsNQ:x-e3>ct+L}, QF =O\Q,, fort >0,
where L > 0 is a large real number, for instance as in (1.23). Therefore, u does not have any

global mean speed since dq(I';, I's) ~cs|t—s| as |[t—s| — +oo with t, s > 0, whereas do(I';,I's) =0
for all t,s < 0. However, this transition front u satisfies (1.12): the propagation is complete.

Hs

H,

AN

u, is blocked here

= U;

H,

/

Uy

Figure 3: An example for Remark 1.10 (the red curve represents for instance a level set of us).

Sufficient geometrical and scaling conditions

Finally, we give some suitable conditions on (2 so that the front-like solutions u; satisfying (1.28)
propagate completely in the sense of (1.12) (remember from [3] that blocking phenomena may
occur in general and that the propagation is therefore not complete in general even for domains
with two cylindrical branches). Then, under these conditions, it follows from Theorem 1.8 that
any transition front connecting 0 and 1 actually propagates with a global mean speed, equal
to ¢s. To do so, we need some additional notations. Under the assumption (1.23), we consider
for every ¢ # j € {1,--- ,m} a continuous path P;; : R — € connecting the two branches #,
and H; in the sense that, for any real number A, there is ¢ > 0 such that

P, i(s) € {xe’HiﬂQ : x'eiZA} for s<—o and P;;(s) € {xE’Hj NnaQ: x~ej2A} for s>o.

One can assume without loss of generality that P, ;(R) = P;;(R) for every i # j, and that, for
every i, any two paths P, ; and P, with j # k € {1,--- ,m} \ {¢} (if m > 3) share the same
parts in H; far away from the origin, that is, there is s; € R such that P, (s) = P;x(s) for
every s <s; and j #k € {1,--- ,m} \ {i}.
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Corollary 1.11 There is a real number R > 0 such that, for any smooth domain Q with m (> 2)
cylindrical branches, if the paths P; ; given above can be chosen with

B(Pj(s),R) CQ forallseR and 0€ | Py(R),

1<izj<m

and if ) 1s star-shaped with respect to 0, then any solution u given in Theorem 1.7 propagates
completely and is a transition front connecting 0 and 1 with global mean speed cy. Furthermore,
any transition connecting 0 and 1 propagates completely and has global mean speed equal to cy.

In the particular case of bilaterally straight cylinders 2 of the type (1.19), similar conditions to
those of Corollary 1.11 had been given in [3, Theorem 1.12] to warrant the complete propagation
of the front-like solutions u satisfying (1.20).

Lastly, the following result holds in dilated domains with multiple cylindrical branches, with-
out any star-shapedness assumption, as a consequence of Theorem 1.8.

Corollary 1.12 Let Q) be a smooth domain with m (> 2) cylindrical branches. Then there
is Ry > 0 such that, for any R > Ry and for any xo € RY, any solution v given in Theorem 1.7
in the domain RS + x¢ propagates completely and is a transition front connecting 0 and 1
with global mean speed cy. Furthermore, any transition connecting 0 and 1 for (1.1) in the
domain R+ xo propagates completely and has global mean speed equal to cy.

A conjecture on the classification of all transition fronts

As already recalled from [23], on the one-dimensional line Q2 = R, the only transition fronts
connecting 0 and 1 are the traveling fronts ¢(£x — c¢st) (up to shifts). Similarly, it can easily be
shown (see Lemma 3.5 below) that, in a straight cylinder of the type (1.18), the only transition
fronts connecting 0 and 1 for (1.1) are the planar traveling fronts ¢(+xy — ¢st) (up to shifts),
that is, the unique solutions emanating from the planar fronts from each of the two branches of
the domain. Based on these observations and on Theorem 1.8, we conjecture that a similar de-
scription of all transition fronts connecting 0 and 1 holds in any domain with multiple cylindrical
branches, provided that the conditions of Theorem 1.8 are satisfied.

Conjecture 1.13 Let Q be a smooth domain with m (> 2) cylindrical branches in the sense
of (1.23). If all conditions of Theorem 1.8 are satisfied, then any transition front of (1.1)
connecting 0 and 1 is of the type (1.24)-(1.26), that is, it emanates from the planar fronts
coming from some proper subset of branches ast — —oo and it converges the planar fronts in
the other branches as t — +00.

Notice that this conjecture is not expected to hold in general without the assumptions of
Theorem 1.8, having in mind the possible counter-example mentioned in Remark 1.10. However,
from the comments given before Corollary 1.11, Conjecture 1.13 is expected to hold in the locally
star-shaped and “large” domains considered in Corollaries 1.11 and 1.12.

Lastly, under the assumptions of Theorem 1.8, we conjecture that the solutions given in
Theorem 1.7 are stable with respect to small perturbations and that they attract all solutions
of the Cauchy problem which are initially close to 0 or 1 in each branch asymptotically. These
questions will be the purpose of future work.
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We complete this introduction by mentioning a recent work of Jimbo and Morita [32] on the
existence of solutions emanating from some branches and of possible blocking phenomena for
equations set on the finite union of infinitely thin branches with a common vertex and Kirchhoff
law for the first-order spatial derivatives at that vertex.

Outline of the paper. This article is organized as follows. Section 2 is devoted to the proof of
Theorem 1.4 on the global mean speed of transition fronts with or without complete propagation
in exterior domains. In Section 3, we prove Theorem 1.7 on the front-like solutions emanating
from some branches in domains with multiple cylindrical branches. In Section 4, we prove
Theorem 1.8 and its corollaries on the global mean speed of any transition front in domains with
multiple branches.

2 Transition fronts in exterior domains

This section is devoted to the proof of the existence and uniqueness of the global mean speed of
transition fronts in exterior domains, with or without complete propagation. Since Theorem 1.2
is a particular case of Theorem 1.4, one only shows Theorem 1.4. Furthermore, as already
emphasized right after Theorem 1.4, the case = R follows from [23]. One can then assume
without loss of generality that K = RY \ © is not empty. Thus, throughout this section, K is
a smooth non-empty compact subset of RV and Q@ = RY \ K, and L > 0 is a real number such
that

K c B(0,L). (2.1)
One also considers a C?(Q) solution p : Q — (0,1] of (1.15). Hence,
¢:=minp > 0. (2.2)
0

We recall that we assume (1.2)-(1.4) throughout the paper. Then, let
0y =min {s € (0,1) : f(s) =0} and 6, =max{s e (0,1): f(s) =0} (2.3)

and note that 0 < #; < 6y < 1. Finally, we fix any number ¢ > 0 such that

(0 10, [fO)] [ ()] 26 1
0< 8 <min (== L SR 2 ). (2.4)
< 9 in [0,46], and f' < # in [1 —49,1].

Notice that 0 < 40 < 6, <6y, <1 -4 < 1.
Section 2.1 is devoted to the proof of some key-lemmas that are used in the proof of Theo-
rem 1.4, which is carried out in Section 2.2.

2.1 Key-lemmas

For any o € RY and R > 0, let v,, g(t, z) denote the solution of the Cauchy problem

(’UnyR)t - AUJEO,R = f(vﬂﬁo,R)a t> Ov S ﬁa (2 5)
(Vag,m)w = 0, t>0, z€d, '
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with initial condition
Vo r(0,2) =1 — 6§ for x € B(wg, R)NQ, and vy, z(0,2) =0 for v € Q\ B(wo, R).
We also denote v,, g the solution of the Cauchy problem (2.5) with initial condition
Vpo.r(0,7) =1 —26 for v € B(zo, R) NQ, and ¥,, z(0,7) =0 for x € Q\ B(zo, R).
One immediately gets the following lemma from [6, Lemma 5.2].

Lemma 2.1 [6, Lemma 5.2] There exist 8 positive real numbers Ry, Ry, Rs, T, Ri, Re, Ry
and T such that Rg > Ro > Ry > O, R3 > Ro > Ry > O, Ry — Ry > CfT/4, Ry — Ry > CfT/4
and, if B(xo, R3) C Q, resp. if B(xo, R3) C €, then

Vzo,y (T',") = 10 in B(xo, R2) (C Q), resp. U, g, (T,-) > 1-26 in B(zo, Ry) (C Q).

The first key-lemma in the proof of Theorem 1.2, namely Lemma 2.2 below, provides some
lower bounds in expanding balls for the solutions emanating from compactly supported initial
conditions close to 1 on large balls.

Lemma 2.2 For any € € (0,c¢y), there exist some real numbers L. > L and R. > 0 such that,
for any point xq € Q with |zo| > R. + L., there holds

—R —L _
Ugoor. (t,2) > 1 =28 for all0 <t <T, = ol = Re = Le and x € B(xo, (¢ —e)t) (C Q). (2.6)
Cf— €

Furthermore, under the notations of Lemma 2.1, there is X. > 0 such that, if |zo| > X. and if
there are p € [L + Rs — Ry, R. + L], 7 > 0 and a solution v of the Cauchy problem (2.5) with
1> v(0,:) > vk (0,:) in Q and v(t,-) > 1 =3 on 0B(0,p) for all t > T. + T, then there is
T! > 7 (1! being independent of xo) such that

v(t,x) > 1—40 for allt > T. + T, and x € B(xg, (¢c; —e)(t —T7)) \ B(0, p). (2.7)

Proof. It is based on the maximum principle and on the construction of suitable sub-solutions
close to some radially symmetric expanding fronts propagating with speeds less than but close
to cy. We first fix some parameters used throughout the proof and also in other proofs, and we
then show (2.6) and (2.7).

Step 1: choice of some parameters. Consider any € € (0,¢f). From the properties of the
function ¢, there is C' > 0 such that

¢»>1—01in (—oo,—C] and ¢ <4 in [C,+00). (2.8)

Since ¢’ is continuous and negative in R, there are some real numbers & > 0 and then w > 0
and 0. > 0 satisfying

ek )
< —kin [— > 2 2 ! = mi _ - . 2.
¢ < —kin[-C,C], kw>2§+ I[Iéfﬁ(” |, and §. = min (2max[071] |f’\’2> >0 (2.9)
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There is also C. > C' > 0 such that
$»>1—0.1in (—o0,—C:] and ¢ <. in [C:, +00). (2.10)

Lastly, let ﬁl, EQ, ﬁg and T be the positive numbers given in Lemma 2.1.
As in [23, Lemma 4.1], it is easy to see that there is a C? function h, : [0, +00) — (0, +00)
satisfying
0<h.<1on|0,+00),
h. =0 on a neighborhood of 0, h.(r) =1 on [H.,+0o0) for some H. > 0, (2.11)
(N — 1) ni(r)
r
Notice in particular that r < h.(r) < r+ h.(0) for all » > 0. Finally, define

+ hl(r) < % for all r € [0, +00).

R. = max (H., h.(0) +w+C. + C,Ry —Ry) >0 and L.=L—-C+C.>L>0. (212)

Step 2: proof of (2.6). Let zy be any point in RY such that |z¢| > R.+ L. (which yields z €

by (2.1)) and denote
o |J]0| - Ra - Ls

e =

Cf —€
(notice that (2.6) is actually immediate if 7. = 0, namely |zg] = R. + L.). For all
(t,z) € [0,+00) x RY we set

v(t,x) = max (qb(g(t, r)) — de~% — 6., 0),

2.1
with ((t,2) = he(|z]) = (¢f — )t —we™™ +w — R+ C. (2.13)

Let us check that v(t, z—x0) is a sub-solution of the problem satisfied by v,, g_(t, ) for 0 <t < T
and z € Q.

Let us first check the initial and boundary conditions. At time 0, since ¢ < 1 and 1—d—6. > 0,
it is obvious that v(0,z — ) < 1—0—06. < vy (0,2) for all x € B(zg, R.) (C Q). Furthermore,
if z € Q\ B(wo, R.), then |z — x| > R. > H. and (0,7 — x0) = h.(|z — x0|) — R. + C > C,
hence 0 < v(0, 2 — z¢) < max(d — & — 5,0) = 0 < v,y &.(0,2). Thus, v(0,2 — 20) < Vey.r. (0, 7)
for all z € Q. On the other hand, for 0 < ¢ <T. and z € B(0,L) N ﬁ, one has that

C(t,x —x0) > |z — 20| — (|2 = R — L) —R.+C > L. — L+ C =C.,,

hence 0 < v(t,x —_xo) < max(d, — 6% — §.,0) = 0. Thus, v(t,x —x9) = 0 for 0 < ¢t < T
and z € B(0, L) N Q, hence v, (t,z — x¢) = 0 for all x € 9N since K = RN\ Q C B(0, L).
Let us now check that

Lo(t,x —xp) == v,(t,x — x9) — Av(t,z — x9) — f(u(t,z —x0)) <0

for all 0 < ¢t <T. and = € Q such that v(t,z — z9) > 0. For any such (¢, z), there holds

Lo(t,x—10) = %¢'(§(t,x—xo))+ FS(C(t 2 —20))) — F(u(t, 1 —0)) +wde ™ (((t, 2—0))

2 ot € (N — 1)h/€(‘l’ - :L'0|) " /
0 (G = W = ) ) o))

+(1 = (hL(lz — 20l))*) ¢"(C(, & — x0))
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By the same analysis in the proof of [23, Lemma 4.1, page 317|, one can infer that

POt = 20)) = F(DC(E & = w0)) — Ge™) +wde 0/ (((t, @ — x0)) + 6%

2 |z — x|

Therefore, one has that

Lo(t,z —x0) < 5¢'(C(t,x — 20)) + f((C(t,x = 20)) — 6e™") — f(u(t, @ — xp)).

l\DI(‘r)

If {(t,x — ) < —C, then 1 — 26 < ¢((t,x —xp)) —de™™ < land 1 —46 < v(t,x — xp) < 1.
By (2.4), it follows that f(¢(¢(t, 2 — x)) — de™") — f(u(t,z — 20)) < (f/(1)/2)d. < 0 and

f)
2

Lo(t,z — x) < ggb'(g(t, z — 10)) + =20, <0,

since ¢'({(t,r—0)) < 0. Similarly, one can get that Lu(t,r—x0) < 0if ((t,x—x¢) > C. Finally,

if —C < ((t,x—m9) < C, then f(P(C(t, 2 — x0)) — de") — f(u(t,x — x0)) < 0. maxpy | f], and

¢'(C(t,x—x0)) < —k. Thus, it follows from (2.9) that Lu(t, x —xo) < —ek/2+ 4. maxy | f/| < 0.
By the comparison principle, one concludes that

Vgo,r. (t, ) > v(t, 2 — x0) > A(C(E, 7 — 20)) — be — ¢, forall0<t<T.andz € Q. (2.14)

For 0 <t < T, and x € B(x, (c; — €)t), one has
C(tx —wo) < (¢f =)t + he(0) = (¢f —e)t +w = R + C < =C.

Then, it follows from (2.14) and . < §/2 that v,, g (t,2) > 1—-25.—5 > 1—-2§ forall 0 <t < T.
and x € B(xo, (cy — ¢)t). This completes the proof of (2.6).
Step 3: proof of (2.7). Consider a C* function h. : R — [0, 1] such that for some & > 0,

he=0in (—o0,—C — &), he =1in [~C, 400), and 0 < k. < 1 in R.
Even if it means increasing ., one can assume without loss of generality that
2017/ Y / " ’f/( )’
WPl ooy + 2R Lo |6l ey + SIIBL |y < Oc. (2.15)

With the same notations as above, it follows from (2.6) that, if |z¢| > L. + R., then

Vgo.r. (T2, x) > 1 =26 for all © € B(wo, |vo| — R- — Le). (2.16)
Let X. > 0 be such that

~ N -1 € (N =) [|¢ |l cewy _ |f/(1)]
X.>L.+L+2R + Ry ———— <% and < ..
Zhet Lt alie o Sy amd 1

(2.17)

Denote
D.=L.+R.+& +w+2C.
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Since SUD|, > X., 2€B (rg o] £ D)0 do(z, xg) < 400, there exists an integer n. > 1 such that, for

any |zo| > X. and any point © € B(xq, |xo| + D.) such that |z| > L + Rs — Ry, there are n.
points z!,--- , 2" in RY satisfying

B(z', Ry) C B(xy,|zo| — L — R.),

B(xi,ﬁg) cQ for 1 <i < n,,
Bz, R,) C B(a, Ry) for 1 <i<mn.—1,
z € B(a™, Ry).

Lemma 2.1 and (2.16) then yield v,, g_(1%,+) > 7. = (0,-) in Q and vxo’RS(TE%—i y) > 1—24 for

z1,R1
all y € B(x!, Ry). Since B(z? R;) C B(x', Ry) and B(z?, R3) C €, one can apply Lemma 2.1
again and get that v,, g (T + T, y) > 1—20 for all y € B(x?, EQ) By induction, one gets that
Vgo.r. (T + nETV, y) >1—26 for all y € B(x"=, Ez) Thus,

Vaor (Te+nT,2) > 1—26 for any |zo| > R. and = € B(xo, |o| + D-) with |z| > L+ Rs — Ry.

Assume now, until the end of the proof of Lemma 2.2, that |z9] > X. and that there
are p € [L+ Ry — Ry, R. + L], 7 > 0 and a solution v of the Cauchy problem (2.5) with
1> v(0,-) > v4y,5.(0,-) in Q and v(t,-) > 1 —6 on 0B(0, p) for all t > T, + 7. Even if it means
increasing n., one can assume without loss of generality that ngf > 7. Call now

T =n.T

(observe that n. and thus 7! do not depend on z). Notice that L.+R. > L+§3—§2 by definition
of L. and R., and that B(xg, R.) C RY\ B(0, p) since |rg| — R. > X.— R. > R.+ L. > p. From

the results of the previous paragraph and since p > L 4+ R3 — R», one infers that

O(To + T, z) > 1—26 for all = € B(zo, |zo| + D2) \ B(0, p). (2.18)
For all (t,z) € [0, +00) x (RN \ B(0, p)), define
O(t, ) =he(E(t, 2))D(E(t, ) H(1-he (E(t, 2)))(1-6) and w(t, 2) =max (B (t, x)—0—20e 1T ()
with
Etya) = [ — ol = (¢ —e)(t = T = TL) = we =TT — || — L. — R — & = C,

and let us check that w(t, z) is a sub-solution of the problem satisfied by v(t,x) for t > T, + T
and z € RV \ B(0,p) (C Q).

Let us first check the initial (at time 7. + 77) and boundary conditions. At time T.+7", pro-
perty (2.18) implies that w(T.+77, ) < 1-26 < v(T.+T., x) for all x € B(xy, |xo|+D.)\B(0, p).
Now, if x € RN\ (B(zg, |ro|+ D:)UB(0, p)), then |x—xq| > |zo|+D. = |zo|+ L.+ R+ & +w+2C
and {(T: + T, z) > C, hence Tzs(g(TE +T!,x)) =1 and

w(T. + T, z) <max(d — 0. — 20,0) = 0 < v(T. + T., ).
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As a consequence, w(T. + T!,z) < v(T. + T!,z) for all z € RN \ B(0,p). On the
other hand, for all ¢ > T. + T/ and = € 0B(0,L), it follows from the inequality
p < R.+ L. that £(t,2) < p— Lo — R — & — C < —C — &, hence h.(f(t,x)) = 0
and w(t,z) = max(1 — 0 — 6, — 200110 0) =1 —§ — 6. — 26 9¢-T=-T2) < 1 — 4. Since
T+T!>T.4+7and v(t,-) > 1—6 on 0B(0, L) for all t > T.+7, one then gets that w(t,-) < v(t,-)
on 0B(0,L) for all t > T. + 7.
Let us now check that
Eﬂ(tvx) = wt@u JZ) - Aw(tv SC) - f(w(tv .T)) <0

for any point (¢, x) € (1. + T/, 4+00) x (RY \ B(0, p)) such that w(t,z) > 0. If {(t,x) < —C — &,
one has that }ng(é(t, 2))=0,®(tx)=1-0and w(t,r) =1—0—0. —25e 0171 > 1 45 > 0
(and these formulas hold in a neighborhood of the point (¢, x)). By (2.4), it follows that

)y < D

and Lw(t,z) < 262700 T— TE/) + f(1)eeC-T"T) < 0, since § < —f/(1)/2. If

—C =& < €(t,r) < —C, one has 0 < ﬁg(ﬁ(t,x)) < land 1 > ®(t,z) > 1 -0, and a
straightforward computation leads to

Lw(t,x) = ho(§(t,2))f(6(E( 7)) = flw(t, @) + (e + wde  T=TNh(E(t, )/ (&(1, 7))
z)

+(cp — & — wde TN (E(t2)) (1 — 6 — G(E(E, 7)) — 2RL(E(t, @)@ (¢, )
N -1
|z — x|

(0 + 0. + 20600 T=T)y < f7(1) g0 Te=T0)

FRIE ) (1 6 — SE(t ) + HE( 2)(1 — 6 — b(E(t 2))
(€t )¢ (€t ) L

| = ]
he(E(t, @) f(SE(E @) = flw(t, z)) + wORL(E(t 2)) — 2BL(E(E )¢ (E(1, x)
(

R )| = R(ta)) (€t ) o 2020

since € < ¢y, he >0, h. >0, and ¢/ < 0. Since §(t,z) < —C implies ¢(£(t, 7)) > 1 — 6 and
w(t,r) > 1 — 46, one gets that f(¢(£(t,7))) > 0 and

he(E(t,)) f((E(t, ) = f (w(t,2)
< f(9(E(t, 2))) — fluw(t, x))
(

F'W R et 2)) (15— (et ) +

) (5, + 25¢- 0T,

4 962 0(t=Te=T))

IN

f’(

2
Since {(t,z) > —C — &, one has [z — xo| > |7o| + L. + R, and it then follows from (2.4), (2.15)
and (2.17) (remember that |zo| > X.) that

Lutta) < T80 (6, 4 257000 1 b L6t ) — 2B (E(L )6 (€Lt ) + OIRL(E(L )
1

HI G
0.

+ 2526—5(t—T5 -T7)

IN
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If &(t,z) > —C, one has h.(&(t,z)) = 1 and ®(t,z) = ¢(£(t,x)) (and these formu-
las hold in a neighborhood of the point (¢,z)). Notice that |z — zo| > |xo| + Lo + R
since {(t,r) > —C > —C — &.. Therefore,

S(t—Te— N-1
|z — 0

Lult) = FOEE o))~ Fw(t,)+(Ewde
+25267§(t7T57TE’)

< fo(&(t, x))) — f(w(t,z) ( +w5€—§(t—Tg—TE’)>¢/(§(t7I,)) | 9§2e—00=Te=T!)
C<

by (2.17) (remember that |zo| > X.). I
follows from (2.9) that

§(t,w) < C, one has —¢'({(t, 7)) > k and it then

Lw(t,z) < ( m[ax] |f (s )|) (0. + 20e~00t-T==12)) <% + wée_é(t_Ts_T5)> k4 26200110 <,
s€[0,1

If £(t,z) > C, one has ®(t,7) = ¢(£(t,z)) < § (and these formulas hold in a neighborhood of
the point (¢,)), hence f(¢((t, x))) — f(w(t,x)) < (f/(0)/2)(5. +20e2¢=T==12)) by (2.4). Thus,
it follows from the negativity of ¢’ and (2.4) that

! O / /
Lw(t, ) < fé )(66+256—5(t—T5—T8)> X (; 1 e d(t-Tem >¢ (€(t,2)) 4 2§26 00-T=T) <

As a conclusion, one gets that Lw(t, ) = w, (¢, 2)—Aw(t,x)— f(w(t, z)) < 0forallt > T.+T
and z € RY \ B(0,p) such that w(¢t,z) > 0. By the comparison principle, it follows that
v(t,z) > w(t,z) for all t > T. + T/ and x € RN \ B(0,p). Finally, for any ¢ > T. + T/ and
v € Bloo, (¢y — )= T) \ B0, p), one has

f(tl’) (Cf_g) |$0|—L— R. - —-C< - -C<-C,
hence v(t,x) > w(t,x) > 1—0—06.—20 > 1—46. The proof of Lemma 2.2 is thereby complete. [J

Combining Lemmas 2.1 and 2.2, one then gets the following corollary.

Corollary 2.3 Let L > 0 be such that K C B(0,L) and let Ry, Ry and Rz be the positive
real numbers given in Lemma 2.1. Then, there s R > 0 such that the following holds. For
any o € Q with B(xg, R3) C Q and for any y € Q\ B(0,L + R) = RY \ B(0, L + R), there is a
real number T, , > 0 such that vy g, (t,y) > 1 —20 for all t > 7,,,. Moreover, for any M >0,

sup Tag,y < +00.
€LY, B(l’o,Rg)CQ, |y|ZL+R7 ‘Cﬂo—y‘SM

Lastly, for any xq € Q with B(xg, R3) C ),

liminf v,y g, (t,2) > 1 —20 locally uniformly for x € Q\ B(0,L + R).

t—400

Proof. Let T > 0 be the positive real number given in Lemma 2.1. Set ¢ = ¢/2 and let L., R.
be defined as in Lemma 2.2 for this value €. Define R = ¢;T/2 + L. + R. + Rs — R,. Pick

any xo € Q with B(zo,R3) C Q, any y € Q\ B(0,L. + R) and any z € B(y, R.) (hence,
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ly| > max (L. + R. + Rs — Ro,¢;T/2+ L. + R.) and |z| > L. + R3 — R,). It is straightforward
to check that there exist an integer k = ky,, > 1 (which depends on |z — y|, R. and the other

parameters, but which can be chosen independently of 2 € B(y, R.)) and k points zt, .- 2"
in RY such that

r! = 10,

B(x', R3) C Q, for 1 <i <k,

B(x'*' R;) C B(2',Ry), for1<i<k-—1,

z € B(z*, Ry).

By Lemma 2.1, it follows that vy, g, (T, ) 1 =6 for all z € B(zg,R2) = B(x', Ry).
Since B(2? R;) C B(x',Ry) and B(x?, R3) C (2, another application of Lemma 2.1 yields
Vgomy (2T,2) > 1 — 4§ for all @ € B(a?, Ry). By an immediate induction, there holds

Veo.ry (KT, x) > 1 —0 for all x € B(z*, Ry). Thus, vy g, (kT,z) > 1—0 for all z € B(y,R.). In

=
C

fact, by using Lemma 2.1 and an induction again, one infers that v,, g, (nT,-) > 1—4§ in B(y, R.)
for any integer n such that n > k (one can pick ' = z for all i > k).
Since |y| > L. + R., it follows from the comparison principle and Lemma 2.2 that

2(|y’ _La _RE)
Cr

and for any n > k. Since T, > T, one infers that vy, g, (t,y) > 1 —20 for any nT <t < (n+1)T.

Since n is any integer such that n > k, one gets that v, g, (t,y) > 1 —26 for all t > k7. Finally,

define 7 = kT > 0 and notice that the integer & = k,,, appearing in the proof can be chosen

locally constant with respect to y belonging to the (closed) set Q\ B(0, L+ R) = RV \ B(0, L+ R)

and also so that Sup, co. p(wo,Rs)cO, [y|>L+R, |wo—y|<M Kzoy < +00 for any M > 0. The conclusion
of Corollary 2.3 follows. ([l

Vo, my (NT+t,2) >vp (y;t,2) >1-20 for all 0<t<T,= (>T) and z€ B(y, cst/2),

The second key-lemma is concerned with some upper bounds for solutions which are initially
equal to 1 outside a large ball where they take a small value. For any zp € RY and R > 0,
let wy, r(t,z) denote the solution of the Cauchy problem

{ (wz‘o,R)t - Awl‘o,R = f(w»TO»R)7 t> O’ T < ﬁ’ (219)

(Wao,r)y = 0, t>0, z €,
with initial condition
Wy r(0,2) = § for x € B(zg, R) NQ and wy, z(0,7) =1 for z € Q\ B(wg, R).

By constructing suitable super-solutions which are close to some contracting radially symmetric
fronts moving with speeds larger than but close to ¢y, we derive in the following lemma some
upper bounds for the solutions wg in some contracting balls.

Lemma 2.4 For any € € (0,c¢y), there exist some real numbers L. > L and R. > 0 such that,
for any R > R. and any point xo € Q with |xo| > R+ L., there holds

Wy r(t,x) <26 for all0 <t <7, = ]:__iis and x € B(zo, R—R.—(cp+e)t) (C Q). (2.20)
!
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Proof. We fix ¢ € (0,¢f) throughout the proof. Since ¢"(s) ~ be ™ as s — +oo with
A= (c;+(cF — 4£(0))4/2)/2 and some b > 0, one can choose C' > 0 such that (2.8) holds
together with ¢” > 0 on [C, +00). Let k > 0, w >0, 6. > 0, C. > C > 0 and h.(r) be defined as
in (2.9)-(2.11) in Step 1 of the proof of Lemma 2.2. Let also R. > 0 and L. > L be as in (2.12)
in Step 1 of the proof of Lemma 2.2, namely

R. = max (HE, he(0) +w + C. + C) and L.=L—-C+C. > L. (2.21)

Let R > R. and define 7. := (R — R.)/(cs +¢) > 0.
For all (t,z) € [0, +00) x RY, we set

o(t, ) = min (¢({(t, ) +de "' +6.,1), with {(t,x) = —h(|z]) — (cy+e)t + we™® —w+ R — C.

Consider any point xy € Q such that |zg| > R + L. and let us check that T(t,x — z¢) is a
super-solution of the problem satisfied by w,, r(t, ) for 0 <t < 7. and x € Q.

Let us first check the initial and boundary conditions. At time 0, it is obvious that
(0,2 — x9) > § + 0. > wyp(0,z) if 2 € Bz, R)(C Q). If z € Q\ B(zg, R), then
v — 2] > R > R. > H. and (0,2 — 29) = —|v — 29| + R — C < —C, hence
(0,2 — x9) > min(l — 6+ 0 4+ 0.,,1) = 1 > wy, g(0,2). Thus, 7(0,x — ) > wy, r(0,x)
for all # € Q. On the other hand, for 0 < t < 7. and 2 € B(0,L) N Q, one has
|z — 20| > |vo| —L > L.4+R—L>H,and {(t,7—x¢) < —|z—29| + R—C < L—L.—C = —C.,
hence (¢, z — x) > min(1 — §. + de ™ + 6.,1) = 1. Thus, v(t,x —xz9) = 1 for 0 < ¢t < 7y,
and x € B(0,L)NQ and 7, (t,7 — 2¢) = 0 for all z € 9Q (remember that 9 C B(0, L)).

Furthermore, by using similar arguments as in Step 2 of the proof of Lemma 2.2, and thanks
to the proof of [23, Lemma 4.2], one infers that

Lo(t,x — o) = T4(t,x — x) — AU(t, x — x9) — f(U(t, 2 — x)) >0

for all 0 < t < 7. and z € Q such that (¢, — z¢) < 1.
By the comparison principle, one concludes that

Weor(t,2) <T(t, 2 —20) < (L, 2 — 20)) + 9 + 5. forall 0<t <7, and x € Q. (2.22)

For 0 <t <7, and x € B(xg, R — R. — (c; +¢)t) (C Q), one has

C(t,x —x9) > —|x — 29| — h(0) = (cf+e)t —w+ R—C>R. — h.(0) —w—C > C..

Then, it follows from (2.22) and 0. < §/2 that w,, g(t,2) < 25, + 9 < 20 for all 0 < ¢t < 7,
and x € B(xg, R — R, — (¢; + ¢)t). This completes the proof of (2.20). O

Remark 2.5 The proofs of Lemmas 2.2 and 2.4 show that the conclusions hold for all real
numbers L. and R. larger than the ones appearing in the statements. In other words, one
can choose L. > L and R. > 0 in such a way that the conclusions of these two lemmas hold
simultaneously.
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2.2 Proof of Theorem 1.4

We recall that, throughout this section, p : © — (0, 1] is any given C?(Q) solution of (1.15). The
first step in the proof of Theorem 1.4 is the claim that any transition front connecting 0 and p
for (1.1) is in some sense located far away from the obstacle for very negative and very positive
times, and therefore converges to 0 (resp. p) as t — —oo (resp. t — +00) locally uniformly in Q.

Lemma 2.6 Let L > 0 be given as in (2.1). Let u be a transition front of (1.1) connecting 0
and p in the sense of Definition 1.3. Then, for every p > 0, there exist some real numbers
T, < Ty such that

QN B0, L+p)CQy forallt<Ty, and QN B(0,L+p) CQf forallt > Ts. (2.23)

The following immediate corollary corresponds to the last part of the conclusion of Theo-
rem 1.4.

Corollary 2.7 Under the conditions of Lemma 2.6, one has u(t,z) — 0 as t — —oo and
u(t,z) — p(z) ast — 400, locally uniformly in x € €.

Notice that this result implies in particular that any transition front u of (1.1) connecting 0
and 1 propagates completely, namely it satisfies (1.12).

Proof of Corollary 2.7. Fix any ¢ > 0 and R > L, and let M. > 0 be given as in (1.16).
From Lemma 2.6, there are some real numbers 77 < Ty such that QN B(0, R+ M.) C Q, for

all t < Ty and QN B(0, R+ M.) C Q for all t > Ty. Hence, for all # € QN B(0, R), one has
0 <u(t,r) <eforallt <T) and |u(t,z) — p(z)| < e for all t > Ts. O

Proof of Lemma 2.6. We shall first show that u is in some sense bounded from below at
large times locally uniformly in € by a solution p of (1.15). This property will imply that u is
located far away from the obstacle at large positive times. We will finally show that u is located
far away from the obstacle at very negative times as well.

Step 1. We first claim that there exists a C*(Q) solution p : @ — (0, 1] of (1.15) such that

lggnjilofu(t, z) > p(z) > 0 locally uniformly in = € €, (2.24)
in the sense that liminf, . min¢ (u(t, ) = ]_9) > ( for any compact set C C Q. This result
is itself based on the existence of a compactly supported stationary sub-solution of the elliptic
version of (1.1) in RY and on the comparison of u with some shifts of that sub-solution.

First of all, remember that 6, € (0,1) is defined in (2.3). We first claim that there are R > 0
and a function ¢ € C?(B(0, R)) solving

/ —

AY+f(®) = 0 in BO,R),
0 <4 < 1 inB(0,R),
v = 0 on dB(0,R),

max ¢y = (0) > 6.

(2.25)




The proof is standard, based on [7], so we just sketch it. For each r > 0, there is a mini-
mizer ¢, € H}(B(0,7)) of the energy functional J,. defined in H}(B(0,7)) by

1
J, :—/ v2—/ F(p), J.(¢y)= min J.(p),
() =5 B(OM! ¢l o (©)s Jr(¥r) e ()
where F'(s fo t)dt and f : R — R is the function f extended by 0 outside the inter-

val [0, 1]. Furthermore with this extension of f, there is a minimizer 1, ranging in the inter-
val [0, 1] and, from elliptic regularity, such a function 1, is a classical C2(B(0,r), [0, 1]) solution
of Ay, + f(¢,) = 0in B(0,r) with ¢, = 0 on dB(0,r). The strong elliptic maximum principle
also yields ¢, < 1 in B(0,r) and, either ¢, = 0 in B(0,r), or ¢, > 0in B(0,r). In both cases, 1),
is a radially symmetric and nonincreasing function of |z| (from the standard results of [19] in
the latter case). In particular, maxgg,y ¥ = 1,(0) € [0,1) in both cases. Let us now show that

P (0) > 1 asr — 400,

which will then provide R > 0 and a solution ¢ of (2.25). Assume by way of contra-
diction that there are n € (0,1), a sequence (ry)reny Of positive real numbers converging
to +0o and a sequence (1, )geny of functions such that each 1, € C?(B(0,r}),[0,1)) mini-
mizes J,, in H}(B(0,r;)) and maxgg 5 ¥r = ¥r,(0) < < 1. Let no € [0,n] (C [0,1))

be such that F(n) = maxp,F and remember from the paragraph after (1.4) that
f f(s)ds = F(1) — F(n0)>0 Hence, F'(s) < F(ny) = F(1) — w for all s € [0,
and Jrk(wrk) > —(F(1) — @w)ayry for all k € N, where ay > 0 denotes the Lebesgue mea-

sure of the N-dimensional unit ball B(0,1). On the other hand, after assuming without loss
of generality that r;, > 1 for every k € N, consider the function ¢, defined by ¢x(z) = 1 for
z € B(0,r, — 1) and @g(z) = rp — || for x € B(0,r;) \ B(0,r, — 1). For each k € N, one has
or € Hy(B(0,74)), hence

Iultn) < Tulip) = Bl = = 1Y) = Fan(r— 1) - Fio
B(0,r,)\B(0,rr—1)

1
< ax (5 +max|F) 0 = e = )Y) = Fax(re = 1),
This contradicts the inequality J,, (¢,,) > —(F(1) — @w)ayxry for k large enough, since
limg oo = +00 and w > 0. As a consequence, MaXpg,y rZ)T ¥-(0) — 1 as r — +oo,
and there exists a solution 1 of (2.25) for some R > 0.

Let R > 0 and v be fixed as in the previous paragraph, and denote

p=1-—1(0)>0.

From (1.6) and the smoothness and compactness of RV \ Q = K (C B(0, L)), together with
the assumption limy,, o p(z) = 1, there is a point zo € € such that |zg| > L + R,
do(z0,T0) > Mo+ R, and p > 1 — u1/2 in B(zg, R) (C Q). Hence, in B(xo, R) (C 1 C ), one
has u(0,-) > p—pu/2 >1— u = 1(0). Let u be the solution of the Cauchy problem (2.5) with
initial condition u(0, -) defined by

w(0,7) = (x — x0) if 2 € B(x, R) (C Q) and u(0,2) =0 if x € Q\ B(zo, R).
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Since 0 < ¢ < ¥(0) in B(0,R), one has 0 < u(0,-) < wu(0,-) < 1 in Q, hence
0 < u(t,r) < wu(t,z) < 1forallt >0 and x € Q from the comparison principle. Moreover,
since ¥ solves (2.25) with B(zg, R) C Q and f(0) = 0, the function (0, -) is a strict generalized
sub-solution of the stationary problem corresponding to (1.1), hence u(t, ) is (strictly) increas-
ing with respect to t > 0 for every x € €, together with 0 < u(¢,z) < 1 forall t > 0 and z € Q.

It then follows from standard parabolic estimates that
u(t, ) — p(x) as t — +oo locally uniformly in z € Q

(hence, liminf,_, ;o u(t,z) > p() locally uniformly in z € ), where p : Q — (0,1] is a classical
solution of Ap + f(p) =0 in Q and p, = 0 on 9. Furthermore, p > u(0,-) in Q.

To complete this Step 1, let us finally show that p(z) — 1 as |z — +oco. Since p > u(0,)
in Q and B(x, R) is included in the open set ©, it follows from the definition of u(0,-) that
there is s, > 1 such that p > ¢ (- — kx¢) in B(kxo, R) for all x € [1, k,]. Since |xo| > L + R and
RY\ Q = K C B(0, L), notice that B(kwzo, R) C Q2 for all K > 1 and call

" =sup{r >1:p> (- — K'xo) in B(K'zo, R) for all &’ € [1,k]}.

One has k* > Kk, > 1. We claim that x* = +00. Assume not. Then, by continuity and by
definition of £*, there holds p > ¢ (- —r*x¢) in B(k*zo, R) with equality somewhere in B(x*zo, R).
Since p > 0 in Q and (- — £*z) = 0 on dB(k*xo, R), there is a interior point z* € B(k*x¢, R)
such that p(z*) = ¥(z* — K*xp), and then p = (- — K*zg) in B(k*zo, R) from the strong
maximum principle. This is impossible on dB(k*zg, R). Therefore, k* = 400 and p > Y(-—Kwo)
in B(kzg, R) for all kK > 1. Similarly, one can show with the same type of sliding method that, for
any x > 1 and for any rotation R of RY | there holds p > (- — R(kx¢)) in B(R(kwo), R) (C Q).
This implies in particular that -

p(z) > ¥(0) > 6 for all z € RY with |z > |x].

Remember also that p < 1in .

Lastly, to conclude that p(z) — 1 as || — +oo, assume by way of contradiction
that there is a sequence (x3)ren of points in Q such that |zx| — 400 as k — oo and
limsupy_, | B(xk) < 1. From standard elliptic estimates, up to extraction of a subsequence,
the functions x — p(z + x;) converge in CZ_(RY) to a classical solution ps, of Ape + f(pec) = 0
in RY with 0 < ¥(0) < poo(z) < 1 for all z € RY and p,(0) < 1. The comparison principle
implies that p.o(z) > o(t) for all t > 0 and z € RY, where ¢/(t) = f(o(t)) for all ¢ > 0 and
0(0) = ¢(0). But since f > 0 on (6,1) and f(1) = 0, one has lim;_,, ., o(t) = 1, hence p,, =1
in RY, contradicting p..(0) < 1. As a conclusion, p(z) — 1 as |z| — 400. To sum up, the C*(Q2)
function p : Q — (0, 1] satisfies (1.15) and (2.24).

Step 2. Let us show here the second part of (2.23), that is, for any p > 0, there is T, € R
such that
QN B(0,L+p) CQf forall t > Tp. (2.26)
To do so, denote ¢ := mingp > 0, where p : Q — (0,1] is a C*(Q) solution of (1.15) and (2.24)
given in Step 1. From the Harnack inequality applied to the solution u : R x Q — (0,1) of (1.1),
there is a constant C' > 0 such that u(t,y) > Cu(t — 1,y) for all (t,y) € R x Q.
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Fix now any p > 0 and assume by way of contradiction that (2.26) does not hold for any
T, € R. Then, there are some sequences (t,)neny in R and (z,)neny in QN B(0, L + p) such that
tn, — 400 as n — +oo, and z,, & QU for every n € N. From (1.7) and (1.16), there is a sequence
(Yn)nen such that sup,cydo(yn, xn) < +o0o together with y, € Q, and wu(t,,y,) < Cs/2 for
every n € N. Hence, u(t, — 1,y,) < ¢/2 for all n € N. On the other hand, the boundedness
of the sequences (2,)nen and (dq(yn, Tn))nen, together with Step 1 and the definition of ¢, yield
liminf,, o u(t,—1,y,) > liminf, ;- p(y,) > ¢, a contradiction. As a consequence, the second
part of the conclusion (2.23) of Lemma 2.6 has been proved.

Step 3. As far as the first part of (2.23) is concerned, we actually prove it for every p > 0
large enough, and it will then hold automatically for every p > 0. Let Ry, Rs, R3 and T be the
four positive real numbers given in Lemma 2.1, let R > 0 be given in Corollary 2.3, and let z
be a point in €2 such that

)
B(zg,R3) CQ and p>1-— 5 (> 0) in B(xg, R3). (2.27)
Consider now any positive real number p large enough so that
4]
p=>Rs, L+4p>|vg|+ R+ Msp, and p>1— 3 in RV \ B(0, L + p), (2.28)

and assume by way of contradiction that the first part of (2.23) is false for that value of p.
Then, from (1.6), two cases may occur: either there is a sequence (t,)nen — —00 such that
QN B(O,L+p)NTy, # 0 for each n € N, or there is a sequence (t,)nen — —o00 such
that QN B(0, L+ p) C Qf for each n € N.

Case 1: QN B(0,L + p)NTy, # O for each n € N. For each n € N, pick a point
z, € QN B(0,L+p)NTy,. By (1.7), there exist r > 0 and a sequence (y,)nen such that

Yn €, do(xy,yn) <7 and do(yn,I'y,) > max(Mss + Ri,w + Ry) for each n € N,

where w = sup, ,conp(o,r+p) d2(z,y) € (0,+00). This implies that, for every n € N, one has
[Yn| — R1 > |yn| — Re > L+ p, hence B(y,, R1) C B(yn, R2) CRY\ B(0,L+p),p>1-6/2in
B(yn, R1), and do(y,T's,) > Mjs), for all y € B(yy, R1). Since p > Rz and |y,| —p > L+ Ry > L,
one gets that B(y,, R1) C B(yn, R2) C B(yn, R3) C B(yn,p) C @\ B(0,L) C Q. Thus,

5
ultn,y) = ply) =5 =1 =0 forally € Blya, ). (2.29)

Since z, € B(0,L + p) and dg(x,,y,) < r, the sequence (dg(xo,Yn))nen is bounded. Thus,
there exists an integer & > 1 such that, for every n € N, there exist k points y!,--- ,y* in RV
satisfying y! = y,,, y* = 2o and

B(y!, R3) C Q for 1 <i <k,
B(ys™  Ry) € B(y:, Ry) for1<i<k—1.

By (2.29) and Lemma 2.1, the comparison principle yields u(t, +71,y) > vy, g, (T,y) > 1 =0 for
all y € B(y,, R2). Since B(y2, R1) C B(yn, R2) and B(y2, R3) C €, one can apply Lemma 2.1
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again and get that u(t,,+27,y) > v,z g, (T y) > 1 — 0 for all y € B(y2, Ry). By induc-
tion, it follows that u(t, + kT,y) > 1 — 0 for all y € B(y*, Ry) = B(xo, Ry). This implies
that u(t, + kT,y) > vy.r (0,y) for all y € Q. By the comparison principle, one gets that
u(t,y) > vpop,(t —t, — kT,y) for all y € Q and t > ¢, + kT. Since t, — —o0 as n — +00,
Corollary 2.3 then yields

u(t,y) > %iminfva,Rl(t —t,—kT,y) >1—-26>0 forallteRandy € Q\ B(0,L+ R).
n——00
Since this holds for every y € 2\ B(0, L + R), this contradicts Definition 1.3 and (1.7).

Case 2: QN B(0,L + p) C Qf for each n € N. By (2.27) and (2.28), it follows that
u(tn,x) > p(x) —0/2 > 10 for all x € B(xo, R1) (C B(xo, R3)). The comparison principle then
implies that u(t,z) > vy g, (t — tn,z) for all z € Q and ¢ > ¢,. Since t,, - —o0 as n — 400,
Corollary 2.3 yields

u(t,z) > liminf v, g, (t —t,,2) >1—20 >0 forallt € Rand 2z € Q\ B(0,L + R),

tp——00
which again contradicts Definition 1.3 and (1.7). O

The last lemma before the proof of Theorem 1.4 states that the interfaces I'; of a transition
front connecting 0 and p have locally uniformly bounded oscillations in the sense of the Hausdorft
distance.

Lemma 2.8 Let u be a transition front of (1.1) connecting 0 and p in the sense of Definition 1.3.
Then,
Yo >0, sup {dg(x,FS) teR, zely, [t—s| < 0} < +00. (2.30)

Proof. Fix any ¢ > 0 and assume by way of contradiction that the conclusion (2.30) does not
hold for this o. Then there are some sequences (t,)neny and (s, )nen in R, and (2, )pen in €2, such
that z, € Ty, and [t, — s,| < o for all n € N, while dg(z,,Is,) = +00 as n — +oo. Without
loss of generality, one can assume that

bty — Sn — too € [—0,0] asn — +oo.

Up to extraction of a subsequence, two cases may occur: either x, € Q_ for every n € N,
or x, € Qf for every n € N.

Case 1: x, € S for every n € N. Therefore, u(sy,z,) = 0 as n — 400 by Definition 1.3.
Furthermore, since z,, € Ty, for each n € N and since p > ¢ > 0 in Q by (2.2), it follows
from (1.7) and Definition 1.3 that there is a sequence (y,)nen in € such that

Yn € Q" and u(t,, y,) > % > 0 for each n € N | and supdq(zn,yn) < +oc.
neN

If |z,] = 400 up to extraction of a subsequence, then the functions
Up @ (6, 2) = up(t, z) = u(s, + t, z, + )

converge in Cllo’f(R x RY) from standard parabolic estimates, up to extraction of another subse-
quence, to a solution us of (1.1) with Q = R¥ | such that 0 < us < 1in R x RV, u(0,0) =0
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and there is a point y € RY such that u(ts,y) > ¢/2 > 0. The strong maximum principle and
the uniqueness of the solutions the Cauchy problem for (1.1) then yield uy, = 0 in R x RY, a
contradiction with u(ty,y) > ¢/2 > 0.

Therefore, one can assume without loss of generality that the sequence (z,),en is bounded,
and so is the sequence (y,)nen. Up to extraction of a subsequence, the sequences (,)nen
and (Yn )nen converge to two points Zs and o in £, and the functions (t,z) — u(s, + t, )
converge in C%(R x Q) to a solution s, of (1.1) such that 0 < s < 11in R X €, 15 (0, 200) = 0
and U (¢ Oo,yoo) > /2 > 0. This leads to a contradiction as in the previous paragraph. As a
consequence, case 1 is ruled out.

Case 2: x, € Qf for every n € N. Therefore, u(sn,2,) — p(x,) — 0 as n — +oo by
Definition 1.3. Assume first that |x,| — +00 up to extraction of a subsequence. Since x,, € T,
for each n € N, it follows from (1.7) and Definition 1.3 that there is a sequence (y,,)nen in 2 such
that v, € Q, and u(t,,y,) < 1/2 for each n € N, and sup,,cy do(@n, y) < +00. Up to extraction
of another subsequence, the functions (¢, x) = u(s, +t,x, + ) converge in CL.*(R x RY) to a
solution uy, of (1.1) with Q = RY | such that 0 < us < 1in R x RN, 1 (0,0) = 1 and there is
a point y € RY such that u(ts,y) < 1/2. The strong maximum principle and the uniqueness of
the solutions the Cauchy problem for (1.1) then yield us, = 1 in R x RY, a contradiction.

Therefore, one can assume without loss of generality that the sequence (z,,)nen is bounded.
Up to extraction of another subsequence, the functions (t,z) ~— wu(s, + t,x) converge
in C2(R x Q) to a solution us, of (1.1) such that 0 < us, < 1 in R x Q. Furthermore,
since dq(z,,I's,) — 400 as n — +oo, and since z,, € QFf for each n € N and the se-
quence (x,)nen is bounded, it follows from Definition 1.3 that

oo (0, 2) = p(z) for all z € Q.

On the other hand, for every ¢ > 0, one again infers from (1.7) and Definition 1.3 that
there is a sequence (Yey)nen in © such that y., € Q. and u(tn,y.,) < € for each n € N,
and sup,,cy do(@n, Yern) < —+o0o0. Since the sequence (,)neny is bounded, there is then a
point 3. € Q such that e (feo,y.) < . Consider now a sequence (gx)ren converging to 0%.
Ify, = yc¢€ Q) for a subsequence as k — 400, then s (ts,y) = 0, hence us, = 0in R x Q,
a contradiction with u.(0,-) = p > 0 in Q. Therefore, |y.,| — +oo and, up to extraction
of a subsequence, the functions (¢,y) — us(t,y:, + y) converge in Cllof(]R x RY) to a solu-
ti0N Uno 0o Of (1.1) with © = RY such that 0 < e o < 1in R X RY, 1 00(0,-) = 1 in RY
(since lim|g| 400 P(#) = 1) and Ueg, 0 (to, 0) = 0. This again leads to a contradiction.

As a consequence, (2.30) holds and the proof of Lemma 2.8 is thereby complete. ([l

Remark 2.9 If p = 1 in Q, then arguments based on the Harnack inequality and standard
parabolic estimates, similar to those of [22, Lemma 3 and Remark 3] and [29, Propositions 1.2
and 4.2], yield (2.30). The same arguments applied to u(t, z)/p(z) remain true and yield (2.30)
even if p < 1 in Q, provided that 0 < u(t,z) < p(z) for all (t,r) € R x . These inequalities
would be satisfied if u were time-increasing, since u is already known to converge to 0 and p as
t — o0 by Corollary 2.7. Notice that the time-monotonicity itself is known to be true if p =1
due to the stability of 1, see [22]. It is also expected if p were assumed to be a stable solution
of (1.15) and if u were already assumed to range between 0 and p. But here p: Q — (0,1] is a
general solution of (1.15) and no assumption is made on its stability.
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Proof of Theorem 1.4. Let p: Q — (0,1] be a C?(Q) solution of (1.15) and let u be a
transition front connecting 0 and p for (1.1) in the sense of Definition 1.3. We recall that ¢ > 0
is defined in (2.2). Our goal is to show that u has a global mean speed, equal to ¢y. The proof is
based on the key-results of Section 2.1 and the comparison of the transition front u with some
solutions of the type vy, g and w,, g defined in (2.5) and (2.19) far away from the interfaces I';
at some times ?.

Our goal is to prove that d(I';,I's)/|t — s| — ¢f as |t — s| = +oo. We shall first show

lim inf —dQ (I, T's)

[t—s| =400 |t — S|

> ¢ (2.31)

and then
I; dQ(Ft7 FS)
imsup ——————
[t—s|——+o00 ’t - 3‘

Throughout the proof, § € (0,1/4) is given as in (2.4).

< ;. (2.32)

Step 1: some notations. Consider any ¢ € (0,¢r/3). Let R3 > Ry > R; > 0 and
ég > ég > fil > 0 be as in Lemma 2.1, and let L, > L+§3—§2 > L, R. > 0 and
X. > 0 be such that the conclusions of Lemmas 2.2 and 2.4 hold (see Remark 2.5), together
with

p>1-— g in RV \ B(0, L.). (2.33)
Define
DE:LE+TM6/2+R€+2R5+X5+M5/2 >L.>L>0. (234)

By Lemma 2.6, there exist two real numbers 7' < T2 such that
QN B(0,D.) CQ; forallt <T! and QN B(0,D,) C Qf for all t > T2 (2.35)
Step 2: the lower estimate (2.31). Firstly, we claim that

lim inf —dQ (I, T's)

> cp — 2e. 2.36
t<s<TL, |t—s|s+o0 [t —s| e (2:36)

Assume by contradiction that there exist two sequences (fx)gen and (sg)geny such that
tr < sp < Tsl, S — 1t — +oo as k — +oo and dQ(Ftkarsk) < (Cf — 26)(Sk — tk> for all £ € N. By
the definition of the distance, there exist two sequences (zj)ren and (zg)ken such that zy € Ty, ,
2z, € Iy, , and do(zk, 21) < (¢f — 2¢) (s, — t) for all kK € N. By (1.7)-(1.8), for each k£ € N, there
is y, € Q. such that

do(r, Yr) < raggp+r. and do(ye, I'y,) > Msjo + Re. (2.37)

By (2.35), one has that inf {|z| : € T} > D. for all k € N. Thus, it follows from (2.34)
and (2.37) that B(yy, R.) C RV \ B(0, L.) and da(B(y, R:),T't,) > Ms)s. Therefore, by (2.33),

one has 5
ulti,y) > ply) — 5 =10 forally € Blys, Re). (2.38)
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Then, by the comparison principle, one gets that u(t,y) > vy, r.(t — ty,y) for every t > ¢, and
y € Q. By Lemma 2.2, for each k € N, there is T, = (|yx| — R — L:)/(cy — €) such that

u(t,y) >vy, g (t—tk,y) >1-26 for all 0<t—t, <T.,; and y€ B(yx, (c;—¢)(t—1tx)) (C ﬁ) (2.39)

It follows from (2.39) that w(ty + Trg,y) > 1 — 25 for all y € B(yx, (¢ —e)Tok).
Since T, = (lyx| — Re — L.)/(cy — €), there is a point y, € B(yx, (¢f — €)1 ) such that
La + Ra < |gk| < Ls + 2RE and

If t) + To ) < T for some k € N, then (2.35) yields QN B(0,R.) C QN B(0,D.) C Q. ..
However, by (2.34), it follows that y, € QN B(0, D.), that d(yx, s, 47.,) > Ms/2 and that
u(ty + 1.k, yx) < 0/2, contradicting (2.40).

Therefore,

te + Top > T2 (2.41)

and 0 < s —tp < T} — ¢ < T.p for each k& € N. Then, it follows from (2.39) that
B(yk, (¢f —€)(sk — tr)) C Q and

u(sy,y) > 1—26 for all y € By, (¢f —€)(sp — ty)) (C Q). (2.42)

Since zj, € 'y, , there exist ry;; > 0 and y, € Q7 such that do(2x,y;,) < 7y, and do(y,, I's,) > Ms,
whence
w(Sk,yp,) < 0. (2.43)

Since do(zk, Yx) < ragyp+r. and do(zy, z) < (¢p — 2¢)(sg — Ux), one has
do(ye, yp,) < TMjp+R. T (cf —2e)(sk — ti) + 7y < (cp—e)(sp —tx) for large k.

By (2.42), one infers that u(sy,y;) > 1 — 26 for large k, contradicting (2.43).
As a consequence, the claim (2.36) has been proved.

Secondly, we claim that

lim inf —dQ(Ft’ L.)

> cy — 2¢. 2.44
T2<i<s, |t—s|s400 |t —s| e (244)

Assume by contradiction that there exist two sequences (f;)gen and (sg)ren such that
T? < t) < Sk, Sp —tp — +o0 as k — +oo and do(Ty,,Ts,) < (¢; — 2¢)(sk — tg) for all
k € N. There exist then two sequences (zx)reny and (z;)gen such that x, € I'y,, 2z € Iy,
and do(xy, zx) < (cf — 2¢)(sp — tx) for every & € N. By (1.7)-(1.8), for each k € N, there
exist yp € Q and y, € Q such that do(zy,yr) < Myt Re do(Ye, Ty) > Msja + Re,
do(ze,y,) < 7y, and do(y,,Is,) > Ms. By (2.35), one has that |zx|, |z > D,
k| > De =75 04 m. > max(Re + Le, Xe) and |y;| > De —ragy. Then, B(yy, Re) C RY\ B(0, L.)
and do(B(yk, R:), Iy, ) > Ms/s. As for (2.38), it follows from Definition 1.3 and (2.33) that

J -
u(te,y) > ply) — 5 >1—9 for all y € B(yx, R.), (2.45)
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while
u(sk, y),) < 0. (2.46)

Since Q N B(0,D.) C Qf for t > T? and D, > Ms/s + Le, one infers from Definition 1.3
and (2.33) that u(t,z) > p(x) — /2 > 1—¢ for all t > T? and =z € 9B(0, L.). Furthermore,
u(t,r) > p(z) —§/2>¢—§/2> 25 for all t > T2 and z € B(0, L.) N Q (where (2.4) is used in
the last inequality). It then follows from the comparison principle and Lemma 2.2, applied with
2o = Y, v = u(ty +-,-), 7 = 0 (remember that t; > T2) and p = L. € [L + Ry — Ry, L. + R,
that there exist

|yk| - RE - Ls

Cf— €
and a real number 77 > 0 (independent of k) such that (2.39) holds and

Ta,k: -

u(t,y) > min(1l —49,26) =26 for all t —t, > T, + 1

and y € B(y, (c; —e)(t —t, — T))) N Q. (2.47)

We now consider three cases according to the position of the real number s; —t; with respect
to T, and T, + 1. Firstly, if s, —t, < T, for a subsequence of large k, then u(sg,y;) > 1—26
by (2.39) since

do(Yr; Yi) < da(yr, xr) +da(Tr, 2x) +da 2k, Yi) < 1ty pr. +(cp—26) (si—te) +7a; < (cp—€)(s1—Tk)

for a subsequence of large k, a contradiction with (2.46). Secondly, if s — t;, > T + 1! for a
subsequence of large k, then u(sy,y,) > 20 by (2.47) since

do(Yr, Y) < "M ppre + (cp = 28) (85 — ) + 7agy < (cp —€)(sp — ty, — 1)) (2.48)
for a subsequence of large k, a contradiction with (2.46). Thirdly, if
Tgyk < s — 1 < T€7k + Tal

up to extraction of a subsequence, then T} ; ~ s —t; and |yx| ~ (¢; —€)(sk — tx) as k — +o0,
hence |y,| — +oo by the first inequality in (2.48) above. Therefore, for all k large enough, one
has |y,| > R. + L., B(y,, R.) C Q\ B(0, L.) and, since u(ty, ) > 1 —6 in B(yx, R.) by (2.45),
the proof of Lemma 2.2 implies that, for all k£ large enough,

min  u(ty + 7ok, -) > min vy, g (Tik,-) > min v(Tik, - — k),
B(yévRs) B(y;c»Re) B(yévRe)

where v is defined in (2.13). With ¢ and h. given in (2.13) and (2.11), one has, for all k large
enough and = € B(y,, R.),

ST, — yi)

he(lt —yrl) — (¢f —e)Top —we Tk +w — R+ C
|z — i + he(0) = (¢ —e)Tep+w— R+ C
e — Yi| + he(0) = (cp —e)Tp +w + C,

IAINA

hence maXWQ(TE,k,' — yr) — —o0 as k — +oo by the first inequality in (2.48)
and since T, ~ sg — &, — 400 as k — +oo. Therefore, from (2.13), there holds
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liminfy, ., mimmy(Te’k7 c—yp) > 1—0.>1—14, hence minmu(tk +Tep,) >1—96
for all k large enough (together with |y,| > R. + L.). Since ty + Trp < sp < tgp + 1oy + 17
and 7! < (lyp| — Re — Le¢)/(cy — ¢) for all k large enough, it follows from Lemma 2.2 that
u(sk, y) > 1 — 20 for all k large enough, a contradiction with (2.46).

As a consequence, the claim (2.44) has been proved.

Finally, after proving (2.36) and (2.44), we prove that
d
lim inf do(ln, 1)
[t—s|—+o00 |t — S|

> cp — 3e. (2.49)

Assume by contradiction that there exist two sequences (tx)ren and (Sg)ren of real numbers such
that £, < si, s — tp, — +00 as k — +oo and

do(Ty,, Ts,) < (cp — 3¢)(sp — tx) for all k € N. (2.50)

Then, six cases may occur up to extraction of a subsequence, namely, case 1: t; < s, < T2
for all k € N; case 2: t;, < T} < s < T2 for all k € N; case 3: t < T2 < T? < s; for all k € N;
case 4: T} <t < s < T2 forall k € N; case 5: T} < ¢ < T2 < s, for all k € N; case 6:
T? <ty < s, for all k € N. In fact, we have already shown that cases 1 and 6 are impossible for
large k by (2.36) and (2.44). Furthermore, case 4 is also immediately ruled out for large k, since
S — tp, — +oo as k — +oo.

Now, consider case 2. In this case, there holds t;, — —oc as k — 400 and it follows from (2.36)
that do(I'y,,I'r2) > (¢p — 5e/2)(T} — t;) for large k. Since |s, — T}| < T2 — T_ for all k, pro-
perty (2.30) yields the existence of a constant M > 0 such that do(I';,,['s,) > do(I'y,, T'r2) — M
for all k& € N, hence do(I'y,,T's,) > (¢ — 3¢)(sk — ti) for large k, a contradiction with (2.50).
Similarly, one can reach a contradiction with (2.50) in case 5.

Only case 3 remains to be considered. Notice that we can then assume without loss of
generality that ¢, — —oo and s, — 400 as k — +o00 (otherwise, by decreasing T and increasing
T?, one can reduce case 3 to case 2 or case 5). As above, there exist some sequences (z)gen,
(2k)ken, (Yk)ken and (y;,)gen such that xy, € Ty, 21, € Ty, , da(xk, 21) < (cr—3¢)(sp—1tk), yr € Q;;,
Y € Q5 dolwr, yr) < T'Ms o+ Re> do(zk, y5.) < TM;,, and (2.45)-(2.46) hold. Then, by Lemma 2.2,

- e_Le raY
u(t,y) >1—26 forall 0 <t —t, <T.;:= M and y € B(yk, (cp—e)(t—1tx)) (C ).

Cf— €

Therefore, as for (2.41) above in the proof of (2.36), one has T < t; + T. . for every k € N,
hence |yx| > R. + L. + (¢; — &)(T2 — t;). For each k € N, let now a;, € Q be such that

dQ(l‘k, ak) < (Cf — 35)(T51 — tk) and dQ(ak, Zk) < (Cf — 38)(8k — T;),
which is possible since dq(xk, 2¢) < (¢; — 3¢) (s, — ty) and ¢, < T} < T? < ;. Thus,
lak| >yl = |yr — x| = lox —ar| > Ret Lo+ (cp =) (T —tx) = 7s, pp 4 5 — (07 —=36) (T2 = 1) = +o00

as k — +o0 since ¢z — —oo. Therefore, for all k large enough, one has lax| > R. + L.,
B(ag, R.) € Q\ B(0,L.) and, since t;, < T} < t; + T.x and u(ty,-) > 1 — 6 in B(y, Re)
by (2.45), the proof of Lemma 2.2 implies that, for all k& large enough,

min_ u(7T),) > min v, g (T} —tg,-) > _min (T} =t — yx),
B(ag,Re) B(ag,Re) B(ag,Re)
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where v is defined in (2.13). With ¢ and h. given in (2.13) and (2.11), one has, for all k large
enough and x € B(ay, R.),

C<Tsl - tk?‘f - yk)

he(|lz — yi|) — (¢f —e) (T2 —ty) — wedTE=t) 4y — R+ C

|z — yi| + he(0) — (¢f —e)(T} — tx) + w — R-+ C

|ar — il + he(0) = (cf = e)(T2 — 1) +w + C

do(ak, xx) + dao(zr, yr) + he(0) — (cp — e)(T} = ty) +w +C

(¢ = 3e) (T} —t) + 10ty pprre + he(0) = (cf — )T — 1) + w + C,

VAN VAR VAR VAN

hence maxmg(T; —tg,+ — Yp) = —00 as k — +oo since t, — —o0 as k — +o00. Therefore,

from (2.13), there holds liminfy_, minmy(Tg1 —tg,-—yr) > 1—0. >1—9, hence
min_ u(7T},-) >1—6 (2.51)
B(ag,Re)

for all k large enough. Remember now that

0 ) -

Vit >T2 ult,) >p-52s—3 > 2§ in B(0,L.)NQ
by (2.34)-(2.35) and § < 2¢/5. Furthermore, for all t > T2 u(t,-) > p—05/2 > 1—6 on 0B(0, L.)
by (2.33). Since limg_, ;o |ax| = +00, the previous observations together with Lemma 2.2,

applied with 29 = a, v = u(T  +-,-), 7 =T2 —T' and p = L. € [L 4+ Ry — Ry, L. + R.], imply
that there exists a real number 77 > 7 (> 0) (independent of k) such that, for all k£ large enough,
|ak| - RE —L
Cf — €
and x € B(ag, (c; —e)(t =T = T)) N Q.

u(t,r) > min(1 — 46,20) = 2§ for all t — T > ~+ T

Lemma 2.2 also implies that, for all k& large enough,

|ak]—R5—L
Cf—€

u(t,r) >1—25 forall 0 <t — T} < = and z € Blay, (c; —e)(t — T1)) (C Q).

Since T} < T? < s, — +00 as k — +00, there holds

v — an| < da(yi, 20) + dolz, an) < 7agy, + (cp — 3¢)(sk — T7)

< (- T —T) < (g —)sx —11) =7

for all k large enough. If s, < T+ (|ax|—R.—L.)/(c;—¢) for some large k, then u(sy, y},) > 1—24,
contradicting (2.46). If s, > T} +(|ax|—R.—L.)/(c;—e)+TY for some large k, then u(s, y}.) > 24,
again contradicting (2.46).

The last case to be considered is when

<sp <T!'+ =+ T (2.53)
Cf— €& Cf— €&

T1+ ‘ak" _RE_LE

)

for all k£ large enough. Then |ay| ~ (¢; — €)si as k — +o00, hence |y;| = +oo by the first line
in (2.52) above. Therefore, for all k large enough, one has |y;| > R.+ L., B(y,, R.) C Q\B(0, L.)
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and, since u(T2,-) > 1—4 in B(ay, R.) for all k large enough by (2.51), the proof of Lemma 2.2
implies that, for all k& large enough,

) ag|—R.—L . ag|—Re—L . ag|—R.—L
min u(Tsl_FM’ .> Z min Uak,RE(M7 .) Z min Q(M’ ._ak)7
By}, Re) cr—¢ B(y}.Re) cr—¢ B(y}.Re) cr—¢

where v is defined in (2.13). With ¢ and h. given in (2.13) and (2.11), one has, for all k large
enough and = € B(y,, R.),

g<|cw€|—Re—La’x_ak)

. he(|x—ax|) — (Jag| = Re— L.) — w e 0UakRerLe)/(er=) oy — R+ C
Cfr—

< \x—ak|+hg(0)—\akl+L5+w+C
< |y — ax| + Re + ho(0) — |ag| + Le + w + C,

hence maxmg((]ak\—RE—LE)/(cf—a), -—ag) — —oo as k — +oo by the first line in (2.52)
and since |ag| ~ (¢; —€)s, — 400 and s — +00 as k — 4o00. Therefore, from (2.13), there
holds liminfy_, minmy((lakl—RE—LE)/(cf—a), -—ag)>1—9.>1—94, hence

|ak’|_R5_La

min u(Tsl—l-
Cf—€

B(y},,Re)

) =1-0

for all k large enough (together with |y;| > R.+L.). From (2.53) and 77 < (|y;|—R.—Lc)/(cf—¢)
for all k large enough, it follows from Lemma 2.2 that u(sg,y;,) > 1 — 24§ for all k large enough,
a contradiction with (2.46).

One concludes that (2.50) is impossible in case 3. Therefore, (2.49) holds for every
e € (0,cr/3) and the proof of (2.31) is thereby complete.

Step 3: the upper estimate (2.32). In order to show (2.32), we will prove that

I do(I't, T's)
imsup ———=
[t—s|—4o00 |t - Sl

< s+ 2. (2.54)
Assume by contradiction that there exist two sequences (tj)ren and (sg)gen of real numbers such
that £, < sg, sp — tp — +00 as k — +o0 and

do(Ty,,Ts,) > (cp + 2¢)(sp — tx) for all k € N. (2.55)

Notice that each interface I'; is automatically unbounded (since otherwise by (1.6) either
or f would be bounded). In particular, for each k& € N, there is a point z; € Ty, such
that |2x| > (¢ + 2¢)(sk — ) + 7, + Le and, by (1.7)-(1.8), there are some points yii € QF
such that dg(y,f, I's,) > Ms)s and do(2, y,f) < Ta;,,- Hence,

| > |2l = ragy > (cp +26) (5 — t) + Le > Le, (2.56)

while u(sg, i) > plyf) —6/2 > 1 -6, u(sk, vy, ) < 6/2 < 4§ by Definition 1.3 and (2.33). On the
other hand, since d(zg,I'y,) > do(Ts,, I, ) > (cf + 2¢) (s, — tx) and since

26| > (e +28) (s — tr) + Tagyp + Le > (e +26) (55 — ) + Le,

35



it follows that, up to extraction of a subsequence, either B(z, (¢; + 2¢)(si — t5)) C Qf for
all k € N, or B(z, (cf + 2¢)(sr — tx)) C Q,, for all k € N.
Consider first the case B(zy, (¢f +2¢)(sp — tx)) C @ for all k € N. Since do(zk, y;, ) < My 2>
one infers that
By == B(y;, (cf +2¢) (s, — tg) — TMyy — Ms2) C Q;;

for all k£ large enough so that (c¢; + 2¢)(s, — tx) — "My, — Msja > 0, and do(Bg,I'y,) > Ms)s,
hence u(ty, z) > p(x)—d/2 for all x € By. Furthermore, [y, |—[(c;+2¢)(sk—tk) =705, —Ms/2] > Le
by (2.56), hence By € RN \ B(0,L.) and p > 1 — §/2 in By by (2.33). As a consequence,
u(tg,-) > 1 — 0 in Bg. Therefore, u(ty,-) > vy;RS(O,-) in Q for all k large enough so
that (c; + 2¢)(sk — tk) — rag,, — Ms2 > Re. Since |y, | > (¢ + 2¢)(sg — tx) + Lo > R. + L.
for k large and s, —tx < (|y, | — R: — L.)/(cy —¢) for k large, Lemma 2.2 applied with zo =y,
together with the maximum principle implies that u(sg,y, ) > Uyk_,RE(Sk — tg,y, ) > 1 —26 for
all k£ large enough, a contradiction with u(sy,y, ) < 0. Therefore, the first case is ruled out.
Consider now the second case B(z, (cy + 2¢)(sp — tx)) C €, for all k& € N. Denote

Pk = (Cf + 25)(5k - tk) = My T ‘]\45/2 — Le + L.

Since do(zk,y) < 7Tum,, and L. > L, one infers that B(y,pr) C € (for all k large
enough so that p, > 0) and do(B(y{,pr).Ty,) > Mss, hence u(ty,z) < 6/2 < § for
all € B(y;",pr). Therefore, u(ty, ) < wy;pk(O,-) in Q for k large. Since p, > R. for k
large, since |y;f| > (cf + 2¢)(sg — tx) + Le > pr + Le and since s, — &, < (px — Re)/(cp + €)
for k large, Lemma 2.4 applied with zy = y;7 and R = p; together with the maximum prin-

ciple implies that u(sy,y) < wy,j,pk(sk — tr,yy) < 26 for all k large enough, a contradiction

with u(sg,y) > 1 — . Therefore, the second case is ruled out too.
As a conclusion, (2.54) holds for every € > 0 small enough, implying the desired upper
estimate (2.32). Together with (2.31), the proof of Theorem 1.4 is thereby complete. O

3 Transition fronts emanating from planar fronts in do-
mains with multiple branches: proof of Theorem 1.7

This section is devoted to the proof of Theorem 1.7. In this section, €2 is a smooth domain
with m (> 2) cylindrical branches in the sense of (1.23), I and J are non-empty sets of {1,--- ,m}
such that INJ =0 and TUJ = {1,--- ,m}, and u : R x Q — (0,1) is a time-increasing solution
of (1.1) emanating from the planar fronts in the branches H; with i € I in the sense of (1.24),
namely u(t,z) — ¢(—x - ¢; — st + 0;) — 0 uniformly in H; N Q for every i € I and u(t,z) — 0
uniformly in Q \ U;e; H; as t — —oo. We also assume that u satisfies (1.12), that is, u(t,z) — 1
locally uniformly in x € Q as t — +o0.

We shall prove that u is a transition front with sets 'y and € defined by (1.25) and (1.26).
These properties then immediately imply that u has a global mean speed equal to cy. We
begin in Section 3.1 with some estimates on the large time behavior of u in the branches H;
with j € J. We complete the proof of Theorem 1.7 in Section 3.2. Lastly, we prove in Section 3.3
additional quantitative estimates of the time-derivative of u, which will be useful for the proof
of Theorem 1.8 in Section 4.2.
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3.1 Large time estimates in the branches H; with j € J
We recall that L > 0 is given in (1.23).

Lemma 3.1 There exist t1 € R, t5 € R, 4 € R, § > 0 and u > 0 such that, for every j € J,
u(t,z) < d(x-e; —cp(t —ty) + 1) + de 1) 4 gerlee L) (3.1)
fort >ty and x EH_j such that x - e; > L and
u(t,x) > d(x - ej — cp(t —ty) — L) — de 012 — gemrlee;=L) (3.2)
fort >ty and x EE such that x -e; > L.

Proof. It is inspired by the construction of sub- and super-solutions in [18], to which some
exponentially decaying terms in the direction e; are added.
Step 1: choice of some parameters. Take p > 0 and then § > 0 such that

0<p< \/min (@ @) (3.3)

and

f’s@ in [0,30], f'< r()

2

0 1-0, |f'(0)| \f’(U!)
)

O<5<min<ucf,z, 1 9

in [1-30,1], (3.4)

where 0 < 6; < 0y < 1 are given in (2.3). Let C' > 0 and k£ > 0 be as in (2.8)-(2.9), and let
w>0and R > w+ 2C (> 2C) be large enough so that

kw> 26+ r[réaﬁ( |f'| and (I{Ié&ﬁ( If'] + ;f)e_“(R_QC) < (I{%Bﬁ& If'] + u2>e_“(R_‘“_20) <d. (3.5)

Step 2: proof of (3.1). Since u(t,x) — 0 as t — —oo uniformly in Q \ U;e;H; from (1.24),
there exists t; € R such that, for every j € J,

u(ty,z) <6 forall z € E such that z-e; > L (3.6)

(notice that by (1.23) such points = belong to Q). Fix now an index j € J. Fort > t; and z € H,;
with z - e; > L, let us set

B(t,2) = min ($(E(t, 2)) + 000 1 geHeerD) 1),
where ~
Et,x)=a-e; —cp(t—1t1) + we St _ I _ R4+ C.

Let us check that ©(t,z) is a super-solution of the problem satisfied by w(t,z) for ¢t > t
andeEwithx-esz.

We first verify the initial and boundary conditions. At time ¢, it follows from (3.6) that
U(ty,x) > 0 > wu(ty,x) for all z € E with - e; > L. On the other hand, for ¢t > ¢
and © € E with - e; = L, one has E(tx) < R+ C < —C since R > 2C, whence
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o(t,x) > min(1—5+6e 1) 45 1) = 1 > u(t, r). Lastly, it is immediate to see that v, (t, z) = 0
for t > t; and x € OH; with x - e; > L and 7(t, ) < 1, since v(z) - e; = 0.

Let us now check that Lo(t, x) = v,(t, x)—Av(t, x)— f(v(t,z)) > O forevery t > ¢, and x € H,;
such that = - e; > L and 9(t, ) < 1. After a straightforward computation we get

Lo(t,@) = FO(E(t.2))) — F(0(t,2)) — wde 0 ((t,2)) — 260010 — gputemriresh),
If £(t,z) < —C, one has 1 > ¢(£(t,2)) > 1—6 and then 1 > v(t, 2) > 1—4. From (3.4) we obtain
f(p(E(t,2))) — f(O(t,2)) > —(f(1)/2)(6e 1) 4 fer@ei=L)) Tt then follows from (3.3)-(3.4)
and the negativity of ¢ and f'(1) that

/
£ﬂ(t,l’) > _¥<565(tt1) + 56*M(:Jc-ej*L)) _ 62676(1‘,71‘/1) . 6M267u(x-ejfL) > 0.

A similar argument leads to E@(t x) 0if £(t, ) > C, since 0< p(£(t,2)) <6 and 0<T(t, 2) < 36.
If —~C<(t,2)<C, then x-e;—L > ¢f(t—t;)+R—2C and e (e E) < emules(t=M)+R=20) Nore-
overs —91E(2) 2 ok O ) — F(0(6,2)) > (s P Ge-Et) 4+ 5emrlem)
Then one infers from (3.3)-(3.5) that

Lo(t,z) > — r[na? | f/(6e70E1) 4 gemr@ei=L)y 4 fyge=dt-t) _ 5200t _ 5, 2= nlee;=L)
0,1

> 56_5(t_t1)< —max |f'| — 0 + k:w) — 5<max If'| + ,u2> e Hles(t=t)+R=2C)
[0,1] [0,1]

0,1
As a consequence, we arrive at LU(t,z) = Uy(t,z) — Av(t, ) — f(0(t,x)) > 0 for all t >t
and = € H; with z - e; > L and ©(t,z) < 1. The comparison principle then yields
u(t,r) <T(t,x) < ¢p(x-ej —cp(t —t1) +we® — — L — R+ C) 4 e 001 4 gemrlee;=L)

for all t > t; and x € "H—] with - e; > L, and finally (3.1) holds with 4 = —w — L - R+ C
since ¢ is decreasing.

Step 3: proof of (3.2). Since u(t,-) — 1 as t — +oo locally uniformly in Q by (1.12), there
exists to € R such that, for every j € J,

u(t,r) >1—0 forallt >t and v € H; with L <z-e; < L+ R,
where R > w + 2C is as in (3.5). For t >ty and z € E with - e; > L, let us set
v(t, r) = max (¢(§(t,x)) — Je0tt2) _ senlwe—L) O) ,

where
§(tw)=x-ej —cp(t —tz) — we =) Ly L —R+C.

Let us check v(¢,z) is a sub-solution of the problem satisfied by u(t,z) for t >ty and = € H,;
with - e; > L.

Let us first check the initial and boundary conditions. At time ¢35, on the one hand, there
holds v(tg,z) < 1 — 6 < u(ty,x) for all x € E such that L < z-e; < L+ R. On the
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other hand, for € H; such that z -e; > L + R, since §(ta,2) > L+ R—-L—-R+C =C,
one has v(t2,z) < max (§ —§ — de @4~ 0) = 0 < u(ty,z). Therefore, v(tz, z) < ults,z)
for all x € Ewithx-ej > L. Now, for t > ty and =z € H_jwithx-ej = L, one
has v(t,z) < 1 —46 < u(t,z). Moreover, it can be easily deduced from the definition of v
that v, (t,x) = 0 for t > t, and x € OH; with x - e; > L and v(t,z) > 0.

Finally, with similar arguments as in Step 2, one can prove that v, (¢, z)-Auv(t, )—f (v(t, z)) <0
for all ¢ > ¢, and = € H; such that x - e; > L and v(¢, ) > 0. Property (3.2) then follows from
the maximum principle, the inequalities R > w + 2C' > w + C and the negativity of ¢'. The
proof of Lemma 3.1 is thereby complete. O

With the same token, the following lemma actually holds.
Lemma 3.2 For any € > 0, there exists t. € R such that, for every j € J,
u(t,z) > d(x-e; —cp(t —t.) — L) — ge 00t — gemnlae;=L)

forallt > t. and x € H_] such that x - e; > L, with the same constants 6 > 0 and 1 > 0 as in
Lemma 3.1.

Proof. Let p >0, > 0 and w > 0 are defined as in (3.3)-(3.5). For any € > 0, let

a_ °
E=5 (3.7)

By Lemma 3.1, the conclusion of Lemma 3.2 holds for ¢ > § with the same time ¢, = ¢, as
in Lemma 3.1. It remains to consider the case 0 < ¢ < §. In this case, there is C. > C' > 0
such that ¢ > 1 —¢ in (—o0, —C.] and ¢ < ¢ in [C., +00). Let then R. be large enough so
that R, > éw + 2C, and

(max |f/| + M?) e—,u(RE—éw—QCg) S 5.
[0,1]

Since u(t,z) — 1 as t — +oo locally uniformly in ©Q, one can follow the proof of (3.2) to show
that there exists t. € R such that, for every 5 € J, the function

v(t, z) = max (¢(£(t, ) — d0e 2071 — gserlre=h) )

with £(t,x) = x-e; — ¢ (t —t.) —éwe™ ) + éw — L — R. + C., is a sub-solution of the problem
satisfied by wu(t,z) for t > t. and x € E with - e; > L. The conclusion then follows from the
comparison principle as in Step 3 of the proof of Lemma 3.1. O

Remark 3.3 An upper bound similar to (3.1) could also be obtained for all large ¢ with £ > 0
instead of 0 in the factors of the exponential terms, and with a shift 7. = —ew/0 — L — R. + C.
instead of 7y, for some C. > 0 and R. > 0. But the quantities 7. may not be bounded from
below independently of € and then may not be replaced by a quantity independent of ¢.

The next lemma is about the stability of the planar front in any branch #;.
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Lemma 3.4 There i1s M > 0 such that, if there are 5 € J, € >0, tg € R and 7 € R such that

sup  |u(to,z) — p(x-e; —cpto +7)| < e
z€H;,z-e;>L

together with ¢(L —csto+7) > 1—¢ and u(t,z) > 1—¢ for allt >ty and x € H; withx-e; = L,
then it holds
sup  |u(t,z) —d(x-ej —cpt+7)| < Me forallt > t.

z€H;,ze;>L

Proof. Let >0, 6 > 0 and w > 0 are defined as in (3.3)-(3.5). Let j, ¢, tp and 7 be as in the
statement, and define € as in (3.7). Since sup, ez y.e,>p, [u(to, 7) — Oz - €5 —cplo + 7)| < €, a
similar argument to those of Lemmas 3.1 and 3.2 imply that the following functions

max (gb(x nej —cft — wée 0tt) 4 e 4 T) — g§e0010) _ age—mlre;—L), O)

and
min (¢(z - e; — st + wée™0U=0) e 7Y 4 g5e70Ut0) 4 gsem e —L) 1)

are respectively a sub-solution and a super-solution of the problem satisfied by u(t, z) for all t > ¢,
and x € H; with x - e; > L (notice in particular that the assumptions made on ¢(L — cstg + 7)
and on u(t,z) with ¢t > to and = - e; = L imply that u is always trapped between the sub- and
the super-solutions at these points). It then follows that

O - ej — et — wée P04 ) — dge00 ) _ ggemmle—l) < oyt 1)
< p(x-ej — st +wée 00 g ) 4 g5e000) 4 g5emrl@ei=L)
forall t >ty and x € 7-[_] such that = - e; > L. For these t and z, since ¢’ < 0, one infers that
u(t,z) < p(x-ej — it —wé+7)+280 < d(x- e — ¢t + 7) 4+ wE||@|| oo (m) + 20,

Similarly, one can prove that u(t,z) > ¢(x-ej — cst +7) — wé||¢'|| Lo (r) — 285. As a consequence,
one has

sup  |u(t,x) — ¢z - e; — ct + 7)| < wWé||¢'|| o) + 260 = Me for all t > ¢,

xE?—Tj,I-esz
with the constant M = w||¢'|| L (®)/d + 2 being independent of j, €, t, and 7. O

The last auxiliary lemma is a Liouville-type result for the transition fronts connecting 0 and 1
for equation (1.1) in straight infinite cylinders.

Lemma 3.5 Assume that Qe = R X w = {a: ERY i 2, eR, 2 €Ew C RN_l} s a smooth
straight cylinder with bounded open connected section w and let v : Rx Qo — (0,1) be a transition
front connecting 0 and 1 for (1.1) in Q. Then there are o € {—1,1} and 7" such that

v(t,x) = dloxy — cpt +77) for all x = (21,2") € Q.
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v,t
transition front v. First of all, it immediately follows from (1.6)-(1.7) that there exists R > 0
such that, for every ¢ € R and every two points (x1,2’) and (y1,%) on the same connected
component of I', ;, there holds |x; — y;| < R. One then infers from (1.6) and (1.9) that, even if
it means redefining the interfaces I',;, one can assume without loss of generality that

Proof. Let (QF,);cr and (T'y;)icr be the sets satisfying (1.6)-(1.10) and associated with the
1

nt
Lyt = U {x = (21,7") € Qoo 1 11 = ftk} for every t € R,
k=1

where &1 < -+ < &, and the integers n; are bounded uniformly with respect to ¢ € R.
Since ¢y > 0, one can then follow the arguments used in [23, Theorem 2.6] (concerned with (1.1)
in RY) to conclude that v is a planar front v(t,x) = ¢(+a; — cpt +7*) for some 7 € R (here, the
Neumann boundary conditions on 9€2,, do not make additional difficulties, since the solution v
can be compared with sub- and super-solutions depending only on the variable x;). 0

3.2 Proof of Theorem 1.7

Lett; €R, i €R, 71 €R, d > 0and > 0 be as in Lemma 3.1. For every j € J, t > max(t,ts)
and x € H; with x - e; > L, there holds

¢z - ej —cp(t —ty) — L) — Ge0(—t2) — §enlaei=L)

3.8
<ult,z) < Pz - ej —cp(t —ty) +71) + de 2071 4 gemnlee—L), (3.8)

Consider now any sequence (t,),en such that ¢, — 400 as n — 400, and consider any j € J.
Remember that H; = He, w, ., is a straight half-cylinder as in (1.22). For every n € N,
let H} = H; — cstyne; be the shifted half-cylinder in the direction —e;. The half-cylinders H7}
converge to a straight open cylinder H3° parallel to e; as n — +o0. From standard parabolic
estimates, up to extraction of a subsequence, the functions

un(t,y) = u(t +t,, y + crtnej),

defined in R x Q2 — ¢yt,e;, converge locally uniformly in (¢,y) € R x W to a solution u(t,y) of

(Uoo)t — Ao = flUuse), tER, y € H,
(Uso)y = 0, teR, ye IH.

It follows from (3.8) that
Oy -ej —cp(t —t2) = L) S us(t,y) < @y - e —cr(t —t1) +71)

for all (¢,y) € R x ’H_;X’ In particular, us is a transition front connecting 0 and 1 for (1.1) in
the straight cylinder H;°. Lemma 3.5 (applied to a rotated cylinder) then yields the existence
of 7; € R such that ue(t,y) = ¢(y - €; — st + ;) for all (t,y) € R x H°. Therefore,

un(t,y) = ¢(y - €; — cpt +7;) locally uniformly in R x H2° as n — +oo. (3.9)
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Pick now any ¢ > 0, and let K > 0 such that ¢ > 1 —¢/2 in (—oo,—K] and ¢ < /2
in [K, +00). Define K1 = max(K —csty—7, K—7;) and Ky = min(—K —csto+L, —K—1;) < K;.
It then follows from (3.9) that

sup |un(0,y) — @d(y - e; + 7;)| < e for n large enough. (3.10)
yE?—T?, Ko<y-e;<Ki

Since t,, — +00 as n — +00, (3.8) implies that, for n large enough,

0<up(0,y) <e for all y € H_y such that y-e; > Kj,
1—e<u,(0,y) <1 forally EH_?such that Ky — %ftn <y-e; < K.

Since K1 > K —7; and Ky < —K — 7, one has 0 < ¢(y - e; +7;) < e/2 < e forall y € H}
withy-e; > Kj,and 1 —e <1—-¢/2<¢(y-e;+7;) <1lforally E’H_?Withy-ej < K. It then
can be deduced that, for n large enough,

U, (0,y) —@p(y - e; +15)| <e forally e H_?With y-e; > Ky or Ky — CQ—ftn <y-e; < Ks.
Together with (3.10) and the definitions of u,(t,y) and H}, one gets that, for n large enough,
[u(tn,z) — ¢(z - ej — cst, +7;)| < e for all z € H; such that - e; > Ky + %ftn. (3.11)

Notice that ¢(z - e; — cst, +7;) > 1 —¢/2 > 1 — ¢ for n large enough and for all z € H; such
that L <z -e; < Ky + ¢st, /2. Moreover, from Lemma 3.2 one infers that, for n large enough,
U(tn, ) > d(x - e —cp(ty —t.) — L) — ge n—te) — gemrl@ei=L) > 1 — 3¢ for all x € H; with
L <z-e; < Ky+cyt,/2, where t. is given in Lemma 3.2. Then for n large enough we get that

[u(ty,z) — ¢z - e; — ity +7;)| < 3e forallx € H; with L < z-e; < Ky + %ftn.
Together with (3.11) one infers that, for n large enough,
[u(tn, ®) — ¢(x - e — cptn +75)| < 3¢ for all ¥ € H; with z-e; > L.

Furthermore, since ¢(—o00) = 1 and u(t,-) — 1 as t — +oo locally uniformly in €, one in-
fers that, for n large enough, ¢(L — cst,, + 7;) > 1 — 3¢ and u(t,z) > 1 — 3¢ for all ¢ > ¢,
and r € E with « - ¢; = L. It then follows from Lemma 3.4 that, for n large enough,
lu(t,z) — ¢(x - e — cst + 7)] < 3Me for all t > ¢, and z € H; with = -e; > L, where the
constant M > 0 is given in Lemma 3.4. Since € > 0 is arbitrary, one infers that

u(t,z) — ¢(x - e; — eyt +7;) — 0 uniformly for z € H; such that z-e; > L, as t — +o0.

Since j € J was arbitrary and since u(t,-) — 1 as t — +o0 locally uniformly in 2, one obtains
that u(t,z) — ¢(z - e — ¢t + 1) — 0 uniformly in Ujc;(H; N Q) as t — +oo. Furthermore,
since u is increasing in time ¢, it also follows from (1.12) and (1.24) that u(¢,-) — 1 as t — 400
uniformly in Q\ Uje;H,;. As a consequence, (1.27) holds. Finally, with (1.24) and (1.27), it is
elementary to check that u is a transition front in the sense of Definition 1.1 with sets I'; and Q3
defined by (1.25) and (1.26). The proof of Theorem 1.7 is thereby complete. O
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3.3 Lower estimates of the time-derivatives of the solutions consi-
dered in Theorem 1.7

This section is devoted to the proof of some lower bounds for the time-derivatives of the solu-
tions u considered in Theorem 1.7. The following lemma will actually be used later in Section 4.2
for the proof of Theorem 1.8.

Lemma 3.6 Let 2, I, J and u be as in Theorem 1.7. Then, for every 0<a<b<1, there holds

inf u(t, ) > 0. (3.12)

(t,2)ERXQ, a<u(t,x)<b

Proof. First of all, from the regularity assumptions on f and €2 and from standard parabolic
estimates, the function u, is a classical solution of the equation (u;); = Au; + f'(u)u; in R x Q
with Neumann boundary conditions (u¢), = 0 on R x 99Q. The strong parabolic maximum
principle applied to the non-negative function u; then yields v, > 0 in R x Q (the function w,
can indeed not be identically 0 because of (1.24)).

Assume now by way of contradiction that (3.12) does not hold. Then there is a sequence
(te, Zr)ken in R x Q such that a < u(ty, ;) < b for all k € N and (¢, vx) — 0 as k — +oo0.
Three cases may then occur up to extraction of a subsequence: either ¢, — t,, € R, or ¢, — —o0,
or tp — +o00.

Consider first the case t, — t,, € R. Notice that, since u is time-increasing and satis-
fies (1.24) and (1.27), it immediately follows that u(t,z) — 1 as |z| — +oo with 2 € Uje;H;
and u(t,z) — 0 as |z| — +o0o with 2 € U,c;H;, locally uniformly in ¢ € R. Therefore, since
0 < a < utg, ) < b < 1, the assumption ¢, — t,, € R implies that the sequence (zy)gen
is bounded and thus converges, up to extraction of a subsequence, to a point z., € Q. As a
consequence, U (too, Too) = 0, which is impossible.

Consider then the case t; — —oo. By (1.24), one gets that, up to extraction of a subsequence,
there is i € I such that ), € H; for all k € N, with sup,y |£Ek'€7;—0f’tk" < +o00. Therefore, using
again (1.24) and standard parabolic estimates, the functions (¢, ) — u(t+ty, z+x)) converge in
C’t{ Z(R x H®) locally, up to extraction of another subsequence, to the front ¢(z - e; — ¢;t + o) for
some o € R, where H° is a straight infinite cylinder parallel to e; (as in the proof of Theorem 1.7
in Section 3.2). In particular, u(t, ) = —cp¢'(0) > 0 as k — 400, a contradiction. This case
is then ruled out too.

The case t; — 400 can be ruled out similarly to the previous one, using now (1.27) instead
of (1.24). The proof of Lemma 3.6 is thereby complete. O

4 Transition fronts in domains with multiple branches:
further properties

This section is devoted to the proof of Theorem 1.8 and Corollaries 1.11 and 1.12 on the existence
and uniqueness of the global mean speed of any transition front connecting 0 and 1 in domains
with multiple cylindrical branches. Throughout this section, €2 is a smooth domain with m (> 2)
cylindrical branches. Keeping in mind (1.2)-(1.4), we consider

0<b#, <0y<1 and >0

43



as in (2.3)-(2.4). Section 4.1 is devoted to the proof of some key-lemmas mimicking those of
Section 2.1 but adapted to the new type of geometry. Theorem 1.8 and Corollaries 1.11 and 1.12
are proved in the following sections.

4.1 Key-lemmas

This section is devoted to the proof of 3 key-lemmas on the spreading and contracting speeds of
the solutions of the Cauchy problem which are initially close to 1, resp. to 0, in some sections
of the branches H; or in a large central region, and are equal to 0, resp. 1, elsewhere. We first
remind that L > 0 is given in (1.23). For any branch H; and for any [ > 0 and R > 0 such
that | > R+ L, let v;; r(t,x) denote the solution of the Cauchy problem

{ (vigr)t — Avigr = f(vigr), t>0, z € ﬁ; (4.1)

(vig,r)y = 0, t>0, x €00
with initial condition
vip(0,2) =1—§ forx € H; withl — R<x-¢; <l+ R and v;;z(0,7) = 0 elsewhere in Q.

Lemma 4.1 For any ¢ € (0,cy), there exist some real numbers L. > L and R. > 0, such that
foranyi € {1,--- ,m} and any |l > R. + L., there holds

[—R.—L,

vigr. (t,2)>1-20 for all0 <t <T. =
Cyr— €

and x € H; with |z - e;—1|<(c;—e)t (4.2)

(notice that these points x belong to H; N Q since v+ e; > 1 — (¢; —e)T. = R. + L. > L) and
Vit (t,x) > 1 =30 forallt > T, and x € H; with Ro+ L. <xz-e; <1+ (cf—e)t. (4.3)

Proof. Take any ¢ € (0,c¢y). Let the parameters C' > 0, k > 0 and w > 0 be as in (2.8)-(2.9) in
Step 1 of the proof of Lemma 2.2. Define

ek ) crk )
0= min (D) o (k9 y
4 maxi 1] |f']" 2 4 maxi 1] |f']" 2 (4:4)

and let a € (0, 1] be such that
0 < f(s) < min(|f(0)], |f'(1)]) 6 = min(—6.£'(0), ~6.£(1)) forall s € [1 —ad.,1].  (45)
Let C. > C > 0 be such that
6> 1— ab. and |¢"] < min(|f(0)], |f/(1)]) & in (—c0, ~C.], and ¢ < &, in [Ce, +00), (4.6)

and let h. : [0, +00) — (0,4+00) be a C*([0, +00)) function satisfying

5
0<h. <landh” < =in[0,+0c0),
{ - c £ 2 [ ) (4.7)

h. =0 in a neighborhood of 0, h.(r) =r in [H., +00) for some H. > 0.
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Furthermore, define
R. =max (H.,h.(0) + 2w+ C.+C) >0 and L.=L—-C+C.>L>0 (4.8)

(the 2w term in the definition of R., instead of only w in the similar definition (2.12), is
used at the end of the proof of the present lemma, see Footnote 3 below). Finally, consider
any i € {1,--- ,m} and any real number [ > R, + L., define 7. > 0 as in (4.2), and let us show
the lower bounds (4.2)-(4.3) for the function v;; . with these parameters (notice that (4.2) is
actually immediate if 7. = 0, namely | = R, + L.).

Let now v : [0,7.] x Q — [0,1) be the function defined by

(t.2) max (¢({(t,z)) — de™ —6.,0) for t € [0,7t] and x € H; N Y,
v(t,x) = - N —
- for t € [0,7.] and = € Q \ H,,

where
C(t,x) =h(lz-e —1|) — (c;—e)t —we™ +w— R+ C.

Notice that v is continuous. Indeed, since | — L > 1 — L. > R. > H., it follows that, for any
0<t<T.andz € H; with z-¢; < L, one has ((t,x) > l-L—(cy—e)T:—RA+C = L.~L+C = C.,
hence ¢(((t,z)) < 6. and v(t,z) = max (¢(¢(t, x)) — de~°" — 4.,0) = 0. The continuity of v then
follows from its definition and from (1.23). Observe also that v is of class C? in the set where it
is positive.

Firstly, one can then follow the same arguments as in Step 2 of the proof of Lemma 2.2 to
show that the function v is a sub-solution of the problem satisfied by v;; g.(t,x) for 0 <t < T.
and z € Q. It then follows from the comparison principle that

vigr (t,x) >v(t,z) forall 0 <t < T, and z € Q. (4.9)

For any 0 <t < T, and € H; with |z - e; — | < (¢; — €)t, one has # € Q (as noticed in the
statement of the lemma) and ((t,z) < |z -e; — ] + h(0) — (¢f — &)t + w — R. + C < —C,
hence ¢(((t,z)) > 1 — ad. > 1 — 5. by (4.6). Since 6. < /2, we then get
vir(t,x) > v(t,x) > 1 -0, — et —¢6. >1—25forall 0 <t < T. and z € H; such
that |z - e; — [| < (¢f —¢e)t. This provides the desired lower bound (4.2).

Secondly, in order to show the second lower bound (4.3), let us set, for t > T,

[ ) max (p(&i(t,2)) + p(&(t,x)) — 1 — 26, — 0e°=T2) 0) for x € H; N,
w(t,@) = for z € Q\ H,,

where
&(tr) = —x-e —we ) L Lo+ O 4 2w+ h(0),

E(t,r) = x-e;— (¢p —e)t —we™®T) — [ 4 2w+ h (0) + C — R..

Notice that for all t > T, and x € H; with x-¢; < L, one has & (¢, 2) > —L+L.+C+w+h.(0) > C.,
hence ¢(&(t,z)) < d. and

max (¢(& (¢, @) + ¢(&(t, ) — 1 — 26, — Se 0T 0) < max(d.+1—1—26, — 6e 012 0) = 0.
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Therefore, w is continuous in [T, +00) x Q (and of class C? in the set where it is positive).

Let us prove that w(t,x) is a sub-solution of the problem satisfied by v;; (¢, x) for ¢t > T,
and z € Q. Let us first check the initial (at time 7.) and boundary conditions. First of all, at
time 7%, one has & (7%, z) < I —I+w+h.(0)+C—R. < —C. for all z € H;NQ such that x-e; <,
hence ¢(&(T:,z)) > 1 — ad. > 1 — 6. by (4.6). Moreover, for all such z, one has

C(Te,x) <lw-e;—1|+h(0) = (¢ —e)Tt+w— R +C = —w-e;+h(0) + L. +w+ C = & (T2, ).
Since ¢ is decreasing, it follows that ¢(¢(Tt, 7)) > ¢(£1(T%, x)) and, together with (4.9),
w(T.,z) <v(T.,z) <viyp (T, x) forall x € H; N Q such that z - e; < L.

Since [ > L.+ R., one also has § (1., 2) < I+ L.+ C+w+h(0) < —R. +C+w+h(0) < —C;
for all # € H; with 2 - ¢, > [ (notice that these points belong to € by (1.23)),
hence ¢(&(t,z)) > 1 — 6. > 1 — ad.. Moreover, for all such z,

Tz, x) <|wee;—1|+he(0)—(cp—e) TeAw—RA-C =2-€;—1+h.(0)—(c;—e) T.+w—R.A+C =& (12, v).
Since ¢ is decreasing, it follows that ¢(¢(T:, 7)) > ¢(&2(t, ) and
w(T.,z) <v(T.,z) <viyp (T:,x) forall x € H,; such that z - e; > 1.
Therefore, one infers that
w(T.,r) < v(T.,z) < viyp (T, z) forall z € Q.

For all t > T, and # € H; N Q with - e; < L, one has &, (t,2) > —L+ L. + C 4w + h.(0) >
hence ¢(£,(¢,7)) < 6. and w(t,x) = 0. One also has w(t,z) = 0 for all t > T, and x € Q \ H,.
Moreover, it is immediate to see that w,(¢t,z) = 0 for all t > T, and x € OH; with x-e; > L. As
a consequence, w, (t,x) =0 for all t > T. and x € 9 such that w(t,x) > 0.

Let us now verify that

Lw(t,r) =w,(t,z) — Aw(t,r) — f(w(t,r)) <0 for all t > T. and z € H; N Q with w(t,x) > 0
(remember that w = 0 in [T}, +00) x (Q\ H;)). For such (¢, z), a direct computation yields

Lw(t,z) = —¢"(&(t,2)) +woe TG (& (t, ) + e/ (&9(L, 2)) + wde TG (&5(t, )
+6%e700T) 4 f(6(&a(t, 2))) — flw(t, x))
< e/ (&a(t, ) + woe TG (& (1, x)) 4+ 67T 4 fo(&a(t,x))) — flw(t, x))
+f(0(&(t, 2))),

since ¢ is decreasing and ¢ + c;¢' + f(¢) =

Consider first the case z-e; < I. One has &(t, ) < l—(cy—e)T.—1+2w+h.(0)+C—R. < —C.,
hence ¢(&(t, 7)) > 1—ad. and f($(&(t,))) < min(|f(0)],|f/(1)])5. = min(—d.(0), —0 /(1))
by (4.5). If & (t,z) < —C, then 1 > ¢(&1(t,z)) > 1 — 0 and then

1> ¢t 2) >wlt,z)>1—-0+1—ad. —1—25. —5 > 1—44.
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It follows from (2.4) that f(¢(&1(¢ 2))) — flw(t, ) < (F/(1)/2)(1 — ¢(&(t, ) + 25 + Je0¢-T2)
and, together with ¢’ < 0,

F

Lw(t,z) < §2e 00T 4 5

(1= p(&(t, ) + 20, + 0e Ty — 65, f(1) <0

If —C <& (t,x) <O, then ¢/'(&(t, 7)) < —k and f(¢(&(t, x))) < 0. maxp ) |f'|. It then follows
from the definition of w in (2.9), from (4.4) and from the property « € (0, 1] that

Lw(t,x) < —cpk — kwde 7T 4 §2e700=T2) I[Iéaﬁ( | F/|(ad, + 26, + 6e00=T)Y)) 6, r[réaﬁi /'] <o0.

If & (t,z) > C, then 0 < ¢(&1(t, 7))
follows from (2 4) that f(o(&i(t,x)))

and

f '(0
2
Consider now the case x - e; > [. One then has

<6, wlt,r) <6 -2 <6, and w(t,z) < (&i(t,2)). It
= Flw(t,a)) < (£1(0)/2)(1 = $(Ea(t, 2)) + 26, + be00-T)

~—

Lw(t,z) < §2e 00T (1 — p(&(t, ) + 20 + 512y — 5_f'(0) < 0.

&t r) < —l+ L. +C+2w+h(0) < —R.+CH+ 2w+ h(0) < —C.,

hence ¢(&(t,z)) > 1 —ad. > 1—6 and

[ (& (t, 2))] < min(|F(O)], 1" (1)])de = min(=0-f(0), —0=f'(1)) < & max|f
by (4.6). If &(t,x) < —C, then 1 > ¢(&(t,x)) > 1 — 6 and ¢(&(t, z)) > w(t,x) > 1 —40. It
follows from (24 that f(9(€a(t,2))) — f(w(t2) < (F(1)/D(1 = 0{€(t,2) + 20, + e0-T)
and, together with (4.10) and ¢’ < 0,

Lw(t,x) < —6.f(1) + 6201 4 @(1 — @(&1(t, 1)) + 20, 4 6e 2T <.

Similarly, there holds Lw(t,x) < 0 if &(¢,x) > C. Finally, if —C < &(t,z) < C,
then ¢'(&(t, ) < —k and, together with (4.4) and (4.10),

Lulta) < —¢/(E:(ta)) — ok — whde ) 4 5270 ma | )38, + 00 T)

< 40 max |f'| — ek — de 00T (wk: — § — max |f’|> <0
[0,1] [0,1]

Finally, one concludes that Lw(t, z) < 0 for all t > T, and x € H;NQ. The comparison princi-
ple then yields v;; g_(t,7) > w(t,x) forallt > T. and z € Q. Consider now any t > 7. and x € H;
such that R.+L. < z-e; < [4+(cy—e)t. There holds & (¢,2) < —R.—L.+L.+C+2w+h.(0) < —C.
and &(t,x) < 1 —1+ 2w+ h(0)+C — R < —C.2 hence ¢p(&i(t,2)) > 1 —ad. > 1— 0.
and ¢(&(t,x)) > 1 — ad. > 1 — .. Since §. < §/2 one gets that

vigr, (tw) > wt,x) > 1—0.4+1—6. — 1 =20, — 5e 7T > 1 -3,

3In these upper bounds &;(t,2) < —C. and & (t,z) < —C., we use the 2w term in the definition (4.8) of R..
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which is the desired inequality. The proof of Lemma 4.1 is thereby complete. 0

For any branch #;, and for any { > 0 and R > 0 such that [ — R > L, let now w;; g(t, x)
denote the solution of the Cauchy problem

(Wirr): — Awiyr = f(wigr), t>0, z€Q,
(wigr)y =0, t>0, x €00

with initial condition w;1.z(0,7) = for ¥ € H; such that [— R < x-¢; < [+ R and w;; z(0,7) = 1
elsewhere in Q2.

Lemma 4.2 For any € € (0,c¢y), there exist some real numbers L. > L and R. > 0 such that,
forany i€ {l,--- m}, any R > R. and any l > R+ L., there holds

wir(t,r) <26 forall0 <t <T. = R__ig and x € H; with |z - e;—1| < R—R.—(c;+e)t
Cr

(notice that these points x belong to H;NQ since x-e; > |—R+R.+(cj+e)l. =1>R+L. > L).

Proof. Take any € € (0,¢s). Let the positive parameters C, k, w, d., and C. > C be defined
as in (2.8)-(2.10) in Step 1 of the proof of Lemma 2.2. Let h. : [0,4+00) — (0,+00) be a C?
function satisfying (4.7) with some H. > 0, and let R. > 0 and L. > L be defined as in (2.12)
in Step 1 in the proof of Lemma 2.2, namely

R. =max (H.,h.(0)+w+C.+C) >0 and L. =L —C+C. > L > 0.

Consider now any i € {1,--- ,m}, any R > R, and any | > R+L.. SetT. = (R—R.)/(c;+¢)
and define the function

_ { min (¢(C(¢,z)) +de % +6.,1) fort>0andz e H;NQ,
w(t,z) =

fort >0 and z € Q\ H,,

where B
C(t,x) = —h(lz-e; —1|) = (c; +e)t +we™® —w+ R~ C.

Pick any 0 < ¢t < T. and z € H; N Q such that - e; < L. Sincel > R+ L. > L >z -¢
and | — L >1—L. > R > R. > H., there holds h.(|Jz-e; = I|) = |x-e; =] =1 —x - ¢,
(tz) < ~l4+2-¢+R—-C < —L.+L—~C = —C. and ¢((t,x)) > 1 — &,
hence W(t,z) = min (¢({(¢,z)) + e +4.,1) = 1. Given its definition, the function w is
then continuous in [0, +00) x © (and of class C? in the set where it is less than 1).

One can then follow the same argument as for the proof of (2.20) in Lemma 2.4 to
get that w is a super-solution of the problem satisfied by w;;g(t,z) for 0 < t < T.
and x € Q. It then can be inferred from the comparison principle that w;; g (t,z) < W(t, )
for all 0 < t < T. and = € Q. Finally, take any 0 < t < 7T, and z € H,; such
that |x-e; —I| < R— R. — (c; +¢)t. Notice that z-e; > — R+ R. > L.+ R. > L, hence x € Q.
Furthermore, ((t,z) > —|z-e; — | — he(0) — (¢; +e)t —w+ R—C > R. — h.(0) —w — C > C.

and ¢(((t,z)) < d.. It then follows from 6. < 6/2 that

wig g (tx) <W(tx) < 5.+ de™ + 4. < 20.
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The proof of Lemma 4.2 is thereby complete. 0

The last lemma of this section is devoted to the proof of some upper estimates for contracting
solutions which are initially close to 0 in a large central region and in some parts of all branches.
For any R > L, let wg(t,x) denote the solution of the Cauchy problem

{ (@R)t — Awpg = f(wR)7 t>0, xe ﬁ’ (4.10)

(wg), =0, t>0, z e

with initial condition

wr(0,2) =6 for z € QN (B(O, Lyu U {zeHxe< R}) and wg(0,2) = 1 elsewhere in Q.
i=1

Lemma 4.3 For any e € (0,cy), there exists R. > 0 such that, for any R > R.+ L, there holds

R—R.—L

wr(t,x) <36 forall0 <t <T. =
cr+¢€

andazeﬁﬂ(B(O,L)UU{xGE:meigR—RE—(cvaa)t}).
=1

Proof. Take any ¢ € (0,¢f). Given 6 > 0 asin (2.4),let C > 0, k > 0, w > 0, 6. > 0 and
C. > C be as in (2.8)-(2.10). Consider a C? function h. : R — [0, 1] such that

9 S iLl S }AL// 9 }Al/ / < |f/(0)|5 (4'11)
(2¢7 + wO)IMe || ooy + Ol RE ] ey + 2Rl oo ) [ ey < =70

he=1in (—00,C], he=0in[C+£& —1,400), —1<h.<0inR,
5

for some & > 1, and let
R.=2C+w+E.. (4.12)

Finally, pick any R > R, + L, and define T. = (R — R. — L)/(cs + €).
For all t € [0,7.] and = € Q, let us set

) otherwise

o(t.2) = { he (6ot 2)B(E(t, ) + (1—he(&i(t, )8 if x € Hy withw-¢; > L, i =1,--- ,m,

and
w(t,x) = min (®(t,z) + 6. + de ", 1),
where
Gt x)=—x-e;— (c;+e)t twe™™ —w+ R-C.

We shall show that w is a super-solution of the problem satisfied by wg in [0, 7] x Q. Notice
first that for any ¢ € {1,---,m}, any 0 < ¢ < 7. and any € H; N Q with 2 -¢; < L, one
has §i(t,x) > ~-L—-R+ L+ R.—w+R—-C=C+¢& > C+E — 1, hence he(§(t,z)) =0
and this equality also holds in a neighborhood of (¢, z) in [0, 7] x 2. Owing to their definitions,
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the function ® and w are then continuous in [0,7.] x Q and the function ® is of class C2.
Furthermore,

Bt2) = $6 150 < 36 for all t€ 0. T]andxéQﬂ( 0, L) UU{xEH z- el<L}>

Let us now check the initial and boundary conditions. We have w(0,x) > d. + ¢ > wg(0, x)
for all x € H; N Q with - ¢; < R for some 4, and for all z € Q N B(0, L). Furthermore,
for all z € H; with z - e; > R for some i, one has &(0,z) < —C, hence h.(&(0,1)) = 1,
o(&i(t,z)) > 1 =6, and w(0,z) > min(l — 0 + d. + 6,1) = 1 > wg(0,z). As a result,
w(0,-) > wg(0,-) in Q. On the other hand, since W(t,x) = 6 + J. + de ™ for all 0 < t < T,
and z € QN (B(O,L) U U;’il{x eEH; :x-e < L}) and since each H; is parallel to e;, we
have w, (t,z) = 0 for all (¢,z) € [0, 7] x 0N such that w(t, x) < 1.

Let us finally check that

LW(t,x) =w(t,z) — Aw(t,z) — f(w(t,z)) >0

for every 0 <t < T, and = € Q such that w(t,x) < 1. Pick any such (¢,x) in this paragraph.
If z € B(0,L) or if x € H; with 2 -e; < L for some 4, one has w(t,z) = § + 6. + de™® (and
this equality holds in a neighborhood of (¢, ) in [0,7] x Q) and it then follows from (2.4)
that f(w(t,z)) < (£(0)/2)(0 + 0. + de~®) and

L(t,x) = —0% 0 — f(@(t,x)) > —6% 0 — @(5 46+ de o) > (— 5 — @)56& >0,

Assume now that z € H; with z - e; > L for some . If &(t,2) < —C, one has h.(&(t,z)) = 1,
p(&(t,x) > 1 =85 and 1 > w(t,xr) = ¢(&(t,2)) + 0. + de™® > 1 —§ (and these for-
mulas hold in a neighborhood of (t,z) in [0,7.] x Q). Then from (2.4) one gets that
f(o(&(t, ) — f(t,z)) > —(f(1)/2)(6: + de~°) > 0 and a straightforward calculation gives
Lu(t, ) = —e¢'(&(t, 7)) —wde ¢ (§(t,x)) — 6% + f(B(&i(t, ) — f(@(t, 7))
> —eq(&(t, 7)) — wde™/ (&(t, 7)) — 6% — (5. 4 de=) > 0,
since ¢ < 0, f/(1) < 0and § < |f'(1)]/2. If —=C < &(t,2) < C, one still has h(&(t, z)) = 1 and
w(t,r) = ¢(&(t, x))+0.+6e° (and these formulas hold in a neighborhood of (¢, z) in [0, T.] x Q).
Furthermore, —¢/(&(¢,x)) > k and f(¢(&(t,2))) — f(w(t,z)) > —maxpq | f/|(0- + de°"). Then
from (2.9) one has
Law(t,x) = —e¢/(&(t,2)) — wde ¢ (&(t,2)) — 6%~ + f(o(&(t,2))) — f(@(t, @)
> ek + whde ™ — §%e % — max | f/](8: + de™°) > 0.

Lastly, if &(t,z) > C, one has 0 < ¢(&(t,z)) < 0, hence 0 < ¢(&(t,x)) < P(t,z) < 6
and 0 < ¢(&(t, ) < ®(t,x) < W(t,x) = O(t,x) + 6. + de™® < 36. It follows from (2.4)
that f(¢(&(t,2))) < 0 and, together with . < 1,

e (6 ) (Bt ) — F@(t2)) > F(B(En)) — F(w(t,))
PO (1 et ) (- bt )
0) (6. + de™0").

> - ! /;0) (0c+0e™™)

/'O
2
f(

Vv

2
20



Since 0 < & < ¢p, he >0, h. <0, ¢ >0and ¢ < 0in R, it then follows from (2.4) and (4.11)
that
Lw(t,x) = (cf + & + wde ) hL(&(t,2))(5 — $(&i(t, 2))) — (e + wde” Mhe(&(t, )¢ (&t )
+ fbé’(&(t, 2))(0 = p(&i(t, 2))) — 2hL(&(t, @) (&i(t, ) — 6%~
+he(&(t, 2)) f(9(&(t v))) — f (@t 2))
—6(2cs + wo)|L(&(E @) — [BL(&(t, 2))]8 = 2[RL(& (t, 2))||¢/ (&t )]

— 626—(515 f,; )((S + 56—515)

v

> 0.

As a conclusion, there holds (¢, z) — Aw(t,r) — f(@(t,z)) > 0 for all (¢,x) € [0,T] x Q
with w(¢,z) < 1. The comparison principle then yields wgr < w in [0, 7] x 2. Consider now any

€[0,7.] and z €N (B(O,L)UU{xGE:x-ei gR—RE—(cf+€)t}).
i=1

On the one hand, if x+ € B(0,L) or if € H; with 2 - ¢; < L for some i € {1,--- ,m},
then wg(t,z) < wW(t,x) < § + 6. + de™® < 3. On the other hand, if x € H; with
L <z-e; < R—R.—(cy+e)t for some i, one has §;(t,z) > — R+ R.—w+R-C=C+& > C
by (4.12), hence ¢(&(t, 7)) < 6 and ®(t, z) < §. Therefore, wx(t,z) < W(t,x) < 6+.+5e~% < 34.
The proof of Lemma 4.3 is thereby complete. O

Remark 4.4 As in Remark 2.5, it follows from their proofs that one can choose L. > L and
R. > 0 in such a way that the conclusions of Lemmas 4.1, 4.2 and 4.3 hold simultaneously.

4.2 Proof of Theorem 1.8

Throughout this section, we assume that, for every ¢ € {1,---,m}, the time-increasing front-
like solution wu; of (1.28) propagates completely, in the sense that u;(t,2) — 1 as t — +o0
locally uniformly in = € Q. We consider any transition front u connecting 0 and 1 for (1.1), and
associated with some sets (QF ),cg and (I';)ier. By comparing u with some front-like solutions u;,
we first show that u propagates completely as well, and we derive a result similar to Lemma 2.6,
namely that the interfaces I'; are located far away from the origin at very negative and very
positive times.

Lemma 4.5 Under the above assumptions, the front u propagates completely in the sense
of (1.12) and, for every p > 0, there ezist some real numbers Ty < Ty such that

QNB(0,L+p) CQ forallt <Ty, and QN B(0,L+p) CQFf forallt > Ts.

Proof. First of all, as in the proof of Lemma 3.5, one can assume from Definition 1.1 without
loss of generality, even if it means redefining Q and T'y, that, for every t € Rand i € {1,---,m},
there is an non-negative integer n,;; € {0,--- ,n} and some real numbers L < &, < --- < itz
(if n;y > 1) such that

N4t

thHi: U{xe?—li:mei:&,t,k}, (413)
k=
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where n is as in (1.9) and with the convention T'; N H; = 0 if n;; = 0. By (1.6), every Q
must then contain a half-infinite branch, that is, for every ¢ € R, there exist R; > L and
i € {1,--- ,m} such that

{xEHit:x-eit th} C Q.

In particular, by denoting i = iy, Definition 1.1 implies that w(0,z) > 1 — § for all z € H; with

x-e; > R+ Mjy, where we recall that 6 > 0 is given as in (2.4). Since u;(t,x)—¢(—z-e;—cst) — 0

as t — —oo uniformly in H; N Q and u;(t,r) — 0 as t — —oc uniformly in Q \ H;, there

exists 7 € R such that u;(7,z) < 6 for all z € H;NQ with x-e; < Ry + M; and for all z € Q\ H,.
Define now the function

u(t, r) = max (%(t + 74+ we % — w,x) — 56_&7 0)

and let us check that it is a sub-solution for u in [0, +00) X Q, for some constant w > 0 to be
chosen. Observe first that u(0,-) > u(0,-) in  and that u,(¢,2) = 0 for all t > 0 and = € 99
such that u(¢,z) > 0. Furthermore, for any fixed (¢,x) € [0, +00) x Q with u(¢,z) > 0, one has

Eﬂ(tv ZL‘) = Qt<t7$) - Aﬂ(tv :B) - f(@(tv ZL‘))
= —wd(u;)(t+7+we " —w, x)e % + 527 + f(u;(t+7+we ' —w,z)) — f(u(t,z)).

If wi(t +7+we™® —wx) > 1 -0, then 1 > u;(t + 7+ we™® —w,x) > ult,r) > 1—20
and f(u;(t+7+we ™ —w, )~ f(u(t, z)) < (f'(1)/2)de~% hence Lu(t, z) < 6(6+f/(1)/2)e™® <0
since (u;); > 0 and 6 < |f'(1)|/2 = —f/(1)/2. Similarly, if w;(t + 7 + we™ — w, 1) < 6,
then u(t, r) < u;(t+7+we " —w,z) < §and f(u;(t+7+we " —w, z))—f(u(t,z)) < (f(0)/2)de~?,
hence Lu(t,z) < §(5 + f(0)/2)e® < 0. Call now

k= _ inf (U’i)t<87 y)u
(5,9)ERXQ, §<u;(s,y)<1—68
which is a positive real number by Lemma 3.6 applied to u; (with I ={i} and J={1,--- ,m}\{:}),
and choose w > 0 such that
Rw > (5+r[r(1)aﬁ<]f’].

For that constant w, if follows that, if & < w(t + 7 + we™ — w,x) < 1 — 6,
then (u;)(t + 7 +we™ —w,r) > k and Lu(t,z) < (—Kw + 6 + max |f')de=% < 0. As
a conclusion, Lu(t,z) < 0 for all (¢,2) € [0, +00) x Q such that u(t,z) > 0. One then deduces

from the comparison principle that
u(t,z) > u(t,z) > u(t + 7 +we™® —w x) —de ™ forallt>0andz € Q.

Since u;(t, r) — 1locally uniformly in x € Qast — +oo by assumption, one gets that u(t, z) — 1
as t — 400 locally uniformly in = € (), that is, u propagates completely. Furthermore, as in the
proof of Lemma 2.6, this implies that, for any p > 0, there is 75 € R such that

QN B(0,L+p) CQ foralt>T.

We turn to consider the first conclusion of Lemma 4.5. It is sufficient to show the assertion
for any p > 0 large enough, and then it will hold automatically for any p > 0. So, consider
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any € € (0,¢f], let L. > L and R. > 0 be as in Lemma 4.1, and let p be any large positive
number such that

U{yeHi: Lo+ R <y-e; < L.+ 3R+ M} € QN B(0,L+p). (4.14)

=1

Consider any such p and assume now that the first conclusion of Lemma 4.5 is false for
that p. Then, from (1.6), two cases may occur: either there is a sequence (t,)ney — —00
such that QN B(0, L + p) N Ty, # () for each n € N, or there is a sequence (t,)neny — —00 such
that QN B(0, L + p) C Qf for each n € N.

Case 1: QN BO,L+ p)NnT,, # O for each n € N. For each n € N, pick a
point =, € QN B(0,L + p)NnT,,. By (1.7)-(1.8), for any R > 0 there is r > 0 such that,
for each n € N, there exists y,, € Qf with do(z, y,) < r and do(yn, T,) > do(yn, It,) > Ms+R.
Thus, up to extraction of a subsequence and by taking R > R. large enough inde-
pendently of n, there is ¢« € {l,---,m} such that, for each n € N, vy, € H,,
Yn € > R.+ L., E, = {y € Hi:|ly-e —yn-e| < RE} C Qf and do(E,,Ty,) > Ms
(notice that 7 can be chosen independently of n up to extraction of a subsequence, since the
number m of branches is finite). This implies that u(t,,y) > 1 — & for all y € H; such
that |y - e; — yn - €;| < R.. Tt then follows from the comparison principle and Lemma 4.1
that, for every n € Nand ¢ > ¢, + (yn - €, — R. — L) /(cy — €),

w(t,y) > Vignesm (t—tn,y) > 1—36

for all y € H; such that L. + R. <y -e; <y - €; + (cy —e)(t —t,). Since the sequences (Z,)nen
and then (y,)nen are bounded, passing to the limit as n — +oo in the previous inequality and
using lim,, , . t, = —oo leads to

u(t,y) > 1—36 forallt € R and y € H; such that y-e; > L. + R..

Take now any sequence (t})gen such that tj, — —oo as k — +o0o. Then u(t,,y) > 1 — 34 for
all y € H; such that y-e; > L. + R.. By a similar argument to that of the first assertion, we
can show the existence of 7/ € R and w’ > 0 such that, for every k& € N, the function

u(t, x) = max (ui(t + 7' + w'e”” — W', x) — 36e*,0)

is a sub-solution of the equation satisfied by u(t), + -,-) in [0,+00) x Q. By the comparison
principle one infers that, for every k£ € N,

u(t,z) > u(t —th,x) > u;(t —th, + 7 +we 2% — o' 2) — 30 for all t > ), and z € Q.

Since t} — —o0 as k — +o0 and u;(t,z) — 1 as t — +oo locally uniformly in x € Q, one gets
that u(t,z) > 1 for every (t,r) € R x , which is a contradiction.

Case 2: QN B(0, L+ p) C Q for each n € N. Owing to the property (4.14) satisfied by p,
it follows that, for each n € N and i € {1,--- ,m}, there holds u(t,,y) > 1—6 for all y € H;
such that L. + R. < y-e; < L.+ 3R.. Following the same arguments as in case 1, one can reach
a contradiction. The proof of Lemma 4.5 is thereby complete. O

We are now ready to carry out the proof of Theorem 1.8. Roughly speaking, we show that,
for any small € > 0, the large regions where u is close to 1 expand with speed at least ¢y — 3¢
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in each branch and also from the center of the domain to the other branches, whereas the large
regions where v is close to 0 retract with speed at most ¢y + 3¢ in each branch and also from
any branch to the center of the domain.

Proof of Theorem 1.8. Our goal is to prove that do(I'y,I's)/|t —s| — ¢f as [t — s| = +oo.

We shall first show that
dﬂ (Ft7 Fs)

lim inf > 4.15

e s = (4.15)
and then 4 (T T

lim sup da(ls, L) < cy. (4.16)

[t—s|—+o00 |t - 8|

Throughout the proof, § € (0,1/4) is given as in (2.4).

Step 1: some notations. First of all, as in the beginning of the proof of Lemma 4.5, one can
assume without loss of generality, even if it means redefining QF and T, that, for every t € R
and ¢ € {1,---,m}, there are a non-negative integer n;; € {0,--- ,n} and some real numbers
Eipa < <&im,, (ifny > 1) such that (4.13) holds.

Consider now any ¢ € (0,c¢r/3). Let L. > L and R. > 0 be such that the conclusions of
Lemmas 4.1, 4.2 and 4.3 hold (see Remark 4.4), and let R. > 0 be such that

{z EHNQ: |z-ei—y-e] < RE} C {z cH;NQ:da(z,y) SEE} (4.17)
for every i € {1,---,m} and every y € H; N Q with y - e; > R.. Let also D. > L be such that
Vie{l,---,m}, Ve e H;\ B(0,D.), x-e;>L.+3R.+Ms+ry 5, (4.18)

where r), 7= > 0 is given in (1.8) with M := M; + R.. Lemma 4.5 then yields the existence of
two real numbers T} < T2 such that
QN B(0,D.)CcQ; forallt <T' and QN B(0,D.) C Q forall t > T2 (4.19)

It then follows from (1.23) and (4.18)-(4.19) that, for every t > T2,
E:=Qn (B(O,L)UU{y EHiiy e < L5+3Re+rM5+§E}> c QN B0,D.) C QF
i=1
and dq(y,Ty) > Ms for all y € E, hence

u(t,y)>1-4 for all t>T2 and y€ QN (B(O, Lyu U {yeH;y-e §L8+3R€+TM5+R—E}>. (4.20)

i=1

In particular, for every i € {1,---,m}, we have u(t,y) > 1 —0 forall t > T2 and y € H;
such that L. + R. < y-e; < L. + 3R.. Lemma 4.1 applied with [ = R. + L. then implies
that, for all 7 > R./(c; —¢) and t > T2, u(t + 7,y) > 1 — 36 for all y € H,; such that
L.+ R.<y-e; < L.+ 2R. + (¢f — )7. This together with (4.20) yields

€

Cf—€

u(s,y) > 1-30 for all s, ¢t > Tf with s —t > and

" (4.21)
yeqn (B(O,L) Ul JfyeH:y- eigLE—i—QRs—l—(cf—a)(s—t)}).
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Furthermore, it also follows from (4.13) and (4.18)-(4.19) that
&g > Le + 3R+ Ms+ 7y, 7 forallie{l,--- m}andte (—oo0, T}]U (T2 +00), (4.22)
with the convention §; ;1 = +oo and I'y " H,; = 0 if n;; = 0.

Step 2: the lower estimate (4.15). In order to show (4.15), we first claim that

lim inf —dQ (I, T's)

t<s<T}, |t—s|—>+o0 ‘t — S|

> cp— 2e. (4.23)

Assume by contradiction that there exist two sequences (¢ )ren and (sg)ren such that ¢, < s, <T!
for all k € N, s —tp — 400 as k — +o00, and do(I'y, . I's,) < (cy — 2¢) (s, — tx) for all k € N.
By definition of the distance, there exist two sequences (xy)reny and (2x)ren such that zy € Iy,
2, € Iy, and do(zk, 21,) < (cf —2¢)(sk —tx) for all k € N. It follows from (1.23) and (4.18)-(4.19)
that, for each k € N, there is iy, € {1,--- ,m} such that z € I';, N H;, and

Tg - €, > Le + 3R+ Ms + 7,5 - (4.24)
Furthermore, by (1.7)-(1.8), for each k € N, there is y; € ' such that
do(vk, yr) < Ty, and da(ye, ) > Ms + R.. (4.25)
It follows from (4.24)-(4.25) that
yr € H;, and yg-e;, > L.+ 3R, + M. (4.26)

One then gets from (1.23), (4.17) and (4.25)-(4.26) that Ey:={y € H,i, :|y-€;,—yr-€i,| <R} CQf
and dQ(E, Ftk) > Mjs. Thus u(ty,y) > 1 —6 for all y € H;, such that |y -e;, —yi - €;,| < Re.
Moreover, yi - e, > R. + L. by (4.26) and the comparison principle implies that
u(t,y) = Vi gpees, R (t =ty y) for all t >t and y € Q, with the notation (4.1). Lemma 4.1
then yields

' ‘e, —R.— L.
u(t,y) >1—25 forall0<t—t, <T., =2
Cf— €
and y € H;, with |y e, —yi - e, | < (cf —€)(t —ta), (4.27)
u(t,y) >1—30 forallt—t,>1T.,
~ and y € 7y, with R+ Lo < y-eq, < e e, + (cp — €)1 — 1)

(notice that the points y considered in the first line automatically belong to H,;, N Q since
y-ei, >Yp-€,—(cg—e)lep =R+ L. > L).
If T} — t > T, for some k € N, it follows from (4.27) that

u(ty + Top,y) >1—25 forally € H;, with Lo + R. <y-e;, <yp-eq + (cf—e)Trp. (4.28)

Since T.x = (yx - €, — R- — L.)/(cy — €), one infers from (4.26) and (4.28) the existence of a
point y, € H,;, such that L. + R. < yi-e;, < Lo + 2R, and u(ty + T.x, yx) > 1 — 24. It follows
from (4.18)-(4.19) that g € Qt—wTs,k and do(k, Ty, 11, ,) > Mjs, hence u(ty + T.x, i) < 0. This
contradicts u(ty + 1.k, yx) > 1 — 20.
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Therefore, there holds s, — £, < TE1 —ty < T. for every k € N. It follows from (4.27) that
u(sp,y) >1—25 for all y € H;, such that |y-e;, —yx- e | < (¢p —&)(sp — t1), (4.29)

and these points y belong to H;, N Q since y - e;, > yi - €;, — (cf—e)(sk —tk) > Le+R. > L
due to sy —tx < T.p = (yi - €;, — L. — Re)/(cy — ¢). For each k € N, since z;, € T';,, one infers
from (1.7)-(1.8) the existence of y;, € Q7 such that dq(z,y;,) < ra; and da(y;, I's,) > M;, hence

u(Sk, Yp) < 0. (4.30)
Since do(Tk, yr) < 7ap, 47 and do(wk, 21) < (cp — 2€)(sg — tx), one has
do(yr, yi) < Tasi R T (cp —2¢e)(sk, —t) + g, < (cf —e)(skg —tg) for k large enough.
Then (4.29) implies that vy, € H;, and u(sg,y,) > 1 — 2§ for k large enough. This contra-
dicts (4.30). Hence the claim (4.23) has been proved.
Secondly, we claim that

lim inf —dQ(Ft’ L)

T2<t<s, |t—s|s+oc |t — §|

> cp — 2. (4.31)

Assume by contradiction that there exist two sequences (f;)ren and (Sg)reny such that
T? <ty < sk, sk — ty = +00 as k — 400 and do(Ty,,Ts,) < (c; — 2¢)(s, — tx) for all k € N.
By definition of the distance, there exist two sequences (xy)reny and (zx)ren such that zy € Iy,
2 € Iy, and do(zk, 21) < (¢f — 2¢)(si — tx) for all & € N. As in the proof of (4.23), proper-
ties (4.18)-(4.19) imply that, for each k € N, there is i, € {1,--- ,m} satisfying z, € I';, N H,,
and (4.24), and then by (1.7)-(1.8) there is y, € Q. satisfying (4.25). As above, (4.27) then
holds.

On the other hand, for each k € N, since 2, € I'y,, it follows from (1.7)-(1.8) that there
exists y;, € Q0 such that do(zx,y,) < rag,; and da(yy, [s,) > M;. This further implies that

u(sp, yp) < 0. (4.32)

Moreover, since g, yp € H,;, , since do (g, yr) < 7,47 and since do(xk, 2zi) < (cp—2¢)(sp—ty),
one infers that

3e
Aoy, Y1) < Tagyom, + (07 = 26) (s =) + 1o, < (e = 5 ) (s = 1) < ey — ) (s — t4) (4.33)

for k large enough. If s, —tp < T, = (yx - €, — Re — L.)/(cy — ¢) for a sequence of k’s, then
Yy - €, > Uk ey, — (g —3/2) (s, —ty) > Re+ L. > L

and y, € H;, for these large enough k’s, while (4.27) implies that u(sy,y) > 1—28 for all y € H,,
with |y -e;, — yk - €, | < (e¢f —€)(s — ti), hence

u(s, yp) > 1 — 20. (4.34)

This contradicts (4.32). Therefore, s, —1) > T, for all k large enough and it follows from (4.27)
that u(sy,y) > 1—30 for all y € H,;, such that R. + L. <y-e;, <wyp-e;, + (cf—e)(sk—1tx). By
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remembering that y, € H;, together with (4.21) and (4.33), one then gets that u(sy,y;) > 1—30
for k large enough, whether v}, be in H;, or in B(0,L) or in another H; with j # ix. As a
consequence, one has contradicted (4.32) and the proof of the claim (4.31) is thereby complete.

Thirdly, we prove that
.. dQ (Ft7 Ps)
liminf —————=

> cy — 3e. 4.35
li—s|to00 |t —s| ! (4.35)

Assume by contradiction that there exist two sequences (tx)ren and (Sg)ren of real numbers such
that ¢, < s, s — t, — +00 as k — +oo and

dQ(Ftk7 Fsk> < (Cf — 36)(Sk — tk) for all k£ € N. (436)

Then six cases may occur up to extraction of a subsequence, namely, case 1: tp < s, < TE1 for
all k € N; case 2: ), < T! < sp < T2 for all k € N; case 3: &), < T! < T2 < s;, for all k € N;
case 41 T} <t < s < T2 forall k € N; case 5: T} < ¢ < T2 < s, for all k € N; case 6:
T? <ty < s, for all k € N. In fact, cases 1 and 6 can not happen for large k by (4.23) and (4.31).
Furthermore, since s, — tx — +00 as k — 400, case 4 is ruled out immediately.

Now we consider case 2. In this case, one has ¢, = —oo as k — 400 and it follows from (4.23)
that do(Ty,,Ir2) > (¢f — 5¢/2) (T} — ti) for large k. Since |s, — T} < T2 — T for all k, prop-
erty (2.30) (which also holds similarly to [22, Lemma 3 and Remark 3] and [29, Propositions 1.2
and 4.2] in domains with multiple branches) yields the existence of a constant M > 0 such that
do(T'y,,Ts,) > do(L'y,, I'm) — M for all k € N, hence do(I'y,,I's,) > (¢ — 3¢)(sp — &) for large k,
a contradiction with (4.36). Similarly, one can reach a contradiction with (4.36) in case 5.

It remains to handle case 3. We assume without loss of generality that t, — —oo
and s; — +00 as k — +oo (otherwise, by decreasing T and increasing T, one can reduce case 3
to case 2 or case b). It follows from (4.36) that there are two sequences (z)ken and (2x)ren such
that

xp €y, 2z €l and do(xg, 2x) < (c¢f — 3¢)(sk — tr) (4.37)

for every k& € N. Correspondingly, as in the proofs of (4.23) and (4.31), there are two se-
quences (yx)ken and (y;,)ren such that x, € H,;, for some i, € {1,--- ,m},

{ yk € Qf N My, do(r, ye) < 7aims do(ue Do) > Ms + R, (4.38)

yllc € Qs_,d dQ<Zk7Z/1;) S TM(;u dQ(y;wFsk) Z M§7 u<5k7y]/g) S 57

and (4.27) holds. As above, if s, — ¢, < 1., = (yx - €, — Re — L:)/(cy — ¢€) for a se-

quence of indices k’s, one infers as in the proof of (4.34) that, for these large k’s, v, € H,,

and u(sg,y;) > 1 — 26, contradicting the inequality u(sk,y,) < ¢ in (4.38). Therefore,
yk"ez’k_Re_La

Sp—ty >T = ,
Cf—€

for all k& large enough, and (4.27) implies that
u(sp,y) >1—36 for all y € H;, with R+ L. <y-e;, <uyp-ei, + (cp—e)(sp —tp).  (4.39)

Now, since t, — —oo and s, — +o0o as k — 400, Lemma 4.5 together with (4.37)-(4.38)
implies that limy_, o0 |25 = limy o0 |2k] = 400 and limy oo |y = limg 400 Y| = +00. In
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particular, for all k& large enough, there is j, € {1,---,m} such that y;, € #H;,. In order to
reach a contradiction and complete the proof, we shall consider two cases, up to extraction of a
subsequence: either j, = i, for all k € N or j; # i for all £ € N. Since

do(Yr, Yi) < da(yr, tr) + do(wr, 2) + dalzr, ) < rarom + (cf — 38)(sk — tr) + 7oy,
the former case yields
Re+ Lo <y ey <ypeei + (cp — &) (s, — t)

for large k and wu(sk,y,) > 1 — 30 by (4.39), contradicting the inequality wu(sg,y,) < 0
in (4.38). Consider now the case where j, # i, for all & € N (that is, roughly spea-
king, the front goes from a branch H;, at time ¢, to another branch , at time s;). Since
limy sy oo || = limg—s 100 |Yi| = +00, it then follows from (1.23) that there is a constant A > 0
such that

do(Yk, vy) > Yk - €, +yp - €j, — A forall k € N.

Therefore,
Ur € < daye yi) — Y- e+ A <y (op = 36)(sk — te) +ragy —yn e, + A (4.40)

for all £ € N. Let now (X;)1<i<m be some points (independent of the indices k) such that X; € H,;
and X; -e; = R. + L. for each i € {1,--- ,m}. It follows from (4.18)-(4.19) that X; € Qi}
and do(X;,I'r1) > M;, hence u(T}, X;) < § for each ¢ € {1,---,m}. On the other hand,
if T} —t), > T.j for some k € N, then (4.27) implies that u(7T}, X;,) > 1 — 34, leading to a
contradiction. Therefore, T} —t;, < Trp = (yx - €;, — Re — L.)/(cy — €) for all k € N. Together
with (4.40), one infers that

Ui €5 < Tapom + (cp—3e)(sk —tk) +ragy — Re — Le — (cp — ) (T — ) + A
= (Cf — 3€)Sk + 2ty + T Ms+ Tz + rms — R, — L, — (Cf — 8)T81 + A
< Lo+ 2R+ (¢p — &) (se — T2)
for all k large enough, since sy — 400 and ¢, — —oo. Finally, (4.21) then yields u (s, y;) > 1—30
for all k large enough, contradicting the inequality u(sg,v;) < ¢ in (4.38). Consequently, case 3

is ruled out too.
As a conclusion, (4.35) holds for any € € (0, ¢;/3) and the proof of (4.15) is thereby complete.

Step 3: the upper estimate (4.16). We first claim that

lim sup <y + 2. (4.41)

t<s<T2l, |t—s|—>+oo |t - S|

Assume by contradiction that there exist two sequences (f)gen and (sg)ren such that
ty < sp < T2, s, — tpy — 400 as k — 400 and

d(I'y,,Is,) > (¢f +2¢)(s, — ty,) for all k € N. (4.42)

It follows from (1.23) and (4.19) that, for every i € {1,--- ,m} and k € N, either H,NI";, # ()
or H;NQ C €, . Furthermore, for every k € N, there is at least one integer 4 such that H;NI';, # )
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(otherwise, €2; would be the whole domain €2). Consider now some integers & € N and
i€{l,---,m} such that
Ly, NH; # 0,

in other words ;.1 € R. Then there is x, € H; NI, such that z; - e; =
by (1.7)-(1.8) there is yp € Qi such that do(zx,yx) < 73,5 and do(ye,Ty,) > Ms + R..
As in Step 2, it follows that (4.26)-(4.27) and (4.29) hold with ¢ = i, together
with sp —t) < T} =t < Tep = (yr - € — Re — L2)/(cy — ). Since do(zr,yk) < a4z
property (4.29) especially implies that

u(sg,z) >1—28 for all z € H; with Citpn — T, — Ms < x-e; < &y1 4+ Ms 41,

if k is large enough (so that (cy—¢)(sp—tr) > Mstrag 47y, 7), hence {x € Hi:x-e; =4, 1} CQL
Using (4.18)-(4.19), we then get that

Do, N{zeH;: Le+3R.+Ms+ry <z 6 <&y} 70 (4.43)
if k is large enough. Together with (4.42), one infers that
Eir — (cf +28) (81, — ty) > Le + 3Re + M5 + 7y 7 (4.44)

for every i € {1,--- ,m} and k (large enough) with #; NIy, # 0. Furthermore, if #; NI, =0
(that is, n;4, = 0), then (4.44) holds immediately since &, 1 = 400 in this case by convention.
In other words, (4.44) holds for all k£ large enough and for all i € {1,--- ,m}.
On the other hand one has 2N (B(O, L)Uuﬁl{x EH;: xe; < &-%1}) C Q, forevery k € N
by (4.13) and (4.19) (remember especially that H; NQ C Q and &4, 1 = +o0 if H; N Ty, = 0).
Having in mind (4.22), set for each k € N
Pk = min éi,tk,l — Ms > Lz—: + 3Rz—: + "M+ R > RE + L

1<i<m

(notice that py is a real number since there is at least one of integer ¢ such that H; NIy, # () and
then &4, 1 € R). Therefore, u(ty,y) < d for ally € QN (B(O, Lyu Ui’il{y EH;iy-e < pk})
The comparison principle then implies that u(t, +t,y) < @, (¢,y) for all t > 0 and y € Q, with
the notation (4.10). Notice that (4.44) also yields s, —t; < (px — R. — L)/(cs +¢) for all large k.

By Lemma 4.3, it then follows that, for all large k,
u(sg,y) <30 forally € QN (B(o, L)yu U {yeH;y- eigpk—Rs—(cf—Fé)(sk—tk)}). (4.45)
i=1

Let, for each k € N, 4, € {1,--- ,m} be an integer such that p, = &, 1,1 — Mj;. By (4.43), for
each k large enough, there is z;, € I';, NH;, such that L. + 3R, + M; + Trs+ e < 2k €ij, < Cin il
and, by (1.7)-(1.8), there is y, € Qf such that do (2, y;) < 7as; (£ 7y, 0 7) and da(yy, Ts,) > Ms.
In particular, there holds

u(Sg, ) > 1—0. (4.46)

On the other hand, by (4.42), one has L4y, < Lo4ry, 7 < zieei, < iy o1 —(cr+3¢/2) (se—t)
for all k large enough, while dq(z, y;.) < ra, implies that y, € H,;, and

3e

5 )(Sk —tk) +ru; < pr— Re — (Cf—l-E)(Sk —tk)

Y € <z ey < il — <Cf +
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for all large k. By (4.45), one then gets that u(sg,y,) < 39, which contradicts (4.46). This
completes the proof of the claim (4.41).

Secondly, we claim that

lim sup
T2<t<s, |t—s|—+oco |t — s|

< cp 2. (4.47)

Assume by contradiction that there exist two sequences (f)gen and (sg)gen such that
T? <ty < Sk, Sk, — ty — 400 as k — 400 and

d(l'y,,Ts,) > (¢f +2¢)(s, — ty) for all k € N.

As above, (4.19) implies that, for each k € N, there is iy € {1,--- ,m} such that I's NH,; # 0
(otherwise, Q2 would be the whole domain €2). We then claim that

Ftk. N {.17 < %Zk L.+ 3R. + M;s + T Ms+R. <x-€, < Sik,sk,l} 7é 0. (448)

Assume not. Then (2N B(0,D.))U {x €Hiy t Le+ 3R+ Ms+ry, 7 <T-e5 < fik’sk,l} C Q;;
by (4.18)-(4.19), hence u(ty, v) > 1-4 for all x € H;, with Sinsin—Ms—2R. < x-e;, <&, 51— Ms
(notice also that &, 5,1 — Ms —2R. > L. > L by (4.22)). The comparison principle yields

u(ty +t,2) > vipg, . —Ms—R.r(t, ) forallt>0andx € Q.

Since &, 501 — Ty > Le + 3Re + Ms + vy - — rvy = Re + L. > L by (4.22) and since
Sp — ty — 400 as k — +oo, Lemma 4.1 implies in particular that, for all large k,

u(sg,x) >1—39 forall z € ’H_,k such that &, 5,1 —ra; < z-e;, < &ipspn + T (4.49)

On the other hand, for 2, € I'y, N'H;, such that 2z, - e;, = &, 5,1, there exists y, € Q7 such that
do(zk, y) < rum, and d(y,,, s, ) > Ms. Thus, u(sg,y,) < 6, whereas |y, - €, — & son| < 7y and
Yy, € H,, since &, 5,1 — v, > L. That contradicts (4.49). Therefore, (4.48) holds.

Since d(I'y,,Is,) > (¢ + 2¢) (s — tx), property (4.48) implies that

€ik,5k71 - (Cf + 26) (Sk‘ - tk‘) > L.+ 3R. + Ms + Mg+ R, (450)

and either E), = {x € Hi, :|v-e, — &ipsinl < (cp + 2e)(sp — tk)} C Qi or B, C Q.
In the former case, one has u(ty,x) > 1 — § for large k and for all z € H; with
Civswd — Ms —2R. < x-¢;, < &, 5.1 — Ms and one gets a contradiction as in the previous
paragraph. Consider now the latter case, namely Ej C €2, . Hence u(ty,r) < 6 for all z € Hi,
such that |z -e;, — &, s,1| < (¢f + 2¢) (s, — t) — Ms. Notice that

pr = (cf +2¢) (s, — ty) — Ms > R,

for large k, that &;, 5,1 > pr + L. by (4.50), and that s, —t; < (pr — R.)/(cs + ¢) for large k.
Therefore, the comparison principle and Lemma 4.2 applied with R = p, and [ = §;, 5,1 imply
that, for all £ large enough,

u<5k> x) < Wiy, &, sy, 1Pk (Sk‘ — Uy, $) <2)

_ (4.51)
for all x € H;, with |z -e;, — &, 50| < e(sk —tx) — Ms — R..
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However, for z, € Ty N H; such that 2z - e, = &, .1, there exists y, € QF
such that dq(zr,v,.) < ra, and d(yp,Ts,) > Ms. Hence u(sg,y,) > 1 — 0, whereas
Yy, - €ip, — Eipsit| <y < e(sk —ty) — Ms — R, for large k and y;, € H,;, since &, 5,1 — v, > L.
That contradicts (4.51). As a consequence, both cases Ej, C . and Ej, C Q; are ruled out and
the proof of the claim (4.47) is complete.

Thirdly, we prove that
1. dQ (Ftu FS)
imsup ———=

< cy + 3e. (4.52)
[t—s|—+o0 ‘t - S| /

Assume by contradiction that there exist two sequences (tx)ren and (sg)gen such that t < sy,
Sk — tp — +o0 as k — 400 and

do(Ty,,Ts,) > (cp + 3¢)(sp — tg) for all k € N. (4.53)

Then, six cases may occur up to extraction of a subsequence, namely, case 1: t, < s < T2 for
allk € N; case 2: t), < T} < sp < T?forall k € N; case 3: t < T} < T2 < si for all k € N; case 4:
T! <t <sp, <T?forallk € N;case 5: T} < t, <T? < s, for all k € N; case 6: T2 < tp < s
for all £ € N. In fact, we have already shown case 1 and case 6 are impossible for all k large
enough by (4.41) and (4.47). Case 4 is clearly not true since s, — t, — +00 as k — +00.

Now we consider case 2. In this case, one has t;, — —oo as k — +o0 and it follows from (4.41)
that do(I'y,,I'r2) < (¢f + 5e/2)(T) — t;) for large k. Since [sp — T} < T2 — T2 for all k,
property (2.30) yields the existence of a constant M > 0 such that do(I';,, I's,) < do(I'y,, T2 )+M
for all £ € N, hence do(I'y,,T's,) < (¢ + 3¢)(sk — ti) for large k, a contradiction with (4.53).
Similarly, one can reach a contradiction with (4.53) in case 5.

It remains to handle case 3. We can assume without loss of generality that ¢, — —oo
and s, — +o0o as k — +oo (otherwise, by decreasing T! and increasing T2, case 3 can
be reduced to case 2 or case 5). By (4.41) and (4.47), there exist some sequences (zy)gen,
(23 )ren, (2k)ken and (z;)rew such that x, € Iy, 2, € I';m, 2, € T2, 2z € Ty, together
with do(zg, x}) < (cp + 5e/2)(TE — t) and do(zr, 2,) < (cf + 52/2)(s, — T2). On the other
hand, remembering (4.13), both I'y1 and I'z2 are bounded. Hence, there is a constant M > 0
such that dg(z}, 2;) < M for all k € N. Finally,

do(Ty,,Ts,) < da(zr, z1) < dolaw, 7)) + da(zy, 21,) + dolzy, 2k)
e He
< 9N (1 o€ 2
< (er+ %) (T =) + M+ (e + =) (50— T2)
S (Cf + 3€)<8k — tk)

for all large k, contradicting (4.53).
As a conclusion, (4.52) holds for every ¢ > 0 small enough, implying the desired upper
estimate (4.16). Together with (4.15), the proof of Theorem 1.8 is thereby complete. O

4.3 Proof of Corollary 1.11

Before going further, we need a lemma ensuring the complete propagation of any front-like
solution w; coming from the branch H; under the assumptions on €2 in Corollary 1.11.
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Lemma 4.6 There exist R > 0 and p € (0,1) such that the following holds. For any smooth
domain §) satisfying the conditions of Corollary 1.11 and for any solution v of the Cauchy problem

v, = Av+ f(v), fort >0, x e,
v, = 0, fort >0, x € 09, (4.54)
v(0,2) = wvy(x) €[0,1], forz e,

if there are i # j € {1,--- ;m} and s € R such that vo > 1 — i in B(P; ;(s), R), then v(t,-) — 1
as t — 400 locally uniformly in €.

Proof. Let 6, € (0,1) be defined as in (2.3). From Step 1 of the proof of Lemma 2.6, there

exist R > 0 and a radially decreasing solution ¢ € C?(B(0, R)) of (2.25). Denote

p=1—max=1—1¢(0) € (0,1 —46y) C(0,1)
B(O,R)

and let us show that Lemma 4.6 holds with these values of R > 0 and p € (0,1). Let
also 1) € C(RY) be the function defined by ¢ = v in B(0, R) and ¢ = 0 in RV \ B(0, R).
Consider then any smooth domain 2 satisfying the conditions of Corollary 1.11 and let v
be given as in Lemma 4.6. Let w be the solution of the Cauchy problem (4.54) with initial
condition w(0, ) = ¥ (x — P; (s)) for x € Q. Remember also that B(P,;(s), R) C € from the
assumptions made on §2. As in Step 1 of the proof of Lemma 2.6, the maximum principle then
implies that w is increasing with respect to ¢ and, from standard parabolic estimates, there is a
solution we, € C2(Q) of
Aws + flws) = 0 in Q,
Ws > 0 in Q,
(Woo)y = 0 on 09,

2 (Q) as t — +o0. Furthermore, 1 > v(0,-) > w(0,+) in Q owing
to the definition of w(0,-) and since 1 — > in B(0, R). Hence, 0 < w(t,z) < v(t,z) <1 for
all t > 0 and = € Q. In order to complete the proof of Lemma 4.6, it is therefore sufficient to
show that ws =1 in Q.

To show that w., = 11in £, notice first that we, > ¥(-— P ;(s)) in B(P;;(s), R) (C Q) since w
is increasing in ¢ and both ws, and (- — P, ;(s)) are continuous in B(P; ;(s), R). As in Step 1 of
the proof of Lemma 2.6, the sliding method and the strong maximum principle then imply that

such that w(t, ) = ws in C?

weo > (- = Py(s) in B, (), B) (C )

for all s € R. From the assumptions made on the paths Py ; before Corollary 1.11, it follows from
the same arguments that we, > ¢(-—P, j+(s')) in B(P, j(s"), R) forall j* € {1,--- ,m}\{i} and for
all s’ € R and finally we > (- — Py j(s')) in B(Py j(s'), R) for all ¢/ # 5/ € {1,--- ,m} and for
all s € R. In particular, one has w., > ¢ in B(0, R) since by assumption 0 € Uy<yzjr<pm Py j(R).

By using now that €2 is star-shaped with respect to 0, one then infers from the sliding method
exactly as in the proof of [3, Theorem 1.12] that w., > max.cgn-1 (- — he) in Q for all A > 0.
As a consequence, 1 > w., > ¥(0) > 6 in Q and one concludes that w., = 1 in Q with the same
arguments as for p,, at the end of Step 1 of the proof of Lemma 2.6.
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The proof of Lemma 4.6 is thereby complete. 0

Proof of Corollary 1.11. Let R > 0 and p € (0,1) be as in Lemma 4.6 and let Q be any
smooth domain with m (> 2) cylindrical branches satisfying the conditions of Corollary 1.11.
Let i be any integer in {1,---,m} and let u; : R x Q — (0,1) be the time-increasing front-like
solution of (1.1) emanating from the branch #;, that is, u; satisfies (1.28). In particular, since
¢(—o00) = 1, there are ty € R and s € R such that

Ui(t(), ) Z 1-— % n B(PZ‘J‘(S),R)

for all j € {1,---,m} \ {¢}. Lemma 4.6 then implies that u;(¢,-) — 1 as t — +oo locally

uniformly in §2, that is, u; propagates completely. Corollary 1.11 then follows from Theorems 1.7
and 1.8. 0

4.4 Proof of Corollary 1.12

Let €2 be a smooth domain with m (> 2) cylindrical branches in the sense of (1.23). Notice first
that, from standard parabolic estimates, for each ¢ € {1,--- ,m}, the time-increasing front-like
solution u; : R x © — (0,1) of (1.1) emanating from the branch H; (that is, u; satisfies (1.28))
converges to a C2(€2) solution p; : Q — (0,1] of

Ap;+ f(p;) = 0 inQ,
(pi)y = 0 on 09, (4.55)
pi(r) — 1 as|z| = +oo with x € H,.

From Theorems 1.7 and 1.8, the proof of Corollary 1.12 will be complete once one shows that
there is Ry > 0 such that, for any R > Ry, for any 2o € RY and for any i € {1,--- ,m}, any
C?*(RQ + ) solution p; : RQ + z¢g — (0,1] of (4.55) (with RQ + z, instead of Q and RH; + x
instead of H;) satisfies p; = 1 in R + .

To do so, assume by way of contradiction that the conclusion does not hold. Then there are
an integer i € {1,---,m}, a sequence (Rj)ren of positive real numbers converging to +oo, a

sequence (2 )ren in RY and a sequence (p; x)ren of classical solutions p; 5 : RQ + z — (0,1] of

Apir+ f(pix) = 0 in RQ+ ay,
(pir)y = 0 on I(RQ+ zy),
pir(zr) — 1 as|z| = 400 with o € RyH; + xy,

such that p;; # 1 in R;Q + x;, for each k € N. B
Now, from (1.23) and the smoothness of €2, there is 7 > 0 such that, for any y € Q and for
any ' € (0, 7], there is a continuous path ~ : [0, +00) — Q such that

y € B(7(0),r"), B(y(s),r") C Q for all s >0, liin |7(s)| = +o0 and 7(s) € H; for s large.
S—r+00

Furthermore, if B(y,r) C 2, one can take 7(0) = y. Consider also R > 0 and a solution
of (2.25), as given in Step 1 of the proof of Lemma 2.6. Observe that r and R are independent
of k.
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Take any k& € N large enough so that » R, > R and consider any point y € R + x; such
that B(y, R) C Ri) + zx. There is then a continuous path v : [0,4+00) — RiQ + x; such
that v(0) =y, B(7y(s), R) C R+ xy for all s > 0, limg_, o |7(s)| = +oo and y(s) € Ry H; + %
for all s large enough. Since limy, . . g7z, Pik(z) = 1 and maxXgg gy ¥ = ¥(0) < 1, there
holds p; i, > (- — v(s)) in B(y(s), R) for all s large enough. Since p;; > 0 in 2 and ¢ = 0 on
0B(0, R), the same type of sliding method as in Step 1 of the proof of Lemma 2.6 then implies
that p; . > (- —v(s)) in B(y(s), R)) for all s > 0. As a consequence,

pik(y) > Yy —v(0)) = ¥(0) > 0y for all y € R + z, such that B(y, R) C RpQ + xy. (4.56)

On the other hand, since f > 0 on (61, 1) and since p; ;. # 1 in RgS) + x4, the strong maximum
principle and the Hopf lemma imply that infz g77-pir < 2. Therefore, for each k € N, there is
a point yx € R + xy such that p; . (yr) < (02 +1(0))/2. Together with (4.56), one infers that,
for each k € N| there is 2z, € (R + xy) such that |z — yx| < R.

From standard elliptic estimates up to the boundary, it follows that, for any p > 0 and
any a € (0, (], the restrictions of the functions p; , on B(zx, p) N RS2 + x) are uniformly (with
respect to k) bounded in C*(B(z, p) N ReQ + x). Denote

H:{xERN:x1>O}.

Therefore, up to extraction of a subsequence and up to rotation of the frame, the func-
tions p;x(- + 21,) converge in CZ_(H) to a classical solution py, : H — [0,1] of

Apoo + f(pso) =0in H, (pso), = 0 on OH,
together with poo(x) > 9(0) > 0, for all € H with 2; > R and

02 + (0

for some ¢ € [0, R]. Notice in particular that p,, > 0 in H from the strong maximum principle
and the Hopf lemma.

Finally, as in the last paragraph of Step 1 of the proof of Lemma 2.6, one gets that
Poo(Z1, -+ ,xn) — 1 as x; — +oo uniformly with respect to (zo, -+ ,2y) € RY~1 In par-
ticular, denoting X (s) = (s,0,---,0) for s > 0, there holds p,, > (- — X (s)) in B(X(s), R) for
all s large enough. Denote

sy =inf {s > 0:po > (- — X () in B(X(s'),R) N H for all &' > s} € [0, +00).

Since po(X(€)) < (62 +1(0))/2 < ¥(0), one gets s, > ¢, hence s, > 0 and B(X(s.), R) N H
is a non-empty open set. Furthermore, by continuity, there is z, € B(X(s,),R) N H such
that poo(7.) = Y(z. — X(s4)). Since ps > 0 in H and (- — X(s.)) = 0 on B(X(s.), R),
one has z, € B(X(s.),R). If . € B(X(s«),R) N H, it then follows from the strong interior
maximum principle that p, = (- — X(s,)) in B(X(s,), R) N H, which is impossible on the
non-empty set B(X(s,), R) N H. Therefore, one can assume without loss of generality that
Poo > (- — X(s4)) in B(X(s4),R) N H and z, € B(X(s«),R) N 0H. The Hopf lemma then
yields 0 = (poo)u(zs) < v - V(. — X(s4)), with v = (—=1,0,---,0). On the other hand,
s, > 0 and the function v is radially symmetric and nonincreasing in |z| in B(0, R), hence
v-Vip(z, — X(s)) = —g—j’l(x* — X (s4)) <0, a contradiction.

As a conclusion, the existence of the sequences (Rj)ken, (Tr)reny and (pix)ken together with
the integer ¢ is thus ruled out and the proof of Corollary 1.12 is complete. OJ
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