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S-1. Intermediate lemmas used in the proof of main results

In the sequel we freely use that s,, < n¥ as assumed in the main results of the
paper. We assume that the function g satisfies the assumptions from (38) up to
and including (42) (recall that this is in particular the case if ¢ arises from a
convolution g = yx¢ for v satisfying (16)—(18), which is the case in the Bayesian
setting with a slab density 7).

We start by two basic lemmas on wy = wo(n, M), w1 = wi(n, M, 0,v),
wy = wa(n, M, 0y, v), quantities introduced in (60), (67), (68), respectively.

Lemma S-1. Let wy as in (60) with M > 1 arbitrary. Let m be defined by
(56). Then, for an integer No(g) > 0, and constants c; = 1/m(1), ca = ca(g),
we have for all n > Ny(g),

n 1 n
2 (M <—<—*<\/M )
Mm( c1/n) < o = Mm ca/n
In particular, for any M € [1,logn], for C1,Cs depending only on g,

o Viogn < wp < lognecz\/m.
n o on

Proof. Lemma S-24 gives m(w) = w® for any ¢ > 0. Setting ¢ = 1 and using
the equation defining wy, that is nwom(wy) = M, leads to wy < (CM/n)'/2.
Reinserting this estimate into /m in the equation defining wy (by using that m
is increasing by Lemma S-22) gives the first upper bound of the lemma. Next,
one notes that m(w) < m(1), which leads to wo > M/(nm(1)). Reinserting this
estimate into m in the equation defining wq gives the first lower bound of the
lemma.

To prove the second display of the lemma, one notes that the fact that log g
is Lipschitz and g(u) < (1 +u?)~! by (41) imply for w small enough,

C(w)F e M) <(w) < ¢(w) 5.

Using the first display of the lemma together with Lemma S-15 on ¢ and 1 <
M < logn leads to the result. O

Lemma S-2. For M > 0 andv € (0,1), there exist an integer No = Ny(v,v, g) >
0 andr = r(v,v,g) € (0,1) such that for alln > Ny and 0y € Lo[sy], if a solution
wy = wy(n, M, 0p,v) of (67) exists, then

wo <wyp <n”".

Proof. The lower bound follows from the definition of wy and w;. For the upper
bound, one uses the definition of w; and the global bound |m1 (u, w)| < 1/(wAeq)
(which follows from Lemma S-21) to get,

g0

e > (1—v)(n—oo)m(wy).

As m is increasing and m(w) 2 w® for arbitrary ¢ € (0,1) (see Lemma S-24),
one gets (w1 A c1)tt¢ < Cog/n < Cs,/n. Using s, < nv gives the result. O
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Lemma S-3 (Bernstein wy). There exist an integer Ng = No(g,v) > 0 and
Co = Co(g) > 0 such that the following holds for all n > Ny and 0y € £y[sy].
Let M € [1,logn] and wy as in (60). Let v € (0,1) and assume (62) (which
is implied by the fact that (61) has no solution). Then the MMLE estimate @
satisfies

PGO (’lf) > w0> < e—Cou2nwom(w0) — e—CouzM. (S—l)

Proof of Lemma S-3. One first notes the almost sure equality of events {w >
wp} = {S(wp) > 0}. This follows since S is (strictly) decreasing and continuous
on [0,1] (except in the case that g(X;) = ¢(X;) for all ¢ which happens with
probability 0). Then, with P = Py, E = Ey, as shorthand,

P > wo) = P(S(wp) > 0) = P(S(wy) — ES(wp) > —ES(wy))
< P(S(wp) — ES(wo) > v(n — ag)m(wp)),

as ES(wo) = > e, m1(00,i, wo) — (n—00)m(wo) < —v(n—oo)m(wo) using (62).
Now, the score function equals S(wg) = >, B(X;,wp), a sum of independent
variables. One applies Bernstein’s inequality (see Lemma S-35 and notation
therein) to the variables W; = B(X;, wo)—ES(X;, wo). Note that |W;| < 2/wq =:
M as |B] < (wo Aer)~! = wy ' by Lemma S-21 for n large enough (indeed, wy
goes to 0 with n by Lemma S-1). Also,

V.= Zn:Var(Wi) < iﬁw(@o,uwo)-
i1

i=1

One splits the last sum in two. Consider {; = =" (wy ') the pseudo-threshold
associated to wg. Using Corollary S-29 (recall as noted above that wg goes to 0
with n), with My the constant therein, combined with (62), one gets

C
> ma(fo,wo) < =2 > ma(fo,wo)

. Wo .
it 00,:|>Mo it 00,:|>Mo

02 ~ 02
< wfo(l —v)(n — oo)m(wo) — v > ma(bo.wo)
it 00,:|<Mo
2C:
< Z22(1 — v)nim(wy),
wo
because p € Ry — mq(u, wp) is nondecreasing (see Lemma S-22) and bounded
from below by —m(wp).
For small non-zero signals, one uses Lemma S-27 to get, with {y := {(wo),

Z ma(0o,i, wo) < C Z 67(&] _2|90’i‘) < 0007(1)7(40 — MO),

. . wi wi
it 0<|00,:] < Mo i: 0<|f0.s|< Mo

and one uses ®((o — My) < C((o — M) /o < C'eMo%0p((y)/¢o. With Lemma
S-24, one gets plutot ¢(¢)/¢ < wg(¢)/¢ < wm(w)/¢"* for small w, so that

Z ma(0o,i, wo) S

it 00,:|<Mo

spe™Moco nin(wy) < nm(wp)

ngy wo "~ Chwo

)
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where we use that s,e0% /n < C, as follows from s, = O(n’) and (2 < logn
(combining Lemmas S-1 on wy and Lemma S-15). With A = (n — o¢)vm(wp),

one gets, for n > Ny,
V+ %MA v2 2 2
< — + — — ,
A? ~ nwom(wo)  nwem(we)Cf ~ nwem(wp)

An application of Bernstein’s inequality (see Lemma S-35) now gives (S-1). O

Lemma S-4 (Bernstein wy, wz). There exist an integer Ng = No(g,v) > 0 and
Cy = C1(g) > 0 such that the following holds for alln > Ny and 6y € €y[sy,]: for
v e (0,1), suppose that a solution wy of (67) exists, and let we be the solution
of (68). Then the MMLE estimate 1 satisfies

P90 (71) ¢ [w2,w1]) < 67C1u2nw1ﬁ1(w1) + e*C1V27lw2’ﬁL(w2). (S—Q)

Proof. One bounds successively each of the probabilities P(w > w;) and P(w <
ws). The first bound is obtained in exactly the same way as in the proof of
Lemma S-3, with wq replacing w;. We note the two minor differences: ES(w;) =
> ies, M1(00,i, w1)—(n—09)m(w1) now equals —v(n—og)m (w1 ) by the definition
(67) of wy. Then bounds on my can be carried out in the same way — now
evaluated at w = w; — as in the proof of Lemma S-3. We note that w; goes to
zero with n by Lemma S-2. This means that we can use the bounds of Lemma
S-27 and Corollary S-29 as in the proof of Lemma S-3. Further, if ¢; := {(wy),
we have (; < (o, 5o one also has s,,eo¢t /n < C using the corresponding bound
for (p. This shows the desired result for ws.

For ws, one proceeds similarly. If wy = 0 the result is immediate. Otherwise
we have {0 < wa} = {S(w2) < 0}. Again, one applies Bernstein’s inequality to
the score function S(w) = Y| B(X;, w) and set W; = B(X;, wa) —mq (6o, w2).
As W; are centered independent variables with |[W;| < M and ., Var(W;) <
Z?:l E[ﬁ(XZ,’LUQ)Q] =: Vs, for any B >0,

iWZ < —B

i=1
One can take M = c3/w, using Lemma S-21. Set B = >, m1 (6o, w1). By

definition of ws in (68), we have

B = —(n—oo)m(ws) + Y _ m1(0o.i, w2) = v(n — og)m(ws).
1€So

1 1
P < exp{—§B2/(V2 + -MB)}.

3

The term V5 is bounded in a similar way as in the proof of Lemma S-3, using
the bounds of Lemma S-27 and Corollary S-29. As for w; above, one notes that,
if o = ((ws), one has s,eMo%2 /n < C as, using Lemma S-5, we have w; < ws,
so that wy > 1/n and (o < v/logn. One obtains Vo < (nwgm(ws))~! which

leads to ) )
Vo + §MB < v
B2 ~ nwym(wsy)’
and the desired bound on ws is obtained. O
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Lemma S-5. Let v € (0,1). There exist some integer N = N(v,v,g) > 0 and
C = C(v,v,9) > 1 such that, for alln > N and 0y € {y[sy,], if (67) has a
solution wy, the solution wy of (68) verifies

wl/C’ S wao S w1q. (8—3)

Proof. The behaviour of wy,ws for a given specific true signal 6, is determined
through properties of the function

Hy,(w) = Z mi(6o,i, w)/m(w).
i€So

This function is decreasing, as w — m1(6p 4, w),1 < i < n, and w — Mm(w)~*

both are, by Lemma S-22. It suffices to show that for an appropriately large
constant z > 1 (possibly depending on v, g,v), for n large enough,

Ho, (w1), (S-4)

Ho, ( wy ) S 1+v
z
Indeed, by definition of wy, ws, one has Hy, (w2) = (1+v)(n—o09) = (1+v)(1—
V)" Hp, (w1). So, if (S-4) holds, Hy,(wz) < Hg,(w1/z) which in turn yields
wy > w1 /z by monotonicity.
Now, (S-4) is obtained in two steps. First, one shows that appropriately small
signals do not contribute too much to the sum defining Hp,, so that one can

replace the sum in (S-4) by a sum H, g+ to be defined now, on large signals only.
For w € (0,1) and K > 1, set Co(w, K) ={1<i<n : |6p;] > ((w)/K} and

Hy (w,K) =Y ma(bo,w)/m(w).
1€Co(w,K)

Set Ko =4/(1 —v). By Lemmas S-1 and S-2, both wy and w;/z belong to the
interval [1/n,1/logn], provided z < (logn)'/* (which will be the case below).
Let us now use, with K1 = K5/2 and D > 0, both Lemmas S-31 and S-32, and
z = z(v,v,g) a constant to be chosen below,

wq o (W1 w1 o (W1
Ho () = H5, (1 Ka) + Hay () = 115, (712
> Czl/(zK"’)HgO (wy, Ko/1.1) — C'n'~P
> B (wi, Kq) — C'nt P,

1—v

where in the last inequality one uses that K — Hy (w, K) is nondecreasing by
definition. Using Lemma S-31 again now shows that, for D > 0,

|Ho, (w1) — Hg, (w1, K1)| < C'n' =P

One deduces that, for C' the constant in the one but last display,
Hy, (ﬂ) > CzV/8Hy (w1) + o(n).

z

Since Hg,(w1) < n by definition of w;, the latter is bounded from below
by (C/2)z=)/8Hy (w;) for n large enough. Taking z = {max((2/C),1)(1 +
v)/(1 —v)}8/(0=?) shows (S-4) and the proof is complete. O

imsart-generic ver. 2014/10/16 file: CR2018supp_arXiv.tex date: August 14, 2018



/Supplement to “Spike and slab Emp. Bayes multiple testing” 6
S-2. Auxiliary proofs
S-2.1. Proof of Proposition 1

For any multiple testing procedure ¢,

FDR(0,0)dIT,.(6) = Bxg F?—l Mo = O]

BFDR(so;w,v):/ VS o
=171

For ¢, using the chain rule E[] = E[E[-| X]], one gets

W] _ [Z?—lgi(X)ﬂ{MX)ga}}
1V 3o, ¢ LV T x)<al
<aP(Fi: {;(X)<a).

BEDR(¢'su.) = B |

For ¢, conditioning this time on the variables ¢{(X),...,¢%(X) and using
that for the prior II,, 4 the conditional distribution of 6; | X only depends on
X; for all i, so that E[1{0; =0} | pi,...,p2lpd = P(6; = 0] ¢! =1)¢? a.s., one
obtains

BFDR(¢%; w, ) = Ex |:Zi_1 P(6; =0]; 1)%]

1V, o
2y P(6i = 0] ai(X) < a)]l{qxxma}}
LV gy
Now observe that from (43), ¢;(X) < « if and only if | X;| > ¥(a), for some

function ¥ such that ¢(¥(a); w, g) = a (namely, ¥ is the inverse of u € (0, 00) —
q(u;w, g)). Now, the result follows from

:EX[

PO =0]q(X)<a)=PO;=0[|X;| > ¥(a)) = q(¥(a);w,9) = .

Finally, the relation between (24) and (25) comes from Lemma S-10.

S-2.2. Proof of Proposition 2

For (i), we use Lemma S-33:

Ppo—o(L:(X) < t) =28 (£(r(w, 1)) < 2W7

53) because ¢ (&(r(w,t))) = r(w,t)g (£(r(w,t))) by definition of
(w,t)) > 1, we also have the lower bound:

¢ (£(r(w,1)))
(r(w, 1))

which provides (54). Finally, (ii) follows from the definition of .

which provides (
&(). Next, if £(r

v

POO:O(&' (X) < t)
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S-2.3. Proof of Theorem 3

We prove the result first for EBayesq. Recall that the exact number of nonzero
coefficients o of 6y is s, by definition of Ly[s,]. Set b = (a+1)/2 > 1 and let
A be the event, for K,, < s, to be specified below,

A= {#{i € So. 1Xi| > b{2log(n/5,)}'/) 2 50— Ko}
If A denotes the complement of A,
A° = {#{i € So, |X;| > b{2log(n/sn)}V/2} < sp — Kn}
- {#{z’ € So, |Xi| < b{2log(n/s.)}V2} > Kn}
c {#{i € So, les| > (a— b){2log(n/s,)}/2} > Kn} =,

where we have used X; = 6y; + ¢; to get |g;| > |60p,:] — |Xi| by the triangle
inequality. Let ¢ = v/2(a — b) > 0. By looking at the indicator variables Z; =
e[5>z, With @, = c{log(n/s,)}'/?, one can translate the event C in the last
display into an event for a binomial trial, leading to

sup Py, [A°] < P [Bin(sy,,20(z,)) > K] .
00€Lo[sn]

Let p, = 2®(x,,), then using the expression of z,, above,

Pn < 20(0) /20 < Clsn/n)* /% /(cy/log(n/54)),

which goes to 0 with n as s,,/n — 0.
Let K,, = max(2s,pn, sn/1og s,,). By Bernstein’s inequality, see Lemma S-35,
as K, > 2s,p, and ) Var(Z;) < snpn,

1€So
1 K?
P|> Zi>Ky| <P| Y (Zi—pn)>Kn/2| <exp TS EL 6t supn [
i€Sp i€So " -

which is less, using s,p, < K, /2 again, than exp(—CK,,), which goes to 0 with
n, since K,, > s,/ log s, — 00. So, we have obtained Py [A°] = o(1).

Now one can follow the proof of Theorems 1 and 2 and consider the funda-
mental equation (61), for some fixed 8y € Lo[sy], and n large enough. The lower
bound on w is given here by wq in (60), for some M = M,, that we choose as
M,, = min(cgsy, logn), so that M,, — oo and ¢y a small enough constant to be
chosen below.

Consider both sides of the equation (61) at the point w = s, /n. On the one
hand, by definition of Lo[s,], we have |6p;| > a{2log(n/s,)}'/? for i € Sp.
Lemma S-15 implies ¢(s,/n) ~ {2log(n/s,)}'/2, so one can apply Lemma S-30
(recall g — mq(u, w) is even for all w) for a small € > 0 to get, for large enough
n,

3" 100, 50/n) = (1)~ = (1 - e)n.

(/)

imsart-generic ver. 2014/10/16 file: CR2018supp_arXiv.tex date: August 14, 2018



/Supplement to “Spike and slab Emp. Bayes multiple testing” 8

On the other hand, the right hand side of (61) equals (1—v)(n —s,)m(s,/n) =
o(n), since m(w) goes to 0 as w — 0. Recall that 3, m1(6o,;,1) is bounded
from above by a constant times s,, (as m1(6p;,1) is bounded, see Section 7.3.1)
and that (1—v)nm(1) is of the order n. Combining the previous inequalities, the
intermediate values theorem shows that (61) has a solution, at least on [s,/n, 1),
for n large enough.

To show that w; exists, it is enough to check that the solution also belongs to
[wp, 1). We distinguish two cases. If wy < s,,/n then this is obvious by definition.
In case wg > s, /n, let us evaluate both sides of (61) this time at w = wy. First,
using the second display of Lemma S-1 (compatible with the present choice on
M,, = min(cpsy, logn)) combined with Lemma S-15 on ¢, one gets, for arbitrary
€ > 0 and using wy > s, /n, that

Clwo) < (1+¢)y/2log(1/wo) < (14 ¢€)v/2log(n/sy),

for large enough n. Deduce that one can apply Lemma S-30 as (1 + p){(wp) <
|60.;| for small enough p. In particular

Z ml(ﬂo,i,wo) 2 (1 — 6)

i€So

Sn

w().

On the other hand, the right hand side of (61) is (1 — v)(n — sp)m(wo) =
(1 = v){(n = s,)/n}M, /wy by definition of wy. As M,, < ¢psp, this quantity
is thus smaller than the last display, provided cg is small enough. By the same
reasoning as above, this shows that the solution to (61) indeed belongs to [wyg, 1),
SO w;y exists.

Now that we have the existence of wi, the fact that w = s,/n cannot be
a solution of (61) (for n large enough) and the monotonicity of both sides of
(61) show that w; > s, /n, for n large enough. Using the same argument with
equation (68) leads to wy > s, /n, for n large enough.

As (61) has a solution, we can use the properties of the proof of Section 7 in
this case (referred to as Case 2 in that proof). In particular, (72) provides for
some constant C' > 0,

sup Py, (0 ¢ [wo,w:]) < 2e~CMn,
Bo€Lo[sn]

Let us introduce the event Qy = AN{w € [wz,w;]}. By the previous bounds,
we have P[Q§] = o(1). Note that, on the event Q,

x(r(w,t)) < ¢(w) < ((ws)

using Lemma S-16 and the monotonicity of {(-). We have seen that here wy >
Sn/m, s0 ((w2) < {(sn/n) and combining with the equivalent of {(w) as w — 0
from Lemma S-15, one finally gets x(r(w,t)) < c(2log(n/s,))'/? for any ¢ > 1
for n large enough, so in particular for ¢ = b as defined above. One deduces that
on €y, the g-value procedure %" rejects the null hypotheses corresponding
to the (at least s, — K,) indexes i in Sy such that |X;| > b{2log(n/s,)}'/?,
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because b{2log(n/s,)}*/? > x(r(i,t)) by using the previous bounds and the
definition of the event A.
Combining the above facts, we obtain

sup  FDR(Oy, o (t; W, g))

Bo€Lo[sn]

_ g, |2z 10 = 0 (t; b, g)

= sup () 1v Zn q""“l(t' ~ )
Hoeﬁo[sn] i=1 SO yw, g

>ic1 H{o,i = 0jp™ ' (t; 0, g)
LV 3T, el (td, g)

S sup Ego |: 1{90}:| +0(1)
0oE€Lo[sn]
akes at least s,, — K, correct rejections, that is,

Therefore, since p*!(t; W, g) m
1} > s, — K, we derive

#{i € So: @I (t;w,g)

sup FDR(g, ™)
0o€Lo[sn]

t; W,

60€Lols.] Yim1 ]1{90 i = 0}<Pq (t; w1) +5n — Ky,
SUPg, e £o[s,.] E00 [Doim1 1{00,i = 0}of ™ (1))

T SUPgyeryfs,] Foo [2oimg {00, = 0} ™ (tw1)] + sn — Ky

by concavity and monotonicity of the function = € [0, +00) — z/(x + 1).

Now combine (55), Lemma S-17 and Lemma S-24 to get for any € € (0, 1),
for any 6y € Lo[sn],

] +o(1)

+o(1), (S-5)

21{902 =0}y Val(t;wl)] = (n = sn)r(w1,1) 2G (x(r(w1,1)))

< (14t —t) rwi(n —s,) 2G (C(wr))
< (T+e)*t(1—t) Y (n — s,)wim(wy).
Next, since w; is a solution of (61), the latter is bounded above by
(1+e)*(1—v) 11 - Z wimy (0o, w1) < (L4+€)?(1—v) (1 —t)~!
1€So

by using that m4 (-, w) is always upper-bounded by 1/w for small w, see Lemma S-
22 (recall that wy goes to 0 with n by Lemma S-2). Putting this back into (S-5)
gives for n large enough,

_ 1+e)2(1—v) 11 —t)7t
sup  FDR(fy, ") < (
Onezﬁsn] ( 0¥ ) B (1 + 5>2(1 - V)_1t<1 - t)_lsn + Sn — Kn

+ o(1).

As K,, = o(s,) as shown above, taking the limsup as n — oo and then letting

€,V go to 0, we get, observing that % =1,

lim sup FDR(fp, p) < t.
™ Go€Lolsn]
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Let us now turn to prove

lim inf FDR(y, ") > t, (S-6)
n Goeﬁo[sn]

which will lead to the conclusion. Fix some 6 € (0,1) and for any 6y € Lo[s,]
consider wy and wy the associated solution of (61) and (68), respectively. The
fact that both exist has been seen above. Let 0 = {@ € [wa,w1]}, then

inf  FDR(fy, o
9O€£O[Sn] ( 0% )

> inf ]EQO{ Y 1{91}}

_00€£0[ ‘/:1—'—8”

. Eg V(1 5)
> f 04 1{Q }U{|V, — Eg, V| < 6Ey,V,
_Goélgo[sn] 0o [E90%(15)+3n { 1} {| q fo L]‘— o q} )

where we have denoted V, = Y | 1{f,; = 0} (t; wz), which is a Bino-

mial variable. Similarly to the upper bound, combine (55), Lemma S-16 and

Lemma S-24 to get for any € € (0,1) and 0y € Lo[sy],
Eg,Vq = (n — sp)r(wa, t) 2G (x(r(w2,1)))

> (1 — 1) twa (1 — wo) T (n — s,,) 2G (C(wo))

> (1 —e)t(1 —t) twa(n — 8,) 2G (C(ws))

> (1 —e)%t(1 —t) " (n — sp)wam(ws).
Now using that ws is a solution of (68) and Lemma S-30, we obtain

E00Vq Z (1 — 8)2(1 + l/)ilt(l — t)il Z wo ml(Goyi,wg)
1€So
> (1—e)*(1+v) 11 —t) s,

Next, observe that by Chebychev’s inequality, the supremum over 6y € Ly[s,]
of the following probability

)< VaI‘gO(V;]) 1
B 52(E90V(1)2 N 52E90Vq

P90(|Vq - EGqul > 6E90V:1

goes to 0, because s, tends to infinity. Combining the above facts leads to

. soval (1—-eP1—-0)(1+v) 21 —1t)"1
gt FDRO. ™) 2 G s a =g+ a6 T+ 1

+o(1),

and the result is proved by taking the liminf in n and then 4,¢, v tending to
zero.

Finally, to prove the result for EBayesq.0 , one notes that by the previous
arguments W belows to [wy, ws] with probability tending to 1, and ws > s,/n
which is larger than 2w, by assumption. Deduce that the event {& > w,} has
probability going to 1 so the procedures EBayesq and EBayesq.0 coincide with
probability going to 1, which proves that EBayesq.0 also satisfies the desired

property.
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/Supplement to “Spike and slab Emp. Bayes multiple testing” 11

S-3. Basic properties of /—, g— and p—values

Let us assume that g satisfies (38) throughout this section. Recall that this
assumption holds in particular whenever g is of the form g = ¢ x vy as in the
Bayesian setting.

Lemma S-6. The g-value functional (14) has the explicit expression

(1= w)B(|a])_
(L= w)®(jal) +w G(la])’

Proof. The latter comes from the fact that, for s > 0 and by symmetry of v and
?,

P(IXi| > 516, = 0) = P(lea] > 5) = 28(s),

PAX 2 51620 = [ Pler +ul 2 9(u)du = [@(s—u) + Bs + w)y(w)du
= 2/5(3 —u)y(u)du = 2//]1{5—m§u}7(u)du¢(ff)d$
= 2//]1{SSU}’)/(U — z)dvé(z)dx = 2/]1{S§v}g(v)dv.

q(z;w,g) = zeR, wel0,1].

O

Lemma S-7. For any fized x € R, the L-value functional {(xz;w,g) (12) and
the g-value functional q(x;w, g) (14) are both nonincreasing in w.

Proof. This is immediate from their explicit expression. O
Lemma S-8. Under (40), log G is Lipschitz on RT

Proof. We have (logG)' = —g/G. Now using (40), we have (g/G)(x) =< z'~"
(z — 00). This provides that (log G)’ is a bounded function. O

Lemma S-9. Assumption (42) implies (43).

Proof. Let us consider the function

o0

Uiue(0,1/2) — G@ (u) = / o(z)dz.

T (w)
This defines a continuous function on [0,1/2) by setting ¥(0) = 0. For all
u € (0,1/2), we have ¥'(u) = %(6_1@)), which means by (42) that ¥’ is
decreasing on (0, 1/2) and therefore W is strictly concave on (0, 1/2). This implies
that u € (0,1/2) — W(u)/u is decreasing and thus that x € Ry — G(z)/®(z)
is increasing by letting u = ®(x), x > 0. Moreover, since co = lim,_,o+ ¥'(u) =
lim, o+ ¥(u)/u = lim,—, o G(z)/®(x) and G(0)/P(0) =1, (43) is proved. O
Lemma S-10. Assume that g comes from (39)—(12). For w € [0,1], the func-
tions © — L(z;w,g) and x — q(z;w,g) are symmetric and decreasing on
Ry. For all z € R, w € [0,1], we have q(z;w,g) < L(z;w,qg). In particular,
¢:(X) < 4;(X) almost surely.
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/Supplement to “Spike and slab Emp. Bayes multiple testing” 12

Proof. The first claim comes from the explicit expressions of ¢(x;w,g) and
q(z;w, g) together with (42) and (43), respectively. Now, denoting P the prob-
ability operator in the Bayesian setting, a simple relation is that for all x € R,

q(z;w,g) = P(0; = 0] |X;] > [z])
(1{0; = 0} | | Xs] = |])

=F
= E[P(0; =0| X;) | [Xi] > |x]]
= Blt;(X) | [Xi| > |z]]
< Uzsw, g),
by using the monotonicity of z — ¢(x;w, g). O

Figure S-1 shows how the choice of the prior influences the quantities g and
G. The Laplace calculations are done thanks to Remark S-11. Strikingly, while
the quantities g stays of the same order (which guided the choice a = 1/2), the
difference for G is more substantial.

@ | — quasi-Cauchy < 4
o
— Laplace

w
o

o
<
o

0.3
I
1 2
I

F1G S-1. Plots of the functions g and G for the quasi-Cauchy and Laplace (a = 1/2) priors
respectively (left) and ratio (right).

Figure S-2 below shows how the parameters w and ¢ interplay in the quanti-
ties ¢(x; w, g) and £(z;w, g): for large values of |z| (which play a central role in
the multiple testing phase), the quantity ¢(x;w,g) decreases as the prior puts
its mass away from 0, that is, making the tail distribution heavier or increasing
w.

Remark S-11 (Explicit expressions for Laplace prior). The Laplace prior of
parameter a¢ > 0 is given by

¥(z) = va(z) = (a/2) e~z eR. (S-7)
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w = 0.01 w=0.2
T

— quasi-Cauchy
— Laplace

1.0

— quasi-Cauchy
— Laplace

1.0

0.8
I

0.0

1 ol

2.0
2.0

0.5 1.0 15
I I
0.5 1.0 15
I I

— IvalCauch/ivalLap — WalCauch/valLap
- -+ qualCauchiqvalLap - -+ qualCauchiqvalLap

0 2 4 6 8 10 0 2 4 6 8 10

0.0
0.0

F1c S-2. Plot of the functions x — £(z, g, w) and © — q(z, g, w) for different values of w and
g (see text, top) and ratio (bottom).

Straightforward calculations show, for v as in (S-7),

g(z) = (a/2)6a2/2 (e7®(a—z) + e P(a+z));
_(a Dla—z)  Plat+x)) .
/o) = (o/2) (Gt + S )
Glz) = (1/2) /2 (e~ B(a — ) — e B(a + 7)) + D().

S-4. Threshold properties

We henceforth assume that g satisfies (38)—(42). In this section, all the non-
universal constants appearing in the results depend on g.
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S-4.1. Link between £, x and ¢

Recall the definitions (47)-(49)-(50) of the thresholds &, ¢, x. We start by a simple
connection between ¢ and £. Namely,

3)8 _ ﬁ =1/(1/w+1) =w/(1 +w),

C(w) = (6/9) ™" (w/(1 + w)) = {(w/(1 + w)), (S-8)

which implies in particular that ¢(w) > £(w). The next lemma relates these
quantities to y(w).

Lemma S-12. For any w € (0,1), we have x(w) < &(w) < ((w).

Proof. From the proof of Lemma S-9, by concavity é(@il(u))/u > %(Eil(u))

holds for any u € (0,1/2). Any 2 > 0 can be written 6_1(u) for u € (0,1/2),
so for such x we have (®/G)(z) < (¢/g)(x). As ®/G is decreasing by (43), so is
its reciprocal, which implies z > (®/G)~1((¢/g)(x)). The inequality follows by
setting & = (9/g) " (w) = E(w). .

S-4.2. Bounds for &, x and ¢

Lemma S-13. Consider & as in (17). Then for C = (27)Y/?||g|ls we have for
u € (0,1] small enough,

E(u) > (—ZIOgu —2logg ( -2 log(Cu)) - 10g(27r)> i ; (S-9)
1/2

E(u) < (—21ogu —2logyg <\/Togu> - log(27r)) . (S-10)

We also have the following sharper bound: for u € (0, 1] small enough,

1/2 1/2
E(u) < (—2 logu — 2logg <(—210gu + 5A(—log u)1/2) ) — 10g(277)) )
(S-11)

In particular, £(u) ~ (—2log u)1/2 when u tends to zero.

Proof. Now fix u € (0,1]. Since ¢(&(u)) = g(§(u))u, we have ¢p(&(u)) < ||gllcots
which implies £(u) > y/—2log(Cu), so g(&(u)) < g (\/W(Cu)) for u small
enough. This in turn implies ¢(&(u)) < ug ( —210g(C’u)) and thus (S-9). Con-
versely, using (39), g(|z|) > g(0)e=2*! for all z € R and thus ¢(|z|)/g(|z]) <
(g(O)\/ﬂ)’le’mg/Qe/\"’”‘ < e /4 for |z| larger than a constant, which in turn

provides [z] < \/=4log(([z[)/g([z])) and thus ¢(|z)/g(|2]) < (g(0)v/2m) e+ /2eMV 4ol (el /a(leD),
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On the one hand, this gives that if u is small enough, ¢(&(u)) > g(0)ue=Av—4logw,
S0

1/2
E(u) < (—210gu + 4A(—logu)'/? — 21og g(0) — 10g(27r))
1/2
< (—210gu + 5A(—log u)1/2) . (5-12)

As g decreases on a vicinity of oo, we have g(§(u)) > ¢ (\/—4log u) for u small
enough. Hence,

B(E()) = (9(6(w)/g(¢(w))) g (v-2Togu) = u g (V~1logu),

which leads to (S-10). To get (S-11) we use the same reasoning as above with

the bound (S-12) instead of /—4logu. O
Lemma S-14. Consider x as in (50). Then we have for all u € (0,1],
—1( — (=1
x(u) > ® (u G (fb (u))) ; (5-13)
—1 _ 1/2
x(u) < @ <u G ((—ZIOgu + 4A(—logu)'/? + C’) )) for u small enough,
(S-14)

and C = —2log g(0) — log(2w). We also have the following sharper bound: for
some constant C' > 0, for u € (0, 1] small enough,

x(u) > (—210g (u@ (5_1(11))) — loglog(1/u) — C”) i . (S-15)

Proof. Let u € (0,1]. Since ®(x(u)) = G(x(u))u, we have ®(x(u)) < v and
thus x(u) > 6_1(u), which in turn implies ®(y(u)) < 6(6_1(u))u and (S-13).
Conversely, as y < £ by Lemma S-12, using the bound on &(u) just above (S-12)
in the proof of Lemma S-13,

1/2
x(u) < &(u) < (—2logu +4A(—logu)!/? - 2log g(0) — log(%)) :

so the relation x(u) = 571(é(x(u))2) leads to (S-14). Let us now prove (S-15).
First observe, by using (45), that G(x(u)) 2 e~ Next using the upper
bound (S-12) on & > x leads to uG(x(u)) > u? for u small enough. Now, by the
second part of Lemma S-33, for v small enough,
S
x(u) =@ (G(x(u))u)
> {21og(1/{uG(x(u))}) - loglog(1/{uG(x(u))}) — C'}
_ 1/2

> {2log(1/{uG(x(u))}) — loglog(1/u?) — C}'?,

for some constant C' > 0, which gives the result.

1/2

O
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Lemma S-15. Consider ¢ as in (49). Then for a constant C > 0, we have for
w small enough,

C(w) > (—210gw —2logyg ( —2log(Cw)) - 10g(27r))1/2 ; (S5-16)
C(w) < (—210gw —2logg (\/W) + C) v . (S-17)

We also have the following sharper bound: for w € (0,1] small enough,

12 1/2
C(w) < (—2logw —2logyg ((—21ogw + 6A(—logw)1/2> ) + C) )

(5-18)
In particular, ((w) ~ (—2log w)1/2 as w tends to zero.
Proof. The result follows from Lemma S-13, combined with the relations ¢(w) >
&(w) and ¢(w) = &(w/(1 + w)) established above. O

S-4.83. Relations between &(r(w,t)), x(r(w,t)) and {(w)

Let us recall the definition r(w,t) = wt/{(1 — w)(1 —t)}, see (46).

Lemma S-16. For anyt € (0,1), for wg = wo(t) small enough, for all w < wy,
we have x(r(w,t)) < {(w).

Proof. Denote by T'(u) = (72 logu + 4A(—logu)'/? + C)1/2 the term appear-
ing in (S-14). By (S-14) and Lemma S-33, for « small enough,

X(w) T (uG(T(w)))
< {(2log(1/u) — 21og G (T'(u)) — IOgIOg(l/“))}l/z :

Now using that G(y) > D g(y) for y large enough (see (40)), we have for u small
enough,

x(u)? < 2log(1/u) — 2log D — 2log g (T'(u)) — loglog(1/u).

Hence, for w small enough, denoting R = (1—¢t)(1 —w)/t and recalling r(w,t) =
w/R via (16), and using (S-16) together with assumption (39),

X(r(w,1))* = ((w)?
< 2log(1l/r(w,t)) — 2log D — 2log g (T (r(w,t))) — loglog(1/r(w,t))

+2logw +2logyg ({—210g(0w)}1/2) + log(27)

<2log R+ 2A ‘{—210g(0w)}1/2 ~ T (r(w, t))] ~loglog(1/r(w, ) + ",
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for some constant C’ > 0. Now using |v/a — Vb| = |a — b|/(v/a + v/b) one gets,
for w small enough,

‘{—210g(0w)}1/2 -7 (r(w,t))‘

B ‘210g(r(w, t)/(Cw)) — 4A (— log r(w, t))1/2 -C

{21og(1/(Cw))} 172
, (1og((1—)/1)]
=G ( (log 1/w)/? +'1>

As a result, for w small enough and smaller than a threshold wq(t) (depending
on ¢ in a way such that log(1/w) > log®((1 — t)/t) as well as loglog(1/w) >
2log R+C" for a large enough constant C”” > 0) we have x(r(w,t))?—((w)? <0
and the result holds. O

Lemma S-17. There exists some constant C = C(g) > 0 such that for all
t € (0,1) there exists wo(t) such that for all w < wo(t),

. 2|log (15)[ +C
ICw) =&t D) < Zoy T ey

Furthermore, for all e > 0 and t € (0,1), there exists wo(t,e) such that for
w < wo(t,e),

(S-19)

Cw) ='TE (5-20)
Cl(r(w, 1))
Sy St (S-21)

Proof. Let us set
1/2
Si(w) = (—210gw + 6A(— logw)l/z)

and Sz (w) = y/—2log(Cw) the terms appearing in the bounds (S-18) and (S-9),
respectively. Using these bounds, one obtains

Cw)? = E(r(w, £)?

2log(r(w,t)/w) + 2log g(Sa(r(w, 1)) — 2log g(S1(w)) + D

2|log (t/(1—1))| + D/,

for w smaller than a threshold depending on t, by using that log ¢ is Lipschitz

and proceeding as in the proof of Lemma S-16 to bound the difference |S; (w) —
Sa(r(w,t))| by a universal constant. Conversely, by using (S-11) and (S-16), we
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have, with S3(w) as S1(w) except that 6A is replaced by 5A and Sy(w) as Sa(w)
with C as in (S-16),

E(r(w,1)* = ¢(w)?

< — 2log(r(w,t)/w) — 2log g (S3(w)) + 2log g (Sa(w)) + D"

<2|log (t/(1—1t))| + D",
as above, which leads to (S-19) by using a® — b? = (a — b)(a + b). Next, (S-20)
is a direct consequence of (S-19) by using that log g is Lipschitz. Finally, let us

prove (S-21). By Lemma S-16 and the bounds (S-18) and (S-15), we have for
w < wo(t) and Sy (w) as above,

0 < ¢(w)* = x(r(w,1)?
< —2logw — 2log g (S1(w)) + C
+ 2log {r(w, t)G o 5_1(7“(107 t))} + loglog{1/r(w,t)} + C’

——1

< [2log(t/(1 — 1))| + D + loglog{1/r(w, 1)} + 2log {CW}.

Next, we have
God  (r(w,1)) God  (r(w,1)) G (S1(w)
g { = sy = T ) e sy )

The first term is bounded by a constant, by an argument similar to the proof
of Lemma S-16, as log G is Lipschitz. For the second term, by (40),

G (Si(w))
log {m} < log S1(w).

This gives, upon dividing by ¢(w)+ x(7(w, t) the obtained inequality on ¢(w)?—
x(r(w,t)?, that |¢(w)—x(r(w,t)| is arbitrary small when w is small, which leads
to (S-21) by using again that log G is Lipschitz. O

Lemma S-18. There exists a constant C = C(g) > 0 such that for all t €
(0,0.9) there exists wo(t) such that for w < wy(t) and u € R,

D(E(r(w, 1) — p) > CtR(¢(w) — p). (s-22)

Proof. By Lemma S-17, for small w, |¢((w) — &(r(w,t))| < 1/4. Hence, we can
apply Lemma S-34, which gives

Er(w. ) = 1) L e~ w2
O(¢(w) —p) 4
> Cef| log (ﬁ) |7

by using again (S-19). This shows the desired result. O
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S-4.4. Variations of certain useful functions

For any w € (0,1) and u # 0, let us denote
¢(w) — lul]
|

Lemma S-19. First, for all ¢ € (0,1), for any z > 1, there exists wy =
wo(z,€) € (0,1), such that for all w < wo,

1—¢ < g(¢(w/2))/g(¢(w)) < 1
{ 1—¢ < G(C(w/2))/G(¢(w)) < 1. (5-24)

Second, for any K > 1, one can find di = d1(K) and dy = da(K) > 0 such that
for all z > 1, for w < wy = wo(z,1/2) as before and |u| > ((w)/K,

Ty(w) =1+ (S-23)

di <Ty(w/z)/T,(w) < ds. (S-25)

Proof. Since log g and log G are Lipschitz and by monotonicity, it is sufficient
to bound ((w/z) — ((w) from above. For this, we combine (S-16) and (S-18) to
obtain, with S, S4 as in the proof of Lemma S-17,

((w/2)? = ((w)®
< 2logw + 2log g (S4(w)) + log(27) — 2log(w/z) — 2log g (S1(w/z2)) + C
<2logz + D+ 2A|S4(w) — S1(w/z)],

by using that log g is A-Lipschitz by (39). Since the last bound is bounded by
some constant for w < wg(z), we obtain (S-24).

To prove (S-25), one notes that since |p| > ((w)/K, we have 1 < T, (w/z) <
2+ K({(w/z)/¢(w) which itself is less than 2 + K + K({(w/z) — ((w))/¢(w).
Using the previous bound on {(w/z) — ((w) and the fact that {(w) goes to oo
as w goes to 0 the last bound is no more than a constant C' = C(K) whenever
w < w(z,1/2). On the other hand, 1 < T, (w) < 2+ K for |u| > {(w)/K. The
desired inequality follows. O

Let us denote, for w € (0,1) and p € R,

() — T =) S0
w
Lemma S-20. Consider G, defined by (S-26). For all Ko > 1 and any z > 1,
there exists wy = wo(Ko, z) such that for all w < wg, any p € R with |u] >
C(w) /Ky, we have
Golw/2) = /K G (w) (3-27)

Proof. Let us focus on g > 0 without loss of generality. Let us rewrite the
desired inequality as, with I'(u) = log G,,(e™"),

z 1 1 z 1
Z) - ) > = Z —log = ).
r (log w) r <log w) 2K, <10g w log w>
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To prove this, it is enough to check that I"(u) > 1/(2Kj) for u € [log <, log Z],
for appropriately small w. To do so, one computes the derivative of I' explicitly
using the chain rule. First one notes that

, o 1
) = = )
and from this one deduces that
M) =1 C Dy

One further computes

#(@) = (B(a) + aQla), for Q) =1+ 18I,
which gives 8'({(e™™)) = ((e *)Q(¢(e~*))(B(¢(e™™)) + 1). Using the identity
B(¢(e™™)) = e* leads to
__e 1 )
L+eQ(Cle™™)) Cle™™) @

Now, by using (39) one sees that the map u — e*(1 + e*)71Q(¢(e™*))~! has
limit 1 as u goes to infinity. So, for u large enough, e*(1+¢e*)~tQ(¢(e7 %))t <
1 + ¢ for some € > 0 to be chosen later on. Now using Lemma S-33, whenever
2 < C(e—u) - 17

I(u) =1 (C(e™) = w).

Lb L1 (o) — p)?
e ) TS e T e s
_se) —p 1

Clemv)  Clem)(Cle™) —p)
By definition of u, we have e ™ € [w/z,w], so ((e™") < {(w/z). Deduce that,
using that by assumption p > ((w)/ Ko,

(™) —p <1 L ((w)

¢(em) Ko ¢(w/z)
The behaviour of the difference ((w/z)—((w) was studied in the proof of Lemma
S-19 where it is seen that this quantity is smaller a certain universal constant if
w is small enough. By writing

Cw/2)fC(w) = (1 n

one gets that this ratio is at least 1 — 1/8 for w small enough, using {(w) — 0o
as w — 0. This shows that for w < w(z) small enough,

1 ¢, . 1
S =) < 1= (/K01 = 1/8) + 7
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where we have used {(e™*) — u > 1. On the other hand, if u > {(e™*) — 1,

L 0 e 90)
e a ) T S F ey

which can be made arbitrarily small for w small enough. As a result, in both
cases, for w < w(Ky, z) small enough, for all u > ((w)/Ko,

[RS8

1 I'(u) < (1+2)(1—7/8Ko +1/(4K0)) < (1+¢)(1—5/(8K)) = 1 —1/(2Kq)

1

by choosing e+ = 8K — 5. This proves the desired inequality. O

S-5. Moment properties

The main results in this section concern the moments of the score function,
’Iﬂ(w) = 7EOB(Xa w) = - ffcoo ﬂ(tvw)(ﬁ(t)dt and ml(T’w) = ET[B(Xﬂ w)]a
ma(T,w) = E;[8(X,w)?]. Remember that g is assumed to enjoy (38)—(42). Also,
since these functions only depends on g, all the constants appearing in the re-
sults of this section only depend on g (except in Section S-5.6 where the sparsity
comes in). In this section, we freely use ¢ = {(w) as a shorthand notation.

S-5.1. Basic lemmas on moments

The following two lemmas are (mostly) small parts of Lemmas 7-9 in [1]. We
include the proofs for completeness.

Lemma S-21. For ¢; = (—3(0))"! =1 >0, for any x € R and w € (0, 1],

1
< . -2
B w)] < —— (529
Proof. Tt suffices to distinguish the cases 8(xz) < 0 and S(z) > 0 and to bound
|B(z,w)| by |8(0)|/(1+ 8(0)) and 1/w, respectively. O

Lemma S-22. The function w € (0,1] — m(w) is continuous, nonnegative,
increasing and m(0) = 0. The map w € (0,1] — my(p, w) is continuous and
decreasing. In addition, m1(p,0) > 0 if p # 0 and p € Ry — my(p,w) is
nondecreasing for any w € [0,1]. Also, there exists a constant w = w(g) such
that, for any w < w and any p € R,

ml(/’tﬁw) = %7 mQ(:uvw) <

SHES

Proof. Since w — B(u,w) is decreasing (for any u with S(u) # 0), so are
w — —m(w) and w — mq(u, w) for any real u. The continuity of m follows by
continuity of S(u,w) and domination of B(u,w)d(u) by g(u) + ¢(u) (up to a
constant). In addition, since, as g is a density, [ 8(u)¢(u)du = 0, and we have

e [ B w2 _
i) == [ (LS owan= [ S s (52)

imsart-generic ver. 2014/10/16 file: CR2018supp_arXiv.tex date: August 14, 2018



/Supplement to “Spike and slab Emp. Bayes multiple testing” 22

From this one deduces that m is nonnegative. For mq, the continuity follows by
local domination using Lemma S-21. Next, if p # 0, say u > 0, we have

ma10) = [ Blu+ wotudu= [ (But ) - Bu))(u)du.
Moreover, by (42), u — B(u + u) — S(u) is a positive function. Since it is also
continuous, the integral is positive, which means that m; (i, 0) > 0. To see that
u € Ry — myq(p, w) is nondecreasing, we compute its derivative

I _ [ AL+ upe))
o 0 Ox

(p(z — p) — ¢(x + p))dz > 0.

Finally, the bounds on my, ms follow from Lemma S-21, with w = ¢;. O

The following is a reformulation of Corollary 1 in [1] (see (58) therein). We
provide a proof below for completeness.

Lemma S-23. Consider A as in (39). Then for all z > 4A and all u > 0,

0 RORLICT) P

Proof. We have for all u € [0, 2],

MQu—:g(z)Qz—ex—zo22~-— " (v)dv
(42 ot = (25) ot - mexn{~ [ og {a?/6 0 — )] o
Now, by (39), for all v € [0, 2] and p > 0,

(2logg — 2log ¢ + log (- — p))’ (v) > —2A + 20 — (v — p) > v — 2A.

Therefore, inserting the latter in the above display, we obtain

(509 gy (82 e e

One concludes because letting s = z — 2A > 2/2 and noting that

6—52/2 /z e(u—2A)2/2du < 6—52/2 /S et2/2dt _ 2/é e~ (5=)(s+1)/2 34
0 —s 0

< 2/ e~ (571)s/2 < / e "5/ 2dy = 4/s < 8/z.
0 0
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S-5.2. Behaviour of m

The next lemma refines Lemma 7 in [1].

Lemma S-24. For m(w) defined by (56), we have, for { = ((w) and asymp-
totically as w — 0,

m(w)
2G(0)
In particular, for k as in (40), as w — 0, m(w) < (" 1g(¢) and Mm(w) = we for
arbitrary ¢ € (0,1).
Proof. Using (S-29), symmetry of S and 8¢ = g — ¢ on [(, 00),

S wBw)y? < 20Bw) * 9up(u)
m(w) = 2/0 T wﬁ(u)¢(u)du /C T wﬁ(u)¢(u)du + /C T wB(w) wﬁ(u)g(u)du.

(S-32)

(S-31)

For the first term of (S-32), since for u € [0,¢], 1 + wB(u) > 1 + 5(0),

2/0€‘W¢( )du < 2w(1 + B(0) /B

1+ wp(u)
Cy(¢
< Cws(O9/6)(0) = (),
¢ ¢

for C = 20/(1 + 5(0)), by Lemma S-23 (¢ = 0), where we use that 3(() <
(g/9)(¢) < (5/4)5(¢) which holds for ¢ large enough, or equivalently for w < wq
with w; = wi(g) a universal constant. The second term of (S-32) is negative
whenever ¢ > $71(0) and of smaller order than the third term. For the third
term we use that for v > ¢, wf(u) > 1 and thus 1 < 2wf(u)/(1 + wh(u)) < 2,
hence

G(¢) < /COO %g(u)du < 2G(Q).

Now, by assumption G(¢) =< g(¢)¢*™!, see (40). Hence, when w is small, the
dominating term in (S-32) is the third one, which gives

() ~ /C h %g(u)du (S-33)
Now, let us prove .
| e~ G0 (534

from which (S-31) follows. To prove (S-34), let us write

Twhw) g —aey - [ 9 g,
| e =00 - [ A
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Hence, we obtain

‘G(C) - /C T wB) g

< g(u)
§/C 1—|—wﬁ(u)du
Y (¢)
w? u)du = ,
< /C o(u)

w

1+ wpB(u)

because 1+wfB(u) = 1—w+wg(u)/p(u) > wg(u)/¢d(u). Now using that &({) ~
#(¢)/¢ ~wg(¢)/¢ and since G(¢) =< g(¢)¢*~! (see (40)), the difference in the last
display is a o(G(¢)) and (S-31) is proved. Then, m(w) < ¢*~1g(¢) follows from
(40) and this in turn implies by (44) and Lemma S-15, m(w) > e A) > q¢

for any ¢ > 0. O

S-5.3. Upper bound on m,

The next lemma refines the bounds on m; of Lemma 9 in [1]. The refinement
is important in that we obtain a precise upper-bound for any p larger than a
constant. Moreover, the bound is sharp in this regime of u’s, as we shall see
below.

Lemma S-25. There exist constants C > 0 and wy € (0,1) such that for any
w < wy, for any p such that p > po = 2A, with T,,(w) as in (S-23),

() < 02D )

w

In particular, mi(p, w) < CC2®(C — p)/w holds for any u > po and w < wp.
For any w < wg, one also has

C _ = _
ml(u7w) S me " /2+|H|Ca fO?” any g ! S |,u‘ S Ko,
I (p,w)| < C(1+ ), for any |u| < (7N

Since T}, (w) = 14[C—|pul[/|u| can be written 14+(¢—[ul)+ /|pl+(ul=C)+/Inl <
2+ (¢/|u| — 1)+, we deduce the following corollary.

Corollary S-26. There exists wg € (0,1) such that for any K > 1, there exist
constants C(K) > 0 such that for any w < wy, for any p such that p > (/K,
we have

(¢ —
K (¢ ‘ND
We now prove Lemma S-25.

Proof. As p1 — my(p, w) is even by symmetry of 8 and ¢, it suffices to consider
the case u > 0. For p > ¢ — 1, the result directly follows from the global bound
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|m1(p, w)] < Cw™, a consequence of Lemma S-21. By definition

B
ama (1, ) = / R ik

(B e _B@) e pyde
‘]K<1+wﬂuﬁ“ p)d +LA»<1+w5@ﬁ% p)d
= (I) + (I1).

We first deal with the term (II), for which S(z) > B(¢) > 0 (for small enough
universal wy), so (IT) > 0, and using 1 + wp(x) > wh(z) one obtains
1 2
(1) < o oo ¢ — p)dr < E‘I)(C )
Now one rewrites (I) as
B ¢ ¢ 5(95)2
(= [ s =iz —w [ 50— i
< [ st~
< x)o(x — p)dz
Let us split
¢
| p@ota-mar= [ st pdo+ [ plarele - p)da
—¢ lz|<1/p 1/u<|z|<¢
= (a) + (b).
First, the integral (a) can be written, by definition of 3,

1/p
[ @ wis= [
|z|<1/p —1/p

Using |g — ¢| < [lg — dlloe < C, one gets (a) < e #*/2/p. For the integral (b),
with B(x) < (g/¢)(z) (note that B(x) is possibly negative here),

(g — &) (@)= da

-1/n w2 ¢ u2
(b) S/ g(x)e’“*Tdm—l—/ g(x)e!* 7T dx
—¢ 1/p

¢ 2 ¢ 2
< / g(x)e ™ "~ T dx —I—/ g(x)e!* = T dx
1/n /p
u2 e
<2 [T gtt/u)etdt/n.
1
From this one deduces the global bound, for x> 1/,
2 C
ma(ayw) < 8= ) + llgllooe /26

< @ _ L o224 < =1y, —p?/2+ug
N¢@ﬁK )+Me S (lglloo + 17 )e ,

imsart-generic ver. 2014/10/16 file: CR2018supp_arXiv.tex date: August 14, 2018



/Supplement to “Spike and slab Emp. Bayes multiple testing” 26

which leads to the second inequality of the lemma. Now turning to the first
inequality, an integration by parts gives, with 0 < —g’/g < A from (39),

e e
A mwmaﬁ:w@mw%*—z %yamw%t

A RS
gmm%+;/ ot/ pm)etdt.

1

One obtains

2

2

() <2(1- %)_19(06“4 %

Noting that g(¢)e*¢ > g(0)e < using (39) again, and that this quantity is
bounded away from 0 for 1 > pug = 2A, one concludes that for such u’s the
upper-bound for (b) dominates the one for (a), so that

2
W
et

I

(a) + (b) < Cy(¢)

-1
’

Now one can note, using po < u < ¢ —1 and (g/¢)({) < w

A (eI !
) 1 =9() P(C) 1

§C6@—MHC—M.
w [

g(¢

This gives the result in the case pg < p < (—1, which concludes the proof of the
first inequality. The last part of the lemma follows by noting that T),(w) < C¢2.
For |u| < 1/¢, we can invoke Lemma 9, eq. (89) from [1], that is

ma(p, w) < —m(w) + CCp?

which is at most C' + C(u?. O

S-5.4. Upper bound on my

Lemma S-27. There exist constants C > 0 and wy € (0,1) such that for any
w < wyp, for any p € R,

) < T~ )

Proof. Since ma(u,w) = E[B(Z + p,w)?] = [7°_ B(u,w)*d(u — p)du by defini-
tion, we first bound

Bu)

2
1+w6(u)> < Cﬂ(u)Ql‘uKC + w*21|u‘><.

B0 =
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Indeed, for S(u) > 0 this follows from bounding the denominator from below
by 1 or wf(u) respectively, and for S(u) < 0 (in which case |u| < ¢, as soon as
wo < B71(0)) one uses the fact that 1 +wB(u) > 1 + whBnin > co > 0. Deduce
that

¢
ma(p,w) < C 2)2p(z — u)dz w2p(z — p)dz
() < /_me( W +/|z|>< o= — 1)
< (A4) + (B).

By definition of (B),

(B) =w (®(¢ — p) + B(C+ p)) < 20 2B(¢ — |ul).

To bound (A), we note

¢ ¢ ¢
<A>=C< / B(2)%(z + p)dz + / ﬂ(2)2¢(z—u)d2> <2 / B(2)%(z—|ul)dz.

As the last bound is symmetric in p, it is enough to obtain the desired bound for
it > 0, which we thus assume for the remaining of the proof. For large enough
C, it holds (% -1)2 < C(%)Q (e.g. expanding the square and using that g/¢ is
bounded away from 0) which with Lemma S-23 leads to

¢ ¢ 8, g.\2
/ B(2)?6(z — p)dz < C/ (9/8)(2)%¢(2 — p)dz < Cg(g) (Q)e(¢ — w).
0 0

Also, (9/¢)(¢) = B(¢) +1=w"1+1 < 2w~ To conclude one writes

P(C—p) o —p)

¢ C-ptu
If { — > 1, one can use Lemma S-33 to obtain that the previous quantity is

less than 2@ (¢ — ) (bound the denominator from below by ¢ —p). If ¢ —p < 1,
there exist C7,Cy > 0 with

sup (¢ — )

pp>c-1 G

<01 < Cr®(1) < C2®(C — ).
The lemma follows by combining the previous bounds. O

S-5.5. Lower bound on my

Lemma S-28. There exist constants My, C1 > 0 and wo € (0,1) such that for
any w < wo, and any p > My, with T,,(w) defined by (S-23),

() > O 21, ),
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Proof. By definition, using ¢ = ((w) as shorthand,

A (ORI B
manw) = [ s CLa /MHW(Z)W )da

= (1) + (I1).

To bound (II) from below, one notes that 1 + wf(z) < 2wpB(x) for |x| > ¢, so
1 _ _
17 — — p)ydxr = (¢ — d

()2 g [ ole—pie = o @(C—p) +FC ) 2

To bound (I) from below, let us introduce d = max(ds,ds), where d; verifies
B(dy1) =1 and dy is such that for & > ds, the map = — g(z) is decreasing (such
dy exists by (38)). We isolate first the possibly negative part of the integral
defining (I) and write

Bla) oo @l
/| el mdzjl P o~ )

ol<a 1 +wp(x o|<a 1 +wB(0)

B(x)|  dx
/|x<d1+w6<>m" b

Let I; be the part of the integral (I) corresponding toz in T := {z : d < |2| < (}.
It ¢ > d,

B(x)?
L > / Bz p)dr — H—Tﬂ(z)(b(x — p)dz
>1 / B

1 ﬂ@f— >x
4/#” o@) "

where we have used that wB(-)/(1+wpB(-)) <1/2onT and that g/¢p—1 > g/(2¢)
on I' by definition of this set. An integration by parts now shows that

¢ 1 Iz
| otwrermao = / g(t/p)eldt
d 2 m

d

e
= p " g(t/pe']ly — /ﬂ/d g (t/p)etdt
> p~t [g(Q)ets — g(d)et ],

as g'(u) < 0 for u > d > da. We now claim that g(¢)e#S > 2g(d)et? for any
p > 2A and ¢ > d +log(2)/A. Indeed, for such p, ¢,

H(C=) > (2M(C=d) 5 9 A(C—d)
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while, using that —A < (logg)’ < 0 on (d,o0) by (39) and the definition of d,
one obtains

29% _ 9 (o890 -0 (D)} < 9, AC—d) < Gu(C—d).
g

Putting the two previous bounds together leads to, for such p, ¢,
1 2
I > — nC—p*/2
12> SMQ(C)e

Let us now distinguish two cases. Suppose first that My < p < ¢ — 1 for
My := 2A. The map p — p¢ —p?/2 is increasing on this interval, so its minimum
is attained for p = My. Combining this with g(¢) > Ce™*¢ and using the rough
bound p~! > ¢~ leads to, uniformly for u € [My, ¢ — 1],
e—ACHMoC—MG /2 oA
L> ——— 2 —.
8¢ ~ <

Since e /u — 0o as u — 0o and ¢ = ((w) — 0o as w — 0, we have I} > 2D,
for any p > [My, ¢ — 1] and any w > wy for wy small enough. One deduces that
for such w and p,

g(Q) e 2 1 ¢(¢—p)
6 pu ~“poeQ)

Noting that ¢(¢)/g(¢) ~ w and combining with the bound on (II) above, one
deduces, for w < wp and p € [My, ¢ — 1],

2C—n) | A= n)
2w pw

I, — Dy > 9(¢)-

ml(/‘l’v w) >

Using that p < ¢ — 1, one deduces that

=) o C—pn®(C—p)
ww o wo

This gives the desired inequality if p € [My,¢ — 1]. The second case is now
@ > ¢ — 1. In this case, we simply use I; > 0 to get

(s w) > =Dy + (IT) > =Dy + 5 -B(C — ).

As ®(¢ — p)/(2w) > ®(1)/(2w) for small enough w, the last display is bounded

from below by ®(¢ — u)/(4w). Noting that the bound

m (p,w) > CE(CU,_ 1) [1_’_ |C;N|]

holds in the two cases, for C' a small enough constant, leads to the result,
recalling the definition of T,,(u) in (S-23). O
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Combining Lemmas S-27 and S-28 (and using T),(w) > 1) one obtains the
following bound.

Corollary S-29. There exist constants My,Co > 0 and wy € (0,1) such that
for any w < wy, and any p > My,

m (/’h w) )

ma(p, w) < Coy
w

Here is another lower bound for m; when the signal is large

Lemma S-30. For any ¢ € (0,1) and p > 0, there exist wg = wy(e, p) € (0,1)
such that for any w < wg, and any p > (14 p) ((w),

mi(p,w) = (1 —¢)/w.

Proof. Let a =1+ (p/2) and let us write, for w small enough,

ad wB(x
wm(pw) = [ 22 ge e+ [ g s

Cl'i"wﬂ(x) r|>ag1+w,8($c)
wp(z) a¢
- /ac>ag 1+ wp(x) ¢z — p)dr — e o(x — p)dx
wp(ag)

= WE(GC —u)—(1 _E(GC — 1))

Since for p > (14 p) ¢, we have that ®(al —p) > ®(—(p/2)¢) tends to 1 when w
tends to zero, we only have to prove that wB(a{) = 5(a¢)/B(¢) tends to infinity.
The latter comes from

_ane 3 2_1)¢%—
> alA _ (a®=1)¢*—aAl
Ba)/5(0) 2 e 2O ,

by using the definition of 8 and (44). O

S-5.6. Results for my; and m ratio

In the next lemmas, we study the behaviour of the functionals, for given 6y € R™,

> ies, M1 (0o,i, w)

Hy, (w) = Ay w0, (S-35)
, mq (0., w
H (w, K) = Z’“ﬁ’”‘““;;jgu) WGoi) e 0.1), K> 1, (S-36)

where we denoted Sy ={1<i<n : §y,; # 0} and
C0(907w,K) = {1 <i:1<n: |(907¢| > C(’U))/K} C So.

The set Co(6p,w, K) is sometimes denoted by Co(w, K) or Cy for short.
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Lemma S-31. Consider a sparsity s, < nv for v € (0,1). Consider Hy, and
Hg asin (S-35) and (S-36), respectively. There exist constants C' = C(v,g) >0
and D = D(v, g) € (0,1) such that

sup sup |Hg, (w) — Hg (w, K)| < Cn'=P,  (S-37)
oclolsn] welt, L], Ke[i25 25 ]

nlogn T—v'1—0

for any n larger than an integer N = N (v, g).
Proof. For 6y € {y[s,] and w € [n~1,1/logn], denote
Ci= S()\Co = {1 <i<n:0< |907i| < C(U})/K}

By using the upper bounds on m; obtained in Lemma S-25 (and po defined
therein), with ¢ = {(w), and for now taking K > 2 arbitrary,

> ma(bo,w) = { oo+ D>+ Y }m1(90,i7w)
1€y 0<]00,s|<¢™Y ¢(71<00,i|<po  po<00,i|<¢/K
Son {(14+¢7) + e + Cw™'B (¢ - ¢/K)},

where to bound the third sum we use ® ({ — 0p,;|) < ® (¢ — ¢/K) and T, (w) <
¢(w). Now, by Lemma S-33,

_ K 2 K — 2 R

for n large enough, where we used ((w)? > —2logw via (S-16) in the last step.
Now using that for w > n~!, we have ¢ < 2y/logn for large n by Lemma S-15,
so that eS¢ is negligible compared to any positive power of n. One deduces
that, for n large enough, using w > n~! and s,, < n? by assumption, and any
K >2,

Zm1(90,i,w) < Csn{1+€C< +w72/K+1/K2}
i€Cy

< CnveCC +Cn nv—1+2/K—1/K2.

Now if v — 14+ 2/K < 0, which holds for K as in the statement, one gets

sp sup Dicc fnl(eomw) <« O geoviEm | a-y/Kty
00€lp[sn] weE[n—1,1/logn] m(w) - m<n_1>

For K as in the statement, we further have 1 — K=2 < 1 — (1 — v)?/16. Since
m(n~') decreases to 0 slower than any power of n (see Lemma S-24, combined
with (44) and the bound (S-17) on (), the last display can be bounded by
Cn'~P for D small enough, which shows (S-37). O

Lemma S-32. Consider Hy as in (S-36) for some choice of K > 1. Then
there exists a constant C = C(K,g) > 0 such that, for all z > 1, there exists
wo = wo(z, K,g) € (0,1) such that for all w € (0,wp) and for all 6y € R™, we
have

Hj (w/z,K) > CzYCR Hp (w, K/1.1). (S-38)
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Proof. According to Lemma S-25 and Lemma S-28, there exists constants C1, Cy >
0 and wy € (0,1) such that for w € (0,wp) and any 6y,

To(n( )
m(w)
where T),, G, are defined by (S-23), (S-26) respectively. Now, by Lemmas S-
19 and S-20, for all z > 1, there exists wy(z,K) € (0,1) such that for w <

wo(z, K) and any p > ¢(w)/K,
Gu(w/z) = 2/*0G, (w)
di Ty(w) < Ty(w/z) < do Ty (w),

oY Go) 2 e k<o Y Gopw)

1€Co(w,K) ( ) 1€Co(w,K)

for some constants di = d; (K), d2 = d2(K). Combining Lemma S-24 on /m with
Lemma S-19 on G, one can find Dy, Dy > 0 with, for w < w(z),

Dy m(w) < m(w/z) < Dy m(w).

Hence, by combining these results one gets, for w < wy(z, K) (and then w/z <
wo(z, K) also holds),

T9o,z'(w/z)

Hgo(w/Z’K) > C Z G@o,i(w/z) ’ﬁ’l(UJ/Z)

i1€Co(w/z,K)

> (Cydy/Dy)2 /K N Gy, (w) -

1€Co(w/z,K)

Now we claim that Co(w, K/1.1) C Cy(w/z, K) for w small enough depending
on z. Indeed, ((w/z)/¢(w) < 1+ ({(w/z)—¢(w))/¢(w) < 1.1 for w small enough
depending on z, as in the proof of Lemma S-19. So,

Co(w/z K) ={l <i<n : |0 = ((w/2)/K}
D{1<i<n: |0 >11{(w)/K} =Co(w, K/1.1).

One deduces that Hj (w/z,K) > CzY/ K Hg (w, K/1.1) for w < wo(z, K) as
announced. O

S-6. Auxiliary lemmas

Lemma S-33. For any z > 0,

1422 =z — - oz

In particular, for any x > 1, ®(x) > %d)(z) and ®(x) ~ % when © — 0.
Furthermore, for any y € (0,1/2),

—1

{(21og(1/y) — loglog(1/y) — log(16m)) }/ <B (y) < {2log(1/y)}'">.
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and also for y small enough,
=1 1/2
® (y) < {2log(1/y) —loglog(1/y)} "~

In particular, 5_1(34) ~ {210g(1/y)}1/2 when y — 0.

Proof. The first display of the lemma are classical bounds on ®. The second
display follows using the first one and similar inequalities as those used to derive
bounds on &, ¢, x. Let us prove the last relation: for all y € (0,1/2),

1

y {(21og(1/y) — loglog(1/y) — log(16m)), }'* < 4@ () < 6(@ ' (1))

Hence,

—1 1/2

&' (y) < {~210g (y{(2108(1/y) ~ loglog(1/y) — log(16m)), }"*) }

< {~2logy — log ((21og(1/y) — loglog(1/y) — log(16m)), ) }'/*
which provides the result. U
Lemma S-34. For any z,y € R, with |z —y| < 1/4, we have

B(r) > Bly) oI ($-39)

Proof. Let us assume x > y (otherwise the result is trivial). If y < 0, we have
O(z) > ¢(1/4) > 1/4 > 1/49(y) so the inequality is true. Assume now y > 0.
By Lemma S-33,

) ) 1/4
7(33) > (?i—i_ / )1{2./ < 1} + Yy 67(m27y2)/21{y > 1}
o (y) o (y) 1+a?
P(5/4) x? 22
> Ty <1} —e @) 21y >1
230 {y<1} T+9)° {y>1}
because y € (0,00) — % is decreasing and y > x/2 when y > 1. This
concludes the proof. O

Lemma S-35. [Bernstein’s inequality] Let W;, 1 < i < n centered independent
variables with |[W;| < M and Y. Var(W;) <V, then for any A > 0,

En:WZ>A

=1

P <exp{—;A2/(V+MA/3)}.

Lemma S-36. There exists a constant C > 1 such that, for any M > 1,

M M o M
(& € e
1< Saw<cs.
M2 —/1 2=
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Proof. For M < 3 the result is immediate for C' chosen large enough beforehand.
For M > 3, one writes

M v v M M v M M v
e e e e 2 e
Caw=|S] 42 Saw<_ 42| g
/3 2z |:U2:|3 + /3 v3 U_M2+3/3 2
so that fSM i—zdv < 3eM/M?, from which the upper bound follows. The lower

bound follows from integrating by parts between 1 and M and noting that the
second term is nonnegative. O

Lemma S-37. For m > 1, p1,...,pm € (0,1), consider U = >\, B;, where
B; ~ B(p;), 1 < i < m, are independent. For any nonnegative variable T
independent of U, we have

T 12 ET
E T <e BU L Z 7 _4
(T+U { >0})_e + 0 (S-40)

Proof. Let us prove the two following inequalities: for all u > 0,

P(U =0) <e™ 2P,

E( Uiz Pi ) < 12u.
uy . pi+UV1

For the first inequality, using log(1 — x) < —z for all z € (0,1),

P(U=0)= H(1 —pi) = eXimilog(1=pi) < =L Pi — o~ EU,

i=1

For the second assertion, we have

E( gnZi:lpi > <E <Zi—1pi> w
uy ,pi+UV1 Uvli

Now applying Bernstein’s inequality, we have
P <U < zpi/z> _p (U e zpim)
i=1 i=1 i=1

< exp {_; ipz(l/2)2/(1 + 1/6)} < 670'12211 Pi

As a result, one obtains, using ze™* <1 for x > 0,

Zin;l bi
P (5

<E (Zl:]ivlfil{U > Zpi/2}> +E <W1{U < ;Pi/2}>

i=1

<2410 <0.1 Zpi> e O1XZipi < 12

i=1
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as announced. To show (S-40), we now use the independence assumption and
the concavity of x — —%- (for u > 0), to obtain

T+u
E r T >0} =P{U=0,T>0)+FE T 1{U > 0}
T+U B - T+U
ET
< - __C
<PU=0)+E [ET+U11{U> O}]
ET
< = —_—— | .
<PU=0+B |5
The two previous inequalities for w = ET/EU thus give the result. O

S-7. Additional numerical experiments

The following pages present further numerical experiments along the lines of the
comments of Section 4.
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Fic S-3. FDR of EBayesq.0 and EBayesq.hybrid procedures with threshold t €
{0.05,0.1,0.2}. a = 0.2; n = 10, 000; 500 replications; alternative all equal to u (on the
X-azis).
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X-azis).
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