
HAL Id: hal-01853686
https://hal.science/hal-01853686v3

Submitted on 18 Jan 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Determinantal expressions and recurrence relations for
Fubini and Eulerian polynomials

Feng Qi

To cite this version:
Feng Qi. Determinantal expressions and recurrence relations for Fubini and Eulerian polynomials:
Determinants for Fubini and Eulerian polynomials. Journal of Interdisciplinary Mathematics, 2019,
22 (3), pp.317–335. �10.1080/09720502.2019.1624063�. �hal-01853686v3�

https://hal.science/hal-01853686v3
https://hal.archives-ouvertes.fr


DETERMINANTAL EXPRESSIONS AND RECURRENCE RELATIONS FOR

FUBINI AND EULERIAN POLYNOMIALS

FENG QI

Institute of Mathematics, Henan Polytechnic University, Jiaozuo 454010, Henan, China; College of Mathematics,
Inner Mongolia University for Nationalities, Tongliao 028043, China; School of Mathematical Sciences, Tianjin

Polytechnic University, Tianjin 300387, China

E-mail: qifeng618@gmail.com, qifeng618@hotmail.com, qifeng618@qq.com
URL: http: // qifeng618. wordpress. com

Abstract. In the paper, by virtue of an explicit formula for higher order derivatives of the ratio
between two differentiable functions in terms of the Hessenberg determinant, the author presents

determinantal expressions and recurrence relations for generalized Fubini polynomials. Hereafter,

by virtue of relations between Eulerian polynomials and the (generalized) Fubini numbers and
polynomials, the author derives a determinantal expression for Eulerian polynomials and several

recurrence relations for the Fubini and Eulerian polynomials.
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1. Introduction

For n ≥ 0, let

Fn =

n∑
k=0

k!S(n, k), (1.1)

where S(n, k), which can be generated by the exponential function

(ex − 1)k

k!
=

∞∑
n=k

S(n, k)
xn

n!

and can be computed by the explicit formula

S(n, k) =
1

k!

k∑
`=1

(−1)k−`
(
k

`

)
`n,

denotes the Stirling numbers of the second kind [16]. One calls these numbers Fn the Fubini
numbers [7], ordered Bell numbers [10], or geometric numbers [36]. A Fubini number Fn has been
interpreted in [10, 36] combinatorially: it counts all the possible set partitions of an n element
set such that the order of the blocks matters. In [10], the Fubini numbers Fn were connected
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with preference arrangements and the recursion for Fn was derived. In [10, 11], the exponential
generating function

G(t) =
1

2− et
=

∞∑
n=0

Fn
tn

n!
(1.2)

and an asymptotic estimate for Fn were established.
In [36], the Fubini polynomials Fn(y) were defined by

Fn(y) =

n∑
k=0

S(n, k)k!yk. (1.3)

These polynomials can be generated [36, pp. 735–736] by

G(t, y) =
1

1− y(et − 1)
=

∞∑
n=0

Fn(y)
tn

n!
. (1.4)

It is clear that Fn(1) = Fn. Due to the relation(
y

d

d y

)m
1

1− y
=

∞∑
k=0

kmyk =
1

1− y
Fm

(
y

1− y

)
, |y| < 1

in [2], one also calls Fn(y) the geometric polynomials.
In [12, Section 2], the Fubini polynomials Fn(x, y) of two variables x, y are defined by means of

the generating function

G(t, y, x) =
ext

1− y(et − 1)
=

∞∑
n=0

Fn(x, y)
tn

n!
.

It is apparent that Fn(0, y) = Fn(y).

In [13], the bivariate Fubini polynomials F
(r)
n (x, y) of order r for r ∈ N, generated by

G(t, y, x, r) =
ext

[1− y(et − 1)]r
=

∞∑
n=0

F (r)
n (x, y)

tn

n!
,

were studied. It is obvious that F
(1)
n (x, y) = Fn(x, y).

The generating functions of Fn, Fn(y), Fn(x, y), and F
(r)
n (x, y) remind us to consider the gener-

ating function

G(t, y, x, q, z) =
ext

[z − y(et − 1)]q
=

∞∑
n=0

Fn(x, y, z, q)
tn

n!
, x, q ∈ R (1.5)

and generalized Fubini polynomials Fn(x, y, z, q) of four variables x, y, z, q. It is clear that, since

G(t, y, x, q, z) =
1

zq
G

(
t,
y

z
, x, r

)
,

we have

Fn(x, y, z, r) =
F

(r)
n (x, y/z)

zr
.

In this paper, we will establish some properties of generalized Fubini polynomials Fn(x, y, z, q) and,
consequently, derive some known results.
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2. A new determiantal expression of the Fubini polynomials

At first, we simply establish a new determinantal expressions of the Fubini polynomials and
numbers Fn(y) and Fn respectively.

Theorem 2.1. The Fubini polynomials Fn(y) for n ≥ 0 can be represented determinantally by

Fn(y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 0 · · · 0 0 0
0 y −1 0 · · · 0 0 0

0 y
(
2
1

)
y −1 · · · 0 0 0

0 y
(
3
1

)
y

(
3
2

)
y · · · 0 0 0

· · · · · · · · · · · ·
. . . · · · · · · · · ·

0 y
(
n−2
1

)
y
(
n−2
2

)
y · · ·

(
n−2
n−3
)
y −1 0

0 y
(
n−1
1

)
y
(
n−1
2

)
y · · ·

(
n−1
n−3
)
y
(
n−1
n−2
)
y −1

0 y
(
n
1

)
y

(
n
2

)
y · · ·

(
n
n−3
)
y
(
n
n−2
)
y
(
n
n−1
)
y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.1)

Consequently, the Fubini numbers Fn can be represented determinantally by

Fn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 0 · · · 0 0 0
0 1 −1 0 · · · 0 0 0

0 1
(
2
1

)
−1 · · · 0 0 0

0 1
(
3
1

) (
3
2

)
· · · 0 0 0

· · · · · · · · · · · ·
. . . · · · · · · · · ·

0 1
(
n−2
1

) (
n−2
2

)
· · ·

(
n−2
n−3
)

−1 0

0 1
(
n−1
1

) (
n−1
2

)
· · ·

(
n−1
n−3
) (

n−1
n−2
)

−1

0 1
(
n
1

) (
n
2

)
· · ·

(
n
n−3
) (

n
n−2
) (

n
n−1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Proof. Let u(t) and v(t) 6= 0 be differentiable functions, let U(n+1)×1(t) be an (n + 1) × 1 matrix

whose elements uk,1(t) = u(k−1)(t) for 1 ≤ k ≤ n + 1, let V(n+1)×n(t) be an (n + 1) × n matrix
whose elements

vi,j(t) =


(
i− 1

j − 1

)
v(i−j)(t), i− j ≥ 0;

0, i− j < 0

for 1 ≤ i ≤ n+1 and 1 ≤ j ≤ n, and let |W(n+1)×(n+1)(t)| denote the lower Hessenberg determinant
of the (n+ 1)× (n+ 1) lower Hessenberg matrix

W(n+1)×(n+1)(t) =
[
U(n+1)×1(t) V(n+1)×n(t)

]
.

Then the nth derivative of the ratio u(t)
v(t) can be computed by

dn

dxn

[
u(t)

v(t)

]
= (−1)n

∣∣W(n+1)×(n+1)(t)
∣∣

vn+1(t)
. (2.2)

See [1, p. 40, Exercise 5)], the papers [14, 21] and closely related references. Taking u(t) = 1 and
v(t) = 1− y

(
et − 1

)
in (2.2) yields

dn

d tn
G(t, y) = (−1)nGn+1(t, y)
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×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)[
1− y

(
et − 1

)]
0 · · · 0

0
(
1
0

)(
−yet

) (
1
1

)[
1− y

(
et − 1

)]
· · · 0

0
(
2
0

)(
−yet

) (
2
1

)(
−yet

)
· · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)(
−yet

) (
n−2
1

)(
−yet

)
· · · 0

0
(
n−1
0

)(
−yet

) (
n−1
1

)(
−yet

)
· · ·

(
n−1
n−1
)[

1− y
(
et − 1

)]
0

(
n
0

)(
−yet

) (
n
1

)(
−yet

)
· · ·

(
n
n−1
)(
−yet

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

→ (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
0 · · · 0

0
(
1
0

)
(−y)

(
1
1

)
· · · 0

0
(
2
0

)
(−y)

(
2
1

)
(−y) · · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)
(−y)

(
n−2
1

)
(−y) · · · 0

0
(
n−1
0

)
(−y)

(
n−1
1

)
(−y) · · ·

(
n−1
n−1
)

0
(
n
0

)
(−y)

(
n
1

)
(−y) · · ·

(
n
n−1
)
(−y)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, t→ 0

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 · · · 0

0
(
1
0

)
y −1 · · · 0

0
(
2
0

)
y

(
2
1

)
y · · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)
y
(
n−2
1

)
y · · · 0

0
(
n−1
0

)
y
(
n−1
1

)
y · · · −1

0
(
n
0

)
y

(
n
1

)
y · · ·

(
n
n−1
)
y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

The determinantal expression (2.1) is thus proved. The proof of Theorem 2.1 is complete. �

3. Two recurrence relations of the Fubini polynomials

Basing on Theorem 2.1 and the binomial inversion theorem, we now derive two recurrence rela-
tions of the Fubini polynomials Fn(y).

Theorem 3.1. The Fubini polynomials Fn(y) satisfy

Fn(y) = y

n−1∑
r=0

(
n

r

)
Fr(y), n ∈ N (3.1)

and

Fn(y) = (−1)n+1(1 + y)

[
n−1∑
k=0

(−1)k
(
n

k

)
Fk(y)− 1

y

]
, n ≥ 0. (3.2)
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Proof. Let M0 = 1 and

Mn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

m1,1 m1,2 0 . . . 0 0
m2,1 m2,2 m2,3 . . . 0 0
m3,1 m3,2 m3,3 . . . 0 0

...
...

...
...

...
...

mn−2,1 mn−2,2 mn−2,3 . . . mn−2,n−1 0
mn−1,1 mn−1,2 mn−1,3 . . . mn−1,n−1 mn−1,n
mn,1 mn,2 mn,3 . . . mn,n−1 mn,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
for n ∈ N. Then the main theorem on page 222 in [5] reads that the sequence Mn for n ≥ 0 satisfies
M1 = m1,1 and

Mn = mn,nMn−1 +

n−1∑
r=1

(−1)n−rmn,r

(
n−1∏
j=r

mj,j+1

)
Mr−1, n ≥ 2. (3.3)

Applying (3.3) to the determinantal expression (2.1) and simplifying yield the recurrence rela-
tion (3.1).

It is well known [6, pp. 143–144] that the binomial inversion theorem reads that

sn =

n∑
k=0

(
n

k

)
Sk if and only if Sn =

n∑
k=0

(−1)n−k
(
n

k

)
sk

for n ≥ 0, where sn and Sn are sequences of complex numbers. The relation (3.1) can be rearranged
as (

1 +
1

y

)
Fn+1(y) =

n+1∑
r=0

(
n+ 1

r

)
Fr(y), n ≥ 0.

Therefore, we obtain

Fn(y) =

n∑
k=0

(−1)n−k
(
n

k

)(
1 +

1

y

)
Fk(y)− (−1)n

y
, n ≥ 0

which can be rewritten as (3.2). The proof of Theorem 3.1 is complete. �

4. A determinantal expression for generalized Fubini polynomials

In this section, We establish a determinantal expression for generalized Fubini polynomials
Fn(x, y, z, q) of four variables x, y, z, q.

Theorem 4.1. Generalized Fubini polynomials Fn(x, y, z, q) can be determinantally expressed as

Fn(x, y, z, q) =
(−1)n

zq(n+1)

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
zq 0 · · · 0

x
(
1
0

)
m1(z, y, q)

(
1
1

)
zq · · · 0

x2
(
2
0

)
m2(z, y, q)

(
2
1

)
m1(z, y, q) · · · 0

· · · · · · · · ·
. . . · · ·

xn−2
(
n−2
0

)
mn−2(z, y, q)

(
n−2
1

)
mn−3(z, y, q) · · · 0

xn−1
(
n−1
0

)
mn−1(z, y, q)

(
n−1
1

)
mn−2(z, y, q) · · ·

(
n−1
n−1
)
zq

xn
(
n
0

)
mn(z, y, q)

(
n
1

)
mn−1(z, y, q) · · ·

(
n
n−1
)
m1(z, y, q)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4.1)
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and satisfy the recurrence relation

Fn(x, y, z, q) =
2

zq

[
xn −

n−1∑
r=0

(
n

r

)
mn−r(z, y, q)Fr(x, y, z, q)

]
, (4.2)

where

mk(z, y, q) =

k∑
`=0

(−1)`S(k, `)〈q〉`zq−`y`, k ≥ 0.

Proof. In [6, p. 134, Theorem A] and [6, p. 139, Theorem C], the Bell polynomials of the second
kind Bn,k(x1, x2, . . . , xn−k+1) for n ≥ k ≥ 0 are defined by

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n−k+1
`i∈{0}∪N∑n−k+1
i=1 i`i=n∑n−k+1
i=1 `i=k

n!∏n−k+1
i=1 `i!

n−k+1∏
i=1

(xi
i!

)`i
.

The Faà di Bruno formula can be described in terms of the Bell polynomials of the second kind
Bn,k(x1, x2, . . . , xn−k+1) by

dn

d tn
f ◦ h(t) =

n∑
k=0

f (k)(h(t)) Bn,k
(
h′(t), h′′(t), . . . , h(n−k+1)(t)

)
. (4.3)

In [6, p. 135], it is given that

Bn,k
(
abx1, ab

2x2, . . . , ab
n−k+1xn−k+1

)
= akbn Bn,k(x1, x2, . . . , xn−k+1) (4.4)

and

Bn,k(1, 1, . . . , 1) = S(n, k), (4.5)

where a and b are complex numbers.
By the Faà di Bruno formula (4.3) and the identities (4.4) and (4.5), we obtain

dk

d tk
[
z − y

(
et − 1

)]q
=

k∑
`=0

d` uq

du`
Bk,`

(
−yet,−yet, . . . ,−yet

)
=

k∑
`=0

〈q〉`uq−`
(
−yet

)`
Bk,`(1, 1, . . . , 1)

=

k∑
`=0

〈q〉`
[
z − y

(
et − 1

)]q−`(−yet)`S(k, `)

→
k∑
`=0

(−1)`S(k, `)〈q〉`zq−`y`

as t→ 0, where u = u(t) = z − y
(
et − 1

)
and

〈q〉n =

n−1∏
k=0

(q − k) =

{
q(q − 1) · · · (q − n+ 1), n ≥ 1

1, n = 0

is the falling factorial of the number q.
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In the formula (2.2), taking u(t) = ext and v(t) =
[
z − y

(
et − 1

)]q
yields

dn

d tn
G(t, y, x, q, z) =

(−1)n

[z − y(et − 1)]q(n+1)

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ext
(
0
0

)(
z + y − yet

)q
0 · · · 0

xext
(
1
0

)[(
z + y − yet

)q]′ (
1
1

)(
z + y − yet

)q · · · 0

x2ext
(
2
0

)[(
z + y − yet

)q]′′ (
2
1

)[(
z + y − yet

)q]′ · · · 0

· · · · · · · · ·
. . . · · ·

xn−2ext
(
n−2
0

)[(
z + y − yet

)q](n−2) (
n−2
1

)[(
z + y − yet

)q](n−3) · · · 0

xn−1ext
(
n−1
0

)[(
z + y − yet

)q](n−1) (
n−1
1

)[(
z + y − yet

)q](n−2) · · ·
(
n−1
n−1
)(
z + y − yet

)q
xnext

(
n
0

)[(
z + y − yet

)q](n) (
n
1

)[(
z + y − yet

)q](n−1) · · ·
(
n
n−1
)[(

z + y − yet
)q]′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

→ (−1)n

zq(n+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
zq 0 · · · 0

x
(
1
0

)
m1(z, y, q)

(
1
1

)
zq · · · 0

x2
(
2
0

)
m2(z, y, q)

(
2
1

)
m1(z, y, q) · · · 0

· · · · · · · · ·
. . . · · ·

xn−2
(
n−2
0

)
mn−2(z, y, q)

(
n−2
1

)
mn−3(z, y, q) · · · 0

xn−1
(
n−1
0

)
mn−1(z, y, q)

(
n−1
1

)
mn−2(z, y, q) · · ·

(
n−1
n−1
)
zq

xn
(
n
0

)
mn(z, y, q)

(
n
1

)
mn−1(z, y, q) · · ·

(
n
n−1
)
m1(z, y, q)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
as t tends to 0. The determinantal expression (4.1) is thus proved.

Applying (3.3) to the determinant in (4.1) gives

(−1)nzq(n+1)Fn(x, y, z, q) =

(
n

n− 1

)
m1(z, y, q)(−1)n−1zqnFn−1(x, y, z, q)

+(−1)n−1+1xnzqn(−1)1−2zq(1−1)F1−2(x, y, z, q)

+

n∑
r=2

(−1)n−r+1

(
n

r − 2

)
mn−r+2(z, y, q)zq(n−r+1)(−1)r−2zq(r−1)Fr−2(x, y, z, q),

where F−1(x, y, z, q) = −1. This can be simplified as (4.2). The proof of Theorem 4.1 is complete.
�

5. Relations between Fubini and Eulerian polynomials

It is known [23, 29] that Eulerian polynomials An(t) for n ≥ 0 can be generated by

1− t
ex(t−1) − t

=

∞∑
n=0

An(t)
xn

n!
, t 6= 1 (5.1)

and that higher order Eulerian polynomials A
(α)
n (t) for n ≥ 0 and α ∈ R can be generated by[

1− t
ex(t−1) − t

]α
=

∞∑
n=0

A(α)
n (t)

xn

n!
, t 6= 1. (5.2)

Comparing (1.2) with (5.1) and (5.2) reveals that

An(2) = A(1)
n (2) = Fn = Fn(1) = Fn(0, 1) = F (1)

n (0, 1) = yFn(0, y, y, 1), n ≥ 0. (5.3)
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The equations (1.4) and (5.1) can be rewritten as

1

ew −
(
1 + 1

y

) = −y
∞∑
n=0

Fn(y)
wn

n!

and
1

ew − t
= −

∞∑
n=0

An(t)

(t− 1)n+1

wn

n!
.

This means that

Fn(y) = ynAn

(
1 +

1

y

)
(5.4)

and

An(t) = (t− 1)nFn

(
1

t− 1

)
. (5.5)

Similarly, the equations(1.5) and (5.2) can be rewritten as

1[
ew −

(
1 + z

y

)]q = yqe−xw
∞∑
n=0

Fn(x, y, z, q)
wn

n!

and

1

(ew − t)α
=

∞∑
n=0

A
(α)
n (t)

(1− t)n+α
wn

n!
.

Then we can conclude that

Fn(0, y, z, q) = (−1)n+q
yn

zn+q
A(q)
n

(
1 +

z

y

)
and

A(α)
n (t) = (1− t)n+αFn(0, 1, t− 1, α). (5.6)

In [23, Theorem 1], it was obtained that Eulerian polynomials An(t) and higher order Eulerian

polynomials A
(α)
n (t) for n ≥ 0 and α > 0 can be computed by

An(t) =

n∑
k=0

k!S(n, k)(t− 1)n−k (5.7)

and

A(α)
n (t) =

1

Γ(α)

n∑
k=0

Γ(k + α)S(n, k)(t− 1)n−k, (5.8)

where Γ(z) denotes the classical Euler gamma function [17, 25]. Taking t = 2 in (5.7) and using (5.3)
recover (1.1). Substituting (5.5) into (5.7) yields

(t− 1)nFn

(
1

t− 1

)
=

n∑
k=0

k!S(n, k)(t− 1)n−k

which is equivalent to (1.3). Combining (5.6) and (5.8) results in

Fn(0, 1, t− 1, α) =
1

Γ(α)

n∑
k=0

(−1)n−k
Γ(k + α)S(n, k)

(1− t)k+α
.
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Substituting (5.4) into (2.1), (3.1), and (3.2) arrives at a nice determinantal expression

An(t) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1
1−t 0 0 · · · 0 0 0

0 1 1
1−t 0 · · · 0 0 0

0 1
(
2
1

)
1

1−t · · · 0 0 0

0 1
(
3
1

) (
3
2

)
· · · 0 0 0

· · · · · · · · · · · ·
. . . · · · · · · · · ·

0 1
(
n−2
1

) (
n−2
2

)
· · ·

(
n−2
n−3
)

1
1−t 0

0 1
(
n−1
1

) (
n−1
2

)
· · ·

(
n−1
n−3
) (

n−1
n−2
)

1
1−t

0 1
(
n
1

) (
n
2

)
· · ·

(
n
n−3
) (

n
n−2
) (

n
n−1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n ≥ 0

and two recurrence relations

An(t) = (t− 1)n−1
n−1∑
r=0

(
n

r

)
Ar(t)

(t− 1)r
, n ∈ N,

An(t) = (−1)n+1(t− 1)n−1t

[
1− t+

n−1∑
k=0

(−1)k
(
n

k

)
Ak(t)

(t− 1)k

]
, n ≥ 0.

Theorem 2 in [23] reads that the function

F (t, x) =
1

ex(t−1) − t
, t 6= 1

satisfies the nonlinear ordinary differential equation

∂nF (t, x)

∂xn
= (t− 1)n

n∑
i=0

[
n∑
k=i

(−1)kk!S(n, k)

(
k

i

)]
tiF i+1(t, x), n ≥ 0. (5.9)

The equation (5.9) was simplified in [29, Theorem 5] as

∂nF (t, x)

∂xn
= (1− t)n

n∑
k=0

S(n+ 1, k + 1)k!tkF k+1(t, x), n ≥ 0. (5.10)

As an inversion formula of (5.10), Theorem 4 in [29] states that

Fn+1(t, x) =
1

n!tn

n∑
i=0

s(n+ 1, i+ 1)

(1− t)i
∂iF (t, x)

∂xi
, n ≥ 0, (5.11)

where s(n, k), which can be generated by

[ln(1 + x)]k

k!
=

∞∑
n=k

s(n, k)
xn

n!
, |x| < 1,

stands for the Stirling numbers of the first kind. Taking t = 2 in (5.10) and (5.11) leads to

G(n)(x) = (−1)n
n∑
k=0

(−1)k2kk!S(n+ 1, k + 1)Gk+1(x), n ≥ 0 (5.12)

and

Gn+1(x) =
(−1)n

n!2n

n∑
i=0

(−1)is(n+ 1, i+ 1)G(i)(x), n ≥ 0. (5.13)
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The equations (5.12) and (5.13) were also established in [19, Theorem 1] by three alternative
approaches. By similar methods to those in [23, 19, 28, 29, 31] and closely related references
therein, we can easily deduce

∂nG(t, y)

∂tn
= (−1)n

n∑
m=0

(−1)m(1 + y)mm!S(n+ 1,m+ 1)Gm+1(t, y), n ≥ 0

and

Gn+1(t, y) =
(−1)n

n!(1 + y)n

n∑
m=0

(−1)ms(n+ 1,m+ 1)
∂mG(t, y)

∂tm
, n ≥ 0.

In [23, Theorem 3] and [29, Theorem 6], it was obtained that

n∑
k=0

(−1)k
(
n

k

)[
S(n− k, 0)

(1− t)k−1
+
S(n− k, 1)

(1− t)k

]
Ak(t) = 0, n ∈ N (5.14)

and
n∑
k=0

s(n, k)

(t− 1)k
Ak(t) =

n!

(t− 1)n
, n ≥ 0. (5.15)

Substituting (5.5) into (5.14) and (5.15) arrives at

n∑
k=0

(
n

k

)[
S(n− k, 1)− S(n− k, 0)

t

]
Fk(t) = 0, n ∈ N

and
n∑
k=0

s(n, k)Fk(t) = n!tn, n ≥ 0.

6. Remarks

Finally, we list several remarks.

Remark 6.1. When y = 1, the recurrence relations (3.1) and (3.2) becomes

Fn =

n−1∑
r=0

(
n

r

)
Fr, n ∈ N

and

Fn = (−1)n2

[
1−

n−1∑
k=0

(−1)k
(
n

k

)
Fk

]
, n ≥ 0.

These two recurrence relations appeared in [8] in different forms.

Remark 6.2. Let u = u(t) = y(et − 1). Then, by the Faà di Bruno formula (4.3) and the identi-
ties (4.4) and (4.5), we have

lim
t→0

dn

d tn
1

1− y(et − 1)
= lim
t→0

n∑
k=0

dk

duk
1

1− u
Bn,k

(
yet, yet, . . . , yet

)
= lim
t→0

n∑
k=0

k!

(1− u)k+1

(
yet
)k

Bn,k(1, 1, . . . , 1) =

n∑
k=0

S(n, k)k!yk = Fn(y).
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This recovers once again that the Fubini numbers and polynomials Fn and Fn(y) have generating
functions 1

2−et and 1
1−y(et−1) .

Remark 6.3. On 24 July 2018, when commenting on the paper [29] on ResearchGate, Professor
Dr. Boyadzhiev (Ohio Northern University) recommended the website http://www.luschny.de/

math/euler/EulerianPolynomials.html and two papers [3, 9]. He said that, when writing about
Eulerian polynomials, it is good to mention that they originate from Euler and their theory is very
classical—generating function and other formulas have been known for very long time. He pointed
out that the paper [3] is a review where Eulerian polynomials are linked to geometric polynomials
and Apostol–Bernoulli polynomials.

On 15 May 2019, Professor Dr. Boyadzhiev (Ohio Northern University) commented on Research-
Gate again that the author should take in consideration the paper [4] and that the name “geometric
polynomials” is established in the mathematics community while “Fubini polynomials” is not.

Remark 6.4. The ideas in this paper and the formulas (2.2) and (3.3) have been utilized in the
papers [20, 22, 24, 26, 27, 30, 32, 33, 34, 35] and closely related references therein.

Remark 6.5. This paper is an extension of the preprint [18] and a slight revision of the preprint [15].
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