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ON GENERALIZED FUBINI POLYNOMIALS

FENG QI

Abstract. In the paper, by virtue of an explicit formula for higher order derivatives of the ratio
between two differentiable functions in terms of the Hessenberg determinant, the author presents

determinantal expressions and recurrence relations for the generalized Fubini polynomials.

1. Introduction

For n ≥ 0, let

Fn =

n∑
k=0

k!S(n, k),

where S(n, k) denotes the Stirling numbers of the second kind [12]. One calls these numbers Fn the
Fubini numbers [5], ordered Bell numbers [7], or geometric numbers [14]. A Fubini number Fn has
been interpreted in [7, 14] combinatorially: it counts all the possible set partitions of an n element
set such that the order of the blocks matters. In [7], the Fubini numbers Fn were connected with
preference arrangements and the recursion for Fn was derived. In [7, 8], the exponential generating
function

1

2− et
=

∞∑
n=0

Fn
tn

n!

and an asymptotic estimate for Fn were established.
In [14], the Fubini polynomials Fn(y) were defined by

Fn(y) =

n∑
k=0

S(n, k)k!yk.

These polynomials can be generated [14, pp. 735–736] by

1

1− y(et − 1)
=

∞∑
n=0

Fn(y)
tn

n!
.

It is clear that Fn(1) = Fn. Due to the relation(
y

d

d y

)m
1

1− y
=

∞∑
k=0

kmyk =
1

1− y
Fm

(
y

1− y

)
, |y| < 1

in [2], one also calls Fn(y) the geometric polynomials.
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2 F. QI

In [9, Section 2], the Fubini polynomials Fn(x, y) of two variables x, y are defined by means of
the generating function

ext

1− y(et − 1)
=

∞∑
n=0

Fn(x, y)
tn

n!
.

It is apparent that Fn(0, y) = Fn(y).

In [10], the bivariate Fubini polynomials F
(r)
n (x, y) of order r, generated by

ext

[1− y(et − 1)]r
=

∞∑
n=0

F (r)
n (x, y)

tn

n!
, r ∈ N

were studied. It is obvious that F
(1)
n (x, y) = Fn(x, y).

The generating functions of Fn, Fn(y), Fn(x, y), and F
(r)
n (x, y) remind us to consider the gener-

ating function

ext

[z − y(et − 1)]q
=

∞∑
n=0

Fn(x, y, z, q)
tn

n!
, x, q ∈ R

and the generalized Fubini polynomials Fn(x, y, z, q) of four variables x, y, z, q. It is clear that, since

ext

[z − y(et − 1)]q
=

1

zq
ext

[1− (y/z)(et − 1)]q
,

we have

Fn(x, y, z, r) =
F

(r)
n (x, y/z)

zr
.

In this paper, we will establish some properties of generalized Fubini polynomials Fn(x, y, z, q) and,
consequently, derive some known results.

2. A new determiantal expression of the Fubini polynomials

At first, we simply establish a new determinantal expressions of the Fubini polynomials and
numbers Fn(y) and Fn respectively.

Theorem 2.1. The Fubini polynomials Fn(y) for n ≥ 0 can be represented determinantally by

Fn(y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 0 · · · 0 0 0
0 y −1 0 · · · 0 0 0

0 y
(
2
1

)
y −1 · · · 0 0 0

0 y
(
3
1

)
y

(
3
2

)
y · · · 0 0 0

· · · · · · · · · · · ·
. . . · · · · · · · · ·

0 y
(
n−2
1

)
y
(
n−2
2

)
y · · ·

(
n−2
n−3
)
y −1 0

0 y
(
n−1
1

)
y
(
n−1
2

)
y · · ·

(
n−1
n−3
)
y
(
n−1
n−2
)
y −1

0 y
(
n
1

)
y

(
n
2

)
y · · ·

(
n

n−3
)
y
(

n
n−2
)
y
(

n
n−1
)
y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.1)
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Consequently, the Fubini numbers Fn can be represented determinantally by

Fn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 0 · · · 0 0 0
0 1 −1 0 · · · 0 0 0

0 1
(
2
1

)
−1 · · · 0 0 0

0 1
(
3
1

) (
3
2

)
· · · 0 0 0

· · · · · · · · · · · ·
. . . · · · · · · · · ·

0 1
(
n−2
1

) (
n−2
2

)
· · ·

(
n−2
n−3
)

−1 0

0 1
(
n−1
1

) (
n−1
2

)
· · ·

(
n−1
n−3
) (

n−1
n−2
)

−1

0 1
(
n
1

) (
n
2

)
· · ·

(
n

n−3
) (

n
n−2
) (

n
n−1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Proof. Let u(t) and v(t) 6= 0 be differentiable functions, let U(n+1)×1(t) be an (n + 1) × 1 matrix

whose elements uk,1(t) = u(k−1)(t) for 1 ≤ k ≤ n + 1, let V(n+1)×n(t) be an (n + 1) × n matrix
whose elements

vi,j(t) =


(
i− 1

j − 1

)
v(i−j)(t), i− j ≥ 0;

0, i− j < 0

for 1 ≤ i ≤ n+1 and 1 ≤ j ≤ n, and let |W(n+1)×(n+1)(t)| denote the lower Hessenberg determinant
of the (n + 1)× (n + 1) lower Hessenberg matrix

W(n+1)×(n+1)(t) =
[
U(n+1)×1(t) V(n+1)×n(t)

]
.

Then the nth derivative of the ratio u(t)
v(t) can be computed by

dn

dxn

[
u(t)

v(t)

]
= (−1)n

∣∣W(n+1)×(n+1)(t)
∣∣

vn+1(t)
. (2.2)

See [1, p. 40, Exercise 5)], the papers [11, 13] and closely related references. Taking u(t) = 1 and
v(t) = 1− y

(
et − 1

)
in (2.2) yields

dn

d tn
1

1− y(et − 1)
=

(−1)n

[1− y(et − 1)]n+1

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)[
1− y

(
et − 1

)]
0 · · · 0

0
(
1
0

)(
−yet

) (
1
1

)[
1− y

(
et − 1

)]
· · · 0

0
(
2
0

)(
−yet

) (
2
1

)(
−yet

)
· · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)(
−yet

) (
n−2
1

)(
−yet

)
· · · 0

0
(
n−1
0

)(
−yet

) (
n−1
1

)(
−yet

)
· · ·

(
n−1
n−1
)[

1− y
(
et − 1

)]
0

(
n
0

)(
−yet

) (
n
1

)(
−yet

)
· · ·

(
n

n−1
)(
−yet

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

→ (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
0 · · · 0

0
(
1
0

)
(−y)

(
1
1

)
· · · 0

0
(
2
0

)
(−y)

(
2
1

)
(−y) · · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)
(−y)

(
n−2
1

)
(−y) · · · 0

0
(
n−1
0

)
(−y)

(
n−1
1

)
(−y) · · ·

(
n−1
n−1
)

0
(
n
0

)
(−y)

(
n
1

)
(−y) · · ·

(
n

n−1
)
(−y)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, t→ 0
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 · · · 0

0
(
1
0

)
y −1 · · · 0

0
(
2
0

)
y

(
2
1

)
y · · · 0

· · · · · · · · ·
. . . · · ·

0
(
n−2
0

)
y
(
n−2
1

)
y · · · 0

0
(
n−1
0

)
y
(
n−1
1

)
y · · · −1

0
(
n
0

)
y

(
n
1

)
y · · ·

(
n

n−1
)
y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

The determinantal expression (2.1) is thus proved. The proof of Theorem 2.1 is complete. �

3. Two recurrence relations of the Fubini polynomials

Basing on Theorem 2.1 and the binomial inversion theorem, we now derive two recurrence rela-
tions of the Fubini polynomials Fn(y).

Theorem 3.1. The Fubini polynomials Fn(y) satisfy

Fn(y) = y

n−1∑
r=0

(
n

r

)
Fr(y), n ∈ N (3.1)

and

Fn(y) = (−1)n+1(1 + y)

[
n−1∑
k=0

(−1)k
(
n

k

)
Fk(y)− 1

y

]
, n ≥ 0. (3.2)

Proof. Let M0 = 1 and

Mn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

m1,1 m1,2 0 . . . 0 0
m2,1 m2,2 m2,3 . . . 0 0
m3,1 m3,2 m3,3 . . . 0 0

...
...

...
...

...
...

mn−2,1 mn−2,2 mn−2,3 . . . mn−2,n−1 0
mn−1,1 mn−1,2 mn−1,3 . . . mn−1,n−1 mn−1,n
mn,1 mn,2 mn,3 . . . mn,n−1 mn,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
for n ∈ N. Then the main theorem on page 222 in [3] reads that the sequence Mn for n ≥ 0 satisfies
M1 = m1,1 and

Mn = mn,nMn−1 +

n−1∑
r=1

(−1)n−rmn,r

(
n−1∏
j=r

mj,j+1

)
Mr−1, n ≥ 2. (3.3)

Applying (3.3) to the determinantal expression (2.1) and simplifying yield the recurrence rela-
tion (3.1).

It is well known [4, pp. 143–144] that the binomial inversion theorem reads that the equation

sn =

n∑
k=0

(
n

k

)
Sk, n ≥ 0

holds if and only if the equation

Sn =

n∑
k=0

(−1)n−k
(
n

k

)
sk
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holds for n ≥ 0, where {sn, n ≥ 0} and {Sn, n ≥ 0} are sequences of complex numbers. The
relation (3.1) can be rearranged as(

1 +
1

y

)
Fn+1(y) =

n+1∑
r=0

(
n + 1

r

)
Fr(y), n ≥ 0.

Therefore, we obtain

Fn(y) =

n∑
k=0

(−1)n−k
(
n

k

)(
1 +

1

y

)
Fk(y)− (−1)n

y
, n ≥ 0

which can be rewritten as (3.2). The proof of Theorem 3.1 is complete. �

4. A determinantal expression for generalized Fubini polynomials

In this section, We establish a determinantal expression for generalized Fubini polynomials
Fn(x, y, z, q) of four variables x, y, z, q.

Theorem 4.1. Generalized Fubini polynomials Fn(x, y, z, q) of four variables x, y, z, q can be de-
terminantally expressed as

Fn(x, y, z, q) =
(−1)n

zq(n+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
zq 0 · · · 0

x
(
1
0

)
m1(z, y, q)

(
1
1

)
zq · · · 0

x2
(
2
0

)
m2(z, y, q)

(
2
1

)
m1(z, y, q) · · · 0

· · · · · · · · ·
. . . · · ·

xn−2 (
n−2
0

)
mn−2(z, y, q)

(
n−2
1

)
mn−3(z, y, q) · · · 0

xn−1 (
n−1
0

)
mn−1(z, y, q)

(
n−1
1

)
mn−2(z, y, q) · · ·

(
n−1
n−1
)
zq

xn
(
n
0

)
mn(z, y, q)

(
n
1

)
mn−1(z, y, q) · · ·

(
n

n−1
)
m1(z, y, q)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4.1)

and satisfy the recurrence relation

Fn(x, y, z, q) =
2

zq

[
xn −

n−1∑
r=0

(
n

r

)
mn−r(z, y, q)Fr(x, y, z, q)

]
, (4.2)

where

mk(z, y, q) =

k∑
`=0

(−1)`S(k, `)〈q〉`zq−`y`, k ≥ 0.

Proof. In [4, p. 134, Theorem A] and [4, p. 139, Theorem C], the Bell polynomials of the second
kind Bn,k(x1, x2, . . . , xn−k+1) for n ≥ k ≥ 0 are defined by

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n−k+1
`i∈{0}∪N∑n−k+1
i=1 i`i=n∑n−k+1
i=1 `i=k

n!∏n−k+1
i=1 `i!

n−k+1∏
i=1

(xi

i!

)`i
.

The Faà di Bruno formula can be described in terms of the Bell polynomials of the second kind
Bn,k(x1, x2, . . . , xn−k+1) by

dn

d tn
f ◦ h(t) =

n∑
k=0

f (k)(h(t)) Bn,k

(
h′(t), h′′(t), . . . , h(n−k+1)(t)

)
. (4.3)
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In [4, p. 135], it is given that

Bn,k

(
abx1, ab

2x2, . . . , ab
n−k+1xn−k+1

)
= akbn Bn,k(x1, x2, . . . , xn−k+1) (4.4)

and

Bn,k(1, 1, . . . , 1) = S(n, k), (4.5)

where a and b are complex numbers.
By the Faà di Bruno formula (4.3) and the identities (4.4) and (4.5), we obtain

dk

d tk
[
z − y

(
et − 1

)]q
=

k∑
`=0

d` uq

du`
Bk,`

(
−yet,−yet, . . . ,−yet

)
=

k∑
`=0

〈q〉`uq−`(−yet)` Bk,`(1, 1, . . . , 1)

=

k∑
`=0

〈q〉`
[
z − y

(
et − 1

)]q−`(−yet)`S(k, `)

→
k∑

`=0

(−1)`S(k, `)〈q〉`zq−`y`

as t→ 0, where u = u(t) = z − y
(
et − 1

)
and

〈q〉n =

n−1∏
k=0

(q − k) =

{
q(q − 1) · · · (q − n + 1), n ≥ 1

1, n = 0

is the falling factorial of the number q.
In the formula (2.2), taking u(t) = ext and v(t) =

[
z − y

(
et − 1

)]q
yields

dn

d tn
ext

[z − y(et − 1)]q
=

(−1)n

[z − y(et − 1)]q(n+1)

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ext
(
0
0

)(
z + y − yet

)q
0 · · · 0

xext
(
1
0

)[(
z + y − yet

)q]′ (
1
1

)(
z + y − yet

)q · · · 0

x2ext
(
2
0

)[(
z + y − yet

)q]′′ (
2
1

)[(
z + y − yet

)q]′ · · · 0

· · · · · · · · ·
. . . · · ·

xn−2ext
(
n−2
0

)[(
z + y − yet

)q](n−2) (
n−2
1

)[(
z + y − yet

)q](n−3) · · · 0

xn−1ext
(
n−1
0

)[(
z + y − yet

)q](n−1) (
n−1
1

)[(
z + y − yet

)q](n−2) · · ·
(
n−1
n−1
)(
z + y − yet

)q
xnext

(
n
0

)[(
z + y − yet

)q](n) (
n
1

)[(
z + y − yet

)q](n−1) · · ·
(

n
n−1
)[(

z + y − yet
)q]′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

→ (−1)n

zq(n+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(
0
0

)
zq 0 · · · 0

x
(
1
0

)
m1(z, y, q)

(
1
1

)
zq · · · 0

x2
(
2
0

)
m2(z, y, q)

(
2
1

)
m1(z, y, q) · · · 0

· · · · · · · · ·
. . . · · ·

xn−2 (
n−2
0

)
mn−2(z, y, q)

(
n−2
1

)
mn−3(z, y, q) · · · 0

xn−1 (
n−1
0

)
mn−1(z, y, q)

(
n−1
1

)
mn−2(z, y, q) · · ·

(
n−1
n−1
)
zq

xn
(
n
0

)
mn(z, y, q)

(
n
1

)
mn−1(z, y, q) · · ·

(
n

n−1
)
m1(z, y, q)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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as t tends to 0. The determinantal expression (4.1) is thus proved.
Applying (3.3) to the determinant in (4.1) gives

(−1)nzq(n+1)Fn(x, y, z, q) =

(
n

n− 1

)
m1(z, y, q)(−1)n−1zqnFn−1(x, y, z, q)

+(−1)n−1+1xnzqn(−1)1−2zq(1−1)F1−2(x, y, z, q)

+

n∑
r=2

(−1)n−r+1

(
n

r − 2

)
mn−r+2(z, y, q)zq(n−r+1)(−1)r−2zq(r−1)Fr−2(x, y, z, q),

where F−1(x, y, z, q) = −1. This can be simplified as (4.2). The proof of Theorem 4.1 is complete.
�

5. Remarks

Finally, we list several remarks.

Remark 5.1. When y = 1, the recurrence relations (3.1) and (3.2) becomes

Fn =

n−1∑
r=0

(
n

r

)
Fr, n ∈ N

and

Fn = (−1)n+12

[
n−1∑
k=0

(−1)k
(
n

k

)
Fk − 1

]
, n ≥ 0.

These two recurrence relations appeared in [6] in different forms.

Remark 5.2. Let u = u(t) = y(et − 1). Then, by the Faà di Bruno formula (4.3) and the identi-
ties (4.4) and (4.5), we have

lim
t→0

dn

d tn
1

1− y(et − 1)
= lim

t→0

n∑
k=0

dk

duk

1

1− u
Bn,k

(
yet, yet, . . . , yet

)
= lim

t→0

n∑
k=0

k!

(1− u)k+1

(
yet
)k

Bn,k(1, 1, . . . , 1) =

n∑
k=0

S(n, k)k!yk = Fn(y).

This recovers once again that the Fubini numbers and polynomials Fn and Fn(y) have generating
functions 1

2−et and 1
1−y(et−1) .
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