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ON GENERALIZED FUBINI POLYNOMIALS

FENG QI

ABSTRACT. In the paper, by virtue of an explicit formula for higher order derivatives of the ratio
between two differentiable functions in terms of the Hessenberg determinant, the author presents
determinantal expressions and recurrence relations for the generalized Fubini polynomials.

1. INTRODUCTION

For n > 0, let

Fo=>_k!S(n,k),
k=0
where S(n, k) denotes the Stirling numbers of the second kind [I2]. One calls these numbers F;, the
Fubini numbers [5], ordered Bell numbers [7], or geometric numbers [I4]. A Fubini number F), has
been interpreted in [7, [14] combinatorially: it counts all the possible set partitions of an n element
set such that the order of the blocks matters. In [7], the Fubini numbers F,, were connected with
preference arrangements and the recursion for F,, was derived. In [7, [§], the exponential generating

function
1 =
9 _ et = Z Fnﬁ
n=0

and an asymptotic estimate for F;, were established.
In [I4], the Fubini polynomials F,,(y) were defined by

Fu(y) = S(n, k)kly".
k=0

These polynomials can be generated [I4, pp. 735-736] by

o0

1 t"
1— y(et — 1) = ZFn(y)E

n=0

It is clear that F,, (1) = F,. Due to the relation

d\™ 1 > 1 y
el — oyt = —F,, | —— ), <1
<ydy) l—y kZ:O YTy <1—y> i
in [2], one also calls F,,(y) the geometric polynomials.
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In [9, Section 2], the Fubini polynomials F,,(z,y) of two variables x,y are defined by means of
the generating function

T

et > tm
N F(ay) .
1—y(et —1) 7;) (@ y)n!

It is apparent that F,(0,y) = F,(y).
In [I0], the bivariate Fubini polynomials Fy(f)(x, y) of order r, generated by

efEt

o0 tn
= ) s N
[1 _ y(et _ 1)]1- T;) n (x7y) n!7 r E
were studied. It is obvious that F,Sl)(x, y) = Fu(z,y).

The generating functions of F,,, Fy,(y), F,(z,y), and F" (2,y) remind us to consider the gener-
ating function

ewt s n
mzzﬁ‘n(xay,zaq)ﬁa %CJGR
n=0

and the generalized Fubini polynomials F,(x,y, z, q) of four variables x, y, z, q. It is clear that, since

xt xt

e 1 e

[z —ylet =Dt 201~ (y/2)(e" = D))"’

we have

(r)
Fri(x,y/z
Fn(xvyazﬂd):%'

In this paper, we will establish some properties of generalized Fubini polynomials F,,(z, v, 2, q) and,
consequently, derive some known results.

2. A NEW DETERMIANTAL EXPRESSION OF THE FUBINI POLYNOMIALS

At first, we simply establish a new determinantal expressions of the Fubini polynomials and
numbers F),(y) and F,, respectively.

Theorem 2.1. The Fubini polynomials F,(y) for n > 0 can be represented determinantally by

1 —1 0 0 0 0 0
0y -1 0 0 0 0
0 i)y ~1 0 0 0
0 v Gy Oy 0 0 0
Fn(y) - o .. .. .. . (2 1)
0y (" ("D Dy -1 0
0y (" vy ("Ny (y)y (v 1
0y My By Gy Gy ()y
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Consequently, the Fubini numbers F, can be represented determinantally by

1 -1 0 0 0 0 0
0 1 -1 0 .. 0 0 0
o 1 () -1 - 0 0 0
o1 @0 00 0
F,, = ]
01 (%) (") o Gy -1 0
0 1 (nI (ng ) o (2:3) 2:2) -1
o 1 () G o G Gl (M)

Proof. Let u(t) and v(t) # 0 be differentiable functions, let Ug,41)x1(t) be an (n + 1) x 1 matrix
whose elements uy 1 (t) = u* =V (¢) for 1 < k < n+ 1, let Vint1)xn(t) be an (n + 1) x n matrix

whose elements
1—1 o
(i—3) P .
) v t), i—3520;
wﬂﬂ={Q—J ©

0, i—j<0
for 1 <i<mn+1land1<j<mn,andlet [W(,11)x(n+1)(t)| denote the lower Hessenberg determinant
of the (n+ 1) x (n+ 1) lower Hessenberg matrix

Wins)x (1)) = [Ums1yx1(t)  Vinr1yxn ()] -

Then the nth derivative of the ratio % can be computed by
d* [u(®)] _ (_Dn!W(nH)x(nH)(t)\
dan [ v(t) () '
See [Tl p. 40, Exercise 5)], the papers [I1} T3] and closely related references. Taking u(t) = 1 and
v(t) =1—y(e" —1) in 2.2) yields

(2.2)

d" 1 B (=)™
AP 1—yle—1) -y - D
L ([t —y(ef = 1)] 0 0
T R [ () 0
0 (o) (—ve') (1) (~ye’) - 0
0 (P () 0
0 ("o ) (=ye') (") (=yeh) (o) [ —y(ef =1)]
0 (5) (—ye") (1) (~ye') (1) (~ye')
1 ) 0 0
o B 0
T 9 TG ) B ) Y &) 0
— (=1)" .. , t—=0
0 (")y) (")) - 0
0 (" N=y) (" Ny o (20D
o =y OEw o o )




1 -1 0 0
0 (é)y ~1 0
0 Qv Oy 0
0 "y (" y 0
o (" y (" y o -1
0 (0)v Dy )y
The determinantal expression is thus proved. The proof of Theorem is complete. O

3. TWO RECURRENCE RELATIONS OF THE FUBINI POLYNOMIALS

Basing on Theorem and the binomial inversion theorem, we now derive two recurrence rela-
tions of the Fubini polynomials F,(y).

Theorem 3.1. The Fubini polynomials F,(y) satisfy

Fuy) = yZ () rt. nen )

and

mi mi, 2 0 . 0 0
ma1 m2 2 ma 3 N 0 0
m31 ms3,2 ms3.s . 0 0
M, =
mp—21 Mp-22 Mp-23 ... Mp—2n—1 0
Mmp—11 Mp-12 Mp-13 ... Mp-1n-1 Mp-1n
Mn 1 My 2 mMn,3 e Mpn-1 Mp,n

for n € N. Then the main theorem on page 222 in [3] reads that the sequence M,, for n > 0 satisfies
My =mq,; and

n—1 n—1
Mn = mnvnMn_l + Z(*l)nirmn,r (H mj7j+1> Mr—la n Z 2. (33)
r=1 j=r

Applying (3.3) to the determinantal expression (2.1) and simplifying yield the recurrence rela-
tion (3.1)).

Tt is well known [4, pp. 143-144] that the binomial inversion theorem reads that the equation

n

an(Z>Sk n>0

k=0
holds if and only if the equation
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holds for n > 0, where {s,,n > 0} and {S,,n > 0} are sequences of complex numbers. The
relation (3.1) can be rearranged as

(1 + ;)Fnﬂ(y) = ni <nj 1)FT(y)7 n > 0.

Therefore, we obtain

Fn<y>=i<—1>"-k(k)(1+ )m) EU% iz

k=0
which can be rewritten as (3.2]). The proof of Theorem [3.1]is complete. O

4. A DETERMINANTAL EXPRESSION FOR GENERALIZED FUBINI POLYNOMIALS

In this section, We establish a determinantal expression for generalized Fubini polynomials
F.(x,y, z,q) of four variables x,y, z, q.

Theorem 4.1. Generalized Fubini polynomials F,(x,y,z,q) of four variables x,y,z,q can be de-
terminantally expressed as

1 (g)zq 0 .. 0
z (o)ma(z,y.q) (1)2 e 0
(71)71 $2 (0)7712(272%‘1) (?)ml('zayﬂ'}) 0
Fn(x,y,z,q)zm , , e
xn—2 (ngl)mn 2(2 Y, Q) (nzl)mn73(z7 Y, q) T ?
fnil (na )mn 1(2 y Q) (nI )mn72(zvy7q) e (Z:I)Zq
" ( )mn Z Y, d (?)mnfl('zayvq) (nil)ml('zyva)
(4.1)
and satisfy the recurrence relation
9 n—1
Fn(za Y, z, q) = g |:Tn - 7;0 <7,:> mn—T(Zv Y, q)Fr(xa Y, z, q)] ) (42)
where
k
K(z,9,q) = (@), k>0
= 0
4,

Proof. In [4, p. 134, Theorem A] and 139, Theorem C], the Bell polynomials of the second
kind By, (21,22, ..., Tn_k41) for n >k 2 are defined by

| n—k+1 0.
n! AN
B k(T1, T2y s Tnopp1) = E , W H (7)
jia A 7!
1<i<n—k+1 =1
£;€{0}UN
P k10, =n
S k+1éi:k

The Faa di Bruno formula can be described in terms of the Bell polynomials of the second kind
By k(z1,22,. .., Tn_ky1) by

—f h(t) = Z FE (@) Buw (B (£), h' (1), ...,k FED (1)), (4.3)

dtn
k=0
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In [4, p. 135], it is given that

2 —k+1 k
Bn,k(abxl,ab To,...,ab" kT xn,kﬂ) =a"b" By k(®1, 2, -, Tn—k+1)

and

Box(1,1,...,1) = S(n, k),

where a and b are complex numbers.

By the Faa di Bruno formula (4.3) and the identities (4.4)) and (4.5)), we obtain

dar Fal e
am e =0 =2 o
=0

k
=3 " (@heut =" (~ye") Bre(1,1,..., 1)

as t — 0, where u = u(t) =z — y(e’ — 1) and

(@)n = nlz[(q— k) = {q(q D

k=0
is the falling factorial of the number q.
In the formula (2.2)), taking u(t) = €** and v(t) =

Bk,e (_y€t7 _y€t> EERR} _yet)

[z —y(e' — 1)]q yields

" et (—1)"
A = y(e = D7 o —yle — )00
e (o) (= +y —ye)" 0
vet (O)[(E+y—ye) WG4y vy
Zet @ty -ye) V[ +y - )]

xnewt
e
v (g)ma(z9,9) RO
—1)n a (0)ma(zy,4) (1)mi(z,y.9)
S| o

1’”72 (nol)mn72(23y7Q) (nll)mn,3(2’7y7q)
zn (na )mn—l(z»%Q) (n; )mn,2(27y7q)
o D Omalend

o

(o) (2 +y —ye')’
(") [z +y = pe))]

(nil)n_ll (27 Y, q)
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as t tends to 0. The determinantal expression (4.1]) is thus proved.
Applying (3.3)) to the determinant in (4.1]) gives
n n n n— n
(_1) Zq( +1)Fn(xa Y, z, q) = <n _ 1>m1(z, Y, q)(_l) 1Zq anl(xv Y, 2, Q)

+(=1)nT g (1) 290D R (2, y, 2, q)

- —r n n—r r— r—
+Z(71)n 1 <T _ z)mn—r+2('zayaQ)zq( +1)(71) 2Zq( 1)Fr—2(xaya27Q),

where F_1(x,y, z,q) = —1. This can be simplified as (4.2). The proof of Theorem is complete.
U
5. REMARKS
Finally, we list several remarks.

Remark 5.1. When y = 1, the recurrence relations (3.1)) and (3.2)) becomes

n—1
n
F =
n Z (T)FT? neN
r=0
and

n—1
Fo= (=" 2|3 (=) P -1 > 0.
(=1) Z( ) ) , n=>0
k=0
These two recurrence relations appeared in [6] in different forms.

Remark 5.2. Let u = u(t) = y(e! — 1). Then, by the Fai di Bruno formula (4.3) and the identi-
ties (4.4) and (4.5), we have

. d” 1 o= db P .
I T T e 1) A 2 Far T Do (0w vef)

— 1 : t\k _ k _
= }1_1,% k_om(ye ) Bok(l,1,...,1) = ];)S(na k)kly® = Fo(y).

n

This recovers once again that the Fubini numbers and polynomials F,, and F,,(y) have generating
functions ﬁ and %
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