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ABSTRACT Among many challenges, 5G should improve the quality of service for moving users. In such
a mobility context, the Doppler effect creates interference which can severely damage the performance
of the systems. The effect of very large number of uncorrelated receive antennas on the Doppler effect
is studied in this paper with a simple maximum ratio combining receiver and the orthogonal frequency
division multiplexing modulation. This paper relies on an analytical analysis of the signal-to-interference
ratio (SIR) and on a statistical analysis of the propagation channel. Therefore, the contribution of this paper
is twofold. First, the asymptotic SIR is analytically expressed when the number of receive antennas tends
toward infinity. Second, the decrease of the impact of the Doppler effect with the increase of the number of
receive antennas is demonstrated, proving that a massive multiple-input multiple-output system with a low-
complexity maximum ratio combining receiver can be used to improve the quality of service in mobility
scenarios. Finally, the simulation results highlight the impact of such a massive multiple-input multiple-
output system in practice.

INDEX TERMS 5G, Doppler effect, massive MIMO, OFDM.

I. INTRODUCTION
The global increase of the mobile data consumption as well
as the multiplication and diversification of the connected
devices push the development of the Fifth Generation of cel-
lular networks (5G) [1]. Many studies foresee the emergence
of new use cases with mobility such as Vehicle-To-Vehicle
(V2V) or, more generally, Vehicle-To-everything (V2x) com-
munications [2], [3]. In those scenarios and according to [4],
the speed of the users can be as high as 500 km/h. Thus,
when using a multi-carrier modulation such as the Orthog-
onal Frequency Division Multiplexing (OFDM) modulation,
the Inter-Carrier Interference (ICI) due to the Doppler effect
might have a detrimental impact on the performance of the
systems [5]. Therefore, solutions are investigated to counter-
act this effect, stabilizing the high mobility communications.

With the existing Doppler effect reduction schemes, good
performance comes with an increased complexity [6], [7].
Additionally, the use of multiple antennas in a Multiple-
Input Multiple-Output (MIMO) system can be exploited to
mitigate the interference due to the mobility. For exam-
ple, in a Line-Of-Sight (LOS) environment the creation
of a beam towards the transmitter using a directional

antenna [8], [9] or several antennas reduces the angular spread
and thereby limits the Doppler effect. This property has been
exploited in [10] and [11] for flat fading channels. Moreover,
ICI compensation techniques for MIMO-OFDM systems can
take advantage of the diversity on the transmitter side [12],
on the receiver side [13], [14] or both on the transmitter side
and on the receiver side [15], [16].

A large increase of the number of antennas is commonly
called massive MIMO and is a popular trend for the develop-
ment of 5G [17]. Using the large diversity offered by massive
MIMO systems, the performance can be greatly improved
even with low-complexity transmitters and receivers. When
these numerous antennas are used on the transmitter side,
the transmitted signal can be focused towards the receivers,
the received power is enhanced, the multiuser interfer-
ence is reduced and thereby multiuser communications are
allowed based on the so-called Spatial Division Multiple
Access (SDMA) techniques [18]. This paper focuses on
a massive MIMO system where the numerous number of
antennas are located on the receiver side and the transmitter
is equipped with a single antenna. Therefore, the Signal-
to-Interference-plus-Noise Ratio (SINR) is increased on the
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receiver side by reducing the noise power and the multiuser
interference power as highlighted in [19]–[22]. Accordingly,
one may wonder if a massive MIMO system with a simple
receiver could efficiently reduce the ICI.

Unlike [10] and [11], this paper focuses on the challenging
problem of Doppler effect reduction for Non-Line-Of-Sight
(NLOS) OFDM communications, where the received signals
arrive from all directions with equal probability [23]–[25].
This situation happens frequently in an urban environment.
While the previous studies take into account a small number
of antennas on the receiver side (2 in [13] and [14] and up
to 5 in [15] and [16]), the effect of a very large number
of uncorrelated receive antennas on the ICI is analytically
studied considering a low-complexity Maximum Ratio Com-
bining (MRC) receiver. In this context, this study analytically
highlights two aspects:
• the impact of an increase of the number of receive
antennas,

• the asymptotic behavior, when the number of receive
antennas tends towards infinity.

Moreover, simulation results confirm the analytical results
and highlight the impact of the proposed massive
MIMO system in practice. This paper can be used as a
basis for further studies on massive MIMO systems in high
mobility scenarios.

Firstly, the system model is presented in section II in
order to highlight the interference due to the Doppler effect
in the considered system. Then, the Signal-to-Interference
Ratio (SIR) of the system is analyzed in part III, as this
metric allows for linking the impact of the Doppler effect
and the number of receive antennas. This analysis leads to
an expression of the asymptotic SIR, when the number of
receive antennas tends towards infinity. Moreover, a neces-
sary and sufficient condition is proposed to show how an
increase of the SIR is related to an increase of the number of
receive antennas. However, both results rely on the statistical
properties of the propagation channel. With the statistical
analysis of the channel components in part IV, this problem
is solved and the asymptotic SIR as well as the necessary and
sufficient condition can be analytically expressed. Finally,
the simulation results are given in part V in terms of SIR and
of Bit Error Rate (BER) and help to draw a conclusion in the
last section.

The following notations are used in this paper. For a com-
plex scalar, | . | denotes the norm and ( . )∗ the complex
conjugate. Moreover, E [ . ] stands for the expected value and
F [ . ] for the Fourier transform operator. Vectors and matri-
ces are represented in boldface letters and ( . )T represents
their transpose, ( . )H their conjugate transpose and ‖ . ‖ their
Euclidean norm.

II. SYSTEM MODEL
In order to evaluate the impact of the Doppler effect on
massive MIMO systems, an uplink transmission between a
moving user equipped with a single antenna and a Base
Station (BS) equipped with Nr antennas is considered in

this paper. It can be noted that this scenario can be extended
to a V2V scenario considering a moving receiver instead
of a BS. Regarding the reduced coherence time, channel
estimation and equalization processes are both conducted on
the BS side during the same time slot. Therefore, the proposed
scheme for uplink can be applied with Frequency Division
Duplex (FDD) or Time Division Duplex (TDD)modes. Fig. 1
depicts the considered scenario. Thereafter, the systemmodel
is described and the SIR is deduced in order to have a metric
bringing together the impact of the Doppler effect and the
number of receive antennas Nr .

FIGURE 1. Considered scenario: an uplink transmission between
a moving user equipped with a single antenna and
a BS equipped with Nr antennas.

On the transmitter side, an OFDM modulation is used
with a FFT size denoted by M and an inter-carrier spacing
indicated by F0. According to [26], the baseband signal in
the time domain of an OFDM symbol can be defined by:

s(t) =
M−1∑
m=0

c[m]ej2πmF0t , (1)

c[m] being the complex data on sub-carrierm. A long enough
Cyclic Prefix (CP) is added before this symbol in order to
avoid Inter-Symbol Interference (ISI).

In general, the propagation channel can be divided in two
components: a LOS component and a NLOS component [27],
as in [28] and [29] for example. On the one side, for the
LOS component the Doppler effect translates into a Doppler
shift for which compensation techniques have been widely
studied in the literature, for example in [30] and [31]. On the
other side, for the NLOS component the Doppler effect trans-
lates into a Doppler spread. In this paper, a NLOS communi-
cation with Doppler spread is considered and the propagation
channel is modeled by a multi-path Rayleigh fading channel
model with Lh independent paths. As the user is moving,
each path varies over time because of the Doppler spread and
according to the Jakes’ Doppler spectrum [24]. The variations
over time of the l th multi-path component between the trans-
mitter and the receive antenna nr are given by hnrl (t) while
the time delay of the l th multi-path component is denoted
by τl . Moreover, the receive antennas are sufficiently spaced
so that hnrl (t) and hn

′
r
l (t) can be assumed as independent

variables if nr 6= n′r . The received signal on the antenna nr
is expressed in the time domain by rnr (t) and is defined as
follows:

rnr (t) =
Lh−1∑
l=0

s(t − τl)h
nr
l (t)+ ηnr (t), (2)
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with ηnr (t) the time domain noise component on the
antenna nr . Focusing on a particular sub-carrier m0, the nota-
tion cp = c[m0 − p] is given and the mathematical sets of
integer �p and �∗p are defined as follows:

�p =
{
p ∈ Z | cp 6= 0

}
, (3)

being the set of useful sub-carriers and:

�∗p = �p \ {0}, (4)

being the set of useful sub-carriers without the sub-carrier
index m0. Therefore, as the CP avoids the ISI and using (1)
in (2), rnr (t) becomes:

rnr (t) =
∑
p∈�p

cp

Lh−1∑
l=0

hnrl (t)ej2π (m0−p)F0(t−τl ) + ηnr (t). (5)

After the demodulation process, the received data on sub-
carrier m0 and on the antenna nr is:

ynr = F0

 1/F0∫
0

rnr (t)e−j2πm0F0tdt


=

∑
p∈�p

cp

Lh−1∑
l=0

F0 ×

 1/F0∫
0

hnrl (t)e−j2πpF0tdt


× e−j2π (m0−p)F0τl + F0

 1/F0∫
0

ηnr (t)e−j2πm0F0tdt


(6)

or equivalently:

ynr =
∑
p∈�p

Hnr
p cp + b

nr , (7)

with:

bnr = F0

(∫ 1/F0

0
ηnr (t)e−j2πm0F0tdt

)
, (8)

being the noise component on the antenna nr and:

Hnr
p =

Lh−1∑
l=0

F0

 1/F0∫
0

hnrl (t)e−j2πpF0tdt

 e−j2π (m0−p)F0τl .

(9)

For the link between the user and the antenna of index nr
at the BS, Hnr

0 represents the component of the channel
that allows for receiving the useful data c0. On the contrary,
Hnr
p∈�∗p

are the components of the channel that lead to ICI
on the data c0 carried out by the adjacent sub-carriers cp∈�∗p .
Thus, if the propagation channel is static,Hnr

p∈�∗p
= 0.WithNr

receive antennas, the following channel vectors are defined:

H(Nr )
p =

[
H0
p H1

p · · · HNr−1
p

]T
, (10)

with p ∈ �p, the noise vector is:

b(Nr ) =
[
b0 b1 · · · bNr−1

]T
, (11)

and the received data vector before equalization is given by:

y(Nr ) =
[
y0 y1 · · · yNr−1

]T
. (12)

The propagation channel is estimated via pilots on the
BS side. A perfect channel estimation is assumed for the
sake of simplicity and the receiver performs an equalization
using the low-complexity MRC technique. Thus, after the
MRC processing, the received data ĉ0 is:

ĉ0 =

(
H(Nr )

0

)H
∥∥∥H(Nr )

0

∥∥∥2 y(Nr )

= c0 +
∑
p∈�∗p

(
H(Nr )

0

)H
H(Nr )
p∥∥∥H(Nr )

0

∥∥∥2 cp

︸ ︷︷ ︸
IDoppler

+

(
H(Nr )

0

)H
b(Nr )∥∥∥H(Nr )

0

∥∥∥2︸ ︷︷ ︸
bNoise

.

(13)

The received data ĉ0 is thus affected by the ICI due to the
Doppler effect IDoppler and by the noise component bNoise.
The system model as well as the notations are summarized

by Fig. 2, which highlights the ICI created by the Doppler
effect.

FIGURE 2. System model for an uplink transmission between a
single-antenna moving user and a BS with Nr antennas.

III. SIR ANALYSIS
The aim of this part is to analytically evaluate the impact
of the ICI created by the Doppler effect as highlighted in
equation (13). One can see that the noise component bNoise
in (13) is not impacted by the Doppler effect. Therefore, this
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noise component is not taken into account in this analytical
study for the sake of clarity. In order to evaluate only the
impact of the Doppler effect, the SIR is a relevant metric as
the ICI component IDoppler is the only interference affecting
the received data. Firstly, the SIR with Nr receive antennas
γ (Nr ) is expressed in part III-A using the system model of the
previous part. Then, the asymptotic value of this SIR when
Nr → +∞ is expressed in part III-B. Finally, in part III-C a
comparison between γ (Nr ) and γ (Nr+1) provides a necessary
and sufficient condition to have an increase of the SIR when
increasing Nr .

A. EXPRESSION OF THE SIR
From the equation (13), the SIR γ (Nr ) with Nr receive anten-
nas can be deduced:

γ (Nr ) =

∥∥∥H(Nr )
0

∥∥∥4∑
p∈�∗p

∣∣∣∣(H(Nr )
0

)H
H(Nr )
p

∣∣∣∣2

=

(∑Nr−1
nr=0

∣∣Hnr
0

∣∣2)2∑
p∈�∗p

∣∣∣∑Nr−1
nr=0

(
Hnr
0

)∗ Hnr
p

∣∣∣2 . (14)

Since the only interference taken into account is due to the
Doppler effect, an increase of the SIR γ (Nr ) is equivalent to
a decrease of the impact of the Doppler effect. Obviously,
the number of receive antennas Nr has an impact on γ (Nr )

as it gives the size of the channel vectors H(Nr )
p with p ∈ �p.

B. ASYMPTOTIC SIR
Owing to the law of large numbers, when the number of
receive antennas Nr tends towards infinity (Nr → +∞),
the denominator of (14) becomes:∑

p∈�∗p

∣∣∣∣(H(Nr→+∞)
0

)H
H(Nr→+∞)
p

∣∣∣∣2
=

∑
p∈�∗p

∣∣∣NrE [(Hnr
0

)∗ Hnr
p

]∣∣∣2
= N 2

r

∑
p∈�∗p

∣∣∣E [(Hnr
0

)∗ Hnr
p

]∣∣∣2 , (15)

and the numerator of (14) becomes:∥∥∥H(Nr→+∞)
0

∥∥∥4 = N 2
r E

[∣∣Hnr
0

∣∣2]2 . (16)

Thereby, using (15) and (16) in (14), the asymptotic SIR is
defined by:

γ∞ =

(
E (1)
0

)2
∑
p∈�∗p

∣∣∣E (1)
p

∣∣∣2 , (17)

with:

E (1)
p = E

[(
Hnr
0

)∗ Hnr
p

]
. (18)

C. INCREASE OF THE SIR WITH THE INCREASE OF Nr

Two channel realizations are considered. The first one is
between the transmitter and a BS equipped with Nr receive
antennas. The second realization is between the transmitter
and a BS equipped with (Nr + 1) receive antennas and is
independent from the first realization. According to (14), with
these two channel realizations, the SIR with (Nr + 1) receive
antennas is greater than the SIR with Nr receive antennas
(γ (Nr+1) > γ (Nr )) if, and only if:∥∥∥H(Nr+1)

0

∥∥∥4
∑
p∈�∗p

∣∣∣∣(H(Nr )
0

)H
H(Nr )
p

∣∣∣∣2


>

∥∥∥H(Nr )
0

∥∥∥4
∑
p∈�∗p

∣∣∣∣(H(Nr+1)
0

)H
H(Nr+1)
p

∣∣∣∣2
. (19)

By considering now a large number of channel realizations,
the SIR with (Nr + 1) receive antennas is statistically greater
than the SIR with Nr receive antennas, if and only if:

E
[∥∥∥H(Nr+1)

0

∥∥∥4]
∑
p∈�∗p

E

[∣∣∣∣(H(Nr )
0

)H
H(Nr )
p

∣∣∣∣2
]

> E
[∥∥∥H(Nr )

0

∥∥∥4]
∑
p∈�∗p

E

[∣∣∣∣(H(Nr+1)
0

)H
H(Nr+1)
p

∣∣∣∣2
].
(20)

Equivalently, the SIR statistically grows as Nr increases
if, and only if the propagation channel fulfills the
inequation (20). This leads to the following Proposition.
Proposition 1: The SIR statistically grows with the

increase of Nr if, and only if:

γ∞ > 0ref , (21)

with:

0ref =
E (2)
0∑

p∈�∗p

E (2)
p
, (22)

and:

E (2)
p = E

[∣∣∣(Hnr
0

)∗ Hnr
p

∣∣∣2]. (23)

Proof: See appendix A. �
One can notice that the values of γ∞ and0ref do not depend

on Nr but only on the statistical channel properties E (1)
p and

E (2)
p defined respectively in (18) and (23).

IV. STATISTICAL ANALYSIS OF THE CHANNEL
COMPONENTS
Both the expression of γ∞ in (17) and Proposition 1 rely
on the statistical channel properties E (1)

p and E (2)
p , defined

respectively in (18) and (23). This part aims at finding their
analytical value. To this end, a statistical analysis of the
variablesHnr

p is first carried out in part IV-A by modeling the
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Doppler effect with a sum-of-sinusoid method, as proposed
in [32]. Then, the analytical expressions of E (1)

p and E (2)
p are

given, respectively in part IV-B and IV-C. As E (1)
p and E (2)

p
do not depend on the considered receive antenna and for the
sake of clarity, the index nr is removed in this part and Hnr

p
becomes Hp.

A. STATISTICAL ANALYSIS OF Hp

The channel components Hp with p ∈ �p are studied here.
The propagation channel is modeled by the sum-of-sinusoid
method defined in [32]. Indeed, the authors show that this
method is useful to design and simulate Rayleigh fading chan-
nels and MIMO channels. In practice, this sum-of-sinusoid
method is used in the communication system toolboxTM of
the simulation environment MATLAB R© [33]. Thereby:

hl(t) =

√
Pl
Nl

(∑Nl

n=1
cos

(
2π f (1)l,n t + θ

(1)
l,n

))

+ j

√
Pl
Nl

(∑Nl

n=1
cos

(
2π f (2)l,n t + θ

(2)
l,n

))
, (24)

with Pl being the average power of the l th path, Nl the con-
sidered number of sinusoids for the l th path, θ (1)l,n and θ (2)l,n two
independent random variables having a uniform distribution
over the interval ]0, 2π ] and f (i)l,n defined as follows:

f (i)l,n = f maxD cos
(
π

2Nl

(
n−

1
2

)
+ (−1)i−1

π

4Nl

l
Lh + 2

)
,

(25)

f maxD being the maximum Doppler frequency. This value is
related to the speed of the user v according to:

f maxD =
v
c
Fc, (26)

with c = 3.108 m/s being the speed of light and Fc being
the central frequency. Therefore, the higher the speed of the
user v, the higher the maximum Doppler frequency f maxD .
For the sake of clarity, the mathematical set of integer

�l,n is defined as follow:

�l,n =

{
(l, n) ∈ N2

| 0 ≤ l ≤ (Lh − 1) and 1 ≤ n ≤ Nl
}
.

(27)

Moreover, the following variables are given:

αl =
Pl
4Nl

, (28)

and: 
θl,n =

(
π
f (1)l,n

F0
+ θ

(1)
l,n

)
mod 2π

θ ′l,n =

(
π
f (2)l,n

F0
+ θ

(2)
l,n

)
mod 2π.

(29)

As θ (1)l,n and θ
(2)
l,n are two independent random variables having

a uniform distribution over the interval ]0, 2π ], θl,n and θ ′l,n

are also two independent random variables having a uniform
distribution over the interval ]0, 2π ]. Finally, the following
variables are defined:

S−p,l,n = sinc

(
p−

f (1)l,n

F0

)

S+p,l,n = sinc

(
p+

f (1)l,n

F0

)

S−
′

p,l,n = sinc

(
p−

f (2)l,n

F0

)

S+
′

p,l,n = sinc

(
p+

f (2)l,n

F0

)
.

(30)

Thus, the development in Appendix B shows that the com-
ponents Hp can be defined by:

Hp =
∑

(l,n)∈�l,n

Hp,l,n, (31)

with:

Hp,l,n =
√
αl(−1)pe−j2π (m0−p)F0τl

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
+ j
√
αl(−1)pe−j2π (m0−p)F0τl

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
. (32)

As sinc(x) is an even function, one can notice that:
S−0,l,n = S+0,l,n = S0,l,n = sinc

(
f (1)l,n

F0

)

S−
′

0,l,n = S+
′

0,l,n = S ′0,l,n = sinc

(
f (2)l,n

F0

)
.

(33)

According to (33), when p = 0 the equation (32) becomes:

H0,l,n = 2
√
αlS0,l,n cos

(
θl,n
)
e−j2πm0F0τl

+ 2j
√
αlS ′0,l,n cos

(
θ ′l,n
)
e−j2πm0F0τl . (34)

One can see that Hp,l,n and Hp′,l′,n′ are independent vari-
ables if (l, n) 6= (l ′, n′). Moreover, as:

E
[
e±jθl,n

]
= E

[
e±jθ

′
l,n

]
= 0, (35)

it comes:

E
[
Hp,l,n

]
= 0, (36)

∀(l, n) ∈ �l,n and ∀p ∈ �p.

B. EXPRESSION OF E (1)
p

The expression of E (1)
p = E

[
H∗0Hp

]
is now deduced from

(31), (32) and (34). Firstly, using (31) E (1)
p becomes:

E (1)
p =

∑
(l,n)∈�l,n

∑
(l′,n′)∈�l,n

E
[
H∗0,l,nHp,l′,n′

]
. (37)
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As Hp,l,n and Hp′,l′,n′ are independent variables if (l, n) 6=
(l ′, n′) and according to (36), the equation (37) becomes:

E (1)
p =

∑
(l,n)∈�l,n

E
[
H∗0,l,nHp,l,n

]
. (38)

Then, using the development in Appendix C, the
equation (38) becomes:

E (1)
p = (−1)p

∑
(l,n)∈�l,n

αlS0,l,n
(
S−p,l,n + S

+

p,l,n

)
ej2πpF0τl

+ (−1)p
∑

(l,n)∈�l,n

αlS ′0,l,n
(
S−
′

p,l,n + S
+
′

p,l,n

)
ej2πpF0τl .

(39)

Finally, according to (33), when p = 0, E (1)
p becomes:

E (1)
0 =

∑
(l,n)∈�l,n

2αl
((
S0,l,n

)2
+
(
S ′0,l,n

)2)
. (40)

C. EXPRESSION OF E (2)
p

The expression of E (2)
p = E

[∣∣H∗0Hp∣∣2] is deduced from (31),

(32) and (34). Firstly, using (31), E (2)
p becomes:

E (2)
p =

∑
(l1,n1)∈�l,n

∑
(l2,n2)∈�l,n

×

∑
(l3,n3)∈�l,n

∑
(l4,n4)∈�l,n

×E
[
H∗0,l1,n1Hp,l2,n2H0,l3,n3H

∗
p,l4,n4

]
. (41)

As Hp,l,n and Hp′,l′,n′ are independent variables if (l, n) 6=
(l ′, n′) and according to (36):

E
[
H∗0,l1,n1Hp,l2,n2H0,l3,n3H

∗
p,l4,n4

]
= 0, (42)

if one of the following cases is verified:
(l1, n1) /∈ {(l2, n2), (l3, n3), (l4, n4)}
(l2, n2) /∈ {(l1, n1), (l3, n3), (l4, n4)}
(l3, n3) /∈ {(l1, n1), (l2, n2), (l4, n4)}
(l4, n4) /∈ {(l1, n1), (l2, n2), (l3, n3)}.

(43)

Therefore, (41) can be simplified as follows:

E (2)
p =

∑
(l,n)∈�l,n

E
[∣∣H∗0,l,nHp,l,n∣∣2]

+

∑
(l,n)∈�l,n

∑
(l′,n′)∈{�l,n\(l,n)}

×E
[∣∣H0,l,n

∣∣2]E [∣∣Hp,l′,n′ ∣∣2]
+

∑
(l,n)∈�l,n

∑
(l′,n′)∈{�l,n\(l,n)}

×E
[
H∗0,l,nHp,l,n

]
E
[
H∗0,l′,n′Hp,l′,n′

]∗
+

∑
(l,n)∈�l,n

∑
(l′,n′)∈{�l,n\(l,n)}

×E
[
H0,l,nHp,l,n

]
E
[
H0,l′,n′Hp,l′,n′

]∗
, (44)

or equivalently:

E (2)
p =

∑
(l,n)∈�l,n

E
[∣∣H∗0,l,nHp,l,n∣∣2]

−E
[∣∣H0,l,n

∣∣2]E [∣∣Hp,l,n∣∣2]− ∣∣E [H∗0,l,nHp,l,n]∣∣2
−
∣∣E [H0,l,nHp,l,n

]∣∣2 +
 ∑

(l,n)∈�l,n

E
[∣∣H0,l,n

∣∣2]
×

 ∑
(l,n)∈�l,n

E
[∣∣Hp,l,n∣∣2]


+

∣∣∣∣∣∣
∑

(l,n)∈�l,n

E
[
H∗0,l,nHp,l,n

]∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∑

(l,n)∈�l,n

E
[
H0,l,nHp,l,n

]∣∣∣∣∣∣
2

. (45)

Therefore, the development in Appendix D gives the
equation (46), as shown at the bottom of the next page.
According to (33), when p = 0, E (2)

p becomes:

E (2)
0 =

∑
(l,n)∈�l,n

−6α2l
((
S0,l,n

)4
+
(
S ′0,l,n

)4)

+ 2

 ∑
(l,n)∈�l,n

2 αl
((
S0,l,n

)2
+
(
S ′0,l,n

)2)2

+

∣∣∣∣∣∣
∑

(l,n)∈�l,n

2αl
((
S0,l,n

)2
−
(
S ′0,l,n

)2) e−j4πm0F0τl

∣∣∣∣∣∣
2

.

(47)

Thanks to the equation (39) and (46), the statistical vari-
ables E (1)

p and E (2)
p can be computed knowing the average

power of each multipath component Pl , the normalized delay
of each multipath component (τl .F0), the normalized maxi-
mum Doppler frequency (f maxD /F0) and the sub-carrier index
m0 (only for E (2)

p ). Thereby, the value of γ∞ and 0ref can
be computed by simply knowing the channel properties Pl ,
(τl .F0), (f maxD /F0) andm0 (only for0ref ). Thus, Proposition 1
can be easily verified whatever the channel model.

V. SIMULATIONS
In this part, the SIR and the BER with channel coding are
evaluated thanks to simulations in order to verify the analyti-
cal results and to visualize the impact of the Doppler effect as
a function of the number of receive antennas. The simulation
results are shown in part V-A for the SIR and in part V-B for
the BER.

A. SIR
For the evaluation of the SIR, the set of useful sub-carriers
considered is �p = [−300 , 300]. Moreover, three channel
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models are investigated. The first one is a single-path propa-
gation channel, meaning Lh = 1, P0 = 0 dB and τ0 = 0 s.
With such a propagation channel, the expressions of E (1)

p and
E (2)
p , respectively in (39) and (46), only rely on the normalized

maximum Doppler frequency (f maxD /F0). Additionally, two
multi-path channel models are also considered, namely the
Extended Vehicular A (EVA) and Extended Typical Urban
(ETU) channel models defined in [34] and [35]. Their delays
τl and corresponding average powers Pl are given in Table 1.
For these channel models, the inter-carrier spacing is set
to F0 = 15 kHz and the considered sub-carrier index is
m0 = 512. Finally, the FFT size of the OFDM modulation
for the simulations is set toM = 1024, the CP length is equal
to 7% of the symbol length and the number of sinusoids for
the analytical results is set to Nl = 30, ∀l ∈ [0 , Lh−1], as it
is the maximum value considered in [32].

TABLE 1. EVA and ETU channel models.

In Figs. 3, 4 and 5, the SIR is drawn as a function of the
normalized maximum Doppler frequency (f maxD /F0) respec-
tively for the single-path, EVA and ETU channel models and
for 2, 8, 32 and 128 receive antennas. In order to verify the
equation (17) and Proposition 1, the value of γ∞ and 0ref are
also given in these Figures.

As expected, by looking at the red plain line, the asymptotic
SIR γ∞ defined in (17) decreases with the increase of the

FIGURE 3. γ∞, 0ref and simulated SIR as a function of the normalized
maximum Doppler frequency (f max

D /F0) for the single-path channel
model.

FIGURE 4. γ∞, 0ref and simulated SIR as a function of the normalized
maximum Doppler frequency (f max

D /F0) for the EVA channel model.

normalized maximumDoppler frequency. Indeed, the greater
the normalized maximum Doppler frequency, the greater the
impact of the Doppler effect.

E (2)
p =

 ∑
(l,n)∈�l,n

−2α2l
(
S0,l,n

)2 ((S−p,l,n)2 + (S+p,l,n)2 + S−p,l,nS+p,l,n)


+

 ∑
(l,n)∈�l,n

−2α2l
(
S ′0,l,n

)2 ((S−′p,l,n)2 + (S+′p,l,n)2 + S−′p,l,nS+′p,l,n)


+

 ∑
(l,n)∈�l,n

2αl
((
S0,l,n

)2
+
(
S ′0,l,n

)2) ∑
(l,n)∈�l,n

αl

((
S−p,l,n

)2
+

(
S+p,l,n

)2
+

(
S−
′

p,l,n

)2
+

(
S+
′

p,l,n

)2)
+

∣∣∣∣∣∣
∑

(l,n)∈�l,n

αl

(
S0,l,n

(
S−p,l,n + S

+

p,l,n

)
+ S ′0,l,n

(
S−
′

p,l,n + S
+
′

p,l,n

))
ej2πpF0τl

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∑

(l,n)∈�l,n

αl

(
S0,l,n

(
S−p,l,n + S

+

p,l,n

)
− S ′0,l,n

(
S−
′

p,l,n + S
+
′

p,l,n

))
e−j2π (2m0−p)F0τl

∣∣∣∣∣∣
2

(46)
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FIGURE 5. γ∞, 0ref and simulated SIR as a function of the normalized
maximum Doppler frequency (f max

D /F0) for the ETU channel model.

We remark that the value of γ∞ is similar whatever
the channel model (single-path, EVA or ETU). Therefore,
the impact of the frequency selectivity of the channel on the
value of γ∞ seems to be negligible. This result is in line with
that from [19], where the author stated that the effect of the
frequency selectivity of the channel vanishes in the limit of
an infinite number of antennas. The asymptotic SIR is thus
approximately equal to 43 dB when f maxD /F0 = 10% and
decreases up to 30 dB when f maxD /F0 reaches 20% whatever
the channel model.

The comparison between the red plain line (γ∞) and
the red dashed line (0ref ) aims at verifying Proposition 1.
As for the asymptotic SIR, the value of 0ref is similar
whatever the channel model (single-path, EVA or ETU) and
thus the impact of the frequency selectivity of the chan-
nel on the value of 0ref seems to be negligible. More-
over, γ∞ is always greater than 0ref . Proposition 1 is thus
verified and the SIR should increase with the increase of
the number of receive antennas Nr whatever the chan-
nel model. Therefore, this result proves that a massive
MIMO system with a large number of antennas on the
BS side can be used to reduce the impact of the Doppler
effect.

These theoretical results are confirmed by the simula-
tion results given by the blue lines in Figs. 3, 4 and 5.
As expected, the SIR always increaseswith the increase ofNr .
This increase is significant. For example, there is a gain of
approximately 5 dB between a system with Nr = 8 receive
antennas and a system with Nr = 32 receive antennas.
Finally, as the number of receive antennas increases, the blue
lines seem to tend towards the red plain line which confirms
the expression of γ∞ in (17).

B. BER
The BER with channel coding is now evaluated in this part
in order to visualize the impact of the Doppler effect as a
function of the number of receive antennas from a more
practical point of view. The EVA and ETU channel models

described in Table 1 are used in this part. Moreover, the
FFT size is set to M = 1024, the subcarrier spacing is set
to F0 = 15 kHz and the CP length is equal to 7% of
the symbol length as in the previous part. A turbo-code is
used with a coding rate of 0.75 and 64QAM symbols. The
maximum Doppler frequency is arbitrary high in order to
visualize the impact of the Doppler effect, meaning f maxD =

3000 Hz. It corresponds to normalized maximum Doppler
frequency (f maxD /F0) equal to 20% and, according to (26),
to a speed of v = 540 km/h with a central frequency of
Fc = 6 GHz.

In Figs. 6 and 7, the BER with channel coding is drawn
as a function of the SNR respectively for the EVA and ETU
channel models and for 1, 4, 16 and 64 receive antennas. The
BER with channel coding of a Single-Input Single-Output
(SISO) system on a Gaussian channel without mobility is also
added on these Figs. to serve as a baseline.

FIGURE 6. BER with channel coding as a function of the SNR for the
EVA channel model.

FIGURE 7. BER with channel coding as a function of the SNR for the ETU
channel model.

Firstly, Figs. 6 and 7 show that the Doppler effect has a
strong impact on the performance of the systemwhen a single
antenna is used on the BS side. Indeed, an error floor higher
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than 10−1 appears when Nr = 1. However, as expected
the increase of the number of receive antennas induces a
reduction of the impact of the Doppler effect and thereby
an improvement of the performance in terms of BER. Thus,
when the number of antennas increases, the performance of
the proposed system with mobility tends to the performance
of a SISO system on a Gaussian channel without mobility.
Finally, Figs. 6 and 7 show that the impact of the Doppler
effect can be highly reduced even with a relatively low
number of receive antennas. Indeed, with only Nr = 16
receive antennas no error floor appears and the BER curve
is separated from the one on a Gaussian channel by
only 4 dB.

VI. CONCLUSION
The effect of a very large number of uncorrelated receive
antennas on the ICI due to the Doppler effect has been studied
in this paper considering an OFDM communication with a
simple MRC receiver. Relaying on analytical and simulation
results, the contribution of this paper is twofold. Firstly,
the asymptotic value of the SIR, when the number of receive
antennas tends towards the infinity, has been analytically
expressed. Secondly, it was proven that increasing the number
of receive antennas allows for reducing the interference due
to the Doppler effect. Finally, the simulation results show that
this reduction is significant in practice even with a relatively
low number of receive antennas.

This study helps to better evaluate the benefits of massive
MIMO systems for 5G in the presence of mobility. From a
more practical point of view, this paper highlights the ability
to improve the performance of V2x communications when
using a massive MIMO system with a low-complexity MRC
receiver.

The results of this contribution are based on some assump-
tions corresponding to a case untreated in the literature and
this paper paves the way for further studies regarding the
following aspects.

• Considering a communication with a LOS component,
a Doppler shift adds to the Doppler spread. Therefore,
the impact of a massive MIMO receiver on this Doppler
shift component could be studied using a Rician fading
channel model instead of a Rayleigh fading channel
model.

• This contribution can be extended with multi-user
communications, using a Zero Forcing (ZF) tech-
nique or a Minimum Mean Square Error (MMSE)
technique.

• It would be interesting to extend this work with a
geometry-based channel model. This type of channel
model is more difficult to analytically study but it takes
into account the correlation between the antennas and it
is more accurate to represent high mobility propagation
environments.

All these aspects are potential approaches for future
contributions.

APPENDIX A
PROOF OF PROPOSITION 1
With non-correlated antennas, it can be seen that:

E

[∣∣∣∣(H(Nr )
0

)H
H(Nr )
p

∣∣∣∣2
]

= E


∣∣∣∣∣∣
Nr−1∑
nr=0

(
Hnr
0

)∗ Hnr
p

∣∣∣∣∣∣
2


= NrE
[∣∣∣(Hnr

0

)∗ Hnr
p

∣∣∣2]
+Nr (Nr − 1)

∣∣∣E [(Hnr
0

)∗ Hnr
p

]∣∣∣2
= NrE (2)

p + Nr (Nr − 1)
∣∣∣E (1)

p

∣∣∣2 . (48)

Then, the special case where p = 0 gives:

E
[∥∥∥H(Nr )

0

∥∥∥4] = NrE
(2)
0 + Nr (Nr − 1)

∣∣∣E (1)
0

∣∣∣2 . (49)

With (Nr + 1) receive antennas, the equation (48) becomes:

E

[∣∣∣∣(H(Nr+1)
0

)H
H(Nr+1)
p

∣∣∣∣2
]
= (Nr + 1)E (2)

p

+ (Nr + 1)Nr
∣∣∣E (1)

p

∣∣∣2 ,
(50)

and when p = 0:

E
[∥∥∥H(Nr+1)

0

∥∥∥4] = (Nr + 1)E (2)
0 + (Nr + 1)Nr

∣∣∣E (1)
0

∣∣∣2 .
(51)

Using (48), (49), (50) and (51), the inequation (20) becomes:(
(Nr + 1)E (2)

0 + (Nr + 1)Nr
∣∣∣E (1)

0

∣∣∣2)
×

∑
p∈�∗p

(
NrE (2)

p + Nr (Nr − 1)
∣∣∣E (1)

p

∣∣∣2)

>

(
NrE

(2)
0 + Nr (Nr − 1)

∣∣∣E (1)
0

∣∣∣2)
×

∑
p∈�∗p

(
(Nr + 1)E (2)

p + (Nr + 1)Nr
∣∣∣E (1)

p

∣∣∣2). (52)

Divided by Nr (Nr + 1), the inequation (52) becomes:(
E (2)
0 + Nr

∣∣∣E (1)
0

∣∣∣2)×∑
p∈�∗p

(
E (2)
p + (Nr − 1)

∣∣∣E (1)
p

∣∣∣2)

>

(
E (2)
0 + (Nr − 1)

∣∣∣E (1)
0

∣∣∣2)×∑
p∈�∗p

(
E (2)
p + Nr

∣∣∣E (1)
p

∣∣∣2).
(53)

Then, subtracting(
E (2)
0 + Nr

∣∣∣E (1)
0

∣∣∣2)
∑
p∈�∗p

(
E (2)
p + Nr

∣∣∣E (1)
p

∣∣∣2)

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on both sides of (53), it comes:(
E (2)
0 + Nr

∣∣∣E (1)
0

∣∣∣2)
∑
p∈�∗p

−

∣∣∣E (1)
p

∣∣∣2


>

(
−

∣∣∣E (1)
0

∣∣∣2)
∑
p∈�∗p

(
E (2)
p + Nr

∣∣∣E (1)
p

∣∣∣2)
. (54)

Finally, adding Nr
∣∣∣E (1)

0

∣∣∣2 ( ∑
p∈�∗p

∣∣∣E (1)
p

∣∣∣2), (54) becomes:

E (2)
0

∑
p∈�∗p

−

∣∣∣E (1)
p

∣∣∣2
 >

(
−

∣∣∣E (1)
0

∣∣∣2)
∑
p∈�∗p

E (2)
p

. (55)

which is equivalent to:∣∣∣E (1)
0

∣∣∣2∑
p∈�∗p

∣∣∣E (1)
p

∣∣∣2 >
E (2)
0∑

p∈�∗p

E (2)
p
. (56)

APPENDIX B
DEVELOPMENT OF Hp
Using (24) in (9) the components Hp can be described as
follows:

Hp =
∑

(l,n)∈�l,n

Hp,l,n, (57)

with:

Hp,l,n =

√
Pl
Nl
F0

 1/F0∫
0

cos
(
2π f (1)l,n t + θ

(1)
l,n

)
e−j2πpF0tdt


× exp [−j2π (m0 − p)F0τl]

+ j

√
Pl
Nl
F0

1/F0∫
0

cos
(
2π f (2)l,n t + θ

(2)
l,n

)
e−j2πpF0tdt


× exp [−j2π (m0 − p)F0τl]. (58)

Using the Fourier transform, the equation (58) becomes:

Hp,l,n

=

√
Pl
Nl
F0 exp [−j2π (m0 − p)F0τl]

×Ff=pF0

[
cos

(
2π f (1)l,n t + θ

(1)
l,n

)
.51/F0

(
t −

1
2F0

)]
+ j

√
Pl
Nl
F0 exp [−j2π (m0 − p)F0τl]

×Ff=pF0

[
cos

(
2π f (1)l,n t + θ

(1)
l,n

)
.51/F0

(
t −

1
2F0

)]
,

(59)

with:

51/F0 (t) =


1, if |t| <

1
2F0

0, if |t| >
1

2F0
.

(60)

As:

F
[
cos

(
2π f (i)l,n t + θ

(i)
l,n

)]
= F

[
cos

(
2π f (i)l,n

(
t +

θ
(i)
l,n

2π f (i)l,n

))]

=
1
2

(
δ
(
f − f (i)l,n

)
+ δ

(
f + f (i)l,n

))
e
j2π f

θ
(i)
l,n

2π f (i)l,n

=
1
2

(
ejθ

(i)
l,nδ

(
f − f (i)l,n

)
+ e−jθ

(i)
l,nδ

(
f + f (i)l,n

))
(61)

and as:

F
[
51/F0

(
t −

1
2F0

)]
=

1
F0

sinc
(
f
F0

)
e
−j2π f

2F0 , (62)

it comes:

F
[
cos

(
2π f (i)l,n t + θ

(i)
l,n

)
.51/F0

(
t −

1
2F0

)]
= F

[
cos

(
2π f (i)l,n t + θ

(i)
l,n

)]
∗ F

[
51/F0

(
t −

1
2F0

)]
(63)

and thus:

Ff=pF0

[
cos

(
2π f (i)l,n t + θ

(i)
l,n

)
.51/F0

(
t −

1
2F0

)]

=

+∞∫
−∞

1
2

(
ejθ

(i)
l,nδ

(
f − f (i)l,n

)
+ e−jθ

(i)
l,nδ

(
f + f (i)l,n

))

×
1
F0

sinc
(
pF0 − f
F0

)
e
−j2π pF0−f

2F0 df

=
1

2F0
e−jπpsinc

(
p−

f (i)l,n
F0

)
e
j

(
π
f (i)l,n
F0
+θ

(i)
l,n

)

+
1

2F0
e−jπpsinc

(
p+

f (i)l,n
F0

)
e
−j

(
π
f (i)l,n
F0
+θ

(i)
l,n

)
. (64)

Therefore the equation (59) becomes:

Hp,l,n =

√
Pl
4Nl

(−1)psinc

(
p−

f (1)l,n

F0

)

× e
j

(
π
f (1)l,n
F0
+θ

(1)
l,n

)
e−j2π (m0−p)F0τl

+

√
Pl
4Nl

(−1)psinc

(
p+

f (1)l,n

F0

)

× e
−j

(
π
f (1)l,n
F0
+θ

(1)
l,n

)
e−j2π (m0−p)F0τl
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+ j

√
Pl
4Nl

(−1)psinc

(
p−

f (2)l,n

F0

)

× e
j

(
π
f (2)l,n
F0
+θ

(2)
l,n

)
e−j2π (m0−p)F0τl

+ j

√
Pl
4Nl

(−1)psinc

(
p+

f (2)l,n

F0

)

× e
−j

(
π
f (2)l,n
F0
+θ

(2)
l,n

)
e−j2π (m0−p)F0τl . (65)

Finally, using the notations in (28) (29) and (30), the
equation (65) can be rewritten as in (32).

APPENDIX C
DEVELOPMENT OF E (1)

p
Using (32) and (34), the expression of H∗0,l,nHp,l,n is:

H∗0,l,nHp,l,n
= 2αl(−1)p

(
S0,l,n cos

(
θl,n
)
− jS ′0,l,n cos

(
θ ′l,n
))

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
ej2πpF0τl

+ 2jαl(−1)p
(
S0,l,n cos

(
θl,n
)
− jS ′0,l,n cos

(
θ ′l,n
))

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
ej2πpF0τl . (66)

Knowing that θl,n and θ ′l,n are two independent random vari-
ables having a uniform distribution over the interval ]0, 2π ],
it comes: {

E
[
cos

(
θl,n
)]
= E

[
e±jθl,n

]
= 0

E
[
cos

(
θ ′l,n

)]
= E

[
e±jθ

′
l,n

]
= 0

(67)

and:

E
[
cos

(
θl,n
)
e±jθl,n

]
= E

[
cos

(
θ ′l,n
)
e±jθ

′
l,n

]
= E

[
1
2

(
ejθl,n + e−jθl,n

)
e±jθl,n

]
=

1
2
. (68)

Therefore, the expression of E
[
H∗0,l,nHp,l,n

]
is :

E
[
H∗0,l,nHp,l,n

]
= αl(−1)pS0,l,n

(
S−p,l,n + S

+

p,l,n

)
ej2πpF0τl

+ αl(−1)pS ′0,l,n
(
S−
′

p,l,n + S
+
′

p,l,n

)
ej2πpF0τl . (69)

APPENDIX D
DEVELOPMENT OF E (2)

p

In order to develop E (2)
p , the expressions of E

[∣∣Hp,l,n∣∣2],
E
[
H0,l,nHp,l,n

]
and E

[∣∣∣H∗0,l,nHp,l,n∣∣∣2] are first given

thereafter.

Using (32), the expression of
∣∣Hp,l,n∣∣2 is:∣∣Hp,l,n∣∣2 = αl (S−p,l,ne−jθl,n + S+p,l,nejθl,n)

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
+ jαl

(
S−p,l,ne

−jθl,n + S+p,l,ne
jθl,n
)

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
− jαl

(
S−
′

p,l,ne
−jθ ′l,n + S+

′

p,l,ne
jθ ′l,n
)

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
+αl

(
S−
′

p,l,ne
−jθ ′l,n + S+

′

p,l,ne
jθ ′l,n
)

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
. (70)

As θl,n and θ ′l,n are two independent random variables having
a uniform distribution over the interval ]0, 2π ], it comes:

E
[
e±2jθl,n

]
= E

[
e±2jθ

′
l,n

]
= 0. (71)

Therefore, knowing (67) and (71), the expression of
E
[∣∣Hp,l,n∣∣2] is:

E
[∣∣Hp,l,n∣∣2]
= αl

((
S−p,l,n

)2
+

(
S+p,l,n

)2
+

(
S−
′

p,l,n

)2
+

(
S+
′

p,l,n

)2)
.

(72)

Finally, according to (33), when p = 0, the expression of
E
[∣∣Hp,l,n∣∣2] becomes:

E
[∣∣H0,l,n

∣∣2] = 2αl
((
S0,l,n

)2
+
(
S ′0,l,n

)2)
. (73)

Using (32) and (34), the expression of H0,l,nHp,l,n is:

H0,l,nHp,l,n
= 2αl(−1)p

(
S0,l,n cos

(
θl,n
)
+ jS ′0,l,n cos

(
θ ′l,n
))

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
e−j2π (2m0−p)F0τl

+ 2jαl(−1)p
(
S0,l,n cos

(
θl,n
)
+ jS ′0,l,n cos

(
θ ′l,n
))

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
e−j2π (2m0−p)F0τl . (74)

Therefore, knowing that θl,n and θ ′l,n are two independent
variables and knowing (67) and (68), the expression of
E
[
H0,l,nHp,l,n

]
is:

E
[
H0,l,nHp,l,n

]
= αl(−1)pS0,l,n

(
S−p,l,n + S

+

p,l,n

)
e−j2π (2m0−p)F0τl

− αl(−1)pS ′0,l,n
(
S−
′

p,l,n + S
+
′

p,l,n

)
e−j2π (2m0−p)F0τl .

(75)
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Using (66), the expression of
∣∣∣H∗0,l,nHp,l,n∣∣∣2 is:∣∣H∗0,l,nHp,l,n∣∣2

= 4α2l
((
S0,l,n

)2 cos2 (θl,n)+ (S ′0,l,n)2 cos2 (θ ′l,n))
×

(
S−p,l,ne

−jθl,n + S+p,l,ne
jθl,n
)

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
+ 4jα2l

((
S0,l,n

)2 cos2 (θl,n)+ (S ′0,l,n)2 cos2 (θ ′l,n))
×

(
S−p,l,ne

−jθl,n + S+p,l,ne
jθl,n
)

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
− 4jα2l

((
S0,l,n

)2 cos2 (θl,n)+ (S ′0,l,n)2 cos2 (θ ′l,n))
×

(
S−
′

p,l,ne
−jθ ′l,n + S+

′

p,l,ne
jθ ′l,n
)

×

(
S−p,l,ne

jθl,n + S+p,l,ne
−jθl,n

)
+ 4α2l

((
S0,l,n

)2 cos2 (θl,n)+ (S ′0,l,n)2 cos2 (θ ′l,n))
×

(
S−
′

p,l,ne
−jθ ′l,n + S+

′

p,l,ne
jθ ′l,n
)

×

(
S−
′

p,l,ne
jθ ′l,n + S+

′

p,l,ne
−jθ ′l,n

)
. (76)

Therefore, knowing that θl,n and θ ′l,n are two independent
variables and knowing (67) and (71), the expression of

E
[∣∣∣H∗0,l,nHp,l,n∣∣∣2] becomes the equation (77), as shown at

the bottom of this page.
Knowing that θl,n and θ ′l,n are two independent random

variables having a uniform distribution over the interval
]0, 2π ], it comes:

E
[
cos2

(
θ ′l,n
)]
= E

[
cos2

(
θl,n
)]
=

1
2
, (78)

and:

E
[
cos2

(
θl,n
)
e±2jθl,n

]
= E

[
cos2

(
θ ′l,n
)
e±2jθ

′
l,n

]
= E

[
1
4

(
e2jθl,n + e−2jθl,n + 2

)
e±2jθl,n

]
=

1
4
. (79)

Therefore, according to (78) and (79), (77) becomes:

E
[∣∣H∗0,l,nHp,l,n∣∣2]
= 2α2l

((
S0,l,n

)2
+
(
S ′0,l,n

)2)
×

((
S−p,l,n

)2
+

(
S+p,l,n

)2
+

(
S−
′

p,l,n

)2
+

(
S+
′

p,l,n

)2)
+ 2α2l

((
S0,l,n

)2 S−p,l,nS+p,l,n + (S ′0,l,n)2 S−′p,l,nS+′p,l,n).
(80)

Using the expressions of E
[∣∣H0,l,n

∣∣2] in (72) and

E
[∣∣Hp,l,n∣∣2] in (73), the expression of E

[∣∣H0,l,n
∣∣2]

E
[∣∣Hp,l,n∣∣2] can be deduced:

E
[∣∣H0,l,n

∣∣2]E [∣∣Hp,l,n∣∣2]
= 2α2l

((
S0,l,n

)2
+
(
S ′0,l,n

)2)
×

((
S−p,l,n

)2
+

(
S+p,l,n

)2
+

(
S−
′

p,l,n

)2
+

(
S+
′

p,l,n

)2)
.

(81)

Moreover, using the expression of E
[
H∗0,l,nHp,l,n

]
in

Appendix C, the expression of
∣∣∣E [H∗0,l,nHp,l,n]∣∣∣2 can be

deduced:∣∣E [H∗0,l,nHp,l,n]∣∣2
= α2l

(
S0,l,n

(
S−p,l,n + S

+

p,l,n

)
+ S ′0,l,n

(
S−
′

p,l,n + S
+
′

p,l,n

))2
.

(82)

Then, the expression of E
[
H0,l,nHp,l,n

]
in equation (75)

gives the following expression for
∣∣E [H0,l,nHp,l,n

]∣∣2:∣∣E [H0,l,nHp,l,n
]∣∣2

= α2l

(
S0,l,n

(
S−p,l,n + S

+

p,l,n

)
− S ′0,l,n

(
S−
′

p,l,n + S
+
′

p,l,n

))2
.

(83)

E
[∣∣H∗0,l,nHp,l,n∣∣2] = 4α2l

(
S0,l,n

)2 ((S−p,l,n)2 + (S+p,l,n)2 + (S−′p,l,n)2 + (S+′p,l,n)2)E [cos2 (θl,n)]
+ 4α2l

(
S0,l,n

)2 S−p,l,nS+p,l,nE [cos2 (θl,n) (e−2jθl,n + e2jθl,n)]
+ 4α2l

(
S ′0,l,n

)2 ((S−p,l,n)2 + (S+p,l,n)2 + (S−′p,l,n)2 + (S+′p,l,n)2)E [cos2 (θ ′l,n)]
+ 4α2l

(
S ′0,l,n

)2 S−′p,l,nS+′p,l,nE [cos2 (θ ′l,n) (e−2jθ ′l,n + e2jθ ′l,n)] (77)
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Therefore, using the equations (80), (81), (82) and (83),
it comes:

E
[∣∣H∗0,l,nHp,l,n∣∣2]− E [∣∣H0,l,n

∣∣2]E [∣∣Hp,l,n∣∣2]
−
∣∣E [H∗0,l,nHp,l,n]∣∣2 − ∣∣E [H0,l,nHp,l,n

]∣∣2
= 2α2l

(
S0,l,n

)2 S−p,l,nS+p,l,n
+ 2α2l

(
S ′0,l,n

)2 S−′p,l,nS+′p,l,n
− 2α2l

(
S0,l,n

)2 (S−p,l,n + S+p,l,n)2
− 2α2l

(
S ′0,l,n

)2 (S−′p,l,n + S+′p,l,n)2 . (84)

Finally, using (84), (72), (73), (69) and (75), the
equation (45) becomes the equation (46).
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