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SUPPLEMENTARY MATERIALS: ANALYSIS AND CALIBRATION
OF A LINEAR MODEL FOR STRUCTURED CELL POPULATIONS
WITH UNIDIRECTIONAL MOTION : APPLICATION TO THE
MORPHOGENESIS OF OVARIAN FOLLICLES*

FREDERIQUE CLEMENT f, FREDERIQUE ROBIN ¥, AND ROMAIN YVINEC §

SM1. Supplemental proofs.
SM1.1. Deterministic model.
Proof of corollary 2.10. According to hypothesis 2.9,
(SM1) JA > 0, € > 0 such that Ya > A, bj(a) + A; > e.

Let k € N. Using hypothesis 2.2, for all t > A, we have:

t A ,
0 < t*b; (t)e_/o bl el bitke /o Bale) 2 dse_/A bs(s) + Al ds.

Then, using (SM1) we obtain:

t
[bj(s) + A;]ds
<thK e,

0 < t*b;(t)e

S—

A
_ —/ [bi(s)+A; —elds
where K 4  is a constant given by K4 . := bje Jo0 . As € > 0, the
function ¢ — t*e~ is integrable on R, and we deduce that [, tFe=YitdB;(t)dt <
oo. Using the continuity of b; (hypothesis 2.2), we conclude that t — e~ *tdB;(t)dt
is integrable on R . ]

Proof of corollary 3.1. According to (16), we obtain:

¢(J‘)(a) +o0 .
(SM2) Vje[1,A], O YT - / bj(s)e*fa Aetbj(w)du g
2p 60 (0) +p 90D (0)]  Ja

According to remark 2.5 and hypothesis 2.7, we deduce that A\, > —b;, Vj € [1,J].
Hence, using also hypothesis 2.2, we have:

| ¢(j)(a). - /+oo o~ (e tbi)(5—a) gg — b _
2[p ¢ (0) + p e+ (0)] ~ 7 Ja Ac + bj

and reminding that A. > 0 (see remark 2.5), we also obtain the right-side of (17):

, ¢(j)(a), < /+00 bi(s)e” Ja bi(wdu g
20?60 (0) + pP 3+ (0)) ~  Ja

— [—6_ I bj(u)du}(—li-oo 1. O
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SM2 F.CLEMENT, F.ROBIN AND R.YVINEC

Proof of lemma 3.2. For j € [1,J], any solution of (4) in L(R,) is given by:
39 (a) = G (0)eli Par+bi s [1 _ 2p0) / by (s)e JoDrtbs (wldugg)
0
According to hypothesis 2.4, 1 = 2p(Sj) f0+°° bj(s)e JoPitbitwldugg  thus
e G i *[Aj+b; (w)]d
oY) (a) = 2 ¢(J)(0)/ bj(s)e” Jo b (w)du g o

Finally, according to remark 2.5, A; > _Ej and we obtain, using hypothesis 2.2,

2(7) ] s
) [ g oo
50)(0) a

. +oo _ b
a J J

Then, we want to show that ¢()(a) < co for all a € Ry U {oo}. Let
+oo N
I(a) := / b;(s)e™ JoPatbi(wldu g

Applying an integration by part to I(a), we obtain that, for all a > 0,

o0

I(a) = [ FPrm ]y, / o= I3 s+ ()l g

a

Hypotheses 2.4 and 2.2 imply that, for all a > 0, faoo e~ Jo Pitbi()lds o and so,

lir% e~ JoPitbi(wldu — - Thus, we have:
s—

(SM3) I(a) = e~ Jo Patbitldu _ \- / e Bl g

Multiplying (SM3) by efo Xit+bi(wldu we deduce:

3) o
(SM4) ?)Ai(é) =1- )\j/ e— Ja it (wldu ge
2p5? ¢(j)(0) a
If A\; > 0, we deduce directly from (SM4) that, for all a € Ry U {oo}, _¢) ¢

2p§’$0) (0) ~
We assume that A\; < 0. Using hypothesis 2.9, we deduce that there exiss,ts constants
A > 0 and € > 0 such that
Va> A, Xj+bjla)>e>0.
Hence, with C' = _T’\J > 0, we have:
Ya > A, —/\j < O()\j + b](a)) .
Applying this inequality to (SM4), we obtain:

(i) - ) )
Va > A, L((a) <1+ C’/ A +b;(s)]e” Jo Patbs(wldu gy o o f5As+b3(s)lds
(0) a
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SUPPLEMENTARY MATERIALS: CELL DYNAMICS WITH UNIDIRECTIONAL MOTISNI3

Again, using hypotheses 2.4 and 2.2, we obtain:

Y . — Jetbsldu g — [ o= Se it )ldu]™ Z o= [ +bs (w)]du
[Aj +bi(s)]e ds e e .
We deduce
5(9)
Va > A, ?)i <14C.
2pg 9D (0)

As ¢\ is continuous, we conclude that

9 (a)
Va € Ry U {+o0}, m

Proof of lemma 5.3. Deriving < e~*<!p(t,-), ¢ > with respect to ¢, we obtain

d
7 <ep(t, ), 0> = —e N < (D B+ u)plt, ), 6>

By integration by part and using that p € L'(R;)” and ¢ € C} (R4)”, we have

< aap(t7 ')a ¢ >= _p(t7 0)T¢(0) - p(ta ')a aa(b >,

and we deduce

% < e (L), ¢ > = e [p(t,0)" p(0)+ < p(t, ), 0ap >
= < (AL +B)p(t,-), ¢ >] .

Aswe have (A 1+B)T = (A 1+8B), it comes < p(t, ), 0ad > — < (A 1+B)p(t, ), ¢ >
=< p(t,"), 0.6 — (A1 +B)p >. Then, using that LP ¢ = \.¢, we deduce (9, — A1 —
B)p = —K(-)T¢(0). Thus,

% < e p(t, ), ¢ > = e [p(t,0)" p(0)— < p(t,-), K(-)" $(0) >] .

Note that < p(t, ), K()T6(0) >=< K()p(t,),6(0) >= p(t,0)T¢(0). Conse-
quently,

d
o < e p(t ), 6> =0.

Hence,

Vi, <e Mp(t,). 9> = <pol), 0> =n.

Thanks to the renormalization < p, ¢ >= 1, we obtain the conservation principle:

Le Mp(t,) —np, o >=< e Mp(t,), o> —n < p,¢p>=0.
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SM4 F.CLEMENT, F.ROBIN AND R.YVINEC

Proof of lemma 3.4. From the linearity of the system, it can be easily shown that
h is solution of

{8t (ta)+ah(ta) [A + B(a)h(t,a) =0, t>0, a>0,
h(t,a=0) = [° K(a)h(t,a)da.

Let f be a derivable function. Applying the chain rules, it comes, for j € [1, J],

Ocf W (t, a)] + 0a fIhD(t,a)] = f/(h(j)(taa))[ath(j)(t a) + ah(t, a)]
=~ +bi(@)] x Ot a) f (R (t, a)) .

For f(z) = |z|, f'(z) = & L2l we deduce

0hD (¢, a)] + 0l (t,a)] = —[Ac + b (a)][A9) (2, @)
0

LEMMA SM1.1. [Modified Grénwall lemma/ Let N € N*. Suppose that Vi €
[1,N], there exist k; € R%, v € R% and P; polynomials of degree o; € N such
that

N
Z e Mt — yF(t).

Then,

N
F(t) < Ke "+ Pi(t)e ™,
i=1
where K is a constant and for all i € [1, N], é is a polynomial of degree a; < a; + 1.
Proof. Note that £ (e"*F(t)) = (F'(t) + vF(t)) x . Hence,

d
d

e'VtF ( ki)t

||Mz

Then, integrating on the interval [0, t], we obtain:

OE(t) — F(0) <> Py(t)eV ")t 4 K

-

=1

N
F(t) < (F(0) + K)e ™™ + 3 Bi(t)e ™",
i=1

where K is a constant and for all ¢ € [1, N], P a polynomial of degree a; < a; + 1

(the degree increases when v = ;). 0

SM1.2. Stochastic model. For any f : (¢t,a) — (ft(j)(a))je[[LJ]] € Bl (R4 x
Ry, R)7 (the space product of the set of bounded functions with bounded derivatives),
we note 0 and 0 respectively its derivative with respect to time (¢) and age (a).
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SUPPLEMENTARY MATERIALS: CELL DYNAMICS WITH UNIDIRECTIONAL MOTISNI5
LEMMA SM1.2. Let F € CY{(R,R), f € BL(R; x Ry, R)”.

t

Pl Zy, fr >] = F[< fo, Zo >] +/ L O fs+ 0ofs, Zs > F'[K fs, Zs >]ds
0

+/ []lk<Ns (F[<< f5:20,00 o = 6,00 40 + Zg= ]

[0,t]xE 5=’ 5= s

7F[<< fsa Zs* >>]) ﬂOS@Sml(s,k,Z)

+ (F[<< for 8700 100100 o =000 g0 + Zs- >

_F[<< f87 Zs* >>]) 1m1(87k,Z)§9S7RQ(S,k?,Z)

+ (F[<< fe 2512’?+1,0 - 512’?,,433) + Zs- >]

_F[<< fsa Zs* >>]) ]lmz(s,k:,Z)SGSmg(s,k,Z)] Q(dS, dka da)

Proof. We integrate f; against the measure 7,

& Zy, fr >= Z (AW 4

k=1

78
Jr/[0 xE []lkSNS <2ft )(t R

(k) (k) ( )
B) (1™ 41 (1)
(ft (t—s)+f = (t—s)—f (AP 11— )> Loy (5,k,2)<0<ma (5,5, 2)

(I +1) )
<2ft (t—s)—f;° (A(k) +t—8) | Ly (s,k,2)<0<ma(s.k,2) | Qds,dk,db).

(I ( ) k
(A( ) +t— s) ]logeg'rm(svkvz)

Derivating ft(j) [a +t — s], we obtain

pi [ft(j)[a—f—t—s]} =ofPa+t—s)+0ofPa+t— s
= [l [Pl u—s)]du= [0 £ la+u— o]+ 0P a+u— o] du

:>f(J)[a+t—s]= s(]) +f [8f(J)a+u—s}+82f£j)[a+u—s]}du.

Then, replacing j by the index Is(lf) and a by Agk,) or 0, it comes
(k)
< Ziy fr =N ({0 AW £ T+ T+ Ty + T

I(k)) (I(li)) k
+ Jio.yxe Tnen KQfs 0)—fs* (AE ))> Lo<o<mi (s,k,2)

(I 41)

(1™ e (1"
+ (fs )+ fs ¢ (0) = fs* (Agi)) Lo, (s,k,2)<0<ma(s,k,2)

(I(li)+1) I(k))
+(2fss 0) = £ AN ) s o2y <02 ma (o) | Qds, d, dB),
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SM6 F.CLEMENT, F.ROBIN AND R.YVINEC

where
o [T ), ) )
Ty = Z/ [&fu“ (AP 4 ) + 9y £ (Al —l—u)] du,
k=170
( (k)
T1 = 0.xe ]lngg_ 261fu (u - 8)
X s
1" ()
12008 (u— ) — O fu = (A®) 40— 5)
a™y )
=02 fu " (AZ +u— 8)lo<g<m, (s,k,2) | uQ(ds, dk,dD),
t (k)) (k)+ 1) I(k)
Ty = / ]lng, / |:81fu (U*S)+81fu ( *S)+82fu 5 (U78)
[0,¢] x s
(k) 7,
toof s sy —anf (AW £ u— )
(r (k) (k)
—0afu * (As— +u— 5)11m1(s,k,Z)gegmz(s,k,Z)] du@(ds, dk,df),
t 1941
T3 = /[ ] S]lng,/ [251f75 )(U—S)
0,t] x s

(k) (k)
+20fu =V (u—s) — £ (AW 4w — s)

1~
—02fu® (Aik) +u—s)1 mg(s,k,Z)SGﬁmg(s,k,Z)] duQ(ds, dk,df) .

As the partial differential of each fU) are uniformly bounded, we can apply Fubini
theorem on Ty, T, T5 and Tj:

No

Ty = /<<81fu+62fU7Z51(k) AP 4, > du,

0

/ {<< 31fu+32fu,/ /ﬂngS_ (251(k> u—s
0 o Je s’

_5Iik)’Aik)+u_s> To<o<m, (s.k,2)Q(ds, dk, db) >>] du,

t u
Ty = / {<< O fu + 82fm/ / Lr<n,- <51<k> ums T O/ 10y
0 o Je o o

—515@7142@%,8 Loy (s.,2)<0<ma (s,k,2) Q(ds, dk, dO) >>} du

t u
T3 = / [<< O fu+ 52fu7/ / Te<n, - (251<k>+1 s
0 o Je oo

—512@’142@%5) Loy (5,k,2)<0<ma (s,k,2)Q(ds, dk, dO) >>} du.

Ty
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SUPPLEMENTARY MATERIALS: CELL DYNAMICS WITH UNIDIRECTIONAL MOTIONI7
Finally, using the stochastic differential equation (2)
t
To+Ty +To+1T5 = / L O1fu+ Oz fu, Zy > du.
0

Consequently, we obtain

t
T >=< fo, 20> +/ < Oufo+ Dafos 7o > ds
0

+/ Tr<n, [<< [5:20,00 5 — 6,00 400 > Lo<o<m, (s,k,2)
[0,¢]x& - o= em

+ < fas 00 o+ 0100, g = 0,00 400 > Ty 5.k, 2)<0<ms (5,k,2)

+ < f6,26,00 1 g = 0,00 400 > Ly (5,8,2)<0<ma (5,k,2) | Q(ds, dk, db),

which gives us lemma SM1.2 for F(x) = 2. We conclude by applying the Ito’s formula
(see [SM5], p.68-70). d

We introduce the sequence of stopping times &y .

DEFINITION SM1.3. Let £n a sequence of stopping times defined as
Ev=sup(t: N, <N, <a,Z ><N).

Proof of theorem 3.6. We first start by showing (32).

Ny = Ng + /[0 e ]lngS_ ]10§9§b1(k)(Aikj)Q(dS’ dk,d6).

Thus,
tAEN
sup Ny < Ny +/ /]lngS, Lo<g<pQ(ds, dk,db),
S<tALN 0 £
where b := sup Bj. Taking the expectation and using Poisson measure properties,
jelo,J]
we obtain

E[ sup N < E[Ng] + bE
S<ENEN

tAEN _
/ Nsds] < E[No] + E
0

tAEN
/ sup N,ds| .
0 u<sA§N

Hence,

E[ sup Ni] < E[No] + bE
s<tAEN

t
/ sup N,ds| .
0 u<sAén

By Fubini theorem, we deduce that

t
E[ sup N,] <E[No] —H_)/ E
0

s<INEN

sup Nul ds.

u<sAEN

Thisritanaiseriptristifor repiewapunposes onby!
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SM8 F.CLEMENT, F.ROBIN AND R.YVINEC

Applying Grénwall lemma, we deduce for all ¢ < T that
E[ sup N, < E[Nole”
s<tAEN
Hence,

E[ sup N <E[Ngle"” < o0.
t<TANEN

Using the same method, we also deduce that E[supKT L a,Zy > ] < o0

Then, we use the same approach as [SM8] (Theorem 2.2.8) to compute the in-
finitesimal generator of Z;, denoted by G. By construction, (Z;)icr, is a marko-
vian process of D([0,T], Mp([1,J] x R})). Let f € C{(E,R), by definition, GF :=
}i_r)r(l) %]E[F[<< 1 Zy >>]]. Taking the expectation of the expression of < f, Ziaey >

given in lemma SM1.2, we obtain
E[F[K [, Ziney > =E[FIL £, Zo >]]

tAEN
48| [ <0t 2> Pl £,2 54| + (0 6n,2)].
0

where

X' / / Fl< f,2650 = 00+ Zs > - FI[< f, Zs >Dpéj())
(F[< f,0j110+ 050 = 0j.a+ Zs > = FIK f, Zs >>])pgj%
+ (F[< f,2041,0 — 0j,0 + Zs >]
~Fl< 1,2 >))p3] b;(@) Z,(dj. da)ds.

We have the following estimates,

E X (¢ A En, Z)] < 2E [sup,<p Ne| T F oD,

E[f," < ufs, Zs > F'[< f, Zs >ds] < E[sup,<q Ne]T % [0 flloo X ||| -

Those bounds are independent of N thanks to (32), so that we may let N goes to
infinity. Moreover,

d t
T L Ouf,Zs> F'[K f,Zs >|ds =< 0o f, Zy > F'[< [, Z; >
0

which is also dominated by E[sup,<p N¢] X [|8af[loo X | F'||so- Also,
X(tZ0) = [ [(FI< £,2850 = 850+ Z0 >] = FI< f,Z0 >]) p)
+(FI< f.8541.0 + 050 — 850 + Z0 ] — FI< £, 2, 3)) pl)
+(FIK f,20541,0 = 0j,a + Zs > = FIL [, Z; >>])ng%} bi(a)Z(dj,da).

|&-x(t, Zy)| is dominated P-p.s by 2E[sup,<p Ni]||[F|lscb. We can thus apply the
differentiating theorem under the integral sign [E and conclude. 0

Thisnidaraiseriptristifor vepiewapanposes: ondy



SUPPLEMENTARY MATERIALS: CELL DYNAMICS WITH UNIDIRECTIONAL MOTISNI9

156 Proof of lemma 3.7. Introducing the compensated Poisson measure Q,

157 Q(ds,dk,df) .= Q(ds, dk,dl) — dsdkdf, we define the process:

MtF,f = // Tipen, [(F[<< [20p 0 —O0px an + Zs— >]
0,tAEN]XE . e

_F[<< fv Zs— >>]) ﬂOS@Sml(s,k,Z)

+ (F[<< F20m 1040 0 —0m e+ Zo ]
]rjx s s s s

—F[ f, Zs >>]) L, (s.k,2)<60<ma(s,k.2)
+ (F[<< f, 251k_+1)0 - 6Ik_,Ak_ + 237 >>]

—F[& [, Zo— ) Ly (s b2y <0< (s.k,2) ) Q(ds, dke, ).

159 We can verify that MtF’f is a martingale as an integral against a compensated
160 Poisson measure. Then, applying lemma SM1.2 and the definition of the generator
161 given in theorem 3.6, we show that

t
162 (SM5) M = Fl< f,2,>) - FI< [, Zo > — | GF[< f,Zs >]ds.
0

163 We turn now to the computation of the quadratic variation and use the same approach
164 as in [SM1]. We apply (SM5) for F(z) = z%. Note that we cannot use directly this
165 result as o — 22 is not bounded and we need to first use a localizing sequence (see
166 [SM4] p. 382, theorem 13.14). We obtain that

t
<<f,Zt>>2—<<f,Zo>>2—/ 2L [, 2y > X L 0uf, Zs > ds
0

t J |
_/ Z/ [(<< £,2850 = 6j0+ Zs % — < f, Zy >?) bj(a)pgf())
0o = Jr,

(€ [,850 + 8j110 = 00 + Zs % — < [, 25 >2) bi(a)pV) Zs(dj, da)

167 (SM6)

— (< £,285510 = Oja + Zo D — < [, Zy >2) b (a)p§) Zs (dj, da)ds}

168 is a martingale. Then, applying (SM5) for F(z) = x (using a localizing sequence
169 again), we get that

t

L f,Zi> = <<f,Zo>>+/ L Ouf,Zs>ds
0

J

>

Jj=1
J

>

j=1

/ < [,2810 = 85,0 > bj()p§y Zs(dj, da)ds

Ry

/ < f,850 + 0j41,0 = j.0 > bj()pl) Zs(dj, da) ] ds
Ry

+ J .
+ / > / < [,265410 — 85,0 > bj(@)p§y Zs(dj, da)] ds + M
0 = /Re
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SM10 F.CLEMENT, F.ROBIN AND R.YVINEC

is a semi-martingale. Applying the Ito formula (see [SM5], p. 78-79), we obtain:
t
<[z - L[, Zy>? —/ 2L [, Zs > % L Ouf, Zs > ds
0

J
+Z/ (2 < f, Zs > X KL f, 25]‘70 — 6j,a >>) bj (a)pg()JZg(d],da)
j=1"R+

J
MO 437 [ @020 x < 1850+ G410 = 830 ) bl 22 . da)
—1 /Ry
i= |
+>° / 2 < [, 25> % < [,28)41.0 — 05,0 ) bj(a)p§2 Zs(dj, da)) ds
j=17%+
_ <]\4f7 Mf>t
is a martingale. We consider the jump corresponding to the case when the two

daughter cells remain on their mother layer. Note that

L f,2050 = bja+ Zs > — L f, Z, =
2K f,Zs > X L £,2050— 0.0 > + < f,20,0 — 0.0 2.

We proceed similarly for the two other jumps. Applying the Doob-Meyer theorem
([SM5], p. 106), we deduce the quadratic variation (Mf, M/), comparing (SM6) and
(SMT). O

SM1.3. Moment study.
Generating functions.

Proof of lemma 3.9. Let a > 0. Remind that the generating function is given by

FOOst] = 3 s*P[Y* = k|Zo = §i0)].
keN/

Let i € [1,J] and j,k € N7. We note Py (t) := P[Y;* = k|Z = S Gidio]. We
write the backward equation for the probability P? , (t) := PV = k|Zy = 6]
Starting from a single mother cell of age 0 and layer ¢, there are three possibilities at
time ¢: (i) the cell has not divided and ¢ < a, (ii) the cell has not divided and ¢ > a,
and (iii) the cell has divided. Thus,

(SMB) P 1(t) = (be, i li<a + Soxlisa) P[r? (ag = 0) > 1]
+ / PSP 2t = y) + DY PE o, st —y) + PSAPS (8 — y)]dBi(y)dy

where P[7()(ag = 0) > t] = e~ I bils)dsq, oo =1 — By(t).
Applying the branching property, we have for all y € [0,¢], for all i € [1, J]

P x(y) = > P WP, ),
ki, ko /ki+ko=k

and also, for all ¢ € [1,J — 1],

P«;+ei+1,k(y) = Z eai+1,k1 (y)P(i,kg ().
k17k2/k1+k2=k
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SUPPLEMENTARY MATERIALS: CELL DYNAMICS WITH UNIDIRECTIONAL MOTSOM 1
Hence, we can rewrite the expression of

Ay = / DS )P st =) + PP Lot —y) + DSOS st — y)]dBi(y)dy

as

ot
A, = pbi) / S B (= p)P (= y)dBi(y)dy
0 ki ko/kit+ko=k

i t
[ P - 0P - ndB
0 ki ko /Ky +ko=k

ot
1375 A DR N AN L
0 k) ko/ki+ko=k

Note that
Z sKPy, 1 (t—y) = Z sk Z P (= y)P e, (t—y)
keNJ keNY kl,kg/kl—i-kgzk
k
= D0 D SPL (—y)S TP (- ),
keN7 k1=0

We note Zi:o the sum of all the k; € N7 vectors such that k; < k component by
component. We have

K
Z sKPy, 1 (t—y) = Z Z SNUPL Ly (t—y)s TP (E—y)

keNY keN7 k1 =0
= Z sSSP (t—y) Z sSSP (E— )
ki eNY k>k
= (Y, sPL (=) Y SPL (=),
ki eNY ko eNY
Hence,
(SM9) > skPE (t—y) = (FOY (st —y])%.
keNJ
In the same way, we also obtain
(SM10) > SR wlt—y) = FU st =y PO st — g
keN/
and
(SM11) > S Pt~ ) = (PO it — )2,
keN/

Finally, multiplying (SM8) by s¥, summing on k € N’ and applying (SM9)-(SM11),
we obtain:
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Vi [1,J], FU9[s;1] = (silli<a + Lisa) (1 = Bi(t)) + /Ot FO(F[s;t = y))dBi(y)dy.

d

First moments.

Ie)

Proof of lemma 3.10. By classical property, M;(t) = a—SJ_F(i’“) [$;t]|s=1. From
(38) it comes that

t
(SM12) PO [sit] = 03,1 = BualO) s + | 51O [F*(s.))aBile iy

where

0
8Sj

Sj

Sj

7 a i i,a a i,a i 2 a a 7 a
o PO (5,0] = 2055 F O s 1] 5 F OO [s5 ] 4 2p O 53] 5~ F O 51

Sj Sj

i i a 9 i,a i,a 9 4 a
+Pg,)1 (ROt )[SW]TF(’ V] + FU )[Sst]TF( s 1]].

Sj 5

For s = 1, knowing that F(»%)(1,t) = 1, we get

M;5(t) = 0i5(1 = Bi(t))Lli<a

+ / 2050 M8 (y) + P IME; () + My ()] + 2050 MEy ()] dBi(t — y))dy

which can be rewritten as

M(L

5]

() = 81 (1 — Bi(t))Li<a + [209 M, + 20 M2, ] % dBi(2).

|

Harris lemmas. We recall some results on the renewal theory presented in [SM3],

p.161-163.

Let G be a distribution function on (0, 00) with the additional assumption G(0+) = 0.
We consider the renewal equation

(SM13)

K(t) = f(t)—!—m/o K(t —u)dG(u) = f(t) + mK = G(t)

where m is a positive constant representing the mean number of children, f is a
continuous function representing a source term and G is the life time distribution. In
addition, we suppose that G is not lattice.

LEMMA SM1.4 (Harris’s lemma 2, p.161). Suppose that there exists a Malthus
parameter o such that mfooo e~ tdG(t) = 1, and that the following conditions also

hold:

(a) f(t)e=* is a continuous function such that f(t)e=** € L'(Ry).

o [

oo

t2dG(t) < co.

Thisritlanaiseriptristifor repiewapunposes: onbyl
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Then, K (t) ~ nge™, where

Jo f(t)e

7Oztdt

LEMMA SM1.5 (Harris’s lemma 4, p.163).

then K(t) — —=

1-m"

Additional computation details for the proof of theorem
We first take the Laplace transform of (39

obtain formula (49).

- m [ te=otdG(t)

Suppose that m < 1 and tlim ft) =
—>00

i=c+1and j € [e+1,J]. We distinguish the case ¢ = j from the others.

j =c+ 1, we obtain

JARE

—/\ tdt

1 a ) . o t
— A(J)tdt+2(1)/ [/ dB;(t
ﬁ(])<0)/0 p () pS 0 0 J(

By the Laplace transform property for the convolution, we deduce that

/OOO Uot dB;(t — u)M;jj(u)du] e Mldt = dBj(\e) /OOO M

hence

> Ae
—Aot
/O M (t)e A dt =

1 ¢ (4) ()
}5 I (t)dt +2 dB: )\c /
p(J)(O) /0 ( ) P j( ) 0

(t)e~Metdt,

—Act
M (t)e et dt

A(0) x

When j > ¢+ 1, we have:

/ M (e etdt =
c+1 *° a
2p ( + )dgchl C)/0 M2, (e

Hence,

: /
(1—2pdB:(\.)) Jo

“Actdt + 2pdBE(n / My, ;(t)e < dt.

c+1
/ 7)\ tdt 2p(L :
c+1 _7 1—

G )/O Mg, (e e dt.

(C+1) *
dBchl
Here, we obtain a recurrence formula between / or1,4(t t)e~*'dt and
o0

My (t)e *<!dt, and we obtain (49).

Second moments.

DEFINITION SM1.6. Let a > 0. We define the second moment

L(t) :=

E[Y D) Zo = 8i0))ijeqi i -

Thisritanaiseriptristifor repiewapunposes: onbyl
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LEMMA SM1.7. L%(t) is solution of the renewal equation: ¥(i,j) € [1,J]?,

(svig) 0= 615(1 = Bi(t)Liza + 20§ Lt s + 20 Ly 5]+ dBi(1)
[QPZ, ( ) +2p§ )1Ma Mla-klj+2p(())2(Mf+1j) ] dB;(t).

Proof of lemma (SM1.7). Note that %F(i"‘) [s;t]ls=1 = Lg;(t) — M;(t) . We
derive (SM12) with respect to s; and obtain:

2
SQF(Z ,a) [s;t] / s Zf(l (F[s,u])dB;(t — u)du

where

0?

i i,a 82 i,a 9 i,a
g ls.1]) = 20y (F(’ Nsit] 5 —FOOsit] + (5 F ¢ >[s;t]>2)

Sj Sj

0?

+ 2p( i) (F(i+1,a) [S; t] 5 F(7,+1 a)[ t] + ( 0

54 0s;

Pl )

2
(4) (1,0 1.9 pla) .. 9 pae. 1 9 plitta.
+ F t F t]+ 2 F t F t
pl 1 < [S? }8(9] [S’ ] 8SJ [S’ ] Sj [S7 ]

2
O plitia [s;t]> .

Sj

+F) [s;]
When s = 1, we get
L8 (1) = M{j(8) = 254 (L, — My + (M)?) * dBi(t)
+ 227@ (L?+1,j - My, + (M4 1)2) *dBi(t)
+p§7)1 (Lg,j = M+ 2M7 My + Ly Mi(il’j) * dBi(t).

Using the system of equations (39), we deduce (SM14). d

THEOREM SM1.8. Under the same hypotheses as in theorem 2.1/, and supposing
that for all i € [1,J], A; > 0, we have, for all a > 0:

Vie[1,J], Vkel[0,J—id] L ;) ~ Liire(a)e? i+t ast — oo
such that

T,i(a) = 2p§ 0By (20:) (M)
i,i(@) =
1- ng)dBj(Q)\i)

and for k € [1,J —i],

2p3 ) (M7 ;)2 dB (2Xi,i k)
1— 2ps)dB*(2)\, itk)

_ +liivk(a), if Niapr #F N
SM15 Lii a) =
( ) ,+k( ) 21’;)0(1‘/15,1-%) dB; (2Xi,i+1)

1-2p00dBr (2N 008) i X = A
where
; ( ) Li+1,i+k( ) + 2175 O, Mzaz+kM i+1,i+k + 217(1) (Mza+1 H—k) ] dBka (2)‘i,i+k)
i,i+kA) = .

1-— QpS)dB;‘(Q)\i,i+k)

Thisritlanaiseriptristifor repiewapunposes: onbyl
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Proof. Let a > 0. We introduce the following notations

dBl (t) €_2>\i,i+kt_

Lo k(t) = L (t)e2Xommnt - dB (1) = ———0
k() ik (t) (t) dB; (2N ivk)

We use the same approach as that performed for the proof of theorem 2.14, and
proceed by recurrence:

HE: Vie[1,J - k], L g () ~ Znge?*i,Hkt, as t — 00.
When k = 0, according to (SM14) L, is solution of the renewal equation:
(SM16)  L%(t) = (1 — Bi(t)) Loz + 2053 (ME,)? % dBi(t) + 2p% L2, * dBi(2).
We rescale (SM16) by e~2*i* and obtain:

E;'l,i(t) = 2N {(1 = Bi(t)) Li<a + 2p§fé(Mi‘Ti)2 * de‘(t)] + QPg)dB;@)\i)Eﬁi % dBy(t).

Note that as 2\; > \; > 0, we have ng)db’;" (2X;) < 1, so that we can use lemma
SM1.5. We compute the limit of the source term :

lim =2 [(1 = Bi(6)) Lyq + 2055 (M2)?  dBi(1)]

t—o0

From hypothesis 2.2, we have:
(oo} 1 oo
/ (1= Bi(t)) Ly<qeNtdt < B—/ dB;(t)e tdt < oc.

0 i Jo

Thus, (1 — B;(t)) Li<qe™ it € LY(R,) and, tlim e~ [1 — B;(t)] = 0. Using the hy-
= —00
pothesis \; > 0, we obtain that tlim e~ 22t [1 — B;(t)] = 0. Then,
(o)

e PN (M,)? + dB;(t) = / Hjo, (M7 (t — w)e =) 2dB; (u)e™ N du.
0

Using theorem 2.14, we have M, (t) ~ e’\itl\z,i(a), as t — oo. Applying Lebesgue
dominated convergence theorem, we obtain

lim ™2 (ME)?  dBi(t) = (M;i(a))?dB; (2\).

t—o00
Then, applying lemma SM1.5, we deduce:

2py' ) dB; (20:) (M i (a))?
1-2p% dBr (27;)

Lg(t) ~ Lii(a)e®it, as t — oo, where L;(a) =

Hence, H° is true. Then, we suppose that H*~! holds and we show H*. According
to (SM14), we write the equation for L{,, ; and rescale it by e~ 2iitnt,

L2 (t) = 205 dB (20 i) LY g dBi () + et 2p 0 L9, 1w dBy (1)

+ e~ 2kt {2])(2%( i(f¢+k)2 + 2p(11,)1M3i+kMia+l,i+k + QP(()Z,)Q( ia+1,i+k)2} * dB;(t).
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SM16 F.CLEMENT, F.ROBIN AND R.YVINEC

Here, m = ng)db’;" (2Aii+x) < 1, so that we can use lemma SM1.5. We first compute
the limit of e*”‘ivi*ktL?H’Hk « dB;(t) when t goes to infinity when either X; ;41 = A;
or A\;i+r # Ai. We start with the case A; i+ # i (S0, Aiitk = Aig1,i4%). For all

t > 0, we have:
6_2/\i’i+ktL?+1,i+k *dB;(t) =

dB; (2Aii+k) /0 ]l[O,t]e*QAiviJr’“(t*“)L?_H’Hk(t - u)d/B\l(u)du

According to H*~!, we know that L, ; ;. (t) ~ Liy1 ik (a)e* i+t We deduce with

a Lebesgue dominated convergence theorem that:

lim e~ 2kt L8, 0w dBi(t) = dBF(2Xi k) Liv1i+k(a)-

t—o0

We apply the same method as above for the other terms of the source term. Theorem
2.14 gives us that Mf,, , ~ etk M g (a) and M e ™~ et M i (a).
Using Lebesgue dominated convergence theorem, we obtain:

lim e~ 2Nt {Qpél;%)(MﬁiJrk)g + 2p§?lMia,i+kqu+1,i+k + 217(()1;)2( z‘a+1,¢+k)2] * dB;(t)

t—o00
= (208 (Vs (@) + 208, Mo (@) Mg 1540(a)
+2p(()f)2(],\zi+l,i+k(a))2} dB} (2Aii+k)-

We then consider the case A; j+r = A; > Ajp1,i4% and start by computing the
limit of 672)‘ivi+ktL;‘+1’i+k * dB;(t).

—2X; i+t T A _
e TR ik ¥ dB(t) =

—

00
dB;‘ (2)\i7i+k)e—2(>\i,i+k_)\'i+1,i+k:)t / ]1[O,t]6_2/\i+1’i+k(t_u)l/?+1,i+k (t _ u)dBi (u)du
0

Using H*~! and Lebesgue dominated convergence theorem, we first obtain that

oo
—

Jim ; T ge Ao pe o (t — w)dBy(u)du

= dB; (2\it1,i1k) Liv1,ivr(a) < oo,

hence,

Jim e Pkl L8 g+ dBy(t) = 0.

Then, theorem 2.14 give us that M, ~ e>‘iv1+kt]\27i+k(a) and

M o ~ €+ 0 (a). Using similar methods, we obtain:

Jim em2Nistrt 1opl (M k) + 293 M i Mi1 i + QPE)Z;)Q(MHLHk)z] * dB;(t)

= 2pY (M 544)2dB; (2Xi 141

We conclude by applying lemma SM1.5 that H* holds. ]
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Variance.

DEFINITION SM1.9. We write ’U;-l(t), the variance of Yt(j’a) starting from a mother
cell on the first layer such that:

(sM17) o (1) = B Z0 = dr0] — B | Zo = b0l
We study the asymptotic behavior of the variance vf(¢) when the first layer is the

leading one.

COROLLARY SM1.10. Leta > 0. Under the same hypotheses as in theorem SM1.8
and supposing that ¢ = 1, we have

Vk e [1,J] vj(t) ~ vj(a)e* ! ast — oo
where

o [ 2e8aBien) oy
vj(a)—Ll,J() ( J( )) - 1—2pg)d81‘(2)\1) 1 ( J( ))

Proof. Let a > 0. According to theorem SM1.8 and using that ¢ = 1, we have:
vje[LJ], L{,(t) ~Lij(a)e*™?!, ast— co.
Using theorem 2.14 and SM1.8, we deduce for all j € [1, J]:
2p}0dB (2\1)

Ula:~1jafmja2: : — m;(a))?.
j(a) = L1 j(a) = (m;(a)) 12U (20 1| (mj(a))

SM2. Numerical simulation procedures.

SM2.0.1. Stochastic simulation procedures.
Markov case. Considering a markovian case, we simulate the process Z; solution

of the SDE (2) with the Gillespie algorithm. We use the package StochSS [SM2].
We consider that for each layer j € [1, 3], pgji = 0. Hence, péj)()) = pg) and p((f% =

1— pg). Considering a system with 4 layers, our system is ruled by the 7-th reactions
below:

Ri: Ni— N+ N with rate byp§’,
Ro: Ny — No+ Ny with rate by(1 —pé«l)),
R3: Ny — Na+ Ny with rate bgpg)7
Ra: Ny— N3+ N3  with rate by(1 —p2),

Rs: N3 — N3+ Ns with rate bgpg)’),
Re: N3 — Ny+ Ny with rate bs(1 —pg)),
Rs: Ny— Ny+ N, with rate by.

General case. We simulate our process using the algorithm SM1, on a predefine
time horizon Ty ax-
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Algorithm SM1 Simulation stochastic process

1: Define a sequence S of cells of a given age and layer.

2: Simulate the time of division of each cell in &

3: while t < Tj,.x do

4:  Select the next cell m that will divide. I is its layer index and ™ is the age
at division.

5. Randomly draw the layer of its daughters cell 1%t and [%2 according to the
probabilities pé{g),pgizl) and pgl;).

6: Randomly draw the next time of division of daughter cell d; according to its
layer index [%1.

7:  Randomly draw the next time of division of daughter cell ds according to its
layer index [%2.

8  Add dy and ds into the sequence S

9: tt+t"

10: end while

SM2.0.2. Deterministic simulation protocol. To solve numerically the pro-
blem (3), we design a dedicated finite volume scheme adapted to the non-conservative
form with proper boundary conditions. We define the time step At and the age step
Aa. The time discretization is defined by

to=0, tpy1=1t,+At, forn=0,..N;

where (Ny + 1)At is the time horizon of the simulation. Similarly, IV, is the number
of cells' in the domain. The cells C; are indexed by a rational number i (%,%, etc.)
with i € [§, N, — 2]. The edges of each cell are located at a1 = (i— #)Aa and

agpr = (i + 1)Aa (remark that Aa = a1 — a

i1 and agp = 0). As age and time

0

max

evolve at the same speed, we chose N, such that ty, —a < N,Aa where a%, is

the maximal age of the initial distribution.

Let j € [1,J]. We define Pf” as the mean value of the density pU) in cell C; at
time ¢,,:

. 1 vl
ijz,i = / - p(j)(tn,a) da .

S Aa),,
2
We integrate the equation 9;p\9) 4 9,p\) = — jp(j) with respect to age in cell C; and
obtain:
d

ai+% . . . Aipl .
G e da = <0 o) 0 ey - | (a1, o

i—

-2 2

Then, we suppose that all b;s functions are regular enough so that we can approximate
bj, for all j € [1, J] on each cell C; by their mean value b%. We obtain:

d [ G ) ") i [T )
pn p(t,a)da = —p P (t,a 1) + p(ta; 1) = bj P\ (t, a) da.
ai 1 a. 1

3 i3

IThe cell is here the standard name used for each elementary volume in the framework of finite

volume methods.
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We approximate the derivative in time with a finite difference scheme:

d ["E ) L[ o) )
— P (tn,a)da = — PV (i1, a)da — PV (tn,a)da| + O(AtL)
dat J, | At | o . a. 1

T2 ) =3

and we deduce:
o

P’ P’
At

ntli n,i:| = —P(j)(t:awé) +pV(¢, a;_1) - biAaP; ;.
The edge terms p) (¢, a;4 1) and p(J)(t a;_1) correspond to the fluxes that cross the

boundaries of cell C;. When i = 5, the boundary condition of equation (3) gives us
the value of this term:

) 00 00 .
P tnsa0) =28 [ @) tnsa)da+ 21 - p§ ) / bi-1(a)pt D (tn, a)da
0 0

72p<a>z/ 109 (b, a)da + 2(1 — pd ) Z/ i=V(t,, a)da

:2pg)AtZEiPii+ pyY Atzfﬂ Pt

When i # %, we approximate each term P9 (t,, ai+%) by

P (tn, A1) = PZ,H% + O(Aa).

Hence, we obtain the following numerical scheme:

. At At
P’rjz+1,i:|: b]At—A}P] +Fpiz 1

) At 1pj—1
PTJL_H)% [ c7 At — Ax} Pn 1 —|—25]A15§:cZ s F2(1—s5-1) Athj wa- .

SM2.1. Construction of figure 4. In this part, we give some details about the
construction of figure 4. We simulate the SDE (2) using the algorithm SM1 and the
PDE (3) using the algorithm described in the subsection below (see SM2.0.2) taking
Aa = 9.5 x 10e — 3 and At = 10e — 4.

We discretized the age according to a sequence of integers k € [1,50]. Let
j € [1,J] be a layer index. The color bar associated with age k for the j-th layer cor-
responds to the total number of cells on the j-th layer of age a € [k, k+1[ renormalized
by the total number of cells:

<< Zi, L k<a<ky1 >>
<< Zp, 1 >>
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The dashed black line with the age k for the j-th layer corresponds to:

k
L5 -1
J

n,t

[ pD (¢, a)da i= |

4 +oo (i ~ ’
D P9 (¢, a)da Z‘*: S
j=1 i ,

j=1Jo
The color solid lines which represent the stable distribution p and compute their
value at each age point k by

fk}c+1 [)(J) (a)da

S 9 (a)da

SM2.2. Parameter estimation procedure. Using the software D2D [SM7],
we estimate the parameters of our model, using an additive Gaussian noise statistical
model (standard least squares likelihood). The standard deviation and the initial
number N of cells on the first layer are also estimated. To investigate the practical
identifiability, we compute the profile likelihood estimate (PLE) [SM6]. We observe
that all the parameters are practically identifiable except the probability of staying on
the second layer pg) (see Figure SM1a). In contrast, most of the parameters are not
practically identifiable when we consider the total number of cells as the observable

function (o (t;p) = ijl MU (t;p), Figure SM1b).
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Nc (Iogw scale) « (Iogw scale) b1 (Iogw scale)

p®

0.7 0.8 0.9

(a) Practical Identifiability for o(¢;p) = (M(j)(t;p))jelllﬂll]

N, (log,, scale) a log,, scale) b, dog,  scale)

(b) Practical Identifiability for o(¢;p) = Z}-’:l M (t; p)

FIGURE SM1. Practical Identifiability. Figure SM1a Profile likelihood estimate (PLE) for
each parameter in the set Pegzp = {N, b1, a,pg),pgm,pgg)} when the observation function is o(t;p) =
(M(j)(t;p))je[[LJ]].The red dashed lines correspond to the 95%-statistical threshold while the blue
dashed lines correspond to the optimum value of the likelihood. Figure SM1b Parameter estimation
results for o(t;p) = Z]J:I M(j)(t;p). Left panel: Data fitting model with model (8). The black
diamonds represent the experimental data (total number of cells), the solid line is the best fit solution
of (8) and the dashed lines are drawn from the estimated variance. Left panel: Profile likelihood
estimates of each parameter in the set Pezp.

Thisriflanaiseriptristifor repiewaparposey ondy



	Supplemental proofs
	Deterministic model
	Stochastic model
	Moment study

	Numerical simulation procedures
	Stochastic simulation procedures
	Deterministic simulation protocol

	Construction of figure 4
	Parameter estimation procedure

	References

