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Analytic Bergman operators in the
semiclassical limit

Ophélie ROUBY? Johannes SJIOSTRAND' and VU NGOC San?

Abstract

Using a new quantization scheme, we construct approximate semi-
classical Bergman projections on weighted L? spaces with analytic weights,
and show that their kernel functions admit an asymptotic expansion in
the class of analytic symbols. As a corollary, we obtain new estimates for
asymptotic expansions of the Bergman kernel on C™ and for high powers
of ample holomorphic line bundles over compact complex manifolds.

1 Introduction

Let L — X be a holomorphic line bundle over a closed complex manifold
X, and assume that L is equipped with a positive Hermitian metric. The
corresponding Chern form induces a Riemannian metric on X, and the inte-
grated scalar product on L gives a natural Hilbert space structure on sections
of L. In this work we will be interested in the so-called semiclassical limit
L* of high tensor powers of the line bundle L. The line bundle L* is natu-
rally equipped with the product Hermitian metric, and we may consider the
Hilbert space L?(X; L*) of square-integrable sections of L*. The orthogonal
projection onto holomorphic sections:

I, : L*(X; LF) — H°(X; L")

is called the Bergman projection. A central question in complex geometry
is to understand the asymptotic behavior, as k& — +o0, of the distributional
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kernel K(z,y;k) of IIx. The same problem arises in the sister theory of
the Szego projection, for which X is replaced by domains of C™. After the
pioneer works of Fefferman [17], Boutet de Monvel-Sjostrand [8] and Kashi-
wara [23] on the Szegd projection, their techniques have been transposed
over to compact complex manifolds. In particular, thanks to the works by
Bouche [5], Tian [29], and then Catlin [10], Zelditch [30], a complete asymp-
totic expansion of the Bergman function (the norm of the Bergman kernel
on the diagonal) was given:

(K (2,3 )] ~ K (bo(a:) + bll(f) + b?éf) L )
where the coefficients b; are analytic functions on X.

Since then, there has been an intense activity on getting a better under-
standing of this expansion: extending it away from the diagonal in X x X,
estimating the growth of the coefficients, extending to € *°-smooth or €*
metrics on X, etc. See for instance the expository works [4], [24], and the
references therein. Here, we wish to consider the issue of the relationships
between the analyticity of the metric on L and optimal estimates for b on
or off the diagonal. The question has raised recent interest, see for instance
the articles [13], [12], [19]. In this last paper, the authors prove that, if the

metric is analytic, the estimate ‘l;k(x,y)’ < C*E!? holds locally uniformly

near the diagonal in X x X, where by, is the holomorphic extension of by.
But they also conjecture that a stronger, more natural estimate

‘Ek(:p,y)‘ < CFp! (1.1)

could hold, and relate various debates on this issue. One of our main results,
Theorem 6.1 below, settles the question in a positive way, showing that the
more natural version (1.1) is correct.

But this result was not our unique goal. In fact, our initial motivation
for undertaking this research has its roots in the spectral theory of Berezin-
Toeplitz operators. Starting from a prequantizable Kéhler manifold X, one
can construct a Hermitian line bundle as above, and define an algebra of
operators extending the usual geometric quantization scheme, see |2, 6], and
also [11] and references therein. Such operators are defined by a ‘symbol’ f,
which is a function on X, through the formula

Ty y(fu) s HO(X; LF) — HO(X; LY).
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In [26] it was conjectured that, for Berezin-Toeplitz operators with analytic
symbols on a Riemann surface, one has a very accurate asymptotic descrip-
tion, in the semiclassical limit & — +o00, of all individual eigenvalues, pro-
vided that the operator is ‘nearly selfadjoint’. The conjecture was supported
by the proof of this result in the case of analytic pseudo-differential opera-
tors acting on L?(R) or L?(S') |26], and, under some additional geometric
assumption (related to complete integrability), on L*(R?) [25, 20, 21].
Although the idea of transposing these results to the Berezin-Toeplitz
case is natural, analytic microlocal analysis was never applied to general
Berezin-Toeplitz operators, and there was a fundamental obstacle to this.
Namely, one should prove that the Bergman projection II;, viewed as a com-
plex Fourier integral operator, has an analytic symbol with a suitable asymp-
totic expansion. Building the necessary theory and finally proving this result
constitutes the core of this article, see Theorems 3.1, 5.2 and 6.1.

To conclude this introduction, we would like to give an informal overview
of the method. As mentioned above, it had been realized for a long time that
the asymptotic study of the Bergman kernel is tightly related to semiclassical
analysis, see [8, 30]. More recently, other approaches have been proposed that
derive asymptotic expansions in a more ‘elementary’ (but still semiclassical)
way, see for instance [3]. The techniques that we use in this article also
go back to the initial ideas, but in a more systematic and natural way: we
combine a fully microlocal approach with L? estimates, in order to obtain
a transparent ’local-to-global” principle. The first step is to construct an
approximate Bergman projection by means of analytic microlocal analysis,
via a new quantization scheme that we call Bargmann-Bergman (or Brg for
short) quantization. The second step uses an L*-analysis of these operators
(combined with the usual Hérmander O estimates) to show that, up to an
exponentially small error in terms of the semiclassical parameter, the exact
Bergman projection coincides with the microlocally constructed one. Once
this is established, the estimates for the asymptotics of the Bergman kernel
are a consequence of the pseudo-differential calculus in analytic classes of
symbols developed in [27].

Organization of the article

In section 2 we introduce the ‘Brg’ quantization on weighted spaces of germs
of holomorphic functions Hg ,,, where o € C" and @ is an analytic, strictly



plurisubharmonic function defined near xy (Definition 2.20). This particular
form of quantization is directly inspired by the well-known exact formula for
the Bergman projection in the setting of weighted L? spaces on C", when
the weight is quadratic (Proposition 2.4).

Section 3 contains the main microlocal result of the paper, namely: using
an analytic Fourier integral operator, one obtains a microlocal equivalence
between the Brg quantization and the ‘usual’ (but complex) Weyl quantiza-
tion (Theorem 3.1). The proof consists in expressing this equivalence as a
product of analytic Fourier integral operators, and proving transverse inter-
section of the underlying canonical relations.

In Section 4, we cast the microlocal result in terms of approximate weighted
L? spaces on nested domains. This allows the construction of approximate
Bergman projections (Proposition 4.9), which are unique modulo an expo-
nentially small error (Proposition 4.15).

Sections 5 and 6 contain the main applications to the asymptotics of the
Bergman kernel. In Section 5 we treat the case of weighted L* spaces on
C", while Section 6 deals with the Bergman projection associated with a
holomorphic Hermitian line bundle.

Acknowledgement. Funding for O.R. was provided in part by the Fun-
dagdo para a Ciéncia e a Tecnologia (FCT) through project PTDC/MAT-
CAL/4334/2014.
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2 Brg quantization

2.1 FBI-Bargmann transforms and Bergman kernels

For the sake of completeness, and in order to introduce the relevant notation,
we discuss here the FBI-Bargmann transform, which is in fact a generaliza-
tion of the original Segal-Bargmann and FBI transforms from [1] and [9] to
the case of a general strictly plurisubharmonic quadratic form ® : C* — R
(see Definition 2.2). The original case investigated by Bargmann corresponds
to ®(z) = 3 |2)*; the corresponding transform has been used in various set-
tings under different names: Bargmann-Segal, Gabor, or wavepacket trans-
forms. The general case was studied by several authors; one can find a
good account of the theory in the book [31, Chapter 13|. In [27], [28] these
transformations are treated as Fourier integral operators and integrated into
microlocal (semiclassical) analysis.

We present here the semiclassical version. Let 0 < A < 1 be the semi-
classical parameter. Without explicit notice, all constants in this text are
implicitly independent of A.

Definition 2.1. Let ¢(z,x) be a holomorphic quadratic function on C" x C"
such that:



32
i) (a—f) s a positive definite matriz;
x

5?
ii) det (ax(;i) #0

The FBI-Bargmann transform associated with the function ¢ is the op-
erator, denoted by Ty, defined on the Schwartz space . (R™) by:

Tyu(z) = c¢h_3"/4/ eWMeEDy()dz, zeC

n

where:

B 1 | det 0,.0,¢|
€= Qnjzan/d (det SO2¢p)1/4

The canonical transformation associated with T} is given by
kg : C" x C" — C" x C"
(37, _6x¢(z7 ZE)) — (Z, ang(Z, I’))

Definition 2.2. A function ® € €*(C™%R) is called plurisubharmonic
(respectively strictly plurisubharmonic) if, for all x € C", the matrix

(8:%] 2. ®)7 =1 is positive semidefinite (respectively positive definite).

We shall often identify the matrix (92 , ®)",_, (where j is the line index

Tj,Tg

and j the column index) with the (1,1)-form 9;0,® = >_;, 9; > 5, @dTpAdz;.
Proposition 2.3 ([28]). With the notation of Definition 2.1, define for z €
Cn:

®(2) := max —S¢P(z, x). (2.1)

T€R™
Then ® is a strictly plurisubharmonic quadratic function and the canonical
transformation kg is a bijection from R** to

Aq):{(z %‘g—@< ))‘26@”}. (2.2)

Throughout the paper, we shall use the following notation.

e [(dz) is the Lebesgue measure on C", i.e

L(dz) = ﬁ (%dzj A dzj) =: (%)n dz A dz. (2.3)

=1



o [2(C") := L*(C" e 2®@)/"[(dz)) is the set of measurable functions
f : C" — C such that:

1f(2)Pe 2@/ L(d2) < +oo0.
Cn

e Hg(C™) := Hol(C") N L4(C") is the closed subspace of holomorphic
functions in L%(C").

e lfzweC" z=(z,...,2,) and w = (wy, ..., w,), then we denote by
z - w the ‘complex scalar product’, i.e.

n

Z--Ww = E ijj'

J=1

Proposition 2.4 (|28, Formula (1.12)]). Let ® be the strictly plurisubhar-
monic quadratic function defined by Equation (2.1), and let i) be the unique
holomorphic quadratic form on C" x C" such that, for all z € C":

P(z,2) = P(2).
The following properties hold.
i) The orthogonal projection Ilg : L2(C") — Hg(C™) is given by:

2" det(9%.® 200
Heu(z) = W/ er WED=LW)y () L(dw). (2.4)

i) Ty : L*(R") — Hg(C") is a unitary transformation and if T; - L3(C") —
L?*(R™) is the adjoint of Ty, then g = TyT}.

The operator 1lg is called the Bergman projection onto Hg.

The FBI transform allows to obtain a correspondence between Weyl op-
erators acting on L?(R™) and Weyl operators acting on Hg(C"), introduced
in [28]. Let S(R*") denote the following symbol class:

S(R*") = {a € €*(R*™); Va € N*",3C, > 0,[0%| < C,}.

Using the parametrization (2.2) of Ag ~ C", we will also use the class of

symbols S(Ag) that we identify with S(C") ~ S(R*").

7



Definition 2.5. Let a; € S(R**). Define the Weyl quantization of ay,
denoted by Opy (ap), by the following formula, for u € .7 (R™):

x+y dydé€.
00 (01)u] (1) = s [ e €) uly)dyde
Then ay, is called the (Weyl) symbol of the pseudo-differential operator Op} (ay).

By the Calderon-Vaillancourt theorem, such an operator Op}'(ay) extends
to a bounded operator on L*(R") whose operator norm is bounded by a
constant independent of A.

Definition 2.6. Let b, € S(Ag). The complex Weyl quantization of the
symbol by, 1s the operator given by the contour integral:

[Opg (bn)u] (= /M0y, (2w ) gy(w)dwd,

where T(z) = {(w () €C¥ (= 2(2@ (%5 )}-

The following Egorov type theorem is, formally, an application of the
invariance of Weyl quantization under the metaplectic representation (with
complex quadratic phase).

Proposition 2.7 ([20]). Let ay € S(R*"). We have
T,0py, (an)Ty; = Opg(br)
where the symbol by, is given by b, = ay, o /fd_)l, thus by, € S(Ag).

In particular, Opg(br) : He(C") — Hge(C™) is uniformly bounded with
respect to h.

There exists also a connection between the Berezin-Toeplitz quantization
and the complex Weyl quantization Opg of Definition 2.6 above. Let us first
recall the definition of the Berezin-Toeplitz quantization of C".

Definition 2.8. Let f;, € S(C"). Define the Berezin-Toeplitz quantiza-
tion of fr as:
Tfh = H<1>thHq>,

where My, : L3 (C™) — L3(C™) is the operator of multiplication by the func-
tion fr. We call f, the symbol of the Berezin-Toeplitz operator T, .

8



Remark 2.9. In [28], Berezin-Toeplitz operators on C" were denoted by
Obpo-

The relation between the Berezin-Toeplitz and the complex Weyl quan-
tizations of C" is given in the next proposition, where we identify Ag with

cr.
Proposition 2.10 (|28, (1.23)], [31, Theorem 13.10]).

i) Let fr, € S(C™) admit an asymptotic expansion in powers of h. Let Ty,
be the Berezin-Toeplitz operator of symbol f,. Then, we have:

Ty, = Opg(br) in  L(He(C")),
where b, € S(Ag) admits an asymptotic expansion in powers of h given,
forall z € A ~C", by
h 9 -1 .
bu(z) = exp ( 7 <(az2q>) 9., ag> (fa(2)) in S(As).  (2.5)

ii) Let by, € S(Ag) admit an asymptotic expansion in powers of h. Then,
there exists a function fr € S(C") such that:

Opy(bs) =Ty, + O(R) in L(Ha(C")),

where T}, is the Berezin-Toeplitz operator of symbol fr, and fr admits
the following asymptotic expansion in powers of h

fi(2) ~ exp (‘Th<(a;<1>)1az,az>) (=) in SC).  (26)

Remark 2.11. In Item i), we actually don’t need f to admit an asymptotic
expansion in powers of h. Then by is given by (2.5), which is an exact
formula, corresponding to solving a heat equation in positive time. On the
other hand, the reverse formula (2.6) is only formal.

Remark 2.12. If f; = 1, then Ty, = Ils. Hence Proposition 2.10 im-
plies that the Bergman projection llg can be written as a complex pseudo-
differential operator.



2.2 Analytic symbols

Our goal will be to extend the representation formula (2.4) for the Bergman
projection to the case of a general phase function ®, which is not necessarily
a quadratic form. In order to do this, we first need to discuss the microlocal
classes of analytic symbols, as introduced in [27], following |7].

Definition 2.13 (Space HYX°). Let 2 be an open subset of C". Let ® €
€ (Q;R). Let up be a function defined on Q. We say that uy belongs to the
space HY(Q) if:

1. up € HOI(Q),
2. YK € Q, Ve >0, 3C > 0, such that |uy(2)| < Ce®E+/ forall 2 € K.
Ifup, € H°(QY) (meaning that ® = 0), we say that uy, is an analytic symbol.

Notice that analytic symbols may have a sub-exponential growth as A —
0: for instance the constants A=, for any m > 0, are analytic symbols. In
this work it will be important to control the polynomial growth in A~!, and
hence we introduce a finer definition, as follows.

Definition 2.14. Let m € R. We say that a; € Hol(2) is an analytic
symbol of finite order m if ay = O(h™™) locally uniformly in 0, i.e.
VK € 2, 3C > 0 such that for all z € K:

lan(z)] < Ch™™.

Naturally, analytic symbols of finite order are also analytic symbols in
the sense of Definition 2.13. Let S°(Q2) be the space of analytic symbols of
order zero in (2.

Definition 2.15. A formal classical analytic symbol ay, in ) is a formal
series ap = .~ a;l/, where a; € Hol(Q) satisfies:

VK € Q,3C > 0,Vj >0, supla;| <C/Hy7.
K

We denote by SO(Q) the space of such power series.

The next definition is similar to the one used in |7, Definition 2.1].
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Definition 2.16. We say that a; € S%(Q) is a classical analytic symbol
if there exists ay € S°(Q) such that ay, admits the asymptotic expansion aj ~
~ [e'e) ; . .

an = Y ;—ga;, in the following sense:

N-1

ap — Z ajhj

J=0

VK € Q,3C > 0,YN >0, sup < ANCNTINN D (2.7)
K

It is useful to introduce spaces of germs at a given point z, € C"; we
let Hg ., be the space of germs of the presheaf HYX® at x¢, i.e. Hg,, is the
inductive limit:

Hg 5 = h_m,Hfli?c(Q)a

Q>zo
where 2 varies in the set V(xy) of open neighbourhoods of z,. The local

space ﬁq),xo consists of the germs Hg ,, modulo exponentially small terms,
as follows.

Definition 2.17 (Negligible germs and ﬁq)’xo). An element u, € Hg 5, will
be called negligible if it belongs to the space

N i={u, € Hypy ; 3c>0,3Q€ V(x), up€ HLE.(Q)}.
The xy-localized space is the quotient:
jj[@’xo = HCI),CE()/N'

Thus, two germs uy and vy at xg are equivalent if eié/h(uh — vp) 1S ex-
ponentially small near zo as o — 0. We shall use the notation u; ~ vy
to indicate that u; = v; mod A. Since S°(Q) C HP(Q), the space Hy .,
contains the subspace (So, mod N) of symbols of order zero localized at .

If Q € V(zp) and a; € S°(Q), then there exists a unique element a;, €
ﬁom that admits, in some B € V(zg), the asymptotic expansion given by
ap, as follows. Let B be an open ball centred at xy and such that B € ().
Let C be the constant of Definition 2.15 with K = B, and let, for z € B,

[1/(eCh)]

aP(2) = Z a;(2)H.

J=0

Then, one can check that af € S°(B) and, for any other choice of B, say B,
there exists a constant C' > 0 such that

af — af = O(e‘l/(éh)) on BN B.

11



Therefore, aj, := (a® mod N) = (a? mod N) is well-defined in ﬁom- With
a slight abuse of notation, a; will be called a classical analytic symbol at x.

Definition 2.18. A linear operator R : HE(Q)) — HY(Q) will be called
H-negligible at xq (the letter “H” stands here for Holomorphic) if for any
Q€ V(xg) with QO € Q, there exists Qo € V(o) with Qy € Q, and a
continuous function ®o < ® on €y, such that

R: Hy(Q) — Ho, ()

is uniformly bounded as h — 0, where He(S21) and He, () are equipped
with the corresponding L3-norm (Definition 4.1). When Ry and Ry are two
operators such that Ry — Rs is H-negligible, we will write Ry = Rs.

In particular, if R is H-negligible at xy and u; € Hg 4,, then Ruy, ~ 0.

Notation. In the rest of this text, when dealing with germs, we will some-
times use then notation Neigh(zg, E), where zg € E, to denote “a sufficiently
small neighbourhood of xjy in E”.

2.3 Analytic pseudo-differential operators

Classical analytic symbols give rise to a well-behaved pseudo-differential cal-
culus, as shown in the book [27]. We recall here the necessary definitions and
properties.

Let 29 € C", let ® be a 6 real-valued function defined in a small neigh-
bourhood €2 of xy. For x € Q, r > 0 sufficiently small and R > 0, we define
the contour in C?:

200

iz

[(x):= {(y,@) eQxC" 6 () +iR(z —y); |r—y|< 7“}.

(2.8)
By Taylor’s formula ®(y) = ®(z) + 2R((y — z) - ,®(z) + O(|z — y|*)), we
obtain the following estimate when |z — y| is small enough:

e~ Y@/ | ila=u)0/h| 2/ < o= (/NR=Ca—yl® (2.9)

where C' is controlled by the €?-norm of ® near zy. Let R > C, and let
ar(z,y,0) be an analytic symbol defined in a neighbourhood of (¢, zg,0y) €

12



C?", with 6, := 2%—(%) (in other terms, ay € Ho (20,20,00)); let us consider,
for up € Hg 4,, the contour integral:

(s I . 0)uly) . (2.10)

Using a deformation variant of Stokes’ formula (see for instance [27, Lemma
12.2]), one can show that 9(Aru) is O(e~"), for some ¢ > 0, uniformly near
zo. Hence, by solving a 0 problem, one can find a holomorphic function v
near ro such that Aru = v+ O(e~%"). Such a v is unique modulo N. Hence
we will slightly abuse notation and write v = Aru.

Note that the size r > 0 depends on the domain of definition of wuy.
However, if u, € Hg,,, the choice of r and R only modifies Aru(z) by a
negligible term in N. Moreover, if u; = vy, in ITLI,JO, then Aru, = Arvy, in
Ig'@,xo. Thus, A = Ar defines an operator on the local space ﬁ@}xo; it is called
a complex pseudo-differential operator. If ay = 1, then Aup = uy in H@,xo,
which can be viewed as a version of the Fourier inversion formula.

The symbol of A is the function o 4 defined for (z,6) € Neigh ((x, 6y); C*")
by the formula:

oa(z,0) =€ we/hA( e/h).

Then 04 € Ho,(z,0,)- If an does not depend on the variable y, then o 4(z, ) ~
ap in Hy (46, If ® € C° and aj, is a classical analytic symbol of order zero,
then by the stationary phase lemma, o4 is also a classical analytic symbol
of order zero. Moreover, if the formal series associated with a by (2.7) is
zero then the formal series associated with o4 is also zero. We will see in
Section 3.2 that the converse statement holds as well.

An important particular class of analytic pseudo-differential operators

concern the case where the symbol a; has the form ay(z,y,0) = by (%32, 6),
for a classical analytic symbol by € S°(Neigh (20,00 := 292(20))). As in

Proposition 2.7, we obtain the so—called complex Weyl quantization, namely:

W (W (z—y)-Opw Tty
Opy, (b3 )u(z) %h // by ( : ,e)u(y)dyde. (2.11)

2.4 Brg-quantization

We introduce here a new quantization scheme which, in view of Formula (2.4),
is a natural generalization of Berezin-Toeplitz operators on C".

13



Let xg € C”, and let ® be a real-analytic function defined in a neighbour-
hood of z5. We view C" as a totally real subspace of C*" via the embedding
in the anti-diagonal A = {(x,7);x € C"}. The map (z,z) — ®(z) admits
a holomorphic extension to a neighbourhood of (zg, %) in C**. We denote
this extension by ¢ (x,w); thus ¢(x,z) = ®(z), and we have

U(z,w) =Y(w,T). (2.12)

In fact, the identity holds on the ‘real’ subspace A, on which v takes real
values. Finally, let us assume that & is strictly plurisubharmonic: there
exists m > 0 such that

mld < (97, 5 ®(20))}j—1- (2.13)
Lemma 2.19. For x,y near xy we have
O(x) + @(y) — 2R (¥(2,9)) < |z —y[, (2.14)
Proof. For t € [0,1] let ; := x + t(y — x), and let
f@t) = d(, 210) + Dy, 70)-

We have f(1) — f(0) = (2, 2) + ¥ (y,9) —¥(z,§) —¥(y, 7) = @(x) + P(y) —
2R (x,y), see (2.12). On the other hand, the holomorphy of @ +— ¢ (x,w),
where w = w, gives

F(1) — £(0) = / F(t)dt

_ / (Bath(x, B) — 0atb(y, 2)) - (T~ g)dt

0
= [ [ ddavtenz) o) G
If 0,041 is constant (for instance if ® is quadratic), we get the exact formula
() + (y) — 2R (w, §) = (87,@)(x —y)(T —y) = mz —y[*,
where the last inequality is (2.13). In the general case we can write
Oa050 (5, Tt) = 02059 (20, To) + O(|x — mo| + [y — o)),
which gives (2.14). O
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Definition 2.20. Let 7 > r > 0. Let ay € L>®(B((xo,Zo),7)). We define the

operator OpE'8(ay) locally near xo by the following integral representation.

For x € C™ with |x — zo| <7 —r, and u € L*(B(xy, 7)),
v (anul(x) = [ ke yyuty) L), (2.15)
B(x,r

where the kernel ky, is defined as follows, for (x,y) such that |x —y| < r:

2TL

et T (e ) det (9500 (2. 7)

k'h(x7 y) =

Note that (z,y) — det (050,%) (z,y) is the holomorphic extension to a
neighbourhood of (¢, Zo) of the real-analytic map (x, z) — det(@%i’jjd)(a:))gfj:l.
Under the assumptions of Lemma 2.19, and choosing a smaller r if necessary,

there exists € > 0 such that

— O(z) + 2R (V(2,7) — 2(y) < — (m— ) [z —yl*,

and hence

e~ 2@)/h kn(,y))| e®W/h <

= - m—e)|z—yl|?

which is similar to (2.9). By the same arguments as the ones used there, we
see that Op®™®(a;) = OpP™®(ay) defines an operator on Hg 4, which does not
depend on r small enough.

This ‘Brg-quantization’ is a natural generalization of Formula (2.4) when
the weight is quadratic: in this special case, we get formally Il = Op='8(1),
and Berezin-Toeplitz operators can be obtained when a; only depends on y.

2.5 Analytic Fourier integral operators

In this section, we recall the definition of semiclassical Fourier integral opera-
tors in the complex domain, and prove that, under a transversality condition,
they act on spaces of germs holomorphic functions Hy,, — Hg , , modulo
exponentially small remainders.

We want to give a meaning to the formal expression

Au(z) = //eg“”(w’e)a(x,yﬁ; h)u(y)dyda, (2.17)
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where a is an analytic symbol defined near (zg,yo,6y), and ¢ is a non-
degenerate holomorphic phase function, as follows. Let ¢(x,y,6) be holo-
morphic in a neighbourhood of (zg,yo,6s) € C™ x C* x CN. Assume that
wy(x0, Yo, 00) = 0. Recall that ¢ is a non-degenerate phase function (in the
sense of Hormander) if the map ¢} is a local submersion, i.e.

d0s, (0, Yo, 60), - - ., dOay (0, Yo, Oo) are linearly independent.  (2.18)

Then
Cyp :={(2,y,0) € Neigh((zo, %0, 60), C""™);  gp(a,.0) = 0)}
is a complex manifold of codimension N. Moreover, the map
Cp 3 (z,y,0) = (z,0,0(x,y,0);y, —0yp(z,y,0)) € T"C™ x T*C"  (2.19)

has injective differential and hence the image A/, is a complex manifold (de-

fined near (g, £o; Yo, M0), With & == 0y (0, Yo, 6o) and 1y := —0,¢(z0, Yo, 6o))
of dimension m + n; thus, in view of (2.19), A{, is a holomorphic canonical
relation. We don’t require this relation to be a diffeomorphism; however,
in order to have a well defined operator A, we now strengthen the assump-
tion (2.18) to

(y,0) — (x0,y,0) is a non-degenerate phase function near (yo, 6p). (2.20)

Equivalently, the map
A, s (2,6y,m) =

is a local submersion (which implies that A{,N{z = o} is a complex manifold
of dimension n) and the map

A, N {z = w0} 3 (20,&9,m) = (y,1) (2.21)

is a local immersion. The image of (2.21), namely (A],)~'(T; C"), is a com-
plex Lagrangian manifold in 7*C".

Proposition 2.21. Let ¥ be a pluriharmonic function defined near yo € C".
Let Ay := {(y,20,%(y)); y € Neigh(yo, C")}, and 1y := 20,¥(yo). Assume
that ¢ satisfies (2.20), so that (A,)" (T C™) and Ay both are complex La-
grangian manifolds passing through (yo,no). Assume

(A:@)_l(T;‘OCm) and Ay intersect transversally at (yo, o). (2.22)

16



Then A is a well-defined operator ﬁ\p7y0 — ﬁ\i} 20 Where Uisa pluriharmonic
function defined near xy with the property

Ag =N (Ay). (2.23)

Proof. For x close to xo, (A,)""(T;C™) and Ay intersect transversally at
a unique point (y(z),n(x)), and because of (2.21), there is a corresponding
unique point (z,&(z); y(z),n(x)) € Aj,. Here {(x), y(x), n(r) are holomorphic
functions of . Thus A},(Ay) is a complex manifold of dimension m, given
by

AL(Ay) = {(e,6()); o € Neigh(zgi C™)}.

The assumptions (2.20) and (2.21) imply that

has a unique non-degenerate critical point (y(z), 8(z)) near (yo, ), depend-
ing holomorphically on x near xo. Here y(x) is the same as before and if we
denote by W(x) the corresponding critical value:

U(z) = veg,0) (—Se(r,y,0) + ¥(y)),

then we see that %&C\Tf(x) = &(z) is the point defined above. Thus (2.23)
holds.
Next consider formally Aw in (2.17) for u € Hy ,,. Then

er? @0z, y, 0; R)u(e)| < Coer(eSe@adt¥W) - ye >

and since (2.24) has a non-degenerate critical point (y(z),0(z)), we know
that we can find a good contour I'(z), i.e. a real submanifold of dimension
n + N, passing through (y(z),0(x)) along which

— Sp(@,,0) + Uy) — V(z) < — |y —yol* — 10 — 6] .
It then suffices to define

Au(z) = // a0y,

and argue as we did for analytic pseudo-differential operators (Section 2.3)
to obtain that A : Hy,, — Hg , is well-defined. O
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Remark 2.22. The more general case where V is plurisubharmonic can cer-
tainly be treated with some additional arguments.

As an application of this proposition, we can compose Fourier integral
operators. If A : Hy,, — Hg, is as in Proposition 2.21, let K4 be the

corresponding canonical relation, so far denoted A/w' Let z € C’ and let
B : Hg, — Hy_, be a Fourier integral operator which satisfies the same

assumption as A with \Tf, ¥ replaced by 0, U. Let Kz be the canonical rela-
tion of B, and let~(zo, Co; o, &) € Kp. By Proposition 2.21, the composition
BoA: Hy,, — Hy , is well-defined. The condition (2.22) for B says that

K5'(T;,C) and Ag intersect transversally at (zo,&), (2.25)
and in view of (2.23) we have Ag = Ka(Ay). Hence (2.25) is equivalent to

(Kp N (T;C' x T*C™)) x (K4 N (T*C™ x Ay)) and
T: C' x diag(T*C™ x T*C™) x Ay

intersect transversally in ~ T*C! x T*C™ x T*C™ x Ay .

This implies the classical transversality condition for the composition B o A:
T*C! x diag(T*C™ x T*C™) x T*C" and Kp x K, intersect transversally in
T*C! x T*C™ x T*C™ x T*C". Therefore, if in addition to (2.17) we write

Bu(z) = // e%w(z’m’w)b(z,mw;h)v(w)dxdw,

where 1 is a non-degenerate phase function defined near (zy, zo, wp), then we
know that Bo A is an analytic Fourier integral operator for which ¥ (z, z, w)+
o(x,y,0) is a non-degenerate phase function with z,y as base variables and
xr,w, 6 as fibre variables and that the canonical relation Kpg,4 is equal to
KpoKy.

3 Equivalence of quantizations

One of the main results of this work is to show that, in the semiclassical
limit, operators of the form Op®®(ay;) with an analytic weight ® can in fact
be written, up to exponentially small terms, as analytic pseudo-differential
operators.
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Theorem 3.1. Let ® : Neigh(zg;C") — R be a real-analytic and strictly
plurisubharmonic function.

1. Let ap(z,w) be a classical analytic symbol of order zero defined in a
neighbourhood of (g, Zo). Then there exists a classical analytic symbol
by (z,0) of order zero defined in a neighbourhood of (:1:0, Oy := %g—f(xo))

such that

OpBrg(ah)u(x) = Opy (b)) :Heupy — Hou, -

2. Let by (x,0) be a classical analytic symbol of order zero defined in a
neighbourhood of ({L’o, 0 .= %g—i’(xg)). Then there exists a classical ana-
lytic symbol ap(x,w) of order zero defined in a neighbourhood of (x¢, Zo)
such that

Op%v(b‘i)iv) % OpBrg(ah) : H(b,aco — H@,zo .

3. In case (1) (resp. case (2)), the formal symbol associated with by (z,6)
(resp. ap(z,w)) is uniquely determined by the formal symbol associated
with ap(z,w) (resp. bY (x,8)).

The proof of the first assertion of Theorem 3.1 is divided into two parts
(Sections 3.1 and 3.2 below): first, we relate a Brg-operator to a complex
pseudo-differential operator in the sense of Equation (2.10) and then we relate
this last operator to a complex Weyl pseudo-differential operator.

The second and third assertions of Theorem 3.1 are obtained by showing
that the operator a, — b, in the first assertion is in fact an elliptic Fourier
Integral Operator and hence can be microlocally inverted in the analytic
category; see Sections 3.3 and 3.4.

3.1 From Brg-operators to complex h-pseudo-differential
operators
Let ay(x,w) = ap(x,w,w), where ay(x,y,w) is a classical analytic symbol

of order zero defined on a neighbourhood of (zg, z¢, Zp). Recall from (2.15)
and (2.3) that we have the formula, for v € Hg 4,:

Op"*® (an)u(z) =

1 _
/ e D ap(a,y, gluly)e W (2, 5) (dy A dg),
Neigh(zo)

(2mh)n
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where J(z,y) = det (2050,%) (x,7) (see Section 2.4). We can rewrite this
formula as follows, for u € Hg 4,:

1 2 (h(z,w)— w
I'(zo)

Op™*®(ar)u(z) =

where I'(z¢) € C?" is the integration contour {(y,w) = (y,7)} for y near x,
and using the fact that ®(y) = ¢(y,y). We perform Kuranishi’s trick and
write for (z,y,w) € Neigh(zo; C") x I'(xo):

where 6 is holomorphic on Neigh(x) x I'(z0) and satisfies the following equal-

ity, for (z,y,w) € Neigh(zg) x I'(zo):

O, y,w) = 200 (r,w) + Ol — ). (3.1)

Although we don’t use this here, it is often important to see that, writing 6
as

1
2
0(z,y, w) =/ S0, ((1 — t)y + tz, w)dt,
o ¢
then (3.1) improves into:

Tr+y
2

m%%m:§xw( w)+mu—m%

Therefore, we can rewrite the operator Op™'8(ay) as follows, for u € Hg .,

1 i
Op”™®(ay)u(x) = i // en @ V0@ g (o g w)u(y)J(z, w)dydw.
(2mh) I(z0)
We deduce from (3.1) that for (x,y,w) € Neigh(zq) x T'(zo):

2

00, y, w) = =000 (x,w) + Ol = yl), (3.2)

whose determinant is non-vanishing because ® is strictly plurisubharmonic.

Thus, according to the holomorphic implicit function theorem, the function

w — O(x,y,w) admits a holomorphic inverse in Neigh(Zy). We denote this
inverse for (z,vy,6) € Neigh(zo, x¢,00) by:

w=w(x,y,0), (3.3)
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where 5 50

O := 20,0 (0, To) = = ——(x0) -

o := 50, (0, Zo) ; 895( 0)
We want to rewrite the operator Op®(a;) in terms of the f-variable. We
have, as holomorphic 2n-forms,

dy A d = det (0,0(x, y,w)) dy A dw,
2
= det (;81”8:61/}(% w) 4+ O(|z — y|)) dy A dw.

Here, as always in this paper, we use the notation

dyndf = N\(dy; Adby), dyAdw:= /\(dy; A dwy).

j=1 =1
Let j(w, y,0) be the following quantity, for (z,y,0) € Neigh(xo, zo, 0p):

T J(x,w(x,y,@))

J(z,y,0) = det (0,0(z,y, w))

=(1+0(zx—1y)), (3.4)

so that:

J(z,w)dy A dw = J(x,y,0)dy A db .

Using (3.1) and (3.2), the image of I'(xo) under w + 6 = #(x,y, w) can be
deformed into I'(z) (see (2.8)) in such a way

—®(2) = (y) + R(i(r —y) - 0) < —|z —y|”,
uniformly on all the deformed contours. Hence we can rewrite the operator
Op®®(ay) as follows, for u € Hg 4,

1

O (anjute) ~ g [ B ey w0t . 9.0)00,

which is a complex pseudo-differential operator (in the sense of Equation
(2.10)) with symbol, for (z,y,6) € Neigh(zo, zo, 0y = 20,¢ (o, To)):

bn(z,y,0) = an(z,y, w(z,y,0))J (z,y,0). (3.5)
Let:

W Neigh(:co, Xo, 60) — Nelgh (LIZ'(), Xo, fo)
(z,y,0) — (z,y,w(z,y,0)).
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Then, for (x,y,60) € Neigh (xq, x¢, 0):

bh(xa Y, 0) = J(l‘, Y, e)aﬁ(xv Y, w(x, Y, 0)) - J(I‘, Y, 0)(W*a’ﬁ) (l’, Y, 0)

Here W* denotes the pull-back by W i.e. W*a, = ap o W. To conclude, we
have

OpBrg(&h)u(z) = Bru(z) in Hg,, ,

where Br means the quantization (in the sense of Equation (2.10)) of the clas-
sical analytic symbol by, defined for (z,y,6) € Neigh (o, zo, 0y = 252 (z0))
by:

bu(x,y,0) = (jW*ah> (z,y,0).

3.2 From h-pseudo-differential operators to complex Weyl
pseudo-differential operators

Our goal is now to replace the symbol b;(z,y,#) defined in a neighbourhood
of (xo,xo,ﬁo = %g—f(azo)) by a symbol of the form b} (gﬂ,e) defined in a
neighbourhood of (g, 0y) in order to obtain the complex Weyl quantization.

We first recall how to relate the various quantizations of a symbol de-
pending on (y,#). Let ap(y,8) be a classical analytic symbol defined in a
neighbourhood of (zg,6y). For t € |0, 1], the quantization Op, is defined, for

u e Hq,,mo, by

1
(2wh)"

Op,(ans)u(z) = //F( )eg(x_y)'eah7t(tx + (1 —t)y, )u(y)dydd,

where T'(z) is defined in Equation (2.8). When ¢ = 3, we recover the complex
Weyl quantization (Proposition 2.7). We now look for a symbol as(y, )
defined in a neighbourhood of (xO,HO = %‘3—3(950)) such that the operator
Op,(apn:) does not depend on t. Let u € Hg,, and denote y(z,y) = tz +
(1 —t)y; we have:

(27h)" KD, Op, (an)u(z) = KD, ( / / A0 (2, ), e>u<y>dyde) |
I'(z)
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I'(z)

B // <6%(z_y)'0than,t Fen@ (g — ). hDyaﬁ,t) (Ye(,y), 0)u(y)dydd,
I'(z)

B // (e%(%y)'ehl)t@h,t + RDg(er@¥)?). hDyah,t> (e(z,y), O)u(y)dydd,
I'(z)

i

~ﬂ"wwmewww@%mme@@%
I'(z)

where the last equality holds modulo a negligible term, see Definition 2.17,
and follows from Stokes’ formula and (2.9). Consequently, the operator
Op,(an:) will be independent of the parameter ¢ if the symbol a;, satisfies
the following condition for (y, ) € Neigh (zg, 6y):

(hDy — hDy - hD,) ap(y,0) = 0.

This will hold if the symbol a;; satisfies the following equality for (y, ) €
Neigh (zo, 6): _
ah,t(y; 9) - e%(t_S)hDethyah,s(y7 9) .

Similarly to the more general case treated below, the propagator e~ (=hDo-hDy)

is an analytic Fourier integral operator, with canonical relation:
kot (Y, 05 9%, 0%) = (y — 07,0 — ty™; ", 07) .

Because k; sends the zero section 8* = 0, y* = 0 on itself, we may apply
Proposition 2.21 with W = 0, which gives that this propagator sends analytic
symbols to analytic symbols.

We now wish to generalize this procedure to a symbol of the form by :(x, y, 0),
defined for 0 < ¢ < 1 in a neighbourhood of (xo, Xo, 0 = %g—f(aro)), and such
that

bro(z,y,0) = bp(x,y,0) defined by Equation (3.5).

Let Op,(brt) be the following operator for u € Hg 4,:

Op, (bn1)u(x)

1 i
N (2mh)™ // eﬁ(x_y).ebh,t((l —t)r +ty, tr + (1 — t)y, 0)u(y)dydd
I'(x)
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Remark that, when ¢ = 1, we obtain the complex Weyl quantization (see (2.11))
of the symbol b} defined in Neigh(zo, 6y) by

r+Yy T+Y r+y
by, , ,0 : —=. 0.

In order to lighten notation, let X; := ((1 —t)x + ty,tz + (1 — t)y,d). Then,
for w € Hg 4,, we have

(2wh)"hD,Op, (bp1)u // e @ ORD, (by (X)) u(y)dyde,
I'(x)

_ //F ()ew v (thbht(Xt) (x — y)hDubya (X))
+ (2= )hDyba(X0) )uly) dydo,

B // (eh PR, — hDy(e =) (RDabyy — hDybi) ) (X )u(y)dydo),
I'(z)

N // e (RDyby, + BDy - (hDy — BDy) by) (X2 )u(y) dydo,
I'(z)

using Stokes’ formula. Thus, the operator Op,(bs), acting on ﬁ@wo, is in-
dependent of the parameter ¢ if the symbol by ;(z,y, 0) satisfies the following
equality for (z,y,0) € Neigh (z9, x¢, 00):

(RDy + hDy - (RDy — hD,)) byy(x,y,6) = 0.

This leads to
bh,t<m) Y, 9) = Ut—s bﬁ,5<x7 Y, 0)7

where

Up := exp (—%t (hDg - (hD, — hDy))> .
By taking t = % and s = 0, we obtain:

bh,l/? (CL’, Y, 9) = U1/2bﬁ(xv Y, 0)a

and we recall that the Weyl symbol is defined as b} (z,0) = by1/2(, z,0).
Writing U; as a Fourier multiplier, i.e.

it
U= F, ' oexp (%9* (y* — x*)) o Fr, (3.6)
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where Fj, denotes the usual semiclassical Fourier transform, we see that it is
formally a semiclassical analytic Fourier integral operator (see Section 2.5); it
is the exponential of the differential operator P = hDy - (hD, — hD,), acting
on formal analytic symbols. Its canonical relation is actually the graph of a
symplectic diffeomorphism defined by

K¢ : T*Nelgh(xo, Zo, ‘90) — T*Nelgh(xo, Xo, 90)
(z,,0; 2%, 4", 07) — (2,9,0; 27,5, 0%) + 1A,

where &), is the Hamiltonian vector field associated with the symbol p of
the differential operator P, namely p(z,y,0; z*,y*,0%) = 0* - (z* — y*) and
X, =00, —0"-0,+ (z" —y*) - 0p. Thus:

Ke o (29,05 2%, y%,0%) — (x+ 0",y — 0", 0 + t(z* — y*); 2, y", 0%).

Since &, is a diffeomorphism, its phase function is strongly non-degenerate in
the sense of (2.20). Because k; sends the zero section z* = 0, y* =0, * =0
on itself, we may apply Proposition 2.21 with ¥ = 0, which gives that the
Fourier integral operator U; sends analytic symbols to analytic symbols of
the same order. Besides, using analytic stationary phase lemma, we obtain
that U; sends classical analytic symbols to classical analytic symbols (see
also [28]). Let:

v : Neigh (xg, 0y) — Neigh (xq, z¢, 0y) (3.7)
(x,0) — (z,z,0).

Then, with v* denoting pullback, we have:
7* (Ul/Qbh<:U7 Y, 9)) = 7* (bh,1/2 (l’, Y, 0)) = b‘]’iv (IE, (9) .

7v*Uy 2y, is a classical analytic symbol of order zero that we denote by by". To
conclude, taking by, such that Op,(bs;) is independent of ¢, gives us:

Op1/2(bn,172) = Opy (by) = Opy (v Usy2bi) = Opo(bro) = Br.
To summarize, we have the following proposition.

Proposition 3.2. Let ap(z,y,w) be a classical analytic symbol of order zero
defined on a neighbourhood of (xq, g, Zo). Then, on Hg 4, we have:

Op”*¢(ay) = Opy (b)), where by = 7*U1/2jW*ah,
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where: )
W (2,y,0) — (z,y,w(z,y,0)),

with w defined in Equation (3.3),
v (x,0) = (z,z,0),
U2 = exp (5 hDg - (hRDy — hD,)) ,
| J is defined by Equation (3.4).

Besides, by is a classical analytic symbol of order zero defined on a neigh-
bourhood of (xg, Oy := 28—¢(x0)). Finally, if ap, ~ 0, then b} ~ 0.

— G0z

3.3 Composition of Fourier integral operators

Let by (z,6) be a classical analytic symbol of order zero defined on a neigh-
bourhood of (mo, Oy = %‘g—i’(xo)). We want to prove that there exists a clas-
sical analytic symbol of order zero aj(z,w) defined on a neighbourhood
of (z9,%p) (and which does not depend on the y-variable) such that the
Brg-quantization of ay coincides with the complex Weyl quantization of b}

(see (2.11)). Instead of doing this directly, let us consider the map

S : S°(Neigh(wo, z0, %)) — S°(Neigh (w9, 6,))
ap — b} = /Y*Ul/QjW*aﬁ,

restricted to the subset of classical analytic symbols of order zero which do
not depend on the y-variable. We already proved in the previous subsection
that this map is well-defined in the sense that it sends a formal classical
analytic symbol of order zero to a formal classical analytic symbol of order
zero. Consequently, it suffices to prove the following proposition in order to
conclude the proof of Theorem 3.1.

Proposition 3.3. The map S restricted to the set of classical analytic sym-
bols which do not depend on the y-variable is an analytic Fourier integral
operator associated with a canonical transformation which sends the zero sec-
tion on itself. Moreover, this Fourier integral operator is elliptic.

This proposition implies that the map S is a bijection from the space
of classical analytic symbols of order zero defined in a neighbourhood of
(20, ZTo) to the space of classical analytic symbols of order zero defined in a
neighbourhood of (zg, 6)).
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Let

7 : Neigh (2, xg, Zg) —> Neigh(z, Zo) (3.8)
(:L‘7 y’ w) H (1‘7 w)’

Let ap(z,w) be a classical analytic symbol of order zero, which we view as
a function of (z,y,w) by identifying it with 7*a,(z,y, w) = ap o 7(z,y, w).
We use the maps W, ~, U 1 and J from Proposition 3.2. According to this
proposition, we introduce

Vo= U, JW T ay, =: Aay,. (3.9)

The operator A acting on symbols a, € S°(Neigh(z, Z¢)) is the composition
of the five operators (v*, Uy 2, J, W* and 7). We shall give two independent
proofs that this composition is an analytic Fourier integral operator: first by
proving that all these operators are good analytic Fourier integral operators
and applying Proposition 2.21; in the second proof (Appendix B) we give an
explicit computation with stationary phase arguments in order to obtain a

simple formula for A (Equation (B.2)).

3.4 Proof of Proposition 3.3

The operator 7*. Recall from (3.8) that (7*u)(z,y,w) = u(x,w). We
have

1 P )
(m*u) (2, y, w) = (2rh)n / / / / enlle=)0r(w=d)wly (7 ) dzdfdidw .
m

Here p(z,y, w; Z,w;0,w) = (x—7)-0+(w—1w0)-w is a strongly non-degenerate
phase function in the sense of (2.20) (i.e., when (z, y, w) is fixed), with critical
variety

Co={(z,y,w;Z,w;0,w); ==2,w=uw}.

From this we get the canonical relation K :
Ko = {(z,y,w;0,0,w), (z,w;0,w)} = {((a;tdm,b"), (w(a);b"))},

where a = (z,y,w) € C*" and b* = (,w) € (C*")*. It maps the zero section
{b* = 0} C T*C?" to the zero section {a* = 0} C T*C3", and the inverse
image of T C3" is

{(m(a);0); b€ (C*™)} =T, C™",
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which intersects the zero section {b* = 0} transversally. Therefore, we may
apply Proposition 2.21, and 7* HO p— HOa is an analytic Fourier integral
operator.

The operator W*. Recall that W : C3" — C?" is a locally defined diffeo-
morphism and W*u(a) = u(W(a)), a € C3". Here

W*u(a) 27rh oy // (W (a)=eyer u(c)dedce” .

The phase (W (a)—c)-c* is non-degenerate as a function of (¢, ¢*) with critical
manifold {(a,c,c*);W(a) = ¢}. The canonical relation is the graph of the
lifted symplectic transformation, i.e.

Kw = {((a;'W'(a)c"), (W(a);c"))}.

It maps the zero section to the zero section, and K\ (T:C%") = Jv(a)(c?’”,
which is transversal to the zero section. Thus we may apply Proposition 2.21.

The operator J is a multiplication operator, K 7 =1d.

The operator U;. We have seen in (3.6) (and below that) that Uy is an
analytic Fourier mtegral operator with associated canonical transformation
K1 given by

ki(a,a”) = (a+ h(a”), a”),

1

2

0 1

0 —1]. It follows

-1 0

that, when ¢ € C*" is fixed, x,*(T/C*") = {(c — h(a*),a*), a* € C*)} is
2

parametrized by a* and transversal to the zero section, which permits the

application of Proposition 2.21.

where a € C*" and h is the block-matrix h = %

0
0
1

The operator v*. Recall from (3.7) that v*u(z,6) = u(z, z,0), s

erlr0) =) lu(e)dede
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with ¢ = (z,y,0) € C3, ¢* € (C3)*. The phase (b, ¢, c*) is non-degenerate,
and since v* is a pull-back, we obtain, as for 7* and W*,

Koo = {((bdme), ((0),¢"); be T € (C)).

Again, it maps the zero section {c¢* = 0} C T*C3" to the zero section in
T*C*", and K_.'(T;C®) = T, C*", which is transversal to the zero section
{¢* = 0}. Hence Proposition 2.21 can be applied.

To conclude, we have shown that all the compositions involved in the
operator A are transverse, making it an analytic Fourier integral opera-
tor Ho, (z9,29) — H [(z0,80)> Which is elliptic and whose associated canonical
transformation 7*C?" — T*C?" send the zero section to itself, which proves
Proposition 3.3. Choosing a Fourier integral operator B associated with
the inverse canonical transformation, and applying analytic ellipticity to the
pseudo-differential operators AB and BA, we construct in the usual way a
local inverse to A, sending Hy (4,9, to H (z0,70)» thus proving Theorem 3.1.

4 The approximate Bergman projection

4.1 Functional analysis of L% spaces

Definition 4.1. Let Q be an open subset of C". Let ® € €°(%;R). For any
h > 0, we define the following spaces.

1. L2(Q) is the L*-space with weight e=>®/" on Q; it is a Hilbert space with
the norm

_ 2 — z)/h
gy = e ey = [ o) 20 )

2. L3 0.(Q) is the Fréchet space Li, . (Q) equipped with the set of seminorms

||u||L§>(Q), where Q € Q is an arbitrary open set with compact closure in

3. L2 (Q) is the space of compactly supported functions in L%(Q).

®,comp

Since @ is continuous, for any fixed i we have the set equality L3, ., (Q) =
LZonp (). Similarly to the space 63°(€2) in distribution theory, Lécomp is a
projective limit of Fréchet spaces, and following the tradition we will only use
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the convergence of sequences: for a fixed A, the sequence (u;);en converges
to u in L ., if the support of all u; is contained in a fixed subset Q € Q2

and [lu; — ull ;2 o) — 0. Thus, the injection L3 comp C L 100 is sequentially
2

continuous; and moreover we have a well-defined pairing on L .. X L comp

given by
(ule) 3 = [ ulwyolole /" L),

which is continuous in the first factor and sequentially continuous in the
second one.

From the Fréchet topology of L3, (€2) we obtain that, for a fixed h > 0,
a linear operator A : Lg 1,.(2) — L3, ,.(Q) is continuous if and only if for

every {2y € (2, there exist 2y € € and a constant C' > 0 such that
|4l < Cllullzy (o (1)

Notice that (4.1) implies that if u vanishes on €y, then Au vanishes on s;
in other words, if we regard the support of the distribution kernel K4 of A
as a relation from € to itself, we have

(supp K4) 1) :={y € 3(z,y) € (supp K1) Ny x Q} C Q. (4.2)
On the other hand, an operator A : L2 () — L2

®1,comp y.comp(§2) is continuous
if and only if for every 2; € (2, there exists {25 € {2 such that

suppu C 3 = supp Au C Q. (4.3)

and A is continuous as an operator from L3(€;) to L2(2). Then A sends

convergent sequences in Lél COmp(Q) to convergent sequences in L?pg Comp(Q).

An operator that satisfies both (4.2) and (4.3) is called properly sup-
ported. Notice that the injections €5°(Q) C L2 (Q) and Lj,,.(Q2) C

®,comp
2'(Q2) are (sequentially) continuous. Hence any continuous operator A :
L2 (1) = L3, 10c(Q2) admits a Schwartz kernel K € 2'(€ x Q).

®1,comp
If A has kernel K4, its formal adjoint, denoted by A*, is the operator
defined by the kernel (x,y) — Ka(y,x). We see that taking formal adjoint
swaps properness conditions (4.2) and (4.3). Hence if A : Lg 1,.(®1) —
L3, 10¢(€2) is continuous, then A* : L3 ..\ (Q2) = L3, comp(€21) 1s continu-
ous, and conversely.

We now introduce uniform versions of these remarks, as A — 0.
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Definition 4.2. A linear operator A = Ay @ Lg 1,.(Q1) = L, 10.(Q2) s
uniformly continuous, and we write:

A= O(1> : L%Lloc(Ql) — Lég,loc(QQ)

if there exists hg > 0 such that, for every QQ E (9, there exist Ql € 4, and
a constant C' > 0, both independent of h, such that, for all u € Ly 1,.(1),

Vh €10, ho), HAU|’L§)2(522) <C HU”Lgl(Ql) :

Definition 4.3. A linear operator A = A : L, 1,.(Q1) = L3, 10.(Q2) is uni-
formly properly supported if the projections from supp K4 to the factors
Q1 and €y are uniformly proper, in the following sense: there exists hg > 0
such that the following properties hold:

1. For all Qy € Q, there exists Q; € Qy, independent of h, such that

Vh € 10, hol, (supp KA)il(Qz) C (4.4)

2. For all Q, @ Qy, there exists Qs € O, independent of ki, such that

Vh € 10, o), (supp K 4) () € Qs.

Proposition 4.4. If A : L3 (1) — L3, 1,.(Q0) satisfies (4.4), then A
is uniformly continuous if and only if for all x; € €5°(Y), j = 1,2, the
operator x2Axy : Ly (1) — L3, (Q) is uniformly bounded, as h — 0.

Proof. If A is uniformly continuous, and x; € 65°(€;), j = 1,2, are given,
let Q9 € €2y contain the support of y,. Then there exists 2; € 2; such that,
IeAxiullz (o, < Iellw IAxaulrs @ < Cllxell~ IXaullz @)

< Clixellze allpe llullzg (@)

< Ol allps lullzg @) -

Conversely, if Q, is given, let xo € €*°(f22) be such that x» = 1 on a

neighbourhood of Q,: we have
HAU|’L§)2(02) = HXzAUHng(QQ) < HX2AUHL§I>2(92)-
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Now let x1 € €*°(€;) be such that y; = 1 on a neighbourhood of the
compact set (supp K4)~!(supp x2) that is independent of & (this is possible
thanks to (4.4)). Then

o 2
HX2Au”L§,2(Qz) = ||X2AX1UHL3P2(S22) <C ”Xlu”L?I,l(Ql)

Finally we may choose €, € €, containing the support of yi, and get
||X1UHL§I,1(91) < ”uHLél(Ql)’ proving that A is uniformly continuous. O

Corollary 4.4.1. If A: Lg 1,.(1) = L3, 1,.(Q2) is uniformly properly sup-
ported, then A is uniformly continuous if and only if A* is uniformly contin-
UOuS.

Proof. If xoAx1 : L, (1) — L3, (Q2) is uniformly bounded, then its adjoint
X1A*Xz is uniformly bounded. m

In order to discuss exponential decay, it is useful to introduce variations
of the weight function .

Proposition 4.5. Let A : L3,,.(Q) = L§,.(Q) be uniformly continuous.
Let &1 € € (Q;R) be such that &1 < ®. Then there ezists Py € €(;R),
by < @, such that

A= 0(1) : L%{)hloc(Q) — Léz,loc(Q)

Proof. Let U, € 2, m € N, be open subsets that form a locally finite covering
of 2. For each Uj, by uniform continuity, there exists V; & {2 such that

lAull 3 0,y < Gl

for some uniform constant C;. Let ¢; := infy, (® — ®;) and

€y 1= min €.
T U

We define @3 = & — > €, Xm, where x,, € €5°(Un; [0,1]) form a partition
of unity associated with the covering (U,,). On each U; we have &5 > & —¢;,
and on each V; we have ® —¢; > & — (& — ;) = ¢;. Hence

||Au||L<21>2(Uj) < HAUHL?HJ_(UJ-) <Cj ||U|’Lg7€j(vj) < Cj ||UHL§>1(V]-)'
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Notice that if ® < &, then we have a uniformly continuous injection
L3, C L2, which is exponentially small, as i — 0, on every compact set.
Thus, we introduce the next definition.

Definition 4.6. Let A : L3,,.(Q) — L3 ,,.(Q) be uniformly properly sup-
ported. We say that A is negligible and write A = 0 if there exists a contin-
uous function ®o on Q such that &5 < ¢ and

A= O(l) : Lé,loc<Q) - L<2I’2,loc(9>
If A is negligible, then it is H-negligible in the sense of Definition 2.18.

Proposition 4.7. If A : L3 () — L§,.(Q) is uniformly properly sup-
ported, then the following statements are equivalent:

1. A=0.

2. for all x; € €5°(2), j = 1,2, there exist hy > 0, C' > 0 such that, for
all h € (0, hy),

1
D2 A lleqes 0,03, = G0
3. there exist ®; € € (4 R), j = 1,2 such that o < & < &y and

A = O(l) : Lél,loc(Q) — L?DQ,IOC<Q)

Before the proof, we widen the scope and recall a notion of formal expo-
nential estimates of distribution kernels, introduced in Section 2.2 in [18]: Let
2; C C" be open for j =1,2,let A=A, : C5°(21) = D'(3), 0 < h < hy,
be a linear operator with distribution kernel K4 € D'(£y x €;), and let
F € C(Q x Qp;R). Then we write

Ka(z,y) = O(1)e"@0/h = O(eFl=wih), (4.5)

if for all (zg,90) € Qo x ©; and € > 0, there exist C' > 0 and open neighbor-
hoods V;, C €, V,,, C €2y of g, yo respectively, such that 1y, oA is bounded:
LZonp(Vy) = L?(Vz,) with operator norm < Celhel @owo)/h - Sometimes, we
simply write

A=0O)e@/h 12 () — L2.(Q). (4.6)

comp
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We have (4.5) if and only if for all (xg, yo) € Q22 x 2y and € > 0, there exist
C > 0 and x,, C C5°(22;]0,+00[), xyo C C3°(24:[0, +00]), equal to 1 near
zo and yo respectively, such that x,, 0 Aoy, is bounded: L?(C™) — L?*(C"2)
with operator norm < Ce®/hel (@o.vo)/h,

When (4.5) holds it is then natural to write instead of (4.6):

A= 5(1)6F(x’y)/h : L1200<Ql) - LIQOC(Q2>‘

Let I' = U]o,ho] supp (K4, ), so that the natural projections 7; : I' — €2; are
proper
With F' as above, let &, € C(Q;;R), j =1,2. If

F(z,y) + ®1(y) < $y(x) on I' (4.7)
and (4.5) holds, then
A= 6(1) : L?In,loc(Ql) — L<21>27100(QQ) (48)

in the following sense:

For every open set V5, @ {25, d an open set V} @ 0y,
such that for every e > 0, 3C > 0 such that (4.9)

[ Aully, ) < Ce ™ lullig, ays ¥ € L, (S0,
Conversely, if (4.8) holds, then

If we sharpen (4.7) by assuming strict inequality there, then (4.8) can be
replaced by the sharper statement that

A= 0(1) : L%{n,loc(Ql) - L<21>2,loc(§22)7

as defined earlier.

Proof of Proposition /.7. We show 1 = 2 = 3 = 1.

If 1 holds, then there exists a continuous function ®5 on {2, such that
®y < P and

Ka(z,y) = O(1)e(®2@-2w)/h
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It follows that if x; € C§°(€2), j = 1,2 and C > 0 and 1/C is strictly smaller
than

inf —(®(z) = B(y)) — (P2(x) —B(y)) =  inf  (D(z) — By(x)),

SUpp X2 XSUpp X1 SUpp X2 XSUpp X1
then 3 C > 0 such that

Ix2AXll 222 0,22,y < Ce™ VM,

and we get 2 with C = max(C, C).
Assume 2. Let U; € Q, 7 = 1,2,... be open, forming a locally finite
covering of Q. Let 1y, < x; € C'OO(Q oo[) so that

||XJAXk||L 12,12) <}, ke_l/ th)

for some C;; > 0. Using a partition of unity ¢; € C§°(U;;[0,1]) on ©
subordinated to the covering, and the fact that the norm of v; A, is bounded
from above by that of x;Ax, we conclude that

A= @() F(zy)+@(z)=2(y))/h . 2

loc

() = Lie(%), (4.10)
if 0 < F(z,y) € C(2 x Q) satisfies

F(z,y) < sup 1, (@) 10, (y)/Cjp-
Js

An example of such a function is given by

Z% () /Cik (4.11)

Sometimes, we write (4.10) as
A= O( ) Flog)/h : Lé,loc(Q> — Lé,loc(Q%

which also has a direct meaning similar to (4.8), (4.9).
It follows that

A=0(1) 1 Ly, 10e(Q) = L, 10c(Q)

Jloc

35



and hence that 3 holds, provided that we can find continuous functions &4,
®5 on 2 such that &, < & < &, and

Po(x) > —F(z,y) + (z) — 2(y) + P1(y), (z,y) €T,
where the last estimate is equivalent to
(®(z) = Pa(x)) + (P1(y) — P(y)) < F(x,y) on T

It suffices to find continuous functions ®; such that

1
0<(®—Py)(z) <= inf F(z,y), (4.12)
2 yeT'—1(z)
and 1
0< (P —P)(y) < = inf F(z,y), (4.13)
z€l'(y)

where I' is viewed as a relation 2; — 5. By the properness of the projections
I's (z,y) »xeQ T3 (x,y) — y € Q and the continuity of F' > 0 the
right hand sides of (4.12), (4.13) are locally bounded from below by constants
> 0. We can then construct ® — &5 > 0, &; — & > 0 as in (4.11) with the
difference that we use a partition of unity in y or in x only. We have shown
the implication 2 = 3.

Finally, if 3 holds, then

A=0(1): L<2D,loc(Q) - L%()Q,lOC(Q)?
which implies 1. O
In particular, item 2 above gives the
Corollary 4.7.1. If A is uniformly continuous and uniformly properly sup-

ported, then A =0 if and only if A* = 0.

4.2 The approximate Bergman projection

Let 2 C C™ be an open subset, and assume that ® is real analytic and
pointwise strictly plurisubharmonic on €2:

\V/.T() € Q, Elmo > 0, mold S (851,7@@(1’0))2]-:1.
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In this section we use the Brg quantization (Definition 2.20) to construct an
approximate Bergman projection on §2, in the sense of Proposition 4.9 below.

We first work on germs of functions near a point xqg € C”; in this case,
the result directly follows from Theorem 3.1. Indeed, we apply the second
assertion of Theorem 3.1 to the operator Op; (b)) whose classical analytic
symbol b} is chosen equal to 1. We obtain a classical analytic symbol aj near
(20, To) such that the following holds.

Proposition 4.8. There exists r > 0 and a neighbourhood 2y of xy such
that the operator Il,, := Op™(ay) has the following properties.

1. Iy, =115, on L3 ().
2. For alluw € L%(Q), M, u € He(Qo) := Hol(2g) N LE ().

3. There ezists Py € €°(Qo; R) with &y < & and such that for all Qs € Qo,
there exists C' > 0, independent of h, with

Vu € Ho($), [[Tyeu — UHLEDQ(QQ) <C HUHL(QD(QO) :

Proof. Using the notation of Definition 2.20, let Q¢ = B((x0,Zo),7) and
Qo := B(xg,r). We can write (2.15) as in integral on C" by replacing the
distribution kernel k;(z,%) of Op®®(a;) by Lo—yj<rly gyea,kn(z,y).  Since
ap(z,y) is holomorphic in z, this distribution kernel is locally holomorphic
in x for almost all y, which gives Item 2.

The symbol a;, given by Theorem 3.1 is such that OpBrg(ah)% Op}fl’(l)% Id,
acting on Hg 5,. Thus, II,, — Id = 0, which gives Item 3 (up to choosing a
smaller neighbourhood )y, if necessary). Let I} be the adjoint of II,,
viewed as an operator on Lg(C"). For any u € L3(€), we have II u =
Op”*®(ay)u, where ay(z,y) = a(y,z). Hence Item 2 holds for II}  as well.
Therefore, Item 3 implies

T T = Tl ey < C T ull 5 ) < C el g )

(22
2
where the last inequality follows from the fact that all Brg operators with
bounded symbols are uniformly bounded in L2(€); this is a consequence
of (2.16) and the Schur test. In other words, if xo € 65°(C") is equal to 1
on 2y and xa2 € 65°(£22), we have

X2 (I — DI xo = 0. (4.14)

T

37



The operator x»(IL,,—1)II}; xo is uniformly properly supported and uniformly
continuous on L2 (C™). Hence, by Corollary 4.7.1, we may take the adjoint:

Assume that xyo = 1 on an open neighbourhood €3 of zy and let y3 be
a bounded function with compact support in 23. Multiplying on both
sides (4.14) and (4.15) by x3, we get

x3IL; x3 = xallao I3 X3

and
Xsllaox3 = Xsllao I X3
and hence
X3l x3 = xslle X3 -
Up to replacing 2y by a slightly smaller open set €, € Q3 (which does not

impact Items 2 and 3), and letting and x3 = gy, we get Item 1.
m

Next we globalize the operator II,, observing that, because of the unique-
ness in Theorem 3.1, the formal analytic symbol as(z,y) ~ >, a;(z,y)W

associated with ay, is in fact well defined in a neighbourhood Q) c Q x Q of
the antidiagonal

adiag(Q x Q) := {(z,7); x€Q}.

For each zy € (), there exists a small ball 2y around xy and a constant
C., > 0 such that

sup Joj| < G177

QoxQo
Thus a, € S°(Q®) in the sense of Definition 2.15. Moreover, by Item 1 of
Proposition 4.8, we have a;(x,y) = a;(y, ) for all j. Using a covering of 2 by
such balls, one can construct a smooth function C = C(z,y) € €= (Q@;R*)
such that C(z,y) = C(y,x) and

V(z,y) € Q%5 aj(z,y)| < Clx,y) 57 (4.16)

Now put
ac(w,y;h) ==Y O(GhC(x, y))a;(x, y)I,

>0
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where 6 € 65°([0, 1[; [0,1]) is equal to 1 on [0,1]. Then ac € €>(Q®) and
ac —ap = O(e_l/éh) in Qg x Qo, (4.17)

where C' > 0 depends on z¢, C and 6. Moreover, a¢ is ‘exponentially close’
to a good classical analytic symbol, in that there exists a smooth function
Ci(z,y) > 0 such that

. 1
0<5< 2hC(z,y)

and _
Oy yac(z,y) = O(e~V/el@yhy, (4.18)

Let x € €°(Q x Q;R) satisfy x(z,9) = x(y, ), be supported in Q@ and
equal to 1 near adiag(€2 x ). We extend the Brg quantization by putting

(e)(a) = o [ AP0t gy (. ) det(02 ) . L)
(4.19)

Proposition 4.9. The operator 1l¢c,, has the following properties.

1. Continuity: Iley : L3 10.(Q) = L3 1,.(Q) is uniformly properly supported
and uniformly continuous.

2. Self-adjointness: Il¢, =TI .

3. Exponential localization: If K C 2 is closed, there exists &y € €°(;R),
Oy <P onQ\K

such that
HC:X = 0(1) : Lg{’,loc(K) - Lgbg,loc(Q)v
where Lg 1, (K) == {u € L3, .(Q); suppu C K}.

Proof. The fact that Il¢ , is properly supported holds if Q® is chosen close
enough to the antidiagonal. In this case the projections on x or y of any
closed subset of Q) will be proper.

The uniform continuity of Il¢ ,, as in the proof of Proposition 4.8 above,
follows from (2.16). This gives Item 1.
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Item 2 (selfadjointness) is deduced from the fact that ac(z,y) = ac(y, x).

In order to prove Item 3, we remark that if Ky C Q\ K is compact,
then the distance ¢ between K and K, is positive. Hence, the distribution
kernel of the restriction of Tle : L§ 0.(K) = L§,.(K32) is of the form
Lio—y>s1r, (2)kn(, y) 1k (y), where ky is the original kernel of (4.19). In view
of (2.16), the norm of this restriction is O(e=“%2)/") for some c(Ky) > 0.
Using a partition of unity of {2\ K, we construct a function ®, as in the
proof of Proposition 4.5, and we obtain Item 3. O

Note that Ilc,u is no longer holomorphic since the presence of C and x
destroys holomorphy, but we see that hollc,u is ‘exponentially small’. To
formulate this, we define appropriate spaces.

Definition 4.10. Let ®; € €°(Q;R). We define
H‘II:‘O»El (Q) = {’LL < L%{D,IOC(Q>; hou € Lél,loc(Q)}'

Hclﬁibl is a Fréchet space when equipped with the natural semi-norms,
which injects uniformly continuously into L3 ,.(€).

Proposition 4.11. There exists ®; € €°(Q; R) with &1 < ® such that
ey = O(1) : L 10e(2) = Hg'g, ().

Proof. Here the notation O(1) is used similarly to Definition 4.2. Let Q5 € .
Since Il¢, is properly supported, there exists §2; & €2 such that the support
of the distribution kernel of Il¢, 1q, is contained in €2; x Q,. Applying the
0 operator on (4.19), we get the sum of two terms: one involving d,ac(z, ),
which we estimate uniformly on 25 x5, by (4.18), and another term involving
0.x(, 7). Since 0, x(x, ) is supported away from the anti-diagonal, this last
term can be uniformly estimated as well by the good contour property (2.16).
This finally gives

B9t ul 30,y < Ce™ ul 3 0 -

In other words, hdlle, = 0 (Proposition 4.7). Hence there exists ®; < ®
such that _
holle, = O(1) : L3 10.(Q2) — L3, ().

By Proposition 4.9, the operator Il¢, is uniformly continuous: L3(Q) —
L3(€), which finishes the proof. O
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We next turn to the reproducing property: if u is holomorphic, or expo-
nentially close to holomorphic, then Il¢ , v must be exponentially close to u.
We first deal with the case of a holomorphic u.

Lemma 4.12. There exists &3 € €°(;R) with 3 < & such that for all
Qy € (, there exists 1y € Q and C' > 0, independent of h, with

Vu € Hy*(Q), ey —ullz o, < Clullizo,) -

Proof. Around any x, there is a ball €y such that 1o Il¢, 1o, = 1o, 10,
(see (4.17)) where I1,, is as in Proposition 4.8. By Item 3 of that proposition,
we have, for any 2y € o,

Vu € Ho (), Tl u — UHL%Q(QZ) < Clull 12 () -

We may conclude by a partition of unity argument, as in the proof of Propo-
sition 4.5. ]

Proposition 4.13. If ®; € €°();R) satisfies &1 < ®, then there erists
Dy € €O R) with @y <  such that

ey —1=0(1) : Hy%, () = L, 10().

Proof. Let zy € Q.
Lemma 4.14. 3 an open neighborhood V- € Q of zp and &, € C*(C™";R)

such that:
Oy =P inV,
Ve = O(1) on C" when |o| > 2, (4.20)
3C > 0 such that 0:0,Py > 1/C. (4.21)

Proof. Let ®® be the Taylor polynomial of order 2 of ® at zj, so that
VD — D) = O(|z — >IN, |2 — 2| small

for 0 < |a|] < 2. Let x € C§°(Bcn(0,1);]0,1]) be equal to 1 on Bea(0,1/2)
and consider for 0 < e <« 1:

0o (2) = Po(2) = 2D (2) + x(|2 — 20//€)(@ — 2P))(2).
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Then,

_ ) ®(2) in B(20,¢/2),
Do(z) = {(1)(2)(2) in C"\ B(2o,¢),

VoD, = VeOP 4 O(|z — >, |a| < 2,
and in particular
0.0:® = 9.0:0? + O(e) > 1/0(1),

when € > 0 is small enough. The lemma follows with V = B(xzg,¢/2) for
some 0 < e < 1. [

Let W &€ V be an open neighborhood of 2z, with smooth boundary and
let xw € C5°(V; 10, 1]) satisty:

xw > 01in W, supp xw C W.

Then for § > 0 small enough, the function &5 = &y — Jyy satisfies (4.20),
(4.21) and
CD(; =dinV \ W,

O—-06<Ps<Pin W
We choose 6 > 0 small enough so that
®; > @1 in V.
Let x € C§°(V;]0,1]) be equal to 1 on W and write
u=xu+(1-Y)u, ue€ Hys, (Q).

Then _ _ B
ho(xu) = uhdx + xhou € L,

and
10(W)lzz, o) < OO (Allul v + 18ullzz v )

Moreover hd(Yu) is O-closed, so we can apply Appendix A (cf. (A.11), (A.12)),
to find w € L, such that

how = hd(Yu),
s, e < OB (Blullgar + Buloy o) (4:22)
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Write
u=(xu—w)+(1—-X)u+w.

Here yu —w € He(V),
50 = wllyiw) < OB (A2 el g0, + 1WDully, )

We may assume without loss of generality (see also a comment below) that
supp x is contained in a sufficiently small neighborhood of the diagonal, so
that the restriction of II¢ yu to W only depends on u),,. By Lemma 4.12, we
get with 6 > 0 small enough,

(e = D(Ee = w)llzz oy < OB2) (B2 ull iy + 1730l z, 1))
(4.23)

Let W € W be another neighborhood of zy with smooth boundary and
let ®5 > @5 be a new function with the same properties as ®5 after replacing

W with W. Then (4.23) still holds after replacing L3 (W) with L% (W).
From (4.22) we get

(e = Dewllye gy < OB (Bllull v + 199ully, )
&

when &)5 is close enough to ® but still < ¢ in w.
Since Il¢,, enjoys the pseudolocal property (item 3 of Proposition 4.9) we
get the same estimate for (Ilc, — 1)(1 — X)u.

__ Thus we have found a continuous function 55 < @ in V with 2135 < P in
W, such that

(e — el gy < OB ) (B2l g0 + 1WBuls, v, ) -
8

After a slight shrinking of W and increase of (T)g we can eliminate the factor
O(h-1/2).

Without the shrinking of the support of y, we get the same estimate after
replacing V' with some larger domain € €). Varying z,, we get the proposition
by means of a partition of unity. m
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4.3 Uniqueness of the approximate Bergman projection

In the previous paragraphs, we have constructed an operator Il = Il with
the following properties:

1. Ty is uniformly continuous: L3 () — Hg$, () for some @, €
¢°(Q;R) with & < ®.

2. Ily is uniformly properly supported.
3. Iy = II{ (see Definition 4.6).

4. If ®; € €°(Q; R) satisfies ®; < ®, then there exists &y € €°(; R) with
®, < ® such that

HO - 1 - 0(1) : Hclﬁfpl (Q> — Lég,loc(Q)'

Proposition 4.15. Assume that Iy and I1 satisfy 1-4. Then II = II,.

Proof. Using 3 and 4 for II, we see that IT* satisfies 4. Since II, satisfies 1,
we get (IT* — DIy = 0, i.e.

1111, = . (4.24)
By Corollary 4.7.1, we get Iy = Il = Hoﬂ. By (4.24) with Iy and II
exchanged, we get IIII = II and hence Il = II as claimed. O

5 The Bergman projection on C"
Let ® : C" — R satisfy

® has a holomorphic extension to a tubular
neighborhood 7" in the complexification C @ C" .

We use ‘@’ also to denote the extension. Also assume that
V2® is bounded in T,

0:0,® > 1/C on C", for some constant C' > 0.

Examining the proofs, we see that the formal analytic symbol a;(z,y) ~
> aj(z,y)W in the proof of Proposition 4.8 is well defined in a tubular
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neighborhood €2; of the antidiagonal, adiag (C™) and satisfies the estimates
on (4.16) with C(x,y) = C independent of (x,y). Correspondingly, we define
ac simply by

ac(z,y;h) = Y aj(z,y)l (5.1)

0<j<1/(2Ch)

in € and ac is holomorphic. We can define II. ,u as in (4.19) with y of the
form x(x — y), where x € C§°(C") is equal to 1 near 0 and with support in
a small neighborhood of 0. Choosing y real and even; x(—y) = x(y), we get

Proposition 5.1. 3 C} > 0 such that with ®; = & — 1/C},
i) Ue,, = O(1) : LA(C™) — L4(C") is selfadjoint,
i) ey = O(1) : L3(C") — Hg 0, (C"),
iii) ey, —1=0(1) : Hp(C") — L%I(C").
Notice that ii) amounts to i) and
holl,, = O(e Y@My 12— 12

where we omit to write out ‘C™ when there is no risk of confusion.
Since hollgu is O-closed for every u € L3, we can decompose:

HC,X = (HC:X — R) + R = ﬁ + R,
where

R = (h0)>* (O "hlle, = O(h~Y?)e /(@M . 12 5 12
II=0(1): L2 — He.

Here the box operator is defined in Section A and as there we let the exponent
(@, x) indicate that we take adjoints in the L%-spaces of scalar or form-valued
functions.

Let IT be the orthogonal projection in L% (C") onto Hg(C™).

Theorem 5.2. We have

I —Tlg, = O 2)e VAN 12 - 12, (5.2)

45



Proof. We have

Mg, =N+ TR=T+1R
=Tlo, — (1-MR =T, + OR )V OW . 12 5 2

Taking the adjoints of this relation and using that II, | = Ilc,, II* = II, we
get

ey = e, [+ O(h™1/2)e /A, (5.3)

By iii) in Proposition 5.1, we have
e, I =11+ O(1)e /(D). (5.4)
(5.2) follows from (5.3) and (5.4). O

We next prove a corresponding result on the level of distribution kernels.
Let k(z,y)e 2*®/" denote the distribution kernel of II. For any 1 < v < n,
since hos, II = 0 we know that 0; k = 0. Taking the adjoint of this relation,
we get I1(hd;,)* = 0 as an operator Cg°(C") — D'(C"). Here (h0;,)* =
—h0., +20.,® is the adjoint of hd;, in for the inner product of L%, so we get
for every u € C°(C"):

0= [ Raw,y)e 20/ (~h0,, + 20, 8(y)uly)Lidy)
- / (1) (—hd,, ) (220 M y)) L(dy)

B / 1y, (B(x, y))e 2" u(y)L(dy).

It follows that @y%(x, y) = 0, so we have the elliptic 1st order system for k:

k(. y) = 0, 0y, k(w,y) = 0.
From the ellipticity, we conclude that %(x, y) is a smooth function, holomor-
phic in x and anti-holomorphic in y. Hence k(z,y) = k(x,y) where k(z,y) if
holomorphic on C*". For more details, see |14].

Recall that

D(y) = ®(yo) + 2R(9,P(yo) - (¥ — o)) + O(ly — wo|?)
= D (yo) + 2R(9;®(vo) - (¥ — %)) + Oly — vol*)-
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Let f € C§°(C™) be a radial function with [ f(y)L(dy) =1 and put

cala) =001 (Tt ) ek T, (5
Then
—-n T — Zo Loz z—x0|?
|€x0($)‘ =h f( h1/2 > eh(q)( 1+l ol ))7
SO

leay 72 = 17" (5.6)
o
Lemma 5.3. For xg, yo € C*, we have
(Heyo|eﬂco)L§I> = k(zo, gﬂ)e—%(é(xo)-i-‘b(yo)). (5.7)
Proof.

en (@)W (T, |e,) > =
L

/ / s (xh__l/g;o) TRk, )

(YUY —20,0(y0) (y—
R f (51_/20> e~ 195®(o)-(y yO)L(dx)L(dy).

Applying the spherical mean-value property for holomorphic and anti-holo-
morphic functions to the z-integral and y-integral respectively, this boils
down to k(xg, yo). O

Remark 5.4. In [1/, Section 3] a somewhat similar argument is given to es-
timate a distribution kernel in the metaplectic framework and with the spher-
ical mean-value property replaced by the use of the reproducing kernel (known
exactly in that case).

Theorem 5.5. Let Q and ac be as in and around (5.1). Let k(x, j; h)e 2®W/h
be the distribution kernel of 1. There exists a constant Cy > 0 such that

| @D (ki B) — (1a,00) (x, 5 )P | < O(1)e 7,

uniformly on C" x C".
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Proof. For (xg,y0) in a small tubular neighborhood of the diagonal, we have
X(x —y) =1 in a small ball of fixed radius around (xg, y9) and by the proof
of Lemma 5.3, we get

(e ey leay) 12 = ac(xo, gio; h)eRHmI =@ t2t/n - (5.8)

Recall here that

2R (2, 7) — () — D(y) < —|z —y|*

so the right hand side of (5.8) is exponentially decreasing outside any tubular
neighborhood of diag (C™ x C"). Using this fact, we get by direct estimates
that )
(HC,Xeyo‘exo) = O(l)e_mv
for (xg,yo) outside any fixed tubular neighborhood of diag (C" x C™). Thus,
(Wentiplens) s, = o (20, To)ac (o, Jos e -0+ 0(1)¢
(5.9

where 2 is any small tubular neighborhood of the diagonal and C) =
01 (Q) > 0.

The theorem, now follows from (5.9), (5.7) and the fact that (5.2) provides
us with the estimate,

__1
eonL?{,HeyoHLé = O(hiQn*l/Z)e Cih

__1
((IT — HC,X)eyolemo)Lg{) — @(ﬁ71/2)e oo

with some new constant, that can be further increased to absorb the power

6 The Bergman projection for line bundles

In this section we consider a compact complex manifold X, of complex di-
mension n, and two holomorphic line bundles L and F over X. Both L
and F are equipped with Hermitian metrics, denoted respectively by ¢r and
gp, giving rise to a metric g¥ ® gp on the tensor product F), = L* @ E,
k € N*. We assume that g, has strictly positive curvature. Then i/2 times
the curvature of L, which is a closed 2-form whose cohomology class is the
Chern class 2mcy(gz), is a Kéhler form, and therefore induces a volume form
w, on X, and hence a scalar product (:|-), on the space of sections of Fj.
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Notice that Fj is positive if k is large enough. The orthogonal projection
II;, from L?(X, F},) onto H°(X, F}), the subspace of holomorphic sections, is
called the associated Bergman projection. Its distribution kernel is a smooth
section K(-,-; k) of the external tensor product Fj X F}f over X x X defined
by

(Recall that F,X ) = 7§ (Fj) ®7r2(F,j), where 7;, j = 1,2 are the coordinate
projection maps X x X — X. Thus Fj, X F} is the line bundle over X x X

whose fiber over (z,y) is the space of linear maps from Fy(y) to Fy(z).) If
fi,---, fn, is an orthonormal basis of H°(X, F},) then the formula ITyu =

Zj'v:kl (ulf;) f; gives

K(z,y;k ij zi k) (| f5(y; )) (y) * (6.1)

We now fix a point xg € X and use a trivializing holomorphic section sy,
of L above a neighborhood g of g (which me may identify with an open
ball around 0 € C") to define the local real-valued analytic function ®,, such
that the Hermitian norm of sy, is given, for x € €y, by

[sp.(x)], = e 0. (6.2)

The corresponding Kahler form is w; = i00®,,. We define similarly the
section sg, and

SE = Slz X s € HO(X, Fk)

Notice that |si(z)| 5 = e 20 @G, () for some non-vanishing analytic func-
tion G, = |sg|y, and hence, if a local section of F}, has the form @ = usy,

then
~112 2 _
)2 = / [uf? G2
0

Similarly, if yo € X, we construct a trivializing section t; of Fj on a neigh-
borhood V; of yo, with |tk (y)] 5, = e " WG, (y), and we can write

K(z,y; k) = b(x, g; k)si(z) @ te(y)", (6.3)

for (z,y) € Qo x Vp, where tx(y)* denotes the adjoint map (-|tx(y)). Then
from (6.1) we see that b(x,y; k) is holomorphic both in z and y, and

K (2,95 k)l oy = € P0G (2)Gy, (y) b, 5 )]
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On Vj, we define the ‘local Bergman projection’ IIj, = ﬂk,wo,yo by
Yu e L2 (Vo, Gzown), I (uty) = (f[ku)sk,

which means that
flute) = [ blapuln)e G en(dy) = (uG1B2) g o,
0

with B, (y; k) := b(x, y; k).

Theorem 6.1. Assume that g, and gg are real-analytic (and gr has strictly
positive curvature). Then the following estimates hold:

1. If xg # yo then there exists C' > 0 such that, uniformly in a neighborhood
QO X ‘/0 Of ($07y0);

k

|K (zy; k) < Ce c.

‘Fk,z®FI:’y

Equivalently,
k

e M@ @+20 W) (. i k)| = O(e¢).

2. For any xg € X, there exists a neighborhood Yy of xo, and a classical
analytic symbol a on Qy x Q, such that, for all (z,y) € Qo x Qq,

2k)" _
( ) CL(ZL‘,@; k—1)62kw(m,y) < Ce” :
P

Ql=

o k(@(@)+2(y)) bi(z,y) —

for some constant C > 0, where ® = &, is defined in (6.2), and ¢ is
its polarized form (2.12).

Proof. We first treat the case where the bundle E is trivial. The strategy is
the same as in Section 5. Consider a trivialization of Fj in a neighborhood
Qo of xg, as above. As in Proposition 4.9, we construct a classical analytic
symbol a; and the approximate Bergman projection Il = Il¢, obtained
by smooth cut-off of Opr*8(ay) (see (4.19)), acting on L2(€). We now let

r

h = 1/k and define T, : L2 (Qo; F}) — L*(Q; Fx) by

comp

A~

Iy (usy) = (ou)sy.
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One can find a finite cover of X by open sets (2;, with x; € €2;, on which the
corresponding operator ﬂj is defined as above. Let x; € 65°(2;; R™) be such
that >, x; =1 on X, let x; € 65°(€2;) be equal to 1 on a neighborhood of
the support of x;, and define

M= Wiy, =001): LX(X;F) — L(X; F).
j

Let A®9 — X be the vector bundle of (p, q)-forms on the tangent space of
X, equipped with the metric induced from w, on X. Let d; be the usual
Dolbeault operator, mapping sections of A%9® Fj, to sections of A4+D @ ..
The following analogue of Proposition 5.1 holds.

Proposition 6.2. 3 C; > 0 such that
i) I — I = O(e %) : L2(X; F),) — LX(X; Fp),
i) Il = O(e7*) . L2(X; Fy) — LA(X;ACY @ Fy)
i) T —1 =0 ) : HOUX; F) — L2(X; F).
Proof. We use the exponential locality property of Proposition 4.9 which
implies that
VX1, X2 € €5°(Q;) with disjoint supports, x;1I;x2 = 0. (6.4)

This gives, for all m,

XmXi1LiXs = XmX51Li X5 Xm- (6.5)
Let Q;,, € Q; N Q,,; the restricted operator on L3(€; ), 1Qj,mﬂjlﬂj,m is
an approximate Bergman projection in the sense of Section 4.3, and so is
Lo, Hmlg,,, . Hence, by uniqueness (Proposition 4.15), we have

IQj,mHj lo;,, = 1Qj,mHm19j,m :

A A

Hence we have X;XmILiXjXm = XjXmIlmX;Xm which, in view of (6.5), gives

XXX = XmILmXjXm-

Thus from item 2 of Proposition 4.9 we have f[j;l = I1,,, and hence

f[ = Z me(jﬂij = Z Xmﬂm)Zij = Z Xmﬂmf(m = ﬂ*a
Jm Jm m
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which shows item 1). B
Applying the Dolbeault operator 0;, we obtain

hoRIl = (hOX;)TLx; + X;hokdLx ;.
J

From Proposition 4.11 and its proof, we have hokIl; = 0, and from (6.4) we
get (hOY;)1;x; = 0. This proves item ii).
Finally, let u € H°(X; F;). Restricting to ©;, Lemma 4.12 gives

X5(1 = TL)u ~ 0.

Hence Xj(l I1)%u ~ x;(1 — IL,)(X; — 1)u. By exponential localization,
x; (1= T5)(1 = X;)u ~ 0. Hence x;(1 —
the selfadjointness of II, we get

My ~ ijfgju = iju = u.
J J

In addition, we see from Lemma 4.12 that the estimates are actually uniform
in u when ||u||k, 1, since in fact x;(1 —1II; ) 0 on Hy(€2;) (Definition 2.18).

Thus, we obtain item iii). O

H])X]u ~ 0. By summing and using

We now use some basic facts from the Hodge-Kodaira theory in order to
prove that IT is close to IT;. The Hodge-Kodaira Laplacian, acting on sections
of A0V © Fy, is
where the adjoint is taken with respect to the scalar product (:|-), defined
above, extended to differential forms thanks to the metric w, on X. In the
semiclassical setting k — o0, it is natural to consider the renormalized oper-

ator ki?Dk. The following well-known estimate can be found in [16, Section
7.3].

Lemma 6.3 (Bochner-Kodaira-Nakano inequality). There exists ¢ > 0 such
that, for all @ € €>(X; A" @ F,),

1 C -2
(oala) = 7 -
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The constant ¢ is related to the curvature of L as follows. In local coor-
dinates where the Hermitian metric of L is e ™?®, and w, =i ;dzi A dzy,

write i00¢(x) > m(z)Id. Then ¢ = 2minx m.

Proposition 6.4.
I, — 1= O . [*(X;F,) - L*X; F). (6.7)

Proof. The argument is the same as for the proof of Theorem 5.2. For any
smooth section @, we get from (6.6) that

(k~*Okla), = |k~ 0pall} + ||k 0y all}.
This, together with Lemma 6.3, gives
(k= Okala),, > & lally, , (6.8)

where
" 2B ~ o B* ~ 12
lall7 == k=2 [[Owallf + k210l + & [lally - (6.9)

(This is analogous to (A.1).) Since i is selfadjoint, Lemma 6.3 implies
that we can define a bounded operator (k~2J;)~!, acting on (0, 1)-forms,
with norm

(k20,7 ' = O(k) - LA(X; A0V @ F) — L2(X; A @ R
and (6.8) implies that (k720J;)~! can be extended to
(k7’0 '=0(1): H ' — H, (6.10)

where H, !'is the dual to H I, and the latter is the completion of the space
of smooth sections for the norm (6.9). Consider the bounded selfadjoint
operator P on L?*(X; F}) given by the formula:

P=1—(k'9,)(k720,) " (k10;)
=1-0,0.'0, :LYX:F) — L*X:F).

First, we remark that if 9yu = 0 then Pu = u. Next, we have

5P =0y —0,0.0, 9 = 0 — (Oh — 9000 3. (6.11)

53



Since gzgk commutes with [, it also commutes with D,;l, and the right-hand
side of (6.11) vanishes. Therefore the range of P is contained in H°(X; Fy,).
This entails that P is the orthogonal projection onto H°(X; Fy), i.e. P = Il

Let v € L?(X; F). In order to measure the lack of holomorphy of ITv we
define R _ o

u = Ruv:= (1 —II)IIv = 8,0 0 ITv.

From (6.10), we get
<
vk
Since Oy (II — R) = 911 — 9y (1 — I;)IT = 0, we have

1Rvll, < —=[10xTTo]|x. (6.12)

I =10,(II— R)+ ;R =1 - R+I,R=1— (1-II)R.
Using (6.12) with item (ii) of Proposition 6.2, we get
I = I + O(k~ 2R/,
Passing to the adjoints we get, using item (i) of Proposition 6.2:
I, = [T+ O(e /<), (6.13)

On the other hand, using item (i) of Proposition 6.2 we have IIII;, = II;, +
O(e7*/C1); in view of (6.13), this gives the result. O

Finally, let (xo,y0) € X x X, and let s, & be trivializing sections of
F), near xy and yo, respectively, as discussed above, see (6.3). Near x, we
may define the compactly supported section €,, = e,,S,, where e,, is given
by (5.5), in which ® = &, is now defined by |s,, ()|, = e =0, Similarly,
we define €,,, using a function ®,, defined near yy. Lemma 5.3 gives

(Mo |y ). = (2o, o)™ (oo (20)+ 2o, (6.14)

If 9 # yo, one can find smooth cut-off functions x,, and x,,, with disjoint
supports, such that x,.e, = e, and x,,e, = e, for (z,y) close to (zo, o).
By (6.4) we see that x,,IIx,, = 0. Hence

‘(ﬁéy|éx> ( < CeHC
k

for some C' > 0, and in this case item 1 of the theorem is a consequence

of (6.14) and (6.7) (and, of course, (5.6)).
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Now let us assume that zy and gy, belong to the same trivializing open
set 2, and take ®,, = ®,,. Thus, as in the proof of Theorem 5.5, we have
(ﬂjeyo‘%> _ (Qk)na(xo,go; )2 W L0.0) (@) +2(w0)).

n
L 7

Using again (6.14), (6.7) and (5.6), we obtain item 2 of the theorem, finishing
the proof in the case of a trivial factor F.

If the bundle £ is not trivial, we need to replace the local weight k®(z)
by k®(z)+ P (), where @ (x) := —In G(x). This amounts to replacing the
symbol ay(z,7) by af(z,7) := ap(z, §)e*¢@P | where g (x,y) is the holo-
morphic function defined for z close to y by ¥g(z, ) = ®g(x), as in (2.12).
Similarly, by.(x, %) should be replaced by by (z, §)e*¥¢@¥)  see (6.3). Since ®¢
does not depend on k, the ellipticity estimates of Lemma 6.3 hold with ck
replaced by ck — C' for some C' > 0. Hence if £ is large enough, items 1 and 2
of the theorem still hold true, with a possibly different constant C'. n

Remark 6.5. Using the auxiliary bundle E, one obtains that Theorem 6.1
holds for an arbitrary analytic volume form instead of the natural Kdihler
one. Indeed, the analytic factor in front of w, can be incorporated in the
Hermitian metric of E.

Remark 6.6. In the particular case of Kdhler manifolds with constant sec-
tional curvature, it turns out that explicit computations can be done that don’t
require microlocal analysis, see [15].

A Quick review of 9 on L%(C").

We review Hérmander’s approach [22] to the d-problem in the simple case
of functions on C" and with more explicit reference to the Hodge Laplacian.
A more detailed presentation can be found in the appendix of 28| and here
we only give a short résumé.

Let ® : C" — R be a function of class C? (in [28] we treat the slightly
more general case of C1) such that

Ve® e L(C"), for |a| = 2,

@7, > 1/C, for some constant C' > 0.
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The problem hdu = v in the spaces L2 is equivalent to
0o (e ¥y) = =%y
in the usual (unweighted) L?-spaces, where
0p = e "o hd o " = hd + (0D)",

and w” indicates left exterior multiplication with the (0,1)-form w. The
corresponding real adjoint operator will be denoted by w/ (contraction with
w). Here we use the standard point-wise real scalar product on real p-forms,
extended bilinearly to the complexified space. Recall that

(dzj|dzy) = (d7;|dzy) = 0, (dwj|d7y) = 6, C" =C;

Write B B
Do =Y Z;®dz), Oy =Y Z ®duy,

Recall that 0 and dg take (0, ¢)-forms to (0, g+1) forms and define complexes:
9 = 0, gi = 0. The Hodge Laplacian is

Flo = Doy + 0,0,
It preserves (0, ¢)-forms and a standard calculation gives

Do = (Z Z;Zj) @1+ (2, Z;)dz) day, [Z;, Z;] = 210, 0,, 0.
1 3k

Identifying the (0, 1)-form ) u,dz; with the C"-valued function (uy, ..., u,)",
we get for the restriction Dg ) of Og to (0, 1)-forms:

0y = <Z Z;Zj> @1+ 2097 .
1
It follows that

Jull < 0(1) (B ulu) , we C(C; AT, (A1)
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where )

el s= (3 (125l + 125ul2) + Blul?) "

Let H' C L*(C™; A%'C™) be the Hilbert space obtained as the completion of

Cse(C™; AYIC™) for the H'-norm. Sometimes we drop the notation A%'C™,

when it is clear that we work with (0,1)-forms. The inclusion map H' —

H® := L[? is of norm O(h~'/2) and the same holds for the dual inclusion

H® — H=1 where H~! denotes the dual of H' for the L?-inner product.
From (A.1) we get with standard variational arguments that

oW H' - H (A.2)
is bijective with with inverse satisfying
O(): H'— H',

@O =L On Y2 H' - HY, H' — HO, (A.3)
O(hY): H* — H°.

We saw in the appendix of [28] that if v € L?(C™; A%'C") satisfies Ogv =
0, then u = 9 (%)~ solves

5q>u =, (A4)

and
ullgo < OM)||vl|lg—1 < OR2) o] o (A.5)

If v € L2(C"; A»'C") and v = 0, then
u= eq)/hg;(Dg))_le_q)/ﬁv

solves,
hou = v, (A.6)
and

lull g < OB ) [vlls. (A7)

The orthogonal projection II : L(C") — L* N N (Dg) on the level of
0-forms, is given by B L _
I=1-0,0Y)"0s. (A.8)

See (A.14) in [28].
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We finally translate the results to the setting of L3, noting that L? >
u + e®/My € L2 is unitary and maps N (0g) to N'(hd). Correspondingly we
have the unitary conjugations
o = ¢ ¥/ hge®/",
5; = /N (1F) B2/,
where the exponent (®, ) indicates the adjoint for the L% norms. Note that
the last relation gives,

(7:@)@,* _ €q>/n5;€—<1>/h, _ 62<I>/h(h5)<1>,*6—2<1>/h7

which is easy to show directly.
Also by unitarity,

(A.9)

Op := (h0)**hO + ho(h0)**
fulfills ~
|:|q> = e‘I’/ED@e*q’/h, (Al())
hence
(D((I)l))—l _ e@/ﬁ(ﬁg))—le—w@
By unitarity and (A.8) the orthogonal projection
II: L2(C") — LA(C™) NN (hO)
is given by B B _
1= e Me " =1 — (h)®*(O0)) .
In line with the unitary relations (A.9), (A.10) we have
Y, = eq)/the_q)/h = h0g,,

J

YT = e zre M = —ho,, + 20,®

j
and the continuity statements (A.1), (A.2), (A.3) remain valid for g if we
redefine the spaces H* by replacing the unweighted L? norms with L% norms
and replace Z;, Zj with Y}, Yf’*.

If v € L2(C™ A%'C™) and Jv = 0, then from (A.4), (A.5) and the unitary
conjugations above, we see that

w=(h0)>* (O 1w

solves,

hou = v, (A.11)

and

lullpz < OR2)|0ll s (A.12)
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B Direct study of A in (3.9)

Here we perform a more direct study of the operator A in Subsection 3.4.
Recall that

)
U1/2 = exXp (ﬁhDg . (hDy - hD$)> s

so that

/)
Uijp = Floexp| =0 (y* —x*)) o F,
2h
where F = F;, denotes the usual semiclassical Fourier transform on R3".
Hence
Ui jpu = K * u,

k7 (o (o).

To compute K we first diagonalize the quadratic form ¢ = 6* - (y* — z*) by
means of a real orthogonal change of variables. Writing ¢ as a difference of
two squares and adjusting a parameter, we find

where

* * * 1
0" - (y" — = )Zﬁ(ﬁf—fg),
where
1 — 2 2 \/57
* * 9*
e TV

x* y*
= —|— N
€3 \/§ \/§
we get
&1 x
52 =V y* 9
3 o
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where )
2

V=1|-

1

V2

is orthogonal with determinant 1. Thus,
_ 1
goV7H(¢) = ﬁ(ﬁf — &)

Let x1, 29, x3 be the coordinates on R x ]RZ x Ry that are dual to &, &2, &s.
In these coordinates,

K= 7 (o g (€ -8)) = o (55 (0 - ) ) (e

In order to get K in the coordinates (z,y, ) we perform the dual change of
variables,

o=
- |
S-S

%lwwh—l |
no =

X T
y| =V'|{az],
0 T3

or equivalently,
T i
| =V0Iy],
T3 0

since V is orthogonal; (V*)™! = V. More explicitly,

x Yy 0
x N R —
1 9 9 \/5’
x Yy 0
Tg = 2+2 2a
r Y
T3=—=+ —=.
V2 V2
Thus,
- (wh)"




Noticing that 6(t/v/2) = v/2"8(t) on R", we get for Uijpu = K x u:

U jpu(x,y,0) = ) ///eh Ty t0)-(0-0) 5 (Lj;jﬂJ) w(Z, 7, 0)dzdydd

= (-) / / e @yt 00y (F o 4y — F,60)dFd6,
mh
Uy jpu(z,y,0 ( ) // 5 @-3) uw(T,x+y—2 0)da:d9 (B.1)

Recall from Proposition 3.2 that

(W*u) (z,y,0) = u(z,y, w(z,y,0)),
(vu) (z,0) = u(z, x,0),

and from the beginning of the proof of Proposition 3.3, that

(7*0) (z,y, w) = v(z, w).

This gives first that W*n*u(z,y,0) = u(x,w(z,y,0)) and then with (B.1)
that

UI/QJW ™ u(z,y,0)
( h) // J(Z,z+y—70uwz+y—70)didd,
m

and hence,

Au(z,0) = 7*U1/2jW*7r*u(x, 6)

2 " i ~ s ~ 7 n
_ ( L}; ) / / 7 @ D0-0) J(F 900 — 7, 0)u(F, w(7F, 2z — 7,0))dTdd
T

In this integral, we replace the integration variable § with @ := w(z,2x—1, 5),
so that

. 0
0 =07, 20 —7,@), 4= det (g—> (7,27 — 7, @)dw,

w
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and get

Au(x,0) =
(£> / / e F@OT0) J(F 20 — 7 0(T, 22 — T, W) x
mh
a0\ - e e e~
det | — ) (7,22 — Z, w)u(z,w)dzdw, (B.2)
ow
where

F(z,0,2,w) =2(0 — 0(x,2x — T,w)) - (x — T).

There are no fiber variables present in the representation (B.2) of the
Fourier integral operator A, so the phase generates a canonical relation

CA : (f, iLVJ; —85F, —%F) — (x,@;@xF, 69F)

Recall from the identity after (3.1) that

0, .0) = 0L ((x +9)/2,0) + O((z — 1)?),

hence
03,20 — 7, @) — %%@, @)+ O((z — 7)),
~ ~ 2 / ~ ~ 3
F(z,0;7,w) =2 (6’ — wa(x,w)) (z—7)+ O((x — T)°),
9 F 9 (9 _ %@;(x, f&)) L Ol — 7)),
~0gF = S0l (6, )~ 7) + O((e — 7))
0 =2 (0= 201(0.) ) - 0L (o) — 3) + Ol(o - D)
0F = 2z — 7) + O((z — 7)),
1 (Fls Flg\ Fls _%%’,w + O(r — 1)
o= (i 57) = (Covotiomp Geam )

Recall that ¢ ; = ®} ; when w = 7, so F,~ 5 is invertible when w — Z
and z — x are small. In this region, C'4 is therefore equal to the graph of
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a canonical transformation locally. Still when |z — Z| is small, we have the
equivalences

0zF =0, x—x=0, 0, F =0,
< - — )
G@F =0 0= %Yﬂ;(ﬂj,’w) 89F =0
so C'y maps the zero-section r* = w* = 0 to the zero-section z* = 6* = 0.

In particular, if we restrict the attention to a neighborhood of a point
given by

T=T =29, W=7T, 0=-0,P(xg), T =w"=2"=0"=0,
1

we see that
Cy: (20,%0;0,0) — (g, (2/1)0,P(x0);0,0)

and that in a neighborhood of this point C'4 coincides with the graph of a
canonical transformation which maps the zero section over a neighborhood
of (zg, o) to the zero section over a neighborhood of (xg, (2/7)0,P(x¢)).
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