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Abstract

We propose a new online approach for multimodal dictionary learning. The method
developed in this work addresses the great challenges posed by the computational resource
constraints in dynamic environment when dealing with large scale tensor sequences. Given
a sequence of tensors, i.e. a set composed of equal-size tensors, the approach proposed in
this paper allows to infer a basis of latent factors that generate these tensors by sequentially
processing a small number of data samples instead of using the whole sequence at once. Our
technique is based on block coordinate descent, gradient descent and recursive computations
of the gradient. A theoretical result is provided and numerical experiments on both real and
synthetic data sets are performed.

Keywords: tensor, block coordinate descent, gradient descent, recursive computations,
online dictionary learning

1. Introduction

Multimodal dictionary learning is the task of constructing succinct representations of
multiway data (also called tensor) using dictionary atoms per mode (a mode corresponding
to one dimension of the data) learned from this data. The recent interest in this problem,
motivated by the fact that the processing of multiway data with separate matrices extracted
from the data block may lead to the loss of the covariance information among various modes
[1], enhances the importance of developing efficient learning algorithms able to extract in-
formation of interest from such data. The two most common decompositions used for tensor
analysis are the Tucker decomposition, introduced by Tucker in 1963 [2] and the Canoni-
cal Polyadic Decomposition also named CPD introduced independently by Hitchcock in [3]
and by Cattell in [4]. These decompositions, which embody emerging tools for exploratory
multiway data analysis, have been successfully applied to numerous applications such as:
cluster analysis [5], image denoising [6], pattern recognition [7], face recognition [8]. Their
links with dictionary learning have already been established in the literature [9], [10].

In a wide variety of applications, multiway datasets are naturally represented by se-
quences (i.e. set of several samples representing themselves tensors), especially when we
are dealing with applications where new data samples keep coming over time (e.g. climate
data [11]). Although the application of a batch-based decomposition (i.e. using the whole



dataset) is always possible through a recomputation from scratch, this approach can swiftly
lead to a computational bottleneck for two main reasons. Firstly, we have to deal with the
storage cost of the data samples. Secondly, the intermediate problems of standard tech-
niques may lead to high space complexity (e.g. some standard approaches for nonnegative
Tucker decomposition compute the Kronecker product of the N — 1 loading matrices [12],
N being the tensor order). Hence, memory and computationally efficient methods that are
able to infer the latent factors using only a small number of samples at a time is of primary
importance.

This paper is focused on multimodal dictionary learning through online Tucker decomposi-
tion. In the literature, the online techniques for Tucker decomposition can be split into two
categories. For the first class of methods, the principle relies on inferring latent factors by
sequentially processing streaming data samples with no need to resort to the past data [13],
[14]. The second class of approaches lies in the idea of stacking both the past and the newly
acquired data and performing a recursive update of the factors [15], [16]. The difference
between the two classes of methods is that for the first one, only a small number of data
samples is processed at the same time.

In this paper, the class of methods considered is the first one. A plethora of excellent
techniques have already been proposed to tackle this problem. An approach presented in
[13] infers multidimensional separable dictionaries through recursive updates in compressive
sensing framework, the drawback being that the core tensor is assumed to be known in ad-
vance, which is not the case in general even though it is a natural assumption in compressive
sensing. A Riemannian approach proposed in [14] deals with a fixed-rank tensor comple-
tion problem by turning the problem into an optimization problem on a Stiefel manifold.
This method imposes orthogonality constraints, which may not be relevant for a specific
task at hand (e.g. the nonnegativity constraint for inherent positive data is necessary to
keep physical interpretability [17]). A Tucker-based method in the framework of multi-
variate spatio-temporal prediction has also been presented in [18] and whose core principle
is based on projection of randomly generated subspaces. The main limitation that suffers
this method is the so-called low rank assumption, which is not verified in practice for each
dataset. The remaining approaches suffer similar limitations: they are not generic enough to
take into account some characteristics of the data, impose constraints on the latent factors
sizes (which makes them unsuitable for some specific tasks, e.g. overcomplete multimodal
dictionary learning) or assume prior knowledge of some factors.

In this paper, we introduce a new online tensor decomposition approach based on block
coordinate descent, gradient descent and recursive computations. Our contributions are the
following ones:

1. We propose an online multimodal dictionary learning algorithm which is flexible enough
to incorporate common constraints such as nonnegativity, sparsity, orthogonality with
no assumption on the latent factors sizes, which makes it more general than the existing
online approaches.

2. A theoretical result stating the convergence to a stationary point of the sequence of
dictionary matrices generated by our algorithm is provided.
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3.

Comparison with state-of-the-art techniques through numerical experiments on both
synthetic and real datasets is performed.

2. Notations

An N—order tensor is denoted by a boldface Euler script letter X € R7***IN_ The matri-
ces are denoted by bold capital letters (e.g. A). Matricization is the process of reordering all
the elements of a tensor into a matrix. The mode-n matricization of a tensor Y € Rt x>xIn
arranges the mode-n fibers to be the columns of the resulting matrix Y™ e R Tizn ),
The mode-n product of a tensor X € R**IN with a matrix B € R’/*/» denoted by

X X,

B yields a tensor of the same order Y € RIP<-xJnx-xIx whose mode-n matricized form

is defined by: Y™ = BY®. The i slice of an order tensor X € RI**Iv denoted by
X; € REX-XIN g the tensor derived from X by fixing the first index to i. The Kronecker
product of two matrices is denoted by ®. For writing simplicity, we introduce the following
notations:

The set of integers from n to N is denoted by Iy = {n,.., N}. If n=1, the set is simply
denoted by Iy

The set of integers from 1 to N with n excluded is defined by Iny, = {1,..,n —1,n+1,..,N}.

Let G € R/*/V be a tensor and N matrices {A™} _ Al e RIm*/m The

contracted form of the product of G with the matrices {A(m is denoted by:

)}1§m§N

G Xper,_, AP x, A X gernt AD =G x; AW x, A®  xy AW
The Kronecker product of the N matrices A, ..., A®™) is denoted by:
Dmery A™ = AV @ A® o AW

The Kronecker product of the N — 1 matrices A®, .., A=D A+ AN,

Bmety A = AV @ AP g AT g AT o AN

The absolute value is denoted by | - |. The Frobenius and ¢; norms of a tensor X' € RI1>->xIn
denoted respectively by || X||r and ||X||; are defined by:

%
[ X||F = ( > X%,.ﬂﬁ) X = > | Xi,in |

1<in<In,1<n<N 1<in<In,1<n<N

3. Multimodal dictionary learning

The purpose of this section is to introduce briefly Tucker decomposition, present our
algorithm and our theoretical result (as well as the underlying assumptions).
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3.1. Brief overview of Tucker decomposition

Tucker decomposition is one of the most common decompositions used in tensor frame-
work. Given a tensor X € R/1XI~N the standard Tucker decomposition consists of approx-
imating X by the product of a tensor G € R/~ with N matrices {A A ¢

RInxJn je.:

e }1§n§N )

X~@G X nely A

The tensor G is generally named the core tensor and the matrices A™ the loading ma-
trices. This decomposition associated with orthogonality constraints can be thought of as
the multidimensional counterpart of the singular value decomposition [19]. It can also be
interpreted in terms of dictionary where the matrices A™ embody the dictionary matrices
and the entries of G, the activation coefficients [20]. For the remainder of the paper, the la-
tent factors A and G will respectively be referred to as dictionary matrices and activation
tensor.

The problem we are interested in is a particular case of Tucker decomposition where a ten-
sor X € RT*Ix-xIN represents a set of T' observations of size I; X ... x Iy drawn from an
unknown probability distribution, the objective being to perform the decomposition:

X~Gx1Ixa AW x5 Xy AN G e RT*¥IexIn A ¢ RInxn

This problem can be specifically expressed via the following optimization problem:

T
min Xz — gz Xn A(n) 2 1
ol S oy A2 1)

with X; € RIv>Iv and G; € R/1**/~ being respectively the i slices (tensor derived by
fixing the first index to i) of X and G. It is worth to notice that &X’; (respectively G;) is an
N-order tensor since it corresponds to a slice of a tensor of order N + 1.

In the classical dictionary learning framework, it is common to seek to infer sparse activa-
tion coefficients while preventing dictionary atoms from diverging by introducing penalty
functions [21]. This observation paves the way to the problem:

T

min Y (| — Gi Xnery AP 5+ Q1(G1)) + (AW, AN) (2)

A™) 7{gt}1§t§T i=1

The sparsity and boundedness are respectively enforced via general penalty functions €2y
and (.

3.2. Online multimodal dictionary learning OTL

The problem addressed in this work is the inference of multimodal dictionary atoms
(dictionary atoms per tensor mode) while bypassing the computational bottleneck induced
by the processing of all of the data samples at once.

To solve this problem for a large tensor sequence (i.e. a large number of tensors), we pro-
pose a probabilistic approach, which has already been used for online matrix decomposition
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(e.g. dictionary learning [21]) and has proven its effectiveness for the numerical resolution
of non-convex minimization problems [22].

Let’s assume we are dealing with samples sequentially acquired over time and drawn from
an unknown probability distribution P on the set of tensors of size [; x ... x Iy . Let’s denote
by X, € RI**-IN the tensor acquired at the time step t. Let’s also consider [ the discrepancy
between X; and its approximation given by the dictionary matrices defined by:

1
U, {AD}) = min X = G xper, AVJE+(G) + (AW, AW)

This expression is justified by the fact that our objective is to approximate each data sample
by the product of an activation tensor with dictionary matrices.

The underlying idea of our approach is to update the dictionary matrices in such a way that
the discrepancy between {X;},, and their approximation given by these matrices has a low
expectation. Hence, a relevant problem is:

min {FAD, AP B By (12, A%, AW)) ®)

A AN

In the sequel, we assume €, is differentiable and §2; admits a proximal operator [23].

3.8. Algorithm

Given that the probability distribution P is unknown, the problem (3) does not admit
any analytical solution, i.e. the solution cannot be expressed in terms of a formula. To
circumvent this deadlock, we replace the objective function by its estimator given by the
mean sample, leading to the problem:

t
TN U

A AW -
=1

The idea of our approach is to update the dictionary matrices {A(”)}l <<y Dy minimizing

F(AD, _AM) yusing only the sample unit X;, the factors inferred from the processing
of X, 1 and a certain number of statistics (functions of the data samples). Let’s denote

{AS“} the factors inferred by minimizing the function ft
1<n<N

Let’s assume the acquisition of a new sample unit &X’; at a given time step t. The updates
of the dictionary matrices (i.e. the determination of Aﬁ”)), inspired from previous works
undertaken in matrix-based dictionary learning framework [24] (the difference is about the
number of dictionary matrices), is performed via a two-step strategy:

e The computation of the activation tensor G, by projecting X; on the latent factors
inferred at the time step ¢ — 1. In the sequel, this stage will be referred to as Sparse
coding;

e The resolution of the problem (4) by a block coordinate descent, that is the minimiza-
tion of the objective function with respect to one variable while others are fixed in the
order 1 — .. — N. This step will be referred to as Block Coordinate Descent.

In the sequel, our dictionary learning approach will be referred to as OTL.
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3.3.1. Sparse coding

For this step, we consider the following minimization problem:

1 n
min | X — G xer A F+0(9)

-~

0(9)

Instead of vectorizing this expression as it is the case for some Tucker decomposition tech-
niques [12], which can induce a high space complexity due to the computation of the Kro-
necker product of the dictionary matrices, we propose to apply directly a proximal mini-
mization approach [25] in the tensor domain.

A proximal minimization is a technique used to minimize of the sum of two functions: one
differentiable and the other admitting a proximal operator [23]. In our case, the differentiable
function is O whose derivative is given by:

00

0g
Given that the penalty (2, is assumed to have a proximal operator denoted proxg, , the
sparse coding step can be resolved numerically through Algorithm 1.

(g) = —X; Xnely Al(tz)lT +6 Xnely Al(&i)lTAlgﬁ)l (5)

Algorithm 1 : Sparse coding

Inputs: new observation X, the dictionary matrices {Ay_l)l} , the gradient descent
1<n<N

step n, initial value G,

Initialization: iter=0, G;., = Gg
1: while a stopping criterion is not met do
2 giter—i-l:proxnﬂl (Giter — ﬁ%(giter))7 % defined according to (5)
3 iter < iter + 1
4: end while
5: return G

3.3.2. Block coordinate descent

In this section, we consider the updates problem of the dictionary matrices. Let’s assume
the computation of the activation tensor G, is already performed and the n—1 first matrices

have already been updated, i.e. the matrices {A,(Ql} are determined (k referring
1<p<n—1

to the iteration number, an iteration corresponding to a round of updates of the variables
A® AN The update of A™ is performed by solving the problem:

Al(:gl < arg min ﬁht(A(”)) (6)
A(n)
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with:
¢

Fat(A™) = % > %I\Xi—gi Xpet oy AL X A X A 421 (G) + QA AN
i=1

(7)

The problem (6) has no analytical solution, i.e. the solution cannot be expressed in terms of

a formula. In view of the differentiability of the objective function fn,t with respect to A

and since the solution cannot be expressed in terms of a formula, we propose a numerical

resolution scheme based on gradient descent. With this choice, the dictionary matrix A ™

can be updated using only X; and the matrices {A,(Cpll} , {A,gq)} provided
1<p<n-—-1 n+1<qg<N

some statistics are updated over time. Indeed, the derivative of ]/C;L,t is given by:

1 /<

tzzl

of n " n
P e o A

with G\" being the mode-n matricized form of the tensor G;, B™ and X!™ the mode-n
matricized forms of the tensors B; and X; defined by:

Bi=Gi Xper, , A,(ﬁl X I X e A,(f) (9)
Xi=Xi Xper, , A < Tx o AT (10)

with T representing the identity matrix ( I € R/*/» for (9) and I € R»*I for (10))
The derivative can then be rewritten in the following form:

afn,t (A(n)) _ _Pgn) N A(H)QE") 085
JA™) t t 0A™)
with: P/ =Y XWa™" Q™ =yt B™WB"T.
It is stralghtforward to notlce that:
P =P + X" G (12)
Q" - Q) + BB 19
Since the sequences P{™ and Q! verify the equations (12) and (13), the computation of
the gradient of f,; only requires the newly acquired tensor &X; and the loading matrices
{A,(ﬁl} ,{A,(f)} . Concretely, for a fixed t, the derivative of fntﬂ can be
1<p<n—1 n+1<q<N

(AL LAY A AT ANy (1)

k+10 0 g1 s

derived from the statistics P Qt the dictionary matrices {A }1 <n<N and the process-
ing of the sample X ;. Thls is the key of our approach since it means that the inference of
the latent factors {A(" }1 <<y Can be performed by processing a single subtensor at a time.

The update of a single matrix A for the block coordinate descent step is summarized by
Algorithm 2.



Algorithm 2 Update of A™

Inputs: X;: newly added tensor, {A,(ﬁl} 7{A](€‘1)} . dictionary matrices,
1<p<n-1 n+1<g<N

A(()n): initial value, G;: sparse code associated to X, PET_L)D ,@1: statistics at the time step

t— 1.

Statistics update:

e Compute PE") via the recursive equation (12)

e Compute Qin) via the recursive equation (13)

Initialization: iter:O,Agle)r = A(()n)

1: while a stopping criterion is not met do
9. A(n) (A(”) —n Ofn,t (A(n) )) Ofn,t (A(n)

) defined according to (11), (12) and (13)

iter+1 — iter A \iter) | gam) \(Fiter
3. ater < iter + 1
4: end while
5. return A™

3.3.3. Summary of the inference process

The whole inference process is summarised by Algorithm 3. One can notice that our
decomposition technique is quite simple and does not require any constraint on the latent
factors sizes, which makes it more general compared to the existing approaches in the sense
that it is more suitable for a larger class of problem (e.g. overcomplete multimodal dictionary
learning [9], [20]).

4. Theoretical result

Our theoretical result regarding the behavior of Algorithm 3 is about exploring a double
asymptotic behavior: the increasing of the number of samples over time and the increasing of
the number of iterations in block coordinate descent. Thus, we consider two layers of loops:
a first layer from block coordinate descent and a second one from the streaming samples.
Let’s consider the assumptions described below:

e The data samples are drawn from a probability distribution with compact support:
this a natural assumption since we work only with finite values;

e We choose /1 penalty for activation coefficients and ¢y penalty for dictionary matrices,
ie. we assume O1(G) = af||G|l; and Qy(AD, ., ANy = 2O SN A2 with
a > 0,0 < 6 < 1: this choice is simply motivated by the fact that these functions
embody two of the most used penalty functions in dictionary learning.

e For all the minimization problems considered, the activation tensor G and the dictio-
nary matrices A™ are assumed to belong to some compact sets, i.e. G € Kg, A™ €
Ky, s, this is a natural interpretation of the ¢; — ¢ penalty;
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Algorithm 3 : OTL

Inputs: set of samples { X1, .., Xy, ...}, Initial dictionary matrices {A(()n)}, initial core tensor

Go
1: while a stopping criterion is not met do

2:  Draw X, according to a probability distribution P
3:  Sparse coding

1 n
G, ¢ argmin 2| X, — G xuery AL+ 2 (9)

. Block Coordinate Descent
5. for n from 1 to N do
6: Update of the statistics Pg") and an)

Pl — B[, + (VG
Q" = o) + BB

with B and X! the mode-n matricized forms of the tensors B; and X; defined
by the equations (9) and (10)
7 Update of A™

Agjr)l < arg min fn’t(A(”))With fn,t defined by the equation (6)
A
s A« A,
9: end for
10 k<« k+1
11: end while
12: return AM . AW




e The minimization problem related to the Sparse coding step admits a unique solution:
this assumption can be enforced by considering a ¢; — ¢, penalty on the activation
tensor. We drop the ¢y penalty term for sake of simplicity and it does not require a
great effort to see that it does not change anything to the reasoning related to the
analysis;

e During the block coordinate descent, we seek Ag_?l in a ball centered around A,(fn) of
radius k%, i.e. ||A§:31 — A% < . A natural way to incite the enforcing of this

assumption is to increase the objective function associated to the update problem of
A®™ by pl|A® — A5

e For Vk € N, A,(:) is an interior point of Ky, ;. ;

Under these assumptions, the sequence {A,(:), o A,EN)} generated from Algorithm 3 (ap-

plied to the update problems of all dictionary matrices {A(” ) converges to the set

)}1<n<N

of stationary points of the objective function of the problem (3) when k tends to infinity
with:

AW limy o0 A,(CZ)IA . if Al(:k)l,t converges
ol arg miny () foo(A™) otherwise

A;(Ji)u: arg min fm(A(”))
’ A(n)EK[n,Jn

~

1 ~ 1-—

fOO(A(”)) = §T7’ace (({t + MI) A(”)TA(")> — Trace (A(”)ﬁt)

~ I~1

Fut(A™) = 23 1= Gixper, AL X A X e AL |40 (G) + (A, A
=1

In this expression, Trace represents the trace of a matrix. The sequences ft and 7; embody
some accumulation points of the bounded sequences &; and 7, defined by:

t t
1 1 . .
gt = ; Z FzrzTa = ; Z FZXZ( )T7 Fz = Gz( ) ®q€[n71 Al(qq-i)-{ ®pe[]7<,+1 A(p)T
=1 i=1

Sketch of the proof
To establish our convergence result, we setup a two-step strategy:

First step: firstly, we prove that the sequence {Agi)l t} for a fixed k converges to a station-
)t

ary point of the function A™ — f(A,(:JZI, . Agrll), A, Ag”l), o A,(fN)), f being defined
by the equation (3). This is mainly inspired from the work performed in [21], which can-
not be applied directly to our problem since tha objective functions are different (for our
problem, we have several dictionary matrices while the work described in [21] considers a
single dictionary matrix). To circumvent this deadlock, we rely on some simple algebraic
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inequalities and some well known properties on the Kronecker product.
Second step: from the first step as well as the assumptions laid out in this section, we

prove that {A,gl), ...AI(CN)} converges to a stationary point of the optimization problem given

the equation (3).

5. Extensions

The purpose of this section is to propose some extensions of OTL through the incor-
poration of classical constraints encountered in tensor decomposition such as positivity or
orthogonality as well as an extension allowing to process more than one sample at a time.

5.1. Minibatch extension

So far, we devise an algorithm by assuming that the newly incoming data is a single
tensor X, € RI-*In Now, let’s assume that the newly acquired data samples represent a
batch of p tensors {X1,..,X,},X; € RIv>IN_TIngstead of applying the natural strategy,
that is about processing one tensor at a time, we propose the following framework:

e Run the Sparse coding algorithm (Algorithm 1) p times in order to infer the activation
tensors associated to the samples X;,1 < 7 < p denoted G,.

e Run the Algorithm 2 by replacing (12) and (13) by:
Pi”) = ng)l + Zle }A(WGWT, X&n) is the mode-n matricized form of the tensor X -
defined by (10)
Ql(t") = ng)l +3° Bs«n)Bﬁn)T, B! is the mode-n matricized form of the tensor B,
defined by (9)

The idea of this extension is to reduce the complexity in time of the approach developed in
section 3 by incorporating simultaneously the information carried by several tensors while
accelerating the decrease of the objective function.

5.2. Decomposition with positivity constraints

In several applications, the data we deal with is inherently positive. For the tensor
decomposition of nonnegative data, it is convenient to impose nonnegativity constraint on
all the latent factors (activation tensor and the dictionary matrices) in order to keep the
physical interpretability. To perform a nonnegative tensor factorization, we simply replace
all the updates in Algorithm 1 and Algorithm 2 by projected gradient descent [26]. This
choice is motivated by the efficiency of projected gradient descent to yield good local minima
for convex minimization problems subject to linear constraints [26].
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5.3. Orthogonality constraints

The orthogonality constraint play an important role in Tucker decomposition since it
ensures essential uniqueness [27]. To infer orthogonal factors ( i.e. the dictionary matrices
are such that AMTA(M = ), we apply the gradient descent method on the Stiefel manifold
defined by St(1,, J,) = {A € RI»*/n ATA = T}. Let’s consider the update problem of A
subject to orthogonality constraints and let’s denote AEZBT the value at the iteration iter.
The difference with the classical gradient descent lies in the update scheme given by:

n  _ Ot (50
Aiter—‘rl = \I/Ag;)r <_77 X HTAE:LG)T (St(In,Jn)) (aA(n) (Aiter)>)

) being the derivative of % (--+) evaluated at AZ(»:;)T.

with 86 i*g;f) (AEZQT The operator

IL; ) (St(1..7,)) corresponds to the projection on the tangent space to St(I,,J,)) at AEZ)T
Aiter

and W, the retraction on St(I,,J,) at Al
iter
retraction on a Stiefel manifold such as polar decomposition [28], QR decomposition [28].

The projection of A on the tangent space to St(p, q) at X is given by [29]:

There are several ways to compute the

1
(I, — XX)A + §X(XTA — ATX)

The update scheme of the activation tensor G; remains unchanged.

6. Experiments

In this section, we evaluate the efficiency of our approach on synthetic and real data sets.
The methods considered are the following ones:

e TuckerBatch: this approach infers the latent factors by processing all the samples
at once. The resolution scheme is alternate minimization: the update problems of
the dictionary matrices and the activation tensor are respectively solved by gradient
descent and proximal gradient descent for the unconstrained case. We highlight the
fact that we do not impose orthogonality constraint as it is the case for most works
on Tucker decomposition.

e OTLsingle: this corresponds to the online approach presented in this paper;
o OTLminibatch: this method is the proposed extension of OTLsingle;

e ALTO: this method, proposed in [18], is a state-of-the-art online tensor decomposition
technique. Its difference with OTLsingle is based on the update strategy of the latent
factors: projection on randomly generated subspaces for ALTO, numerical resolution of
minimization problems for OTLsingle. The ALTO method yields convergence property
if the data samples verify the so-called low rank property [18], that is: the rank of each
mode-n matricized form is no greater than R, with (R,R,R) being the size of the core
tensor.
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The objectives of these experiments are two-fold.

e Firstly, we prove that our approach achieves similar results compared to the batch-
method with much less computation time, i.e. the gain at this point is mainly about
running time.

e Secondly, we prove the genericity of our approach: we demonstrate numerically that
the proposed method yields similar results compared to ALTO in applications frame-
work ”favorable” to ALTO while significantly outperforming it when we are dealing
with data with specificities that do not match ALTO assumptions. Contrary to the
first point, the gain at this point is about accuracy.

We also consider our OTL approach with orthogonal and positivity constraints. These con-
strained decompositions will be referred to as OTL followed by the constraint name. The
penalty functions 2; and {25 are respectively defined by the ¢; norm and the square of Frobe-
nius norm, i.e.:

1-0) &
Q1(G) = ab||G||1, Q(AD, . AN = % > IAM|Fa>0,0<0<1
n=1

The penalty functions verify the assumptions on §2; and €2y since 2; admits a proximal
operator, that is the Soft thresholding [23] and 29 is differentiable. The retraction chosen to
incorporate orthogonal constraint is the QR-based one [29], which enforces the orthogonality
by retaining the Q matrix of the QR decomposition.

6.1. Spatio-temporal data prediction

Spatio-temporal forecasting is the task of predicting the future values of multivariate
time series given historical observations. For this task, we use the Var(L) model [18]. Given
an three-order tensor X € RP*T*M (whose orders represent respectively the locations, the
time and the variables), this model seeks to determine a parameter tensor W [18] through
the numerical resolution of the minimization problem given by:

M
: A 2 7T X
min {f(W) X — X3+ Trace (X, SX..m) } (14)

m=1

subject to: R
X:,t,m = W:,:,mXL

Ltm

Xt =[x o X ) rank(WW) < R

Lt,m Lt—1mo

The matrices W. ., and W) respectively correspond to the subtensor derived from W
fixing its third index to m and to the mode-n matricized forms of WW. The functions Trace
and rank represent the trace and the rank of a matrix. The role of the similarity matrix
S, predefined by user, is to ensure local consistency (i.e. the variables of interest are not
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significantly different for two close locations). The parameter L is referred to as the number
of lags. It is worth to notice that this problem cannot be split into independent minimization
problems (with respect to the variables {W, due to the constraint on the rank
of the matricized forms of W.

” vm}1<m<M)

6.1.1. Resolution scheme

An alternative expression of f(W) is given by:

T M T M
=D > XKt = WoonXEnll2+ D> 2 (W, SWom) 2l (15)

t=1 m=1 t=1 m=1

with z, = (X}, ), representing " row of the matrix (X’ ).

A resolution scheme named ALTO has been proposed in [18] for the problem (14). The
principle is to infer the parameter tensor VW through a two-step approach. The first step
is to split the tensor X into subtensors along the second mode representing the time steps
and sequentially update the parameter tensor W (this is possible because of the equation
(15)). Let’s denote W; the ! parameter tensor of the sequence. The second step consists
to project W, in a low rank subspace via random projections using factors inferred from
W;_1. The second step of ALTO follows the same principle as OTL in the sense that the
two methods update the factors of W, using the latent factors inferred from W, ;. Hence,
to perform a fair comparison between our method and ALTO, we simply choose a two-step
approach: the first is identical to the resolution scheme of ALTO and the second is replaced
by OTLsingle. This resolution strategy will be referred to as OTLsingle. We consider a
third approach referred to as TuckerBatch following the same principle as ALTO with the
second step replaced by standard Tucker decomposition.

6.1.2. Data sets

Synthetic data set: we consider a synthetic data set X € RP*T*M defined by:

Xotm = W.enVoim + Eom With W = G x; AW x5 A® x5 A®) G € REXEXE heing
a diagonal tensor (i.e. all its extra-diagonal elements are equal to 0) whose 7" diagonal
element is equal to r. The entries of the matrices {A(")}1 <ney are drawn from a uniform
distribution on [0, 1] and the noise £ is a tensor whose entries are drawn from a centered
Gaussian distribution with standard deviation %

The similarity matrix S is defined by: S = BBT + 107! x I (I being the identity matrix
and B a random matrix whose entries are drawn from a centered Gaussian distribution
with standard deviation 1). This choice is motivated by the fact that the problem (14) is
easy to solve when the similarity matrix is positive definite [18]. For fairness purpose, all the
parameters that the methods have in common have been chosen identically. The parameters
a and 6 are respectively fixed to 10? and 1072. The initial activation tensor as well as the
initial dictionary matrices entries are drawn from a standard Gaussian distribution. The
number of epochs is fixed to 1.

14
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Figure 1: Synthetic spatio-temporal prediction problem: left (MSE over 10 different runs), right (CPU
running time)

Real data set: we use a dataset containing 121 users ratings in the Pittsburgh area for
1200 intervals of time back on 4 months for different types of venue.

The value of the rank is determined by 5-fold cross-validation among 10 values ranging from
3 to 12. The hyperparameters o and 6 are fixed to 102 and 1072 and the number of epochs
to 1.

6.1.3. Evaluation criterion

The evaluation criterion is the Mean Square Error defined by:

M T
1 L 2
MSE = MT Z Z “X:,t,m - Wi,i,mX:,t,mHF
m=1t=L+1
The parameter tensor W is determined by processing a training tensor X'..;, and the
evaluation criterion evaluated using a test tensor X different from Xy;.q41,.

6.1.4. Results

Synthetic data set

The Mean Square Error values over 10 runs (the tensor X is defined by 10 different random
seeds) and the CPU running time with respect to the parameter L are reported on the figure
1. Our approach yields results very close to those obtained by Tucker decomposition with
less running time and outperforms ALTO in term of Mean Square Error. This is explained
by the fact that the bias induced by solving minimization problem is less important [30] than
the one induced via random projections. The ALTO approach is faster than the two other
methods because it simply performs projections on randomly generated subspaces while the
two other approaches numerically solve minimization problems.

Real data set

The figure 2 provide the Mean Square Errors and the CPU running time. Our resolution
scheme outperforms Tucker and ALTO methods with much less running time compared to
Tucker and much important running time compared to ALTO.
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Figure 2: Real spatio-temporal prediction problem: left (MSE), right (CPU running time)

6.2. Multimodal dictionary learning

6.2.1. Dictionary learning on synthetic data set

The synthetic data set considered is a sequence of 20000 three-order tensors of size 30x 30x 30
split into two sets Sy,qim and Sy Whose sizes are respectively equal to 15000 and 5000. The
set Syrain 18 used for the training stage, i.e. the inference of the three dictionary matrices
and the evaluation criterion is determined on the test set S;.s. Each tensor X, (for both
the training and the test sets) is defined by: X; = G; X3 AD x5 A@ %3 AG),

The tensor G, € RF*EXE ig a three-order tensor whose entries are drawn from a cen-
tered Gaussian distribution with standard deviation % The entries of the matrices A €
R30xE A(2) ¢ R30xE AB) ¢ R3IOXE are drawn from a centered Gaussian distribution with
standard deviation 1—10. For the dictionary matrices inference, the value of the activation
tensor rank is fixed to (R,R,R), i.e. the value used for the sample definition in order to
prevent biased comparison. For fairness purpose, we choose the same initial points for the
four competitors. The activation tensors are initialized by drawing random number from a
centered Gaussian distribution with standard deviation % and the dictionary matrices from
the same distribution with standard deviation ﬁ. The gradient descent step is fixed to
n = 107°. The hyperparameters o and 6 are respectively fixed to 10? and 10~2. The block
coordinate descent is stopped when the fitting error is inferior to a threshold fixed to 1072 or
when 20 iterations is reached (an iteration being the updates of all the dictionary matrices
{A(”)}1<n<3). The ” Sparse coding” (Algorithm 1) and the ” Update of A"™” (Algorithm
2) algorithms are stopped when the fitting error is inferior to 1073 or 20 iterations (an iter-
ation being an update during the gradient descent) are reached. The number of epochs is
fixed to 1. The evaluation criterion is the Root Mean Square Error RMSE on the test set
defined by:

1 2
RMSE = (T Z | X — Gt X1 Agl) X9 Ag) X3 A@H%)

X EStest
with T being the cardinality of S;.q, Ag”) the factors inferred from the processing of Sy;qin

and G, the projection of X; on {Aé”) .
1<n<3
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Figure 3: Left: Root Mean Square Error over three runs, Right: CPU running time on logy scale

The results are reported on the figure 3. The predictive error of our approach is three times
less important than the error of ALTO. This is due to the fact that the synthetic data does
not verify the low rank assumption. Besides, it performs as well as the Batch method with
less running time.

6.2.2. Nonnegative multimodal dictionary learning

For this experiment, we compare our approach to ALTO for the dictionary inference from a
data set subject to positivity constraint (i.e. all the data samples have positive entries). The
evaluation is performed on the inpainting task, which aims to infer missing pixels in an image
(2D in our case). For this application, the training data set Sy.q;, is constructed by selecting
overlapping patches P; of size 8 x 8 from the input image and the dictionary matrices
(length, width dictionary matrices respectively denoted by A; € R¥% A, € R¥® R being
an integer whose value has to be defined) are learned from S;..;, through a nonnegative
decomposition (motivated by the positivity of the pixel values in an image) . Each patch is
then inpainted by estimating the sparse coefficients through the projection of the non-missing
pixels on the learned dictionaries, i.e.:

P, =G, x1 Ay x2 Ay, Gy + argmin [M O (X; — G x1 Ay xo Ay) | + MG

g>0

7/3; is the reconstructed patch, M is the matrix defining the mask and ® the element-wise
multiplication. The sparsity level \ is fixed to 107 and the number of epochs to 5. The
evaluation criterion is the PSNR defined by:

2 2
PSNR = 10logy, (M)

1T —T[I%

The variables m, n, I,f respectively represent the image sizes, the real and the reconstructed
images.
The inpainting task results are illustrated on the figures 4, 5 and 6.
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Figure 4: Top left: average PSNR over three different generations of the random pixels, Top right: objective
function on logarithmic scale with respect to the number of epochs (one epoch is one pass over data samples)
for Rank=16, Low left: objective function on logarithmic scale with respect to the number of epochs (one
epoch is one pass over data samples) for Rank=16, Low right: Objective function with respect to time

As expected, we notice that the nonnegativity constraint improves the image quality

in terms of PSNR, i.e. the nonnegative OTLsingle method yields greater PSNR than the
unconstrained approach and the image quality is better visually. The same remark holds
for the OTLminibatch method. It is worth to notice that all of our constrained approaches
yield better result compared to ALTO. This justifies empirically the importance of setting
up decomposition methods that take into account the characteristics of the data we are
dealing with (positivity in this experiment).
A part of figure 4 presents the convergence of the objective value with respect to the number
of epochs and confirms our intuition that is the faster convergence of OTLminibatch (see
figure 4: Low left and Low right) compared to OTLsingle as well as the faster convergence
of our approach with respect to TuckerBatch (see figure 4: Top left). The figure 4 proves
that for a fixed number of epochs, our objetcive function decreases and for a fixed number
of iteration, it learns better with the number of epochs 7: this prouves empirically the
convergence of our approach.

7. Conclusion

In this paper, we propose an online tensor decomposition approach named OTL inspired
from matrix-based online dictionary learning. The approach proposed in this work is used
to perform a multimodal dictionary learning task via online Tucker decomposition while
being enough flexible to incorporate common constraints that are frequently encountered in
signal processing, to name but a few sparsity, nonnegativity, orthogonality. A theoretical
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Figure 5: inpainting results from left to right: image with 50% of missing pixels, real image, Nonnegative
OTLsingle, Unconstrained OTLsingle

Figure 6: inpainting results from left to right : OTLminibatch-nonnegative, OTLminibatch-unconstrained,
Tucker-unconstrained, ALTO
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Figure 7: PSNR over the number of epochs for OTLsingle and OTLminibatch

19



result is provided along with numerical experiments. In our numerical experiments, we prove
the promising character of our approach with respect to standard techniques. Precisely, we
demonstrate that our approach produces a prediction error similar to the one obtained with
a batch-based technique with less running time. Besides, the comparison with a state-of
the-art-approach ALTO yields promising results under much milder convergence conditions
(i.e. with no constraints on the latent factors sizes). In future work, we aim to investi-
gate a supervised extension of this approach as well as an extension for a tensor which
simultaneously grows in every mode.
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Appendix A. Complexity (in time) analysis

In this section, we present the gain of complexities of the mini-batch extension with
respect to the standard approach in the constrained (positivity and orthogonality) and the
unconstrained cases. The complexities (in time) per update for the Sparse coding and the
dictionary update are given by the table A.1. From this table, we notice that the mini-batch
extension requires less computations than the standard online approach. Indeed, for p > 1
sample units newly acquired {X;}, <i<, let’s consider two update strategies Strategyl and
StrategylIl, which respectively are about updating the dictionary matrices by applying
the standard approach OTLsingle and its extension OTLminibatch. For the Sparse coding,
the complexity per update is O(2pN chvzl I, J?) for the two strategies. For the dictionary
update stage, we have the following observations:

e Unconstrained decomposition: Strategyll requires (p—1) <[n Hfle Ji + 13[an> op-
erations less than Strategyl per update;

e Nonnegative decomposition: the gain in terms of complexity of Strategyll with re-
spect to Strategyl is equal to (p — 1) (In H]kV:1 Ji + 14_7an> per update;

e Orthogonal decomposition: StrategyII requires (p — 1) (Ian + 2+ LTI, Jk> +
(p—1)J2 HkN:Lk#n I}, less computations than Strategyl per update.
21



The proposed extension can then be a good alternative since it does not induce a substantial
lost of information with respect to OTLsingle (proved through numerical experiments) while
requiring less computations.

OTLsingle
Steps
Sparse coding Update of Al
Constraints
Unconstrained NIIN_  IpJdg + 2NN, I, J2 + 10110, Jy 61nJn + InJ2 + J2 + In TIR=y Jk + J2 kot Ik
P N 2 N 2 2 N 2
Nonnegativity NTlg—1 IxJe + 2N 1= IJg +611—1 Jr TIndn + Indy + J5 + InTlg=1 Jk + J5 Tlezn Ik
Orthogonality NTIN I Jg + 2N TN, I J2 + 10T1A_, Jk TIndn +61,J2 +2J2 + 12(1+2J5) + In TIN_; Ji +
Io Tt Tk
OTLmintbatch
. N N 2 N 2 N 2
Unconstrained PN TTp—q I Ik +2pN 1= InJi +10p 15— Jk 5Indn + InJ; + p(Indn + Inlly—q Ju + J; +
T2 M Ik
Nonnegativity || pN[They IxJi + 20N [They Ik JE + 6p[They Jk 6InJn + InJ2 + p(Indn + InTIh_, Jp + J2 +
To Tliotn Ii)
B N N 2 N 2 S S 2 2
Orthogonality PN TT—1 I Jk + 20N 1= I Jj, + 10p 10— Ji I5(1 4 2Jp) + 61,Jn + 61nJ; + Ji + p(InJdn +
In TINCy Ji + 2 + T2 TR, Th)

Table A.1: Complexity in time per update: gradient descent for A(™) and proximal gradient descent for the
activation tensor G

NB: these complexities have been computed by considering €2; and €25 as defined in the nu-
merical experiments. The orthogonal constraint is imposed only on the dictionary matrices.
The QR decomposition algorithm considered is the Modified Gram-Schmidt [31].
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Convergence analysis

In the convergence analysis is about exploring a ”double” asymptotic behavior in the sense
we consider the behavior of the approach when the both the number of samples and the
number of iterations in the block coordinate go to infinity.

Appendix B. Recall of the definitions and supplemental notations
Appendiz B.1. Recall of definitions

; A(l) AW
Au]f,r.l.l,fimf( s )

with
FAY, CAM) = Ep(i(x, AV, .. AMY)
= lim f,(A®M, . A
t—o0
t

1
= lim - Y 1(&;, AW, ADM)
t—o0 i1

We denote by f,, the function A — f,(A), ., Al Y A AV AMN) We prove that
Al(qn)l,t converges to the set of stationary points of A — f(A,(:ll, . A,Efjr_ll), A, A,(gnﬂ), ..A,iN)).

+
From this result, we prove that {A,gl), o A,(CN)} converges to the set of stationary points of

(A(l), ..,A(N)) — f(AW, . AN)). For the minimization ﬁht with respect to A (defin-

ing the sequence Agjr)l’t: see section 4), we replace ﬁl,t by ﬁl,t - a(12—9)(zz;11 ||A,(££1||% +

Zf]\/:n 1 HAEPH%) since the terms dropped does not change anything to the minimization
problem. Hence, in the sequel, we consider the following notations:
Al(:k)l,t — argmin f,,(A™) (B.1)
An) €K1, ,0n

.1 N a(l—10 n
12, A) = i 21X~ G per, AL X0 A e AL+t + T A

fu(A) = Ep(1(X, A™))

1 t
)y = = (n)
far(AYY) = " ;1 [(x, A™)

t

n n 1 1 n Oé(]_ — 9) n
Fral AP) = 2 351 = Gixper s Al X0 A X ey AL+ 0811l + =—— | APl
=1
1 1,1
= §Trace(£tA(")TA(")) — Trace(A™n,) + n Z(§HXZH2F +00(G))) + (AW, L AN
=1
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The sequences & and 7, are defined by:

t t
1 1 n)T n T T
&=y > T = n > DX T = G @per, , AP Qgerntt A} (B.2)
=1 =1
with:
, n a(l -0 n
G, — arguin |2~ G e, ALy %0 AL Xep AL+ 0]+ 20D a0

The derivatives of f, and [ with respect to A™ are simply referred to as 0f, and Osl.

Appendiz B.2. Supplemental notations
The norm on R ¥ x .. x R™&*nK (R™*" heing the set of matrices of size my X ny),
denoted by || - HerIK grpxn, is defined by: |[(A®M), _.,A(K))andK RE X = Zszl |A®)|| .

For two matrices A € R™*N and B € R™*¥ the dot product is defined by:

(A,B) =3 conenmricn<ny AmnBmn. The supremum of a continuous function f defined on a
compact domain D will be referred to as || f|ls: ||fllcc = Supxep | f(X) |. The sign function
is denoted by sign.

Appendix C. Assumptions

o Assumption I: the data samples are drawn from a probability distribution with com-
pact support: this a natural assumption since we work only with finite values.

e Assumption II: for all the minimization problems considered, the activation tensor G
and and the dictionary matrices A are assumed to belong to some compact sets, i.e.
G ecKg, AM € Ky, s,: this corresponds to the interpretation of ¢; — ¢, penalty.

o Assumption I1I: C. ; (vec(X) — Cvec(G)) = Oavec(G),) if sign(vec(G);) # 0
|C.j (vec(X) — Cvec(G)) | < af otherwise, with: C = <®p€1n_lA,(ﬁl)®A® (®q€m+1A,(€q))
This condition ensures the uniqueness of the Sparse Coding problem.

e Assumption IV: during the block coordinate descent, we seek A,(Ql in a ball centered

around AI(C") of radius k%, ie. ||A/gi)1 - A,@H% <4

A natural way to incite the enforcing of this assumption is to increase the objective
function associated to the update problem of A™ by p||AM™ — A,@IH% Again, it is
straightforward to see that this term does not change anything to the reasoning related
to the analysis. Thus, it is dropped for writing simplicity;

o Assumption V:Vk € N, A,(Cn) is an interior point of Ky, ;. .
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Algorithm 4 OTL-infinite
Inputs: {Aén)} , the hyperparameters o >0, 0 <0 <1

1<n<N

for n from 1 to N do
for k from 1 to oo do

A limy o Al(ﬁr); ' if A,(ﬁr)u converges
hl arg min o foo(A™) otherwise

with AI(CZ)M defined by the equation (B.1)
end for
end for

return {A(”)}ISHSN

Appendix D. Algorithm for infinite number of samples and infinite number of
iterations

In the theoretical framework, we assume that the number of iterations as well as the
number of samples are infinite. Then, the rewriting of the algorithm yields Algorithm 4.

In the sequel, the penalty functions considered are the ¢; norm for ; (¢;— penalty) and
the square of the Frobenius norm for €25 (Iy— penalty) as in the numerical experiments. The
function foo is defined by:

~ 1 ~ 1-4¢
foo(AM) = éTmce ((ft + ¥I> A(”)TA(")> — Trace (A™7,)

where: &, and 7 represent accumulation points of the sequences & and 7y defined by (B.2)
whose existences are ensured by the boundedness of & and 7.

Remark 1. The differences between the algorithms Algorithm 77 and Algorithm 3 result
from the gap between theory and numerical analysis: firstly, all the data samples are available

at the same time and secondly, the sparse code of a sample X, is computed via projection
on {A,(fl,)l, ,Ailjl)} instead of {Aé}ll, ..,A,(Ci_ll),Aﬁ)l,A;nH), ..,A,(gN)} in order to alleviate
the computational burden of the approach.

Appendix E. Useful properties

Property 1. For two matrices A, B such that |Al|r < 01, |B||r < 2. There exists M > 0
such that:
IIA[Z — IBlIZ] < Mi[|A - Bl|x

Proof:
|A[Z =[|A-B+B|%=A-B|%+2<A-B,B>+|B|%
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= [|A[F = IBl7 < [|A = BJl% + 2[|A — B||#|Bl|r

= |A% = [IBl7 < |A = B[ r||A = B|r + 26:[|A — B||r
= [[A[F — IB[[% < (01 4 d2)[|A — Blr + 20:[[A — B r
Thus, we have:

[AlIE = [IBlIF < (61 +38) [A = Bl < max(é1 + 385,02 + 361)|A — Bl|r (E.1)

By permuting the role of A and B, we have:

IBIIE — [AllE < (02 + 301)|A = Bl|p < maz(d; + 302, 0> + 301) | A — B (E-2)

By combining (E.1) and (E.2), we have:
AL = IBlIEI < maz(é, + 302,62 + 301)|A — Bl|r

Property 2. For four matrices A;,B; € RM>Mand Ay By € RM*L such that ||Ay]|r <
91, ||B2l|r < b9, the following inequality holds:
|[A1Ay — B Bs|[r < 01||Ay — Ba|lp + 02]|A1 — By|p

Proof:
|A1As — B1Bs|lr = |A1(Ay — By + Bo) — B1Bs||r = ||A1(A2 — By) + A1By — B By|| e
= [|[A1As — B1Bs||r < 01]]A2 — Bs||p + 02]|A; — By||r

Property 3. If X = G x; AV xy AWN) = G x,c;, A™ | the mode-n matricized form of
X denoted X™ is defined by:

XM = AWGM (AV @ @ AT @ A g AT — ANGW g, AMT

This is the matricization property of the Tucker decomposition.

Property 4. Let’s denote g(A™) = ||X —G x; AW . x,, A xy AM|2. The derivative
of fis given by:

ag(A(n)> = -2 (X(n) - A(n)G(n) ®m€1N¢n A(m)T) (®m€1N¢nA(m)) G(n)T
- 9 (;A((n)G(n)T _ A(n>B(n>B<n>T>

with X and B™ being respectively the mode-n matricized forms of the tensors X and B
defined by:

X =X Xpep, , APT %, 1 X et AWT T e RI<In: jdentity matriz

B=G Xpes, , AP x, 1 X gerntt AW T e Rn: jdentity matriz

Proof:
g(A" + h) = [|X® — (A™ + h)G™ @ynery,, AT|F
= g(A" 4+ h) = X = AWGY @per,, AT+ RGY @y, AT
= g(A® +R) = [X0) = AOGO @pery, AT+ [HGO @pery,, AT — 2K
AMGm) Omely 1 AMT pGM) Pmetn A(m)T>
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= g(A(n) +h) = g(A(n)) — 2<(x(n) — AMGMm Omelypn A(m)T) Omelnzn AMGmT, h) +

O (||h]|%)-

= ag(A(n)) —_9 (X(n) — Amag®) Omelypm A(m)T) Omelyin AmagmT

= ag(A(n)) — _9X(™) (®meIN¢nA(m)) GMT 9 An) (G(n) Omelypn A(n)T) (®m€IN¢nA(n)G(n)T)
= 8g(A(”)) — _9X(m) (®meIN¢nA(m)) GmWT 1 9A M) (G(”) Omelyn A(n)T) (G(”) Omelysn A(n)T)
(property of transpose of Kronecker product).

T

By the Property 3, the mode-n matricization of X and B are given by:
X(TL) == X(TL) ®mEIN7$n A(n) and B(n) = G(n) ®mEIN7$n A(m)T

From this observation, it is straightforward to see that:

ag(A(n)) = X GMT L 9 AmBHB@T

Property 5. If the loading factors and the core tensor are bounded, ﬁm,t 15 bounded by a
constant independent from t

Proof:
This is straightforward by triangular inequality along with Assumption I1

Property 6. The function ﬁl,t 15 strictly convex and Hessian lower bounded.

Proof:
N 1—0)a
Fut(A) = 1300 12X = Gi xper, AL X A X i AP |F + af]| Gl + U2 A3,
0<f<1la>0.
Appendiz E.0.1. Strict convezity

fnt(A) — %HAH% is a convex function. Hence f,;(A) is strongly convex, which
implies strict convexity.

Appendiz E.0.2. Hessian (lower) boundedness
Fra(A) = 15 112=Gixper, ALY X0 A pris AL 2406 1G: -+ 022 [ A

By the Property 4, we have:
Ofni(AM) =15 1 <—2X§">G§”>T + 2A<n>B§”>B§.”>T> +a(l — 6)AM with:
B = G (Syer AL @pepges AT), KO =X (3101, AL 0, AL)
Hence, we have: R
Ofni(A™) = AMS,—M,+a(1-)A™ with S, = 1 3 BB M, = 15 XWG!"
Thus, the second derivative with respect to A™ yields:
Pfoi(AM) =ST I, +(1-0)aly, s, 11,5, € RIWn*Indn and I; € RI"*In being the identity
matrices
= Pfo(AM) =8, @I, + (1 —0)al;, 5, (symmetry of S;)
Simple computations along with the mixed product property on the Kronecker operator
yield:
Scw I, = ;3B ©1,)(B" @ 11,)"
Hence, 9%f, ;(A™) is a symmetric positive definite matrix with all eigenvalues lower bounded
by (1 —0)a.
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Property 7. The lost function | defined in the section Appendiz B is a Lipschitz function
with respect to A™ and uniformly bounded.

Proof:

A. Boundedness

This is straightforward by triangular inequality and the fact that the loading matrices and
the core tensor are bounded.

B. [ est Lipschltz with respect to A

The function A® — 1| X =G xper, , AP xn AW X s AP |2 +00] G+ 252 A2 is
differentiable and its derivative is continuous on R/t P x RIn*Jn (since it is a polynomial
in the entries of G and A™). Given that the minimization problem with respect to G is a
minimization problem on a compact set of a continuous function, it admits a solution that
is unique (by Assumption III ). Hence, by the theorem of Bonnan and Shapiro, the function

lost function A™ — (X, A™) = ming 3||X — G Xper,_ A,(ﬁzl X, A X gerntt A,(f)HfP +
ab||Gll1 + @HA(") |% is directionally differentiable and we have by Property 4

Bul(X, A = — (f(WGg")T(x, Ay A<">B<">B<">T) +a(l— A

with X™ and B™ being the matricized forms of the tensors:
X =X sper, AT 5 T i AOT B = Go Xper, , AP X T e puin AY

Go(X, A1) = arg ming || X~ gxpeznflA,i’anA<”>xqewlAk [3+ab]1G 1+ 52 | A3
Since the derivative is bounded, [(X,.) is Lipschitz by the Mean Value theorem.

Property 8. J?n,t 1s Lipschitz and bounded with constant independent of t.

Proof:
Fae (A™) = 1320, 51X — ABO|E 4 ab]|Gil|y + 52 A with:
BM™ =g <®pezn 1A/,(H)1 Bgerntt Aéﬁip) ,X§”) and ng) being the mode-n matricized forms
Foa (AT) = For (A ">)—1zl 03 (I = APBOE — X7 - ALBO| )
a(l—60
el >(||A VI3~ 1AS13)

=1 Fus (A7) = Foe (A7) 1= 1500 Ml (AL = ALY) BO) |+ M| (AL — ALY |15
(Property 1)

| Jue (A7) = Jau (AL) | 420 M AL = AL |15 + MI|AL — ALl (the latent
factors are bounded)

= fu ( ) F ( ) < (Ms + My) ALY — ALV

Property 9. f,: is Lipschitz and bounded with constant independent of t.

Proof: since the lost function [ is Lipschitz with respect to A™, f, ,(A™) = L5~ 1(x;, AM)
is Lipschitz as linear combination with positive coefficients of Lipschitz functions and bound-
edness result from the boundedness of the loss function.
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Property 10. Let’s consider the function S(X A G):
E(X AM.G) = 51X — G xper,, Al X0 A X A”’II% + af]| G|y + AN}

Let’s denote A(G) the function defined by: A(G ) = 5()(1, ,g) §(X2,A ,g). The
function A is Lipschitz.

Proof:
A(Ga) = A(Gs) = (X1, AP, G.) —§(X, ALY, Go) = (621 AT, Gp) — £(X2, AL, )

= A(G.)-AG)) = 6(X), AP, Go) -6, AL Go)- (X5, AL, Gu) — (%5, AL, G)
= A(Ga) = A(Gs) IS | £(X1, AT, Go) — (X1, AT, G)) |

FT

+ €5, ALY, Ga) — (X2, AL, G)) |

'

ST
E(X1 ALY, Go) —6(X1, AT Gg) = X1~ ATVGEIIMO 7+ af)]| G|y + =5 AT |7~
FIXT — APVGEM® 5 — af]Goll — 52 A |
FT < M;||GYY — G/(gn)HF + ad||||Gall — 1G5]1]] (boundedness+Property 1)
= FT < Mi||Ga — Gsllr + M2||Go — Gsl|r (second triangle inequality+norms equivalence).
An identical reasoning on ST concludes the proof.

Property 11. Let A be a matriz whose entries represent random variables, 35 > 0, ||E(A)||r <

BE(|AF) with (E(A)), ; = E(A;;)

Proof:
Since the set of matrices of a given size represent finite dimensional space and all norms in
a finite dimensional space are equivalent,;, 82 > 0 deterministic such that:

BulAllr < |All < Baof|Allr. and Bi[E(A)|F < [[E(A)][1 < Bof[E(A)||F
Thus, we have:

IE(A) || < 2 IE(A) 1 < Z-E(AlL) < ZE(|Allr)
The first and third inequalities are from norms equivalence in a finite dimensional vector
space and the second one is from triangular inequality.

Appendix F. Block-wise convergence

The reasoning for this section is inspired from the analysis provided by [21]. The objective
of this section is to prove that Ak"Ht converges to the set of stationary points of A™ —

f(Ak+17 ) ,A,(;jrll), A A n+1) o A,(C ). For notations simplicity, we denote Ak+1t by Aﬁn).

Appendiz F.1. IM > 0, HA(" AEHHF <i

Proof:
fui (A1) is strictly convex with Hessian lower bounded (Property 6)

Fur (A > (AN + M| A, — A2 (F.1)
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Moreove)r R ( - N -
fn t( t+1) = f At+1) fn t+1<At ) + fn,t+1(At )
< Fut(A) = Foiit (AT + frasr (A™) : :definition ofAt?H
(n
t

n
o t Jr ©
o Fod A (A < Fo A = Forit (AP 4 Tt (L) — £ (A

This implies:

Fra(AD) = Far(A) < Qi(ATD) — QUAL™), QuAM) = Ful(A™) = furia(AM) (F.2)

It is worth to notice (by definition of A,g")) that:

QAL — Q(AM) >0 (F.3)
n n n o 9 n
Frtr1(A0) = 25 o o (A™) 4+ SED A 4 55 | X1 — Grsn Xper, AL X AP o

A(q)”%

Hence, we have:

(A M) = =3P A+ (31X = Gor ot AL 0 A X oprin AL+ b Gosal ) +
t+1 ||A HF

:»@x >—Qt<A<"’>=l(ﬁt<A§">>—ﬁL,t<A§">>)+ (HXM APB[} — X - ASUBJ3 )+
t+1 (HA HF HA H ), B = ng)l (®p€fn—1Al(c—|21 B germt Ak

=| QuAY) — QuAL) < HTua(AL) = Fue( AT + 525 AT — ASY||p (bounded-
ness+Pr0perty 1)

= QuAL) — QAT < BIAY — A r + i A — A Ile < MR AT — Al
(Property 8+equat10n (F.3))

Hence, we have with (F.1) and (F.2):

MHAtZ)1 - Agn)H% s HAt—H §”)HF. By assuming A" Aii)l, we have:
AL~ APl = O

Appendiz F.2. The gradient of the function f, is Lipschitz
Proof:
Fu(A®) = Ep(1(X, A™))
The function A — [(X, A) is differentiable and its derivative is bounded (property 7) by
a constant K, which is integrable. By the theorem of differentiation under integral, we have:

Ofn(A) = Ep (02l(X,A))

= Ofu(A) = Ep | — ()E(")Gg””(x, A)— AB<">B<”>T) 4 (1-6)aA

- S

v(a)
with: B (X, A) = G (X, A) (@yer, Al @, AT
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V(A)) = V(Ag) = 22X (G (X, A1) - GIV(X, A2) ) +a(l - 0)(A; — As)

+2 (A BMW(X, A)BMWT (X, Ay) — A, BM (X, Ay) BWT (X, Ay)

= [[V(A)-V(As)|[r < i G (X, A1)~ G (X, A) || r+2]| A;B™ (X, A)BMT (X, Ap)—
AQB(n)(X, AQ)B(H)T(X, A2)||F + O./(l — (9)||A1 — AQ”F

Since all the matrices are bounded, we have:

= [[V(A1) = V(A2)|lr < a1|GSV(X, A1) — GE (X, As)l|r + 200]| Ay — Asr

+2a3||Bn (X, Al)BZ(X, A - B, (X, AQ)BTTL(X, As)||lF+a(l —0)]|A; — Asl|r (Property
2) = [[V(A) = V(A2)|lr < a1]|GEV(X,AY) — G (X, A + (202 + a1 — 0))]|A; —
Ay +2as(ay|Ba(X, A) =B (X, Ay)||r+a5||BL(X, A) —BI(X, Ay)||r) (Property 2)
= [[V(A) = V(Ag)[[r < ar| G (X, A1) = G (X, As) ||+ (202 +a(1—0))[| Ay — Aslr+
as||Bn(X, A1) — B, (X, Ay)||r (because the term |B™ (X, A;) — B™ (X, Ay)||r appears
two times)

= V(A1) = V(A)||r < | GE(X, AL — GY (X, A ||+ (200 + (1 0)) | Ay — Ay 7+

n T T n T T
ool GE (2, A1) (@per, AL @y AP ) =G (X, A2) (@per, AL @y AP ) e

(by replacing the expression of BM™ (X, A))
= V(A1) = V(As)|[r < ai]|GS (X, A) — G (X, Ak + (242 + a1 — 0))[| A — Asl|r
+ agll (G (X, A1) = GEV(X, A2)) (@per, AL @i APT) Il (distributivity of the

Kronecker product)
By the boundedness of the matrices, we have:

[V(A)=V(Ag)|[r < ag]|GI (X, A1)~ G (X, Ay) ||+ (202 +a(1—0))[| A1 — Ay (F.4)

By definition of df,,, we have:

Ofn(A1) — 0fn(A2) = Ep(V(A1) — V(Ay))

= [|0fu(A1) = 0fu(A2)|r = |Ee(V (A1) — V(Az))|r

By Property 11,43 > 0 such that:

10fn(A1) — Ofn(A2)|lF < BER(||V(A1) — V(Az)||F

By the inequality (F.4), we have:

[0 (A1) = 0fu(As)lr < MiEp(|Gy” (X, A1) = G¢" (X, Ao)| ) + Mo Ay — Aslr
It is sufficient to prove Gg is Lipschitz to prove the result

By definition,

! a(l—10
Go(X,A) + arg m1n§||X — G Xper, 4 A;ﬂl Xn A X e A](C‘I)H?J + ad||G]|1 + %HAH%
1
= arg min ; vec (x) — <®peln+1A,(£21 ® A Qe Al(cq)> vee(G)||F + abl| vec(G) |1

g

Given the Assumption III ( uniqueness of the Sparse coding problem), Property 10 along
with the fact that the Sparse coding problem amounts to a classical least squares problem
with L;— penalty by vectorization of the Tucker decomposition, the same reasoning as the
one conducted in [21]: proposition 2 yields:
[Go(X, A1) — Go(X, As)|[p
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< M| <®pe1n AL © AL @y g A}@) _ (@,,ezn_lA,(ijl ® Az ©yepnit AI(;I)> I

= M| (®p61n 1A1£H (A1 — Ag) ® e Ag”) |7 (distributivity of the Kronecker prod-

uct)
= ||Go(X, A1) — Go(X, Ay)||r < M;||A; — Asl|p, which concludes the proof.

Appendiz F.3. fn(Aﬁn)) converges

First step: fn,t(Agn)) converges almost surely.
Proof

U = J?nt(Agn/)\)
Urp1 — s = fn t+1(A§L> Fa. m(A ) + faret (AP) = Foi(A)
= Uy — U < fn t+1( ) fn t( ) (by deﬁmtlon of A§+)1)

Fuas1(APY) = 4 fm(AE") t+1l()\f‘t+1,A )Y (by definition of [(X,1, Al™) and Gy.1)
Hence, we have:

(X, A = Fua(A) WX, A) = fuo(A) + for(A) = Fon(A”)

ek — e < t+1 t+1
(F.5)
By noticing f,,+ < fn.+, we have:
(X n
Ups1 — Uy < ( t+17 ) .f t( ) (FG)

t+1

By conditioning the expression (F.5) with respect to the filtration F; (filtration determined
by the past information at time t), we have:

N (n) (m)yy_ N _
E(ut+1 B Ut|~7:t> < E(l(X¢11,A4 t)J\r-'il"'t) frp(ALT) E(Z(Xt+l7Att+)l) frt (A7) (smce Z(Xt+1,A§n)) is

independent from the filtration F;)

(n) (n)
= Ep(up — w|Fy) < In(A )t:rfl"t(At )(deﬁnition of fn(Aﬁn)))

= Ep(up — | Fy) < W (the functions are bounded)

(F.7)

The lost function (X, A™) is uniformly bounded on a bounded set and Ep(I?(X, A™))
exists and is bounded (because the lost function is uniformly bounded). Hence, according
to the Theorem IV, IM > 0:

Ep (VE] 1300, (XHA(") Ep({(X,A™) |) < M,X drawn from P, VA™

= B (Vi Fua(A®) - £,(A)[) < MYA™

= Ep (|| fut — falle) < %

This inequality associated to (
Ep(Ep(u1 — ue Fi)™) < ﬂ(t 1)

7) yields:
< M

3 .
2

~+
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= > o Ep (0 (wpr — w) = Yo Ep(Ep(uis1 — we] Fy)T) < 0o(d; being defined in Theorem
IIT ). By the Theorem HI uy converges almost surely to .
Second step: fn,t( ) fnt( ) — 0 a.s.

By the equation (F .5) we have:
(A (M _F A
Ups1 — Uy S (Xi11,A; H)_l S (Ay) + Fr,t (A 2+1fn,t(At )

(My_7 (n)
= E(upyy — u) < E(Lt t)Jrlf”’t(At )(the expectation of the first term is zero since the

data samples are assumed to be identically distributed)

-~ (n)y_ B (n)
= Bp(fedie By < EP(Ut = urp1)(%)

= Y B DAl A) < 30 By — i) = Enty — ur) ()

The sequence {u; — ur}, converges (Flrst step). Since it is bounded, by the dominated
convergence theorem, the sequence {Ep(u; — up)}, converges. Therefore, we deduce from
the equality (**) the convergence of the series Ep(u; — t41).

in (n)y_ (n) .. sy s
Since the series Ep(? ne(Ay 2 Jj"’t(At )) and Ep(u;—u11) are positive (positivity of the first and

the second terms result respectively from the definition and (*)) and the series Ep(u; — ;1)

Fut (A= far(AM)
t+1

converges , by the inequality (*), the series Ep( ) converges. Hence, we have:

(AT (AT
Zt 1 (f a 2+{ = )) <00

o0 fnt(A( )= fri (A
t+1

= Ep( ) < oo (by Fubini Theorem for positive random variables)

(n) (n)
Given that EOO Ins(A; 2 +{”’t(At )is a positive random variable and its expectation is finite,

this implies (see Processus Aléatoires:page 9 by Delmas and al.):

= Fut(ALY) = fua(AFY)
g t 1 < 00a.s. (F.8)
Let’s consider two sequences ay, b; defined by: a; = ; +1’ fnt( ) — fn,t(Aﬁ"))

It does not require great effort to see that the assumptlons of Theorem 11 are verified. Thus,
we have

fn,t( ) fnt( )—>0as when t — 0o

Third step: fn(Ag ) converges almost surely.

By triangular inequality and the definition of |.|.,, we have:

| (A = P d(AYY 1< f = Futlloot | Fan(AM) = Foi(AM) | (F.9)

A class of function F = {f : Q x Ky, 5, = R, f(X,A™) = (X, A™)} Q representing the
set of tensors of compact support. Since Kj, ;. is compact and the class of functions F
verifies Theorem V , we have:

limy o0 | Zt l(XZ,A( ) — Ep(l(X, AM™)) |=0,VA™

= hmHoo |1 Z L&A —Ep(I(X, AM)) |=0,YA™

=ty | FarAC) = £, (A1) [=0,VA®)

= limy 00 (| fot = fallo =0

By Glivenko-Cantelli and the Second step, the inequality (F.9) yields:
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’fn( ) fn( )|—>0Whent—>oo
ﬁfn( ) fnt( )—>0aS t— o0
= fu(A E )) converges a.s when t — oo (since fnyt(Agn)) converges a.s. by the First step)

Appendiz F.J. Al(fn) converges to a stationary point of f,: asymptotic behavior with respect
tot

Proof:
With the assumptions I, IT, III, a reasoning identical to the one presented in [21] (Proposition
4) yields this convergence.

Appendix G. Global convergence: asymptotic behavior with respect to k

In this section, we extend the result of the last section to the set of stationary point of
f considered as a function of all of the dictionary matrices.

From the section Appendix F.4, Vn, A§”) converges to A = Al

k+1>

. on K; ;. This implies the derivative of —-2f= A™ ) belongs to the normal cone of
ns>Jn HA(n) k+1 8

Kr,.s, at A,(ﬁr)l. Since A,(:F)l is an interior point of Ky, ;. (Assumption V), it is well known
that this normal cone is reduced to the singleton {0}. Hence:
%(Agjl,..,A,ﬁl”,AkH,A;*”,..,A,QN)) = 0 since AM — f(.,AUY A AT
and A™ — f, (A kﬁl, ..,Agill LA™ A(”Jrl ..,A,(CN)) are proportional up to an additive
constant.

We proved in Appendix F.2 that:

YEIAD, LACD AW AD AN = By (V(AD, L AC—D AW AMD | CAN))

V(AD, A= A A+ AN)Y = ()z(m(;(n)T(X,A(n)) _ A(n)B<n>B<n>T) .

0)aA™, BW(X, AM) = G (X, A™) @per, , AL)] @pepn AP

Since the function A™ — Gg(X,A™) is uniformly continuous because it is Lipschitz
(proved in section Appendix E), the function V is uniformly continuous. Thus, we have:
Ve > 0, 377 > O,Vl‘,y7 ||‘T - y| HneINRInXJn < n= HV( ) - ( )HF Se

Let’s choose y = (ALY, ., A" AN AV ANy andz = (AD),, . AT AN ATTD AN
By Assumption IV, we have:

lz =yl Myery Binxn < kl%

By convergence of X . to 0 when k goes to infinity (n being fixed):

ElkoeNVk>k0,k7 n

Hence, for all k > kg, we have:

||z — y||Hn€IN Rinxdn < 1)

= [[V(z) = V(y)llr < e

= Ep (|[V(z) = V(y)llr) < e

= [|Ep(V(z)) —E(V(y))||r < fe (Property 11)

By definition, Ep(V(z)) = 0 and -2 (A AP A ACTD ANy — B (v(y)).

A (M)
So far, we have proven that:

a stationary point of
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Ve > 0,3k € N,VE > ko, [|5205 (A, ., AV AL ALY AN | < Be,Vn

. o 1 n—1 n n+1 N
:>11mk_,oo||8A—{;)(A§€),..,A,(€ LA A AN p = 0.

This means that the more k increases, the more the N — uplet {AS), o A,(CN)} gets closer

to the set of stationary point of the function {A(l),..,A(N)} € Rivh | x RINXIN
FAD AN which concludes the proof.

Miscellaneous results used for the analysis.

Theorem I: from Bonnan and Shapiro

Let f: RP x R? <~ R. Suppose that for all x € R? the function u < f(z,u) is differentiable,
and that f and 0, f(x,u) the derivative of u — f(x,u) are continuous on R? x R?. Let v(u)
be the optimal value function v(u) = minyec f(x,u), where C is a compact subset of RP.
Then v(u) is directionally differentiable.

Furthermore, if for ug € R?, f(.,uy) has a unique minimizer xo then v(u) is differentiable in
Up and 81/(u0) = 82f(X0, uO)

Theorem II (see Lemma 8 in [21])

Let a,, b, be two real sequences such that for all n, a,, > 0,b,, > 0 2211 a,, = 00, 22021 anb, <
00, IK > 0 s.t |byy1 — by| < Ka,. Then, lim,, b, = 0.

Theorem III (see Theorem 6 in [21])

Let (W, F,P) be a measurable probability space, u; , for t > 0, be the realization of
a stochastic process and F; be the filtration determined by the past information at time
t. Let §; defined by: 6, = 1 if E(usr1 — ug|F;) > 0 otherwise. If for all t, u, > 0 and
S E(0(uerr — up)) < oo. Then u; is a quasi-martingale and converges almost surely.
Moreover, Y2 [[E(up1 — ue| Fr)|| < o0 a.s

Theorem IV(A corollary of Donsker theorem see Van der Vaart, 1998, chap. 19.2, lemma
19.36 and example 19.7)

Let F={fy: = R,0 € ©} be a set of measurable functions indexed by a bounded subset
© C R%. Suppose that there exists a constant K such that:

| fo, () — fo,(x)| < K0y — 65| for every 0,0, € ©,z € 5. Then, F'is P-Donsker (see Van der
Vaart, 1998, chap. 19.2).

For any f in F, let us define P, f,P; and G, (f) as: P,f = 13" | f(X,),

Pf = Ex (f(X)),Guf = V7l (B,f — Bf)

Let us also suppose that for all f, P f? < 6% and || f||.c < M and that the variables X, .. are
Borel-measurable. Then, we have: Ep (||G,||r) = O1),||G.f|lr = supser|G,.f|

Theorem V: from Wald (1949) and Le Cam (1953)

Let F = {f:Q x T — R} where the functions f : Q x T — R, are continuous in t for P
almost all x € Q (IP : probability on ). Suppose that T is compact and that the envelope
function F' defined by: F(z) = supier | f(z,t) | satisfying P(F) = Ep(F(X)) < 00, X ~ P.
Then, Ny(e, F, L1(P)) < 0o,Ve > 0 (hence, F is P—Glivenko-Cantelli.)
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