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Abstract

Motivated by the study of the metastable stochastic Ising model at subcritical temperature and
in the limit of a vanishing magnetic field, we extend the notion of (k,\)-capacities between sets,
as well as the associated notion of soft-measures, to the case of overlapping sets. We recover their
essentials properties, sometimes in a stronger form or in a simpler way, relying on weaker hypotheses.
These properties allow to write the main quantities associated with reversible metastable dynamics,
e.g. asymptotic transition and relaxation time, in terms of objects satisfying two-sided variational
principles. We also make the connection with the classical “pathwise approach”.
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1 Model and main results

We consider a Markovian model for metastable dynamics with, for the sake of simplicity, only one
metastable state or two local equilibria. We also assume to be in some asymptotic regime, meaning that
the dynamics depends on some parameters, like temperature, volume or magnetic field going to some
finite or infinite limit, and we will write f < ¢g whenever 0 < f < g and the ratio f/g goes to zero in
the considered asymptotic regime. Let then X be an irreducible and reversible continuous time Markov
process on a finite configuration space X with generator £ defined by

(Lf)@) =Y wzyfly) - f@)], 2eX, [:X=R (1)
yFx

Our assumption about the unicity of the metastable state amounts to say that on the long time scale the
dynamics can be described in some sense by a Markov process between two states, i.e., two probability
measures on X, i and pu, the latter being the equilibrium measure of the system, and such that fi and p
are concentrated on very different parts of the configuration space X. For example we can think of ji as
the restricted ensemble
MR = M(|R)

for some subset R of X such that u(R) < 1. We will also consider situations where u(R) is of order 1,
in which case we will deal with “two local equilibria”.

Such a phenomenology with only one metastable state is expected in the case of the kinetic Ising model
at subcritical temperature T' and under a small magnetic field 0 < A < 1 in a box A C Z? with volume
(C/h)? for a large enough constant C' > 0. This is illustrated by Figure 1, in the case of a square box with
periodic boundary conditions, where we show a dynamic started from the “all minus configuration”. In
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Figure 1: Snapshots of a kinetic Ising model at temperature T = 1.5 and under magnetic field h = 0.14
in a 256 x 256 box with periodic boundary conditions. Minus spins are yellow and plus spins are red.
We took pictures of the first line at times 471, 7482 and 13403, at times 14674, 15194, 15432, 15892 and
16558 for the second line, and times 17328, 23645 and 40048 for the last line.

this figure the first three pictures can be seen as samples from a restricted ensemble pg concentrated on
configurations where minus spins dominate, the last three ones as samples from the equilibrium measure
1 where plus spins prevail. The time needed to nucleate the “supercritical droplet”, which triggers the
transition from the metastable state pugr to the stable one p, is expected to asymptotically follow an
exponential law in the vanishing magnetic field regime h < 1. The beautiful paper of Schonmann and
Shlosman [SS98] makes rigorous a very large part of this picture. By introducing a suitable subset R
of the configuration space they compute the critical rate A, > 0 such that, for a large class of starting
distributions and in the regime h < 1, the distribution of the system at time t = e*/” is close to the
restricted ensemble pugr for A < A. and close to the equilibrium measure p for A > A.. The only missing
part is the asymptotic exponentiality of the transition time. (They actually study the infinite volume
dynamic for which, for reasons outside the scope of this paper, the asymptotic exponentiality is not
expected. But it is expected in our finite and diverging volume (C/h)?, and the first step to prove the
absence of exponentiality in infinite volume would be to prove asymptotic exponentiality in this finite
volume case.)

1.1 Soft measures and capacities

One way to establish this asymptotic exponentiality would be to follow the approach presented in [BG16].
In this paper we introduced, for a given R, soft measures p7 , as a continuous interpolation, for A in
[0, +00], between the restricted ensemble pr and the quasi-stationary measure p defined by the “Yaglom
limit”

o= 1P (X = | Tam > 1),

with the convention that T4 stands for the hitting time of any A C X'. Under a suitable set of hypotheses
(Hp) which we will soon make precise, all these soft measures uz , are close in total variation distance
and they all represent a metastable state associated with R. To define them one has to consider the
process X killed at rate A\ in X\R and its trace on R: PR 1s then the associated quasi-stationary
measure (we will be more precise later). The killing time T} is in this case the sum of the local time in R

T = tr(TH)
(which is written 7x\z » in [BG16]) and an independent exponential variable
O\ = g_;\g\R (T)\)

of rate \. We proved in [BG16] that, under suitable hypotheses the distribution of X (7)) is close to
equilibrium and we also established for T)\R, when X starts in R, an asymptotic exponential law with



rate ¢3, , defined by
1
PR

(Starting from PR the local time Tf has actually an exact exponential distribution with rate ¢% j,
and we use the upper index * to denote objects like exit rates and quasi-stationary measures associated
with killed processes.) Under the same hypotheses one can choose the killing rate A in such a way that
1/ is small with respect to the mean exit time 1/ ®% s so that the same asymptotic exponential law
also holds for T itself.

We also introduced in [BG16] (x, A)-capacities C} (R, X\R), which we will call soft capacities in this
paper, to describe the asymptotic behaviour of ¢% ,. Under hypotheses (Hp) it holds

. ORIR)
A T R)

for well chosen k and A (the symbol ~ means that the ratio of the two quantities goes to one in the
considered asymptotic regime). These soft capacities are naturally associated to the process killed at
rate A in X\R and at rate x in R. They make the mean transition time 1/¢% | “easy to estimate” since
they satisfy a two-sided variational principle: as we will make it precise, any test function and test flow
will give upper and lower bound respectively. We finally stress the fact that, under hypotheses (Hy) and
despite the notation, provided that x and A\ are chosen in suitable large windows there is essentially no
asymptotic dependence of the associated objects in k and A: soft-measures are all close together and soft
capacities all have the same asymptotic behaviour. In particular we proved in [BG16] that, provided &
and A are chosen in the right windows, the relaxation time 1/ of the Markov process X can also be
asymptotically expressed in terms of the (k, A)-capacities:

1 p(R)u(X\R)

=K B

N%,A [T/\

7 QRAX\R)
To make precise hypotheses (Hp) we have to introduce the restricted process X on R, which is
obtained from X by supressing all jumps from R to X\R. This is the Markov process with generator
Ly defined by

(Lrf)@)= Y w@ylfy) - f@)], zeR, [f:R-R (2)

yER\{z}

We assume it to be irreducible and we call 1/7x its relaxation time: the spectral gap v is the convergence
rate of the law of X (t) towards the equilibrium measure in R, for X% started in any generic distribution.
As a consequence of our reversibility hypothesis this equilibrium measure is the restricted ensemble 5.
Next we call ¢% the exit rate from R starting from the quasi-stationary measure pj. In other words
we set ¢ = ¢ | . We will assume in (Hp) that the relaxation time 1/ of the restricted process is
small with respect to the mean exit time 1/¢%. In other words, calling €}, the ratio between these two
quantities, we will assume §
€r = Or <1

TR
We define in the same way yx\w, gbj{\R and 6;(\72’ assuming that X\R is irreducible too. Let us
summarize and add one more assumption to define the hypothesis set (Hp):

Hypotheses (Hy): We assume both R and X\R to be such that the associated restricted processes are
both irreducible. We assume € < 1 and €y < 1. We assume in addition wWX\R) > p(R) and
var < 1/¢%.
Hypotheses (Hp) amount to assume that local relaxation times in R and A\ R are small with respect to
the corresponding mean exit times and that the local relaxation time in the larger X\ R is small with
respect to the mean exit time from R. Under hypothesis (Hy) it is possible to choose k and A in such a
way that ¢, < kK < yr and ¢%, qb}\R < A < vx\Rr- These are the large windows we were refering to.
It is important at this point to stress that to check hypotheses (Hp) one need lower bounds on mean
exit times as well as upper bounds on local relaxation times, and that the former are generally much
easier to get than the latter. As we will see, the escape rate ¢} satisfies a variational principle

. D(f)
min TEN
170, || fll

flayr=0

PR =



with D the Dirichlet form associated with £ —which is defined by
1 2
D=5 Y ceylf@-fw] f:X-R

z,YyeX

where the conductances c¢(z,y) are given by

c(z,y) = pw(z,y), wyeX
— and with || - || the norm in £2(u):
IF12 =D w@)f(@)?,  f:X =R
TEX

As a consequence any test function will give an upper bound on ¢%, i.e., a lower bound on the mean
exit time 1/¢%. The spectral gap yg can also be defined by a variational principle,

. Dr(f)
YR = min < ———C_ 3
fet?(ur), Varun (f) )
Var, . (f)#0

with D the Dirichlet form associated with L£x. But this variational principle does not provide any
simple upper bound on the local relaxation time 1/, bounding it from above can be a hard task.

This difficulty can depend in a critical way of the choice of R, which is part of the problem in metasta-
bility studies. To achieve such a goal in the case of our kinetic Ising model at subcritical temperature in
the vanishing magnetic field limit, we use flow, or random path, techniques in [GMV18]. These random
paths have to describe the natural evolution of our system relaxing in R, which implies that R should
be in some way closed under a natural evolution inherited from L. This means that, for this kind of
techniques to succeed, R has to be chosen “large enough”. But hypotheses (Hy) do not regard R only,
they also involve its complementary. Since a “large” R would go with a “small” X'\ R, the same kind of
techniques are likely to fail when dealing with X\R. But we can use them in [GMV18] when replacing
X\R by a larger set S. Extending the results of [BG16] when dealing with a pair of subsets R,S C X
such that ¥ = RUS but RN S # 0, instead of dealing with a partition X = R U X\R, is the first goal
of this paper.

To state the first main results of this paper let us then write X as the union of two sets R and S and
introduce the analogous

Hypotheses (H): We assume R and S to be such that the associated restricted processes Xr, Xr\s,
Xs and Xs\r are all irreducible. We assume ‘b;z\s < yr and qbg\R < vs. We assume in addition

w(8) = W(R) and ¢\ 5 < Vs-

(It will be clear later that the irreducibility hypotheses on Xz\s and Xs\z are in no way crucial: they
will simply make easier some later definitions and proofs.) For A € [0, +00], we set

)\5($) = )‘]l{xES}a T € Xa (4)

we consider the process X killed at rate As(z) in each z in X —i.e., killed at rate A\ in S— and we
call T, the associated killing time. Let X% ,_  and up ,_ be the trace on R of this killed process
and the associated quasi-stationary measure. We call ¢ , _ the killing rate of this trace process in the
quasi-stationary state /f;a’ As

PR s

with T3 = £z (Ths) the local time in R up to Txs. For k € [0,400] we also set
kr(z) = Kl{zery, T E X,
and we call T, the killing time of the process X killed at rate x in R. With
V(@) =Py (Trr < Ths), r € X,
we define, following [BG16],

K K

CA(R,S) = D(V) + wp(R) By, [(V2 = 1)°] + Au(S) Bus [(V2 - 0)7]



Theorem 1. Assuming hypotheses (H) and choosing k and X\ such that

Pr\s KEK<IR  and  Pp\sVdsr <AL Ts,

1t holds

CA(R,S)

CA(R,S)
PR)(S) '

and (15;2)\5” AR

~y

Comments:

i.

ii.

iii.

iv.

vi.

vii.

This gives a way to compute the precise asymptotic value of the relaxation time 1/v. As soon as
x and A are chosen in the right window, the spectral gap v scales, up to the multiplicative term
w(R)u(S), like the soft capacity C}(R,S) that satisfies a two-sided variational principle. As we
will see in Section 2, any test function and flow will give upper and lower bound for C} (R, S).
These are then translated in upper and lower bounds for ~.

We already mentioned that the main diffciulty to establish the validity of the hypothesis set (H)
usually consits in bounding vz and 7s from below. It is often the case that, once such lower bounds

are established, there is a natural way to build a suitable flow to get useful lower bounds of the
soft capacity: see [BG16] and [GMV18].

Similarly to what happens in the case RNS = (), the family of measures Wi s Provides a continuous
interpolation between the restricted ensemble pugr, which corresponds to A = 0, and the quasi-
stationary distribution u}‘a\ s> Which corresponds to A = +o00. We will see in Section 2 that, under
hypotheses (H), they are all close together. For A in the right window each of them can serve as
a model for our metastable state, the escape rate of which scales like u(S)y. (We can consider
situations where u(S) does not converge to 1: we only assume u(S) > u(R), not u(S) > u(R).)

The proof of Theorem 1 is deferred to Section 3. In this section we will give explicit upper and
lower bounds for ?% s and v that will bound explicitly the multiplicative corrections with respect
to the asymptotic values.

About these upper and lower bounds, the latter are the most relevant. Both the exit rate ¢%,» and
the spectral gap v are indeed infimums given by some variational principles, so that upper bound
are simpler to get. In particular the lower bound given in Section 3 on 7 is a Poincaré inequality
that can be generalized to the case of more than one metastable state (cf. Proposition 3.1). The
upper bounds indicate however that our lower bounds catch the right orders.

The windows given in Theorem 1 for x and A can in principle be enlarged for the conclusion to
hold. For example, as far as the lower bound on & is concerned, the explicit upper and lower bound
of Section 3 will scale like the given asymptotic values for ¢ /k < 1. We will see in Section 2
that x> ¢%, s is only a sufficient condition for having ¢7, ;. /k < 1. Our hypotheses (H) can be
relaxed, in the same way, for the conclusion to hold.

When going from the case R NS = 0 of [BG16] to the case R NS # 0 of the present paper, some
of the arguments of [BG16] are immediately generalized, while others require more work. What
is straightforward to extend will be contained in Section 2. In Section 3 we will have to develop
different arguments. These new arguments will also improve some bounds from [BG16] in the case
R NS = 0: we will get a better upper bound for PR A

The exit rate ¢ ) is not only associated with the exponential random variable Tﬁ and the asymp-
totic exponential time T}, for suitable A, when X starts from the metastable equilibrium PR s Indeed,
we will have, under slightly stronger hypotheses, a “local thermalization property” on a shorter time scale:
we will see that in a time of order 1/(k A \) < 1/¢% ). our system relaxes either to uz \, or u% ...
the latter being defined as the former with S in place of R and k% in place of As. Hence we will have
an asymptotic exponential transition law of mean 1/¢% ,_ for a large class of starting measures or con-
figurations. Also, we can rebuild the full picture, under the same stronger hypotheses, of the classical
pathwise approach in which the asymptotic exponential law plays a central role.



1.2 The pathwise approach

The pathwise approach to metastabilty was introduced in [CGOV84]. It consists, in identifying, on the
one hand, a stopping time 77 —the asymptotic exponential law of which will be associated with its
expected unpredictability— and, on the other hand, a shorter deterministic time scale 6 together with
a local equilibrium f such that, starting from fi, the time averages on time scale 6 of any observable f,
which are defined at each time ¢ > 0 by

t+6
e f) =5 [ rx@)as

are typically close, in the spirit of the ergodic theorem, to the expected value of f according to the local
equilibrium fi before time 77 —more precisely, up to time 77 — 6 > 6— while, at time 77, the system is
close to the global equilibrium g or to a different local equilibrium. This can be turned in our context
into a rigorous mathematical statement by setting i = pugr and 77 = Th,, for a suitable A and under
hypotheses that are slightly stronger than (H).

Let us first explain why we need stronger hypotheses. On the one hand, we will have to choose 6
such that not only 6 <« 1/ R rg» Which is of the same order as T} = Ty, when starting from pg, but
also 6 >> 1/, in order to be able to neglect in the time averages on time scale 6 the excursions in S\R
before T : by construction, their time length is dominated by an exponential variable or rate A. On the
other hand the time spent in S up to T, will have to be long enough for X(T),) to be close, in total
variation at least, to ps: taking 1/ large with respect to 1/~s, the relaxation time of Xg, could be not
enough to this purpose. A sufficient condition will be 1/A > (In xs)/vs with

1
X8 = RES us(w)
(this quantity was denoted by 1/{s in [BG16]). We will be able to choose a 6 satisfying the previous
conditions if, not only 1/7s < 1/(;5}*2\3 as ensured by hypotheses (H), but instead (In xs)/7s < 1/(;5’7*2\8.
With such a A the distribution of X (7)) will be close to us, which, in turn, is close to the global
equilibrium p if u(R) < 1. But if we only have p(R) < u(S) and not u(R) < u(S), then ps can only
be considered as a different local equilibrium. In this case we can consider 75 defined as the killing time

at rate nkr after 17 = Th,:
T, =1T; +T;<R O®T17

©; being the usual shift operator, such that, for all s > 0, (0:(X))(s) = X(t+ s), and for all ¢ > 0, with
Ty =0,

Toir1 = To; +Thg 0 Ory,,
T2i+2 = T2i+1 + TKR © 6T27:-¢-1'

Let us define

()

1
= ma.
R R pr(z)

and introduce
Hypotheses (H'): Hypotheses (H) hold together with (In xs)/vs < 1/¢%\ s and (Inxr)/7r < 1/¢%\s-

We can now make the connection with the time averages of the pathwise approach.

Theorem 2. Assuming hypotheses (H’) and choosing & and X such that

Pr\s < k< YR/InXR and  Pr\s <A < ys/Inys,
it exists a positive § K 1/@5;‘3)\5 such that, for all § > 0, for allmn > 0 and for all observable f : X — R,
Vi <n, Toiqpr > To; +0, Tojpo > Toipq + 0,
Vt € [Toi, Toip1 — 0], V' € [Toit1, Toivo — 0], ~ 1.
[Ag(t, f) — pr () <6, [Aa(t', f) —pus(f)| <0

P,

R



Comments:

i. We will give the proof of this theorem in Section 5. In this section we will make explicit a possible
choice for  and we will give explicit estimates of such a probability.

ii. Asin [OV05], if one is interested in convergence, after time rescaling, of the empirical distribution
process defined by

1 t+60
Ap(t) = é/t 6X(s) ds, t>0,

this theorem, together with a convergence in law of the rescaled Tk, is the key to prove convergence
in Skorokhod topology of a simple modification Ag of Ay, obtained by setting Ag(t) = Ag(Tk — 0)
if t belongs to some [T, — 0, T[ and Ay(t) = Ag(t) otherwise.

iii. In the case u(R) < u(S), we will have (recall Theorem 1)

1 1 1
~ «——=E, [TS|~E
Y PRas P “S’W[ s

ME,NR [TNR] ’

where T,fR is defined as the local time up to killing 7T’ ﬁ by replacing A by x and exchanging the
roles of R and S, just as ps .. was defined similarly to p% , . The rescaled process on time unit
1/ ®R s reaches equilibrium after time ¢% T3 of order 1, this equilibrium can be described by
is, and there is no oscillation on this time scale between the two states ug and ps. Our system
will go back to ug only after a much longer time of order 1/ DS -

To complete the “pathwise approach program” it remains to establish asymptotic exponential laws

for Thg or T, depending on the starting distribution. Starting from px it is a consequence of the fact

that pr and pg , are close in total variation distance (see propositions 2.6 and 2.7). Starting from more
general initial distributions, such a convergence is a consequence of the “local thermalization property”.

1.3 Local thermalization and asymptotic exponential laws

As in [BG16] we can use Thg and T, to build a stopping time T™* of order 1/(x A A) at most and such
that the law of X (7™) is close to u% ,, or u3 ... Since we are here mainly interested in convergence in
law of the transitions times, closeness in total variation distance will be enough. We will then be able to
build 7% in a simpler way, and with weaker hypotheses, than in [BG16].

Theorem 3. Assuming hypotheses (H’) and choosing k and \ such that
Pr\s KK <<R/Inxr  and  Phs <A< 7s/Inxs,

there are three stopping times T, TS and T = Th NTS such that, whatever the starting distribution
of X:

i. the expected value of T* is smaller than or equal to 2/(k A X);

ii. the total variation distance between ur, respectively ps, and the law ™™ of X(T*) conditioned to
{T* =T} }, respectively {T* = T4}, goes to zero, more precisely

3
o () < (1 . [ln’m VXR} ) |
TR 2K +

respectively

3A Ysv/Xs
<=1 1
dTV(/JJS?Tr)_'YS ( +|:Il 2\ :|+>a

and ¢ \sIhs © O+, respectively ¢ . Tip © Or=, converges in law to an exponential variable or
parameter 1;

iii. the probability that {T* = T} = Ty, < Thg}, respectively {T* =T& = Trg < Ty}, occurs goes to
one when the starting measure v is such that P, (Thg < Thr ) < 1, respectively P, (Ty, < Ths) < 1.
More precisely,

P, (I =T% = Top, < Tag) > 1— 3P, (T, < Tur),

respectively
P,(T"=Ts=Tws <Trp) >21-3P, (T, <Tys)-



Comments:

i. We will give the proof of this theorem in Section 4, together with the explicit construction of T
and explicit estimates on all error terms.

ii. This theorem implies an asymptotic exponential law for the rescaled time PRoas Ins when X starts
from any measure v such that P,(Th; < Tkr) < 1. We will give a direct proof of this fact in
Section 2 (see Proposition 2.8). One of the reasons why we needed stronger hypotheses in [BG16]
was that we were also interested there in events like P, (Thg > ¢) for times ¢ that were large with
respect to 1/yz but of a smaller order than 1/¢% .

iii. It is then possible to prove an analogue of Theorem 2 where Ty is replaced by T, T1 by T +15 0O~
and P, by IPI(- | T = T;‘a), for any x in X.

2 Basic definitions and properties

2.1 Soft measures and killed process

Given our irreducible Markov process X with generator £ defined in Equation (1) and assumed to be
reversible with respect to a probability measure p, given R and S such that X = RUS and given a finite
A >0, we build the soft measure uz , - from the trace X3 ,  on R of the process X killed at rate As(x)
in each z in X', with As defined in Equatlon (4). With T the hitting time of R and 7). the killing time
of X, namely, the first arrival time ¢ of an independent Poisson process associated with = X (¢) of rate
As(z), X% \g is then the Markov process on R that, on the one hand, is killed at rate

e () )+ Y w(x,2)P. (Tr > Ths) = As(z) + > _ w( . (Tr > Ths), (6)
z#x 2¢€R

in z in R, where the second term accounts for the rate with which X escapes from R and is killed before
returning in it, and that, on the other hand, jumps from « to a distinct y € R at rate

wr s (@, y) = Y w(z, 2)P. (X(Tr) =y, Tr < Trs) = w(z,y) + »_ w(@, 2)P. (X(Tr) =y, Tr < Ths).
z#x 2¢R
(7)

It is associated with the sub-Markovian generator £}, s that acts on functions f : R — R according to

(Lrasf) () = —eR s (@ Z wr s (2,9)(f(y) — f(x)), r€R.

yeER\{z}

Our irreducibility hypothesis (cf. (H)) on Xg, the generator of which is defined by Equation (2), implies
that of X5 .. Then, by Perron-Frobenius Theorem, L% ,  has only negative eigenvalues and the
smallest elgenvalue Proas >0 of —L% . is non-degenerate and associated with a left eigenvector uz
which is a probability on R. We call 1t the soft measure associated with the killing rate A\s and it is a
special kind of quasi-stationary measure. We denote by /% the local time in R:

t
Ir(t) = /0 L x(wer) du, t>0.

It is a non-decreasing continuous function of the time ¢ and we call 67_21 its right-continuous inverse:
051 (s) = inf {t > 0: lx(t) > s}, s>0.

We then have X% | (s) = X o 05" (s) for all s < T and the following lemma.

Lemma 2.1. For all s >0 and all x and y in R it holds

Py, (Xolpl(s) = | T, > 5) = i a5 (@),

lim P, (X o lg'(s) =y | TR > s) = s (0),

and i
Pus vs (TF > 5) = e *"Ras.
The exit rate is also given by

¢;2,A5 = lu;?,)\s (6%7/\5) :



These formulas are consequences of the fact that, for all s > 0, every function f and every probability
vonR,

E, f(X%,AS(S))]l{TQN}} :’/<€S%’ksf>'

We refer to Lemma 2.12 in [BG16] for more details.

As in [BG16] (Lemma 2.13) and assuming hypotheses (H), when A goes from 0 to +00 we get a
continuous interpolation between the restricted ensemble pr and the quasi-stationary measure u}}\ s
Indeed, when A = 0 our soft measure uz )  is nothing but the invariant measure of the trace process
on R, which coincides with p(:|R) as a consequence of our reversibility hypothesis. And, if A = +o00 we
are led to define Xz , - as XR\ s> obtained from X by killing it instantaneously in §. This process is
associated with the sub Markovian generator /JR\ s defined by

(Lrist) (@) = —€ys(@)f(2) + §¢wme@—ﬂwx [IRS SR, zER,
YyER\S,
y#T

with, for all z in R\S,
crs(@) = Y wiz,2). (3)

z€S
Since X7*3\ s is assumed to be irreducible, the quasi-stationary measure /‘%\ s 1s unambiguously defined.
Contrarily to Xg, g, which cannot penetrate S, uz ,, and X% ) are associated with a process which
can visit the killing zone §. This is the explanation for the terminology soft measure.
We denote by ||-|| and (-, -) the standard norm and scalar product in £2(u). For any A C X we denote
by 1.4 the conditional probability measure g4 = p(-|A), and by || - ||.4 and (-, ) 4 the standard norm and
scalar product in £%(p4). We also denote by €%, as in Equation (8), the escape rate

(@) = 3 w(e, 2)

z¢ A
for z in A.
Proposition 2.2. When \ grows to +oo,
<f7_£'>7kz)\ f>R <f7_£">;2)\ f>'R
@5 \. = min ———— 28" " — mip —— 28" (9)
TR T TR IR

continuously grows to (,ZS%\S. In particular, for all A > 0, it holds

. <fa _ﬂ%\sﬁR\S
SR |2
7220 R\S

PRras S PR\ = (10)

Proof: The first equality in Equation (9) comes from the fact that L% \s 1s a self-adjoint operator. The
last equality in Equation (9) is a consequence of Perron-Frobenius Theorem. Continuity follows from
Lemma 2.1 and continuity properties of puy , and €% , . Finally, for any positive function f on R it
holds

<f,—£>7ka,xs Z Z pr () f(x)wr g (2,y) f(y)

z€ER yeR\{z}

+ZMR(33) eR s (T Z wras (2,y) | 2 (2).

TER yeR\{z}

The first term, minus sign included, which accounts for the cross product, is clearly increasing in A, since



wr A (%, y) decreases with A and f is positive. As far as the second term is concerned we compute

GR)\S Z wR,\S xy +Z TR>T)\S)
yeER\{z} 2€R
+ Y wEy+ YD w(@ )P (X(Tr) =y, Tr < Ths)
yER\{z} yER\{z} z¢R
= As(@) + > w( (Tr>Tag)+ Y, wx,y)
Z¢R yER\{z}
+ 3 w( ( P, (Tr > Tx,) — P, (X(TR) = 2, Tg < TAS)>
2¢R
= As(z) + w(x) — Z w(z, 2)P, (X(Tr) = 2,Tr < Thg)-
2¢R
This coefficient is then increasing in A and the monotonicity of ¢% , . follows. O

Using simple test functions in such variational principles we have then the following upper bounds
on P \s-

Lemma 2.3. It holds, for all A >0,

Prors < Pris < Hr\S (€R\S)s (11)
Prors < MR(RNS) + pr(ex), (12)
1
E,. [T¥] < pr (13)
R )\5

Proof: Formula (11) is obtained from Formula (10) with the constant function equal to 1 on R\S used
as a test function. We use the constant function 1z equal to 1 on R in Equation (9) and we bound by 1
the last probability appearing in Equation (6) to get Inequality (12). Finally, to get Inequality (13), we

observe that 1/ ®%.»s s the largest eigenvalue of the Green kernel gfs = (—[,72, A S)_l, so that, writing
¢, for the local time in ¥,

1

¢f;z7)\s ”f”R 1

<f7 g/\5f> <Il717gz\25173>71 = Z UR(x)Ew [KU (Tks)] = EMR VR(TXS)] .

z,yeER

O
Remark: While ¢7, ,_ and ¢’7*2\ s are the means of escape rates according to quasi-stationary measures
that can be difficult to compute, the upper bounds given in (11) and (12) refer only to the reversible
measure f.

2.2 Restricted dynamics

For any finite A > 0, the restricted dynamics Xg »s is obtained from Xz , - or X by removing all killing
moves or killing excursions outside R. It is associated with the generator L »¢ that acts on functions
f: R — R according to

(Lrash) (@)= D wras(@y)(fly) - f(z), zER,
yER\{z}

with wr s (2, y) defined by Equation (7) for distinct x and y in R. In particular this process in reversible
with respect to the restricted measure pgr and it inherits irreducibility from the restricted process Xx.
We call yg 4 its spectral gap

DR As (f)

YRAs = ~ min o (14)
’ fR—=R, Var,. (f
Varug (%0 1 ° ()

with Dr s the Dirichlet form defined by
Droas(f) = (fi—Lras fIr Z cros (.9) [fy) — f(@)]?, f:R—=R,

T,yeER
z#y

T2

10



where the conductances cg xs(x,y) are given by

cRas (2, Y) = pr(@)wr s (@, Y) = pr(Y)WR As (Ys T)-

For A = 400 we define X »¢ as the limiting process X, rather than by removing all killing moves
from the limiting killed process X7*a\ s+ In this case we will also write D and cr in place of Dr s and

crs- From Equation (14) as well as the continuity and monotonicity in A of the conductances cg 4,
which is inherited from that of the rates wg x4 (x,y), we get

Proposition 2.4. When X goes to 400, yr s continuously decreases to yr. In particular, it holds
TRAs = TR
for all A > 0.
We have from propositions 2.2 and 2.4 that the ratio

o = Ymas _ 9Ros
RAS T 1 dhne TR

is decreasing in A\. When A\ = +o0o0 we will also write

\ Pr\s
GR,S == 7\ (15)
R
in place of €% , - and we have, for all A > 0,
Roas < RS (16)

Hence €3, , . tends to be negligible under hypotheses (H).
In this case all our soft measures are close together. Let us introduce some more notation to make
this precise. We denote by hy, , _ the density of up ,  with respect to ug, ie.,

* /J/% As (Z‘)
h = —7— R.
R (@) pr () ve
In the special case A = +00 we write hzy,  for hx 5
M;z\s(x)
hpg:v€R— ——
R\S NR(x)

which is supported on R\S. In particular, we have for any finite A,
<h%,)\s ) _ﬁ%,)\s h%,)\s >R

2 b)
’ h

(Mr\s: —LR\shR\s)R

Since E%\ s acts on functions of R\S, to make sense of E;‘z\ Sh;z\ s Wwe used in the previous equation

PRoAs =
ES

R,As

R
and

¢;z\s = 2
Ir\s HR

Convention 2.5. Any function f on A C X is identified with the function on its support B C A. In
particular it also identified, for any C D B, with the function g on C that coincides with f on B and has
zero value in C\B.

We can now compare our soft measures in £2(ug) and ¢! (ug) norms.

Proposition 2.6. For all A € [0, +0oc], if € ,, <1, then

G%A
VarMR (h%)\s) = ||h;2,)\5 - ]IRH% § 177*5
€R As

In particular, with drv the total variation distance,

* 1 6’72,)\
drv (:U’R,/\sa ,UR) < 3 ﬁ . (17)
\/ R,\s

11



Proof: Using h% s as a test function in the variational principle given by Equation (14), we get, for any
finite A,

1

Var h; < DR A hi = —(h} 7,C7g A h R
HR( R,)\S) YR As , s( ’R,)\s) TR s < R,As° YAS R,A5>
1 * * * * *2
= <h7z,,\sa—£72,,\sh7z,,\s>72 - E MR(x)en(@")hR,,\s(a?)
TRAs TER

VAN

1 ( 2 d);a A
* hE ):7’ S(l—i—Var h )
S ¢R,,\S HR\ MR As TR KR ( R,/\s)

In the limiting case A = 400 we have a similar estimate:

. 1 .
Varu, (h\s) < W*RDR( %))
1 1
=—13 S er(my) [hrs(@) — has@] + D er(z,y) (A s(@)]
R z,y€R\S zER\S
yeESNR
1
5( > mr@his(@) Y w(@y)[hrs(@) = hrys )]
TR TER\S YyER\S
+ > Mn(x)Zw(x,y)[h;‘Z\S(x)f)
TER\S yeS
1
= —(hx\s: —LR\sh7
’YR< R\S R\shR\S)R
I .2 b5 .
= L PRisHR (hR\S): R\S (1 + Var,,, (hn\s)),

Rearranging the terms, we get the desired inequality. Equation (17) follows then by Jensen inequality. [

As a consequence we have an asymptotic exponential law for Th, when starting from pg as well as
[ 2s @S SOON as A 3> ¢, for example if A > ¢%, 5 (recall (11)). If €% . <1, then the random time
®R as Ins converges in law to an exponential variable or parameter 1.

Proposition 2.7. For all A > qﬁ;‘z\s, or any A such that A > ¢% ., it holds

¢’73’)\5> <et {exp <m) + exp (tf \/M)}
as soon as \/w <t, and, if e\ <1,

t t
P (T*S - %s) s (TAS g ¢72,As>

Remark: Like in [BG16] we write into brace parenthesis quantities that go to one under suitable
hypotheses.

—t
e S IP”%AS (T)\S >

%

1 €R s
—s

2\ 1-— €R s

<

Proof of the proposition: The first inequality is a consequence of the fact that Th, > T/\RS and that,
starting from 7, ), the latter is an exponential variable of parameter ¢% , . As far as the second one
is concerned, it holds, with fs the local time in S,

Ty < T +Us(Ths)
so that, for any 0 < g < 1,

t (1-p)t Bt
IPH%’AS (T)\S > ) < IPH%)AS (szS > ) +IP#%1AS <€S(T)\5) >

PR PR PR
— (=B | M8/

12



Choosing

*
B:%”MSL

this gives the desired result. Finally, by considering an optimal coupling between two random variables
X (0) and X'(0) of law ug and % 5, such that X(0) # X'(0) with probability (recall Proposition 2.6)

"
€R s

. 1
dTV(MRaNR,AS) < B m

it holds
. 1L | era .
IPMR (¢R,/\5T)\s > t) <5 — *s +]PM;‘2 N ((bR,AsTAs > t)
2V 1-¢€x As As
and

% 1 Eilkz,k *
Pz ns OrasDis > 1) < 2\/;+ Pur (PRasTrs > 1) -
sNS
O

It follows that we also have an asymptotic exponential law for T, when starting from any probability
measure v such that the total variation distance between ur and v goes to zero. An example of such
a distribution v is given by the law of X (T,,) if K < yr/Inxr (recall Equation (5)). Hence, if a
probability measure = is such that P, (T, > Ths) < 1, then T\, has an asymptotic exponential law of
parameter ¢ ) _.

Proposition 2.8. For all x € X and all K > 0 it holds
drv (5R Py (X (Tor) =) < (1 + [hﬂR VXR} ) . (18)
TR 2K +

Also, for any probability m on X, by setting

0=Pr(Thg <Tur)

1 €
p=ds (1 [ln 'YR\/XR:| L1 Rs
YR 2K " 2V 1—e€x
it holds, for all A > ¢;‘3\5, or any A > ¢% s
e*t{lfnet}<IP Thg > t <e t{exp 2\/@3"}‘5 + [n+2exp | — KA et
- ° ‘b;z,/\s N KAX ‘/5;2,,\5

Proof: Let us denote by X the trace of X on R. Note that we already gave to this process an heavier
notation:

and

XR = Xgos-
Since X (T ) € R, the law of X (T}, ) is that of X®(TX ) with
R
TR, =tr(Ter)-

Since the relaxation time of X is smaller than or equal to that of X% (recall Proposition 2.4), by using
reversibility to estimate the £?(ug) distance between (the densities with respect to pur of) the law of
X7R(s) and pg, then Jensen inequality to compare the ¢! and ¢? distances, we have

drv (IPQc (XR(S) = ')aﬂR) < @6777‘5.

Since T, ,52 is an exponential variable of paramater x, it then holds, for all non-negative s,

dry (]Px (X(Tm) - )un) < ks + @e—vw

13



Optimizing in s > 0, we get (18).
Next, denoting by v the law of X (T, ) with starting distribution =, it holds, for all ¢ > 0,

t
= | = Pr (T/\s < THR) +Pr | Ths > * .
PRxs PR 2

P, (T)\S >

By using Proposition 2.7 it follows that

4 1 €x
Po|Thg>— |2’ —3 Ljs—i 1+[1DW] .y
PR rs 2\ 1-€ez s R 26 |,

Finally, for all # > 0, we have

t
P, Tx\s > SIPW(T)\S <TmR)+IP7r(T/\5 /\THR > 9)+IPV T)\s > 0 —-0].
PR As PR s
By using Proposition 2.7 and the fact that T}, AT\ is dominated by an exponential variable of parameter
KA X we get
1 €7 W/
P, Ty > — <4 VO 2 [ Rds B[y {ln W} +exp [—, NN
¢R,A5 2\ 1— €R s YR 2Kk n )
+et exp [d)i,ka’)\s@ + 4 /QS;Z,/\S/)‘ ,
which gives our last desired inequalilty by choosing 6 = (¢% 5 (kA )2, O

2.3 Soft capacities
To define our soft capacities we extend the conductance network (X, ¢), with conductances
c(z,y) = cly,2) = p(x)w(z,y), zyeX, z#y,

which is associated with the process X, into a larger network (X, ¢) by attaching dangling edges (r, 7)
and (s,5) to each r € R and s € S. Given k and A we set to

é(r,7) = kp(r) and (s, 8) = Au(s)
the conductances of these new edges. We call R and S the collections of these extra nodes:
7_22{?:7"672}, 52{5:568}.

For any positive k and ), by extending the probability measure p defined on X into a measure fi defined
on

X=XURUS
by
w(zx) if # =z for some x € X,
a(z) =< kp(r)/k if & =7 for some r € R,
Au(s)/A if & = § for some s € S,

the extended network (X, ¢) is then associated with the process X with rates w(Z, ) given, for distinct
Z and g in X, by

w(z,y) if &=z and g =y for some z and y in X,

K if =7 and § = 7 for some r in R,
P R if £ =7 and § = r for some r in R,
w(Z,7) = A if £ =sand § = § for some s in S,
A if £ =5 and § = s for some s in S,
0 otherwise,

and which is reversible with respect to fi. (Note that f is not a probability measure.)
Our soft capacities are then the (k, \)-capacities of [BG16].

14



Definition 2.9. The (k, \)-capacity C (R, S) is the capacity between the sets R and S in the network

(X,

E). According to Dirichlet principle, it is given by

QRS =mind 2 Y a(w.0) (7@ - F@) : fle=1.fls=0

2 2o
T,jeX
= min {D(f) 1y ) (F) = 1)7 XD ) (F(s) — 0)2}
reR SES
= min {D(f) + &(R)E i {(fm - 1)2} + A(S)Eys [(fls - 0)2} } (19)

Remarks:

i. Since this definition depends on the conductances only, while it is naturally associated with the

ii.

iii.

Markov process X, it does not depends on the choice of & and X. C}(R,S) depends on two
parameters only, x and A, in which it is increasing.

Our soft capacities satisfy a two-sided variational principle. On one side they are given by Defi-
nition 2.9 as the infimum of some functional, and any test function will provide an upper bound.
On the other side they are, by Thomson principle, the supremum of another functional on unitary
flows from R to S, which are antisymmetric functions of oriented edges with null divergence in X
and total divergence in R and S equal to 1 and -1 respectively, i.e., on antisymmetric functions
Y : X x X — R such that ¢(Z,§) = 0 as soon as &(&,§) = 0 and

divyh = Y d(a,#) =0, z€X,

FeX
while
Zdlww Zwrr =1= Zdlvsd) Zwss
reR reéR sES sES
With N
SO 1 T
P03 T
Z,§EX

the energy dissipated in (X c) by the flow ¢ and with 0, (7@, S) the set of unitary flows from R
to S , we have
CM(R,8)= max D) . (20)
IZJG‘IH(Q,SV)

Any test flow provides then a lower bound on C)} (R, S).

By referring to X, the stopping time T s can also be defined as the hitting time of S. By defining

T, in a symmetric way, the minimum in (19) is realized by the equilibrium potential V,* given by

VM) =P, (Ter < Ths), reX,

K

whereas the maximum in (20) is realized by the associated normalized current.

As an application of Dirichlet principle we have an upper bound on our soft capacities, or of the
asymptotic given for the spectral v in Theorem 1. Let us define

CA(R,S)

A
% = WRu(S)

and recall Equation (15).
Lemma 2.10. If u(S) > u(R) and ex s < 1, then, for all k > 0, it holds

Lafm L g syt <o (21)
l-ers

¢h < pu(S)” 1¢R\5{

In particular, under the hypotheses of Theorem 1 it holds ¢ = O((b}kz\s).
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Proof: By taking h;‘z\ s as test function in Equation (19), and following Convention 2.5, we have
CA(R,S) < D(hj\s) + Kp(R)Var,, (i s)-

The second term is straightforwardly bounded by using Proposition 2.6 which reads

. « KR
Kp(R)Varyy, (h\s) < WR)OR\ST e -
€R.S
As far as the first term is concerned we write
* 1 * * 2 %2
D(hs) =5 O @) [his@) = hs@]*+ Y caphis@)
z,yER\S zE€R\S,

yeS
= p(R)(hr\s: —LR\shRr\s)R = N(Mﬁz\s”h%\sni = WR)Pr\s (1 + Var,, (h%\s))

T 1
< u(R)dr\s (1 + ER€S> = H(RW%\ST

* * ’
l—€ers €R.S

s

where the inequality is again an application Proposition 2.6. Observing that X = RUS and u(S) > u(R)
imply p(S) > 1/2, this leads to (21). The last comment is only based on the fact that hypotheses (H)
include € ¢ <1 and £k < g is assumed in Theorem 1. O

Remark 2.11. All the estimates of Section 2 are “symmetric” in R and S. This means that the same
results hold when the role of R and S are exchanged as well as those of k and .

We note however that there is an asymmetry in hypotheses (H). It will start to play a role in the next
section.

3 Proof of Theorem 1

3.1 Spectral gap estimates

The statement contained in Theorem 1 concerning the spectral gap «y is a consequence of the quantitative
Theorem 4 together with Lemma 2.10, estimates (11) and (16) as well as Remark 2.11. Note also that
hypotheses (H) include gf)’;z\ s < 7s. This is where the asymmetry of (H) matters.

Theorem 4. The spectral gap ~ satisfies

et or(L+p(RNS) A+¢2(1+M(R08))}1'

72¢2{1+
TR s

In addition, when € and €* are smaller than 1, we have the converse inequality
’ R,As S,ER ’

-2
* * . 1 €* 1 €* )
v <ot PRas  Psme 1| Ras 1| €up (23)
K A 2V 1—-ex As 2\ 1—e€5 .

as soon as the braced sum is positive.

Proof of the lower bound: We recall that v satisfies the variational principle

. D(f)
= 24
7T RER, Var,(f) (24)
Var, (f)#0

We look for a Poincaré inequality, i.e. an inequality of the form

Vf € P(p), Var,(f) <kD(f),

which is equivalent, by mean of Equation (24), to a lower bound on the spectral gap. Let Z, Z’ two i.i.d.
random variables with same law p. The variance of f can be written as

2

Var, () = B, [7] - B2 [f] = 3B [(f(2) - £(2) (25)

16



From the r.h.s. of (25) we get

Var,(£) < 5B [(F(2) = () Lz mery| + 5B [(1(2) ~ F(Z) Uiz zres)]
+E [(f(Z) - f(ZI))2 Tizer,z es}}
= p*(R)Varyy, (fir) + 12(S)Varys (fis)
+ H(R)(S) ( w [Jie] + Bus [15] = 2B [fir]) Bus [is])

(u R)+ )Varm fir) + u(S) ( )Var#s (fis)
+ (R)u(5)< 2 Uie] + B2, [fis] — 2B [fm] us [Fis])
u(R) (u R) + u )Var,m fir) + (S ( )Varus (fis)
+ RIS) (B [Fie] — B [Fis]) (26)

As a test function in Dirichlet principle (19) we pick

f Eus [f\S]
Emz [fIR} Eus [fls}’

which is such that E,,, [f~|72} =1land E,q [J;IS} = 0. By plugging (27) in (19) we get

f= (27)

CA(R,S) < D(f) + kp(R)Var,, (fir) + Mu(S)Var,s (fis)
= (Bun [in] = Bus [fis]) (DU + ms(R)Var (Fi=) + Mi(S)Vars (fs))

which actually is an upper bound on (Eun [fIR} —Eus [f|5})2. Bounding from above the last term in
(26) we then get

Var, (/) < p(R) (1(R) + p(8) ) Varg (i) + (8) (u(R) + () Vars (fis)

+ I (DU) + i (R)Vors (i) + M S)Varys ()

= D(f) + ;L(R)Varﬂﬁ (fIR) <"i +

o 5 (1+u(7€08))>

+ 1(S)Varys (fis) (2 +

(1 +N(R03))>

- Dg) n M(R)?;Z(fm) (QV‘+( +M(Rﬂ8))> U%(fS) (szﬁ* +(1+u(7€ﬂ8)))
D(f)  D(f) [k D(f) [ A
<50 (G aremne)+ 22 (G asumns)

where, in the second inequality, the variational characterization of 4% and s given by Equation (3) has
been used, whereas in the third one we exploited the following fact:

D(f) =z l(R)Pr(fir),  D(f) = u(S)Ps(fis)-

Factorising D(f)/¢} we get the Poincaré inequality

Var,(f) <

D) (14 £t BUHHRNS) | A+ GQHnENS))

O

Before giving the proof of the upper bound, we observe that the proof of this Poincaré inequality
carries over to the case of any finite covering of irreducible sets X = U; <, R;.
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Proposition 3.1. If Ry, Ri, ..., Rm—1 are subsets of X such that Xg, is irreducible for each i < m,
and Ko, K1, ---, Km—1 are any positive numbers then, with

Cr! (Ri,R))
H(R)W(R;)

)

i)

1
P

¢3’:¢;¢— . QA d,j<m,

and, for each i < m,

it holds

-1

-1
720 1+Z$ B3 u(Ry) 2¢{1+ZH+¢Z§<’””( J)} |
i<m ' v j<m <m v

Proof of the upper bound in Theorem 4: We want to exploit the variational principle (24), so we look for
an upper bound on D(f) and a lower bound on Var,(f) for a suitable function f. From (25) we get

1
Var,,(f) > §E [(f(Z) - f(Z/))z (Lizer,zresy + Lizes, z7er} — ]l{Z,Z/eRﬁS})]

=E [(f<Z> ~ HZ) Lzer zesy] — 5E [(F(2) ~ F(2) Nz zerns)]

HR)(S) (Epr, [fe] + e [£5]) = 20(RI(S)Bue [Fim] Bus [is]
~ 12RO S)Vat s (fires)
(R (S) (Var (fir) + L, [fir]) + m(R)u(S) (Varys (fis) + B2 [fis])
—2u(R)(S)Eur [fir] Eus [fis] — 1 (RNS)Var,,, s (firns)
p(R)(S) (Varr, (fir) + Varys (fis) ) = 12 (R0 S)Vary, . (firns) (28)
+ RIS) (B [fir] ~ B [fis])

To get a suitable lower bound of (28), we write

Mz(RmS)Varunms (f\RmS) = %E [ fz ) 1z Z’eRmS}}
< %E [ ) 1z Z’ER}}
= IU‘Q(R)Var,uR (f\R) § /U‘(R)N“(S)Var,un (f\R) ) (29)

asssuming, without loss of generality, u(R) < u(S). Then, by using (29) to bound the second term in
(28), dropping one term and taking as test function the equilibrium potential V., we get

2
Var, (V) = u(R)u(S) (Bur [V IR] = Bus [V21s]) (30)
Next, we have the following two simples lemmas.

Lemma 3.2. Ifep \ <1, then

DR 1 €RA
E VA >1- As _ Z ] Ras
w [VilR] 2 K 2\ 1 —€x s

Proof: We have, denoting by o, an exponential time of rate x that is independent of X,

EMR [VH)\‘R] = IPMR (TH < TAS) MR (673( NR) <Ir (T)\S)) = IPMR (UH < Tﬁ) .

18



Let IP°P! be an optimal coupling at time ¢ = 0 between X*#* and X FR.As that start with initial distribution
pr and pp o and evolve jointly if they have the same starting configuration. By the union bound,
Proposition (2.6) and the convexity of x +— H% we get

Por (00 <TR) =Py (04 < TAS) ]Popt XHR(0) # X Ros ( )
> __ Kk R ~RAs ¢R PRAs 672 _RAs
_“+¢RA5 R s R s

Lemma 3.3. Ifes, <1, then

E,s V’\|s Sl S ¢SHR.
2 1_63»@73

The proof of this lemma is similar to that of the previous one and we omit it. By plugging the two
bounds provided by Lemma 3.2 and Lemma 3.3 into (30) we obtain

2
Pras 95 1 €RA 1 €s
> 1 As  ToFR 2 [ TeAs 2 [ RR 1

R s €S,k

as soon as the braced quantity is positive. The upper bound on D(V,}) is straightforward: since the
functional associated with the Dirichlet principle, which reaches its minimum C}(R,S) in V;, is larger
than D, we have

D(V}) < C2(R,S). (32)
Inequality (23) follows from Equation (24) together with (31) and (32). O

3.2 Exit rate estimates

The last part of Theorem 1 follows in the same way from the quantitative Theorem 5.

Theorem 5. The exit rate ¢ , satisfies

\ CAR,S) [ 1—2u(8) " PR\ /A { K+ oy (L+p(RNS)) A+¢2(1+u<RﬂS))}1
R As > 5 1+ + .
’ #R) (1= ¢k ra/N) "R s

In addition, when €x . <1, we have the converse inequality

—2
A * * e*
o o < Cr (R,S) 14 PR s 1 PR rs 1 RAs
s #(R) A K 2\ 1—€xa,

as soon as the last braced sum is positive.

Proof of the lower bound: We consider the process X introduced in Section 2.3 in the limiting case
i = +oo. In this case X can be redefined as X = X US and we call £ the generator of this process
X on X. In according with the notation of Section 2.1, we denote by (b s and fi% 5 respectively
the smallest eigenvalue and the corresponding normahzed left eigenvector (1 e., the qua81—stationary
distribution associated with X and As) of —E*X’ Ag+ Which is defined by

(Lrnsf) (@) = =As(@)f()+ > w( —f), f:X>R,  zeX.

yeX

For any probability v on X, &"X A 18 the decay rate of the survival probability P, (TA s > t):

lim —flnIP (The >1t) = (;NS*XAS.

t—o0
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Since .
PM%AS(IXS:>t)2ﬁPN%AS(€R(I}S)>ﬁ) :]PM%AS(1§§:>t) ot

it follows that

Drrs = Prens: (33)

To give a lower bound on gi;j( Ag+ We use its variational representation
G = omin P TERaS) D) IVASS (3)

YA T pasr |2 FiXSR I1£11?

Indeed, for any f: X — R,

(F~Einad) =5 3wl )i — 1)) + 3 uers(o) (@)

T, yeX reX

Since the minimum is reached in

R 10 € X o i, (0)/1(a).

Dlfivns) _ [Pl ~1 D (Fas) ><1 1 ) (35)
hX,\SH HhX)\,sH Varu(x,\s) ||hX,\s||

Theorem 4 provides a lower bound on 7 and it remains to give a lower bound on HB*X xs I+ To estimate
this norm we restrict the sum to X\S and we use Jensen’s inequality:

I = 0(2\8) > nas(a) (W)

it holds

o As 2 ||

2

TEX\S M(.’L‘)
2
5 (X\S))?
NEICY I SN LS (36)

TEX\S

Now, the last identity of Lemma 2.1 reads in this case qgj‘y As = Mg (S). Therefore, using Inequal-
ity (33) again,

Fiens (0\8) = 1= P8ds 5 PRas 7
It follows from (36) and (37) that
* * 2
— 1—u(S) L (S) = 20% 6 /At (PRrors/N)
* 2 * 2
HhX As || (1 - ('ZSR,/\S/)\) (1 - ¢R,>\s/)\)
1—2u(S) 1% 5 /A
> u(S) 1( i ¢R,)\;/
(1= 0% s/
Finally from (33), (35) and (38) together with (22) we get the desired result. O

Proof of the upper bound: The proof is made of two steps: first we estimate (;3}7)\5 via a variational

(38)

principle, then we look for an upper bound of ¢% )/ in terms of qg} rs- By taking as test function in
(34) the equilibrium potential V.} we get

D (V; )+||¢EVAH < G (R5)

¢jc’,)\ = S (39)
) vl [vare
The denominator in (39) is lower bounded by
2
V21?2 u(R R) > ur(z) 2)? > 1 (R) pr (VA R)? > 1 (R) 1 PRras 1 & ~ (40)
R K 2\ 1-— €R s
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where we used Jensen inequality, Lemma 3.2 and the assumption that the braced sum was positive.
To bound ¢7% ,, with ¢% ,,, we write, for any 0 < < 1 and denoting again by o) an exponential
time of rate A that is independent of X,

Pus,, (D > 1) <P (TR +00 > gL+ (1-B)t)
<Py, (TQ > ﬂt) + Py (oa> (1= B)t)
= exp(—¢r 2 At) + exp(—A(1 — B)t).

Recall that éf\) As 18 the decay rate of the survival probability IP“’;{.AS (T)\S > t). If we choose 8 such
that ¢% 8 < A(1 — ), then ¢% , S is the decay rate of the right-hand side in the previous inequality
and we can conclude QE},)\S > BoR rs- We then choose B = A\/(¢% ,, + A), which gives us

* QZ;* S T* ¢* S
Prors < X/é)\ = Ox rg (1 + R/\/\) . (41)

The thesis follows from (41), (39) and (40). O

4 Proof of Theorem 3

We will use the stopping time
T = Tnn A\ T)\S

to build T*. The laws of X(T,,) and X (T)s) are indeed close to ur and us. But conditioning on
{r = T.p} or {7 = T\, } introduces correlations that can make the law of X (7) in general delicate to
control. The law of X (7, ) can be written as a convex combination of those of X (7) conditioned on
{7 =Tsr} and X (T} ) conditioned on {Ty,>1, }: it holds, for all # in X, and with

a(r) =Pu (Tir < Tas)s

Py (X(Teg) =) = a(@)Py (X(7) = | 7 =Tr) + (1 — (@))Py (X (Trer) = | T > Thrg) -

By Proposition 2.8 the first and last of these three distributions are close to ugr for a small enough
k. We can then estimate the total variation distance between pug and the law of X (7) conditioned on

{r=T: }:

alr) R 2

dTV(/Mz,IPz (X(r) =" } T :Tm)> < 2—a(x) K <1+ {ln ’YR\//QXiR] ) 7
+
so that, if a(x) > 1/2,

dTv<uR,]P:c (X(T) :"T:TKR)) < 3k <1+ {lnm] )
+

This suggests the following construction. We set 70 = 0 and, for all i > 0, we define
7'71;1 =7 4+ Ty, 00,4, Tf;l =7+ Ths 00,1, 7 = 7L A 7L

We call I the first index 7 > 0 such that either

. . , 1
=745 and a(X(r7Y)) > 3
or )
=7t and a(X(r71)) < 3
We finally define
Ty =18, Ti=r1s  T"=TH AT
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The random variable [ is stochastically dominated by a geometric random variable of mean 2, each
random variable (77 — 7971) is stochastically dominated by an exponential random variable of rate £ A A

and it holds _ _
T — Z(Tz o 7'271)11{[21’}7
i>0
so that, observing that for (7% — 7i=1) and {I > i} are independent for all i > 0,

2

E, [T <
el ]_n/\)\

Y

for all  in X. We have by construction

dTV(ﬂRJPx (X(r)=-|T" :T;g)) <3 <1+ {m W}J .

With

the triangular inequality gives
dry (H%kz,xsv]Pz (X(T*)=-|T" = T;g)) <n

and using Proposition 2.7, we have, for all A > qﬁ%\s, or any A > ‘Z);Z,As’

t
P, | Thg 0 Op- > — T* =T | >e 31 —ne
(rcoon > 2 {10}
and
t T A
P, | Thg 0 Op- > — T =T5 | <e'{exp %7/\5 +ntexp|—/— et
PR.xs A PR s
Finally, if
= ]Pl/ (T)\s < THR) bl
then, by definition of «,
1 1 1 1
5P (a(X(0) < 3 ) <Py (Do < T ’ a(X(0) < 5 ) Py (a(x(O) <5 ) <8

and
1
P (T"=Ts =T, <Ths)>1-P, (a(X(O)) < 3 or Thg <T;~;R> >1—(20+0)=1-30.

Since the symmetrical statements hold when exchanging the roles of R and S as well as those of k and
A, this concludes the proof. O

5 Proof of Theorem 2
By Proposition 2.8 and Remark 2.11, the law of X (T}) = X (7)) is close to us, as the law of X (T3) is

close to ur. Hence, it will be sufficient to find 6 such that our time averages on time scale 8 are close to
the expected values computed with ug before T7. Theorem 2 follows then from the quantitative

Proposition 5.1. Ifex , <1 andn <1 is such that

n > %TAS and nt > \/ER A 0 (42)
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then, setting

9 — i l V V G;R,)\s < n
A 77¢R,>\S

n? - ('25;37)\5,

6*
L (9<T1, sup IAe(t,f)—uR(f)§4n||f|oo) 2{1—477—,/1 e } (43)
t<T1—0 TR s

forall f: X — R.

it holds

Proof: We can assume, without loss of generality, that |f| is bounded by 1 and we will consider four
events, each of them with a small probability, such that when none of them occurs 77 > 6 and our time
averages are indeed close to iz (f). The first of these events is A = {T% < @}. When its complementary
occurs {6 < T1} is implied. By Proposition 2.6 we have

1 €R.As —or 6 1 €RA
ST e TRasT < o [ 0 O (44)
2 1_673,)\5 2 1_672)\5 S

Our next event is B = {{s(T1) > 6’} with

P (4) S Py (T3 < 6)

IN

0 =no

being a small fraction of §. When its complementary occurs the excursions of X in R\S up to T3, which
cannot be longer than ¢s(T}), will have a negligible contribution to time averages on time scale 0. Since
¢s(T1) is an exponential variable of rate A, it holds

P (B) =P (Ls(T1) > 0') = e (45)

To control the supremum appearing in (43), we will divide the local time interval [0, Tf\zs ] into intervals
of length #’, or smaller as far as the last one is concerned. For k; a parameter that we will fix later,
our third event is C'= {T% > k160'}. When its complementary occurs it is sufficient to control the time
averages on time scale 6’ for at most k; intervals of this length to estimate time averages on time scale
0. By Proposition 2.6 we have

1 €7 _at /
Pun(C) =P (TR > ki) < 54| 225 4 e ORash?, (46)
2V 1—e€x 5

Our last event, which we will call D, is that there is a local time interval [k€’, (k + 1)0'] with k < k;
for which the time average associated with the trace X™ = Xros of X on R,

o 1 kD o
/
AFw) =5 [ xR as,
k6!
differs from pg(f) of more the 7. Any time interval [¢,t + 0] with ¢t + § < T} can be associated “by
remotion of the excursions outside R” with a local time interval [¢r(t), ¢z (¢t + 0)], which, in turn, can
be divided into at most 6/’ fully covered and two partially covered local time intervals of the form
[k0', (k + 1)0']. Hence, if none of our last three events B—D occurs, then, for each t < T — 6 and using
|| <1, it holds
0 + L0+ 20
Aﬁ(tvf)—lin(f) < Qf =4

As far as the probability of D is concerned, since X starts from equilibrium, the expected value of
AR (k¢') is equal to ug(f) and we can make an exact computation of its variance by writing the decom-
position f in the eigenfunctions basis associated with the generator of X® = Xz o,. By Proposition 2.4
its spectral gap, which is associated with a zero value of A, is larger than vz », and we get the upper

bound ) oV ) )
ar,,
By [ (A5 00) — ()] < Beall) o 2
yNS yNS
We then have ok
P,. (D)< ——"Y 4
#R( )7 ’YR,)\SG/T/Q ( 7)
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For (46) and (47) to be useful we need to choose k; in such a way that, for n < 1,

1
ki>———  and ki <yras007,
PR2s
which is possible if

1
[ S S— (48)
PR s PR A

We will choose 6" and 7 to ensure this condition and we will set

1 n
ki1 = TR 0'n? = = . (49)
\/d)R:ASe/ ° \% GR;AS

For (44) and (45) to be useful we need to choose ¢’ in such a way that, for n < 1, (recall that
0=0'/n)

1
0> = and 0 < *77 )
A PR As
Once combined with (48), this reads
1 /€
SV RAs g T (50)
A 77¢72,A3 ¢R,A5
We choose
9/:1 l\/ Ve%*)‘s
n NPR rs

to satisfy the first inequality in (50); Condition (42) will ensure the last one.
Estimates (44)—(47) give then, recalling (49) and using (42),

P T1<90r3t<T1 Aglt, f) — (f)‘>4n)
} R )\s ¢R )\s - \/ \/ ;{ )\5 + exp _i l \/ \V e’}kz,)\s
S5\ 1o € s NPR s nA\A PR
77/\/ R,As vV ;2 As 277/ V 6%)\5
+ exp{ —Pr s V e + —
ReAs TRAs 5 (; v nv(bg‘:j) Uk
6*
+77+2e Un pop < [ —TAs 4 gy
1-—- €R s
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