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Learning complex analysis in different branches -Project Spotlight-Y for future teachers
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At the University of Bremen in teaching complex analysis, we split the last part of the lecture into two branches according to profession: While future mathematicians deepen their understanding in a branch for them, future teachers take a branch of the lecture where they prepare a task with dynamical geometry software for pupils which is based on phenomena of complex analysis. Here, we describe the design of the course, some general aims and first results obtained from the branch for future teachers.

INTRODUCTION

More than one hundred years ago, Felix [START_REF] Klein | Elementary mathematics from a higher standpoint[END_REF] acknowledged that there is a "double discontinuity" in teacher education in mathematics. When a pupil enters university he or she does not see the connection of elementary mathematics taught in school with the formal mathematics in university, and when teaching in school he or she does not see how the university maths informs his or her practice [START_REF] Hefendehl-Hebeker | Doppelte Diskontinuität oder die Chance der Brückenschläge[END_REF][START_REF] Vollstedt | Framework for examining the transformation of mathematics and mathematics learning in the transition from school to university[END_REF]. Within mathematics courses at university, it is thus necessary to highlight connections between the mathematics future teachers are taught in lectures at university and the mathematics they will teach in schools [START_REF] Prediger | Unterrichtsmomente als explizite Lernanlässe in fachinhaltlichen Veranstaltungen[END_REF].

The project "Spotlight-Y" aims for an institutional link of mathematics and mathematics education and at providing students with the experience to relate content from the lecture in complex analysis to their future teaching practice. By helping them to design tasks for pupils with mathematics from a "higher standpoint" [START_REF] Klein | Elementary mathematics from a higher standpoint[END_REF], the students get the opportunity to try out these tasks with pupils from local schools.

THEORETICAL CONSIDERATIONS [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF] proposed to distinguish the mathematical content knowledge (CK) of teachers further into common content knowledge (CCK) and specialised content knowledge (SCK). The first is mathematical knowledge that does not depend on a specific profession and is known to pure mathematicians as well as teachers and others, and the latter is mostly useful only for teaching mathematics. So for a teacher, not only pedagogical content knowledge (PCK) is important and unique for the profession but also SCK.

The international study TEDS-FU established that PCK is the most important factor to judge the didactical problems and opportunities of a classroom situation and that CK is the most important factor to assess the utterances of pupils [START_REF] Blömeke | Von der Lehrerausbildung in den Beruf -Fachbezogenes Wissen als Voraussetzung für Wahrnehmung, Interpretation und Handeln im Unterricht[END_REF]. Thus, teaching mathematics requires an interplay of different kinds of knowledge for the teacher and it seems worthwhile to try to specifically address SCK when doing teacher education programs at university. [START_REF] Winsløw | Klein's double discontinuity revisited[END_REF] proposed to study the phenomenon of the second discontinuity by the study of different mathematical praxeologies between university and high school. In their paper, they are able to identify certain challenges for this transposition. For university students, one of these challenges is the establishment of a school praxeology for a problem typically solved with a university maths praxeology (their example is the method of least squares for simple linear regression). The authors claim that the main related difficulties lie in spawning capacities for students' autonomous research and handling (ir-) relevant literature. This is where Spotlight-Y is situated. Our approach can be seen as complementary: Instead of focusing on how the mathematical praxeologies may change and what challenges may hinder, we try to focus on how the didactical praxeologies are combined with the mathematical praxeologies from university.

Research question

In this paper, we want to foster the understanding of the combination of PCK and SCK by the Y-model that structured the lecture (see next section). We try to address the following question: "In what ways do students combine specialised and pedagogical content knowledge within the preparation and implementation of their learning environments?" For this purpose, we will describe example projects.

OVERVIEW OF THE PROJECT

At the University of Bremen the lecture in complex analysis is the final course in mathematics for future teachers. Historically, many teacher students in Bremen are known to view this as a course you have to pass to get through your studies, but which is thought of having no direct connection to what is taught in school. From the standpoint of the designer of the curriculum of teacher training in mathematics, complex analysis was seen as a course which brings different aspects of mathematics together and may help to get a more holistic view on various areas of the subject, e. g. polynomials, trigonometric functions, power series or conformal mappings. As such, it should be a good starting point to get a "higher standpoint" as [START_REF] Klein | Elementary mathematics from a higher standpoint[END_REF] put it.

"Spotlight-Y" is a design research project within the project "Schnittstellen gestalten" at the University of Bremen, funded by the German Federal Ministry of Education and Research (BMBF) that started in fall 2016. Its general aim is the interlock of the scientific disciplines of mathematics and mathematics education. Our students shall see that elements of school mathematics, in particular all relevant classes of functions, can be understood from the complex setting which explains more than the real picture. In three design cycles we develop 1) the structure of the lecture on complex analysis, 2) the specific branch for future teachers with a focus on identifying phenomena of complex analysis relevant for teaching mathematics in upper classes of secondary schools and creating exploratory learning environments, and

3) a day for eXperimental Mathematics (XMaSII) which local pupils from upper classes of secondary school (Sekundarstufe II) attend to work on the learning environments by the teacher students.

It was mandatory for our students to use the free dynamical geometry software (DGS) GeoGebra (https://www.geogebra.org/) for implementation because we assumed that this would make difficult concepts easier to present and provide a suitable technology to really be able to explore a phenomenon. Besides, our students get an opportunity to create authentic materials, plan and structure group work with pupils from secondary schools in 11 th or 12 th grade and gain experience in working with them. In particular, they get experience with pupils outside internships and their practical semester teaching mathematics for rather gifted learners.

Some of the general research questions in the project are: How do students combine mathematics from the complex analysis course, their general knowledge on mathematics education taught earlier in their studies and simultaneously to the course on complex analysis (a seminar on task design)? In which ways do they handle their learning environments and the material for the pupils? How do the future teachers see mathematics education, do they consider it as a scientific discipline or rather a collection of methods to teach school mathematics?

After about two years, we will report on our design principles, experiences and empirical data we collect during the design project to establish a transfer package for other mathematics lectures. In the second year, we perform a first transfer to the stochastics lecture in the Bachelor for future mathematicians and mathematics teachers.

Structuring a mathematics lecture: The Y-model

In "Spotlight-Y" we adopt a Y-shaped model for the course in complex analysis. The course takes place in the fall semester and is attended by pure/applied mathematics students in the Bachelor as well as teacher students in their first year of the Master programme. The course takes one semester and the participants are split up around Christmas after two thirds of the semester (see Figure 1a). The part for everyone covers the introduction of holomorphic and conformal mappings, line integration and Cauchy's theorem up to the residue theorem. The specific branch for future mathematicians continues with more advanced topics like invariance of integrals with respect to homotopy or homology of paths, analytic continuation, the Riemann mapping theorem or the prime number theorem etc., depending on the lecturer. In the branch for teachers we cover geometric properties of complex functions and an introduction to Riemann surfaces. Furthermore, we give the students time to work on their learning environments. The course is finished with a written or an oral exam. In fall 2016/2017, the first cycle in the course on complex analysis started and the next semester was used to start analysing data we gathered during the first implementation. In fall 2017/2018, the second design cycle lead to improvements with respect to the profession-specific branch for the future teachers. In fall 2018/2019, the last cycle will start: A third run during the course on complex analysis will be devoted to the final answers to our research questions and in summer 2019 a second transfer to the course on stochastics will be performed.

Elements of the task design process

In order to prepare the tasks for the pupils, the students have to bring input from three different components together (cf. Figure 1b). They make use of the mathematical CK from the general branch of the lecture, they activate their SCK from the branch for future teachers and bring those branches together with their PCK, i. e. heuristics on task design from their seminar on mathematics education.

Methodology

For the whole project we collected several data. First, the students had to write a "preflection", a short reflection which is not after an action on an action but rather the anticipation of actions, aims and sequences: They should fix which phenomenon they want to discuss in their learning environment, what the pupils are supposed to discover, the planned sequence of events, expected difficulties and the mathematics from the lecture that is directly used. Immediately after the implementation of XMaSII, the students filled in a questionnaire named "Ad-hoc notes" to write down own executed actions, recapitulate the execution and match it with expected or anticipated occurrences. In order to pass the course, the students also needed to write a reflection on their project and their learning. They had to discuss their topic and how they found it, describe detailed the phenomenon to be explored by the pupils, the organisation of their tasks, the schedule of the implementation etc. In a final section, we explicitly asked whether there were certain elements of the course on complex analysis that changed the relationship of the students to mathematics as a science and mathematics as a school subject. In total, 19 students participated in the study. We also conducted guided interviews with two students of four groups each to get more insight to the aspects above (and some more). We omit details here since this paper deals mainly with the learning environments the student groups created.

EXAMPLE PROJECTS

We describe two case examples. Group A created a learning environment called "Differentiation as linearisation" and Group B worked on "Polynomials of infinite degree". Two members of Group A have also been interviewed. Two other groups created tasks for spherical geometry, another one introduced complex numbers and a sixth group also worked on power series. As mentioned above, the tasks themselves focus on phenomena that are rooted in complex analysis and can be explored by the pupils from high school by the means of a DGS.

"Differentiation as linearisation"

Group A looks at real differentiation, i. e. differentiable functions defined on (subsets) of the real numbers to the real numbers. The students concentrate on the image that a differentiable function locally looks like a straight line by magnifying the graph around a given point, say (p, f(p)). The students emphasise that the derivative at a point can be interpreted as the slope of the function, respectively of the tangent at the graph of the function, at this point (which is CCK). They create a sequence of tasks and subtasks within their learning environment that aim at magnifying the graph of a function (use of PCK) and lead to answer the question which exponential function has itself as a derivative. However, the students do not explicitly clarify what this has to do with linearisation besides the optical appearance. These two "Grundvorstellungen" ("basic mental models", Greefrath, Oldenburg, Siller, Ulm, & Weigand (2016, p. 101)) of the derivative at a point, "tangent slope" and "local linearity", are usually distinguished in mathematics education literature (see e. g. [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral[END_REF] who also discuss "local rate of change" and "amplification factor"). However, we do not see this as a lack of understanding of different Grundvorstellungen with the students. Rather, group A focuses on a geometric point of view and many of their tasks focus on the idea of zooming into the graph of a function to get a more and more straight line (PCK, SCK) on the computer screen (e. Remember the slope of a secant)." (own translation)). In other subtasks, group A provides the pupils with GeoGebra worksheets they have prepared before, where they had plotted several functions and their "slope function", and wants the pupils to make observations about these. In another task at the end of the task sequence, they display an exponential function f(x) = a x and its slope function with a parameter a which can be changed with a slider and ask for which a these functions coincide.

The definition of derivative at a point with limits of difference quotients is not stressed in detail but the GeoGebra worksheets nicely implements that when zooming into the graph two points on it approach the point (p, f(p)) (one from left, another from right) to show that the slopes of the secants through these points eventually yield the slope of the tangent, no matter if one approaches from left or right. However, since the students do not provide counterexamples, it does not seem very likely that the concept of derivative can be fully understood, since the class of functions the students used are pretty standard and "friendly" in the way that they all really look locally straight (e. g. s given by s(x) = x²•sin(1/x), s(0) = 0, is differentiable at 0 but oscillates very much around the origin and therefore hardly is locally straight).

An additional task in the learning environment is about rotation-dilation, which is an interpretation of the complex derivative discussed in detail in the first third of the lecture and exercise classes (SCK). A hexagon and two points are displayed in the Cartesian plane and pushing around the points changes the hexagon according to the multiplication by the complex number associated to the points (see Figure 2a, SCK). However, such a multiplication is not made explicit in the task. Rather, the pupils shall measure distances and angles, and the task seems rather unrelated to differentiation. Not even a function is in play. The complex interpretation of derivative is transformed into a task about rotation-dilation, but not related to the previous tasks on differentiation. This is not surprising since the idea of magnifying pursued in the real approach does not shed any light on dilation-rotation. In the interview with two of the three group members we asked for an intuitive, vivid meaning of a holomorphic function. The students were unable to argue and did not even respond with the keyword of (local) rotation-dilation.

Thus, in terms of our framework, the connection of SCK and PCK did not happen as was hoped for. One problem seems to be that the necessary SCK for the complex derivate could not be utilised by the students, while they argue very well about prerequisites the pupils should have for their learning environment such as secant, tangent, linear functions etc. (SCK for the real derivative). The students of group A did not take part in the parallel seminar on task construction. Therefore, we hypothesise that they followed an alternative strategy to construct tasks: They scrolled through mathematics education literature to find a suggestion on how to fill the aspect of local linearity with life. In the interview, one of the students said, roughly speaking, "From the earlier lectures [in maths education] one knew at least where to research, because it is clear that one cannot have everything stored [in one's mind] and fetch it up immediately, so one needs to do research" (own translation).

From a real point of view in terms of concept formation, the learning environment seems rather unproblematic. We believe this is the case since didactic aspects of real functions and derivatives are very present in the courses on mathematics education the students in Bremen are required to take. However, there does not seem a thorough idea on how to relate the complex interpretation of the derivative of a complex function to the real setting. Thus, intuition of differentiation is not coherently transported from one to the other setting. Also, group A does not argue whether their real images of derivatives find their counterpart in the complex setting. 

"Polynomials of infinite degree"

Group B has two general aims with its learning environment about power series which they steadily call "polynomials of infinite degree". Firstly, in school polynomial functions form a very frequently used class of functions (PCK) and power series seem a quite direct generalisation of it (CCK). Secondly, nearly all functions that appear in school can be represented by power series (even though this is usually not made explicit in schools, PCK). For a motivation why power series can be useful for pupils, group B argues that using power series one may be able to explain easily why the derivative of the exponential function is itself and the derivative of the sine function is the cosine function etc. (PCK, SCK).

As necessary mathematical background from the complex analysis course group B recognises holomorphic functions, power series and their derivatives, entire and nonentire functions, radii of convergence of power series and the power series expansion theorem. They relate all these ideas in a correct manner to each other. Nevertheless, the language the students use in their written reflection and on the task sheets for the pupils is quite tenuous: The words polynomial and power series are not clearly differentiated. It may be possible that the students wanted to use the same word "polynomial" with the addition of "finite degree" or "infinite degree" because it is known to the pupils. Group B recognises that the distinction of entire and non-entire functions is relevant for school and illustrates this with examples like -ln(1-x) and (x+1) 1/2 (see Figure 2b, PCK and SCK).

In their preparation and reflection the students raise the question to what extend convergence issues of power series or why Taylor approximation works (CCK) should be covered (PCK), but they consider this too difficult and not anymore relevant for the discovery of the phenomenon for the pupils that previously known functionsand basically all encountered in schoolcan be expressed differently. In fact, the group recognises that arguing in whatever way that Taylor expansion requires differentiation and defining elementary functions by their series expansions may lead to circular reasoning (CCK).

The mathematics background is well explained with a few mistakes mostly in language and notation. Group B's learning environment really allows to discover one of the fundamental phenomena of complex analysis, namely that every holomorphic is at least locally a power series, in the real and school-related setting. In the GeoGebra environment, several functions and their Taylor polynomials of varying degree, adjustable with a slider, are presented. This shows a creative part in the work of our student group, since it visualises very nicely the approximation of a function by its Taylor polynomials. However, the distinction of entire and non-entire functions is mathematically deep and relevant for school (SCK). The question of why the representation of a function by a power series is relevant for pupils is answered with a deepening of their insights into higher mathematics and the application to calculate derivatives similar to the procedure with polynomials. Unsurprisingly, as described above, the problem of convergence is left aside.

Nevertheless, the task sheets for the pupils lack rigor and do not provide consistent language at certain places. For example, in a "remember box" group B writes "A function f(x) is an entire function if it is a polynomial of degree n or is a function which can be written as a polynomial of infinite degree P(x) for every x∈ℝ [grammatical errors deleted, E.H.]", and in another box they write "A function f(x) is a non-entire function if it is NO polynomial of degree n but can be approximated by a polynomial of infinite degree. However, this polynomial of infinite degree approaches the function f(x) only in some interval. It [the function] is not defined for all x∈ℝ or does not have a tangent everywhere [slight grammatical adaptions, E.H.]". The absence of the domain of f is usual in school and probably left out for this reason. It could have been stressed more detailed that a power series expression for an entire function is globally valid, i. e. that P equals the given function on the whole of ℝ. In the definition of non-entire functions, on the other hand, the local approximation by a power series is mentioned correctly (assuming that the group meant that the sequence of Taylor polynomials approximates the original function) but it is not clarified that this power series actually equals the function in some interval containing more than one point. Also, it should have been stressed that this local phenomenon is valid for every point in the domain of the non-entire function but the corresponding power series may change. Another problem is the mentioning of tangent. Tangents do never show up in the learning environment nor in the students' reflection again and it is very unclear what the students wanted to say.

In this case the connection between SCK and PCK seems to be working much better, although there are some flaws in the formulation of the definition. These problems may be rooted in misconceptions in the CCK.

FINDINGS

The learning environments differ heavily in mathematical rigour, creativity and recognisability of complex phenomena in either a real setting or else. In the section on the example projects we described that Group A showed little understanding of the geometric meaning of the derivative of holomorphic functions (SCK) (or, at least, they did not implement this well) but otherwise provided a nice example driven and exploratory environment. Group B, on the other hand, translated the notion of power series representation of entire and non-entire functions to real examples and made a complicated phenomenon accessible to pupils (PCK and SCK). Due to the complexity, arguments on why and where power series converge and how to find Taylor series expansions have not been dealt with (CCK). The written report is mostly correct, however the material for the pupils needs improvement with respect to consistency in language, mathematical exactness on the level of pupils and correctness from a formal point of view.

Still in evaluation phase, i. e. coding the interviews, we are nevertheless already able to state first results regarding our design process:

1. Most students seemed more engaged in creating the tasks than in the lecture.

2. One has to make connections between SCK and PCK explicit, many students fail to see them on their own.

3. It has been evident from the interviews that basic mathematical content knowledge in complex analysis was not available two months after the exam, but the content of the tasks they created was.

4. One needs to clarify and guide how to implement a topic from complex analysis when complex numbers are not available for pupils or shall not be introduced.

5. A possible improvement for XMaSII could be to restructure the day into different sessions or workshops: 1) Introduction to complex numbers and geometry of the complex plane either by the lecturers or some student groups and then 2) working groups dealing with different phenomena from complex analysis.
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 1 Figure 1: a. Lecture with Y-model and seminar on task design (left), b. The different components that support the task design process (right)

  g. "Plot with GeoGebra the function f(x) = x³ -0.75x² -9x + 1. Then draw the point A(1, f(1)) […] Zoom in the neighbourhood of point A into the drawing. What do you notice? Try to describe your observation." In a later task: "Describe with this magnified image how to calculate the slope in point A approximately (Hint:

Figure 2 :

 2 Figure 2: a. Dilation-rotation of a hexagon (left, from group A's GeoGebra worksheet), b. -ln(1-x) and its sixth Taylor polynomial at 0 (right, from group B's GeoGebra worksheet).
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