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INTRODUCTION

The derivative plays an important role in economics. It is used to solve optimization problems, to describe and characterize economic functions, and in marginal analysis, in which the impact of small changes from the current state is examined (example: the effect of small changes in the price of a product on the demand) in order to make optimal decisions. Hence, students of economics should have an adequate understanding of the derivative concept in order to be able to use it in economics in a reflective manner. The study presented here focuses on students' of economics understanding of the derivative after their Calculus course with special emphasis on its economic interpretation, which is essential for the ability to apply the concept in economics. It is part of a larger research project about the understanding of the derivative in mathematics for students of economics (my PhD-thesis, supervisor: Rolf Biehler) at the Centre for Higher Mathematics Education in Germany (khdm).

LITERATURE REVIEW AND EMBEDDING OF THE RESEARCH

There is a lot of research about students' understanding of the derivative. Concerning the interpretation of the slope and the derivative in contexts, different difficulties are documented. Typical mistakes are the slope/height confusion or the graph-as-picture error [START_REF] Beichner | Testing student interpretation of kinematics graphs[END_REF][START_REF] Çetin | The Ability of Students to Comprehend the Function-Derivative Relationship with Regard to Problems from Their Real Life[END_REF][START_REF] Carlson | The precalculus concept assessment: A tool for assessing students' reasoning abilities and understandings[END_REF]). An interesting study, which included a task to interpret the derivative in the context of motion explicitly, was conducted by [START_REF] Bezuidenhout | First-year university students' understanding of rate of change[END_REF]. He asked students to interpret '(80) 1.15 S  if () Svis the stopping distance of a vehicle in metres in dependence of the velocity in km/h. Many students overgeneralized that the derivative is the acceleration or the velocity itself. Many also had problems with the units. These students did not understand the derivative as rate of change of the given function S properly.

While there is some research of students' understanding of the derivative in physical contexts (examples mentioned above), there is little research related to economic contexts. [START_REF] Wilhelm | Projecting rate of change in the context of motion onto the context of money[END_REF] showed that students cannot automatically transfer their knowledge about rate of change from a physical context to the context of money. Hence, an economic interpretation of the derivative should be explicitly taught in a Calculus course for students of economics. But even if an economic interpretation of the derivative was covered in the students' Calculus course, problems occur. [START_REF] Mkhatshwa | Students' understanding of marginal change in the context of cost, revenue, and profit[END_REF] showed that many students talked about marginal cost (the derivative of a cost function) as amount of change when solving economic problems, although it was underlined in the Calculus course that the derivative is a rate. This indicates a rather superficial understanding of the connection between the derivative as a mathematical concept and its economic interpretation. A similar result is also found in [START_REF] Feudel | Students' interpretation of the derivative in an economic context[END_REF]. Students' answers in a task to interpret '(73) 0.2

GE P ME



(GE = units of money, ME = units of quantity) of a profit function P economically indicated that many students were not aware of the numerical differences and the differences in the unit between the derivative and its economic interpretation as additional profit. However, in these two studies the students were not obliged to reveal their ideas about the connection between the derivative as a mathematical concept and its economic interpretation explicitly. The study presented here directly focuses on this connection.

THEORETICAL BACKGOUND OF THE STUDY

The economic interpretation of the derivative

To be able to use the derivative in economics, students need to be able to interpret its values in economic contexts. However, understanding the interpretation of the derivative commonly used in economics is a special challenge for students because it does not directly correspond to any of the usual representations of the derivative as limit of the difference quotient, slope of the tangent line, local rate of change, or as instantaneous velocity. If :[0; ) [0; ) C    is a cost function (the variable x represents the output of a product), the derivative '( ) Cx, called marginal cost, is often interpreted as additional cost of the next unit. However, if one takes this interpretation literally it corresponds to the difference ( 1) ( )

C x C x 

, which differs from the derivative in its unit and in its numerical value. Since the students already have previous knowledge about the derivative from school, e.g. as slope of a function at one point, this might confuse them. Hence, the economic interpretation of the derivative should be carefully connected to the students' previous knowledge, and justified for economic contexts in the students' of economics Calculus course. A typical justification is via the approximation formula (

) ( ) '( ) C x h C x C x h     for 0 h  . Since 1
h  can be considered as small in economics, the numerical values of '( )

Cx and ( 1) ( )

C x C x 

are close to each other, and they can be identified (a more detailed explanation can be found in [START_REF] Feudel | Relevant knowledge concerning the derivative concept for students of economics -A normative point of view and students' perspectives[END_REF]).

The above mentioned perspective on marginal cost as being defined as derivative and interpreted as additional cost of the next unit coincides with what is taught in mathematics courses for students of economics (see e.g. (Sydsaeter and Hammond, 2013)) and with what is presented in some books of economics like [START_REF] Breyer | Mikroökonomik[END_REF]. However, marginal cost can also be defined as additional cost of the next unit like in [START_REF] Blum | Grundlagen der Volkswirtschaftslehre[END_REF]. In this case the derivative is viewed as method of calculation of the additional cost. Nevertheless, the problem to justify the identification of the two different mathematical objects in economic contexts also remains in this approach.

The notion of concept image to describe students' conceptual knowledge

The economic interpretation of the derivative and its connection to the pure mathematical concept, as it was explained above, should be part of students' of economics conceptual knowledge of the derivative concept. To describe students' conceptual knowledge I will refer to the notion of concept image by [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF], which describes the total cognitive structure associated to a concept. This includes all mental pictures, properties and associated processes. In the case of the derivative students' of economics concept image should contain its representations, the differentiation rules, its connection to the concepts of monotonicity and convexity, its use as a tool for optimization problems, and in particular an adequate economic interpretation of the derivative. Since the common economic interpretation of the derivative as amount of change while increasing the production by one unit is a different mathematical object, it should be in particular carefully connected to the rest of the students' concept image, called synthesizing in literature (Dreyfus, 2002).

Knowledge concerning the derivative covered in the students' Calculus course

In the Calculus course for students of economics in which the study took place (University of Paderborn 2015, Germany), the sessions involving the derivative began with the definition of the derivative as limit of the difference quotient. Alongside with the symbolic definition, its representations as slope of the tangent line (tangent line introduced as limit of secant lines) and as rate of change were introduced. Afterwards, the unit of the derivative in the case of a cost function C was discussed and justified via the symbolic definition of the derivative. In the second lecture the economic interpretation of the derivative in the context of marginal cost was introduced, which is essential for the study presented here. Two possible economic interpretations of the derivative were presented in the lecture:

Interpretation as approximation of the additional cost of the next unit

This interpretation was justified via the approximation formula '( )

C C x x  
  , which was derived from the definition of the derivative by using the approximation aspect of the limit. The terms C  and '( )

C x x
 were also visualized on the board with the help of the tangent line.

Interpretation as additional cost of the next marginal unit

It was visualized that the mistake between C  and '( )

C x x  becomes smaller if 0 x  . This results in the asymptotic equation '( ) dC C x dx 
in which the lecturer called the "fictive infinitely small quantities" dx and dC marginal units. Some lectures later the concepts of monotonicity and convexity and their connection to the derivative were discussed. The sessions finished with optimization problems.

All the topics covered in the lecture were also practised in small groups, in which the students had to solve problems. Relevant for the study presented here is, that these problems also included a task to interpret the value '( 5)

C of the cost function 2 ( ) 8 10 700 C x x x   
in an economic context (in the way presented above).

METHODOLOGY OF THE STUDY

The study aimed to find out to what extent students of economics can make an adequate connection between the derivative and its economic interpretation after their Calculus course. Hence, eight economics students who successfully completed their Calculus Course at the University of Paderborn were interviewed. Each interview lasted about 30 minutes. The interviews were structured by four tasks:

1. Consider the cost function C that is given by the following equation: 

Is the derivative '( )

Cx the same like the additional cost while increasing the production from

x units of quantity by one unit? Justify yours answer. ).

4. Justify with the definition of the derivative why it can often be assumed in economics that the values of '( ) Cx and ( 1) ( )

C x C x  are almost identical.
The tasks were not always presented to the students in written explicitly, but were sometimes given by the interviewer verbally during the interview process.

Task 1 was an introductory task with the aim to find out which of the two mathematical objects ( '( ) Cx or ( 1) ( )

C x C x 

) the students associated first with the term "marginal cost". Task 2 was central in the interview. It aimed to find out to that extent students knew the differences between the derivative and the additional cost of the next unit. If the students claimed both objects to be equal they got the additional task to determine the additional cost of the 11 th unit of a function, which was only given graphically (see right graph of figure 1). Its aim was that the students could no longer use their algorithm to determine the derivative and would use the difference ( 1) ( )

C x C x 
instead. This should make the students' concept image of marginal cost incoherent and provoke a cognitive conflict to make them rethink their ideas about the identity of the derivative and the additional cost of the next unit, and to reorganize their concept image. With the interviewer's help the students were then led to the differences between the derivative and the additional cost of the next unit.

Task 3 had the aim to find out if the students could justify the identification of '( ) Cx and ( 1) ( )

C x C x 

within the graphical representation with the help of the tangent line (similar to the visualization presented in the lecture). Task 4 finally aimed to find out to what extent the students have internalized the justification of the identification of '( )Cx with ( 1) ( )

C x C x 
in economics symbolically via the approximation formula

( ) ( ) '( ) C x h C x C x h   
for 0 h  (as it was taught in their Calculus course). The results of tasks 3 and 4 are not discussed in the paper in detail due to limited space.

The interviews were recorded, transcribed, and interpreted. First, individual cases were interpreted line by line. Later the results between different individuals were compared. To ensure reliability, the author's interpretations were discussed with colleagues of the Centre of Higher Mathematics Education in Germany (khdm).

SOME DETAILED RESULTS

Altogether eight students were interviewed. Due to limited space, two students (Holger and Lisa) with different understandings of marginal cost were chosen, whose interview parts referring to the tasks 1 and 2 are presented here in detail.

Holger's understanding of marginal cost

Holger immediately solved the first task to determine the marginal cost at 

C

. This means his first association of marginal cost was the derivative and not its economic interpretation. His result was '(100) 1 C  . He did not mention a unit himself. After having been asked for the unit by the interviewer explicitly he mentioned "Euro", but could not justify it. This shows that he had an incoherent concept image of marginal cost: he associated the derivative for calculations but did not think of marginal cost as a rate (otherwise the unit would have to be Euro per unit of quantity).

In the next part of the interview Holger was explicitly confronted with the question if a definition of marginal cost as additional cost of the next unit would represent the same mathematical object like the derivative. He started thinking about it and then agreed. Therefore, the interviewer tried to provoke a cognitive conflict by giving Holger the task to determine the additional cost while increasing the production from 10 units by one unit (see right graph of figure 1). Holger first wanted to use the derivative again, but then started to think about the task again: 32 Holger:

You would have to imagine the derivative. Then you would see the additional cost. The derivative is nothing else than the slope at a point. If we take any point. 33 Interviewer: Here is one explicitly given. We search for it at a particular point. 34 Holger:

Here is one given, 10 units of quantity. So we have

10 x 
where the total cost is 21. Now we need the cost if one more is produced. Well, but we do not need this because if we are at 11 the cost is 22 point something. So the additional cost has to be one point, yes 1.1.

Holger now used the difference ( 1) ( )

C x C x 

to solve the task. To the following question of the interviewer if the value would have been the same by using '( ) Cx, Holger agreed. He then determined the slope at 10 x  graphically and got the solution "round about one" (correct value: 1, see right graph in figure 1). After the interviewer emphasized that Holger just said "round about", Holger claimed that he cannot determine the value exactly by graphical means. Hence, the interviewer asked Holger afterwards to determine the cost difference for the cost function C from task 1 given by an equation. He now got the result 1.051 and justified the "error" compared to '(100) 1 C  as follows:

77 Holger: One nearly gets [1], but only nearly. This is probably due to rounding.

One can see that Holger was really convinced that the derivative and the additional cost of the next unit are exactly the same, even if the calculated values differed. The interviewer now emphasized that there was no rounding involved. He then pointed to the graph of the cost function (left graph in figure1) and underlined that one can see the error in the graph, too. After the interviewer had asked Holger again to determine the value of the derivative by graphical means, now for the cost function of task 1 (left graph in figure 1), Holger found for himself a resolution of the conflict:

Afterwards you try to make this distance as small as possible, as you could think of, but we cannot reach the one point, but in our mind we want to reach it. And I assume this the very small rounding mistake, no, not rounding mistake, but this small difference is due to the fact that you do not reach the point exactly.

Two misconceptions of the derivative occurred here. Holger did not imagine the derivative as limit of slopes of secants through 00 ( , ( ))

x f x and 00 ( , ( )) x h f x h  for 0 h  but as limit of secants through 00 ( , ( ))

x h f x h  and 00 ( , ( 
))

x h f x h  for 0 h  .
But the important misconception that now prevented him from questioning the identity of '( )Cx and ( 1) ( )

C x C x 

was his opinion that the "true slope" at a point 0 x was not reached by taking the limit. He imagined the derivative to be the slope of a secant through 00 ( , ( ))

x h f x h  and 00 ( , ( 
)) x h f x h  with a very small 0 h  (he repeated this several times later, even more explicitly than in the lines above).

To sum up, at the start of the interview, Holger identified the derivative '( ) Cx with its economic interpretation as additional cost of the next unit. During the interview a conflict occurred due to different numerical values of these two. But instead of questioning the identity between the derivative and the additional cost of the next unit he made his concept image coherent again by attributing this error to an error between the "true slope at a point" and the derivative as result of a limiting process.

Lisa's understanding of marginal cost

Similar to Holger, Lisa also immediately solved the task to determine the marginal cost at the output 100 x  by using the derivative. Unlike Holger she stated as unit "Euro per unit of quantity", a unit of a rate. So Lisa also associated the derivative with the notion of marginal cost first. When confronted with the definition of marginal cost as additional cost of the next unit she replied: 20 Lisa: Yes, I really thought about this last semester. In the economic subjects we really learn it this way. […] And I always had to say: If you increase x by one unit, y increases by these many units, eh? This is really the case. But I have, since I had mathematics last semester, always thought that you learn it differently in mathematics. In mathematics you say, if you increase

x by one marginal unit, y increases by these many marginal units.

Unlike Holger, Lisa did not identify the derivative with the cost of the next unit. She even felt a conflict between the knowledge about marginal cost she learned in her maths course and the actual use of marginal cost in econometrics. Her remarks point out that she was of the opinion that marginal cost is not the additional cost of the next unit but of the next marginal unit. In which way she understood the term "marginal unit" was not clear yet. Therefore, the interviewer asked about this term: The interviewer gave Lisa the graph of the function of task 1 (left graph in figure 1).

32 Lisa:

Well, one unit could be from 100 to 101 we said. So you increase x by one unit from 100, eh? From the actual output. Then I would be here [pointing on (101)

C

].

After the interviewer's comment to determine the accurate value by calculation she got (101) (100) 1.051

CC 

(compared to '(100) 1 C  ), and continued as follows:

48 Lisa: And a marginal unit I imagine very, very small. Here I would go a right very, very little bit to the right and then a very little, little bit upwards.

We see here that Lisa understood a marginal unit as a very small, but finite unit. This understanding is also found in books of economics (and differs from the way a marginal unit was taught in the maths course as a "fictive infinitely small quantity"). After Lisa's explanation of the "marginal unit", the interviewer tried to induce a cognitive conflict by asking Lisa if the additional cost of such a small unit should not be close to zero. She then explained the following: This shows that Lisa understood the additional cost of a marginal unit as '(100

) C dx 
with dx being a very small, but finite unit. This is in her opinion numerically the same like '(100) C because the slope stays the same at 100 dx  . The interviewer again asked if additional cost slope are the same whereat Lisa agreed.

To sum up, Lisa knew that the derivative is not the additional cost of the next unit. She remembered the interpretation of the derivative to be the additional cost of a marginal unit from her Calculus course. She imagined a marginal unit dx to be a very small, but finite unit (and not in the way it was taught in the course as a "fictive infinitely small quantity" in the asymptotic equation '( ) dC C x dx 

) and identified the additional cost of a marginal unit in her mind with '(100

) C dx 
, which is in her opinion the same like '(100) C . She did not recognize the different nature of the derivative being a rate of change and the additional cost being an amount of change.

SUMMARY AND DISCUSSION

Just like in the cases of Holger and Lisa presented in detail here, the study showed that the students had difficulties to make an adequate connection between the derivative as a mathematical concept and its economic interpretation as additional cost. The author considered a connection as adequate if the students were aware of the differences between '( ) Cx and the additional cost of the next unit, and were able to justify their identification in economics (it did not matter if they associated marginal cost with the derivative or the additional cost of the next unit first).

At the beginning of the interview no student could make an adequate connection between the derivative and the additional cost of the next unit. The majority just declared these objects to be exactly the same (like Holger).

During the interview, all students recognized the question concerning the identity of the derivative and the additional cost of the next unit as very relevant and became aware of differences between these two with the interviewer's help. However, in the process of leading them to these differences on the graphical level via the tangent line, several problems occurred (not discussed here in detail due to limited space):

1. Misconceptions concerning the derivative concept (like Holger's misconception about the derivative being not the "true slope" at the point)

2. Incomplete concept images (example: knowledge of the geometric representation of the derivative as slope at a point but no association of the tangent line)

3. Problems in determining the slope of a linear function Only one student could make a connection on the symbolic level via the formula Furthermore, most participants of the study had not thought about the differences and the connection between the derivative and its economic interpretation as additional cost before the interview, although these were presented in their Calculus course.

A solution to these problems in a traditional Calculus course for students of economics, in which the concept of derivative is taught first, an economic interpretation afterwards, could be to confront the students with the two different notions of marginal cost in the tutorials of the course directly, and to provoke a cognitive conflict, just like in the interview. Afterwards, one could let them try to connect the derivative and the additional cost of the next unit by themselves or in small groups, and help them individually if misconceptions or incomplete concept images of the derivative occur. Another solution could be to start with the concept of marginal cost as additional cost first, which can be approximated by the derivative as linear approximation. However, an understanding of the mathematical concept of the derivative as slope of the tangent line is also necessary in this approach.

Concerning future research, one has to emphasize that the study presented here relied on one perspective on the connection between the derivative as a mathematical concept and its use in economics: additional cost as interpretation of the derivative. This perspective is important because students of economics are often confronted with it their maths course and in courses about economic theory (it can be found in respective books of economics). But as explained in the theoretic part of the paper: it is not the only one. Other perspectives may further enrich the knowledge about students' of economics understanding of the derivative and its use in economics.

  output x is given in units per quantity, the cost() Cx is given in Euro. Determine the marginal cost for an output of 100 x  units of quantity. Determine the unit (of the marginal cost), too.
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 1 Figure 1: Graphs of the cost function from task 1 and the cost function from the task, in which the additional cost for the 11 th unit had to be determined
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  Interviewer: Now the question, what is a marginal unit? 22 Lisa:Well, a marg/ Shall I draw it?

h

   like presented in the Calculus course.

  52 Lisa:This has to do with the slope you have. For the derivative you calculate the slope of the tangent line. The slope of the tangent line is what you calculate, isn't it? 53 Interviewer: Right, the slope of the tangent line, yes. 54 Lisa: Yes, and this is also what I get if you increase x by a marginal unit, starting at 100. Ah, what do I get? No, if you increasex by one marginal unit, the marginal cost still increase by one. I think the slope still remains one, right?

Holger: Oh, the reason is, because it is not exact. The origin of the derivative was to determine the slope at a point. To achieve this you take one point left and one point right of it, which have the same distance, and the slope between.