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This paper presents a model for instructional design in mathematics and reports from student teachers' experimentation with it in secondary school. The model is framed within the theory of didactical situations in mathematics. It contributes to the research field through the notion of an epistemological model, which provides an enhanced understanding of the stage of 'conception and a priori analysis' of didactical engineering. Findings show how the model is instrumental in creating student teachers' awareness of the impact of the milieu on the nature of the knowledge developed by the pupils.

INTRODUCTION

The mathematical performances that represent the ambitions of the mathematics classroom and curriculum are constituted through teacher and student participation in activities stimulated by mathematical tasks designed (or selected) by the teacher for the realisation of an instructional purpose [START_REF] Clarke | Mathematical tasks and the student[END_REF]. The centrality of tasks as instruments in mathematics classrooms is reported in the TIMSS 1999 Video Study: in the eighth-grade classrooms that were investigated (in seven countries), at least 80% of lesson time, on average, was spent on solving mathematical tasks [START_REF] Hiebert | Teaching mathematics in seven countries: Results from the TIMSS 1999 video study[END_REF]. In this paper, I present a model for instructional design in mathematics, where tasks are embedded in situations that preserve meaning for the target knowledge. Further, I report from student teachers' utilising the model to teach an optional piece of mathematical knowledge in secondary school. The research question addressed in the paper is: What do student teachers learn from using the model for instructional design?

The model for instructional design is applicable when there is an intention of teaching someone some particular mathematical knowledge. It is rooted in the theory of didactical situations in mathematics, TDS [START_REF] Brousseau | The theory of didactical situations in mathematics: Didactique des mathématiques, 1970-1990[END_REF], the main concepts of which I present briefly in the next section.

A BRIEF INTRODUCTION TO TDS

TDS provides a systemic framework for investigating teaching and learning processes and for supporting didactical design in mathematics, where the particularity of the knowledge taught plays a significant role. In the following I explain concepts of TDS (based on [START_REF] Brousseau | The theory of didactical situations in mathematics: Didactique des mathématiques, 1970-1990[END_REF] that are central to the model for instructional design.

The milieu represents the elements of the material and intellectual reality with which the students interact when solving a problem. An adidactical situation is a situation in which the students as a group try to solve the problem given to them on the basis of features of the milieu, without significant help from the teacher. The milieu of an adidactical situation is called an adidactical milieu. An appropriate adidactical milieu provides feedback to the students, whether their responses are adequate with respect to the knowledge at stake. The teacher has three main roles in the broader didactical situation: first is the devolution of an adidactical situation to the students, which means to present the adidactical situation and the problem to be solved and make the students accept this transfer of ownership; a second role is the regulation, which means to handle the evolution of the adidactical situation and its milieu; and, a third role is the institutionalisation of the knowledge developed in the adidactical situation, which means to transform the contextualised responses produced by the students into scholarly knowledge aimed at by the institution.

The didactical contract refers to the phenomenon that the interaction between the teacher and students in a didactical situation is regulated by rules related to the knowledge at stake. These rules form a set of implicit reciprocal obligations and mutual expectations. In devolution, the teacher (implicitly) negotiates a contract that involves a temporary transfer of responsibility for the knowledge at stake, from the teacher to the students.

After devolution, four situations follow where the role of the teacher and the status of knowledge change: Situations of action, formulation, and validation are (intentionally) adidactical, whereas the situation of institutionalisation is didactical. The adidactical situations are designed with milieus that are supposed to give feedback to the students, as mentioned above. The situation of action is where the students engage in the situation on the basis of its milieu without the teacher's involvement-that is, they construct an implicit solution (a strategy) that guides them in their decisions. The situation of formulation is where the students' formulations are useful in order to indirectly solve the problem-that is, formulation of an explicit solution that enables somebody else to operate on the material milieu. Here, the teacher's role is to make different formulations "visible" in the classroom. The situation of validation is where the students try to explain a phenomenon or verify a conjecture. Here, the teacher's role is to lead a whole-class discussion and trying to make the students use precise mathematical notions. The situation of institutionalisation is where the teacher's role is to connect the contextualised knowledge built by the students with scholarly forms of knowledge.

A MODEL FOR INSTRUCTIONAL DESIGN IN MATHEMATICS

The model for instructional design introduced here is based on the theoretical analysis presented in [START_REF] Strømskag | A methodology for instructional design in mathematics-with the generic and epistemic student at the centre[END_REF]. It contains four phases: epistemological analysis; development of an epistemological model; implementation; and, institutionalisation. They correspond to design and implementation phases of didactical engineering [START_REF] Artigue | Perspectives on design research: The case of didactical engineering[END_REF]: epistemological analysis corresponds to 'preliminary analyses'; development of an epistemological model corresponds to 'conception and a priori analysis'; and implementation followed by institutionalisation corresponds to 'realization'. The model contributes to the research field through the notion of an epistemological model, which provides an enhanced understanding of the phase of 'conception and a priori analysis' of didactical engineering. Its elements are illustrated in Figure 1 (the dotted curve signifies that the epistemological analysis informs the institutionalisation). Figure 1 shows how TDS concepts are constituents in design and implementation of a didactical situation that aims at some particular mathematical knowledge. For an account of its methodology, see [START_REF] Strømskag | A methodology for instructional design in mathematics-with the generic and epistemic student at the centre[END_REF]. The phases of the model are described briefly in the following sections.

Epistemological analysis

Epistemological analysis of the knowledge at stake involves two components: an analysis of the knowledge itself, and a didactical analysis. The aim of analysing the knowledge is to identify possible epistemological obstacles, to find out what this knowledge is for, what questions that motivated its genesis, and how its validity can be justified. A didactical analysis aims at surveying research on teaching and learning of the knowledge at stake. The purpose of the epistemological analysis is to figure out what conditions must be fulfilled for a situation to implement the target knowledge (i.e., what problem would have the target knowledge as its solution), and by this inform the next phase, development of an epistemological model.

An epistemological model

An epistemological model of the knowledge at stake is a construct that consists of three components: first, a model of the target knowledge-possibly an iconic representation; second, a situation that preserves meaning-involving a problem that can be solved in an optimal manner using the target knowledge; and, third, milieus of situations of action, formulation and validation-designed so as to make students' knowledge progress towards gradually more explicit and mathematical forms, based on an image of students' adaptations to the milieus. The second and third component together can be considered a model of the generic and epistemic student's intended learning-it is developed according to the conditions that must be fulfilled for a situation to implement the knowledge it defines. The point is to design milieus so that the responses produced by the students will become gradually more explicit and mathematical, and ultimately can be institutionalised to become the scholarly knowledge aimed at by the teacher.

Implementation

The third phase involves implementation in the classroom, where the epistemological model is the basis for the teacher's devolution and regulation of an adidactical situation (including a problem) aiming at students' interaction with the milieus of situations of action, formulation and validation. Students' learning during implementation is understood as independent adaptation.

Institutionalisation

The fourth phase involves institutionalisation of the solution to the problem into scholarly and decontextualised forms of knowledge. Students' learning in this phase is understood as acculturation, which is intended to enable them to know the place, importance, and future of the mathematical knowledge reached.

The two processes of learning-adaptation and acculturation-are governed by the didactical contract, and the relationship between them is understood as devolution and institutionalisation. The model presented in Figure 1 displays the teacher's roles in the design and realization of a didactical situation: the process of didactical transposition [START_REF] Chevallard | On didactic transposition theory: Some introductory notes[END_REF] transforms the knowledge at stake into an epistemological model; the process of devolution transforms the epistemological model into a problem embedded in a situation; and, the process of institutionalisation transforms the situated knowledge used to solve the problem into scholarly forms of knowledge aimed at by the institution.

AN EPISTEMOLOGICAL MODEL EXEMPLIFIED

I give here a brief presentation of an epistemological model, where the target knowledge is the general numerical statement expressing that the sum of the first n odd numbers is equivalent to the square of n, possibly represented by . I have implemented the epistemological model exemplified here in a teacher education programme, a detailed account of which is given in [START_REF] Strømskag | A methodology for instructional design in mathematics-with the generic and epistemic student at the centre[END_REF].

A model of the theorem

A model of the target knowledge is created using a dissection of a square into Lforms consisting of consecutive odd numbers of unit squares (where 1 is represented by one unit square, hence a degenerated L). A generic example is given in Figure 2, illustrating that . It is made of a dissection of the fourth square into the first four odd numbers. The model of the target knowledge is not to be shown to the students. It is a tool for developing a of the students' intended learning, parts of which I describe below. -Finding a method for building a square of side length a natural number, using Lforms from TILEL. -Explaining why the method will work for any natural number.

The milieu

The milieu of action is the material milieu on which the students are supposed to operate. The material milieu consists of ten paper cut-outs with unit squares that represent the first ten odd numbers, as illustrated in Figure 3. The task in the situation of action is to find a method of building a square of side length a natural number up to ten, using L-forms of different sizes. The features of the milieu (common for action, formulation, and validation) are the following: -The material milieu does provide feedback: it is visible for the students whether or not they succeed in building a square of the intended size, using the L-forms.

-There is an obligation to use L-forms of different sizes. This is part of the didactical contract, and is to ensure that the students engage with odd numbers. -It is only the size of the resulting square that matters. This is part of the didactical contract, and means that different configurations of L-forms should not be distinguished (i.e., it is not a combinatorial task). For an account of the milieus of formulation and validation, and the intended knowledge progress based on the TILEL-situation, see [START_REF] Strømskag | A methodology for instructional design in mathematics-with the generic and epistemic student at the centre[END_REF].

STUDENT TEACHERS' EXPERIMENTS IN SECONDARY SCHOOL

Methodical approach

In 2017, within a master's course in mathematics education, I gave a group of 13 student teachers (hereafter 'students') the task of using the presented model to design and implement (with pupils in secondary school) a situation that preserved meaning for a chosen piece of mathematical knowledge. The students were in the 4 th or 5 th year in a 5-year teacher education programme in mathematics and natural sciences.

The preparation at campus for the experiment (spanning 4 lessons, á 90 minutes) entailed first, my introduction of necessary concepts from TDS and presentation of the model itself. Then the students worked on a task on percentages that I had designed (using the design principles of the model) to let them experience and solve a problem embedded in a TDS situation. The next step was my comparison of the a priori and a posteriori analyses of the TILEL-situation, implemented with 20 students in a teacher education programme (this experiment is reported in [START_REF] Strømskag | A methodology for instructional design in mathematics-with the generic and epistemic student at the centre[END_REF]. This was followed by a brief presentation of two other models of mathematical knowledge: models of convergent geometric series, shown in Figures 4 and5. The students discussed what series they were models of, and what the limit of each of them was.

The last lesson comprised students' work in four groups on an assignment that involved using the model for instructional design to design and implement a teaching situation aiming at some particular mathematical knowledge (suitable for the class in which they were to do the experiment). I was present for guidance during the initial design part, where they created an adidactical situation with a milieu and a problem. Data used to explore the utility of the proposed model consist of students' reports from the experiments, which I received their consent to use (texts from the reports are translated into English by H. S.). Even if the students worked in groups to plan and conduct the experiment, they wrote individual reports. A demand was that the report contained a comparison between a priori and a posteriori of the implemented situation-that is, how the situation was suitable to develop the target knowledge.

Results

A general finding from the 13 reports is that the implemented situations did not have a satisfactory adidactical potential. The students described how they-contrary to the ideal roles of the teacher in TDS situations-had to intervene during the pupils' work. This was explained by too little attention or effort to create an appropriate milieu for the intended knowledge. In the following, I present how three students'through their comparison of a priori and a posteriori analyses-in each case, reflected on limitations of the milieu of the implemented situation, and suggested improvements that might possibly strengthen its adidactical functioning. In the last case, the strength of the designed situation is also accounted for.

The target knowledge for Uma's pupils (upper secondary first year) was a formula for the number of components of the n-th element of a shape pattern, . This knowledge was the solution to a problem embedded in a situation with a barbeque area of variable size with fixed shape, covered by tiles as illustrated by the shape pattern in Figure 6. Uma described how emphasising the structure of the elements of the pattern by, for example, using different colours, might have made it easier for the pupils to implement the knowledge aimed, without the teacher's guidance and help. This idea of Uma can be seen as stimulating algebraic thinking. She also commented on the importance of the devolution for the adidactical functioning of the milieu.

The target knowledge for Tracy's pupils (upper secondary second year) was the theorem expressing that the sum of two consecutive triangular numbers is equivalent to the square number of rank the same as the largest of the triangular numbers. The theorem was symbolised as

, where Tracey presented a model of the theorem, a generic example illustrating that , as shown in Figure 7. The target knowledge was the solution to a problem embedded in a situation with production of quadratic birthday cards, made by two staircase figures (representing triangular numbers) as shown in Figure 8. Tracey explained that the colours of the material milieu were an obstacle to pupils' engagement with the knowledge at stake; the pupils referred to staircase figures by their colours instead of by their structure (sum of natural numbers) and rank. Further, generalisation of the birthday card problem was supposed to be brought into effect by the task: "Formulate a method to make a birthday card of an arbitrary size, and argue why the method works". This part was problematic because the pupils understood the concept arbitrary (in Norwegian: "vilkårlig") in the meaning of any birthday card made by the figures available in the milieu, instead of any birthday card made by imaginary staircase figures of any size (as intended).

The target knowledge for Tina's pupils (grade 8) was an explicit formula for the number of components of the n-th figure of a shape pattern (shown in Figure 9). This knowledge was the solution to a problem at a four-way crossing, where a car in the middle blocked the crossing and caused one car at each of the four ways to be stuck every second. The situation after two seconds is shown in Figure 10 (this was the material milieu along with a pile of paper cut-outs of cars). For small numbers of seconds, Tina expected the pupils to use a recursive approach. Hence, she tried to motivate for an explicit formula by asking for the number of cars after 1 minute. Some pupils, however, used a strategy where they treated the situation as a direct proportionality (representing the four cars added each second) and added 1 in the end for the car in the middle. One pupil reasoned that since there were 21 cars after 5 seconds, he multiplied 20 by 2, then multiplied 40 by 6, and added 1 in the end. This gave the right answer, but it was not what Tina was after. She was after a functional relationship between the seconds that had passed and the total number of cars. Tina explained that in planning it was not anticipated that anyone would use the mentioned method, so the milieu did not have adequate feedback to handle it.

In conclusion, Tina wrote: "The results show that the work in advance of implementation is very important regarding the knowledge actually developed by the pupils […] The results show, however, that feedback from peers has been instrumental in helping pupils to correct misunderstandings in adidactical situations. This I see as a strength of the designed milieu." Another strength reported by Tina is in institutionalisation, the pupils were exposed to a new shape pattern, the relationships of which they were able to represent through algebraic symbols. Tina claimed that this was evidence that the knowledge developed through the experiment had in fact been generalised beyond the designed situation.

DISCUSSION

There were institutional constraints on the study reported here: the time available for instruction at campus was only 4 lessons (a modifiable condition); and the students had no knowledge of the pupils before the experiment (an unmodifiable condition). The fact that the students-contrary to their intention-had to intervene during the pupils' work is not unique to the model for instructional design. What the methodology of the model offers, however, is validation of an implemented teaching situation based on comparison between a priori and a posteriori analyses; this is similar to the methodology of didactical engineering [START_REF] Artigue | Perspectives on design research: The case of didactical engineering[END_REF]. In the model for instructional design, the a priori analysis is constituted by an epistemological analysis and development of an epistemological model, whereas the a posteriori analysis is an analysis of the realisation of the designed situation.

The answer to the research question posed-about what the students learned from using the model for instructional design-is that the students were able to identify relationships between the adidactical milieu and the knowledge progress in each case. The points addressed in the students' reports were about features of the milieu that constituted limitations on generalisation processes: In Uma's case it was about the devolution, and a material milieu that failed to focus on structure and algebraic thinking. In Tracey's case it was about features of the material milieu that suppressed focus on structure, and pupils' not knowing the meaning of the term "arbitrary". In Tina's case it was about a milieu without feedback for a linear generalisation method used by many of the pupils. However, Tina also emphasised a quality of the milieu: how pupils' progress in adidactical situations were enabled by feedback from peers.

Such comparisons between a priori and a posteriori analyses will identify relationships between the nature of the milieu and the knowledge progress in adidactical situations, and thereby create awareness of what enables and what prevents pupils from reaching the target knowledge. In this way, the model has potential to inform future design (aiming at the same knowledge): it might provide deeper insight into the nature of the knowledge at stake, and a better understanding of necessary conditions on the milieu concerning its adidactical functioning.

In conclusion, the impact of the study on my practice as a teacher educator is that the students' experiments are used as objects of study (with the same or other students), where the task is to revise the experimented situations and their milieu to better match them with their original didactic intention, and subsequently, to implement them with pupils to validate them. In this way, the experimented situations are considered material milieus for instructional design. This represents a meta-level perspective on instructional design in mathematics teacher education.
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 1 Figure 1. A model for instructional design (reproduced from Strømskag, 2017, p. 912)
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 2 Figure 2. A model of the target knowledgeA situation that preserves meaning of the target knowledge I invented a situation based on an imaginary company called TILEL selling a special kind of tile formations that can be used to cover squares. The tile formations have shapes as L-forms, and consist of an odd number of unit squares. The idea of this situation is derived from the model of the target knowledge, shown in Figure2. The task has two main parts: -Finding a method for building a square of side length a natural number, using Lforms from TILEL. -Explaining why the method will work for any natural number.
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