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The foundation of all rigorous research designs is the use of measurement tools that are psychometrically sound. The purpose of this paper is to present the scales' proprieties such as reliability, validity, and invariance that are fundamental prerequisite for assuring the integrity of study findings. Providing examples of how to assess the psychometric properties of tools used in mathematics research may be helpful for future researches in this topic.

In the document prepared by the Education Committee of the European Mathematics Society (2011), the description of "solid findings" includes an aspect of "robustness". That means that findings in the research on mathematics learning and teaching should be repeatedly observed or confirmed in many studies reporting the same or similar results leading to the same (general) conclusions. To achieve this goal rigorous research designs and measurement tools that are psychometrically sound are needed. Starting from these premises I will try to identify the contribution of psychometrics to solid findings in mathematics education.

Measurement

In many educational measurement situations, the variables of interest such as ability, beliefs, attitudes, and anxiety are not directly observable. As such, they are latent variables or traits. Indeed, they are easily described but they cannot be measured directly, as can height or weight for example, since these variables are concepts rather than physical dimensions.

To give an example of a measurement process, imagine that a researcher is interested in measuring mathematics anxiety (MA). Mathematical anxiety is commonly defined as an adverse emotional reaction to math or the prospect of doing math (Hembree, 1990). It is a state of nervousness and discomfort brought upon by the presentation of mathematical problems and may impede mathematics performance irrespective of true ability (Ashcraft, 2002;Ashcraft & Moore, 2009). The negative consequences of mathematical anxiety are well-documented (Morsanyi et al, 2017). Students with high levels of mathematical anxiety might underperform in important test situations, they tend to hold negative attitudes towards mathematics, and they are likely to opt out of elective mathematics courses, which also affects their career opportunities. Over the last decade there has been more interest in understanding how and when MA develops (Dowker, Sarkar, & Looiet, 2016;Harari, Vukovic, & Bailey, 2013;Jameson, 2013;Ramirez, Gunderson, Levine, & Beilock, 2013), investigating the incidence of MA, and its effects on primary school samples (e.g. Galla & Wood, 2012;Karasel, Ayda, & Tezer, 2010;Wu, Barth, Amin, Malcarne, & Menon, 2012), as well as its consequent influence on math achievement (Wu et al., 2012). Given the widespread prevalence of MA and its detrimental long-term impact on academic performance and professional development, it is important to measure this construct in a valid and reliable way.

From a measurement prospective it is not possible to directly observe MA. Following the latent trait theory (Lord & Novich, 1968), we can measure something that cannot be observed only by inference from what can be observed. Thus, while the trait itself is not observable, its interaction with the environment produces, at the surface level, observable indicators which can be used to infer the level or degree of the latent trait. Considering MA, although we cannot observe our latent variable, its existence may be inferred from behavioural manifestations or manifest variables (for example, as feeling tense, fearful and apprehensive about mathematics). These manifestations make it possible to measure MA asking, for example, a series of questions (the items of the instruments) that describe each manifestation (for example, "I feel nervous when I use numbers"). Indeed, a measurement instrument can be constructed using these items with the purpose of assessing the unobservable trait.

However, the primary goal of educational measurement is to determine the level of the latent trait that a person possesses. In general, scaling is the process of establishing the correspondence between the observations and the latent variable. Several mathematical approaches have been developed in order to define how to measure a latent trait through item responses, assuming that the latent trait is continuous. These approaches include Classic Test Theory (CTT) and the more recent Item Response Theory (IRT).

Traits, indicators, and their relationships can be represented graphically. Figure 1 represents the measurement structure of the Abbreviated Math Anxiety Scale (AMAS; Hopko, Mahadevan, Bare, & Hunt, 2003). This is a two-factor measure of MA that is considered a parsimonious, reliable, and valid scale. The two factors are Learning Math Anxiety, which relates to anxiety about the process of learning, and Math Evaluation Anxiety, which is more closely related to testing situations. The AMAS is one of the most commonly used measure of MA in college and high school students (for a review, see Eden et al., 2013). The scale has been translated into several languages, and it has been found to be a valid and reliable measure in Looking at the details of Figure 1, the ovals represent latent, unobserved variables, specifically, Learning Math Anxiety and Math Evaluation Anxiety. The squares represent the observed variables (items); five for Learning Anxiety (e.g., listening to a lecture in a math class), and four for Math Evaluation Anxiety (e.g., thinking about an upcoming math test one day before). The relations between items and the latent traits are represented with arrows that indicate that the traits cause the corresponding indicators. In Figure 1, the error components that we have to take into account in the measurement process are also represented. Any observed score has two parts: The true score part and the error part. Intuitively, we control for the error and we estimate the true score by taking several measures and averaging them. We assume that averaging several measures results in a better estimate of the true score. These ideas are formalized in the concept of reliability. We use multiple indicators or items to better measure the trait. This way, we can have more information and reduce the error components, that is, we can maximize the reliability or precision of the measurement tool.

Moreover, verifying the relationships among indicators and the corresponding traits, through a confirmative procedure, such as a confirmatory factor analysis (CFA), we can verify that the measurement tool truly captures the underlying trait, attesting the validity of the measurement tool (Zumbo, 2009). Indeed, obtaining evidence of validity is part of the measurement process. 

Invariance

Measurement validity also implies that the meaning of the construct and its operationalization is the same in different social and cultural contexts. Testing the invariance of the test concerns the extent to which the psychometric properties of the test generalize across groups or conditions. Therefore, measurement invariance is a prerequisite of the evaluation of substantive hypotheses regarding differences between contexts and groups.

If the research question is, for example, about assessing gender differences in MA, and our test shows that female students have higher math anxiety scores than male students, we would be tempted to interpret test scores in terms of the trait that they are intended to reflect, i.e., that females have greater MA than males. However, it is possible that the test scores do not purely reflect the latent trait, i.e. MA in each group. That is, it is possible that the test is biased in some way.

Bias is used as a general term to represent the lack of correspondence between measures applied to different groups (Van de Vijver & Tanzer, 2004). There are different kinds of bias, for example construct bias, when the meaning of the studied trait varies among groups; item bias, when the meaning of the item content is different in certain groups, or method bias, when the characteristics of instruments induce measurement errors for particular groups of respondents.

These biases violate the assumption of measurement invariance, which holds that measurement properties should not be affected by group membership (Zumbo, 2009). In other words, the observed scores should depend only on the latent construct, and not on group membership. An observed score is said to invariantly measure the construct if it is affected by the true level of the trait in a specific person, rather than by group membership or context (Meredith, 1993). This means that people belonging to different groups, but with the same level of a trait, are usually expected to display similar response patterns on items that measure the same construct. Thus, when studying test invariance, we determine whether the tool functions equivalently in different groups, that is, we test the absence of biases in the measurement process.

A well-known method to assess invariance is multiple group confirmatory factor analysis (MGCFA) in which the theoretical model is compared to the observed structure in two samples.

Testing measurement invariance involves a step-by-step procedure in which nested models are organized in a hierarchal ordering. Specifically, the following invariance models are tested. The configural one, which refers to testing whether an instrument exhibits the same structure (Do the groups show the same general factor structure? Same number of factors? Same conceptual definition of latent constructs?). The next model, the metric one, tests whether the items function equally across groups. If this invariance is established, the groups can be said to have the same unit of measurement. The final model, the residual one, tests if measurement errors are the same across groups, which means that the scale is be equally reliable in both groups.

Applying this method, we tested the equivalence of the AMAS across male and female Italian students (Primi et al., 2015). With regard to the measurement issue, given that the assessment of MA relies on self-report measures, it is important to note that females are more willing to report their feelings of anxiety than males (e.g., Goetz, Bieg, Lüdtke, Pekrun, & Hall, 2013). This finding highlights the importance of employing measures of MA which are invariant across genders. That is, there is a need to test if the items measure the same construct when administered to male and female respondents, controlling for the differences in true group means. Indeed, to compare groups of individuals with regard to MA, one must be sure that the values that quantify the construct are on the same measurement scale.

The issue of measurement invariance has received considerable attention also in cross-cultural research because people from different cultures might have different understanding of the same questions included in an instrument (Milfont & Fischer, 2010). Indeed, testing invariance is of particular concern when using a translated version of a survey instrument, and it is a necessary prerequisite for the translated instrument to be used in cross-cultural research (e.g., Baumgartner & Steenkamp, 1998).

For this reason, we tested the invariance of the Italian version of the Statistical Anxiety Scale (SAS) developed by Vigil-Colet, Lorenzo-Seva, and Condon (2008). Learning statistics is often associated with statistics anxiety, defined as "extensive worry, intrusive thoughts, mental disorganization, tension, and physiological arousal [. . .] when exposed to statistics content, problems, instructional situations, or evaluative contexts" (Zeidner, 1991, p. 319). In the original validation study, Vigil-Colet et al. (2008) analyzed the internal structure of the SAS using exploratory factor analysis. The results attested a three-factor structure: Examination Anxiety (referring to the anxiety involved when taking a statistics class or test), Interpretation Anxiety (referring to the anxiety experienced when students are making a decision about or interpreting statistical data), and Fear for Asking for Help (referring to the anxiety experienced when asking a fellow student or a teacher for help in understanding specific contents). The primary aim of our work was to confirm this factorial structure of the Italian version using CFA. As confirmation of the same base factor model was not a sufficient condition to establish the equivalence of the Spanish and Italian versions of the SAS, we tested the invariance of the factor model's parameters between the Italian sample and a comparison Spanish sample. Since the results indicated a substantial equivalence of the Italian and Spanish versions of the SAS, we can use the translated instrument in cross-cultural research, we can make meaningful comparisons between Italian and Spanish students' statistics anxiety, and we can develop intervention strategies to enhance students' achievement across Spanish and Italian educational frameworks.

To sum up, if measurement tools are not "invariant", instruments do not measure the same trait across the different groups or contexts, results are not comparable, and inferences about differences are misleading. As a consequence, methods for investigating biases should be implemented when new measures are created, when existing measures are adapted to new contexts or for different populations, or when existing measures are translated.

Conclusion

The foundation of all rigorous research designs is the use of measurement tools that are psychometrically sound. Confirmation of the validity and reliability of tools is a prerequisite for assuring the integrity of study findings.

In empirical research, comparisons are often made between distinct population groups, including groups from different cultures, genders, or that speak different languages. These analyses implicitly assume that the measurement of these outcome variables is equivalent across groups, although this assumption often remains untested. Measurement invariance can be tested and it is important to make sure that the variables used in the analysis are indeed comparable across groups.

In conclusion, testing the psychometric properties of tools, such as measurement invariance might help in increasing the robustness of findings across various groups and contexts.

  a variety of populations (Polish version: Cipora, Szczygiel, Willmes, & Nuerk, 2015; Italian version: Primi, Busdraghi, Tomasetto, Morsanyi, & Chiesi, 2014; Persian version: Vahedi & Farrokhi, 2011). Recently, it has also been adapted for children between the ages of 8 to 11 (Italian version: Caviola et al. 2017), and 8 to 13 (English version: Carey et al. 2017).

Figure 1 :

 1 Figure 1: Model of the Abbreviated Math Anxiety Scale (AMAS)
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