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INTRODUCTION AND CONTEXT

Research on discrete mathematics has rapidly developed in its methodologies, in the way it is viewed by mathematicians, and in its range of applications. Discrete mathematics has been described by TSG-17 Teaching and Learning of Discrete Mathematics at the ICME-13 (2016) as a comparatively young branch of mathematics with no agreed-on definition but having old roots and emblematic problems. Moreover, it is a robust field with applications to a variety of real world situations, and of on growing importance to contemporary society (Hart & Sandefur, in press). Over the past several decades, discrete mathematics has proved to be an important part of the recommended program for students of computer science [START_REF] Maurer | What is discrete mathematics? The many answers[END_REF][START_REF] Debellis | Discrete mathematics in primary and secondary schools in the united states[END_REF][START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF][START_REF] Borwein | Digitally assisted discovery and proof[END_REF][START_REF] Epp | Discrete mathematics for computer science[END_REF][START_REF] Rosenstein | The absence of discrete mathematics from primary and secondary education in the united states... and why that is counter positive[END_REF]. [START_REF] Epp | Discrete mathematics for computer science[END_REF] points out the strong necessity for engaging students in abstract thinking for the course of discrete mathematics and its applications in computer science. Discrete mathematics also seems to be a very important tool for research in biology and chemistry. On the other hand, discrete mathematics has been influenced by a variety of mathematical results, methods, and representations (group theory, number theory, geometry, algebraic combinatorics, graph theory, and cryptography). Their integration and combination in a profound theory is essential for research in discrete mathematics [START_REF] Heinze | Discrete mathematics and proof in the high school, introduction[END_REF]. A recent publication that looks into the future of mathematics, The Mathematical Sciences in 2025 (Committee on the Mathematical Sciences in 2025,2013) identifies two new drivers of mathematics: computation and big data. For both, it describes how discrete mathematics plays an important role like discrete mathematics algorithms for mathematical processing, dynamical systems in ecology, networks in industry and the humanities, and discrete optimization (p.77).

The growing importance of discrete mathematics leads us to define this field for an educational purpose. We seek to develop a "functional definition" [1] of discrete mathematics, in order to use it to analyze and design didactical situations. Specifically, we are concerned with the university level. We first present the state of art in the teaching and the learning of discrete mathematics mainly at secondary level pointing out some of its epistemological aspects. We then state our research questions and describe the methodology aimed at developing a "functional definition" of discrete mathematics. Our research is inscribed in a "contemporary epistemology" [2] that draws on interviews with mathematicians. Our working hypothesis is that such interviews can update and enrich our functional definition. Finally, we discuss some preliminary results of the interviews with mathematicians and close with some concluding remarks.

TEACHING AND LEARNING OF DISCRETE MATHEMATICS-SUMMARY OF A STATE OF ART

This young field of mathematics with numerous interconnections has no agreed-on definition shared by mathematicians [START_REF] Maurer | What is discrete mathematics? The many answers[END_REF][START_REF] Hart | Discrete mathematics is essential mathematics in a 21st century school curriculum[END_REF] and has blossomed in several directions. There exist different attempts to define discrete mathematics, by mathematicians (like in the United States) and by mathematics educators (like in France). These attempts depend on the epistemological posture of the authors and on the intended function of the definition (e.g. to enable mathematicians to define a field, mathematics educators to characterize a domain, and teachers to present a topic of mathematics…etc.). For example, in an attempt to define discrete mathematics, a mathematician proposed two standard approaches toward this definition [START_REF] Maurer | What is discrete mathematics? The many answers[END_REF]: by specifying properties or by lists of topics. The defining lists are too many (courses aiming for computer science majors, algorithm-oriented course, finite mathematics course for social science and business majors, high school course) [START_REF] Maurer | What is discrete mathematics? The many answers[END_REF]. Mathematics educators have also proposed a definition of discrete mathematics such as the following:

"The main idea is that discrete mathematics is the study of mathematical structures that are "discrete" in contrast with "continuous" ones. Discrete structures are configurations that can be characterized with a finite or countable set of relations" (Ouvrier-Buffet, 2014, p. 181).

Moreover, discrete mathematics acquires particular objects and methods [START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF]. However, these attempts to define discrete mathematics are not allinclusive as they overlook many characteristics of the concepts and proofs involved in this field. In our opinion, what is also important for the didactics of mathematics is to uncover the specificities of this field of mathematics in comparison to others.

Recent research in discrete mathematics, computer science, and mathematics education has led to a serious discussion of the principles of proof, the teaching and learning of proof, the validity of computer-based proofs or of visual proofs etc. The distinction between the terms reasoning, proving, augmenting, demonstrating, and the complex relationship between argumentation and demonstration (argumentation considered as an epistemological obstacle for the learning of proof), calls for a debate and an in-depth analysis [START_REF] Balacheff | Processus de preuve et situations de validation[END_REF][START_REF] Balacheff | L'argumentation est-elle un obstacle? Invitation à un débat[END_REF][START_REF] Reid | Proof in mathematics education[END_REF]. In their book, Proofs in Mathematics Education, Reid and Knipping included several examples in their discussions, and there might be a reason that a large number of these examples come from discrete mathematics [START_REF] Reid | Proof in mathematics education[END_REF]. In the special issue of ZDM (2004) and in the ICME 13 monograph (2016), discrete mathematics continues to be promoted as the essential mathematics in a 21 st century school curriculum. Its power lies in the opportunity it provides for supporting reasoning, problem solving, modeling, and systematic thinking in the school curriculum. Besides, recursion and recursive thinking seem to be powerful modeling and problem solving strategies throughout mathematics in general and in the teaching and learning of discrete mathematics in particular. The latter has been highlighted in the studies of part III of ICME 13 monograph entitled recursion and recursive thinking. They describe the integration of recursive thinking with iterative as well as algebraic thinking, and they present the benefits of this integration as means to deepen the students understanding of each of the geometry of transformations and covariation of variables.

Some epistemological aspects of discrete mathematics pointed out in didactics

Researchers in didactics of discrete mathematics have proposed several characteristics, of epistemological nature, of discrete mathematics. These characteristics are the result of their research aiming at investigating the place and role of discrete mathematics in education, analyzing the teaching and learning situations, integrating new content into the curricula, studying the place and role of proof in the curricula, and examining the mathematical expression (symbolic and visual) and the use of language. Accordingly, several aspects have revealed such as: problems in discrete mathematics encourage the development of heuristic and affective processes [START_REF] Goldin | Discrete mathematics and the affective dimension of mathematical learning and engagement[END_REF], there exists a specific relationship between discrete mathematics and proof-existence of different situations that provide different views on proof [START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF], there exist different models in discrete mathematics which necessitates the work on modeling [START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF], discrete objects and situations are easily accessible [START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF][START_REF] Maurer | What is discrete mathematics? The many answers[END_REF][START_REF] Debellis | Discrete mathematics in primary and secondary schools in the united states[END_REF], there exist different definitions of different natures for discrete objects [START_REF] Grenier | Specifités de la preuve et de la modélisation en mathématiques discrètes[END_REF][START_REF] Maurer | What is discrete mathematics? The many answers[END_REF][START_REF] Ouvrier-Buffet | A mathematical experience involving defining processes: in-action definitions and zero-definitions[END_REF][START_REF] Ouvrier-Buffet | Exploring mathematical definition construction processes[END_REF][START_REF] Balacheff | Processus de preuve et situations de validation[END_REF], and the fact that examples from discrete mathematics enhance the semantic development of mathematical concepts and proving skills [START_REF] Alcock | Teaching proof to undergraduates: semantic and syntactic approaches[END_REF]. Discrete mathematics provide the opportunity to develop students reasoning ability, communication skills, problem solving ability, and modeling skills, as well as mathematical habits of the mind that are specifically cultivated by studying discrete mathematics such as algorithmic problem solving, combinatorial reasoning, and recursive thinking. In short, as [START_REF] Hart | Discrete mathematics is essential mathematics in a 21st century school curriculum[END_REF] say, discrete mathematics is empirically powerful as a tool to enhance modeling and solving fundamental contemporary problems, and it is pedagogically powerful in that it can be used in the curriculum to simultaneously address content, process, and affect goals of mathematics education.

RESEARCH AIM AND RESEARCH QUESTIONS

The importance of discrete mathematics in both research and in education has been highly marked and extensively studied in the literature. However, the inclusion of discrete mathematics in school curricula faces challenges worldwide. There are countries like Hungary and Germany in which discrete mathematics has been taught since a long time and as early as primary years of school. In France, the recent introduction of graph theory for grade 12 classes of specialty "ES" (economy and social) represents an official entry of discrete mathematics into the classrooms, yet this integration is still far from that of other European countries. In the United States, since 2000 discrete mathematics had been integrated into the curricula such as "combinatorics, iteration, and recursion, and vertex-edge graphs…" as mathematical topics at school level (K-12) (NCTM, 2000, p. 31). Yet, the new Common Core State Standards for mathematics that were developed in 2009 and adopted soon afterwards by most of the states in the United States excluded discrete mathematics [START_REF] Rosenstein | The absence of discrete mathematics from primary and secondary education in the united states... and why that is counter positive[END_REF]. Rosenstein explains in his paper that the reasons for this exclusion are: (1) the shift in focus from college-readiness to calculus-readiness, (2) the desire to expand the STEM pipeline by ensuring that students take more calculus at secondary level, and (3) the concerns for international assessments. He calls out the international mathematical education community to have an active role in introducing discrete mathematics into the curricula of their countries' schools by developing their own curriculum material to promote a broader curriculum. However, although discrete mathematics is taught in a shy manner in some countries, this does not mark the existence of didactics of discrete mathematics, as a well-structured branch of mathematics in the same way there exists the didactics of algebra, calculus or geometry. Discrete mathematics exists at the frontiers with other fields like computer science. Hence, the teaching of discrete mathematics constitutes a challenge (a complex choice of topics with a high demand for instruction). We believe that proof processes of discrete mathematics are abundant, diverse, and particular, and we aim at exploring this aspect and its connection with other mathematical domains.

The literature led to the following research questions: how can we define "functionally" discrete mathematics (that is how can we describe its epistemological aspects, the links between discrete mathematics and other domains, and what are the most recurrent types of problems that arise), and how can we describe the teaching of discrete mathematics at university level. Their treatment, based on the "contemporary epistemology", will contribute to the delimitation of the field of discrete mathematics, hence an objective of our study. In particular, this treatment will update and enrich the conceptions [3] of mathematics educators about discrete mathematics and lead to the development of teaching and learning situations.

Towards a Functional Framework

Therefore, our research aims at further investigating the above questions and exploring the reality of the teaching and learning of discrete mathematics. Our objective is to develop a "functional framework" for discrete mathematics in order to conduct didactical studies of discrete mathematics. In this way, a "functional definition" of discrete mathematics will have two main functions: (1) to delimit the mathematical domain of discrete mathematics (epistemological level) and ( 2) to open new horizons for the integration of this field in teaching (didactic level).

The epistemological aspects of this framework are a very important asset and often not taken into consideration explicitly by university teachers. Indeed, [START_REF] Artigue | Mathematics education research at university level: achievements and challenges[END_REF] claims the existence of a disconnection between the mathematician's experience as researchers and their experience as teachers. This might be caused by the absence of the epistemological dimension in their work as educators. The importance of developing these epistemological aspects is linked to the following characteristics as stated by [START_REF] Radford | Epistemology as a research category in mathematics teaching and learning[END_REF], quoting Artigue ( 2016): (1) epistemology allows the reflection on the manner in which objects of knowledge appear in the school practice, (2) epistemology offers means through which we understand the formation of knowledge (historical production and social production), and (3) epistemology allows the reflection on the notion of epistemological obstacle. Accordingly, this first function of our "functional framework" concerns the delimitation of the field of discrete mathematics, by its contents, its types of problems, and to highlight the specificity of the work on proof in relation to other mathematical domains. The place and role of modeling in discrete mathematics will also be investigated. As discrete mathematics interacts with other mathematical fields, we will also need to characterize the links between discrete mathematics and arithmetic, number theory, algebra among others. Moreover, since the epistemological definition of discrete mathematics is linked to that of computer science (via the problems of counting and combinatorics among others), we will be specifying the links and interactions between these two scientific domains, explicitly relying on the "contemporary epistemology", i.e. the current problems and interactions between discrete mathematics and computer science. Finally, we will integrate into our definition a strong didactical perspective by studying the place and the role of discrete mathematics in the articulation between secondary and university education (particularly between university education and teacher training). We are also interested in investigating the process of evaluation conducted at the university level of the concepts and procedures proper to discrete mathematics. Ultimately, our purpose is to be able to make coherent epistemological propositions for the teaching of discrete mathematics at a given level.

RESEARCH METHODOLOGY

Our research methodology to address our first research question, which is "how to characterize discrete mathematics at the epistemological level?" is based on a contemporary epistemology relying on the experiences of researchers in the field of discrete mathematics who are also instructors of discrete mathematics at the university level. Our approach is inspired by several previous work relying on interviews with mathematicians and mathematics educators such as [START_REF] Nardi | Amongst mathematicians teaching and learning mathematics at university level[END_REF]. We will also base our work on the notion of praxeology of Chevallard, particularly sequences of praxeologies, for the elaboration of our framework in order to describe, analyze and structure specific contents at the heart of the teaching and learning process. The work of [START_REF] Hausberger | Structuralist praxeologies as a research program on the teaching and learning of abstract algebra[END_REF] on structuralist praxeology in Abstract Algebra could be an inspiring example. He uses a historical and epistemological study of structuralist thinking and practices combined with a study of few textbooks to develop his notion [START_REF] Hausberger | Structuralist praxeologies as a research program on the teaching and learning of abstract algebra[END_REF]. In our study, we will be considering the choice of particular emblematical textbooks of discrete mathematics at university level along with the interviews to study the teaching practices.

Our study is an exploratory one in which we will conduct interviews with the researchers aiming at reinterpreting the literature findings, investigating the coherence between the literature and teacher practices, and identifying other epistemological aspects. We have conducted interviews with instructors of discrete mathematics at each of the Lebanese University and the Mathematical Society in France. In accordance with the literature findings, we have developed a questionnaire that included open-ended questions concerning the definition of discrete mathematics, types of problems, particularly proofs, in discrete mathematics, and the utility of discrete mathematics at university level (teaching and learning). We have noted important aspects of discrete mathematics, which will enrich our "functional definition", and they will be presented as soon as we complete the rest of the interviews. At the methodological level, Table 1 represents our first approach to analysis. However, to better frame the conceptions of the researchers, we will be developing in parallel other analyses methods. This will be done using two complementary approaches: the first based on the praxeologies of Chevallard and the second relying on a theoretical model regarding "conceptions" [START_REF] Balacheff | cK¢, a model to reason on learners' conceptions[END_REF].

Axis

Criteria for analysis To test our questionnaire, we have conducted two pilot interviews with two graph theorists, one in Lebanon and the other in France. The interviews were recorded and transcribed. We have selected some instances from the pilot study, and they will be presented in this paper in the following section.

PRELIMINARY RESULTS

Researchers' conceptions about the definition of discrete mathematics

In order to analyze the conception of the interviewees about the definition of discrete mathematics, we tried to elicit some epistemological aspects of discrete mathematics.

The pilot interviews showed that for the two interviewees Michel (researcher and instructor of graph theory in Lebanon) and Bertrand (researcher and instructor on graph theory in France) discrete mathematics is difficult to define, and sometimes it is easier to define what is not discrete. Both interviewees used the term "separable" to describe discrete objects:

Bertrand:

[…] so basically one could say that discrete mathematics concerns objects that can be separated […] (our translation)

Michel:

[…] the elements can be manipulated separately […] (our translation)

Interesting examples illustrating this important aspect of the definition discrete mathematics ("separable") will be presented for discussion during the conference. However, the interviewees had different opinions regarding the teaching strategies and the origin of student difficulties. Michel focuses on the teaching of concepts whereas Bertrand puts more emphasis on the methods and strategies (through games and experimentations). It is this discrepancy between teachers' perceptions of discrete mathematics and their corresponding teaching practices at university level that we intend to further explore in our study.

Researchers' conceptions on proofs in discrete mathematics

In order to characterize proofs in discrete mathematics in general, we made an attempt at identifying the types of proofs used in discrete mathematics. We find that the proofs by contradiction, by induction, and by recurrence are the most used. The exhaustive proofs are also used frequently, and according to the interviewees, this is due to the fact that oftentimes problems require very complex strategies, which compels the students to perform case-by-case analysis. Apparently, this exploratory phase of problems is a remarkable requisite of topics in discrete mathematics more than in other branches of mathematics.

Moreover, heuristic processes show in the students' development of methods, to find approximate solutions instead of exact solutions to problems. According to Bertrand, it is widely used in the experimentations for proof and in the mathematical investigation processes. For Bertrand, in discrete mathematics, heuristics consist of taking particular cases (like combinatorial optimization problems), extirpating to arrive at a clear solution (questions of tiling and stacking), and modeling illustrations especially in difficult problems.

We have also noticed that the "proof" activity in mathematics has a different status than the "demonstration" activity. It is affirmed by the interviewees that there is a difficulty for students in writing proofs:

Michel:

[…] they feel at ease, they understand everything that is explained but they feel unable to reproduce […] (our translation)

Bertrand:

[…] we think it's clear and that we are convinced; however when asked to write, to formalize, we do stupid things …] (our translation)

Therefore, we notice that the place of proof in discrete mathematics is not well defined and needs more investigation especially when it comes to its characteristics and the distinctions between the terms proof, demonstration writing, argumentation, etc.

CONCLUDING REMARKS

Currently, we limit our work to researchers of discrete mathematics particularly graph theory. For the rest of our work, we plan to complete the analyses of interviews with the researchers to further develop the state of the art (to further explore proof, modeling and their particularities in relation to discrete mathematics). At the conference, we will present some more refined results of these interviews along with to the questionnaire used. This mapping along with the review of literature will allow us to better develop the criteria that would ultimately lead to a functional definition of discrete mathematics. We are also interested in exploring the teaching practices of researchers in order to make informed suggestion on the training of instructors at the university. An extension to this work might possibly be in interviewing researchers in contiguous disciplines like computer science, algebra, or number theory.

  in the courses, I try to convey the basic ideas like in graph theory: definition of graphs, adjacency matrices, standard objects such as […in fact, it is to train for reasoning skills ... and by the extrapolation to critical thinking [...] that is by working on the problems I have proposed like […] (our translation)

Table 1 -Criteria for analyzing the interviews with the researchers in discrete mathematics

 1 

	Conception on the definition of discrete	Identify different points of view for
	mathematics	researchers (since the definition is not
	(in teaching and in research)	agreed-on)
	Topics from discrete mathematics	Identify and categorize topics
	Conception on proofs in discrete	Identify types of problems, types of
	mathematics (in teaching and in research)	reasoning, characteristics of concepts,
		place and role of modeling

[1] We aim at constructing a representation of discrete mathematics that presents the concepts, types of problems, proof processes and strategies, reasoning skills and other particularities of the field of discrete mathematics.

[2] The adjective "contemporary" indicates that our research focuses on the researchers' practices in statu nascendi. We have conducted interviews with mathematicians to this end.

[3] In this paper, we use the word "conception" in the common sense, not yet in any specific theoretical sense.