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Abstract

In this article, we perform an asymptotic analysis of a nonlocal reaction-diffusion equation,

with a fractional laplacian as the diffusion term and with a nonlocal reaction term. Such equation
models the evolutionary dynamics of a phenotypically structured population.
We perform a rescaling considering large time and small effect of mutations, but still with algebraic
law. With such rescaling, we expect that the phenotypic density will concentrate as a Dirac mass
which evolves in time. To study such concentration phenomenon, we extend an approach based
on Hamilton-Jacobi equations with constraint, that has been developed to study models from
evolutionary biology, to the case of fat-tailed mutation kernels. However, unlike previous works
within this approach, the WKB transformation of the solution does not converge to a viscosity
solution of a Hamilton-Jacobi equation but to a viscosity supersolution of such equation which is
minimal in a certain class of supersolutions. Such property allows to derive the concentration of
the population density as an evolving Dirac mass, under monotony conditions on the growth rate,
similarly to the case with thin-tailed mutation kernels.

Key-Words: Fractional reaction-diffusion equation, nonlocal reaction term, asymptotic analysis,
Hamilton-Jacobi equation, viscosity solutions
AMS Class. No: 35K57, 35B25, 47G20, 49125, 92D15

1 Introduction

1.1 Model and motivation
In this paper we are interested in the following selection-mutation model
on+ (=A)*n =nR(z, 1),
n(z,0) = n’(z), x € RY,
with
I(t) :/ n(t,x)dx. (2)
Rd
In all what follows, a € (0,1) is given. The term (—A)® denotes the fractional laplacian:

(A n() = [ nit.a) =it ) T (3)
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Equation () has been derived from a stochastic individual based model describing the evolutionary
dynamics of a phenotypically structured population [24]. Here, ¢ corresponds to time and = corre-
sponds to a phenotypic trait. The function n represents the phenotypic density of a population. The
term I(t) corresponds to the total population size. The growth rate of the individuals is denoted by
R(z,I) which depends on the phenotypic trait and the total population size, taking into account in
this way competition between the individuals. The fractional laplacian term models the mutations.
The choice of a fractional laplacian rather than a classical laplacian or an integral kernel with thin
tails, allows to take into account large mutation jumps with a high rate [24].

Several frameworks have been used to study models from evolutionary biology. Game theory is one
of the first approaches which has contributed a lot to the understanding of mechanisms of evolution
[29, 22]. Adaptive dynamics, a theory based on stability analysis of dynamical systems, allows to study
evolution under very rare mutations [21I], [16]. Integro-differential models are used to study evolution-
ary dynamics of large populations (see for instance [28] [12] 17, 15]). Probabilistic tools allow to study
populations of small size [14] and also to derive the above models in the limit of large populations [13].

Within the integro-differential framework, an approach based on Hamilton-Jacobi equations with
constraint has been developed during the last decade to study asymptotically, in the limit of small
mutations and large time, integro-differential models from evolutionary biology. There is a large liter-
ature on this approach which was first suggested by [17]. See for instance [31), 5] 27] where the basis of
this approach for models from evolutionary biology were established. Note that this approach has also
been used to study the propagation phenomena in local reaction-diffusion equations (see for instance
[19, 20} 18] B]). The present article follows an earlier work [30] which was an attempt to extend the
Hamilton-Jacobi approach to the case where the diffusion is modeled by a fractional laplacian rather
than a classical laplacian or an integral kernel with thin tails.

We consider a rescaling introduced in [30], rescaling the size of the mutations to be smaller and
performing a change of variable in time, to be able to observe the effect of small mutations on the
dynamics. To this end, we choose k > 0 and v € S¢ ! such that h = (ek — 1)v, and perform the
following rescaling

P V(LX) tdkdS (k, dk, dS) = _cefds (4)
67 ) - ‘h’d+20¢ - ‘ek _ 1’14—2(1 e\lvy 5 - |e§ B 1|1+2a.

Note that with the above transformation, the dimension d disappears in the power of \ek — 1], since
dh becomes (¥ — 1)4" ek dkdsS.
We then study the following rescaled problem:

edne(t,x) = [ [ g (ne(t,z + (e — D) — no(t,z)) md&lk + n(t,z) R(z, I.(1)),
I(t) = fRd ne(t, z)dz,
ne(z,0) = nd(z).

(5)
With this rescaling, we consider much smaller mutation steps. The mutations’ distribution has still
algebraic tails but with a large power. In particular, it has a finite variance of order 2. Note indeed



that the covariance matrix v = (v; ;)1<i j<q of the mutations’ distribution above is given by
k 2 ¥ 2
v = et — 1) yv; dSdk = O(e as € — 0.
2¥) /0 /VESdl( ) v} ’€k . 1‘14_2& ( )7

The rescaling () is very different from the one considered for a model with a classical laplacian [311 5],
that is
edne. — e2An, = neR(z, 1),

or the one considered for a model with an integral kernel J with thin tails [5], that is

edne — /Rd (ne(t,z +h) — ng(t,x))J(g)@ =n.R(x, I.). (6)

cd

The possibility of big jumps in (Il changes drastically the behavior of the solutions and leads to
much faster dynamics of the phenotypic density. Therefore, such type of rescaling cannot be used. In
particular, if we followed the same method that has been used in [5] for (@), to study () we would
obtain a Hamiltonian, at the limit as ¢ — 0, that has infinite value (see equation (16) in [5]). To
obtain a relevant equation at the limit and similar type of behavior as in [5] we consider a rescaling
in (@) that makes the size of the mutations much smaller. The rescaling () is derived thanks to an
analogy to the fractional Fisher-KPP equation [30]. In [30], an asymptotic analysis was provided in the
case of the fractional Fisher-KPP equation where the propagation has an exponential speed [10] [11]
leading to significantly different scalings compared to the case of the classical Fisher-KPP equation
(see for instance [18]). Model (Bl) was then derived with an inspiration from such rescaling. Note how-
ever that in all of the above rescalings the variance of the rescaled mutation kernel is of order 2. To
be able to observe concentration phenomena, the variance of the mutation kernel must be indeed small.

An asymptotic analysis of () was provided in [30] for homogeneous reaction terms R(I) and under
strong assumptions on the initial data. Here, we extend this result to the case of heterogeneous R(x, I)
and relax the assumptions on the initial data, obtaining in this way a result which is analogous to the
previous works with standard terms of mutation [31], [5].

The method developed in [30] has been extended in several directions. In [32, 25] an asymptotic study
of a Fisher-KPP type equation has been provided in periodic media and with a general non-local
stable operator of order € (0,2). In [§] a homogeneous Fisher-KPP type model has been studied,
modeling the diffusion by a convolution term without singularity but considering more general decays
for the integral kernel. The method provided in the present paper can also be used to generalize the
results of [8] and to study selection-mutation models with the integral kernels given in [§], where a
similar difficulty appears.

1.2 Assumptions

Before presenting our assumptions, we first introduce the classical Hopf-Cole transformation
u
Ne = exp (—5) . (7)

€

Here are our assumptions:
We assume that there are two constants 0 < I,,, < Ip; < oo such that

min R(z,I,,) =0, max R(z, Ips) =0, (8)
z€R4 zeR4



and there exists constants K; > 0 such that, for any z € R%, I € R,

OR )

Ky < 2= < K-
K < aI(aj,I)_ K, <0, (9)
sup || R( 1) [lwzoomay< Ka. (10)

B <I<2ly

Moreover, we make the following assumptions on the initial data:

(u?). is a sequence of continuous functions which converge in Cjoc(RY) to u°, as e — 0, (11)
where u! = elogn?, and there exists a constant A < a and positive constants Cy and C; such that
C
0 0
ne(x) < : (12)

ol

(CL1+ 2]%)

%g/)&@gm. (13)
Rd

1.3 Main results and plan of the paper

Our main result is the following (see Definition ] for the definition of viscosity sub and supersolu-
tions).

Theorem 1.1 Let n. be the solution of ([@) and u. = elogn.. Assume B)-({13)). Then, along sub-
sequences as € — 0, (I.): converges a.e. to I and (u:)e converges locally uniformly to a function u
which is Lipschitz continuous with respect to x and continuous in t, such that

| Dzl oo (raxrty < 2, u(t,x + h) —u(t,z) < 2alog(l+ |h|), for all x,h € R%. (14)
Moreover, u is a viscosity supersolution to the following equation

{% i fesis (4P — 1) £Se — R(a ),

15
u(z,0) = u¥(z). (15)

For fixed I, u is indeed the minimal viscosity supersolution of (D)) satisfying (Id). Moreover, u
satisfies the following constraint

max u(t,z) = 0, for all t > 0. (16)
zeRY

It is also a viscosity subsolution of ([IH) in the following weak sense. Let ¢ € C?(RT x R?) be a test
function such that u — ¢ takes a maximum at (to,xg) and

o(t,x +h) —@(t,x) < (2a — &) log(1 + |h]), for all (t,x) € B, (to,z) and h € R, (17)

with r and & positive constants. Then, we have

o k
- kDepltomo)w _ 1) _C Ak _ ; .
Orp(to, zo) /0 /uesdl (e > [k — 1P = imsup R(z, I(s)). (18)

s—to

4



A main difficulty in this convergence result is that the Hamiltonian in the above Hamilton-Jacobi
equation can take infinite values. Another difficulty comes from the fact that the term I(t) is only BV
and potentially discontinuous. To prove the convergence of (u.). we use the method of semi-relaxed
limits [6] in the theory of viscosity solutions. However, since the Hamiltonian in (I3 takes infinite
values and since the limit « is not in general a viscosity solution of ([I3l), we cannot use this method in
a classical manner and further work is required. This issue is indeed closely related to the work in [9]
where a large deviation type result has been obtained for a Lévy type nonlocal operator where the in-
tegral kernel has at most exponential tails. In the case where the integral kernel has exponential tails,
a Hamilton-Jacobi equation close to (I5]), without the growth term, is obtained at the limit. However,
in that case the function obtained at the limit does not satisfy necessarily the second regularity result
in (I4) and it is indeed a viscosity solution to the Hamilton-Jacobi equation. Note indeed that (I4])
indicates that there is a strong regularizing effect of the solutions, independently of the regularity of
R(z,I) and the initial condition. Such regularizing effect is proved simultaneously with the proof of
the convergence of (u.)e.

Note that in Theorem [Tl we do not characterize the limit u as a viscosity solution to a Hamilton-
Jacobi equation with constraint, as was the case in the previous results on such selection-mutation
models (see for instance [I7), BIl [5]). We only prove that u is the minimal viscosity supersolution
to (1) satisfying (I4)) and a viscosity subsolution in a weak sense. One can wonder if u is indeed a
viscosity solution to ([IZ]). We do not expect this assertion to be true in general. The fact that the
Hamiltonian in (&) has infinite values for |D,u| > 2« indicates that (I3 has a regularizing effect
forcing u to verify |D,u| < 2« (i.e. the first property in (I4))). However, the second property in (I4])
is a stronger property and generally is not satisfied by a solution of a Hamilton-Jacobi equation of
type ([I3). In Section [7] we provide an example of a Hamilton-Jacobi equation of similar type which
has a solution that does not satisfy the second inequality in (I4]). Existence of such solutions together
with the uniqueness of viscosity solutions to Hamilton-Jacobi equations of type (IH]), with fixed I,
(see [9], Section 6) indicates that u might not be a viscosity solution of (I5]) in general. Note that,
of course, thanks to the comparison principle for fixed I, u is always greater than (or equal to) the
unique viscosity solution of (3.

The information obtained in Theorem [[.1] still allows to obtain the concentration of the population’s
density as Dirac masses, analogously to the previous works [31] [5]:

Theorem 1.2 Let n. be the solution of [@). Assume @)—[3]). Then, along subsequences as € — 0,
ne converges in L™ (W*(O, 00); Ml(Rd)) to a measure n, such that,

suppn(t,-) C {z|u(t,z) =0}, for a.e. t. (19)
Moreover, for all continuous points of I(t), we have
{z|u(t,z) =0} C{z|R(xz,I(t)) = 0}. (20)

In particular, if v € R and R is monotonic with respect to x, then for all t > 0 except for a countable
set of points,

n(t,x) = I(t) d(x — T(t)).

The paper is organized as follows. In Section [2] we provide some preliminary regularity estimates. In
section [3l we give the main elements of the proof of the convergence of u. to a viscosity supersolution



of (I3). In Section Ml we prove Proposition which is an important ingredient in the proof of the
convergence of u.. In sections Bl and [6] we provide respectively the proofs of Theorem [I.1] and Theorem
Finally, in Section [7] we give an example of a Hamilton-Jacobi equation of type (IZ]) which has a
viscosity solution not satisfying the second property in (I4)).

Throughout the paper, we denote by C positive constants that are independent of £ but can change
from line to line.

2 Regularity estimates

In this section we prove the following

Proposition 2.1 Let (n., I.) be the solution to ([B) and assume &) —I3)). Then, there exists positive
constants eg and Cy such that, for all (t,x) € RT x R? and ¢ < ¢,

Ly < I.(t) < Iy, (21)

O 2t
ne(t, ) < LA (22)

(Cr(1+[z?) =

Moreover, (I.): is locally uniformly BV for e < ey and hence it converges a.e., as € — 0 and along
subsequences, to a function I : RT — RT. Moreover, I is nondecreasing in (0, +00).

Proof. (i) [Proof of 2I))] For L > Ly, with Lo a large constant, let xz be a smooth function with
compact support in Bz (0) such that

xr(x) =1 if |x] < L/2,
0<xr(zr)<1 if £ <|z| <L,

IxLlw2eemay < 1.

We define N

o > ek €
IE,L(-Z') = /0 /VESdl (XL(.Z' + (6 — 1)1/) — XL(x))mdek
It is immediate from the definition of x; that
L
I 1(z) <0, for |z| < 5 (23)
We also prove that there exists a positive constant C' such that
I (x) <C, for all e <1, L > Lo and = € R% (24)

To this end we split the integral term in I, ; into two parts:

i = J3 fresi (xe+ (@ = 1) = xu(@)) o dSdk
[e’e] ek:
+ f1 fueSd*1 (XL(x + (eak —1v) — XL(x))Wdek’
= leg L1 + Ie,L,2-



Since 0 < xz, < 1 we have

e’} ek
I < —dSdk.
b2 = / /s |eF — 1[1+2e

To control I. 1,1 we use the Taylor expansion of y(z + (e°¥ — 1)v) with respect to k around k = 0.
We compute, for k € (0,1):

xo(e + (e~ 1) =X (o) + kDo (a) v ) )
—l-k2—2 <e€k€2DxXL (y + (eEk — 1)1/) . 1/) + ezakz—:QVtD%xx(y + (eEk — 1)1/)1/),
with k € (0, k). We deduce, thanks to the boundedness of the derivatives of xr,, that

e(1+2e)k

1
2 2
Lrise C/O Wi Ok

which is bounded for ¢ < 1.

We now have at hand a suitable set of test functions that we will use to prove ([2I]). We multiply (&)
by xr and integrate with respect to z and obtain, using Fubini’s Theorem, ([23)) and (24)),

el [axp(@ne(t,z)dr = [pane(t,z) <f0°° [egior (xp(@ + (e = 1)v) — x1(2)) 7|ek_elllﬂl+2a dek;) dx
+ f]Rd XL(x)ne(t, z)R(x, I (t))dx
< Cfgo ne(t, x)dr + fRd xr(x)ne(t, x)R(z, I (t))dz.

We then let L go to +oo, and use the fact that n.(t,-) € L'(R%) to obtain

d
Eﬁla(t) = /Rd ne(t,z)R(z, I.(t))dz.

Using the above equation, (8) and (I3]) we obtain (2I]).

(i) [Proof of (22])] We define, for Cy a positive constant,

Cot
Coe €

(C1(1+[2) =

s(t,x) =

We show that, for Cy large enough, s is a supersolution to (Bl). Note that (), with 1. fixed, admits a
comparison principle, since (I) admits a comparison principle (see [4]-Theorem 3). Moreover, thanks

to Assumption (I2)),

nd(z) < Co = s(0,z).

= A
(Ci(1+|z[?)
We hence obtain ([22]) thanks to the comparison principle.

To prove that, for Cs large enough, s is a supersolution to (H), since R(x,I.) is bounded thanks to
([I0D, it is enough to prove that

ek

F(t,x) = /0 / v (S(t,x + (esk — 1)1/) — s(t,x)) mdek S CS(t,.Z'),
vesSeT

7



for C' a constant which is large enough but is independent of . We compute

o] 2 ? k
:/ / Gt laf) 1 1 k : 1+2ad5dk'
0 Jvesat \ (14 |z + (esk — 1)v[2)= ¥ — 1]

We split the above integral into two parts, that we will control separately,

0 1 2 é k
Gl:/ / Bl ) e dsi
1 Jvesit \ (14 |z + (eF — Du|2)= ¥ —1

1 2\ 4 k
1 B
GQ:// LD ) s
0 Juesi—t \ (14 |z + (esF — Dy2)= ek —1]

In order to control the above integrals we use the following inequality:

1 112
We deduce that )
22
8(5177 ka”) = (1 + "T‘ ) _ < €2Ak7 (25)
(1+ |z + (esk —1)v|?)=
and hence k
e
= / /yesd 1 )Wdek <C.

Note that the above integral is bounded since A < a.

In order to control Gy we use the Taylor’s expansion of s(x, k, v) with respect to k, around k = 0. We
compute

o\ A
—s(z,k,v) = —2A (1 + ) (a: + (e — D, v)et,
o (Lt o+ (e — D)
A
53—,:28(33, k,v) =4A(A+e¢) (Ltef?)'e (x4 (5 — 1)y, I/)2€2€k

2%

R

_9Ae (I+z*)* (:17 + (eak ), )eak
(1 |z+(esk—1)p|2)F

Code _ OtbP)
(1+]z+(esk—1)v

ol

2k
= (v,v)e==".

1 (9 ek
ko —C _ dSdk =
/0 /uesdl 31@8(%0’”)‘616 — 1|2 S 0

and thanks to (27]), é%zgs(x, k,v) is bounded for € < gy and 0 < k < 1. We deduce that, for all ¢ < &,

k
< <C.
Ga C/ /Vesd Ky dSdk < C

Combining the above inequalities on G; and G2 we obtain that F'(¢,x) < Cs(t,x) for C large enough
and ¢ < g.

One can verify that



(iii) [Uniform BV bound on I.] The proof of uniform BV bound on I is an adaptation of the proof of
Theorem 3.1. in [31]. Integrating (Bl) with respect to 2 we obtain

d 1
EIE = /]Rd ne(t,z) R(x, I (t))dx.

We define J.(t) = L [ane(t,2) R(z, I.(t))dz and J. (t) = L [0 xo(2)ne(t, ) R(z, I(t))dz, with xp,
defined in the proof of part (i). We then differentiate J. ; with respect to ¢ and obtain
0 1 0
d
4 =1 / o) gone(t.a) Ria Lo + = ([ xa(one(t.) 5 Re. L(0)de)

/Rd / /yesd 1 ’I’Lg(t T ( 1)V) o ne(t’ l‘)) R(l‘, Is(t))ﬁd;s{ﬂ{?d$

+€—/Rd ww@ns(t.) R 1(0)Pdo+ < ([ xo@na(t.a) R, L(1))dr ) 1.1
= A1 + A2 + Ag.

—I:(t)

We rewrite A, as below

A =

o0 ek:

€L2 Jea Jo° Jsar ne(tz + (e = 1)) (xeR) (2, 1) — (xp.R) (2 + (e5% — 1)v, I.))) o= qprza dSdkdz+

- b Jaa Jo° s ((nexoR) (2 + (e = 1)1, 1)) = (nexp R) (x, L)) rSmrram dSdkda =

5_2 fo fsdﬂ fRd Ne (tax + (e ek — v ) ((XLR)(xa I) — (xLR) (x + (e ek — v, Ia))) ‘ek__elT1+2_a dxdSdk =

[e] ek

€i2 fo fsdfl fRd Ne (tvy) ((XLR)(y - ( )Vv 6) (XLR) (y7 ))) Wddedk‘
Note that here we have used Fubini’s theorem on the first and the second integral term in order to
integrate with respect to x before integrating with respect to v and then k, which allows to show
in particular that the second integral term is null. We then use (I0) and a Taylor expansion of the

integrand of the last line with respect to ¢ around € = 0 to obtain that, for € < g¢ small enough, there
exists a positive constant C, independent of € and L, such that

14| < C.

We next notice that As is positive. We hence obtain that

jt‘]“() 4= (/Rd x(@)ne(t, z) ;IR(x,IE(t))dx)Ja(t).

We then let L go to +o0o0 and use (22]) and (@) to obtain

jtJ ) > —C—i—é(/Rdna(t 2) 86[3(3; L(t))dr) 7.(1).

It follows, thanks to (@) and (21, that for ¢ < &,

SU0)- <€ 22 0)-

with (J.(t))- = max(0, —J-(t)). We deduce that




We next use ([I0) and ([I3]) to obtain

(0 <t ( [ R(x,uo»d:c) < Halu
€ R4 _ €
We deduce that CK Kol L
(J-(t)- < s[—l o2 MR (26)

Finally, we show that the above inequality leads to a BV estimate on I.. To this end, we compute
using (2I]) and the above inequality:

T d T d T
/ L1t :/ —Ie(t)dt+2/ (J(8))_dt
7 o dt

CK1%+K2K1[M

<Iy-—1 2
>~ 1M m 1 2¢ Im Im

We conclude that (I;). is locally uniformly BV for e < ¢p. As a consequence, (I;). converges a.e., as
¢ — 0 and along subsequences, to a function I : RT — R™. Moreover, for all ¢y > 0, I is nondecreasing
in [tg, +00) thanks to [26). o

3 Convergence of u. to a viscosity supersolution of (IH)

In this Section, we prove the following

Proposition 3.1 Assume ®)-{3]). As e — 0 and along subsequences, u. converges to u, a viscosity
supersolution of the Hamilton-Jacobi equation in (D). Moreover, u satisfies (4.

Proof. For a technical reason, we will need to deal with an equation with negative growth rate.
Therefore, we modify n. in the following way

_ Kot
me(t,x) = ne(t,z)e” = .

The above function solves

- o _
O (t, x) = /O / oy (melta € = 10) = me(0,)) S+ me(t.2) R, 1.(1),
(27)
with
R(z,I) = R(z,I) — Ky < 0. (28)

We then define
ve = elog(me).

It is easy to verify that (u.). converges to u a viscosity supersolution to the Hamilton-Jacobi equation
in (I5) if and only if (v.). converges to v, a viscosity supersolution of the following equation

owv — H(Dyv) = R(x, 1), (29)

[%S) k
o kDgvv & dek‘
H(D,v) = /0 /Vesdl (e 1) Ear (30)

10
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Moreover, if v satisfies (I4]), then u also satisfies (I4]).

In what follows we will prove that (v.). converges indeed to a viscosity supersolution of (29]) that
satisfies (I4]). We first notice that thanks to ([22]), v, is locally uniformly bounded above by:

ve(t, ) < elog Cp — Alog(C1) + (Co — Ka)t — Alog(1 + |z|*).
To avoid lower estimate we use a classical trick by modifying v, a little bit (see for instance [7]):

vF = elog(m. +¢ %), (31)

with B a large positive constant. One can verify that v2 is locally uniformly bounded from above and
below.
We prove the following results:

Proposition 3.2 Assume that (I.). converges as ¢ — 0 to I. Then, as ¢ — 0, the sequence (vP).
converges to vP a viscosity supersolution to the following equation

min(v? + B, 0" — H(D ) — R(z, 1)) = 0. (32)
Moreover, vB satisfies
HD:B'UBHLOO(RdXR+) < 2a, vB(t,x+h) — 0P (t, ) < 2alog(1 + |h)), (33)
for all (z,h) € R? x RZ.

Lemma 3.3 For any compact set K € RT xR?, there exists By large enough, such that for all B > By,
~B<vP inK.

We postpone the proof of Proposition to the next section and the proof of Lemma to the end
of this paragraph and explain first how they allow us to conclude.

Thanks to Proposition 2.1l as ¢ — 0 and along subsequences, I. converges a.e. to a function I.
Proposition B2l implies that, along such subsequences and for all B > 0, ’UEB converges to vB a viscosity
supersolution of ([B2]). Let’s fix a compact set K and consider By given by Lemma B3l Thanks to the
definitions of v. and v2 we can write

w20 —Bg
ve =clogle = —e = ).

We then use the fact that, in the set K, —By < vP°, to obtain that v, converges, in the set K, to
v = vB°. Moreover, v is a viscosity supersolution to (29), in the set K thanks to (32) and it satisfies

() thanks to B3). o

To prove Lemma we first introduce the following semi-relaxed limits

U(t,r) = limsup uc(s,y),  O(t,x)= limsup v-(s,y),
(s:y)—=(t.z) (s:y)—=(tx)
e—0 e—0
78(t,2) = limsup vP(t,z), vB(t,z) = liminf oB(t,z).
(s,9)—(t,2) (s:y) > (t.2)
e—0 e

Note that we can define such quantities, since u. is locally uniformly bounded from above and UEB is
locally uniformly bounded from below and above. We then prove the following lemma.
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Lemma 3.4 Assume [8)—3). Then, for all t € R*, we have

max u(t,z) > 0.
z€RY

[Proof of Lemma B.4] Let’s fix t € RT and assume that max,cpa U(t,z) = —a < 0. Note that
such maximum is attained thanks to ([22]). Thanks to (22)) there exists constants r > 0 large enough
and gg small enough such that, for all £ < &g,

/ ne(t, x)der < I—m
BT-(O)C 2

I, ue ()
— < ne(t, z)de = e dr.
2 B.(0) -(0)

It follows from (ZI) that

Letting ¢ — 0 we obtain that

~

2 e—0

ue (t,x)
o g/ limsupe™ = dx =0,
»(0)

which is a contradiction.
[Proof of Lemma [B.3] Let’s fix 7 > 0. Thanks to Lemma [34] and the definition of 77 we have

— KT < maxv®(t,z) = maxvP(t,-), for t € [0,T7.

xT

We also note that, thanks to (22]), there exists a positive constant r large enough such that
v(t,z) =u(t,r) — Kot < —K5T, for (t,z) € [0,T] x B,(0)°.

It follows that for B > KT and t € [0, 7], 5P(t,-) attains its maximum with respect to x in the set
B,(0). Moreover, this maximum is greater than —K>7T. Next, using the Lipschitz continuity of v
given by Proposition B.2] we deduce that for any compact set K C [0,7] x R? and B > K,T, there
exists a constant C' large enough, independent of B, such that

—C < vB(t, ), for all (¢t,z) € K.
Finally, taking By = max(K2T + 1,C') we conclude that
—By < vP(t,x), for all (t,z) € K.

O

4 Proof of Proposition

To prove Proposition B2l we will work with semi-relaxed limits 72 and v”. A classical method in the
theory of viscosity solutions is to prove that 7 and v are respectively sub and supersolutions of (32
and then use a comparison principle to obtain that 72 < v®. This would imply that 77 = v” and that
(v.). converges locally uniformly to the solution of ([32). Here, we cannot use this strategy because 77
is not generally a subsolution of ([B2). To overcome this difficulty we first regularize the supersolution

12



vB and modify it to become a strict supersolution and to satisfy some required properties. Then we
use it as a test function that we compare with 7” to obtain directly that 77 < v®. See [0, 2] where
this method has been suggested in other contexts.

Before providing the proof of Proposition we first recall the definition of viscosity solutions for
([I3) which has a discontinuous Hamiltonian (see [I]-page 80). Note that here the discontinuity of the
Hamilton-Jacobi equation comes from the fact that the function I can be potentially discontinuous
since it is only of bounded variation.

Definition 4.1 (viscosity solutions) (i) An upper semi-continuous function u which is locally bounded
is a subsolution of ([ID) if and only if

Vo € C2(RT x RY), if u — ¢ takes a local mazimum at (to, o), then

o k
- KDspltoao)v _q) ¢ dodk ;
Op(to, zo) /0 /uesd ) (e > EaETEE imsup R(z, I(s)).

s—to
(ii) A lower semi-continuous function u which is locally bounded is a supersolution of ([3) if and only
if
Yo € C2(RT x RY), if u — @ takes a local minimum at (to,xo), then
o9 k
kDyo(to,z0) v e"dSdk
Op(to, xo) —/0 /uesd 1 (e ¢(to,zo) v _ 1) 1 > hmlnfR(a: I(s)).

s—1o

(i1i) A continuous function u which satisfies both the properties above, is a viscosity solution of (I3).

We provide the proof of Proposition in several steps. Note first that replacing BII) in 7)), we
obtain that

00 B ck B k
B _ vz (t,z+(e 71)u)7'u6 (t,x) e me ~
at’l)6 = /0 /VESd 1(6 € — 1)wd$dk + ﬁR(m,[g(t)) (34)

e me+e =

(i) We first prove that v (¢, z) is a supersolution to (32).
To this end, let’s suppose that ¢ € C(RT x R%R) N C?(O(tg, x0)), with O(tg, ) a neighborhood of
(to, ), is a test function such that v — ¢ attains a global and strict minimum at (g, zo). Then, (see
[1], Lemma 4.2) there exists a sequence (ta,azg)E such that v2 — ¢ has a global minimum at (t.,z.),
(te, ) — (to, o) as € — 0 and v (t., z.) — vB(to, z0).
Using (34)), [28) and the fact that (t.,z.) is a global minimum point of v2 — ¢, we obtain

v(ts,xﬁ(efhl)ww(ts,xs) k ~
8t(10 t€7x€ > fo fVESd 1 € - 1)M_§wd5dk’ + R($5,I€(t5))

Bte,zet(efF 1)) —v 8 (tc,2e)

+ o egai(e™ : — 1) =Sz AS k.

(35)

Note that the above formula holds for all M > 0 since
o(te,2) — @(te, ) < vB(te, 2) —vB(t., x.), for all z € R%.

13



Using the Taylor-Lagrange formula we have, for ¢ small enough and thanks to the fact that ¢ €
C?(O(tg, x0)), for p € (0,¢),
plte, ze + (eF = 1)v) = @te,xe) + keDpplte,ze) - v

+§ (e“kaD:c(P(tayfl'a + (euk _ 1)V) . V) + 62‘ukk2VtD§x<p(ta,xE + (euk _ 1)1/) V).

Therefore, for fixed M as ¢ — 0, the first integral term at the r.h.s. of ([B5]) converges to

M kDzp(to,xo) e”
epltozo)y _ 1y ¢ geqp
/ /Vesdl(e 1S

Passing to the limit in (B3] as ¢ — 0 we thus obtain that

Dplto,wo) = [ [eganr (eFPeeltonov — 1) o dSdk + liminf  R(y, I.(s)),

(s 7y)—;(t0,w0)

- fJ\OJO fyesdﬂ mdkgdk,

where we have used the positivity of the exponential term in the last term of ([33). Letting M — oo
and using the smoothness of R with respect to the first variable and it’s monotonicity with respect to
its second variable we obtain that

+00 k "
dyp(to, zo) > / / (Pt _ 1y © 4§k + R(wo, limsup I.(s)),
vesd-1 ’e - 1’ o s—io
e—0

To prove that vP(¢, ) is a supersolution to ([32)), that is

+o0o k
to, z0) > kDrpltowo)v _ 1y © _q8dk + R(wo, T(t
Guplto, w0) 2 /0 /VESd 1(e )‘ek — 1|i+2a Sk + Ri@o, I{t0)),

with
1(tg) = limsup I(s),

s—to

it remains to prove that
limsup I.(s) < limsup I(s).

s—to s—tp
e—0

This can be proved similarly to the proof of Theorem 4.1. in [31].
Finally, from (BI)) it is immediate that v® > —B. Therefore, v?(t, ) is a supersolution to ([B2).

(ii) We prove that
[1D20”|| oo maxmey < 20, 0P (t, 2+ h) — 0P (t,2) < 2alog(1 + |hl). (36)

Let (£,7) € R x R? be such that there exists a test function ¢ € C(RT x R%:R) N C*(O(%, 7)), with
O(t,T) a neighborhood of (Z,Z), such that v® — ¢ attains a global and strict minimum at (¢, ). We first
prove the second inequality of (B8] for such points. Note that the set of such points is dense in Rt xR?,

Let’s suppose that there exist (kg,7g) € Rt x S9! and b > 0, such that

VBT + (R — D) — 0P (1.7) = 2koa +b.

14



Since v? is lower semi-continuous, we deduce that there exist positive constants k; and ko such that
ki < ko < ko and an open set Qo C S% ! such that vy € Qg and

VBT T+ (F — 1)) — 0P (7, T) > 2ka + g, for k € (k1,k2), and v € Q.

From the definition of v, we also deduce that, there exists a subsequence (&,),, with g, — 0
as n — +oo, and there exists (tn,a;n) such that (¢,,x,) is a global minimum point of vfi — ¢,
(tn,n) = (£,7) and 02 (t,,2,) — 0P (1, 7), as n — +oo, and

b
vfi(tn,:nn + (b —1)w) — vfi(tn,xn) > 2ko + 7 for k € (k1,ke), and v € Q.

Similarly to (B5) we obtain that

(tn,zn+(es7lk71)u)f¢(tn,zn) k ~
Op(tn, xn) > fo Joega(e o - 1)_‘ek_61|+—2ad5dk‘—l—R(:En,IEn(tn))
% (tn,zn+(egnk71)u),van (tn,on) ek e’} ek
+ fk_l fuer € en —‘ek_1|1+2a dSdk — fM fyesdfl —lek_1|1+2_a dSdk
eltn,ont+(nF 1)) —(tn . an) k ~
> fo Joega(e en - 1)M_elwd5dk+3($m[en(tn))

2k a+z

k
eEn g dk
+f fI/EQO " k(l;Qa)d En fM fl/ESd 1 Iek 1|1+2ad5d]€
n

e

Note that the third term in the r.h.s. of the above inequality goes to +o00 as n — 400, while the other
terms are bounded and asymptotically, as n — 400, greater than

k
kacpt T) v -1 € I / /
/ /,/esd ) )‘ — 1’1+2ad5dk7—|—R T, i [F 1‘1+2ad5dk7

This is in contradiction with the fact that 0,p(t,,z,) is bounded, and hence we obtain the second
inequality in (B6]):

VB, T+ h) — 0B (1, 7) < 2alog(1 +|h|), for all h € R% (37)

We hence have proved (3G) for all (¢,7) below which we can put a C? test function. Note also that
since (Z,7) is a global minimum point of v? — ¢, we have

o, T+ h) — o, T) < 2alog(1l + |h|), forall h e RY.

and hence
Vl(F,7) < 20.
We deduce that
—|VoP| > —2a, in RT x RY,

in the viscosity sense. As a consequence, v? is Lipschitz continuous with Lipschitz constant 2a. Since
the set of the points (7, Z) below which we can put a C? test function is dense in R* x R?, the continuity
of vP implies that [@7) holds indeed for all (¢,2) € RT x R? and hence the second inequality in (38
holds. The first inequality in (B0]) is a consequence of the second one.
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(iii) We next prove that v2(0,2) > uf(z) = max(ug(z), —B), for all z € R% To this end, we first
prove that _
max (90" (0,x) — H(Dyv"(0,2)) — R(z,1(0)),27(0,2) — ug (x)) = 0. (38)

To prove the above inequality, let (g,,t,,z,), be such that, as n — +o00, (e, tn, z,) — (0,0,2) and
vfi (tn,zn) — vP(0,2). Let’s first suppose that there exists a subsequence, that we call again by an
abuse of notation (&,,t,, Zn)n, such that ¢, = 0. It follows that

ul (an) B

08 (tn, ) =02 (0,2,) = e, log (e v +e =),

We then let n — +oo to obtain, thanks to (), that v5(0,z) = uf’(z) and hence (B8).

We now suppose that such a subsequence does not exist and hence we can suppose that, removing if
necessary a finite number of points from the sequence, for all n > 1, we have t,, > 0. We can then
repeat the arguments in Step (i) to prove that

90" (0,2) — H(D,0"(0,2)) — R(2,1(0)) > 0,
and hence (38]).
We next prove that uf(z¢) < vP(0,2), following the arguments of [I]-Theorem 4.7. To this end, we
first notice that H(p) > 0, for all p € R?, since PV 4 e=FP > 2,
We consider the following test function

[z —@o* ¢

90(75733) = -
772

o
For 7 small enough, v? — ¢ attains a minimum at (t,,2,) such that ¢, — 0 and z,, — zo as n — 0.
Note that since H and R are bounded from below, for 1 small enough,

Opp(ty, xy) — H(Dep(ty, xy)) — Ry, I(ty)) < 0.
Since v is a supersolution to [B2) for ¢ > 0, we deduce that ty = 0. Using (B8] we obtain that
ug (27) < 07(0,2,).
Moreover, since (0, ;) is a minimum point of v® — ¢, we deduce that
ul (2,) < 2P (0,2,) < 07 (0,0).
Letting 7 — 0, and thanks to the continuity of uf we obtain that
ug (w0) < v7(0, o).

(iv) We next prove that o7 (¢, z) < v®(t,z). To this end, we first modify and regularize v?(¢, ) and
then use the regularized function as a test function.
We first modify v? at the initial time in the following way:

vB(t, x) t >0,
By — .. . B
e (1, 2) = { liminf v (s,x) t=0.
s—0

5>0
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Note from (iii) and the lower semi-continuity of v” that
ug (x) < v7(0,2).

Moreover, with this definition, vJ (¢, ) is a viscosity supersolution of (B2)) also on the boundary ¢ = 0.

Note that thanks to [B6) vZ(t, ) is Lipschitz and a.e. differentiable with respect to x. We perform
an inf-convolution of yf to make it also Lipschitz continuous with respect to time:

—5)?
o (00) = it o8Gs,) + L0, (39)

One can verify that Qfﬁ converges to v2 as v — 0. We prove that yfv is a supersolution of a perturbed
version of the equation in ([B2) in (0, +00) x R% Let ¢ be a smooth test function and assume that

ng — ¢ takes a minimum at the point (tg,zg) € (0, 4+00) x R%. Assume also that

to — so 2
ng(to’%) = vB(s9, 0) + (fy%

Note that such sy € [0,00) exists since the infimum in ([B9]) is attained. Therefore, (¢, so,z¢) is a
minimum point of the following function

t — 2
(t, s, x) — 25(3795) + ( 28) —o(t, ).
v
Since yf is a supersolution of ([B2) in [0, 00) X Rd, we deduce that
2(tg — s " _
% — H(Dyp(to, x0)) — R(xo,1(s0)) > 0,

which is equivalent with

Opp(to, z0) — H(Dzp(to, o)) — R(xo,1(s0)) > 0.

We conclude that

Orp(to, xo) — H(Dzp(to, z0)) — R(zo, I(to)) > R(zo,I(s0(to))) — R(wo, I(t0)), (40)

with so(tp) a point where the infimum in (39) is attained. Note also that, by the definition of sg(to)
and the fact that \gf | is bounded, there exists a constant C', which may depend on B, such that

lto — so(to)| < C. (41)

However, despite the above inequality, the right hand side of [{0]) can be large for small v because of
the discontinuity of I.

Let x5(-,-) = #X('/ﬁ, -/B) be a smoothing mollifier, with y : R x R? - RT a smooth function
such that

0<x<1,

St wpa X(t @) dadt =1,

x(t,z) =0, if |z] > 1 or |t| > 1.
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We define

B _.B
20757/.}/ - QO”Y * XB.

Using the concavity of the Hamiltonian in (32]) and ([@0) we obtain that

00 k
kDvB : e*dSdk ~
81&3577@07530) _ / / <e Dy g (to,@0) v 1) Tk _{[it2a R * xg(to, z0) >
0 vesd—1 eb — 1

s xs(to — 7,20 — y) [R(y, I(s0(7))) — R(y, I(7))]drdy.

(42)

We prove that the right hand side of the above inequality is greater than —%, with0<pu<1a

(1—p)
small constant, for v small enough. To this end, define :
A= {7 €[to— B, to+ B]|[1(s0()) — I(7) | < K},

with k a small constant to be chosen later. Note that .4 may be empty. We split the integral on the
r.h.s. of ([@2) into two parts in the following way

/Rd /R+ xs(to — 7,20 — y) [E(y,T(SQ(T))) — E(y,T(T))]dey =

Xs(to — 720 — y) [R(y. I(so(7))) — Ry, I(7))]drdy+
yEBg(wo) /A B B

xp(to — 7,20 — y) [R(y, I (s0(7))) — R(y, I(7))]drdy = F\ + Fj.
yE€Bg(z0) JA°

Using (@), ([28)) and the definition of xg we obtain that
|F1| < K1k.
Moreover, using (I0) and the definition of xg we obtain that, for some positive constant C’,
C'Ko
B Jae
We then use the monotonicity of I, thanks to Proposition 2.1}, (ZI)) and (@) to obtain that

I
/ dTSgC,‘Y M

|F2| S dr.

K
and hence SOl
24m7y
|Fy| < ———.
Br
Here, we have used the fact that at most I—f:f disjoint intervals [r;, 7 + C] exist such that I(r; +
Cv) — I(m) > k. Moreover, if B = Ujez[r, 7 + Cv] is a maximal set of such intervals, then

A° C Uiez[r — Oy, 7+ 2CH).

Combining the above properties and choosing s and v small enough such that v << kf, we obtain
that

0 k
kDyuB z0)-v e*dSdk ~ "
3&55,7@0,330) _/0 / . <e Davf g (to,xo) v 1) ToF 1 R« x5(to, o) > ) (43)
vesSeT
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We thus obtain a supersolution, with a small error, which is smooth with respect to x and . We then
modify it to obtain a strict supersolution and also make the inequalities in (30]) strict:

Ef,/a,y,u =(1- M)yfg,y +pt, with 0 < p < 1.

Using the concavity of the Hamiltonian and the fact that ¢ is a strict supersolution of (@3] we obtain

that gg By 18 @ supersolution of the following equation, for « small enough,

o9 k
B kDyv? v e"dSdk 53 B d
(9ty<>ﬁmu — /(; /VGSdl <€ By T — 1) m 2 R * Xﬁ + 5, 1mn (O, +OO) X R s (44)

and moreover
1Dl ey < 2000 =), 0By (b4 h) — 6By (12) < 20(1 — ) log(1 + [A]). (45)

Note also that by regularity and the above inequalities
We have now a good candidate for a test function.

, %B By is a strict supersolution up to ¢t = 0.

Fix T' > 0. Let’s suppose that max ,)c(o,7)xRrd P — B > a > 0. Using the bound (22)) and the fact
that v® > —B, we obtain that such maximum is attained at some point (tg,7) € [0,T] x K, with
K a compact set. Moreover, 55 (to, o) > —B. We can choose the set K such that x( is an interior
point of this set and such that the value of 7% —vZ on [0, 7] x 0K is strictly less than this maximum.

For v, # and u small enough, 7% — Q]f By takes a positive maximum, greater than a/2, at some point

(t,%) € [0,T] x K, with 55(¢,Z) > —B. The main idea is to consider ygﬁmu
point (£,7). To deal with the discontinuity in time of R we will use methods of viscosity solutions for
Hamilton-Jacobi equations where the Hamiltonian is L' with respect to ¢ [23, 26]. To this end, we
define

as a test function at the

bo,e(t) = sup (R (1)) = (R(, L)) x5) (1:2) ).

by (1) = sup (R 1)) = (R(,10)) * x5) (1,)).

One can verify that, for all £ > 0,

t t
/ bge(s)ds — / bs(s)ds, ase — 0,
0 0

t
/ bs(s)ds — 0, as  — 0.
0

Therefore, for 3 small enough, 72 (¢, z) — jg’%u(t, x)— fot bs(s)ds, attains a positive maximum. Note
from the definition of 7" and the above properties, there exists a sequence (g,,),, with &, — 0 as
n — 0o, such that v2 —1)455’%# — fot bs.e, (s)ds takes a positive maximum at some point (t.,,,z.,) € K.
Passing to the limits along an appropriate subsequence, noting again by an abuse of notation (&),
we obtain that, as e, — 0, (., ,7.,) — (£,T), such that v, (t,,z.,) = 92(,7) and (£,7) € K is a
maximum point of 77 (¢, z) — Qgﬁmu(t’ x) — fg b(s)ds.

Moreover, for all (¢,z) € [0,T] x K, we have

Rz, (1)) < bge(t) + R L(-)) * xp(t, ). (46)

19



Case 1:t > 0. Then, for &, small enough, we have also t., > 0. We then use ﬁfﬂ’%u—i— fot b, (s)ds
as a test function for equation (34]) on v., at the point (., , xe, ):

k
el —1)v)— _<> B, M(tsn Ten,)

B k
0005, u(tens en) < Jo Joegan 2 1) e dSdk
+%R(‘T5n7 IEn (tan)) - bﬁyfn (tan)

Me, +€ €N

< [y 5 v, H(tsn Tey, +(e

Furthermore, thanks to (46]) and taking e,, 8, v and g small enough such that (., ,z.,) € K, we
obtain

7<>,ﬁ,’7,/,1.(t5n’1‘5n JF(EE"k*l)V)*EQBﬁ’%H(tsn g )

k
0w puten 7)) < Jo° [oesa < & - 1>|ek_°iwd5dk
+%R($5n7 Ien (ten)) - R(x&m Ign(ten)) + R(7 Ign()) * Xﬁ(t&m $5n)'
Me,, +€ En

We then let ¢, — 0 and use similar arguments as in Step (i), (@3] and the fact that 72 (¢,7) > —B to
find that

- _ kDgvB t,7)-v ek dSdk
at%ﬁ’yu (,7) fo fueSd 1 < Lo BBV 1> [k —1|1+2a (47)
< R(? [()) * Xﬁ(ﬂ E)
Note indeed that, thanks to (45,

B enk B
Yo,Byuten Ten H(EM T DY) —ug g oy (en Ten)

oo o
fM fl/ESd71 (e en - 1> mdsdk
< f]\oio fueSdfl <62a(1_u)k - 1) ﬁdkgdk

which tends to 0 as M — oo.

We conclude by noticing that ([47)) is in contradiction with (44]) which holds when ~ is chosen small
enough.

Case 2 : t = 0. If there is a subsequence (t, ), such that t., = 0, then 55(0,7) = uf (). This
equality together with step (iii) implies that 77 (0, 7) —ygﬁm“(o, Z) < a/2 for B, v and p small enough,
which is a contradiction.

We can thus assume that ¢, > 0. Then, the problem can be treated as in Case 1.

5 Proof of Theorem [1.1]

In view of Proposition [3.1] which was proved in Section [B] to prove Theorem [[I] it remains to prove
that u, a limit of (u.). along a subsequence as ¢ — 0, satisfies (I6]), it is minimal in the set of viscosity
supersolutions satisfying (I4]) and it is a viscosity subsolution to (3] in a weak sense as stated in the
theorem.

[The proof of (I6)] In view of Lemma[3.4] to prove (IG) it is enough to prove that max,cga u(t,z) < 0.
This is immediate from the Hopf-Cole transformation (7l), the Lipschitz continuity of v and (2IJ).
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[Minimality of u in the set of viscosity supersolutions satisfying (I4])] Let’s assume that u is
a viscosity supersolution to (I3 satisfying (I4]). To prove that u < u we first define analogously to
Section B

P = max(—B,u — Kyt).

We then repeat the arguments in the proof of Proposition B2-Step (iv), to obtain that v < 2%, We
next let B — oo to deduce that u < .

[u is a viscosity subsolution of (I5) in a weak sense| Let’s suppose that ¢ € C(RT x R? —
R) N C%(O(to, 0)) is a test function at the point (tg, o) such that it satisfies (I7)) and such that u — ¢
takes a global and strict maximum at the point (tg, o). We prove that ¢ satisfies (I8]).

Since (ug). converges locally uniformly to u, we deduce that u. — ¢ takes a global maximum at a
point (t.,z.) € RT x R? such that, as ¢ — 0, (t.,z.) — (to,z0). Note also that replacing (@) in (&) we
obtain the following equation

o0 ue (b, (R —1)v) —ue (t,2) ek
8tua = /0 /VESdl(e € — 1)md5dk + R(.Z', [5(t))

Thanks to the above equality and the fact that u. — ¢ takes a global maximum at the point (., z.),
we find that

o0 plte met(eF—1)v) —pte.oe) ek
Orp(te, we) < /0 /VESdl(e : - 1)md5dk + R(ze, 1(t)).

Note that for € small enough, (t.,z:) € By (to,zo) with r given by (7). In view of (), we can pass
to the limit in the above inequality and obtain

00 kdSdk
; B kDzg(to,wo)v _ ) € DNy I(t
8“,0( 0,3;0) /0 /Vesd1 <€ > ‘ek — 1‘1+20¢ = lmsupR(l’a, 8( E))7

e—0

which leads to ([I8]) since (t.,z.) — (to, z¢) and thanks to the estimate on %f (see Step (i) in the proof

of Proposition B2 and [31]).

6 Proof of Theorem

Thanks to (ZI)) we obtain that, along subsequences as ¢ — 0, n. converges in L> (wx(0, 00); M!(R?))
to a measure n. From the Hopf-Cole transformation and (I0)), (I9) is immediate. We prove that (20])
holds at the continuity points of I(t).

Let (tg,z0) be such that u(tg,xg) = 0 with ¢y a continuity point of I. Then, ¢ = 0 is a test function
which satisfies (IT7]) and such that u— ¢ takes a maximum at the point 0. Therefore, ¢ is an admissible
test function and (I8]) holds, i.e.

0 < limsup R(xo, I(s)) = R(zg, I(tg)).

s—to
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We next prove the inverse inequality. To this end, we integrate (Il with respect to ¢, on (tg,to + h)
at the point © = zy. Using the positivity of

/S N (asz“'” _ 1) s > 0,

and the fact that u is a viscosity supersolution to (I3]), we obtain that

1 tot+h u(to +h JZQ) — u(t() x())
- < 9 9 )
h/ R(xo, I(s))ds < Y

to

Using ([I6]) and the fact that u(tp,xo) = 0 we obtain that

1 to+h
. / Rlxo, 1(s))ds < 0.

to

We then let b — 0 and use the continuity of I at the point ¢y to obtain

R(xo, [(to)) S 0.

7 An example of a Hamilton-Jacobi equation of type (I3) with a
solution not satisfying the second property of (I4)

In this section, we provide an example of a Hamilton-Jacobi equation of type (I3]) which has a vis-

cosity solution that does not satisfy the second property of ([I4]). This example together with the fact

that such Hamilton-Jacobi equation, with fixed I, has a unique viscosity solution (see [9], Section 6),

indicates that the function u might not be in general a viscosity solution of (IZ); it is only a viscosity
supersolution and a viscosity subsolution in a weak sense as stated in Theorem [[.11

Consider the following equation

{atu (t,z) — [;° (ehOrulto) 4 e=hOrulte) _ 9) % =a(t,z), (t,z) e Rt xR, 48)

u(0,z) =0, T € R,

with

—O\/ 2 o] Ctx —Ctx k
a(t,r) = u _ e (1+t)V/1+22 _|_ e(1+t)\/1+z c*dk
’ (1+41t)2 0 ek — 1|1+2a”

with 0 < C' < 2. One can verify that

Ctv1 + 22

u(t,z) = — 1

)
is a solution to ([@8]). However, u does not satisfy the second property in (I4]) since it has linear decay.
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