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Abstract

A condensate of pairs in an isolated, homogeneous, unpolarised, finite-size spin 1/2 tridimensional Fermi gas at an
extremely low nonzero temperature, undergoes with time a phase change θ̂(t) − θ̂(0) with a random component, due
at least to the coupling to the thermal phonons of the gas. Thanks to the quantum second Josephson relation con-
necting dθ̂/dt to the phonon mode occupation numbers, and to linearised kinetic equations giving the evolution of the
occupation number fluctuations, we access the behaviour of the phase change variance Var[θ̂(t) − θ̂(0)] at times much
longer than the phonon collision time. The case where the phonon branch has a convex start is similar to the Bose gas
case: the leading collisional processes are the Beliaev-Landau three-phonon processes, and the variance is the sum of
a ballistic term Ct2 and of a delayed diffusive term 2D(t− t0), whose analytical expressions are given in the thermody-
namic limit. The concave case is much more exotic. It is analysed at time scales much shorter than T−9, allowing one
to restrict to the 2 phonons→ 2 phonons small-angle Landau-Khalatnikov processes. The total number of phonons is
conserved and the phonon mean occupation numbers at equilibrium can exhibit a chemical potential µφ < 0, assumed
to be isotropic. The phase change variance is then the sum of a ballistic term Ct2, of a diffusive term 2Dt, of exotic
subsubleading terms 2A(πt)1/2+2B ln(t1/2) and of a constant term. The analytic expression of the coefficients C, A and
B is obtained, as well as the diverging leading behavior of D and of the constant term when µφ/kBT → 0. For µφ = 0,
the variance sub-ballistic part becomes superdiffusive, of the form d0t5/3, where d0 is known exactly. For a nonzero
infinitesimal µφ/kBT , a law is found, that interpolates between the superdiffusive spreading and the diffusive spreading
of the sub-ballistic part. As by-products, new results are obtained on the phonon Landau-Khalatnikov damping rate,
in particularly for µφ < 0.
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1. Introduction: system and position of the problem

Consider a three-dimensional gas of N spin-1/2 fermions, unpolarized (N↑ = N↓), prepared at instant t = 0
at thermal equilibrium at temperature T in a cubic side box L with periodic boundary conditions. Opposite spin
fermions interact in the s wave with a scattering length a and a negligible range (contact interaction); fermions of the
same spin do not interact. It is known that below a critical temperature Tc, a condensate of ↑↓ bound pairs of fermions
is formed in mode φ0(r1 − r2) of the pair field; we assume here that T ≪ Tc. At subsequent instants t > 0, the gas as
a whole is isolated, that is it evolves freely under the effect of interactions without coupling to the environment. On
the other hand, the pair condensate is not isolated and interacts with the non condensed modes, populated by thermal
excitations, and which form a dephasing bath. We ask what is the corresponding coherence time tc of the condensate,
that is the width of its coherence function 〈â†0(t)â0(0)〉, where â0 annihilates a condensed pair and the mean is taken
in the system density operator. As expected, tc is the time after which the condensate lost the memory of its initial
phase, the variance of the phase shift θ̂(t) − θ̂(0) experienced by the condensate being of unit order [1]. Here θ̂ is the
condensate phase operator [2] such that â0 = eiθ̂N̂

1/2
0 , N̂0 being the number of condensed pairs operator.

This problem is fundamental, but by no means academic. It is known how to prepare in the laboratory pair-
condensed cold atomic Fermi gases [3, 4, 5, 6] in flat-bottom trapping potentials [7, 8]. Since the traps used are
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immaterial, these gases are well isolated and, although interacting, show only small particle losses due to three-body
recombinations [9]. A Ramsey type interferometric method for measuring the coherence function 〈â†0(t)â0(0)〉 [10] is
being implemented on bosonic atom gases [11]; it can be transposed to the case of fermions by reversible adiabatic
bosonization of the atomic Cooper pairs [1] (they are transformed into strongly bound dimers by a magnetic field
ramp near a Feshbach resonance [12]). Our question could soon receive an experimental answer. To our knowledge,
however, there is no complete theoretical prediction, the study of the spreading of the phase of the condensate of pairs
in references [1, 13] being limited to the values of kFa such that the the sound dispersion relation in the superfluid
has a convex start, that is 1/kFa > −0.14 from the approximate calculations (Anderson’s RPA) of reference [14]
(kF = (3π2ρ)1/3 is the Fermi wave number of the gas of total density ρ). This convex case is very similar to that
of the weakly interacting bosons, the variance of the phase shift having in general at long times a dominant ballistic
term (∝ t2) and a retarded diffusive subdominant term (∝ t − t0). Phase spreading in the case where the sound
dispersion relation has a concave start, which includes the BCS limit of the Fermi gas (kFa → 0−) [15], seemed
totally unexplored. The present work fills this gap; it predicts sub-ballistic terms that are more exotic or even grow
faster than a simple retarded phase diffusion. The concave case thus hid a new and quite unexpected regime of
spreading of the condensate phase. 1

The structure of the paper is simple. We specify in section 2 the low-temperature regime considered and give a brief
reminder of the formalism based on kinetic equations developed over the years by the author and his collaborators,
and giving access to the variance of the phase shift θ̂(t) − θ̂(0) experienced by the condensate. We treat the case of a
convex phonon branch in section 3, quite briefly since it is enough to adapt the results of reference [17] on bosons.
The unexplored case of a concave phonon branch is the subject of the long section 4: after sorting out the different
phononic collision processes at low temperature T (§4.1), given the considered very short time scale compared to
~(mc2)8(kBT )−9 (m is the mass of a fermion and c the speed of sound at zero temperature), we treat separately the
ballistic spreading term of the phase (§4.2) and the sub-ballistic terms (§4.3). The latter have required notable efforts:
after writing kinetic equations for four-phonon collisions (§4.3.1), we perform a simple approximation called “rate
approximation" on their linearized form, of which it neglects non-diagonal terms, and which predicts various exotic
contributions to the variance of θ̂(t) − θ̂(0), with a non-integer-power or logarithmic law (§4.3.2); we establish what
part of truth these approximate predictions contain, returning to the exact linearized kinetic equations (§4.3.3). This
study also allowed us to obtain new, much more manageable expressions of the four-phonon Landau-Khalatnikov
damping rate, in the form of a double (41) then single integral (B.1), instead of a quadruple integral in references
[16, 18]. We conclude in section 5.

2. Regime considered and basic formalism

We are here at a temperature that is extremely low, but not zero. 2 This makes it possible to neglect the gas
excitations by breaking pairs, which have a forbidden energy band ∆ and therefore have an exponentially low density
O(e−∆/kBT T 1/2) for kBT ≪ ∆. The pair condensate is then coupled only to a low-density thermal gas of sound
excitations (phonons) of energy dispersion relation q 7→ ǫq, where q is the wave vector, and the equation of evolution
of its phase operator [1] is reduced (after a temporal smoothing suppressing the fast oscillations with the typical
thermal pulsation ǫqth/~ ≈ kBT/~) to

− ~

2
dθ̂
dt
= µ0(N) +

∑

q,0

dǫq

dN
n̂q (1)

Here n̂q is the number of phonons operator in mode q and µ0 the chemical potential of the gas of N fermions at zero
temperature. Equation (1) has a simple physical interpretation [1]: its right-hand side constitutes a microcanonical

1. This concave case could also in principle be realized with bosonic atoms in the weakly interacting regime, if it was known how to create a
short-range interaction potential of width of order the healing length ξ of the condensate [16].

2. At zero temperature, there is no elementary or collective excitation present in the gas, so no dephasing environment for the condensate
since the system is isolated. At a fixed total number N of particles, our formalism predicts that condensate coherence time is infinite. This is in
agreement with a result obtained by Beliaev in the bosonic case [19]. The fact that the system is not a pure condensate in its ground state, i.e. that
the condensate is subject to quantum depletion, does not change the case, since the uncondensed fraction does not constitute an excited component
from the point of view of the interacting gas (even if it is one in the bosonic case from the point of view of the ideal gas). When N varies from one
realization of the experiment to another, one recovers after average on the realizations the ballistic spreading of the condensate phase predicted for
a gas of bosons at zero temperature [20, 21], see our note 3.
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chemical potential operator at sufficiently low temperature, the second contribution, thermal correction to the first,
being the isentropic adiabatic derivative (here at fixed n̂q) of the phonon energy operator

∑

q,0 ǫqn̂q with respect to
the total number of particles N. Equation (1) is thus an operatorial quantum generalization of the second Josephson
relation relating the time derivative of the order parameter of the gas to its chemical potential. The simplest and
most general method for obtaining it uses quantum hydrodynamics, see Annex B of reference [1]. We first write
the equations of the motion of the phase φ̂(r, t) and density ρ̂(r, t) field operators of the superfluid gas. In the low
temperature limit kBT ≪ ∆,mc2, ǫF, where ǫF is the Fermi energy and c > 0 is the speed of sound at zero temperature,
the spatial fluctuations of density δρ̂(r, t) and phase δφ̂(r, t) are weak, which allows to linearize these equations around
the uniform solution ρ̂0(t) = N̂/L3 and φ̂0(t) = θ̂(t)/2 (N̂ is the total number of particles operator). We then expand
δρ̂(r, t) and δφ̂(r, t) on the eigenmodes of the linearized equations, with as coefficients the usual annihilation b̂q and
creation b̂

†
q operators of phonons of wave vector q. After injecting these modal expansions into the expression of

dθ̂/dt written to second order in δρ̂(r, t) and grad δφ̂(r, t), we find the diagonal terms ∝ n̂q = b̂
†
qb̂q of equation (1),

and non-diagonal terms ∝ b̂qb̂−q and ∝ b̂
†
qb̂
†
−q. The non diagonal terms oscillate rapidly on the scale of the collision

time between phonons; they can therefore be removed by temporal smoothing, as was done in (1), without affecting
the spreading of the condensate phase at long times (see Appendix E of reference [22]). Finally, the temperature is
sufficiently low (kBT ≪ mc2, kBT ≪ |γ|1/2mc2) so that we can ignore the terms other than linear and cubic in the low
wavenumber expansion of ǫq:

ǫq =
q→0

~cq















1 +
γ

8

(

~q

mc

)2

+ O(q4 ln q)















(2)

where the curvature parameter γ is dimensionless. When γ > 0, the phonon branch has a convex start; when γ < 0,
it has a concave start. While c is deduced from the equation of state (mc2 = ρdµ0/dρ as predicted by quantum
hydrodynamics), γ must be measured [23, 24] or deduced from an exact microscopic theory, which has not yet been
done in cold atomic gases (predictions [14] of Anderson’s RPA are only tentative).

The calculation of the condensate phase spreading is reduced, through equation (1), to a pure problem of phonon
dynamics. Since the system is in a stationary state, the variance of the phase shift for a time t is [17]

Var[θ̂(t) − θ̂(0)] = 2 Re
∫ t

0
dτ (t − τ)C(τ) (3)

where C(τ) is the correlation function of the rate of change of the phase:

C(τ) = 〈dθ̂
dt

(τ)
dθ̂
dt

(0)〉 − 〈dθ̂
dt
〉2 (4)

the mean 〈. . .〉 being taken in the system density operator. The knowledge of the correlation function C(τ) is thus
reduced to those Qqq′ (τ) = 〈δn̂q(τ)δn̂q′(0)〉 of the fluctuations δn̂q of phonon numbers around their mean value n̄q.
These latter are given by kinetic equations describing the unceasing redistribution (of quanta) between the modes of
phonons by collision between them, and that one can here linearize to obtain

d
dt
δnq =

∑

q′

Mqq′δnq′ (5)

This linearized form inherits the good properties of the complete non-linear kinetic equations: it rests on a solid
microscopic ground incorporating the Beliaev-Landau 1 phonon ↔ 2 phonons collisions (convex phonon branch)
or the Landau-Khalatnikov 2 phonons → 2 phonons collisions (concave branch), it describes the exponential-in-
time relaxation of the average occupation numbers towards a steady state, thus the thermalization, and obeys strict
conservation of the total energy E. In the concave case, it also conserves the total number of phonons Nφ. The matrix
M admits an eigenvector of eigenvalue zero for each quantity conserved by the complete kinetic equations, i.e. the
dimension of its kernel is equal to the number of constants of motion. In the sector of zero angular momentum that
matters for phase spreading, the kernel of M is therefore of dimension one in the convex case and of dimension two
in the concave case. These eigenvectors of zero eigenvalue play an important role in the rest of the study: they are
associated with undamped linear combinations of δnq that thereby induce a ballistic spreading of the condensate phase
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when the corresponding conserved quantities E (convex case) or (E,Nφ) (concave case) have non-zero variance in the
system density operator, i.e. vary from one realisation of the experiment to the other.

It remains to solve the linearized kinetic equations (5), in their explicit form (13) in the convex case and (39) in
the concave case. Matrix and vector relations [17]

Q(τ) = eMτQ(0) and C(τ) = ~A · Q(τ)~A (6)

give the formal solution of the problem; we have introduced here the matrices M and Q of components Mqq′ and Qqq′ ,
and the vector ~A of components

Aq =
2
~

dǫq

dN
(7)

Notice in passing that ~A lives in the sector of zero angular momentum (its components depend only on the modulus of q

and are therefore isotropic), which will subsequently limit the study of M to this same sector. But the challenge of our
work is to obtain explicit results on phase spreading exact to leading order in temperature and in the thermodynamic
limit N → +∞ for fixed ρ, the temperature being sufficiently low for the interactions between phonons to be well
described by quantum hydrodynamics.

3. Convex case

When the phonon branch has a convex start (curvature parameter γ > 0 in equation (2)) the dominant low-
temperature collision processes are those of Beliaev and Landau’s three phonons, q → k + k′ and q + k → k′ (see
figure 1a) [25, 26, 27]. They do not conserve the number of quasi-particles. The phonon gas has therefore a zero
chemical potential at equilibrium,

n̄q =
1

eβǫq − 1
(8)

with β = 1/kBT . This is the same situation as the low-temperature limit of the weakly interacting Bose gas already
discussed in reference [17], up to global factors in the Aq (the curvature parameter γ depends on N in the case of
fermions, while it is given by γ = 1 in the Bogoliubov spectrum) and on the amplitude of the Beliaev-Landau coupling.
A direct transposition of the results of reference [17] to the case of fermions gives, at the thermodynamic limit and
at times long compared to the inverse of the typical collision rate γcoll between phonons, the usual ballistic-diffusive
law 3

Var[θ̂(t) − θ̂(0)] =
γcollt≫1

[

∂Eµmc(Ē,N)
]2

(Var E)
4t2

~2
+ 2D(t − t0) + o(1) (9)

with µmc(E,N) the microcanonical chemical potential of a gas of N fermions of total energy E, Ē being the average
of the total energy and Var E the variance supposed to be normal (Var E = O(N)) of its fluctuations, D is the diffusion
coefficient of the phase and t0 the delay time to diffusion. The same transposition leads to the equivalents at low
temperature in the canonical ensemble (VarcanE = kBT 2∂T Ē):

[∂Eµmc(Ē,N)]2VarcanE ∼
T→0

2π2

15
u2

N

(kBT )5

(~c)3ρ
(10)

~ND

mc2
∼

T→0
c1

9γ2(2u − ∂ ln γ
∂ ln ρ )2

(1 + u)2

(

kBT

mc2

)4

(11)

mc2t0

~
∼

T→0

−9c2

16
√

2c1

1

(1 + u)2

(

~ρ1/3

mc

)3 (

kBT

mc2

)−5

(12)

The constants c1 and c2 are those of reference [17] (c1 ≃ 0.3036, c2 ≃ −0.2033), ρ is the total density and
u = ∂ ln c/∂ ln ρ the Grüneisen parameter of the Fermi gas. The result (10) reproduces that of reference [28] in

3. If N has normal fluctuations, the coefficient of the ballistic term 4t2/~2 is worth 〈[δN∂Nµmc(Ē, N̄) + δE∂Eµmc(Ē, N̄)]2〉 with δN = N − N̄

and δE = E − Ē. In contrast, D and t0 remain unchanged (at the dominant order at the thermodynamic limit).
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Figure 1: The dominant interaction processes between low temperature phonons and the scaling laws with temperature of the corresponding decay
rate Γq of the thermal phonons of wave number q ≈ kBT/~c. (a) Case γ > 0 in equation (2) (convex starting branch): Beliaev and Landau’s
three-phonon process (T 5 law). (b) Case γ < 0 (concave starting branch): the low-angle four-phonon (2 phonons → 2 phonons) processes of
Landau-Khalatnikov (angles O(kBT/mc2) between the four wave vectors put into play) outweigh (T 7 law) those with large angles (T 9 law) and
those of Khalatnikov with five phonons (2 phonons ↔ 3 phonons) or those of Beliaev-Landau with three phonons (O(T 9) law, see note 5); they
are the only ones to be taken into account here. The temperature laws for the typical thermal decay rate are given here in a non-dimensional form,
Γth ≈ Tα. In the convex case, this means ~Γth ≈ (mc2)−5/2ǫ

−3/2
F (kBT )5 where ǫF is the Fermi energy of the gas [16]; in the concave case, where we

necessarily have ǫF ≈ mc2 [14], this means ~Γth ≈ (mc2)1−α(kBT )α.

the particular case of a weakly interacting Bose gas. The equivalent (11) generalizes the one (specific to the unitary
limit 1/a = 0) of reference [1] and reproduces the one (VIII.59) of reference [13] in a slightly different form. Remark-
ably, the equivalent (12) of the delay time t0 coincides with that of the Beliaev-Landau damping time of the thermal
phonons q = kBT/~c of reference [16] up to a numerical factor. The results (11, 12) are valid for a large system
prepared in any statistical ensemble with normal fluctuations of E and N [17]. To be complete, we give the expression
used at low temperature of the linearized kinetic equations on the isotropic fluctuations δnq = δnq of the occupation
numbers at the thermodynamic limit:

d
dt
δnq =

(1 + u)2~

4πmρ

{

−δnq

[∫ +∞

0
dk k2(k + q)2(n̄ℓk − n̄ℓk+q) +

∫ q

0
dk k2(q − k)2(n̄ℓk + 1/2)

]

+

∫ +∞

0
dk k2(k + q)2(n̄ℓk+q − n̄ℓq)δnk +

∫ q

0
dk k2(q − k)2(n̄ℓq−k − n̄ℓq)δnk +

∫ +∞

q

dk k2(k − q)2(1 + n̄ℓk−q + n̄ℓq)δnk

}

(13)

where the average thermal values n̄ℓq = [exp(~cq/kBT ) − 1]−1 are those of a linear phonon branch.
It is useful for the following to recall, in the context of linearized kinetic equations (5), where the ballistic term

of equation (9) comes from [17]. Due to conservation of the total phonon energy, ~ǫ · M = 0 (~ǫ is the vector with
coordinates ǫq), i.e. ~ǫ is a left eigenvector of M with the eigenvalue zero. According to a result of elementary linear
algebra, M then admits a right eigenvector ~dǫ of zero eigenvalue, it is the dual vector of ~ǫ. Here, it is easy to
identify: even if we shift β by δβ from its physical value 1/kBT , the expression (8) remains stationary, therefore the
corresponding variations δn̄q to first order in δβmust be a stationary solution of the linearized kinetic equations, hence
(dǫ)q ∝ −∂βn̄q = ǫqn̄q(1+ n̄q) up to a normalization factor (we must have ~ǫ · ~dǫ = 1) [17]. In general, the vector Q(0)~A

admits a non-zero coefficient ~ǫ · Q(0)~A on ~dǫ so that C(τ) has a non-zero limit when τ → +∞ and Var[θ̂(t) − θ̂(0)]
diverges quadratically in time. On the other hand, in the microcanonical ensemble, Var E = 0, all physical fluctuations
δnq are of zero total energy

∑

q ǫqδnq = 0 and ~ǫ · Q(0) ≡ 0: the spreading of the phase is diffusive.

4. Concave case

When the branch of phonons has a concave start (curvature parameter γ < 0 in equation (2)), the Beliaev-Landau
1 phonon↔ 2 phonons processes no longer conserve energy. The same goes for any process 1 phonon↔ n phonons,
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n > 2. The dominant processes are then those of Landau-Khalatnikov with four phonons, 2 phonons→ 2 phonons,
whose effective coupling amplitudeA(q, q′; k, k′) has a known expression in the context of quantum hydrodynamics
(a diagram at first order and six diagrams at second-order perturbation theory) [29, 16]. The corresponding thermal
collision rate ΓLK

th , however, is multi-scale in temperature: it varies as T 7 for collisions at small angles (q, q′, k, k′

collinear and in the same direction within angles O(kBT/mc2)) and as T 9 for large-angle collisions (see figure 1b).
Here, we study the phase-spreading of the condensate of pairs at the time scale of small angle collisions (§4.1). While
the ballistic term in the variance of θ̂(t)− θ̂(0) can be cleverly deduced from the existence of two conserved quantities,
the energy Eφ of the phonons and their total number Nφ (§4.2), the computation of the sub-ballistic contribution
requires the explicit writing of the kinetic equations for the four-phonon collisions and the solution of their linearized
form around equilibrium (§4.3).

4.1. Time scale considered

In this work, we study the spreading of the condensate phase on a time scale t ≈ ~(mc2)6(kBT )−7 and neglect the
collisional processes between phonons appearing at time scales ≈ ~(mc2)8(kBT )−9 or later. In other words, we only
take into account small-angle q+q′ → k+k′ collisions (see figure 1b). We can not describe either the relaxation of the
direction of the wave vectors to an isotropic distribution (the small-angle processes negligibly change the direction 4)
nor the relaxation of the total number of phonons Nφ or more conveniently of the chemical potential µφ phonons to its
true thermal equilibrium value (the Landau-Khalatnikov 2 phonons→ 2 phonons processes conserve Nφ, in contrast
to the Beliaev-Landau processes and the subdominant 5-phonon processes of figure 1b). 5 At the time scale T−7,
there exist therefore apparently stationary distributions of phonons n̄q that are anisotropic and of nonzero chemical
potential µφ, contrary to equation (8) [30]. 6 For simplicity, and because it is a priori naturally the case in a cold atom
experiment, we take isotropic mean occupation numbers for phonons,

n̄q =
1

eβ(ǫq−µφ) − 1
(14)

but without constraint on µφ (other than µφ ≤ 0). It will be convenient in the following to use the notation

ν = βµφ (15)

Knowing the average phonon numbers (14) is not enough to determine the spreading of the condensate phase: as
we see on equation (6), we need to know the covariance matrix Q(0) of the occupation numbers, so specify the density
operator ρ̂φ of the phonons. For simplicity, we first assume that the unpolarized Fermi gas is prepared in a generalized
canonical ensemble, defined by the fixed number N of fermions, temperature T and chemical potential µφ of phonons
(which sets their average number), hence the Gaussian phonon density operator

ρ̂φ =
1
Ξ

e−β
∑

q,0(ǫq−µφ)n̂q (16)

where Ξ ensures that ρ̂φ has a unit trace. According to Wick’s theorem, the covariance matrix Q(0) is then diagonal:

[Q(0)]qq′
ρ̂φ of (16)
= [Qd(0)]qq′ ≡ n̄q(1 + n̄q)δq,q′ (17)

We will see in the following how to treat a more general case.

4. If each small-angle collision changes the direction of q by a random angle δθ ≈ kBT/mc2, we need ncoll ≈ 1/Var δθ ≈ T−2 successive
collisions (supposedly independent) to thermalize the direction of q, which takes the same time (for the same effect) as a single collision at large
angles.

5. For 2 phonons ↔ 3 phonons processes, of maximum rate at small angles, Khalatnikov finds a decay rate ΓK
th ≈ T 11. According to him,

the total number of phonons Nφ would therefore heat up with a rate ∝ T 11 [30]. However, the Beliaev-Landau processes (which also change Nφ)
are no longer energetically forbidden at this order, since the Landau-Khalatnikov 2 phonons → 2 phonons processes confer to the incoming and
outgoing phonons a nonzero energy width ΓLK

th ≈ T 7. We find then that ΓBL
th ≈ T 9 according to equation (5.6) of reference [31]. This points to a

thermalization rate of Nφ of order T 9. So we put in figure 1b a O(T 9), which suffices here.
6. One can simply have a chemical potential, or even a temperature, depending on the direction of the wave vector q.
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4.2. Get the ballistic term out

Remarkably, we can obtain in the general case the ballistic term of Var[θ̂(t)− θ̂(0)] at long times, without explicitly
writing the kinetic equations for 2 phonons→ 2 phonons collisions. It suffices to exploit the existence of two quantities
conserved by temporal evolution [32], here the energy of phonons Eφ =

∑

q,0 ǫqnq and their number total Nφ =
∑

q,0 nq. Since the fluctuations δEφ = Eφ − Ēφ and δNφ = Nφ − N̄φ are also conserved, the matrix M of linearized
kinetic equations must satisfy the conditions

~ǫ · M = 0 and −→un · M = 0 (18)

where ~ǫ is of coordinates ǫq as in section 3 and −→un is of coordinates all equal to 1:

~ǫ = (ǫq)q,0 and −→un = (1)q,0 (19)

M thus has two left eigenvectors of zero eigenvalue, and these are the “only" ones in the isotropic sector of zero angular
momentum in which the source term Q(0)~A of equation (6) lives, since M exhibits no other conserved quantity: the
“other" isotropic left eigenvectors ~em (linearly independent of ~ǫ and −→un) correspond to eigenvalues Λm of M with a
real part < 0, i.e. to exponentially damped kinetic modes (we will see in §4.3.3 that Λm are real). We conclude that
M has only two isotropic linearly independent right eigenvectors of zero eigenvalue. We find them as in section 3 by
noting that the expression (14) of n̄q remains a stationary solution of the kinetic equations even if β and ν = βµφ are
shifted by δβ and δν. The corresponding variations δn̄q to first order in δβ and δν must constitute a stationary solution
of the linearized kinetic equations. As ∂βn̄q = −ǫqn̄q(1 + n̄q) and ∂νn̄q = n̄q(1 + n̄q), we deduce that

MQd(0)~ǫ = ~0 and MQd(0)−→un = ~0 (20)

In general, Qd(0)~A has non-zero components with coefficients λǫ and λun on these right eigenvectors of M of zero
eigenvalue, so eMτQd(0)~A and C(τ) do not tend to zero at long times. On the other hand, by definition, if we subtract
these components, we must obtain a zero limit:

eMτ[Qd(0)~A − λǫQd(0)~ǫ − λunQd(0)−→un] →
τ→+∞

0 (21)

By making the left scalar product of this expression with ~ǫ and −→a, which owing to equation (18) gives zero, we end
up with the invertible system

λǫ~ǫ · Qd(0)~ǫ + λun~ǫ · Qd(0)−→un = ~ǫ · Qd(0)~A (22)

λǫ
−→un · Qd(0)~ǫ + λun

−→un · Qd(0)−→un =
−→un · Qd(0)~A (23)

whose coefficients, let us note it, are variances or covariances (~ǫ · Qd(0)~ǫ = Var Eφ, etc). We have therefore separated
the correlation function of dθ̂/dt into a constant contribution and a contribution of zero limit at long times:

C(τ) = C(+∞) + ∆C(τ) →
τ→+∞

C(+∞) (24)

which, according to equation (3), is equivalent to splitting the variance of the condensate phase shift into a ballistic
term and a sub-ballistic term:

Var[θ̂(t) − θ̂(0)] = C(+∞)t2 + Vars-bal[θ̂(t) − θ̂(0)] (25)

Vars-bal[θ̂(t) − θ̂(0)] = 2 Re
∫ t

0
dτ (t − τ)∆C(τ) =

t→+∞
o(t2) (26)

The expression of the constant C(+∞) so obtained is not very suggestive:

C(+∞) = λǫ ~A · Qd(0)~ǫ + λun ~A · Qd(0)−→un (27)

but a long calculation allows one to put it in a form as illuminating as in equation (9):

C(+∞) = Var













(Nφ − N̄φ)∂Nφ

2µφmc

~
(Ēφ, N̄φ) + (Eφ − Ēφ)∂Eφ

2µφmc

~
(Ēφ, N̄φ)













(28)
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where µφmc(Eφ,Nφ) is the microcanonical chemical potential of an ideal gas of Nφ phonons of total energy Eφ. 7 The
expression of the contribution of zero limit can be made nicely symmetrical thanks to equation (18):

∆C(τ) = ∆~A · eMτQd(0)∆~A →
τ→+∞

0 (29)

where
∆~A = ~A − λǫ~ǫ − λun

−→un (30)

and also presents a simple physical interpretation: it is the correlation function of dθ̂/dt when the phonon gas is pre-
pared in the “average" microcanonical ensemble (Ēφ, N̄φ). The vector Qd(0)∆~A actually lives in the subspace of zero
energy fluctuations and zero number of phonons fluctuations, see equations (22, 23). The contribution ∆C(τ) and the
sub-ballistic term (26) are therefore, at the thermodynamic limit that we consider, independent of the (supposedly nor-
mal) fluctuations of Nφ and Eφ thus of the statistical ensemble in which the phonon gas is prepared, at fixed N̄φ and Ēφ,
contrarily to C(+∞) and to the ballistic term in (25). This fact had already been established for a weakly-interacting
Bose gas in reference [17]. The expression (28) of C(+∞), though obtained for the Gaussian density operator (16),
actually applies to a gas with a fixed number N of fermions but prepared at the thermodynamic limit in any statistical
ensemble (any statistical mixture of fixed N↑ = N↓ = N/2 microcanonical ensembles), provided that the fluctuations
of the energy and the number of phonons remain normal (of variance O(N)), that the momentum distribution of the
phonons remains isotropic and that the temperature is sufficiently low. As in the reasoning of reference [28], this
follows directly from the hypothesis of ergodization of the phonon gas by phonon-phonon collisions. 8

4.3. Study of the sub-ballistic term

We focus now on the sub-ballistic term (26), more difficult and richer. Once the linearized kinetic equations are
written for 2 phonons → 2 phonons collisions at small angles (§4.3.1), we derive the spreading of the condensate
phase, first heuristically by replacing them with a diagonal form (rate approximation, §4.3.2) then quantitatively by
returning to their exact form (§4.3.3).

4.3.1. The kinetic equations

We must first write the kinetic equations giving the mean evolution of the phonon occupation numbers nq under
the effect of Landau-Khalatnikov 2 phonons→ 2 phonons collision processes. The corresponding effective interaction
Hamiltonian between phonons, deduced from quantum hydrodynamics [29], is written

ĤLK
eff =

1
4L3

∑

q1 ,q2,q3,q4

A(q1, q2; q3, q4)b̂†q3
b̂†q4

b̂q1 b̂q2δq1+q2,q3+q4 (31)

where b̂q is the annihilation operator of a phonon in the mode q and the real coupling amplitudeA is known explicitly
[16]. Since A is invariant by exchanging its first two arguments and exchanging its last two arguments (phonons are

7. We use the fact that in the limit of a large system, the chemical potential no longer depends on the statistical ensemble, provided that the
averages of Eφ and Nφ are fixed. Then

2
~
µ
φ
mc(Ēφ(β, µφ), N̄φ(β, µφ)) ∼

∑

q,0

Aqn̄q(β, µφ)

where the average values Ēφ, N̄φ and n̄q are taken in the canonical density operator (16). It remains to take the derivative of this relation with

respect to β and µφ to obtain ∂Nφµ
φ
mc and ∂Eφµ

φ
mc. We find in particular that λǫ = ∂Eφ

2µφmc
~

and λun = ∂Nφ
2µφmc
~

.
8. The right-hand side of equation (1) is, as we have seen, an approximation at low density of excitations of a chemical potential operator of the

Fermi gas, the sum in the right-hand side being the adiabatic derivative (with fixed occupation number operators n̂q) of the Hamiltonian of phononic
excitations Ĥφ [1]. Under the ergodic hypothesis in the presence of Landau-Khalatnikov 2 phonons→ 2 phonons collisions, the temporal mean of
equation (1) at long times γcollt → +∞ no longer depends on each occupation number individually, but on the constants of motion Ĥφ =

∑

q,0 ǫqn̂q

and N̂φ =
∑

q,0 n̂q through a microcanonical mean (eigenstate thermalisation hypothesis of the many-body eigenstates [33, 34, 35]) so that

θ̂(t) − θ̂(0) ∼
t→+∞

−
[

µ0(N) + µφmc(Ĥφ, N̂φ)
] 2t

~

It remains to linearize µφmc(Ĥφ, N̂φ) in the fluctuations around the mean (Ēφ, N̄φ) and take the variance to find the result (28) given equation (25).
This approach would easily account for fluctuations in the total number of fermions (as long as N↑ = N↓).
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bosons), we have pulled out the symmetry factor 1/4. It is moreover invariant by exchange of the first two arguments
with the last two, which ensures the hermiticity of ĤLK

eff and the microreversibility of the collision processes. Let’s
consider the collision process q+q′ → k+k′ of figure 1b and the inverse process k+k′ → q+q′, then let’s calculate
the incoming and outgoing fluxes in the q phonon mode by applying the Fermi golden rule to the Hamiltonian ĤLK

eff :

d
dt

nq = −
1
2

∑

k,k′,q′

2π
~

[A(q, q′; k, k′)]2

L6
δk+k′ ,q+q′δ(ǫk + ǫk′ − ǫq − ǫq′ )

× [nqnq′ (1 + nk)(1 + nk′ ) − nknk′ (1 + nq)(1 + nq′)] (32)

We recognize the energy-conserving Dirac δ function, the Kronecker δ of momentum conservation and the 1 + n

bosonic amplification factors accompanying the addition of a phonon in an already populated mode. The sum over the
wave vectors (other than q) involved in the collision is assigned a factor of 1/2 to avoid double counting of the final
(or initial) state (k, k′) ≡ (k′, k). Finally, the squared amplitudeA2 is factorizable by microreversibility. After passage
to thermodynamic limit 9 and linearization of equation (32) around the isotropic stationary solution (14), restricting to
isotropic fluctuations δnq (in the sector of zero angular momentum) as allowed by the structure of (6) and the rotational
invariance of M, and as prompted by the remark after (7), we get 10

d
dt
δnq = −

π

~

∫

d3kd3q′

(2π)6
[A(q, q′; k, k′)]2δ(ǫk + ǫk′ − ǫq − ǫq′ )

×
[

δnq

n̄q

n̄kn̄k′(1 + n̄q′) +
δnq′

n̄q′
n̄kn̄k′(1 + n̄q) − δnk

n̄k

n̄qn̄q′(1 + n̄k′) −
δnk′

n̄k′
n̄qn̄q′ (1 + n̄k)

]

(33)

once the wave vector k′ was eliminated in terms of others,

k′ = q + q′ − k (34)

It remains in the form (33) a difficult angular integral on the directions k̂ and q̂′ of k and q′. In the limit ε =
kBT/mc2 → 0 for ν = µφ/kBT fixed, it is fortunately dominated by small angles, θk = (̂q, k) and θq′ = (̂q, q′) of order
ε. To zeroth order in ε, equation (34) projected on q̂ is reduced to

k′ = q + q′ − k (35)

which is a sufficient approximation for k′, independent of angles, in the means n̄k′ and the fluctuations δnk′ of oc-
cupation numbers (but not in the Dirac δ function of energy conservation) and which restricts the integration on the
wave number k to the interval [0, q + q′]. It remains to calculate the angular mean of A2δ to leading order in ε. The
procedure is detailed in reference [16]: we introduce the reduced wave numbers

q̄ =
~cq

kBT
, k̄ =

~ck

kBT
, q̄′ =

~cq′

kBT
(36)

and the reduced angles θ̄k = θk/ε, θ̄q′ = θq′/ε, then take the mathematical limit ε → 0 for fixed reduced variables
q̄, k̄, q̄′, θ̄k, θ̄q′ ; we have to find an equivalent of A2 and expand the energy difference in the argument of the Dirac δ
function up to the order ε3, which explicitly involves the γ curvature parameter in equation (2). In references [16, 18],

9. In a typical cold atom experiment, the Landau-Khalatnikov damping rate of the phonons in the concave case is much lower than that of
Beliaev-Landau in the convex case [18]. Since the collisional width ~Γq of the phonons is greatly reduced, the discrete nature of their energy levels
in the box potential, therefore the finite size effects, are more important. A condition of reaching the thermodynamic limit for Landau-Khalatnikov
processes is given in note 5 of reference [18]. The minimum box sizes required, of the order of 100 µm, remain however feasible in the laboratory
[7, 8].

10. The expression is greatly simplified by a trick already used by Landau and Khalatnikov: (i) we eliminate the factors 1 + n̄ thanks to the
relation 1+ n̄ = eβ(ǫ−µφ)n̄, (ii) we factorize as much as possible also using energy conservation, (iii) we make exponentials disappear by recognizing
eβ(ǫ−µφ) − 1 = 1/n̄ or using the relation inverse of that of (i).
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the angular mean ofA2δ is thus reduced to a difficult double integral. We have since realized that it is reducible to an
extremely simple analytic expression (see Appendix A):

∫

d2k̂

∫

d2q̂′[A(q, q′; k, k′)]2δ(ǫk + ǫk′ − ǫq − ǫq′ )
var fixed∼
ε→0

(4π)2

3|γ|
kBT

ρ2
(1 + u)4 k̄′

q̄q̄′k̄
[min(q̄, q̄′, k̄, k̄′)]3 (37)

where the Grüneisen parameter u = ∂ ln c/∂ lnρ is deduced from the equation of state of the Fermi gas at zero tem-
perature. Let us introduce a dimensionless time variable using the typical Landau-Khalatnikov Γth thermal damping
rate as in references [18, 16]:

t̄ = Γtht with Γth =

(

1 + u

2π

)4 (

kBT

mc2

)7
mc2

|γ|~

(

mc

~ρ1/3

)6

(38)

We thus obtain the small angle limit (kBT/mc2 → 0) of linearized kinetic equations:

d
dt̄
δnq = −

4π
3

∫ +∞

0
dq̄′

∫ q̄+q̄′

0
dk̄

q̄′k̄k̄′

q̄
[min(q̄, q̄′, k̄, k̄′)]3

×














δnq

n̄ℓ
k
n̄ℓ

k′(1 + n̄ℓ
q′)

n̄ℓq
+ δnq′

n̄ℓ
k
n̄ℓ

k′(1 + n̄ℓq)

n̄ℓq′
− δnk

n̄ℓqn̄ℓ
q′(1 + n̄ℓ

k′)

n̄ℓ
k

− δnk′
n̄ℓqn̄ℓ

q′ (1 + n̄ℓ
k
)

n̄ℓ
k′















(39)

where k̄′ = q̄ + q̄′ − k̄ as in equation (35) and where the thermal occupation numbers must be those of the linearized
phonon spectrum ǫk ≃ ~ck:

n̄ℓk =
1

eβ(~ck−µφ) − 1
=

1

ek̄−ν − 1
(40)

as indicated by the exponent ℓ. The diagonal part of the integral equation (39) can be written −Γ̄qδnq, where Γ̄q =

Γq/Γth is the reduced decay rate of the wave number phonons q; thanks to the breakthrough in equation (37), we obtain
a much more explicit expression of the rate than in references [18, 16]:

Γ̄q =
4π

3q̄n̄ℓq

∫ +∞

0
dq̄′q̄′(1 + n̄ℓq′)

∫ q̄+q̄′

0
dk̄ k̄n̄ℓkk̄′n̄ℓk′[min(q̄, q̄′, k̄, k̄′)]3 (41)

We can go even further and obtain a single integral after integration on k̄ (see Appendix B).
Let’s continue calculating the component ∆C(τ) of zero long-time limit of the correlation function of dθ̂/dt. In its

expression (29), we now know the operator M, defined in reduced form by the right-hand side of equation (39). We
now have to determine the low temperature limit kBT/mc2 → 0 of the components ∆Aq of the source vector, taken at
fixed q̄ and ν. A fairly direct calculation 11 starting from equations (7, 22, 23, 30) gives

∆Aq
q̄ fixed∼
ε→0

kBTγ

4~N

(

kBT

mc2

)2 (

∂ ln |γ|
∂ ln ρ

− 2u

)

[q̄3 − X(ν) − Y(ν)q̄] (42)

with the coefficients X(ν) and Y(ν), originating from λǫ and λun, are functions of ν written in compact form as

X(ν) =
〈〈q̄2〉〉 〈〈q̄3〉〉 − 〈〈q̄〉〉 〈〈q̄4〉〉

〈〈q̄2〉〉 − 〈〈q̄〉〉2 (43)

Y(ν) =
〈〈q̄4〉〉 − 〈〈q̄〉〉 〈〈q̄3〉〉
〈〈q̄2〉〉 − 〈〈q̄〉〉2 (44)

11. A simplifying trick is to isolate in Aq a component proportional to ǫq, namely (2u/~N)ǫq (where the eigenenergy ǫq is not yet linearized
here), which brings out the term 2u/(~N) in λǫ ; the rest of Aq and λǫ , as well as λun , are already of order kBTε2, which is the leading order in

equation (42). As expected, the given values of X(ν) and Y(ν) express the fact that the vector Qd(0)∆~A written to the order kBTε2, with coordinates
∝ n̄ℓq(1 + n̄ℓq)(q̄3 − X(ν) − Y(ν)q̄), is orthogonal to the vectors of coordinates q̄ and q̄0 = 1, reflecting the absence of fluctuations of the energy and
the number of phonons.
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using the notation

〈〈q̄n〉〉 =
∫ +∞

0
dq̄ n̄ℓq(1 + n̄ℓq)q̄n+2

∫ +∞
0

dq̄ n̄ℓq(1 + n̄ℓq)q̄2
=

(n + 2)!gn+2(eν)
2g2(eν)

∀n ∈ N (45)

Here, gα(z) is the usual Bose function (or polylogarithm).
One last remark separates us from the result: for the Landau-Khalatnikov processes, we can give a hermitian form

to linearized kinetic equations (39) by taking as variables ψq̄ rather than δnq, with

q̄ δnq = [n̄ℓq(1 + n̄ℓq)]1/2ψq̄ (46)

We then rewrite equation (39) in the form of a Schrödinger equation in imaginary time, with Dirac notation for
fictitious Fourier wave functions on the real half-line (ψq̄ ≡ 〈q̄|ψ〉, q̄ ∈ R+ being the wave vector of a fictitious particle
living in dimension one and 〈q̄|q̄′〉 = δ(q̄ − q̄′)):

d
dt̄
|ψ〉 = −Ĥ|ψ〉 (47)

The fictitious Hamiltonian Ĥ is a positive Hermitian operator; since −Ĥ and M have the same spectrum, we deduce
that the eigenvalues of M are real negative. Ĥ is indeed written as the sum of an operator Γ̂ diagonal in the basis of
|q̄〉, which contains the decay rates (41) of the phonons,

Γ̂|q̄〉 = Γ̄q|q̄〉 (48)

and a non-local-in-q Hermitian integral-kernel operator V̂ , which describes the phonon redistribution by collision:

Ĥ = Γ̂ + V̂ (49)

The matrix elements of V̂ have from equation (39) the elegant integral form 12

〈q̄|V̂ |q̄′〉 = 4π
3

∫ +∞

0
dk̄

∫ +∞

0
dk̄′ δ(k̄ + k̄′ − q̄ − q̄′)[min(q̄, q̄′, k̄, k̄′)]3φ(k̄)φ(k̄′)

− 8π
3

∫ +∞

0
dk̄

∫ +∞

0
dk̄′ δ(k̄′ + q̄′ − q̄ − k̄)[min(q̄, q̄′, k̄, k̄′)]3φ(k̄)φ(k̄′) (50)

with
φ(k̄) = k̄[n̄ℓk(1 + n̄ℓk)]1/2 (51)

We give an explicit expression in terms of Bose’s functions in Appendix B. We finally obtain the low-temperature
equivalent of the sub-ballistic contribution (26) to the variance of the phase shift of the condensate:

Vars-bal[θ̂(t) − θ̂(0)]
t̄,νfixed∼

kBT/mc2→0

1
N

16π6|γ|4
(1 + u)8

(

mc2

kBT

)5 (

~ρ1/3

mc

)9 (

∂ ln |γ|
∂ lnρ

− 2u

)2

V̄(t̄) (52)

with 13

V̄(t̄) = 〈χ|e
−Ĥ t̄ − 1 + Ĥ t̄

Ĥ2
|χ〉 and 〈q̄|χ〉 = φ(q̄)[q̄3 − X(ν) − Y(ν)q̄] (53)

the limit ε→ 0 being taken at fixed reduced time t̄ given by equation (38) and at fixed phonon fugacity eν. The rest of
this work is devoted to studying the reduced variance V̄(t̄) in the collision-dominated regime t̄ ≫ 1.

12. We use the same kind of trick as in note 10.

13. This expression of V̄(t̄) comes from the formal integration of
∫ t̄

0
dτ̄ (t̄ − τ̄)〈χ|e−Ĥ τ̄ |χ〉, where ∆C̄(τ̄) = 〈χ|e−Ĥτ̄ |χ〉 is a dimensionless form of

∆C(τ).
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4.3.2. Studying V̄(t̄) in the rate approximation

In an exploratory way, we first use the rate approximation proposed in reference [36], which consists in keeping
in the right-hand side of linearized kinetic equations (39) the decay term −Γ̄qδnq only, which makes them diagonal.
This kind of approximation is quite common in solid state physics, see equation (16.9) in reference [37]; we must of
course keep the dependence of the rate on the wave number q, which plays a crucial role. In the fictitious Schrödinger
formulation (47), this amounts to neglecting V̂ in the Hamiltonian (49). Replacing Ĥ with Γ̂ in equation (53), and
setting Γ̄(q̄) = Γ̄q, we end up with the approximation

V̄app(t̄) =
∫ +∞

0
dq̄
〈q̄|χ〉2
Γ̄(q̄)2

[

e−Γ̄(q̄)t̄ − 1 + Γ̄(q̄)t̄
]

(54)

Its behavior at long times is dominated by the more or less singular behavior of the integrand at low wave number q̄.
Its analysis must therefore distinguish cases of a negative (ν < 0) or zero (ν = 0) phonon chemical potential.

Case ν < 0. The decay rate Γ̄(q̄) goes to zero quadratically in q̄ = 0, and we have the expansion

Γ̄(q̄)
ν<0
=

q̄→0
C(ν)q̄2[1 + α(ν)q̄ + O(q̄2)] (55)

An integral expression of the coefficients C(ν) and α(ν), as well as the sub-subdominant term, is given in Appendix B.
We just need to know here that C(ν) and α(ν) are positive. Since 〈q̄|χ〉2 also vanishes quadratically:

〈q̄|χ〉2 ∼
q̄→0

q̄2n̄0(1 + n̄0)X(ν)2 (56)

with n̄0 = (e−ν − 1)−1, we can separate in the integral (54) the term Γ̄(q̄)t̄, to obtain a diffusive dominant behavior at
long times, but we can not separate the constant term −1 without triggering an infrared divergence: unlike the case
(9) of the convex acoustic branch, the sub-diffusive term is no longer a mere delay to diffusion, but is itself divergent
at long times. A complete mathematical study obtains, from the following behavior at low q̄ under the integral sign in
equation (54),

〈q̄|χ〉2
Γ̄(q̄)2

ν<0
=

q̄→0

−Āapp(ν)C(ν)−1/2 − B̄app(ν)q̄ + O(q̄2)

q̄2
(57)

the particularly rich asymptotic expansion (see Appendix C)

V̄app(t̄)
ν<0
=

t̄→+∞
D̄app(ν)t̄ + Āapp(ν)(πt̄)1/2 + B̄app(ν) ln(t̄1/2) + Ēapp(ν) + o(1) (58)

with

D̄app(ν) =

∫ +∞

0
dq̄
〈q̄|χ〉2

Γ̄(q̄)
(59)

Āapp(ν) =
−X(ν)2n̄0(1 + n̄0)

C(ν)3/2
(60)

B̄app(ν) =
−2X(ν)2n̄0(1 + n̄0)

C(ν)2

[

Y(ν)
X(ν)

− α(ν) −
(

1
2
+ n̄0

)]

(61)

Ēapp(ν) = −
∫ q̄c

0
dq̄

[

〈q̄|χ〉2
Γ̄(q̄)2

+
Āapp(ν)C(ν)−1/2 + q̄B̄app(ν)

q̄2

]

−
∫ +∞

q̄c

dq̄
〈q̄|χ〉2
Γ̄(q̄)2

−Āapp(ν)C(ν)−1/2

[

1
q̄c

− 1
2
α(ν)

]

+ B̄app(ν)

{

ln[q̄cC(ν)1/2] +
1
2
γEuler

}

(62)

In equation (62), γEuler = −0.577 215 . . . is the Euler constant and q̄c > 0 is an arbitrary cut-off; the value of Ēapp(ν)
does not depend on it, as can be verified by taking the derivative with respect to q̄c. The four coefficients of expansion
(58) are represented as a function of the reduced chemical potential ν of the phonons in figure 2 (red solid line). They
exhibit when ν → 0− a divergent behavior, which we compensate by multiplying them by well chosen powers of
th |ν|; similarly, we multiply the last three coefficients by a well chosen power of eν in order to compensate for their
divergence in ν = −∞. The plotted functions are therefore bounded.
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Figure 2: Coefficients D̄, Ā, B̄ and Ē from the long-time expansion of the sub-ballistic variance (53) of the condensate phase shift, see equations
(73) and (58), depending on the reduced chemical potential ν = µφ/kBT of the phonon gas. Here the acoustic branch has a concave start and the
collisional processes between phonons taken into account are those of Landau-Khalatnikov at small angles. Black discs (sometimes with a thin line
to guide the eye): exact results obtained numerically. Red solid line: results (59, 60, 61, 62) in the rate approximation. Dashed: limiting behaviors
(90, 91) and (98, 99, 100, 101) predicted analytically. The coefficients are multiplied by the powers of th |ν| and eν giving them finite and non-zero
limits in ν = 0 and ν = −∞. Insets are magnifications.

Case ν = 0. The divergence of the phase diffusion coefficient in ν = 0 suggests a superdiffusive behavior of the
sub-ballistic variance at zero phonon chemical potential, at least in the rate approximation. Now, the decay rate of the
phonons vanishes cubically in q̄ = 0 [38, 18, 16]:

Γ̄(q̄)
ν=0
=

q̄→0
C0q̄3[1 + α0q̄ + O(q̄2)] (63)

with the explicit forms obtained in Appendix B (the value of C0 is in agreement with references [18, 16], that of α0 is
new; Appendix B also gives the coefficient of the sub-sub-dominant term):

C0 =
16π5

135
and α0 = −

15
8π2
− 45ζ(3)

4π4
(64)

and we obtain an abnormally rapid sub-ballistic spreading of the condensate phase (see Appendix C):

V̄app(t̄)
ν=0
=

t̄→+∞
d̄

app
0 t̄5/3 + d̄

app
1 t̄4/3 + d̄

app
2 t̄ ln t̄ + O(t̄) (65)

We give here explicitly only the coefficient of the dominant term,

d̄
app
0 =

3X2
0Γ(1/3)

10C
1/3
0

with X0 = lim
ν→0−

X(ν) = −360π4

7
π2ζ(3) − 7ζ(5)

π6 − 405ζ(3)2
(66)

which depends only on the dominant term in the low q̄ expansion:

〈q̄|χ〉2
Γ̄(q̄)2

ν=0
=

q̄→0

X2
0

C2
0q̄6
+ O(1/q̄5) (67)
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Figure 3: Interpolation law (solid line) connecting the superdiffusive regime (Θ≪ 1) and the diffusive regime (Θ≫ 1) of the sub-ballistic spreading
of the condensate phase at very low reduced phonon chemical potential (ν = µφ/kBT → 0− to Θ fixed) due to small-angle Landau-Khalatnikov
collisions. The renormalized time Θ is that of equation (71), and the plotted function is the integral I(Θ) in the right-hand side of equation (72).
The interpolation law, initially obtained in the rate approximation (54), is in fact a low ν exact equivalent of the reduced sub-ballistic variance V̄(t̄)
as shown in section 4.3.3, see equation (92). Dashed: limiting behaviors I(Θ) ∼ 3

10Γ(1/3)Θ5/3 for Θ → 0 and I(Θ) ∼ 1
2Θ for Θ → +∞. Red

disks: numeric results for ν = −1/10 from the exact expression (79) of V̄(t̄) and subjected to the same rescaling as in equation (72) (we give
C(ν = −1/10) = 2.596 303 . . . and X(ν = −1/10) = −75.909 694 . . .); the fact that the red disks are close to the solid line shows the success of the
rate approximation, and more generally of the interpolation law, for very small non-zero ν.

Case ν infinitesimal nonzero: connection between superdiffusive and diffusive regime. If ν is nonzero but very close
to zero, |ν| ≪ 1, it is expected that V̄app(t̄) present first a superdiffusive behavior t̄5/3, like that of (65) for ν = 0,
before reconnecting at long enough time to the diffusive behavior (58) expected for ν < 0. The existence of these two
temporal regimes results from the presence at low |ν| of two quite distinct scales of variation with q̄ of the occupation
numbers n̄ℓq, that is q̄ = |ν| and q̄ = 1, see equation (40). Due in particular to the presence of n̄ℓq in the denominator
of equation (41), the decay rate Γ̄(q̄) also presents these two scales. At long times t̄ ≫ 1 but not too long, integral
(54) is dominated by values of q̄ such that |ν| ≪ q̄ ≪ 1 and the sub-ballistic spreading of the condensate phase is
super-diffuse; at very long times, the values q̄ ≪ |ν| dominate and spreading is diffusive. Mathematically, to describe
the crossover between both sides of the q̄ = |ν| scale, we perform in integral (54) the change of variable

q̄ = |ν|Q (68)

and let ν go to 0 for fixed Q. The calculation also gives the low-q̄ uniform approximations

n̄ℓq
Q fixed
=

ν→0−

1
|ν|(Q + 1)

− 1
2
+ O(ν) (69)

Γ̄(q̄)
Q fixed
=

ν→0−
|ν|2C(ν)Q2(Q + 1)[1 + |ν|Φ(Q) + O(|ν| ln |ν|)2] (70)

where Φ(Q), independent of ν, has an explicit expression given in Appendix C and C(ν) ∼
ν→0−

|ν|C0 as one might

expect. Under the exponential in equation (54), we must rescale the time as follows:

Θ = C(ν)|ν|2t̄ (71)

and we obtain the sought phase-shift expression connecting the two spreading regimes ∝ Θ5/3 for Θ ≪ 1 and ∝ Θ for
Θ ≫ 1:

V̄app(t̄) Θ fixed∼
ν→0−

X(ν)2

C(ν)2|ν|3 I(Θ) with I(Θ) =
∫ +∞

0
dQ

e−Q2(1+Q)Θ − 1 + Q2(1 + Q)Θ
Q2(1 + Q)4

(72)

The integral in equation (72) admitting a priori no simple expression, we have plotted it in figure 3.

Moral of the study. The exotic behaviors (58) and (65) of the condensate phase shift predicted in the thermodynamic
limit by the rate approximation for low-temperature T → 0 Landau-Khalatnikov collisions are of course only valid at
time scales 0(1/T 9), as stated in section 4.1. Their origin is clear and results from the combination of two effects:
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Figure 4: Reduced sub-ballistic variance V̄(t̄) of the condensate phase shift as a function of time due to small-angle Landau-Khalatnikov collisions,
obtained by numerical diagonalization of Ĥ in equation (53), for a reduced phonon chemical potential (a) ν = −1/2, (b) ν = 0. Black disks:
numerical results. Dashed: (a) exact diffusive part D̄t̄; (b): asymptotic equivalent d̄

app
0 t̄5/3 predicted by the rate approximation, see equations (65,

66). Purple straight-looking full line in (a): asymptotic expansion (73), exact within o(1). Orange full line in (a): a hybrid approximation of V̄(t̄),
given by the sum of the numeric diffusive part D̄t̄ and the sub-diffusive part in the rate approximation.

— the decay rate of low wavenumber phonons tends to zero faster than in Beliaev-Landau damping, as q2 or even
q3 for ν = 0, instead of q.

— the existence of a second undamped mode of the linearized kinetic equations, associated with a new quantity
conserved by Landau-Khalatnikov collisions, the number of phonons Nφ, has a spectacular effect for ν = 0:
the function 〈q̄|χ〉2 no longer tends to zero when q̄ → 0, while this function (or its equivalent in equation (49)
of reference [36]) was vanishing quadratically in the Beliaev-Landau case. This is due to the fact that the new
left eigenvector of M, namely −→un, has constant coefficients (these are the weights of the occupation numbers
nq in Nφ) whereas the preexisting eigenvector, namely ~ǫ, has coefficients linear in q at low q (these are the
weights of nq in the energy).

It remains to be seen what part of truth the rate approximation contains.

4.3.3. Studying V̄(t̄) on the exact form

Let’s start from the expression (53) (exact at sufficiently low temperature) of the sub-ballistic variance of the
condensate phase shift. We first carried out a numerical study by discretizing and truncating the half-line q̄ ∈ [0,+∞[,
and diagonalising the corresponding matrix of Ĥ . 14

Case ν < 0. At long times, we find for V̄(t̄) a law of the same form as equation (58):

V̄(t̄)
ν<0
=

t̄→+∞
D̄(ν)t̄ + Ā(ν)(πt̄)1/2 + B̄(ν) ln(t̄1/2) + Ē(ν) + o(1) (73)

with the numerically obtained coefficients represented by black disks in figure 2. For the sake of illustration, we plot
as a function of time in figure 4, the numerically obtained sub-ballistic variance V̄(t̄), its diffusive part D̄(ν)t̄, which
approximates it rather badly, and its complete asymptotic expression (73). The latter, even if it is better, makes an
error of order 1/t̄1/2 (see note 33 of Appendix C), which tends rather slowly to zero. We therefore also represent a very
efficient hybrid approximation combining the exact diffusive part and the sub-diffusive part in the rate approximation.
But let’s go back to figure 2. Remarkably, the rate approximation is in perfect agreement with the numerical results
for the Ā and B̄ coefficients of intermediate orders in time. On the other hand, for the coefficients D̄ and Ē of extreme
orders in time, it quantitatively fails, except in the limit ν → 0− where it seems to give exact equivalents (see the
magnification in the insets). In particular, the phase diffusion coefficient does diverge when ν→ 0−.

14. In the most accurate calculations, we took a truncation q̄max = 40 + |ν|, and we extrapolated linearly to a step dq̄ = 0 from dq̄ = 0.004 and
dq̄ = 0.006 or 0.008. The case ν , 0 but |ν| ≪ 1 is hard to study because one has to have dq̄ < |ν|/10 for good convergence.
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Case ν = 0. The numerical computation fully confirms the superdiffusive spreading law V̄(t̄) ∝ t̄5/3 predicted by
the rate approximation, including the value (66) of the coefficient of t̄5/3, as can be judged qualitatively in figure
4b, and quantitatively on its variant (not reproduced here) plotting V̄(t̄)/t̄5/3 as a function of t̄−1/3 and extrapolating
quadratically to t̄−1/3 = 0.

Case ν very close to 0. Finally, for ν = −1/10, the crossover of V̄(t̄) from a superdiffusive spreading to diffusive
spreading is fairly well described by the interpolating law (72) derived from the rate approximation, as shown by
inclusion of the numerical results in the rescaled figure 3.

The reasons for success. It remains to understand analytically why the rate approximation is so good, and even
accurate for some quantities (Ā, B̄) or in some cases (ν → 0−). For that, let’s start from the form (49) of the fictitious
Hamiltonian Ĥ and let us interpret the two terms Γ̂ and V̂:

— operator Γ̂ is diagonal in the wave number space of the fictitious particle, i.e. in the continuous basis |q̄〉; the
associated eigenvalue Γ̄(q̄) is a positive and increasing function of q̄, vanishing quadratically in q̄ = 0 (at least
for ν < 0, see equation (55)) and tending to +∞ when q̄ → +∞, as shown by the equivalent in Appendix C
(even for ν = 0):

Γ̄(q̄) ∼
q̄→+∞

16π
3

g5(eν) q̄2 (74)

where g5 is a Bose function. Γ̂ thus has the properties required to be considered formally as a kinetic energy
operator for the fictitious particle, even if the particle is always moving forward (q̄ ≥ 0).

— operator V̂ is not diagonal in the basis |q̄〉 but its matrix elements 〈q̄|V̂ |q̄′〉 quickly go to zero when q̄′ → +∞
for fixed q̄ and have no divergence at low q̄′ (they also tend to zero there), as we can verify on the explicit
expression given in Appendix B. We can therefore formally consider V̂ as a short-range external potential for
the fictitious particle, even if it has the oddity of not being local in position. 15

Moreover, we know that the spectrum of Ĥ is non-negative: Ĥ comes in fine from a linearization of kinetic
equations, and small initial deviations from thermal occupation numbers can not diverge exponentially in time. The
fictitious potential V̂ therefore does not lead to the formation of strictly bound states for the fictitious particle; it gives
rise, however, to two discrete (normalizable) eigenstates of Ĥ of zero eigenvalue, so exactly located at the threshold, 16

Ĥ |φ〉 = 0 and Ĥ( ˆ̄q|φ〉) = 0 (75)

consequences of conservation of energy and phonon number by Landau-Khalatnikov processes (the function 〈q̄|φ〉 is
that of equation (51) and ˆ̄q is the fictitious wave number operator). Hence the following important conclusion: the
other eigenstates of Ĥ are the stationary scattering states of the fictitious particle on the potential V̂ . Each scattering
state is marked by the wave number q̄ of the incoming wave; the corresponding ket |ψq̄〉, the sum of the incoming
wave and the scattered wave, is written in the Fourier space

〈q̄′|ψq̄〉 = δ(q̄ − q̄′) + 〈q̄′|ψdiff
q̄ 〉 (76)

The first term is a Dirac δ function, the second is a regular function of q̄′ except at q̄′ = q̄ where it diverges like
(q̄′ − q̄)−1, according to the usual wave scattering theory [39], which also shows that the eigenenergy of |ψq̄〉 reduces
to the (here fictitious) kinetic energy of the incoming wave:

Ĥ|ψq̄〉 = Γ̄(q̄)|ψq̄〉 (77)

The spectrum of Ĥ is thus reduced to the twice degenerate discrete zero eigenvalue and to the non-degenerate contin-
uous spectrum Γ̄(q̄):

Spec Ĥ = {0 ; 0} ∪ {Γ̄(q̄) | q̄ ∈ R+∗} (78)

15. More precisely, 〈q̄|V̂ |q̄′〉 is the sum of two contributions. The first one tends uniformly to zero when q̄ and q̄′ tend to +∞; qualitatively, this
corresponds to a separable potential model 〈q̄|u〉〈u|q̄′〉 with 〈u|u〉 < +∞. The second one has a finite limit Ũ(Q̄) when q̄ and q̄′ → +∞ at fixed
Q = q̄ − q̄′; qualitatively, this corresponds to a potential U(x) local in the position space of the fictitious particle, Ũ(Q) being its Fourier transform.
Here Ũ(Q) is rapidly decreasing. These statements are justified in Appendix B, see (B.36, B.37).

16. This is a simple rewrite of equation (20) according to the change of function (46).
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what a careful numerical study confirms.
Still according to scattering theory, normalized steady states as in equation (76) are orthogonal, 〈ψq̄|ψq̄′〉 = δ(q̄−q̄′).

By injecting a closure relation on the |ψq̄〉 into expression (53) of the sub-ballistic variance of the condensate phase
shift, we obtain the exact writing

V̄(t̄) =
∫ +∞

0
dq̄
|〈χ|ψq̄〉|2

Γ̄(q̄)2

[

e−Γ̄(q̄)t̄ − 1 + Γ̄(q̄)t̄
]

(79)

The rate approximation (54) thus amounts to neglecting the scattered wave in |ψq̄〉 (the second term in equation
(76)). This beautiful reinterpretation allows us to go beyond and estimate the first correction to the approximation
〈χ|ψq̄〉 ≃ 〈χ|q̄〉, treating the effect of V̂ in the Born approximation: 17

|ψq̄〉 ≃ [1 + Ĝ0(Γ̄(q̄) + i0+)V̂]|q̄〉 (80)

where Ĝ0(z) = (z − Γ̂)−1, for z ∈ C \ R+, is the resolvent operator of the unperturbed Hamiltonian Γ̂. 18 It follows that

〈χ|ψq̄〉 − 〈χ|q̄〉 ≃
∫ +∞

0
dk̄

〈χ|k̄〉〈k̄|V̂ |q̄〉
Γ̄(q̄) − Γ̄(k̄) + i0+

(81)

The correction is generally of order unity, hence the quantitative failure of the rate approximation on the diffusion
coefficient D̄(ν) for arbitrary ν (see figure 2a). In the special case of low wavenumbers q̄ → 0, on the other hand, the
matrix element of V̂ tends to zero uniformly in k̄:

〈k̄|V̂ |q̄〉 k̄=O(1)∼
q̄→0

[min(q̄, k̄)]3W(k̄, ν) (82)

The functionW(k̄, ν) is given in Appendix B. It suffices here to know that it is uniformly bounded on R+ × R−:

W(k̄, ν) = O(1) (83)

In particular, it has a finite and non-zero limit in k̄ = 0 (even for ν = 0). We deduce the following:
— for ν < 0 fixed, 19

〈χ|ψq̄〉 − 〈χ|q̄〉 =
q̄→0

O(q̄3 ln q̄) (84)

Since 〈χ|q̄〉 vanishes linearly in this limit, the rate approximation introduces a relative error of order q̄2 ln q̄ on
|〈χ|ψq̄〉|2 in equation (79). Also |〈χ|ψq̄〉|2/Γ̄(q̄)2 exactly has the Taylor expansion (57). The expressions (60, 61)
of the resulting coefficients Ā(ν) and B̄(ν) are exact. We write them here:

Ā(ν) =
−X(ν)2n̄0(1 + n̄0)

C(ν)3/2
(85)

B̄(ν) =
−2X(ν)2n̄0(1 + n̄0)

C(ν)2

[

Y(ν)
X(ν)

− α(ν) −
(

1
2
+ n̄0

)]

(86)

On the other hand, expressions (59) and (62) do not depend only on the behavior of 〈q̄|χ〉 in the neighborhood
of q̄ = 0; they do not give the exact value of D̄(ν) and Ē(ν).

17. We say “estimate" because the Born approximation does not give in the exact way the first correction to the rate approximation. Indeed, the
matrix elements 〈k̄|V̂ |k̄′〉, for k̄ and k̄′ = O(1), are infinitesimal only if at least one of k̄ and k̄′ is. Now the next order of Born’s expansion of 〈k̄|ψq̄〉,
namely 〈k̄|Ĝ0V̂Ĝ0V̂ |q̄〉, where k̄ = O(1) and q̄ = o(1), gives rise to matrix elements 〈k̄|V̂ |k̄′〉 of order unity since the function k̄′ 7→ 〈k̄′ |V̂ |q̄〉 has a
width of order unity as shown by equation (82); this next order thus provides a relative correction of order unity to the Born term 〈k̄|Ĝ0V̂ |q̄〉.

18. Equation (80) becomes exact if we replace V̂ with the matrix T̂ (z) = V̂ + V̂Ĝ(z)V̂ where Ĝ(z) = (z − Ĥ)−1 is the resolvent operator of the
complete Hamiltonian and z = Γ̄(q̄) + i0+ .

19. Since the integral over k̄ in (81) is dominated by k̄ ≪ k̄c ≪ 1, where k̄c is arbitrary but fixed, we approximate W(k̄, ν) by W(0, ν),
〈χ|k̄〉 by −k̄[n̄0(1 + n̄0)]1/2X(ν), Γ̄(k̄) by C(ν)k̄2 and, of course, Γ̄(q̄) by C(ν)q̄2 . After the change of variable k̄ = q̄K, we find the integral

q̄3
∫ k̄c/q̄

0 dK K[min(1, K)]3/(K2 − 1 − i0+) = O(q̄3 ln q̄).
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— for ν = 0, 20

〈χ|ψq̄〉 − 〈χ|q̄〉 =
q̄→0

O(q̄) (87)

Since 〈χ|q̄〉 tends to a finite and non-zero limit in q̄ = 0, the rate approximation introduces a relative error q̄ on
|〈χ|ψq̄〉|2. The expansion (67) is only affected to subdominant order. The same goes for equation (65). We thus
keep the exact result predicted by the rate approximation (see (66) for the expression of X0 and (64) for that of
C0):

V̄(t̄)
ν=0
=

t̄→+∞
d̄0 t̄5/3 + O(t̄4/3) with d̄0 =

3X2
0Γ(1/3)

10C
1/3
0

= 913.184 011 . . . (88)

— for ν infinitesimal non-zero, we saw in the rate approximation that the crossover of V̄(t̄) from superdiffusive
spreading to diffusive spreading is dominated by the wave numbers q̄ ≃ |ν|. We therefore set q̄ = |ν|Q as in
equation (68) and k̄ = |ν|K in the integral (81), then set ν to zero for fixed Q and K. Keeping the leading order
in expression (53) of 〈k̄|χ〉 and in equations (69, 70), and approximatingW(k̄, ν) byW(0, 0), we find that

〈χ|ψq̄〉 − 〈χ|q̄〉
Q fixed≃
ν→0−

X0

C0
W(0, 0)|ν|

∫ +∞

0
dK

K
K+1 [min(K,Q)]3

K2(1 + K) − Q2(1 + Q) − i0+
= O(|ν|) (89)

Since 〈χ|q̄〉 ∼ −X0Q/(1 + Q) in this limit, the relative and absolute errors introduced on |〈ψq̄χ〉|2 by the rate
approximation are of order one in |ν|. The rate approximation therefore gives the exact values of the diffusion
coefficient D̄ and the constant term Ē in the limit ν→ 0− to leading order in |ν|:

D̄(ν) =

∫ +∞

0
dq̄
|〈χ|ψq̄〉|2

Γ̄(q̄)
=

ν→0−

X(ν)2

2C(ν)|ν| + O

(

ln |ν|
|ν|

)

(90)

Ē(ν) =
ν→0−

2X(ν)2

C(ν)2|ν|3

[

ln(C(ν)|ν|2) − 29
12
+ γEuler

]

+ O

(

ln |ν|
|ν|4

)

(91)

as we can see on the magnifications around ν = 0 in the insets of figures 2a and 2d. We obtained these results
by performing the change of variable q̄ = |ν|Q in equation (59) and in the first integral of equation (62) and
replacing the integrand with an equivalent for ν → 0 for fixed Q, see equation (70), thus making a relative
error O(|ν|) of the same order as in the rate approximation. In equation (62), we also replace Āapp(ν), B̄app(ν)
and α(ν) by equivalents and we neglect the second integral

∫ +∞
q̄c

of bounded contribution. 21 In the same way,
we deduce from equation (89) that the interpolation law (72) between the superdiffusive and diffusive sub-
ballistic spreadings, derived from the rate approximation, is in fact a low ν exact equivalent of V̄(t̄) for fixed
Θ = C(ν)|ν|2t̄, which we write here:

V̄(t̄) Θ fixed∼
ν→0−

X(ν)2

C(ν)2|ν|3
∫ +∞

0
dQ

e−Q2(1+Q)Θ − 1 + Q2(1 + Q)Θ
Q2(1 + Q)4

(92)

Case ν→ −∞. Finally, another exact result can be obtained in the ν→ −∞ limit where the phonon gas is nondegen-
erate. The thermal occupation numbers of the modes then tend exponentially to zero:

n̄ℓk ∼
ν→−∞

eνe−k̄ (93)

20. We can proceed as in note 19 except that 〈χ|k̄〉 →
k̄→0
−X0 and Γ̄(k̄) vanishes cubically. We find the integral q̄

∫ k̄c/q̄

0 dK[min(1, K)]3/(K3 − 1 −
i0+) = O(q̄).

21. We take C(ν)−1/2 Āapp(ν) ∼ −X(ν)2/[|ν|2C(ν)2], B̄app(ν) ∼ 4X(ν)2/[C(ν)2 |ν|3] and 〈q̄|χ〉2/Γ̄(q̄)2 ∼ X(ν)2/[|ν|4C(ν)2Q2(1 + Q)4]. We also take
α(ν) ∼ 1/|ν|, as suggested by (70) and as confirmed by an explicit calculation (see Appendix B). In all these expressions, the relative error is O(|ν|).
It remains to say that

∫ q̄c/|ν|
0 dQ

[

1
Q2(1+Q)4 − 1

Q2 +
4
Q

]

= 13
3 + 4 ln q̄c

|ν| + O(|ν|).
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As we see on the expressions (41) of its diagonal part and (50) of its non diagonal part, the fictitious Hamiltonian (49)
tends to zero in the same way:

Ĥ ∼
ν→−∞

eνĤ∞ (94)

where the Ĥ∞ operator is independent of ν. This also applies to the fictitious ket |χ〉 in equation (53): 22

|χ〉 ∼
ν→−∞

eν/2|χ∞〉 with 〈q̄|χ∞〉 = q̄ e−q̄(q̄3 − X∞ − Y∞q̄) (95)

If you cleverly redefine the time and the sub-ballistic variance of the condensate phase shift as follows, eν t̄ = t̄∞ and
V̄∞(t̄∞) = eνV̄(t̄), the reduced variance V̄∞(t̄∞) depends only on t̄∞ and no more on ν in the nondegenerate limit:

V̄∞(t̄∞) = 〈χ∞|
e−Ĥ∞ t̄∞ − 1 + Ĥ∞t̄∞

Ĥ2
∞

|χ∞〉 (96)

Now it must have at long times t̄∞ an asymptotic expansion of the same form as (73):

V̄∞(t̄∞) =
t̄∞→+∞

D̄∞ t̄∞ + Ā∞(πt̄∞)1/2 + B̄∞ ln(t̄1/2
∞ ) + Ē∞ + o(1) (97)

with analytically known Ā∞, B̄∞ and numerically computable D̄∞, Ē∞ constant coefficients. 23 If we go back to the
time variable t̄ and to the variance V̄(t̄) in equation (97), we must find the limiting behavior of equation (73) when
ν→ −∞, up to a relative error O(eν) as in equations (93, 94, 95), hence

D̄(ν) = D̄∞[1 + O(eν)] (98)

Ā(ν) = e−ν/2Ā∞[1 + O(eν)] (99)

B̄(ν) = e−νB̄∞[1 + O(eν)] (100)

Ē(ν) = e−ν(Ē∞ + B̄∞ν/2)[1 + O(eν)] (101)

These predictions are plotted as dashed lines in figure 2.

5. Conclusion

In a three-dimensional gas of N spin-1/2 fermions at equilibrium, that is spatially homogeneous, unpolarized and
isolated from its environment, a condensate of pairs accumulates during time t a phase shift θ̂(t) − θ̂(0). The variance
of this phase-shift at times long compared to the collision time between thermal phonons of the system was studied
in this paper. The gas is close to the thermodynamic limit, but remains of finite size. Its temperature is non-zero but
extremely low, sufficiently to justify the use of quantum hydrodynamics. We had to distinguish two cases, depending
on the strength of the contact interactions between opposite spin fermions.

In the first case, the phonon dispersion relation is convex at low wavenumber q. The dominant collisional processes
are the three phonon Beliaev-Landau ones φ↔ φ + φ, with a time scale ∝ ~(mc2)5/2ǫ3/2

F (kBT )−5, where c is the speed
of sound at zero temperature and ǫF the Fermi energy of the gas. The variance of the condensate phase shift is
asymptotically the sum of a ballistic term ∝ t2 and a subleading contribution 2D(t − t0) corresponding to a phase
diffusion with a time delay t0. The ballistic term results from the variations from one realization of the experiment to
the other of the conserved quantities, the total energy E and the total number N of fermions in the gas; it therefore
vanishes if the system is prepared in the microcanonical ensemble. It is insensitive to the initial fluctuations of other
observables because the phonon gas has an ergodic quantum dynamics. On the other hand, the coefficients D and t0,
of which we give analytic expressions, do not depend on the statistical ensemble in the thermodynamic limit. This
situation is very similar to that of a condensate in a weakly-interacting Bose gas [17].

22. We give X∞ = limν→−∞ X(ν) = −120 and Y∞ = limν→−∞ Y(ν) = 60.
23. We give D̄∞ ≃ 379, Ē∞ ≃ 101, Ā∞ = −(5!)2/(16π/3)3/2 ≃ −210 and B̄∞ = 2(5!)2(1 + α∞)/(16π/3)2 ≃ 180, knowing that α∞ =

limν→−∞ α(ν) = 3/4 after (B.19).
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In the second case, the phonon dispersion relation is concave at low wavenumber. The situation is then much
richer, the collisional processes having several relevant time scales. At the time scale ∝ ~(mc2)6(kBT )−7, the dominant
processes are the four-phonon Landau-Khalatnikov ones at small-angle (collisions q + q′ → k + k′ with angles
O(kBT/mc2) between the wave vectors). We limit ourselves here to times t negligible compared to ~(mc2)8(kBT )−9

to exclude other processes, and to isotropic thermal phonon distributions in q space for simplicity (the small-angle
Landau-Khalatnikov collisions, the way we treat them, do not thermalise the direction of q [30]). The total number
of phonons Nφ is thus effectively a constant of motion and the phonons exhibit, contrary to the previous case, quasi-
stationary distributions of nonzero chemical potential µφ, µφ < 0. The variance of the phase shift is then asymptotically
the sum of a ballistic term ∝ t2, a diffusive term 2Dt, exotic sub-sub-leading terms 2A(πt)1/2+2B ln(t1/2) and a constant
term. The coefficient of the ballistic term results, as in the first case, from the fluctuations of the conserved quantities,
here N, E and Nφ; it vanishes in a generalized microcanonical ensemble setting N, E and Nφ. The coefficients A and
B depend only on the infrared physics of the phonon gas, i.e., wave numbers q ≪ qth where qth = kBT/~c is the
thermal wave number. Their exact value can thus be obtained analytically by a simple rate approximation reducing
to their diagonal part, i.e. to their decay terms, the linearized kinetic equations on the fluctuations of the occupation
numbers of the phonon modes. The coefficient D and the constant term are dominated by this infrared physics only
when µφ/kBT → 0; within this limit, we obtain analytically their leading, divergent behavior. When the chemical
potential of the phonons is zero, µφ = 0, the variance of the condensate phase shift is asymptotically the sum of the
eternal ballistic term, of exotic superdiffusive terms (with non-integer exponents) d0t5/3 + d1t4/3 and sub-subleading
terms that are O(t ln t). The exact value of the coefficient d0 is obtained analytically by the rate approximation. One
can likewise obtain a very small non-zero µφ/kBT interpolating law describing the crossover, for the sub-ballistic
variance, from the superdiffusive spreading ∝ t5/3 to the diffusive spreading ∝ t, the regime change occurring at a time
t ∝ ~ǫ6

F |µφ|−3(kBT )−4.
In all cases, we have used centrally the quantum generalization of the second Josephson relation, which links

the time derivative of the condensate-of-pairs phase operator θ̂ to the occupation-number operators of the phonon
modes [1]. In all cases, we find that the coefficient of the ballistic term is O(1/N) for normal fluctuations of the
conserved quantities, and that all the coefficients of the sub-ballistic terms (D and Dt0 in the convex case, D, A, B,
the constant term, d0 and d1 in the concave case) are ∝ 1/N. In the concave case, new (and strong) results on the
Landau-Khalatnikov damping rate of phonons have been obtained (see in particular equation (41)), for µφ < 0 of
course but for µφ = 0 too; being only intermediate results here, they have been relegated to an appendix.

A natural extension of our work on the condensate-of-pairs phase spreading would be to perform the analysis
at longer time scales ~(mc2)8(kBT )−9 where the number of phonons is no longer conserved, to take into account
the coupling to fermionic BCS quasi-particles, i.e. the thermally broken pairs of fermions [40, 41], even to treat
the harmonically trapped case as it is done for bosons in reference [42]. Let us also point out, as an emerging and
promising research subject, the study of temporal coherence at nonzero temperature of an isolated low-dimensional
(Bose or Fermi) gas [43]; physics is quite different from our three-dimensional case in the thermodynamic limit since
there is no condensate anymore, but some of the theoretical tools of this work may be reused.
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Appendix A. Analytical calculation of the Landau-Khalatnikov angular average in equation (37)

To justify equation (37) and therefore the very simple expression of the Landau-Khalatnikov damping rate in
equation (41), it must be shown that the function of the reduced incoming and outgoing wave numbers (36) defined
on the hyperplane k̄ + k̄′ = q̄ + q̄′ by

F(q̄, q̄′; k̄, k̄′) ≡ q̄′k̄

2q̄k̄′|w|

∫ π

0
dφ

∫ π/2

0
dα sin(2α)Θ

(−w

u

)

|Ared|2 (A.1)
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is simply

F(q̄, q̄′; k̄, k̄′) =
4π
3

[min(q̄, q̄′, k̄, k̄′)]3

q̄q̄′k̄k̄′
(A.2)

We have included here the results of reference [18] with almost the same notations. In particular, Θ is the Heaviside
function and

u =
1

k̄′

[

q̄(k̄ sin2 α − q̄′ cos2 α) + q̄′k̄(1 − sin 2α cosφ)
]

; w =
1
4

(

q̄3 + q̄′3 − k̄3 − k̄′3
)

(A.3)

Ared =
1

q̄′
(

cos2 α
(q̄+q̄′)2 − 3u

4w

) − 1

k̄

(

sin2 α
(q̄−k̄)2 − 3u

4w

) − 1
q̄′ cos2 α−k̄ sin2 α+u

(q̄′−k̄)2 − 3u
4w

k̄′
(A.4)

The function F inherits symmetry properties of the four-phonon coupling amplitude A(q, q′; k, k′) of the effective
Hamiltonian (31): F(q̄, q̄′; k̄, k̄′) = F(q̄′, q̄; k̄, k̄′) = F(q̄, q̄′; k̄′, k̄) = F(k̄, k̄′; q̄, q̄′). It is also a positively homogeneous
function of degree −1, F(λq̄, λq̄′; λk̄, λk̄′) = λ−1F(q̄, q̄′; k̄, k̄′) for all λ > 0, as can be seen easily on the form (A.1). So
one just needs to prove (A.2) on the fundamental domain 0 < k̄ < q̄ < 1/2 and k̄′ + k̄ = q̄′ + q̄ = 1, to which we now
restrict ourselves.

On this fundamental domain, w = − 3
4 (q̄ − k̄)(1 − k̄ − q̄) is negative and, introducing X = tanα, one has:

u > 0⇐⇒ sX − s′

X
> cosφ⇐⇒ X > X0(φ) =

cosφ +
√

4ss′ + cos2 φ

2s
with s =

1
2(1 − q̄)

> 0 and s′ =
q̄ − k̄

2k̄
> 0

(A.5)
As suggested in a note of reference [16], we can perform a partial fraction decomposition of the reduced amplitude
Ared for the variable cosφ:

Ared =
1

sin 2α

3
∑

i=1

bi

ai − cos φ
(A.6)

with

a1 =
1

2(1 − q̄)
a′1 = −

(q̄ − k̄)(2 − k̄ − q̄)
2(1 − q̄)

b1 =
(1 − k̄)(q̄ − k̄)(1 − k̄ − q̄)

k̄(1 − q̄)2
(A.7)

a2 =
1 − 2k̄

2k̄(q̄ − k̄)
a′2 = −

q̄ − k̄

2k̄
b2 = −

(1 − k̄)(q̄ − k̄)(1 − k̄ − q̄)

k̄2(1 − q̄)
(A.8)

a3 =
1 − 2k̄

2[1 + k̄2 − k̄(3 − q̄)]
a′3 =

(q̄ − k̄)(2 − k̄ − q̄)

2[1 + k̄2 − k̄(3 − q̄)]
b3 = −

(1 − k̄)(q̄ − k̄)(1 − k̄ − q̄)2

k̄(1 − q̄)[1 + k̄2 − k̄(3 − q̄)]
(A.9)

However, we must take the opposite strategy of this note by first integrating over the angle α rather than over the angle
φ:

F(q̄, 1 − q̄; k̄, 1 − k̄) =
k̄(1 − q̄)

3q̄(1 − k̄)(q̄ − k̄)(1 − k̄ − q̄)

3
∑

i, j=1

bib jI(ai, a
′
i; a j, a

′
j) (A.10)

where we introduced the function

I(a, a′; ǎ, ǎ′) ≡
∫ π

0
dφ

∫ +∞

X0(φ)
dX

X

(aX2 − X cosφ + a′)(ǎX2 − X cos φ + ǎ′)
(A.11)

Second helpful observation, the coefficients ai and a′
i

obey the remarkable and unexpected relations

(aia
′
j − a ja

′
i)

2 + (ai − a j)(a
′
i − a′j) = 0 ∀i, j ∈ {1, 2, 3} (A.12)

So we calculate the function I(a, a′; ǎ, ǎ′) only on the manifold

V = {(a, a′, ǎ, ǎ′) ∈ R4 | (aǎ′ − a′ǎ)2 + (a − ǎ)(a′ − ǎ′) = 0} (A.13)
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The partial fraction decomposition of the integrand of (A.11) over real numbers vis-à-vis the variable X then exhibits a
global factor with a particularly simple dependence on φ, since it is ∝ sin−2 φ. 24 We are thus reduced, after integration
over X, to

I(a, a′; ǎ, ǎ′) =
J(a, a′) − J(ǎ, ǎ′) − 1

2 K(a, a′) + 1
2 K(ǎ, ǎ′)

aǎ′ − a′ǎ
+ 2

a′J(a, a′) − ǎ′J(ǎ, ǎ′)
a′ − ǎ′

(A.14)

The functions of two variables that we introduced,

J(a, a′) ≡
∫ π−η

η

dφ

sin2 φ

cos φ
√

4aa′ − cos2 φ















atan
2aΛ

√

4aa′ − cos2 φ
− atan

2aX0(φ) − cosφ
√

4aa′ − cos2 φ















(A.15)

K(a, a′) ≡
∫ π−η

η

dφ

sin2 φ
ln

aX2
0(φ) − X0(φ) cosφ + a′

a
(A.16)

contain positive regularization parameters Λ and η which are set respectively to +∞ and 0+ at the end of the calcula-
tions. It remains to integrate equations (A.15, A.16) by parts, taking the derivative of the non-rational functions atan
and ln to get rid of them. 25 The fully integrated terms diverge as DJ(a, a′)/η + O(η) and DK(a, a′)/η + O(η) when
η→ 0; the expression of the coefficients DJ(a, a′) and DK(a, a′) does not matter since their contributions exactly com-
pensate in the finite-limit function I(a, a′; ǎǎ′). The remaining integrals converge when η → 0: they are Hadamard
finite parts Pf J and Pf K of the integrals J and K. They are integrals of rational functions f (φ) of cos φ and X0(φ),
which are in principle reducible to elliptic integrals [44]; actually, the symmetry trick replacing their integrand f (φ) by
[ f (φ) + f (π − φ)]/2 (which we can always do for a integral on [0, π]) removes the square root

√

4ss′ + cos2 φ coming
from X0(φ) and reduces us to integrals of rational fractions of cos φ,

Pf J(a, a′) = − a − s

1 − 4aa′

∫ π

0
dφ

a′(a′s + as′) − 1
2 (a′ + s′) cos2 φ

(as′ + a′s)2 + (a − s)(a′ + s′) cos2 φ
(A.17)

Pf K(a, a′) = −(a − s)(a′ + s′)
∫ π

0
dφ

cos2 φ

(as′ + a′s)2 + (a − s)(a′ + s′) cos2 φ
(A.18)

which are easily deduced from
∫ π

0
dφ [1 − C(a, a′) cos2 φ]−1 = π[1 − C(a, a′)]−1/2, where C(a, a′) has the same value

in PfJ(a, a′) and PfK(a, a′). 26 We thus obtain, after replacing J and K in (A.14) by their finite part Pf J and Pf K, an
essentially explicit expression of I(a, a′; ǎ, ǎ′):

I(a, a′; ǎ, ǎ′) =
Pf J(a, a′) − Pf J(ǎ, ǎ′) − 1

2 Pf K(a, a′) + 1
2 Pf K(ǎ, ǎ′)

aǎ′ − a′ǎ
+ 2

a′Pf J(a, a′) − ǎ′Pf J(ǎ, ǎ′)
a′ − ǎ′

(A.19)

The computation of I(a, a′; ǎ, ǎ′) we just exposed fails in the particular case (a, a′) = (ǎ, ǎ′) and does not allow us a
priori to get the diagonal terms i = j in equation (A.10). A simple trick, however, bypasses the obstacle: just take
(a, a′) = (ai, a

′
i
) and make (ǎ, ǎ′) tend to (ai, a

′
i
) in (A.19) while remaining on the manifold V of equation (A.13).

In practice, we take (ǎ, ǎ′) = (ai + ǫ, a
′
i
+ λiǫ) with ǫ → 0 and λi = [

√

1 − 4aia
′
i
− (1 − 2aia

′
i
)]/(2a2

i
), that is

λ1 = λ2 = −(k̄ − q̄)2 and λ3 = −(k̄ − q̄)2/(1 − 2k̄)2. We finally get F(q̄, 1 − q̄; k̄, 1 − k̄) = 4πk̄2/[3q̄(1 − k̄)(1 − q̄)] as in
equation (A.2) restricted to the fundamental domain 0 < k̄ < q̄ < 1/2, which was to be demonstrated.

Appendix B. Expressions and analytical results on the Landau-Khalatnikov decay rate of phonons and on the

integral kernel of the corresponding linearized kinetic equations

To make the notation lighter, we omit here the bars above q̄, q̄′, k̄: wave numbers are implicitly expressed in units
of kBT/~c (T gas temperature, c speed of sound).

24. In the general case, we get a more complicated factor [(aǎ′ − a′ǎ)2 + (a − ǎ)(a′ − ǎ′) cos2 φ]−2, and the rest of the computation fails.
25. In equation (A.15), the arc tangent and square root functions are defined on the complex plane. A primitive of cos φ/(sin2 φ

√

4aa′ − cos2 φ)
is

√

4aa′ − cos2 φ/[(1 − 4aa′) sin φ]. The square root
√

4aa′ − cos2 φ that it contains multiplies with that derived from the derivative of atan: the
integration by parts thus makes disappear in a single blow the two inconvenient square root and arc tangent functions.

26. Again, the situation is simpler than expected: (i) since a1 − s = 0 and a′2 + s′ = 0, we have PfJ(a1 , a
′
1) = PfK(a1, a

′
1) = PfK(a2, a

′
2) = 0 and

C(a1 , a
′
1) = C(a2 , a

′
2) = 0; (ii) 1 −C(a3 , a

′
3) = [(1 − k̄ − q̄)/(1 + k̄ − q̄)]2 is a perfect square.
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Appendix B.1. Case of the decay rate Γ̄q

Equation (41) gives Γ̄q as a double integral (instead of a quadruple integral in references [18, 16]). The inner
integral on k can however be performed analytically, which reduces Γ̄q to the following single integral:

Γ̄q =
8π

3qn̄ℓq

∫ +∞

0
dq′

q′(1 + n̄ℓq′)

eq+q′−2ν − 1
F(min(q, q′),max(q, q′)) (B.1)

with

F(q, q′) =
1

12
q3q′2(q′ + 3q) − q5

20
(q + q′) − 3q3q′[g2(eν−q) + g2(eν−q′)]

+ 6q2(2q′ − q)[g3(eν−q′ ) − g3(eν−q)] + 12q(3q − 2q′)[g4(eν−q) + g4(eν−q′ )]

+ 24(q + q′)[g5(eν) − g5(eν−q−q′)] + 24(q′ − 4q)[g5(eν−q′ ) − g5(eν−q)]

− 120[g6(eν) + g6(eν−q−q′ ) − g6(eν−q) − g6(eν−q′)] (B.2)

where gα(z) is the usual Bose function (or polylogarithm) with index α, gα(z) =
∑+∞

n=1 zn/nα (for |z| < 1). We can show
that the integrand of (B.1) is a function of q′ of class C2, its third derivative being discontinuous in q′ = q.

Let’s briefly explain how equation (B.2) was obtained. The first step is to write explicitly the min in equation
(41). Since the integral on k is invariant by the change of variable k → q + q′ − k (its integrand is invariant under the
exchange of k and k′ = q + q′ − k), we can restrict it to the interval [0, (q + q′)/2] at the price of a multiplication by a
factor 2. Then k ≤ k′, k′ can never be the min and only four cases remain:

(1) q′ ≥ q, k > q: the contribution to Γ̄q is

Γ̄1(q) =
8πq2

3n̄ℓq

∫ +∞

q

dq′ q′(1+ n̄ℓq′) f1(q, q′) with f1(q, q′) =
∫ (q+q′)/2

q

dk kk′n̄ℓkn̄ℓk′ =
1
2

∫ q′

q

dk kk′n̄ℓkn̄ℓk′ (B.3)

where we have this time used the symmetry k ↔ k′ to double the integration interval.
(2) q′ ≥ q, k < q: the contribution to Γ̄q equals

Γ̄2(q) =
8πq2

3n̄ℓq

∫ +∞

q

dq′ q′(1 + n̄ℓq′) f2(q, q′) with f2(q, q′) =
1
q3

∫ q

0
dk k4k′n̄ℓkn̄ℓk′ (B.4)

(3) q′ ≤ q, k < q′: the contribution to Γ̄q equals

Γ̄3(q) =
8πq2

3n̄ℓq

∫ q

0
dq′ q′(1 + n̄ℓq′) f3(q, q′) with f3(q, q′) =

1
q3

∫ q′

0
dk k4k′n̄ℓkn̄ℓk′ (B.5)

(4) q′ ≤ q, k > q′: the contribution to Γ̄q is

Γ̄4(q) =
8πq2

3n̄ℓq

∫ q

0
dq′ q′(1 + n̄ℓq′) f4(q, q′) with f4(q, q′) =

q′3

q3

∫ (q+q′)/2

q′
dk kk′n̄ℓkn̄ℓk′ (B.6)

The second step is to evaluate the functions fn(q, q′). We find that

f3(q, q′) =

(

q′

q

)3

f2(q′, q) and f4(q, q′) =

(

q′

q

)3

f1(q′, q) (B.7)

It remains to calculate f1 and f2. Let’s explain with f1 how to proceed. One performs a partial fraction decomposition
of the integrand of f1(q, q′) with respect to the variable X = ek (the k monomial in the numerator is treated as a
constant) after translation of the integration variable by ν to get

f1(q, q′) =
1/2

eq+q′−2ν − 1

∫ q′−ν

q−ν
dk

[

(k + ν)(q + q′ − ν − k)
ek − 1

− (k + ν)(q + q′ − ν − k)
ek−(q+q′−2ν) − 1

]

(B.8)
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In the integral of the second term, we make the change of variable k → q + q′ − 2ν − k to bring it back to

f1(q, q′) =
1

eq+q′−2ν − 1

[

1
2

∫ q′−ν

q−ν
dk (q + q′ − ν − k)(ν + k) +

∫ q′−ν

q−ν
dk

(k + ν)(q + q′ − ν − k)

ek − 1

]

(B.9)

that we know how to calculate since we know a primitive of kn/(ek − 1) on [0, 1],∀n ∈ N: 27

∫

dk
kn/n!
ek − 1

= −
n

∑

s=0

ks

s!
gn+1−s(e

−k) (B.10)

Appendix B.2. Case of the integral kernel of the hermitian form of the linearized kinetic equations

Let us start from the expression (50) of the integral kernel as the sum of two double integrals I and II. In the first
integral, we integrate trivially over k′ thanks to the Dirac δ function (k′ = q + q′ − k and k ≤ q + q′); by writing 28

φ(k)φ(k′)
in I
= k(q + q′ − k) e(q+q′)/2−νn̄ℓkn̄ℓk′ (B.11)

we get back to the same integral over k as in Γ̄q. In the second double integral, we choose q ≥ q′ (without loss
of generality given the Hermitian symmetry) and we integrate trivially over k′ thanks to the Dirac δ function (k′ =
k + q − q′ ≥ k) to obtain

〈q|V̂II |q′〉 =
q′≤q
−8π

3

∫ +∞

0
dk k(k + q − q′)ek+

q−q′
2 −νn̄ℓkn̄ℓk+q−q′[min(q′, k)]3 (B.12)

It remains to distinguish k ≤ q′ and k ≥ q′, to perform a partial fraction decomposition of the integrand vis-à-vis
X = ek then use (B.10). We finally find 29

〈q|V̂ |q′〉 = 〈q|V̂I |q′〉 + 〈q|V̂II |q′〉 (B.13)

〈q|V̂I |q′〉 =
4π

3 sh
(

q+q′

2 − ν
) F(min(q, q′),max(q, q′)) (B.14)

〈q|V̂II |q′〉 = − 4π

3 sh
∣

∣

∣

q−q′

2

∣

∣

∣

G(max(q, q′),min(q, q′)) (B.15)

where the function F is that of equation (B.2) and the function G is given by

G(q, q′)= 3qq′3[g2(eν−q) − g2(eν−q′)] + 6q′2(2q + q′)[g3(eν−q) − g3(eν−q′ )]

+ 12q′(2q + 3q′)[g4(eν−q) − g4(eν−q′ )] + 24(q − q′)[g5(eν) − g5(eν+q′−q)]

+ 24(q + 4q′)[g5(eν−q) − g5(eν−q′)] + 120[g6(eν) + g6(eν−q) − g6(eν−q′) − g6(eν−q+q′ )] (B.16)

Considered as a function of q′, 〈q|V̂ |q′〉 is continuous but has a kink in q′ = q because of contribution II.

Appendix B.3. Applications

Let us give without proof some Taylor or asymptotic expansions of the decay rate Γ̄q and the integral kernel
〈q|V̂ |q′〉.

27. One may take the derivative of equation (B.10) with respect to k and use d
dt

[gα(e−t)] = −gα−1(e−t) and g0(e−t) = 1/(et − 1).
28. Bose’s law obeys 1 + n̄ℓ

k
= ek−νn̄ℓ

k
so φ(k)φ(k′) = e(k+k′)/2−νkk′ n̄ℓ

k
n̄ℓ

k′ in full generality.
29. The inversion between max and min in equation (B.15) is not a typo but is an arbitrary historical choice.
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Appendix B.3.1. Γ̄q at low q

We have to distinguish the cases ν < 0, ν = 0 and ν infinitesimal.
— Case ν < 0: Γ̄q has the Taylor expansion

Γ̄(q)
ν<0
=

q→0
C(ν)q2[1 + α(ν)q + β(ν)q2 + O(q3)] (B.17)

with

C(ν) =
4π
3n̄0

J0(ν) (B.18)

α(ν) = n̄0 + 1 +
J1(ν)
J0(ν)

(B.19)

β(ν) = (n̄0 + 1)

[

1
2
+

J1(ν)
J0(ν)

]

+
J2(ν)

2J0(ν)
− 1

5
n̄0

g2(eν)
J0(ν)

(B.20)

Here,

Jn(ν) =
∫ +∞

0
dk

f (n)(k)
1 − e−k

{

k[g2(eν) − g2(eν−k)] + 2[g3(eν) − g3(eν−k)]
}

(B.21)

f (n)(k) being the nth derivative of the f (k) = kn̄ℓ
k

function with respect to k.
— Case ν = 0: Γ̄q has the Taylor expansion

Γ̄(q)
ν=0
=

q→0
C0q3[1 + α0q + β0q2 + O(q3)] (B.22)

with

C0 =
4π
3

J0(0) =
16π5

135
(B.23)

α0 =
J1(0) − ζ(2)

J0(0)
+

1
2
= − 15

8π2
− 45ζ(3)

4π4
(B.24)

β0 =

7
10 + J1(0) + J2(0)

2J0(0)
+

1
6
=

3
π4
+

5
16π2

(B.25)

— Case ν infinitesimal: for ν tending to zero in Γ̄q at fixed Q = q/|ν|, we get the expansion (70) with

Φ(Q) =
15
2π2

{[

−1
4
− 3ζ(3)

2π2

]

Q +

(

1 +
1

Q3

)

ln(1 + Q) − 1
Q2
+

1
2Q
− 1

3

}

(B.26)

Our motivation for calculating Φ(Q) was the following finding: the low q expansion

eν/2[n̄ℓq(1 + n̄ℓq)]1/2Γ̄q

4π
3 q2J0(ν)

ν fixed
=

q→0
1 + α̌(ν)q + O(q2) (B.27)

exhibits a discontinuous coefficient α̌(ν) in ν = 0. The calculation is simple. On the one hand, α̌(0) = α0. On
the other hand, for ν > 0, α̌(ν) = α(ν) − (n̄0 + 1/2) = 1/2 + J1(ν)/J0(ν), and we take the limit ν → 0− noting
that J0(ν) is continuous (J0(ν) →

ν→0−
J0(0) = 4π4/45) while J1(ν) is not (J1(ν) →

ν→0−
J1(0) + 2ζ(2)), 30 so that

α̌(ν) →
ν→0−

α̌(0−) =
15
4π2
− 45ζ(3)

4π4
, α̌(0) = − 15

8π2
− 45ζ(3)

4π4
(B.28)

30. In other words, to get this limit, it is incorrect to make ν tend to zero under the integral sign in J1(ν), while it is legitimate in J0(ν). Indeed,
for k ≈ |ν|, f (k) ≃ k/(k + |ν|) is uniformly bounded but f ′(k) ≃ |ν|/(k + |ν|)2 is not. We must treat separately in J1(ν), for ε≪ 1 fixed, the integration
subinterval [ε,+∞[ (on which we can make ν → 0− at fixed k) and the sub-interval [0, ε] (on which we must make ν → 0− at fixed K = k/|ν|); the
bit

∫ ε

0 dk contributes in the limit ν→ 0− by the value 2ζ(2) = π2/3.
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In expansion (B.27) we therefore can not exchange the limits q→ 0 and ν→ 0−. To get the coefficient α̌(0−),
we have to make q tend to zero faster than ν so Q→ 0 in equation (B.26). To get α̌(0), we have to make ν tend
to zero faster than q so Q→ +∞ in equation (B.26). And one has indeed,

Φ(Q) ∼
Q→0

α̌(0−)Q and Φ(Q) ∼
Q→+∞

α̌(0)Q (B.29)

The function Φ(Q) allows one to connect the two limiting cases 0 < q ≪ |ν| ≪ 1 and 0 < |ν| ≪ q ≪ 1.

Appendix B.3.2. Γ̄q at large q

We discovered that the asymptotic series in the variable 1/q has a finite number of nonzero terms which results in
an exponentially small error, for ν being zero or < 0:

Γ̄q =
q→+∞

8π
3q

[

3
∑

n=0

qncn(ν) + O
(

q4e−q
) ]

(B.30)

with

c3 = 2 g5(eν) (B.31)

c2 = 30 g6(eν) (B.32)

c1 = −36 g7(eν) + 2
∫ +∞

0
dq q4g0(eν−q)[g2(eν−q) + qg1(eν−q)] (B.33)

c0 = −252 g8(eν) (B.34)

Appendix B.3.3. 〈k|V̂ |q〉 at low q

At ν fixed to zero or to a < 0 value, we take k = O(1) not necessarily fixed when q → 0. 31 We must therefore
distinguish the cases k < q and k > q in equation (B.13) applied to 〈k|V̂ |q〉. We then prove the equivalent (82) with

W(k, ν) =
4π

3 sh( k
2 − ν)

{

k3

12
+ k[g2(eν) + g2(eν−k)] + 2[g3(eν−k) − g3(eν)]

}

− 4π

3 sh k
2

{

k[g2(eν) − g2(eν−k)] + 2[g3(eν) − g3(eν−k)]
}

(B.35)

This expression is extended by continuity to R+×R−, the numerator of the first (second) contribution tending quadrat-
ically (linearly) to zero where its denominator (always linearly) vanishes. In particular, lim(k,ν)→(0,0)W(k, ν) ≡
W(0, 0) = −8π3/9. The function W(k, ν) so extended is bounded. Moreover, when ν → 0− and (k, q) → (0, 0)
at fixed k/|ν| = K and q/|ν| = Q, we have checked that equation (82) always holds, W(k, ν) being replaceable by
W(0, 0).

Appendix B.3.4. 〈q|V̂ |q′〉 at large wave number

Let’s start from equation (B.13). If q′ → +∞ for fixed q, 〈q|V̂ |q′〉 exponentially tends to zero, it is O(q′3e−q/2). If
q and q′ both tend to infinity, the contributions I and II behave differently:

〈q|V̂I |q′〉 ∼
q,q′→+∞

2π eν

9
q3q′3e−(q+q′)/2

[

1 + O

(

min(q, q′)
max(q, q′)

)]

(B.36)

〈q|V̂II |q′〉 ∼
q,q′→+∞

−32π

sh
∣

∣

∣

q−q′

2

∣

∣

∣

{

|q − q′|[g5(eν) − g5(eν−|q−q′ |)] + 5[g6(eν) − g6(eν−|q−q′ |)]
}

(B.37)

This justifies the distinction made in note 15.

31. In practice, we treat the cases q → 0 at fixed k and q → 0 at fixed K = k/q, then we check that they are well represented by the single
expression (82, B.35).
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Appendix C. Long-time sub-ballistic variance of the condensate phase shift in the concave case

The reduced sub-ballistic variance V̄(t̄) of the condensate phase shift in the presence of low-temperature Landau-
Khalatnikov processes is given in the exact theory by equation (79) and in the rate approximation by equation (54). In
both cases, it takes the form

V̄(t̄) =
∫ +∞

0
dq̄

f (q̄)

Γ̄(q̄)2

[

e−Γ̄(q̄)t̄ − 1 + Γ̄(q̄)t̄
]

(C.1)

where f (q̄) is a regular function, with a Taylor expansion in q̄ = 0. The goal is to calculate the asymptotic expansion
of V̄(t̄) for t̄ → +∞. This is done by distinguishing the cases ν < 0 and ν = 0 (ν = µφ/kBT , where µφ is the chemical
potential of the phonon gas) which lead to different behaviors for f (q̄) and Γ̄(q̄) in the neighborhood of q̄ = 0. In
both cases, Γ̄(q̄) is a strictly increasing function of q̄ tending to +∞ when q̄ → +∞, 32 which will make it possible to
perform a simplifying change of variable in equation (C.1).

Appendix C.1. Case ν < 0
Γ̄(q̄) vanishes quadratically in q̄ = 0 (see equation (55)) and the same for f (q̄) (see equation (56) for the rate

approximation and equation (84) for the exact theory). We can separate in equation (C.1) the linear-in-time diffusive
part (it comes from the term Γ̄(q̄)t̄ between brackets). In the rest, we take as the new integration variable

Ω = [Γ̄(q̄)]1/2 (C.2)

the exponent 1/2 ensuring that Ω is to leading order a linear function of q̄ at low q̄. Then f (q̄)/Γ̄(q̄)2 diverges as 1/Ω2

at the origin and V̄(t) can be written as

V̄(t̄) = D̄t̄ +

∫ +∞

0
dΩ

F(Ω)
Ω2

(e−Ω
2 t̄ − 1) (C.3)

with

D̄ =

∫ +∞

0
dq̄

f (q̄)

Γ̄(q̄)
and F(Ω) =

f (q̄)
dΩ
dq̄
Γ̄(q̄)

=
2 f (q̄)

[Γ̄(q̄)]1/2Γ̄′(q̄)
(C.4)

F(Ω) has in q̄ = Ω = 0 a Taylor expansion in powers of q̄ and also in powers of Ω:

F(Ω) =
Ω→0

F(0) + ΩF′(0) + O(Ω2) (C.5)

with F(0) , 0. Let’s introduce an arbitrary cut-off q̄c > 0 on the wavenumber q̄ so a cut-off Ωc = [Γ̄(q̄c)]1/2 on Ω. In
the integral (C.3), the upper contribution has a finite limit when t̄→ +∞, obtained by neglecting the exponential term
in time: this term has an upper bound e−Ω

2
c t̄ and can be neglected without triggering any divergence in the integral

(
∫ +∞
Ωc

dΩ F(Ω)/Ω2 < ∞). In the lower contribution, we first have to separate out the affine approximation (C.5) from

F(Ω) before we can neglect the exponential term: 33

∫ Ωc

0
dΩ

F(Ω)
Ω2

(e−Ω
2 t̄ − 1) =

t̄→+∞

∫ Ωc

0
dΩ

F(Ω) − F(0) − F′(0)Ω
Ω2

(−1)

+ F(0)
∫ Ωc

0
dΩ

e−Ω
2 t̄ − 1
Ω2

+ F′(0)
∫ Ωc

0
dΩ

e−Ω
2 t̄ − 1
Ω

+ o(1) (C.6)

We then give the results (the notation O(X−∞) indicates a rapidly decreasing function)
∫ X

0
dx

e−x2 − 1
x2

=
X→+∞

−π1/2 +
1
X
+ O(X−∞) (C.7)

∫ X

0
dx

e−x2 − 1
x

=
X→+∞

− ln X − 1
2
γEuler + O(X−∞) (C.8)

32. Actually, as soon as Γ̄(q̄) is a strictly increasing function on a neighborhood of q̄ = 0 and remains elsewhere at a non-zero distance from
zero, our results apply.

33. In this case, we make an error O(
∫ +∞

0 dΩ e−Ω
2 t̄) = O(t̄−1/2), instead of an exponentially small error in time.
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to which we are reduced by the change of variable Ω = x/t̄1/2. We thus find an asymptotic expansion of the form (58,
73) with coefficients

A(ν) = −F(0) (C.9)

B(ν) = −F′(0) (C.10)

E(ν) = −
∫ Ωc

0
dΩ

F(Ω) − F(0) − F′(0)Ω
Ω2

−
∫ +∞

Ωc

dΩ
F(Ω)
Ω2
+

F(0)
Ωc

− F′(0)

(

lnΩc +
1
2
γEuler

)

(C.11)

It remains to make the link with the original integration variable q̄ of equation (C.1). The calculation shows that

q̄2 f (q̄)

Γ̄(q̄)2
=

q̄→0
F(0)C(ν)−1/2 + q̄F′(0) + O(q̄2) (C.12)

where C(ν) = limq̄→0 Γ̄(q̄)/q̄2; this equation (C.12), written in the main text as (57), is convenient because it gives
access to F(0) and F′(0) without ever going through the Ω variable. We obtain equations (60, 61). Returning to the
variable q̄ in equation (C.11) we find

E(ν) = −
∫ q̄c

0
dq̄

[

f (q̄)

Γ̄(q̄)2
− F(0)C(ν)−1/2 + q̄F′(0)

q̄2

]

−
∫ +∞

q̄c

dq̄
f (q̄)

Γ̄(q̄)2

+ F(0)C(ν)−1/2

[

1
q̄c

− 1
2
α(ν)

]

− F′(0)

{

ln[q̄cC(ν)1/2] +
1
2
γEuler

}

(C.13)

knowing that

lim
q̄→0

1

[Γ̄(q̄)]1/2
− 1

q̄C(ν)1/2
= − α(ν)

2C(ν)1/2
and lim

q̄→0
ln q̄ − 1

2
ln Γ̄(q̄) = −1

2
ln C(ν) (C.14)

according to equation (55). This proves equation (62).

Appendix C.2. Case ν = 0
In this case, Γ̄(q̄) vanishes cubically at q̄ = 0 (see equation (63)) and f (q̄) does not vanish. To have a new

integration variable Ω that is linear in q̄ to leading order, we set

Ω = [Γ̄(q̄)]1/3 (C.15)

Then f (q̄)/Γ̄(q̄)2 diverges as 1/Ω6 at the origin, we can no longer pull out a diffusive term and V̄(t̄) reads

V̄(t̄) =
∫ +∞

0
dΩ

F(Ω)

Ω6

(

e−Ω
3 t̄ − 1 + Ω3 t̄

)

with F(Ω) =
f (q̄)

dΩ/dq̄
(C.16)

In the rate approximation, F(Ω) has at Ω = 0 a Taylor expansion

F(Ω) = F(0) + ΩF′(0) +
Ω2

2
F′′(0) + O(Ω3) (C.17)

with F(0) nonzero. We proceed then as for the case ν < 0. Using the results

∫ X

0
dx

e−x3 − 1 + x3

xn
→

X→+∞

1
3
Γ

(

1 − n

3

)

=



















3
10Γ(

1
3 ) if n = 6

3
4Γ(

2
3 ) if n = 5

(C.18)

∫ X

0
dx

e−x3 − 1 + x3

x4
=

X→+∞
ln X + O(1) (C.19)

we find

V̄(t̄) =
t̄→+∞

3
10
Γ(1/3)F(0)t̄5/3 +

3
4
Γ(2/3)F′(0)t̄4/3 +

1
2

F′′(0)t̄ ln(t̄1/3) + O(t̄) (C.20)

which proves equations (65, 66). In the exact theory, we think that F′(0) exists but we do not know its value, and we
have not proved that F′′(0) exists.
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