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Benedikt Bollig!, Mathieu Lehaut?, and Nathalie Sznajder?

1 CNRS, LSV & ENS Paris-Saclay, Université Paris-Saclay, France
2 Sorbonne Université, CNRS, LIP6, F-75005 Paris, France

Abstract. We consider systems with unboundedly many processes that
communicate through shared memory. In that context, simple verifica-
tion questions have a high complexity or, in the case of pushdown pro-
cesses, are even undecidable. Good algorithmic properties are recovered
under round-bounded verification, which restricts the system behavior
to a bounded number of round-robin schedules. In this paper, we extend
this approach to a game-based setting. This allows one to solve synthesis
and control problems and constitutes a further step towards a theory of
languages over infinite alphabets.

1 Introduction

Ad-hoc networks, mobile networks, cache-coherence protocols, robot swarms,
and distributed algorithms have (at least) one thing in common: They are re-
ferred to as parameterized systems, as they are usually designed to work for any
number of processes. The last few years have seen a multitude of approaches
to parameterized verification, which aims to ensure that a system is correct no
matter how many processes are involved. We refer to [15] for an overview.

Now, the above-mentioned applications are usually part of an open world, i.e.,
they are embedded into an environment that is not completely under the control
of a system. Think of scheduling problems, in which an unspecified number of
jobs have to be assigned to (a fixed number of) resources with limited capacity.
The arrival of a job and its characteristics are typically not under the control of
the scheduler. However, most available verification techniques are only suitable
for closed systems: A system is correct if some or every possible behavior satisfies
the correctness criterion, depending on whether one considers reachability or,
respectively, linear-time objectives.

This paper is a step towards a theory of synthesis and control, which provides
a more fine-grained way to reason about parameterized systems. Our system
model is essentially that from [24], but defined in a way that reveals similar-
ities with data automata/class-memory automata, a certain automata model
over infinite alphabets [8,9]. Actually, we consider parameterized pushdown sys-
tems, as each process has a dedicated stack to model recursion. A parameterized
pushdown system distinguishes between a finite-state global process (sometimes
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referred to as a global store or leader process) and a local process. The global
process can spawn new local processes. Thus, while a system configuration con-
tains only one global state, the number of instantiations of local processes is
unbounded. Moreover, when a local process takes a transition, it is allowed to
read, and modify, the global store.

So far so good. Now, it is well-known that reachability is undecidable as
soon as two pushdown processes communicate through shared memory. And
even when local processes are finite-state, the problem is at least as hard as
reachability in Petri nets [9]. This led La Torre, Madhusudan, and Parlato to
consider round-bounded verification of parameterized systems, which restricts
system executions to a bounded number of round-robin schedules [24]. Not only
did they show that reachability drops to PSPACE, but the corresponding fixed-
point computation also turned out to be practically feasible. Moreover, they give
a sound method (i.e., a sufficient criterion) for proving that all reachable states
can already be reached within a bounded number of round-robin schedules. This
is done using a game that is different from the one we introduce here. Actually,
we extend their model by adding the possibility to distinguish, in parameterized
pushdown automata, between controllable global states and uncontrollable ones.

The classical reachability problem then turns into a reachability objective in
an infinite-state game. As our main result, it is shown that the winner of such a
game can be computed, though in (inherently) non-elementary time. Our proof
makes a detour via games on multi-pushdown systems, which are undecidable in
general but decidable under a bound on the number of phases, each restricting
the number of pop operations to a dedicated stack [5,29]. Note that round-robin
schedules maintain processes in a queue fashion. However, bounding the number
of rounds allows us to store both the states of a local process as well as its stack
contents in a configuration of a multi-pushdown system. It is worth noting that
multi-pushdown systems have been employed in [23], too, to solve seemingly
different verification problems involving queues.

Related Work. As already mentioned, there is a large body of literature on
parameterized verification, mostly focusing on closed systems (e.g., [2,4,14,15]).

Infinite-state games have been extensively studied over vector addition sys-
tems with states (VASS) (e.g., [3,7,10,12,19]). However, reachability is already
undecidable for simple subclasses of VASS games, unless coverability objec-
tives are considered. Unfortunately, the latter do not allow us to require that
all local processes terminate in a final state. Interestingly, tight links between
VASS/energy games and games played on infinite domains have recently been
established [16].

Underapproximate verification goes back to Qadeer and Rehof [27]. In the
realm of multi-threaded recursive programs, they restricted the number of con-
trol switches between different threads. The number of processes, however, was
considered to be fixed. Another kind of bounded verification of parameterized
systems with thread creation was studied in [6]. Contrary to our restriction, the
order in which processes evolve may vary from round to round.



We believe that our results will fertilize synthesis of parameterized sys-
tems [18] and more classical questions whose theoretical foundations go back
to the 50s and Church’s synthesis problem. Let us cite Briitsch and Thomas,
who observed a lack of approaches to synthesis over infinite alphabets [11]: “It
is remarkable, however, that a different kind of ‘infinite extension’ of the Biichi-
Landweber Theorem has not been addressed in the literature, namely the case
where the input alphabet over which w-sequences are formed is infinite.” In-
deed, an execution of a parameterized system can be considered as a sequence of
letters, each containing the process identifier of the process involved in perform-
ing the corresponding action. Recall that our model of parameterized systems
is largely inspired by data automata/class-memory automata [8,9], which were
originally defined as language acceptors over infinite alphabets. The automata
studied in [11] are quite different. Since synthesis problems are often reduced
to game-theoretic questions, our work can be considered as an orthogonal step
towards a theory of synthesis over infinite alphabets.

Outline. We define parameterized pushdown systems in Section 2, where we also
recall known results on reachability questions. The control problem is addressed
in Section 3, and we conclude in Section 4. Missing proof details can be found
in the appendix.

2 Reachability in Parameterized Systems

We start with some preliminary definitions.

Words. Let X be a (possibly infinite) set. A word w over X is a finite or (count-
ably) infinite sequence agajas ... of elements a; € X. Let X* denote the set of
finite words over X, X“ the set of infinite words, and X = X* U X“. Given
w € X, we denote by |w| the length of w, i.e., jw|=nifw=uaqag...an_1 € X*,
and |w| = w if w € X¥. In particular, the length |e| of the empty word ¢ is 0.

Transition Systems. A transition system is a triple T = (V, E, vi,) such that
V is a (possibly infinite) set of nodes, E C V x V is the transition relation, and
vin € V is the initial node. For (u,v) € E, we call v a successor of u.

A partial run of T is a non-empty, finite or infinite sequence p = vov1vs ... €
V' such that, for all 0 < i < |p|, v; is a successor of v;_1. If, in addition, we have
Vo = Uin, then we call p a run. A (partial) run from w to v is a finite (partial)
run of the form w...v. In particular, u is a partial run (of length 1) from u to w.

2.1 Parameterized Pushdown Systems

We consider parameterized systems in which processes may be created dynami-
cally. Every process can manipulate a stack as well as its local state. Information
shared by all the processes is modeled in terms of a global state.

Definition 1. A parameterized pushdown system (PPS) is given by a tuple
P =(S,L, T, sin, lin, A, Fgiob, Floc) where



S is the finite set of global states, including the initial global state si,,
— L is the finite set of local states, including the initial local state &,
I' is the finite stack alphabet,

— AC (SxL)x(Act x I') x (S x L) is the transition relation with Act =
{push, pop, int} (where int stands for internal), and

— Fgob € 8 and Fioc C L are the sets of accepting global states and accepting
local states, respectively. We assume that sin & Fylob.-

A configuration of P is a tuple ¢ = (s, (¢1,71),--., (k7)) where k € N
(possibly k = 0), s € S is the current global state, and, for each p € {1,...,k},
£, € L and vy, € I'* are respectively the local state and stack content of process
p. We let C'p denote the set of configurations of P. The initial configuration is
(sin) and a configuration ¢ = (s, (¢1,71),..., (lg,7x)) is final if s € Fgop and
{l1,..., 0k} C Fioc. The size |c| of a configuration c is the number k of processes
in c.

The semantics of a PPS P is defined as a transition system [P] = (V, E, vi,)
where V. = Cp, vin = (sin), and the transition relation is E = Up>1 E, with
E, defining the transitions of process p. Actually, E, contains two types of
transitions. The first type corresponds to the activity of a process that has
already been created. Formally, for two configurations (s, (¢1,71), ..., (Ck,Vx))
and (s, (41,71)s- -+, (€}, 72.)) of size k > 1,

((57 (617'71% ERE (Ek,’}/k)), (8/7 (2/1,’)/1), AR ( ;c771/c))) € E:D
if and only if p < k and there are op € Act and A € I" such that

- ((Sagp)7 (OPaA)v (5/5627)) € A7
— Ly =1ty and vy =7, for all g € {1,...,k} \ {p}, and

— one of the following holds: (i) op = push and v, = A - ~,, (ii) op = pop and
Yp = A -, or (i) op = int and 7, =+, (in which case A is meaningless).

Note that the topmost stack symbol can be found at the leftmost position of ~,.
The second type of transition is when a new process joins the system. For a
configuration (s, (£1,71),..., (¢, vx)) of size k > 0,

((57 (617’}’1% B (gk’?/k)% (S/, (£17'71)> ) (ﬂkv'yk% (EkJrl,'YkJrl))) € EP

if and only if p = k + 1 and there are op € Act and A € I' such that
((s,in), (op, A), (', €r+1)) € A and one of the following holds: (i) op = push
and yg+1 = A, or (i1) op = int and Y41 = €.

A run of P is a run of the transition system [P]. A finite run of P is accepting
if it ends in a final configuration.

Similarly, we define a parameterized finite-state system (PFS), which is a PPS
without stacks. That is, a PFS is a tuple P = (S, L, Sin, £in, A, Fgiob, Fioc) Where
A C (SxL)x(SxL)and the rest is defined as in PPS. Configurations in Cp are



tuples ¢ = (s, £1,...,£;) with k& > 0. The semantics of P is [P] = (Cp, E, (sin))
with E' = J,>, Ej defined as follows:

((57617 s 7£k)a (S,7£/1a s 762)) € EP
if and only if p <k, ((s,£,),(5',4,)) € A, and £, = {; for all ¢ # p, and

((8,517 . ,fk), (S/,gl, . 7€k7€k+1)) S Ep

if and only if p = k + 1 and ((s, %), (s',€x+1)) € A. The notions of runs and
accepting runs are defined accordingly.

Reachability Problems. Consider Table 1. The problem PPS-REACHABILITY
(respectively, PFS-REACHABILITY) consists in deciding if, in a given PPS (re-
spectively, PFS), there is an accepting run, starting in the initial configuration.

In the general case, these problems are already known and we recall here the
results. The first is folklore (cf. also [28]), as two stacks are already sufficient
to simulate a Turing machine. For the second, we observe that parameterized
systems without stacks are essentially Petri nets (cf. [9]).

Theorem 1. PPS-REACHABILITY is undecidable, while PFS-REACHABILITY is
decidable (and as hard as Petri-net reachability).

2.2 Round-Bounded Behaviors

To regain decidability in the case of PPS, we restrict ourselves to runs that
are round-bounded, a notion introduced in [24]. Intuitively, during a round, the
first process will do any number of transitions (possibly 0), then the second
process will do any number of transitions, and so on. Once process p + 1 has
started performing transitions, process p cannot act again in this round. A run
is then said to be B-round bounded if it uses at most B rounds. Formally, given
a natural number B > 1 and a PPS P = (S, L, I', Sin, lin, A, Fgiob, Fioc), we define
the bounded semantics of P as the transition system [P]? = (V B, EB, vB) where
— nodes are enhanced configurations of the form v = (¢,p,r) with ¢ € Cp a
configuration, say, of size k, p € {0,...,k} represents the last process that
made a transition (or 0 if it is not yet defined), and r € {1,..., B} is the
number of the current round,
— the initial node is vZ = ((si),0, 1), and
— there is an edge between (¢, p,r) and (¢, p’, ') if, in [P] = (V, E, vin), there
is an edge (¢, ¢’) in E, and either
ep >pandr’' =7, or
e p <p,r<B,andr =r+1.

The bounded semantics of a PFS is defined accordingly.
A B-run (or simply run if B is understood) of P is a run of [P]Z. A B-run is
accepting if it is finite and ends in a node (¢, p, ) where ¢ is a final configuration.
Consider the problems on the right-hand side of Table 1 (note that B is
encoded in unary). Deciding the existence of an accepting B-run is PSPACE-
complete for both PPS and PFS.



Table 1. Reachability Problems

PPS-REACHABILITY PPS-REACHABILITY'P

I PPS P I: PPS P; B > 1 (given in unary)
Q: Is there an accepting run of P 7 || Q: Is there an accepting B-run of P ?
PFS-REACHABILITY PFS-REACHABILITY™

I: PFS P I: PFS P; B > 1 (given in unary)

Q: Is there an accepting run of P 7 || Q: Is there an accepting B-run of P ?

Theorem 2. PPS-REACHABILITY™ and PFS-REACHABILITY™ are PSPACE-
complete.

The rest of this section is devoted to the proof of this theorem. Actually,
we prove that PPS-REACHABILITY' is in PSPACE and PFS-REACHABILITY'™
is PSPACE-hard. The upper bound has already been stated in [24], the lower
bound in [25], for a similar model. For the sake of completeness, we give proofs
for both bounds.

PPS-Reachability™ is in PSPACE. We give an (N)PSPACE algorithm solving
the problem PPS-REACHABILITY' using a slight variant of the notion of inter-
faces as described in [24]. Let P = (S, L, I, Sin, lin, A, Fgiob, Floc) be a PPS and
B > 1 be the maximal number of rounds.

An interface for a single process is a triple Z = [t, (s1,...,88),(s},...,85)] €
{1,..., B} x B x SB satisfying the following conditions:

1. For all 1 < < t, we have s; = s,.

2. There are local states ¢;_1,...,¢p and stack contents ~;_1,...,vp such
that (7) for all ¢ < ¢ < B there is a finite partial run in [P] from ¢; =
(siy (iz1,7i—1)) to ¢ = (s}, (€i,7:)), (¢) this run has length at least two
(i.e., it performs at least one transition) if i = ¢, and (4i7) €;— is the initial
local state, v4—1 = ¢, and £p is an accepting local state.

We refer to the first B-tuple of 7 as Z¢ and to the second B-tuple as Z". The
natural number ¢ is the starting round and is referred to as tz. We say that an
interface 7, is compatible with an interface T, if t7, < tz, and I} = Z§.

Intuitively, an interface represents the possibility of a computation of a single
process during a run of the PPS. Global states are the only piece of information
needed to be able to coordinate between different processes, since a process can-
not access the local content of another one. Moreover, when a process is created,
it takes the last position in a round. The starting round ¢ of each interface is
needed to check that the order of the processes respects the order of their cre-
ation. In other words, interfaces can be viewed as the skeleton of a run of P.
This is formalised in the following lemma, which is illustrated in Figure 1 and
whose proof can be found in Appendix A.
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Fig. 1. A run as the composition of compatible interfaces; all starting rounds are 1

Lemma 1. There is an accepting B-run of P if and only if there are k interfaces
Ti, ..., Iy for k > 1 verifying the following conditions:

— Foralll <i<k,Z;_1 is compatible with Z;.
— Let I{ = (s1,...,8p) and I} = (s},...,s"s). Then, s is the initial global
state sin, S is an accepting global state, and s; = s;-_l foralll < j <B.

Given Z = [t,(s1,--.,88),(s],-..,85)], one can check in polynomial time
whether Z is an interface. To do this, we check the emptiness of a pushdown
automaton that simulates the actions of P on a single process and has special
transitions to change the global state from s’; to s;41 (cf. Appendix B). As non-
emptiness of a pushdown automaton can be checked in polynomial time [17], so
can the validity of a given interface.

The algorithm to solve PPS-REACHABILITY'™ first guesses an interface Z;
for the first process, and stores tr,, Z{, and Z]. Then, it guesses an interface
1, for the second process, checks that it is compatible by comparing ¢z, and
T¢ with the previously stored tz, and ZJ, and then replaces Z} by Z} and tz,
by tz, (so only Z{, tz,, and I} are stored). We continue guessing compatible
interfaces, storing at each step i the values of Z¢, t7,, and Z7. Eventually, the
algorithm guesses that the last process has been reached. At that point, there
are two halves of interfaces stored in memory: the left interface Z{ = (s1,...,sp)
of the first process, and the right interface Z] = (s}, ..., s3) of the last process.
We accept if, for all ¢ € {1,...,B — 1}, we have that s, = s;41, $1 = sin, and
s's € Fgob. By Lemma 1, there is an accepting B-run of P.

PFS-Reachability’™ is PSPACE-hard. This can be shown by a reduction from
the non-emptiness of the intersection of a collection of finite automata Ay, ..., A,,
which is PSPACE-complete [21]. The bound B on the number of rounds will be
n. We construct a PFS that non-deterministically guesses a word w in the first
round. Moreover, in round ¢, it will check that w is accepted by A;. To do this,
each process simulates one transition of A; on one letter of w. That is, the num-
ber of processes is |w|. Each process performs exactly one action each round,



and, to ensure that the word w is the same for each A;, stores the correspond-
ing letter in its local state. The global state stores the state of the currently
simulated automaton. The full proof can be found in Appendix C.

3 Round-Bounded Control of Parameterized Systems

We will extend parameterized pushdown systems to a game-based setting with
the aim of modeling systems with a centralized control that are embedded into
an uncontrollable environment.

3.1 Parameterized Pushdown Games

Games. A game is given by an arena, i.e., a transition system G = (V, E, vi,)
where V' = Vj W V; is partitioned into the set of states controlled by Player 0
and Player 1, respectively, along with a winning condition W C V'*°.

A play of G is a run of the underlying transition system. A play is maximal if
it is infinite, or ends in a node that has no successor. A maximal play is winning
for Player 0 if it is in W, otherwise it is winning for Player 1.

We will be concerned with two winning conditions: A reachability condition
is given by a set of nodes F C V. It induces the set Wr = {p = voviva... €
Voo | v; € F for some 0 < i < |p|}. A parity condition is given by a ranking
function o : V- — Col where Col C N is a finite set of colors. It induces the
set W, = {p € V¥ | min(Inf,(p)) is even} with Inf,(vovve...) = {m € Col |
m appears infinitely often in «a(vg)a(v1)a(ve)...}. Le.,, W, contains an infinite
run if and only if the minimal color seen infinitely often is even.

Let j € {0,1}. A strategy for Player j is a partial mapping f; : V*V; = V
such that, for all w € V* and v € Vj, the following hold: if f;(wv) is defined,
then (v, fj(wv)) € E; otherwise, v has no successor.

Fix strategies fo and f; for Players 0 and 1, respectively. An (fo, f1)-play of
G is a maximal play p = vgv1vs ... such that, for all 0 < i < |p| and j € {0,1},
ifv,_1 € ij, then fj('l)o R 'Uifl) = v;.

We say that f; is winning if, for all strategies fi_j;, the unique maximal
(fo, f1)-play is winning for Player j. A game is determined if either Player 0 has
a winning strategy, or Player 1 has a winning strategy. Furthermore, we say that
f; is memoryless if, for all w,w’ € V* and v € V}, we have f;(wv) = f;(w'v),
i.e., the strategy only depends on the last node.

Theorem 3 (cf. [13,33]). Games with a parity winning condition are deter-
mined, and if Player j has a winning strategy, then Player j has a winning
memoryless strategy.

Parameterized Pushdown Games. We now introduce the special case of games
played on the infinite transition system induced by a round-bounded PPS.

A round-bounded parameterized pushdown game is described by a PPS P =
(S,L, T, Sin, bin, A, Fgiob, Floc) together with a partition S = Sy S;. For a bound
B > 1, the B-round-bounded parameterized pushdown game induced by P is the



game G5 given by the transition system [P]? = (VP EP vP) where a node
v=(c,p,r) € VB with ¢ = (s, (¢1,7), -, (lr,v&)) belongs to Player j if s € S;.
We consider the reachability winning condition Wx given by F = {(¢,p,r) €
VB | ¢ is a final configuration of P}. Since a reachability game can be easily
transformed into a parity game, Theorem 3 implies that Qg is determined.

Parameterized games on PFS are defined similarly as for PPS. Note that,
without a bound on the number of rounds, games on PFS are already undecid-
able, which is shown by an easy adaptation of the undecidability proof for VASS
games [1]. Therefore, we only define control for round-bounded games:

CONTROL'™
I: PPS P = (SO ] Sla La Fa Sinagim AaFglobv Eoc); B Z 1
Q: Does Player 0 have a winning strategy in G5 ?

We are now ready to present our main result, which is shown in the remainder
of this section:

Theorem 4. CONTROL™ is decidable, and inherently non-elementary.

3.2 Upper bound

Decidability of CONTROL™ comes from decidability of games on phase-bounded
multi-pushdown systems (short: multi-pushdown games), which were first stud-
ied in [29] and rely on the phase-bounded multi-pushdown automata from [22].

Multi-Pushdown Games. Intuitively, a phase is a sequence of actions in a run
during which only one fixed "active” stack can be read (i.e., either make a
pop transition or a zero-test transition), but push and internal transitions are
unrestricted. There are no other constraints on the number of transitions or the
order of the transitions done during a phase.

Definition 2. A multi-pushdown system (MPS) is a tuple M = (k,N,Sy &
S1, I, A, sin, @) where the natural number k > 1 is the phase bound, N € N is
the number of stacks, S = Sy W Sy is the partitioned finite set of states, I' is the
finite stack alphabet, A C S x Actsero X {1,...,N} x I' X S is the transition
relation where Actzero = {push, pop,int,zero}, sin € S is the initial state, and
a: S — Col with Col CN a finite set is the ranking function.

The associated game Gpq is then played on the transition system [M] =
(V =Vo Wy, E,vy,) defined as follows.

A node v € V is of the form v = (s,71,...,7n, st, ph) where s € S, v, € I'* is
the content of stack o, and st € {0,...,N} and ph € {1,...,x} are used to keep
track of the current active stack (0 when it is undefined) and the current phase,
respectively. For j € {0,1}, we let V; = {(s,71,...,7n,st,ph) € V | s € S;}.

Given nodes v = (8,71, ...,Yn,st,ph) € Vandv' = (s',79,..., Vi, st’,ph’) €
V, we have an edge (v,v') € E if and only if there exist op € Actzero, 0 €
{1,...,N}, and A € I" such that (s, op,0, A,s") € A and the following hold:



— vy =L for all 7 # o,
— Yo =5 if op =int, v, = A -, if op = push, v, = A -+, if op = pop, and
Yo =7, =€ if op = zero,

if op € {int, push}, then st = st’ and ph = ph’ (the active stack and, hence,
the phase do not change),

— if op € {pop, zero}, then either st = 0, st’ = o, and ph = ph’ = 1 (this is the
first time a current stack is defined), or st = o, st’ = o, and ph = ph’ (the
stack o corresponds to the current active stack), or st # o, ph < k, st’ = o,
and ph’ = ph+1 (stack o is not the active stack so that a new phase starts).

The initial node is vj, = (sin, €, . .., €,0,1). The winning condition of G4 is a
parity condition given by @ : V — Col where, for v = (s,71,...,7vn, st, ph), we
let @(v) = a(s).

The control problem for MPS, denoted by CONTROLMPS is defined as follows:
Given an MPS M, does Player 0 have a winning strategy in Ga?

Theorem 5 ([5,29]). CONTROLMPS is decidable, and is non-elementary in the
number of phases.

The upper bound was first shown in [29] by adopting the technique from [32],
which reduces pushdown games to games played on finite-state arenas. On the
other hand, [5] proceeds by induction on the number of phases, reducing a (k+1)-
phase game to a k-phase game. Similarly, we could try a direct proof of our
Theorem 4 by induction on the number of rounds. However, this proof would be
very technical and essentially reduce round-bounded parameterized systems to
multi-pushdown systems. Therefore, we proceed by reduction to multi-pushdown
games, providing a modular proof with clearly separated parts.

From Parameterized Pushdown Games to Multi-Pushdown Games.
We reduce CONTROL'™ to CONTROLMPS. Let P = (S, L, I, Sin, lin, A, Fylob, Floc),
with § = Sy W S1, be a PPS and B > 1. We will build an MPS M such that
Player 0 has a winning strategy in G5 if and only if Player 0 has a winning
strategy in Gaq. In the following, given s € S, we let pl(s) € {0,1} denote the
player associated with s, i.e., pl(s) = 0 if and only if s € Sp.

The main idea of the reduction is to represent a configuration

(s, (n Joa]s - Com| [zt | s o - s

of G5 as a configuration in G of the form depicted in Figure 2.

Component j € {0,1} of the global state denotes the current player (which,
by default, is pl(s)). We explain f; and fo further below.

The process p that has moved last is considered as the active process whose
local state ¢, is kept in the global state of Go¢ along with s, and whose stack
contents 7, is accessible on stack 1 (in the correct order). This allows the multi-
pushdown game to simulate transitions of process p, modifying its local state and
stack contents accordingly (see Basic Transitions in the formalization below).
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T’Yp
(lp+1, gp+1) lfyp_l
Tp+1 lp—1,gp—
((Saépafl,f%jar)» . ’ ( ? 1.gp 1) ,Staph)
(‘elmgk) l"yl
T’V’C (41,91)

Fig. 2. Encoding of a configuration in G5 by a configuration in G

If a player decides to take a transition for some process p’ > p, she will store
£, on stack 2 and shift the contents of stack 1 onto stack 2 until she retrieves the
local state £,/ of p’ along with its stack contents v,/ (see Figure 3 and Transitions
for Process Change in the formalization of M).

If, on the other hand, the player decides to take a transition for some process
p’ < p, then she stores £, on stack 1 and shifts the contents of stack 2 onto
stack 1 to recover the local state £, and stack contents 7, (see Figure 4 and
Transitions for Round Change). This may imply two phase switches, one to shift
stack symbols from 2 to 1, and another one to continue simulating the current
process on stack 1. However, 2B — 1 phases are sufficient to simulate B rounds.

There are a few subtleties: First, at any time, we need to know whether
the current configuration of G4 corresponds to a final configuration in gg . To
this aim, the state component (s, ¢, f1, fa2,7,7) of M contains the flags f1, fo €
{V, X} where, as an invariant, we maintain f; = v if and only if {£p41,..., 0} C
Foc and fo = v if and only if {¢1,...,¢,—1} C Fioc. Thus, Player 0 wins in G as
soon as she reaches a configuration with global state (s, ¥, f1, f2,4,7) such that
5 € Fylob, £ € Fioc, and f1 = fo = V. To faithfully maintain the invariant, every
local state £, that is pushed on one of the two stacks, comes with an additional
flag g4 € {v/, X}, which is v if and only if all local states strictly below on the
stack are contained in Fj.. It is then possible to keep track of a property of
all local states on a given stack simply by inspecting and locally updating the
topmost stack symbols.

Second, one single transition in P is potentially simulated by several transi-
tions in M in terms of the gadgets given in Figures 3 and 4. The problem here
is that once Player j commits to taking a transition by entering a gadget, she is
not allowed to get stuck. To ensure progress, there are transitions from inside a
gadget to a state win;_; that is winning for Player 1 — j.

Third, suppose that, in a non-final configuration of gg, it is Player 1’s turn,
but no transition is available. Then, Player 1 wins the play. But how can Player 1
prove in Gaq that no transition is available in the original game G5? Actually,
he will give the control to Player 0, who will eventually get stuck and, therefore,
lose (cf. transitions for Change of Player below).

11



Let us define the MPS M = (k, N, S’ = Sy w S, I, A, s, «) formally. We

in?

let K =2B — 1, N = 2 (the number of stacks), and I = I' W (L x {V/,X}).

States. The set of states is S" = {s/ } W Sgim W {wing, win; } & J where s/, is
the initial state. Moreover, Sgm = S x L x {V/,X}? x {0,1} x {1,...,B}. A
state (s,4, f1, f2,7,7) € Ssim stores the global state s and the local state £ of
the last process p that executed a transition. The third and forth component
f1 and f5 tell us whether all processes p’ > p and, respectively, p’ < p of the
current configuration are in a local final state (indicated by v'). Then, j denotes
the player that is about to play (usually, we have j = pl(s), but there will
be deviations). Finally, r is the current round that is simulated. Recall that
(5,4, f1, f2, j,7) represents a final configuration if and only if s € Fjiob, £ € Fioc,
and f; = fo = V. Let § C Ssim be the set of such states. The states wing and
win; are self-explanatory. Finally, we use several intermediate states, contained
in J, which will be determined below along with the transitions.

The partition 5" = 53¢ 57 is defined as follows: First, we have s{, € S}, ..
Concerning states from Sg,, we let (s, 4, f1, f2,4,7) € Sg. The states wing and
winy both belong to Player 0 (but this does not really matter). Membership of
intermediate states is defined below. The ranking function o maps wing to 0,
and everything else to 1. In fact, we only need a reachability objective and use
the parity condition to a very limited extent.

" . . A . .
Initial Transitions. For all transitions (sin, fin) Lop ), (s',¢) in P, we intro-

duce, in M, a transition s, (op,1,4) (8", 0,/ ,v/,pl(s),1).

Final Transitions. For all states (s, ¢, f1, f2,7,7) € §, we will have a transition
(s, 4, f1, f2,4,7) M wing (we omit the stack symbol, as it is meaningless), which
will be the only transition outgoing from (s, ?, f1, f2, j, ). Moreover, wing ——»

. . int .
wing and win; — winy.

Basic Transitions. We now define the transitions of M simulating transitions
of P that do not change the process. For all (s,?, f1, f2,7,7) € Ssim \ § and

transitions (s, ) Lop ), (s',¢') from A (in P), the MPS M has a transition

. op,1,A
(5,6, 1, far o) “ZL (& 0 Fy fon pl(), 7).

Transitions for Process Change. For all (s, ¢, f1, f2,7,7) € Ssim \ §, we intro-
duce, in M, the gadget given in Figure 3. As we move to another process, the
current local state £ is pushed on stack 2, along with flag fo, which tells us
whether, henceforth, all states on stack 2 below the new stack symbol are local
accepting states. Afterwards, the value of fy kept in the global state has to be
updated, depending on whether ¢ € Fj,. or not. Actually, maintaining the value
of fy is done in terms of additional (but finitely many) states. For the sake of
readability, however, we rather consider that fs is a variable and use upd(f2, ¢)
to update its value. We continue shifting the contents of stack 1 onto stack 2
(updating fo when retrieving a local state). Now, there are two possibilities. We

12



pop 1 (£, f1)
leL )

push 2 (¢, f2)

upd(f27£)

opl A

for all transitions

(s,0) L2 (5 0)
push 2 (¢, f2); in A

upd(f27 e”)

Fig. 3. Change from process p to some process p’ > p (staying in the same round).
All intermediate states belong to Player j; from every intermediate state, there is an

outgoing internal transition to win;—;. Moreover, upd(f2,£) stands for the update rule
IF (f2=v A €€ Foc) THEN f2 :=V ELSE f2 := X.

may eventually pop a new current local state ¢ and then simulate the transition
of the corresponding existing process. Or, when there are no more symbols on
stack 1, we create a new process.

Transitions for Round Change. For all (s,?, fi1, f2,7,7) € Ssim \ § such that
r < B, we introduce, in M, the gadget given in Figure 4. It is similar to the
previous gadget. However, we now shift symbols from stack 2 onto stack 1 and
have to update f1 accordingly.

Change of Player. When Player 1 thinks he does not have an outgoing transi-
tions (in P), he can give the token to Player 0. That is, for all (s, ¢, f1, fa,1,7) €

int

Ssim \ §, we introduce the transition (s, 4, f1, fo, 1,7) — (8,4, f1, f2,0,7).

Lemma 2. Player 0 has a winning strateqy in Gaq if and only if Player 0 has
a winning strategqy in gg .

The proof of this lemma can be found in Appendix D and E.

13



(@)per
pop 2 B push 1 B
pop 2 (¢, f3)
push 1 (¢, f1); ( telL )
s £ upd(fhg) fé € {‘/7)‘} S 2 op 1A
fi f2 hf
i L
for all transitions
2 (op,A) ’ ZI
7 pUSh 1 (el/7 fl); (57 ) . 5 )
pop 2 (¢, ) upd(fl,é”) in A
(e

Fig. 4. Go from a process p to some process p' < p (involving a round change). All
intermediate states belong to Player j; from every intermediate state, there is an out-

going internal transition to wini_;. Moreover, upd(f1,£) stands for the update rule
IF (fi =v A £ € Foc) THEN f1 :=¢ ELSE f| := X.

3.3 Lower bound

Our lower-bound proof is inspired by [5], but we reduce from the satisfiability
problem for first-order formulas on finite words, which is known to be non-
elementary [30]. Note that the lower bound already holds for PFS.

Let Var be a countably infinite set of variables and X a finite alphabet.
Formulas ¢ are built by the grammar ¢ :=a(z) |2 <y | (2 <y) | eV | @A
¢ | x.p | Va.o where 2,y € Var and a € X.

Let w=ag...a,_1 € X* be a word. Variables are interpreted as positions of
w, so a valuation is a (partial) function v : Var — {0,...,n—1}. The satisfaction
relation is defined as follows. We let w,v |= a(z) if and only if a,,) = a.
Moreover, w,v = x < y if and only if v(z) < v(y). Quantification, negation,
disjunction, and conjunction are defined as usual. We refer to [31] for details.
A formula ¢ without free variables is satisfiable if there is a word w such that
w, ) = . We suppose that ¢ is given in prenex normal form.

We build a PFS-based round-bounded game that is winning for Player 0 if
and only if ¢ is satisfiable. In the first round of the game, Player 0 chooses a
word w by creating a different process for each letter of w, each of them holding
the corresponding letter in its local state. To prove that w is indeed a model of
@, the following rounds are devoted to the valuation of the variables appearing
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in ¢, v(x) = i being represented by memorizing the variable x in the local state
of the i*® process. If « appears in the scope of a universal quantifier, the choice
of the process is made by Player 1, otherwise it is made by Player 0. The last
round is used to check the valuation of the variables. To this end, the players will
inductively choose a subformula to check, until they reach an atomic proposition:
If the subformula is a disjunction @1 V @3, Player 0 chooses either @1 or ps; if it is
a conjunction, Player 1 chooses the next subformula. Finally, to verify whether
a(x) is satisfied, we check that there is a process with letter a and variable x in
its local state. For x < y, we check that the process with = in its local state is
eventually followed by a distinct process with y in its local state. This check is
done during the same round, which guarantees that the positions corresponding
to x and y are in the correct order. The number of states needed and the number
of rounds are linearly bounded in the length of the formula. A formalization of
this construction and its correctness proof can be found in Appendix F.

4 Conclusion

We extended the verification of round-bounded parameterized systems to a
game-based setting, which allows us to model an uncontrollable environment.
It would be interesting to consider game-based extensions for the setting from
[6], too. Moreover, as games constitute an important approach to verifying
branching-time properties (e.g., [26]), our results may be used for branching-time
model checking of parameterized systems (using a variant of data logics [20] and
a reduction of the model-checking problem to a parameterized pushdown game).
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A  Proof of Lemma 1

Given a configuration ¢ = (s, (¢1,71),--., lk, 7)), we let projg(c) = s, and
projr, ;(c) = (li, i) if i <k and projy ;(c) = (bin,€) if k <.

Let p be an accepting rt}n of [P]? using k processes. Note that p can be
divided into p = p%p'---p?, with B’ < B, where each p’ is the part of the
run corresponding to round j, and p° = ((8in),0,1). For every 1 < i < k
and 1 < 5 < B/, let (c((y ))agn(m) be the (possibly empty) finite sequence of
configurations visited by process ¢ during round j in the run p. Formally, for
each 1 < j < B/, p/ = pl...pF with p = (Cgi’]),l,j) ( :(’f)]),i,j). Note
that p” may be empty. Fix a round 1 < j < B’, and a process 1 < i < k.
Let 4',j' be such that pi/j/ is the last non-empty part of p before p%. Let
s((f’j) = projs(cf:(/l?,jg,)) and (K(Z’J),VO )) = projL’i(cf:(/;,jjj?,)) be respectively the
global state and local state reached by process 1 just before process ¢ starts in
round j. Let s3?) = proj g (cg,i,,’j)) and (f hd) m(,il’j)) = proyLz(cgn’J)) for 1 <

m < n jy. Since ((c n(l’]])), "3, (e (’J), i,7)) € EB and, for all 1 < m < n(i,j),

((ei? 4, 7), (87,14, 5)) € EB, by definition, we have (c 51({7 >,),c§“”) € E; and,
for all 1 < m < n(i,j), (7, 5;_{_)) € E;. Observe that this implies that
(s (67 97D, (st (G, 7)) € B, for all 0 < m < n(i, j). Hence

there is a finite run in [P] from (s, (£, 4§")) to (SS(Z)]), (Eiz(’fj) '77(1(71])3)))

If p is empty we let sff(f)” = s(l’j) and (63(3)3)’%(:(3);))) = ((Eél’])’%()m)))- For
(k,B")

all B < j < B, forall 1 <i <k, let n(i,j) = 0, and s{7 = Snepny and

i) (irj i,B’ i,B’
(fé j)a%g J)) = (ggl(i,B)’)”yv(z(i,B)’
end of the run p, and the local state and stack of each process stays at it was at
the end of their local run in the last round B’.

)), i.e. the global state stays unchanged since the

For each process %, let t; be the smallest round 1 < j < B’ such that p¥ is not
empty. Thus, for all 1 < i < k, we define the interface Z; = [t;, (sél v sél’B)),
(S(ivl) S(Z,B)

n(z,1)7 """ n(zB)
in [P] from (s§7, (657, 457)) to (s4il), (€50 A8, for all 1 < j < B.
Moreover, in the first round, if a process plays, 1t 1s for the first time. Hence, by

)]. From the above, we know that there exists a finite run

deﬁnition? (6( 2 761 1)) = projy, ;(c) for a configuration c of size smaller than 1.
Then, (6(1 2 (l 1)) (lin, €). Since p is winning, every process ends in a final

local state, i.e., £ is accepting, for all 4. Finally, for all j < t;, p is empty.

(6:3) n(z ]) All of this ensures that Z; is indeed an

interface. By construction, for all process 1 < ¢ < k and for all rounds j > 1
we have s(()i’j) = sgf(;if)”
appears in round j, then necessarily, process i + 1 appears for the first time in
round j' > j. Hence for all 1 < i < k, ¢; < t;41 and interface Z; is compatible

with interface Z,. By construction, for all 1 < j < B, s((Jl’j ) = s;k(’kj;i)ly and

n(¢,B)

By construction then, s; s

Moreover, by definition of a run of P, if a process i
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o (1,1)
because p is winning we also have s

the conditions of the lemma are fulfilled.

= sip and s%k(;fg) is accepting, then all

Conversely, let Zi, ..., 7, be interfaces verifying the conditions. Let s(%7) be
the j-th component of Z! and s’ (1:3) be the j-th component of Z7 and consider the
folowing partial run in [P]: p; = (s§7, (£ 4{")) . (s S (D 6 )
with s{"7) = s(i9) and Sptig) = s'(43) The existence of such a run, as well as the
local states and stack contents, is ensured by the definition of an interface. More-

over, (452)2{) = (€479, 540 ol > 1 and (46159 = ()
if j = 1.

We build a run p of P as follows. For 1 < j < B and 1 < ¢ < ksuch that 7, <
S i) (i)

where c{i?) = = (s (&9, (b1,71), -+, (lgryyir)) with k' < k the greatest element of
the set {1 <’ <k |tz, <j}U{i} and

4, let p(*9) be the (possibly empty) sequence of nodes (c

_ g — E(Z»j) and 7 — ,Y(Z#])’

— for p <4, £, ﬁnzz;)] (i-e. the last local state of process p) and 7, = 7(1(;)])7
—fori<p <Kk, 4t Eff(g] 1)1) and 7, = 77(112;7];;*1)1) (same but with the previous

round)

For i such that ¢z, > j, p(»9) = ¢, and we let p(*0) = ((s;,),0,1).

We show that the sequence p = p(0:0) p(L1)  pk:1) 5(1.2) - 5(kB) g 3 run in
[P]® by induction on the pair (i, j). The base case where i = 0,5 = 0 is trivial.
Let 1 <i < kand 1 <j < B and assume that p®9p(L1)  p(3) is a run. Let
(¢/,7") be the successor of (i, 7).

— Suppose that 7 = j' and ¢/ = 7 + 1. Without loss of generality, assume
that p(ij) and p(i+19) are not empty. Let &' = |5 T If & > i + 1, then

K \c | and t7, < j by compatibility of the interfaces, hence j > 1.

n(w
Then,
s = (s () - (B e)
with
i+1,5—1 i4+1,5—1 i+1,5 i+1,5
(G yisn) = (Co il DAl b)) = (@) A+
and oy -
S = (5 () - (G )
with

i+1,5 i+1,5
(U1, 7hg) = (€559 A5HI)Y)

Moreover, for all p < i, (6;,v) = (€,7)) = (Z;p(;)]) ’y(]zg)”) and for all

i+ 1<p <K, () = (Gm) = (77045, Since s{H) =

s(i+1d) = ¢/ = 51(”)) because Z; is compatible with Z; 11, and by defini-

tion of an interface, ((s;(f)j), (lit1,%it1))s (SSJrl ) (liy157ig1))) € E. Hence
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from the above equalities, ((CS(Z)])’ i,7), (cs (i+1.) i+ 1,7)) € EB. Again, by
definition of an interface and by definition of p(H‘l’j), pUt1Ld) is a partial
run of EB. Hence p(®0 ...p0+13) i5 a run in [P]2. Now, suppose that
K = i+1. Either |c) | = i+1 (if tz, = tz,,, = j orif z,,, < j), or

n(i,j
|c£f(f ])| =1 (if tz,,, = j and tz, < j). In the first case, with the same reason-

ning than above, we can conclude. In the second case, it means that CS(Z)J)
(8D (0, m) - (G, 0)) and 5T = (55990 (8441 L (£, 74) with
(i1, Vigr) = (€é7+1’j),'y§i+1’j)). Since tz, , = j, by definition of the inter-
face, we know that (Egiﬂ’j),’yfﬂ’j)) = (lin,€) and that ((s0T19), (60,¢)),
(sgﬂ’j) (f(iﬂ’j) 'yéiﬂ’j)))) € E. It is then easy to check that we have
((CS(Z)j)’ i, 7), (c (2+1’j)7i +1,5)) € EB and we can conclude as above.

-
=l )

i41

— Suppose now that j' = j+1. Necessarily, since tz, <tz,, |c

n(i,5)

Again, without loss of generality, suppose that ¢ = k& and ¢ = 1. Then

ST = (58D (01,40, ()

1,j+1 1,j+1) (1,541
f(S(Q J )’(gg J+ )775 J ))

(k.3) (k.5)
) (én(k,j)’ 'yn(k,j)))

P

and

k,j (k
cgl(’i)J) = (Sn(lg)j (€1>'71) (Eka'Yk))

(k,3) (1,9) (1,5) (k,3) (k,3)
= (Sniy iy nm)) < (e iy Tneg)))-

(k:g)
n(k,j)

s'(kd) = g(Li+1) — sgl’jﬂ). The existence of the run pq;41 allows to conclude.

By the second condition of the lemma, one can conclude that s

As we used the runs in [P] given by the interfaces to build p(*9), then using
the same transitions of P shows that p(*/) is a valid run in [P]?. Since Z;
and Z; 1 are compatible (for ¢ < k), using the first step (s; (i.0) (ﬁgi’j) & j)))
(S(Qi’j), (Eéi’j),véi’j))) shows that there is also an edge in [[P]]B from (c%(’f)”,z,j)
to (cgﬂ’j ),i + 1,7). Similarly, the second condition of the lemma ensures that
there is an edge from (cg?}fg),k,j) to (e 1,5 +1) for j < B.

Cna

Finally, the second condition of the lemma ensures that the last global state
is accepting, thus p is accepting.

Observe that we have supposed in this proof that no p(»7) was empty. If this
was not the case, the global state will remain the same in the different interfaces,
and the same proof applies, with tedious modifications of the indices. Again, if
a whole round is missing, or if the run does not start in round 1, then one can
rewrite the numbers of the round in a correct way, with no other modification,
and with the number of rounds even smaller than before.
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B Checking Validity of an Interface

We define the pushdown automaton Az = (Q, X, "W {Z},9,qo, Z, F) with Q =
{Win} U (SxLx{1,...,B})U(SxLx{l,...,B}) with § = {5 | s € S},
qo = (s1,%0,1) if t > 1, g0 = (51,40, 1) otherwise F = {Win}, and ¢ defined as
follows. For every X, A € I', for every s,s’ € S, for every £, € L, for every
jel,..., B, forevery a € X,

1. ((s,4,5),X) 2 ((s',0,7),AX)if j > t,a € Xpush and ((s,£), (a, A), (s, 1)) €

((5,4,4), A) = ((s',0,§),€) if j > t,a € Zpop and ((s,0), (a, A), (s, £)) € A,
((s,4,7),X) 2 ((s",0,7),X)if j > t,a € Tiny and ((s,£), (a, A),(s',0')) €
A,

2. ((5,4,5),X) 2 ((s',0,7),AX) if a € Zpuen and ((s,4), (a, A), (s', ")) € A,
((5,¢4,4),A) 2 ((s,0,7),¢) if a € Xpop and ((s,£), (a, A), (s, 0)) € A,
((3,4,7), X) 2 ((s',0,7),X) if a € Xt and ((s,£), (a, A), (s',¢')) € A

3. ((s),£,), X) = ((sj41,4, + 1), X) if j < B and j # t — 1,

4. ((St 1a€ t—1 X) £_> ((E,f,t),X),

5. ((s',¢,B—1),X) = (Win, X) if £ € Fioc.

Intuitively, the two first kind of transitions corresponds to the transitions of P for
a single process, while the third and fourth kinds allow to non-deterministically
change the global state from s’ to s;11, and then check correspondence between
the next components of the interface (and in P corresponds to other processes
acting and modifying the global state). The third component of @ allows us to
track the index of the component of the interface we are following. Az accepts
only after taking each transition of the third or fourth kind exactly once, and
after that reaching global state sz with an accepting local state, which is the
only way to reach the final state Win through the last kind of transition. The
second and fourth kind of transitions lead to a copy of the global state in the
round corresponding to the first round of the interface, to ensure that the run
being simulated is not empty.
The correctness of our construction is established in the following lemma.

Lemma 3. There is an accepting run of Az if and only if T is an interface.

Proof. Suppose there is an accepting run of Az. By construction, it is neces-
sarlly of the form p! p ? - (Win,vg), where, for all 1 < j < B, p/ =
(( A5, 9)y ) ((S;J, ;’,j) fy;j) with sjl = sj, the j-th component of Z* if
7£ t, and s = 3; otherwise, sJJ = ’ , the j-th component of Z", and for all
1<z<zj7'yj =7Z- vj,forsome*y” EF* Moreover, for all 1 < j < B —1,
07 = ¢}, Finally, for all 1 <i < j, ((sh, (€4,7'5), (s571, (€571, 4541)) € By
For all 7 < t, by construction, no tran51t10n of the first kind can be taken,
which ensures that p/ = ((sj,éj,j) 7]) and thus that s; = sjl = s . Again, by
the structure of Az, |p'| > 1.
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Fort—1<j < B,let {; = E;H, v = ’YI}—H’ I = 4? and vy = ’y?.
Then, for all j > t, there is a partial run in [P] starting in ¢; = (s}, (¢5,7})) =
(85, (Uj—1,7j-1)) to & = (57, (€7, 77) = (8], (1, vj51) = (85, (45, 75))-

Since p' starts in ((s1,%n,1),Z), and since all run p? for 1 < j < t, p! =
((s1,%0,7),Z), by construction ¢;_1 = ¢, and ;1 = . By construction of Az,
Ig = f? € Floc. So, T is indeed an interface.

Conversely, suppose Z is an interface. One can build an accepting run of Az:
pt---pt-pB. where p? = ((sj,00,5),Z) forall 1< j<t—1.Fort<j<B,let

(55 (1,5 -)) (T, (7)) - (5] _yu (6 vl ) (s (45,%9))

be the run of [P] ensured by Z. Then, when j = ¢, p' = ((5¢, lin, t), Z)((s4, €4, 1), 7}
Z) o (5] sty Z) (5 902 TEE < < By = (5506515 )51
2) (5 6030 Z) - (5L, 1,1 )71 Z)((5) 5295 - ), which s a run

of Az using only transitions of the first type. Finally, p? = p/ = ((sj,€;-1,7),vj-1-
2) (S B3 Z) o (5, 800y 2)() 5, 3); - Z)(Win, ;- Z). The
last transition is possible because ¢ is accepting.

Transitions from p’ to p/*! are transitions of the third type (fourth type
when j =t —1). When j < ¢, it is possible since for all 1 < j < ¢, s; = sJ.
Moreover, the transition from p’ to p'*! is possible since the run of [P] is not
empty, so the last configuration reached in p! is necessarily in S x L x t.

C Lower Bound of Theorem 2

Let Aq,..., A, be n finite automata over a finite alphabet Y. That is, A; =
(Qi, i, g5, F;) where 6; € Q; x ¥ x @, is the transition relation. We denote
by L(A;) C X* the language of A;, which is defined as usual. The intersection
problem asks whether there is a (nonempty) word w € X+ such that w € L(A;)
for alli € {1,...,n}.

The bound B on the number of rounds will be the number of finite automata
n. We construct a PFS that non-deterministically guesses a word w € YT in
the first round. Moreover, in round ¢, it will check that w is accepted by A;.
To do this, each process will simulate one transition of A; on one letter of w.
That is, the number of processes is |w|. Each process will do exactly one action
each round, and, to ensure that the word w is the same for each A;, will store in
its local state which letter it represents. The global state stores the state of the
currently simulated automaton. If we get a final state at the end of each round,
it means that each A4; accepts the same word w.

Formally, we define P = (S, L, Sin, fin, 4, Fgiob, Fioc) as follows:

— S ={sm}U ((Uie{l,...,n} Qi) x {1,... m}),
— L={6i} U (X x{0,1} x{1,...,n}),
— Fyob = Fy x {n}, Fioc = X' x {0,1} x {n}, and
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— A=A UA;UA3U Ay where:
Al = { (simgin) - ((ql7 1)a (a7 ]-7 1)) | (q07a q ) € 51
AZ = { ((q7 1)a€in) — ((q/a 1)) (G,O, 1)) | (qaa q € 61

(q(l)+1 ) € 51+1

ie{2,...,n}

(q,aQ)€5

¥
}

qy € F;
Az =1 ((g7,7),(a,1,7)) = ((¢',i+1),(a,1,i+ 1)) 16{1 .,n—1} }
A4 = ((Qai)a (a,(),i - 1)) - ((q/ai)v (a’ovi)) }

The only technical point here is that we need to differentiate between the
first process and the others, because the first process has to initiate the next
round. This is the meaning of the second component of the local state: the only
process that will store 1 is the first process to play, all the others will store 0.
Similarly, we also store the number of the round in the global state and each
local state to ensure that every process plays exactly once in each round.

There are four kinds of transitions: A; and A, are the first transitions of
respectively the first process and the non-first processes, while Az and A4 are re-
spectively the transitions of the first and non-first processes in the other rounds.

Lemma 4. There is an accepting n-run of P if and only if ﬂ L(A)\ {e} #0.

The rest of thls sectlon is devoted to the proof of the leniTia.

[=] Let @ = ... = qi be an accepting run of A;. Then we have the
following run of P: (si,) - p' -+ p™ with

Pt = ((a1,0)(a1,1,4)) -~ ((ar- 9) (a1, 1,4) -+~ (ax, 0, 1))

for all 1 < ¢ < n. It is easily verifiable from the definitions that it is a run, using
the fact that ¢}, € F; for all 1 <i < n. It is accepting because g} € F,.

The structure of P impose that in an accepting run with & processes
each process does exactly one transition in each round, and since we are re-
stricted to round-bounded runs they also play in the correct order. Hence an
accepting run with k processes is necessarily of the form (s;,) - p'---p" with
= ((qi,i i) (a1, 1,4)) - ((q.,9)(a1,1,4) - (ak,0,i)) for all 1 < i < n given above
with some ¢; € Qi;and a; € X for 1 <i<nand 1< j <k Since transitions
from Aj are the only way to start a new round, we can also deduce that ¢!, € F;
for all 1 <7 <n —1, and since the run is accepting then also ¢} € F,,.

Let us pose w = aj ...ak. By definition of P, for each A; and 1 < j < k,
there is a transition (q;._l,aj,q;) € §;. Thus for each A; there is an accepting

i a1 Qg i
run ¢y — ... — ¢; on w.

D List of states and transitions of G,

Here is the list of states and transitions used in G4 that were left undefined.
We will define three sets J», IJnp, Ingr such that T = J; W Inp W INR.
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First, for all s € S, € L,f1,f> € {V/,X},57 € {0,1},r < B we have
?(s, 4, f1, fo,4,7) € J7. For all such states, there is a transition

L ?(s7£7f17f27j7 T) £> Winl,j

Moreover, for all (s, ¥) M> (s',0') in A, there is

2 2s, b fr, far i) LD (810 fu, o, pUS), ),

op,A
Finally if there exists at least one transition (s,¥) Lop ) (s',0') in A, and
J # pl(s), then there is an additional transition

3. s, L, f1, far jir) s wing if § # pl(s).

Then we have the set Jyp of intermediate states for a process change. For
everyB € F75 € S,E € Laf?ag € {‘/7X}5j € {0,1},7’ < B7 we have np(S,fz,j,T),
np?B(s, fa,4,7), and np(s, f2,,7) in Inp. The associated transitions are:

(5,0, f1, fa, 4r) 2 2R s, upd(fo, ), 5,7),

np(s, fa, jir) P2 npBs, fo, 4, 1),

npB (s, fo. jir) 252 Es np(s, fo, jr),

np(s, fa, jr) 22D npt(s, fo, g, 1),

np‘{(s7 fayd,7) M np(s, upd(fa,£),4,7),
pop 1 (£,9)

np(s, fa, 4, 1) ————7(s,4, g, f2,4,7), and

Hp(S,fg,j,T’) %?(5760’/’.}02,]"7‘),
where upd(fo,f) = iff fo = ALl € Fige.

And finally there is the set Jnr of intermediate states for a round change. For
every BeI'se S, le L, fr,g€{v/,X},j€{0,1},r < B, we have nr(s, f1,7,7),
nr?(s, f1,4,7), and nrf(s, f1, §,7) in Ixgr., with the following transitions:

R

(8767 fla f2>j7r) M IIY(S, upd(fhf),j,?“),

ne(s, fi,,7) 22 meB (s, f1,5,7),
an(Svflajvr) M) IlI'(S,fl,j7’l"),
£, .
HI‘(S,fhj,T') M} an(Svfla.]vr)a
h 4
IlI‘Z(S,fhj,’l") M) nr(s,upd(fl,f),j,r), and
pop 2 (£,9)

nr(s, f1,4,r) ————=7(s,4, f1,9,5,7 + 1).

S Gk W=

To simplify the proof of correctness, we assume that after a transition of type
6 the first stack becomes the active stack, forcing a phase change so that the
phase number is always incremented by 2 after going in a round change gadget.
This can be done for instance by using intermediate states and doing dummy
push then pop transitions on stack 1.
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E Proof of Lemma 2

By construction, every play of g;é’ is closely mirrored by a play of the game
Gam we built (and vice-versa). Despite having more intermediate states in the
gadgets, the possible plays in G4 are restricted in a way such that basically the
only thing a player can choose is a process and a transition to be executed by
that process, which corresponds to what a player can do in gg. Let us formalize
this intuition by giving a mapping 7 from plays of gg to plays of Gaq.

In the base game Qg , for all configurations ¢, ¢/, round r and processes p’ < p,
there is a transition (¢, p,r) — (¢, p’, r+1) iff there is a transition (¢,p’,r+1) —
(c,p',r 4+ 1). Similarly, for all p’ > p, there is a transition (¢,p,r) — (¢/,p,7)
iff there is a transition (¢, p’,r) — (¢/,p’,r). In Goq, a transition from ” (¢, p,r)”
to ”(c/,p',r + 1)” will be simulated by a sequence of transitions corresponding
to a ?dummy transition” from ” (¢, p,r)” to ”(c,p’,r 4+ 1)” followed by an actual
transition to 7 (¢, p’,r + 1)”. This will be similar for p’ > p.

By abuse of notation, we say that a node v is in Sgn, if v = (8,771,732, st, ph)
with s € Sgim.-

Let v = ((s,4, f1, f2,7,7), 71,72, L, ph) € Ssim be a node of Gpq, with

=" Upt+1:9p+1) Vo1 (ks 9&) - Vi

Yo =Fp—1- lp=1,9p—1) -7 - ({1, 91)

forsome £y,..., 6 € Lyy1,...,v € I'*,and g1,. .., gx € {V, X}, where ¥ denotes
the mirror of ~.

We say that v is well-defined if the following conditions are satisfied:

1. Forall1<i<p-—1, g; =+ if and only if for all 1 < p' <, £,y € Fio,
2. Forall p+1<i<k, g; =V if and only if for all i < p’ <k, £y € Fqc,
3. fi=v ifand only if for all p < p' <k, £,y € Floc,

4. fo =+ if and only if for all 1 < p' < p, €,y € Fioc,

5. j = pl(s), and

6. ph =2r.

Note that every reachable v € Sgy in Gaq is either well-defined, or only fails
item 5 because j = 0 # 1 = pl(s) (in case of a "Change of Player” initiated
by Player 1). We extend this definition to nodes of J» in the following way:
(?(s, 4, f1, f2,4,7), 71,72, 1, ph) is well-defined if ((s, ¥, f1, f2,7,7), 71,72, 1, ph) is
well-defined.

First, we give this mapping on individual nodes. We will extend it to plays
after that. For a configuration ¢ = (s, (¢1,7)... %k, &) and a process p €
{1,...,k}, we define the following flags

g<(C7p) = iff Ela cee 7£p—1 S EOC
g>(cvp) =V iﬁ£p+17"'7€k € Fioc
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and the following two stacks

71(¢,0) = Yp-(lps1,97 (¢, 0+ 1)) - pi1 -+ (i, g7 (¢, K)) - Y
7-2(67p) = ;yp—l : (zp—lag<(cap - 1)) o ';)'/1 : (Elvg<(c7 1))

Let ¢ = (s, (1,71) - - - (U, V) and uw = (¢, p, 7). Its image is defined by

71—(“) = ((S’£p7g> (c,p),g<(c,p),pl(s), T)le (C,p),Tg(C,p), 1, QT)

Observe that 7(u) is well-defined and is in Sgip.

Conversely, if v € S, is well-defined, then v = ((s, £p, f1, f2, pI(s),7), 71,72, 1, 2r)
with
Y= Cpsr1,9p+1)  Vps1 - (Crs Gr) - Vi

Y2 =Yp-1" (p—1,9p-1) Y1 - (1, 91)
We then define 7(v) = ((s, (¢1,71) .- bk, V%)), 0, 7). T is similarly defined on
well-defined nodes in J7. If v € Sgj, then w(7(v)) = v.

When v/ = (¢, p/,r") is a successor of u = (¢, p,r) in G5, we do not necessarily
have 7(u") successor of w(u) in Gy, because of the mechanism of process or round
change. We introduce a notation to describe the (unique) part of run that allows
to go from m(u) to w(u').

Let v = ((s,4, f1, f2,4,7), 71,72, 1, ph) € Ssim a node of Gy, with

=" (Cp+1, 9p+1) - Vo1 -+~ (Cis Gie) - i

Y2 = -1 (lp—1,9p—1) -~ J1 - ({1, 91)

for some ¢1,..., 0y € L, y1,...,v € ['*, and ¢1,...,gx € {V,X}. Moreover, for
1<i<Ek, let v :B%"'Bliw\'

For every p' € {1,...,p—1}U{p+1,...,k+ 1}, we define a run nextﬁl that
ends in a node vy = (?(s, £y, f1, f2,5,7"), 71, V4, st, ph'), with

7 =T - (gp’+1a9;/o/+1) Y1 (e, k) - Th

Vo =pr—1- (b1, Gpr—1) =71 - (€1, 91)-

and ' =7 if p’ > p, v’ =r + 1 otherwise.
Let 1 < i < k+1—p, we define next?™. For that, we use the following
notations: for 0 < x <7 —1,

—forall 1 < n < |yptal, 7&"2_1 = prte 752 and Bpte '7&2&—1 - 7592
with 4% = 77, 750 = (bps f2) -2, Ty s = (bptot1s Gpraot1) - Tog - and
Wg‘?’(il) = (€p+w+1>g/m) ) 7(295‘)»}/p+z|

- g/r = upd(g/m_1>€p+w)7 with g/_l = f27
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Then, we can define next?™:

next?*" = IT°Z! (transfer()” - transfer” ) (2(s, prisgpring ™' 5.7), 750 2, 1, ph)

where
- tmnsferé\;}; = (npfp-{-m (8 g/z_lajv ) 7% O)a’}/? ph) (np(s’glm,j’ 7‘)7753 ig 1 h)
ith 75(®) = 5@
for z > 1 with 72'\* = 72 Jrpsal?

— tmnsferévp = (HP(S g 7]7 ) 7(1 3,7é371aph)

N ptao .
NP = e (npP (s, ), A,
(k1)

(x)

- t’f‘CLTLSfCT' 7)”’?2” 171aph)'(np(svglw7jv ) 71 %avgrr)m]- ph)v

- ék—&-l = éo, Jk+1 = / and ’}/1 = E&.

Let now 1 < i < p — 1, we define next?~%, using similar notations: for 0 <
r<i—1,

(z) o —(2) .
—forall 1 <n < |’Yp+z|; ’YZn 1 = B\p'yp e|—n+1" ’7/2,n and Bf; Ce|l-n41 "
— () O — —(0) _ __ —(a+1) o
Y ime 1—7’1nWlthmo—(fp7f1) Y20 =72 710 = Up—wg™ )

—(z) — (=) (m+1)
Vol 80 Y5 = (p—as Gp—2) = Va0

— 9" = upd(¢" ", bp—s), with =1 = f1 .
We then have

next? " = tmnsfer NR Hl ! (tmnsfer e tmnsferﬁi) . tmnsferfxoi~

i . ( ) —(i+1)
(?(3761771‘79 1vgp7i7j7r+1)771 7'7/20 2vph+2)

where

- transferf" = (ux(s.4°..1), 10720 1),
@) @)

_ tmnsferf;if H|’Yp T\( nr Hp :c|—n+1(8 g° ,j, ) Vi 17,72n72 ph + 1) .
(nr(s,g 17.]’ ) 7/1 n77/2 n727ph + 1)
~ transfer™ = (ni'r==(s5," 4,r), 70 750, 2 phetL) - (n(s, g7, 4,1), 7

1) for > 1 with v’( ? ’ﬁ)wp-ml'

(z)

() —
1,002,002, ph+

By convention, we let next? = ¢.

Lemma 5. Let p be a finite play of Gy ending in v = 7w(u) for some u. If
p-p' v is a play where v’ is in Ssm and p' is a partial play (or €) with no nodes
in Ssim, then there is a umque p’ such that ' is of the form newtgl and a unique
u’ successor of u such that v’ = w(u').

Let c= ((87 (61»’71) e (éku ’Yk)) and u = (capa T) and v = ((57 €7 fla f27j7 ’I"),%,%, 1’ ph)
There are three possible ways to go from v to v’: either directly with a basic
transition, by doing a process change, or by doing a round change.
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In the case of a basic transition, this corresponds to p’ = p (so nextﬁl =¢),

and by definition of a basic transition there is a transition § = (s,£) w4,
(s',0) € A with o' = ((s', ¢, f1, f2, pl(s'),7), 71,72, 1, ph) = m(u') where v’ is
the successor of u reached by transition §.

If p’ # ¢, then the last node of p’ is in J7 because a node in Sg, can only be
reached from another node in Sg;;;, or a node in J-, and p’ does not have any node
in Sgim by hypothesis. For any node of the form ((np(s, f2,7,7)), 71,72, 1, ph),
the available successors depend only on the top of the first stack 77. If there are
stack letters from I" on the top, then only a state of the form np?®(s, fa,4,7)
can be reached, from which the only successor is again np(s, fa,j, 7). Therefore
if v is on top of 77, then all plays will start by tmnsferiv P If there is a local
state (¢, f1) on the top, there are two available successors: np(s, fa,j,r) and
?(s, 4, f1, f2,4,7). The second case leaves Jxp so it will only occurs once per
process change, but the first case loops back to np(s, f3, ,7) so it may happen
multiple times (this corresponds to a tmnsferév P ). Finally if the first stack is
empty, then only the successor ?(s, lin, v, f2,j,7) is available, so for the same
reason as above this can only occur once per process change.

If p' goes in Jyp, then by the remarks above it can be decomposed into
P = Py Py - v? such that v» € J» and for all 0 < i < m — 1 the last
node of p is of the form ((np(s, f3,45,7)),7:, 74, 1, ph) with a local state on top
of 74. Moreover, as 71 = v + (bp+1,9p+1) - Vp+1 - vk, each p} is of the form
tmnsferé\i i_ . tmnsferi\i Pjr .. Thus p’ = next?*™. The proof is similar for a round
change, except the roles of 77 and 73 are reversed.

Finally, we have an edge between v; and v, there is an edge between 7 (v?)
and v = 7(v). As 7t(v7) = (¢,p', ') and & (v) = (¢, p’, r’") for some configuration
¢/, then there is an edge between u = (¢, p,r) and u'.

Now we extend the definition of 7 on plays. We define

7(((81")7 0, ]-) = (si/nv 81, 1)
and for all transitions (s, fin) x4, (s,0) in A, we have
7T(((Sin)vov 1) : ((57 (67 71))7 ]-7 1)) = (Silméf,s, 1, 1) : ((sa&‘/a ‘/7pl(3)a 1)a71a€7 1a 1)

Let p be a finite play of G5 ending in u = (c,p,r), with p # 0, and o/ =
(c,p',r") a successor of .

7(p) if p is winning, else
(o) w(p) -nexti/(u) ~w(u') - (wing, 71/, %2, 1, ph')* if o’ € F, else
T\ pu )= ’ ’
p 7(p) - nexti(u) -m(u') - Chg - nextfr(z,l) - (winy, 71, 72’, 1, ph") if v’ has no successor, else
7(p) - nextil(u) m(u’)

where 7T(ul) = ((8/7 e/a f{7 féaj/7 r/>7ﬂla772/7 1) ph/) and ChO = ((Sla 6/5 f{7 fé7 0) 7"/),%/7%/a 1a ph/)
if j/ =1, € otherwise. Assume that 7(p) is a finite play of Gr. By construction,
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7(p) -nextfr/(u) -m(u') is a play of Gaq. If w' € F, then since (') is well-defined,
m(u') € § and 7(p - u') is a play of Gaq. Otherwise, since it is always possible to
go to a state win; from any ((s',¢', f1, f5,0,7"), 71,72, 1, ph’), m(p - u') is also a
play of G-

If p is an infinite play, we let w(p) = lim -, m(p’).

Conversely, for all plays p’ and nodes v in Gy, we define

. 7(p) - w(v) if v is a well-defined node in Sgim
(p-v) = { 5 .
7(p) otherwise.

Let faq be a winning strategy of Gaoq and p be a finite play of gg ending in
u € Vo. If w(p) is a finite frq-play, then we show that there is a unique u'(p, far)
successor of u such that 7(p - u/(p, fm)) is also a fay-play. First observe that if
7(p) is finite, it ends in 7(u).

If far(m(p)) = v with v in Sgim, then «/(p, far) = 7 (v) and obviously, 7(p -
u'(p, frm)) is a fa-play. Since in that case, w(p - v/ (p, fm)) = 7(p) - v, v is
a successor of m(u) in Gaq, and by Lemma 5, 7(v) is a successor of u. Hence
p-u'(p, fam) is a play of GB. Otherwise, v € J. Indeed, if it is win, faq cannot
be winning, and it cannot be wing, since 7(p) is finite, u ¢ F, hence, no successor
of u can have its state in wing. Assume now that there is a fa-play starting
in m(p) - v that never visits again a node whose state is in Sgiy,. Then this run
would stay forever in J or would end in winj, which is impossible since faq is
winning. Then any fas-run starting in 7(p) - v is of the form m(p)-p’ - v’ - p"”, with
' = ("0, f1, fh, 9 ), 1, 72, 1, ph'). By Lemma 5, § is of the form nexti/(u)
and 7(v’) is a successor of u. As every node of p’ belongs to Player 0, this prefix is
the same for every maximal extension of m(p), thus we define u'(p, faq) = 7 (V).

We build the following strategy fp for Player 0 in gg: if p is a play of Qg
ending in a node u € V;, then

U/(p7 fM) if W(p) isa ﬁnite fM‘plaY7
frp) = :
any successor of u otherwise.

By induction, if p is a fp-play, then 7(p) is a far-play. Assume there is a maximal
fp-play p that is not winning. Then if p is finite, #(p) cannot be winning, and
since 7(p) is a faq-run, it is impossible. If p is infinite, by construction, 7(p)
never visits a node whose state is in wing, hence again m(p) is not winning,
which is impossible. Hence, fp is a winning strategy in G5.

Let fp be a winning strategy of Qg and p a play of Gaoq ending in a node
v of Player 0. Suppose that #(p) is a finite fp-play ending in u. If #(p) is not
winning, u has at least one successor because fp is a winning strategy.

Let p' be the smallest prefix of p whose last node belongs to Player 0 such
that #(p) = 7(p’) (which means its last node is in Sgm). If u has at least a
successor, let v = fp(7(p)) if u € Vy and some successor of u if u € V4. By
construction, 7(p) - v’ is a fp-play, thus there is a play p - nextfr/(u) -7(u') in GB

/

where u' = (¢, p/, 7). Let nextfr(u) =VU1...Up.
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We define fu as follows:

fm(p) = any successor of v is u has no successor, else
Fm(p -1 o) = vggq for 0 < k< m,
fm(@ o1 o) = (W),

By induction, if p is a faq-play, then 7(p) is a fp-play. Suppose there is a fa-
play p that is maximal (i.e infinite) and not winning. That means either at some
point p reached win; which is a sink state, or p visits Sgy, infinitely often.

The only way the first case can happen is if the last node of #(p) has no
successor. Since p is not winning, so is 7(p). Hence we have a fp-play that is
maximal and not winning, which is a contradiction.

In the second case, this means that #(p) is also infinite. Furthermore, 7 (p)
does not visit a final configuration, otherwise p would end in wing. Again, this
means that 7(p) is a fp-play that is maximal and not winning, thus we have a
contradiction. Hence, faq is a winning strategy.

F Proof Details for Lower Bound of Theorem 4

Formally let ¢ be a formula, Cl(y) the set of subformulas (non-strict) of ¢, and
Var, C Var the set of variables appearing in ¢. We define B = |Var,| + 2 and
P = (S0 WS, L, Sin, lin, A, Fylob, Floc) as follows:

— 8 = {sin, Guess, Win} U {Win-if-z | € Var,}U{¢ | v € Cl(p)} U { KURS
Cl(e)}
A state is in Sy if it is of the form ) A ¢’ or Va.1), otherwise it is in Sp.
The initial state is sin, and Fgop = {Win}.

— L = {lin,first} U (X x 2V2%¢ ) with initial state £, and Foc = L.

— A contains the following transitions:

(Sin, lin) = (Guess, first)

Guess, lin) — (Guess, (a, 1))

Guess, first) — (y, first)

(
(
(] first) > (,first)

(2w, (a,9)) = (¥} (a, S U {x})) for ? € {3,}

(1)1 7)o, first) — (¢, first) for 7 € {V,A} and 7 € {1,2}
(a(x), (a,S)) — (Win, (a,S)) if z € S

(-a(x), (b,S)) = (Win, (b,5)) if z € S and b # a

(z <y, (a,S)) = (Win-if-y, (a,0)) if z € S

(=(z <v),(a,S)) = (Win-if-z, (a, S)) if y € S
(Win-if-z, (a, S)) — (Win, (a,5)) if z € S

_I

,_.
e e R N ol e

—_

Lemma 6. There is a winning strategy for Player 0 in P if and only if ¢ is
satisfiable.
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Proof. Given a configuration ¢ = (s, first, (a1,S1), ..., (an, Sy)) of size n + 1,
we define the associated (partial) valuation v(c)(z) =i if z € S;, which is well
defined as there is no possible way in the game to have a single variable x in S;
and S; if ¢ # j. Conversely, given a state s, a word w = a1 ... a, and a valuation
v, the associated configuration is ¢(s,w,v) = (s, first, (a, S1), ..., (a,Sn)) where

S ={z | v(z) =i}

Let f be a winning strategy for Player 0. From the initial node (which be-
longs to Player 0), f will necessarily first do one transition of type 1, then n
transitions of type 2 (for n € N), then one transition of type 3, reaching a
node of the form v, = ((¢, first, (a1,0), ..., (an,0)),1,2). We fix wf = a; ... an.
Let f' be a strategy for Player 1, and p the winning (f, f')—play. We show
by recursion on the subformula ¢ that for all nodes vy, = (cy,1,7) with ¢y =
(¢, first, (a1, 51), - .., (an, Sn)) visited during p, we have w¢, v(cy) = 9.

First, note that if ¢/ is a term (or negated term), then necessarily v, is reached
during the last round r = B = |Var,| + 2 as it takes one round to reach v, and
then |Var,| rounds to go through every quantifier of .

— If ¢ = a(x), then as p is winning there is a process with local state (a;, S;)
with a; = a and = € S; (transition of type 7), in other words v(cy)(x) = 1,
so we have wy,v(cy) = 9.

—Ify =z < y, let vy = (Win-if-y,...,(a;,0),...),i + 1,B) and vy =
((Win,...),j + 1, B) such that p ends in vyv1v2 (transitions 9 then 11).
Then we have v(cy)(x) =7 and v(cy)(y) = j. Since v, and vy are visited in
the same round (see note above), then ¢ < j. And since after vy S; = 0, we
know that i # j, thus i < j.

— Similarly for ¢ = =(x < y), we have v(cy)(z) = i and v(cy)(y) = j with
j < i but this time no strict inequality.

— If ¢ = 41 V 1o, then let i € {1,2} such that the next node has global state
1; (transition 6), as we know recursively that wg,v(cy,) = 1; and that
v(cy,) = v(cy) (as no local state is changed during the transition), then
wy,v(cy) = 1, which in turn means that wy,v(cy) = 1.

— Similarly if ¢ = 1)1 At)q, for every ¢ € {1, 2} representing the choice of Player
1 we have wy,v(cy,) = ¢ and v(cy,) = v(cy), thus wy, v(cy) = .

— If¢p =Fa)/, let v = ((, ...),i+1,7) with 1 <4 the successor node of
vy in p, and ve = ((¢/,...), 1,7 + 1) the successor of vy (transitions 5 then
4). By recursion we have that wy, v(cy) =9/, and v(cy ) = v(cy)W{z — i}
by construction. Thus wy, v(cy) = 9.

— If¢p = Vo), for all 1 < i < n we let v} = ((,...),i—!— 1,r) and v§ =
(cﬁ/),, 1,7+41) the i possible successors of vy, corresponding to Player 1’s choice.
Similarly, we know that for all i wy,v(cl,) = 9" and v(c),) = v(cy) W {z —
i}. Thus wy,v(cy) = 1.

From this we conclude that w¢,v(c,) |= ¢ and as v(c,) is the empty valuation,
then w; satisfies .
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Now suppose that ¢ is satisfied by w = a3 ... a,. Let p be a run ending in v.
We build f, as follows:

— If v = ((Guess, first, (a1,0),. .., (ag,0)),k+1,1) for 0 < k < n then f,(p) =
((Guess, first, (a1,0) ..., (ag,0), (ag+1,0)),k +2,1). If k = n, then f,(p) =
((¢, first, (a1,0), ..., (ag,0)),1,2)

— If v = (cy, 1,7) with ¢y, = (3.9, first, (a1, S1), ..., (an, Sn)), then assuming
that w, v(cy) = 9 we pick one i < n such that w,v(cy) W {x — i} =9 and

we define f,(p) = ('} (a1, 8}),. ., (an, Sp)),i + 1,7) with 5/ = S; & {w}
and S} = S for j # .

— If v = (cy,1,7r) with ¢y = (¥1 V 12,...), then assuming w,v(cy) = ¢ we
know that there is at least one ¢ € {1,2} such that w,v(cy) = ;. We pick
one such ¢, and define f,(p) = ((¢i,...),1,7).

— For all other cases, there is at most one transition available so f, is defined
unambiguously.

Let f” be a strategy for Player 1, and p = v ... vy, the resulting (f,, f’)-play.
We show that p is winning.

By definition of f, and since vy to v, are owned by Player 0, we have that
Unt1 = (c(p,w,0),1,2). Let k € {n+1,n+3,...,n+2-(|Vary| — 1)}. We have
the following two properties:

1. If vy = (e(Fx.9)',w,v),1,7) such that w, v = Jx.¢)', then by construction of
fo we have vy = (c(,w,l/),i +1,r) and vgyo = (e(y',w, V'), 1,7 + 1)
for some 1 <i <nand v =vW{z — i}, and furthermore w, v’ = ¢'.

2. If v, = (e(Vx.9p',w,v),1,7) such that w, v = V.¢)', then for some 1 <i <n
(defined by f’) we have v/ = v {x — i} such that v = (c(,w, v, i+
1,7) and vgyo = (e(¥',w, V'), 1,7 + 1). By definition since w, v = V.9, we
deduce that w, v =1’

By those two properties, combined with the fact that v,11 = (c(p,w,0),1,2),
we deduce that vy, o.var,| = (c(¢',w,v), 1, B) where ¥ has no quantifiers and
w,v EY.

Let k > n+ 2 - |Var,|, again we have two similar-looking properties:

1. If vy = (c(¢1 VY2, w,v),1,B) and w,v = 11 V ¢, then by definition of f,,
Vpt1 = (c(vi, w,v),1, B) with i € {1,2} and w,v = ;.

2. If v, = (e(th1 Ao, w,v),1, B) and w,v |= 11 A 1o then for some ¢ € {1,2}
defined by f', vig11 = (c(¢s,w,v),1, B). By definition of satisfiability, we
also have that w, v = ;.

Using those two properties, we deduce that there exists m’ > n + 2 - |Var,|
such that v,y = (c(t, w,v),1, B) where t is a term or a negated term such that
w, v |=t. Here m’ depends not only on ¢ but also on both strategies f, and f’.
There are 4 possible cases for t:

1. t = a(z): as w,v |= t we know that a,(,) = a, and vy = (c(t,w,v), 1, B) so

Um/+1 (C(Win,w,y),y(x) +15B)
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2. t = —a(x): similarly, we have vy, 11 = (¢(Win, w,v),v(z) + 1, B).

3. t =z < y: we know that v(z) < v(y) s0 vy 41 = (¢(Win-if-y, w, "), v(z), B)
where v/ = v—{{2’ = v(x)} | 2’ € Var,}. Since v(z) # v(y), V' (y) = v(y) >
v(x). SO U2 = (¢(Win, w, '), v(y), B).

4. t = =(z < y):in this case v(y) < v(x) and we have v, 1 = (¢(Win-if-z, w, v), v(y), B)
and v 42 = (¢(Win, w, v),v(x), B).

Every case ends in an accepting node, therefore p is winning.
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