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Abstract: We focus on recurrent random walks in random environment (RWRE) on Galton-
Watson trees. The range of these walks, that is the number of sites visited at some fixed time,
has been studied in three different papers [AC18], [AdR17] and [dR16]. Here we study the
heavy range: the number of edges visited at least « times for some real a. The asymptotic
behavior of this process when « is a power of the number of steps of the walk is given for
all the recurrent cases. It turns out that this heavy range plays a crucial role in the rate of
convergence of an estimator of the environment from a single trajectory of the RWRE.

MSC : Primary 60K37, 60J80; Secondary 62G05.
Keywords and phrases: randomly biased random walks, branching random walks, range,
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1. Introduction

Here we are interested in random walks in random environment (RWRE) on a supercritical Galton-
Watson tree, the random environment is then a branching random walk.The aim of this paper is
first to study the number of edges visited by the walk more than « times for some a > 0; we call
this random variable heavy range in the paper. This can be seen in some sense as an extension of
the works of [AC18], generalized to the whole class of recurrent walks on trees. A second aim is to
apply our control on the heavy range to a problem of non-parametric estimation for the distribution
of the environment extending this time the work of [DL17] in the one-dimensional case.

Let us first give a precise definition of the process we are interested in. Consider a supercritical
Galton-Watson tree T with offspring distributed as a random variable v, such that E[v] > 1 as
T is supercritical. In the paper, we adopt the following usual notations for tree-related quantities:
the root of T is denoted by e, for any x € T, v, denotes the number of descendants of x, the parent
of a vertex z is denoted by z* and its children by {z;, 1 <14 < v, }. For technical reasons, we add
to the root e, a parent e* which is not considered as a vertex of the tree. We also denote by [z, y]
the sequence of vertices realizing the unique shortest path between x and y, by |z| the generation
of z, that is the length of the path [e, 2] and we write & < y when y is a descendant of = that
is when z is an element of [e, y]. Finally, we write T, for the tree truncated at generation n. We
then introduce a real-valued branching random walk indexed by T: (V(x),z € T). We suppose
that V(e) = 0 and we denote the increments of V(x) by w, := V(z) — V(z.). For any generation
n and conditionally to &, = {T,, (V(z),z € T,) }, the variables (w,,, ¢ < v, ) where z is a vertex
of T such that |x| = n are assumed to be i.i.d. distributed as a random variable (w;,i <wv). We
denote by P the distribution of £ = {T, (V(z),z € T)}.

For a given realization of the environment £, we consider the Markov chain (X,,),, .y on TU{e*}
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which transition probabilities are defined by the following relations:

PE(Xpp1 =€l X, =e*)=1,

—V(x) 1

* E ¥ _ _ e _
ve e TA{en), P Xun =oIXn =2) = T S vy T Ty e
e_v(xj) —We

e
Vi < v H:Dg X n = x.:|X n = = — -
I = b (Knyr =] @) e V@ 3 e Vi) 14 5T e

J

The measure P¢ is usually referred to as the quenched distribution of the walk (Xn) ey in contrast
to the annealed distribution PP, the measure P¢ integrated with respect to the law of &:

P(-) :/Pg(-)P(dé’) :

For x € TU{e*}, we use the notation P for the conditional probability P<(-| Xy = x); when there
is no subscript, the walk is supposed to start at the root e. We finally introduce P*, the annealed
probability conditioned on the survival set of the tree T.

The walk (X,),,cy, called biased random walk on a tree, was first introduced by R. Lyons (see
[Lyo90] and [Lyo92]). In our case where the bias is random, the first references go back to R.
Lyons and R. Pemantle [LP92] and M.V. Menshikov and D. Petritis [MP02]. Random walks in
random environment on trees form a subclass of canonical models in the more general framework
of random motions in random media that are widely used in physics. They are a natural extension
of the one dimensional model, originally introduced in the works of [Che62]. These models have
been intensively studied in the last four decades, mostly in the physics and probability theory
literature.

The behaviors of randomly biased walks on trees differ deeply from the behaviors of the RWRE in
the one-dimensional case. In particular there are several regimes for both recurrent and transient
cases. A complete classification for the recurrent cases is given by G. Faraud [Farll] (for the
transient cases, see E. Aidekon [A7d08]). It can be determined from the fluctuations of log-Laplace

transform v (s) := logE [Z‘Zl:l e’sv(z)] as resumed in Figure 1.

> 0 Positive recurrent

= 0 Null recurrent

< 0 Null recurrent
Figure 1: Recurrence criteria for (X,,), .y on Galton-Watson trees
Here we focus on the recurrent cases that is to say when inf,cjo1)9(s) < 0. They present

essentially three different asymptotic regimes which depend on the fluctuation of ¢. In the paper,
we need a bunch of classical assumptions which are summarized here:
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Assumption Al.

o the Galton- Watson tree is supercritical: E {Z\:ﬂ:l 1] =E[v] € (1,00).
e the log-Laplace transform 1 is well defined on a neighborhood of [0,1]:

Jry,m9 >0, Vs € [—r1, 1+ 1], (s) < oo . (1)
o inf,cio11¢(s) <0 ( (Xn)nen is recurrent).
o letty:=inf{s >0, ¥(s) =0} then:

2
E[( Z e_tov(z)) ] < 4o00. (2)
|z|=1

and if tg = 1:
— if 9'(1) > 0, there exists § > 0 such that E[v'+°] < 400,
— if (1) <0, let

= inf{s > 1,4(s) = 0} € (1, +o0], (3)

when kK < 00,

E[ Z eV (@) max(—V(2),0)| < +o0 . (4)

Let us briefly describe the different recurrent cases (assuming the above conditions).

¥(t) P(t) »(t)

NN

01 0 0 T~

A : very slow case B : slow cases C : sub-diffusive and diffusive case

KR = 00

Figure 2: Log-Laplace ¢ and corresponding behaviors of (Xy),,cy-

First, when inf.cpo,11¢(s) < 0 (Figure 2: A), the walk is positive recurrent and the largest
generation visited up to an instant n, X := maxy<, |Xy| is of the order logn ([HSO7D]), this is
the slowest case, even slower than one dimensional Sinai’s random walk ([Sin82]).

If inf (0,1 9 (s) = 0 (Figure 2: B and C), then different behaviors appear depending on the sign
of ¢/(1). When ¢'(1) > 0 (Figure 2: B), there are again two possible cases: if 1'(1) > 0 then the
walk is positive recurrent whereas when ¢'(1) = 0 the walk is null recurrent. However these two
cases lead to the same asymptotic behavior for X (up to some multiplicative constant) which is
of the order (logn)? (see [HS07a] and [FHS11]).

Finally, when ¢'(1) < 0 (Figure 2: C), the walk is null recurrent and X is of the order
pl =1/ min(r.2) where « is defined in (3) (see [HSO7b], [Far11], [AdR17], [dR16]).
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In this paper we study the heavy range: the number of edges of the tree which are visited more
than « times in n steps. Precisely, for « € T, let N be the number of times, the walk (X,,)
visits the edge (z*,x) before time n:

neN

n
N, = Z 1x, =2 Xp=2 -
k=1
Then, for any a > 0 the heavy range is the random variable

RZ = Z 1N:Za . (5)

zeT

Note that for o = 1, the above random variable is the usual range. In this case, the asymptotic
behavior is known for all null recurrent cases, see [AC18], [AdR17] and [dR16]. The heavy range is
then a natural generalization of the usual range which helps to understand how the random walk
spreads on the tree. In the following subsection we describe first the asymptotic behavior of the
heavy range at random time and then the behavior of R} properly. Then in subsection 1.2, we
see how the heavy range controls the error rate of a natural estimator of the distribution of the
environment via a single trajectory of the RWRE.

1.1. The behavior of heavy range R,

Let T denote the n" returns to e*:
TO =0 and Vn>1, TM = inf{k > TV X, = e} .

The following theorem gives the behavior of the heavy range taken at time 7 in all recurrent
cases. Note that in these cases, 7™ is almost surely finite for every integer n. For the sake of
simplicity, in all the paper we write R((ln) for Rg;(") and Nén) for NI ("), we also use the notation
log™  for log(max(1,z)).

Theorem 1.1. Assume Al. For any 6 > 0,

log™ RS;)
logn

Moreover, when 8 > 1, £ = 0 and, when 6 < 1,
e ifinfycpo1)7(s) <0 orinfycio1)9(s) =0 with (1) > 0, then

converges in P*-probability to a constant &y.

€9 = to(1 — 0), with recall to = inf{s > 0, ¥(s) = 0} < 1, (6)

o ifinf e (s) =0 with ¢'(1) < 0, then
Co=r(1—0), if l<r<2, (7)
fgzmax<2—/£071—9>, if ke (2, 00]. 8)

The proof of Theorem 1.1 for 6 < 1 is given in Section 3. The cases 6 > 1 are then easily obtained
using the results in the cases 6 < 1 and the fact that, for any n > 1, Rf:;)
of 6.

Note that (6) corresponds to the slower cases, that is when X, behaves like a power of logn.
Also tg < 1 if and only if the random walk is positive recurrent whereas ty = 1 corresponds to the
so called boundary case for the branching potential (1/(1) = ¢'(1) = 0).

is a non-increasing function
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For the diffusive cases, that is if k > 2 for small § < 1/(k — 1), the heavy range is of the order
n2=r0+o() Jarger than n'~? . Conversely, for larger values of 6, that is to say if we are interested
on sites often visited by the walk then the range is of the order n'=?. We will see in the proof that
this fact depends deeply where the edges sufficiently visited are localized on the tree.

The heavy range in deterministic times will be easier to interpret in terms of the behavior of
the walk. For this purpose it is important to control 7™, the time of the n*® return to e*. It has
been studied in [AD14b] and more precisely in [HS16] and [Hul7], for completeness we recall these
results in the following remark; note that in these papers the results are given for the nf"-return
time to the root e and not to e* but this does not change the rates of convergence.

Remark 1.2.
1. Ifinfsepo1)¥(s) = 0, with ¥'(1) = 0 then in probability T™ /(nlogn) converges in probability
to a positive limit (see [HS16], Proposition 2.5).
2. Ifinfoco19(s) =0, 9" (1) <0 and k # 2, T /nmin(%2) converges in law to a positive limit
and if k =2, (T™ logn)/n? converges in law to a positive limit (see [Hul7], Corollary 1.2).
3. Finally if ¥'(1) > 0 with infyeo 1 9(s) = 0 or infyejo1) ¥(s) < 0 then T™ /n converges in
probability to a positive limit (both are positive recurrent random walks).

We can now obtain the behavior of the heavy range in deterministic time:

Corollary 1.3. Assume A1. For any 0 € [0,1],

log* R™, . . ~
Togn~ Converges in P*-probability to a constant &p.

Moreover,

o if infacion U(s) <0 with ¢/(1) > 0, then & = & = to(1 — ),
e if infcpo1)9(s) = 0 with (1) <0 and

— if 1 <k <2, then §~9 =1— kb0 for 0 < 1/k and 0 otherwise,
— if k € (2,00, then £ = max(1 — k0 , 1/2 —0) for 6 < 1/2 and 0 otherwise.

Let us compare, for null recurrent cases, the heavy range R, for 6 > 0 and regular range, that
is R}. It is proved in [AC18] that for the slow case, when (1) = ¢'(1) = 0, IO%RYL) converges in
probability to an explicit positive constant, whereas for the sub-diffusive and diffusive case, when
P(1) = 0, ¥'(1) < 0, it is proved in [AdR17] and [dR16] that the correct normalization for the

convergence in probability of Rgn) is simply 1/n. So for the regular range we observe that sub-
diffusive and diffusive cases spread more than in the slow case. For the heavy range the opposite
appears, indeed when (1) = ¢'(1) =0, to = 1 and & = 1 —6 which is larger than 1 — 6 for x > 1.
This tells us that the environment of the slow null recurrent case creates much more vertices where
the walk spends larger amount of time than in the other cases.

As this corollary is a direct consequence of the above theorem and remark, we only give a short
proof in one case.

Proof. We only give a proof for the case inf,c[,1] % (s) = 0 with ¢/'(1) < 0 and s € (2, 00] for 6 > 0
such that 1 — k6 > 1/2 — 0; the others ones can be treated with the same arguments. According to
Remark 1.2, for any € > 0,

lim P*(T@”(”””J) > n) =1L (9)

n—oo -
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Then fix some € > 0 and denote 6. = 20/(1 + €). Suppose that € is small enough to have 2 — k6, >
1—0.. Forn > 2,

log™ R?, log™ (Lsan(lJrF)/QJ) C(4e)/2
P g 12| <P o > 1 — Kkl + 2 +P*(T<L” J)<n).
n n

And, as 0 = %96,

oot (Ln1/2+<)) 10g+ R(Ln(l#—e)/QJg
o log" R, o1 kh4+2e | =P (nOte/2)% S 2(1 — k((1+¢€)/2)0. + 2¢)
logn - log n(1+e)/2 = T+e
n(1+e)/2
< p log™ (ULLUM/QJJ"i > 9wl 4 2e
- lognite)/2 = T l4e

Then (9) and Theorem 1.1 show that for any e small enough,

logt R™
lim P*(Og"f’ >(1—/€9—|—26)> ~0.
logn

The lower bound and the other cases can be obtained with similar arguments. O

Here we obtain the first order for the asymptotic expansion of the heavy range for any recurrent
cases and of course a natural question is now to obtain the correct normalization for this range.
Even if we succeed to treat all the cases at once here, we do not expect that this can be reproduced
for more precise normalization due the deep difference that appears between cases.

1.2. Non-parametric estimation of the law of the environment

The study of the heavy range has been partly motivated by the statistical problem we present
here. The statistical study of random processes in random environment has been overlooked in the
literature until recently, when new biophysics experiments produced data that can be modeled (at
least in an ideal-case setup) by RWRE. For example in [VBMO06], RWRE are used as a mathematical
model of a mechanical denaturation of DNA. Consequently, a new series of works appeared on
statistical procedures aiming at estimating the distribution of the environment from a RWRE
trajectory.

We start with a brief resume of what has been done recently in the one dimensional discrete
case. Recall that for RWRE on Z, the environment is a sequence of random variables (pg)sez.
When the environment is i.i.d., the estimation of the distribution of pg observing only the RWRE
(X”>n€N is a natural problem. The first theoretical result appears in [AE04] which treats the
problem in a general settings with no quantitative purpose, then in [And11] and [AD12] particular
cases are detailed. Recently more attention has been paid to the one dimensional case: the aim
was to provide a parametric estimation of the distribution of the environment with the help of a
single trajectory of random walk (Xy), .y ([CFL*14], [FLM14], [FGL14], [CFLL16]). When the
environment is a Markov chain a parametric approach can also be found in [ALM15]. The problem
of non-parametric estimation has been studied in [DL17], the aim of the result we present below is
to extend their studies to the more delicate case of randomly biased random walks on supercritical
Galton-Watson trees.
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Indeed, the next step after the model of RWRE for mechanical denaturation of DNA in [VBMO06],
is to construct a similar model for mechanical denaturation of RNA. But while DNA molecules are
quite linear, RNA molecules present a more complicated geometry with secondary structure (see
[GBHO1]). It seems then natural to describe RNA molecules with trees and to mimic its mechanical
denaturation by a random walk in random environment on a tree.

However, the estimation of the distribution of the environment for a random walk on a tree is
much more complicated as we have to study the law of the transitions of a branching random walk
and not only a real random variable. Therefore, we only consider here a very particular and simple
case; this part of the paper has to be seen as a first step to understand how the methods used for
the one-dimensional case can be generalized. So, for all the statistical results in this part and in
Section 4, we add to A1l the following assumptions:

Assumption A2.

e the reproduction law of the Galton-Watson is bounded: 3K >0, P(v< K)=1.
e given the tree up to generation n and the number of children v, of some x € T such that
|z| = n, the variables (wy, )i <<, are i.i.d. with the same distribution as some variable w.

Our aim is then to estimate the distribution of w given the observation of a single trajectory
of the walk (X,,),cy up to time T™) . In particular we need 7™ to be finite which is the case by
recurrence of X. Precisely, we give an estimation of the c.d.f F' of

pi=(1+ew)! (10)

instead of the one of w, but this is of course equivalent as conversely w = log[p/(1 — p)].

Remark 1.4. It is possible to relax the condition on v: if we suppose that the distribution is not
bounded but only subgaussian, we still have the same rates of convergence in the following theorems.
However the proof is more technical and for the sake of clarity we have chosen to present only the
bounded case.

Our first theorem gives the existence of the estimator and the rates of convergences, in a second
theorem we give more details on how this estimator is constructed.

Theorem 1.5. Assume A1, A2 and that the c.d.f. F of p is y-Holder for some v € (0,2]. There
exists an estimator F,, of F', which is a function of the trajectory (Xi)g<p<rm, such that for any
€e>0, o

n" || F, — Floo tends to 0 in P*-probability where

i) =2 if infep1) ¥(s) <0, infoeoy¥(s) = 0, with /(1) > 0,

Y+to
it) v = if infyeo,1) ¥(s) =0, ¢'(1) <0 and k < 2,
iii) = % if infoepo1)¥(s) =0, ¢¥'(1) <0 and 2 < k < 2+,
w) r= ﬁ if infocpo11¥(s) =0, ¢¥'(1) <0 and k > 2+ 7.

In the previous theorem, the rate of convergence is given as a function of the parameter n, it is
more natural to give a rate depending on 7. This is done in the following corollary which is a
direct consequence of Theorem 1.5 and Remark 1.2.

Corollary 1.6. Assume conditions of Theorem 1.5. The estimator F\n is such that for any e > 0,

(T(”)> - |F\, — Flloo tends to 0 in P*-probability where

i) r= ino if infsejo,1) ¥(s) <0, infoepo1)9(s) = 0, with ¢'(1) > 0,
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it) r = ’y:&y-rc if infepo,) P(s)=0,¢'(1) <0 and k <2+7,
iii) r = ﬁ if inf ep0,179(s) =0, ¥'(1) <0 and k > 24 7.

The corollary shows that for our estimator the best rate is obtained in the limit case tg = 1
which corresponds to the best compromise between the number of visited sites and the number of
times most of the sites are visited. A remarkable difference if we compare our result on a tree to the
recurrent one dimensional random walk of [DL17] is the error rate. Indeed, in this paper, the time of
observation used instead of T(™ is 7,, the first time the coordinate n is reached by the walk. They
obtain (see Corollary 2 in [DL17]) for the recurrent case an error rate of the order loglog 7,/ log 7,,.
This is very large compared to what is obtained here in Corollary 1.6, so (recurrent) walk on the
tree naturally yields a better rate for the error. The reason for that comes from the range of the
different walks: for the one dimensional recurrent case very few coordinates are visited before a
given instant (around (logn)?, for an instant n), whereas (see Theorem 1) for the walk on the tree
the range is much larger (of the order of a power of n, for the same instant n).

We now give a more explicit description of ﬁn For this purpose, let us introduce the following

family of estimators
Fo(u) = (n wa ( N N(">) (11)
R QLET

d)l (7/ ) . 17/205 — { .7
a\l,]) = (1;17_,{]) s k a—1—Fk ;

using the conventions 0/0 = 0 and (Z) = 0 if 0 < n < k. The logic behind the definition of the
ﬁﬁ‘ will become clear in Section 4. The following theorem shows that (ﬁ,‘j‘)n are estimators of the

where

(]

c.d.f. F with an error rate depending on the variables Rg").

Theorem 1.7. Assume A1, A2 and that the c.d.f. F of p is in C7 for some v € (0,2]. Then for
any integers a,n > 1, and any real z > 0, we have

<Ce * .

P | Fe FHOO_E[ ] 2R 7

K \/z +loga+2log RS | 2|F |,

Theorem 1.7 shows that the random part of the error rate our estimator is a function of the
heavy range introduced in the previous subsection. To obtain the optimal F for the estimation of
F, a compromise must be done between considering sites which have been sufficiently visited, that
is choosing a large «, and considering a sufficiently large number of sites, that is choosing « small
enough.

Remark that, in this theorem, we work with probability P and not P*. Theorem 1.7 will be
proved in Section 4. But we can directly explain how it implies 1.5.

Proof of Theorem 1.5. The estimator ﬁn given in Theorem 1.5 is obtained from the collection
(ﬁﬁ‘) N via Goldenshluger-Lepski’s method (see [GLO08]). Using arguments similar to the ones
a>1

presented in the proof of Lemma 3 in [DL17], we can show that for any integer n > 1, and any real
z > 0, there exists a r.v. ., depending only on (X4 ),<p<p@) such that

I 4K 1 21log R F
P |F%" — F| > int z+3loga+2log R " 6l <Ce .
a>1 E[v] QR&”) aV/2
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Theorem 1.5 is now easily obtained using the estimations of R&") given in Theorem 1.1. O

The rest of the paper is organized as follows. In Section 2 we present tools related to the
environment together with estimates for potential V' that will be used in Section 3. More specifically
we study the number of vertices with low potential which have a great importance for the slow
cases. Section 3 is the heart of the paper, we study the heavy range and prove Theorem 1.1. This
section is decomposed into two subsections the first one deals with an upper bound for the heavy
range and the second one with a lower bound. Note that the proof of the lower bound is more
technical and need in particular to estimate the fluctuations of the environment, these estimates
are more complex for the sub-diffusive and diffusive cases than for the slow cases. Then, in Section
4, we prove Theorem 1.5 on the non-parametric estimation problem of the environment.

Finally, throughout the paper, the letter C' stands for a universal constant which value can
change from line to line.

2. Preliminaries on the environment

In this section we present results related to the environment which are used in Section 3 to prove
Theorem 1.1. Like in the whole paper, we assume in this section that Assumptions Al are valid.
In a first subsection we give useful technical lemmata and in a second one, we state and prove a
result concerning the number of vertices with low potential V. We also introduce some notation
specific to the environment. For u € T, we denote the maximum of V between e and u by V and
the minimum of V' between e and u by V:

V(u) :=maxV(z) and V(u):=minV(x).

z<u z<u

We also denote by V,, the environment centered at w: for any = > u, V,(z) := V(z) — V(u).
Remark that if u and v are different vertices of the same generation £, then, given Ty, (Vi (2)), >,
and (V,(z)) are i.i.d. and distributed as V' under P. -

>0

2.1. Technical estimates

First recall the many-to-one Formula (see [Shil5] Chapter 1, and [FHS11] equation 2.1). It is used
several times in the paper to compute different expectations related to the environment.

Lemma 2.1 (Many-to-one Formula). For any t > 0,

E[ S fV(m)1<i< m)} —E [etsww“)m]f(si, 1<i< m)} .

|z|=m

where (Sy),,cy is the random walk starting at 0 and such that the increments (Syy1 — Sn ), ey are
i.i.d. and for any measurable function h : R™ — [0, 00),

E[h(S)] =e DR | > e V@h(V(x)
|z|=1

The next lemma deals with a key random variable which appears in the study of the heavy
range (via the edge local time of random walk (X,,), x, see below (27)) after that Many-to-one
Formula is applied.
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Lemma 2.2. Assume (1) = 0 and 1'(1) < 0 and that the parameter k defined in (3) is finite.
Let us consider the random walk (Sy,) of the Many-to-one Lemma with t = 1 and define for
any £ > 0, the random variable:

neN

)4
Pa=) eSS (12)
k=0

Then, we can find three constants C > ¢ and A > 0 such that

Vm>1, YeeN, P(Hf>m)< O
mhr—
and
S c
VYm > 1, V¢ > Alogm, IP’(HZ Zm) > e g

Proof. By definition of S7, E[—S1] = ¢'(1) < 0 and E[e’(’{*l)sl] = e¥(") = 1. According to
Lemma 1 in [KKS75] for the lattice case and to Theorem 2 in [Gri75] for the non-lattice case,
Zjog e~ is P-a.s. finite and there are some constants c, C, such that for m > 1,

—+o0

c _g. c
e SIP’(jZOe i Zm) < oy

As for any ¢ € N, H} £ Zi:o e=S where £ stands for the equality in law, this leads directly to
the upper bound of the lemma.
For the lower bound, we remark that

I[”(Hgq > m) > P(iefs’“ > %m) —IP’( i:: e %k > %)
k=0 k=041

And we only have to prove that for £ large enough, P(Y"7°,. | e~ % >m/2) is negligible compared
to 1/m"*~*. Indeed, consider the event Ay := {Vk > {+1,e 5 < J&}. On Ay,

= m = 1 m
2 sy Y sy

k=0+1 k=0+1

Therefore, Markov inequality yields

(Zes’“>m/2><]P’Ag (U {_S’“>@}>

k=0+1 k>0+1
(k—1)/2
(k—1)Sk/2 m
< 3 R(e e () )
k>0+1

9 (k=1)/2 b1 rtl
S <> Z knflekw(T) S C«,rnf(nfl)/2€f-cfle&b(T)7

m E>0+1

As 1/)(“7“) < 0, we can find a constant A such that for £ > Alogm, the above expression is
o(m~(=1), This concludes the proof of the lemma. O

We give now a control of the maximum of V' at the very first generations of the tree.
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Lemma 2.3. For any § > 0, we can find two constants €1, €s such that for n large enough,

]P( max |V (u)| > 510gn) <n~.

|u|<eq logn

Note that the optimal bound, that is to say the one that leads to the almost-sure behavior of
Max|y|<clogn V (1), is well known (see for example [AD14a]) but its exact value has no importance
here.

Proof. Recall the definition of 71 in (1), for any € > 0,

P( max V(u) > aelogn) < Z E[ Z 1V(v)2aelogn] < Z ]E[ Z enV(v)—riaclogn

|lu|<elogn . . . .
j<elogn |v]=7 j<elogn [v|=3
< Z e—maelogn—‘—jzp(—m) < C«e—elogn(rla—w(—rl))
j<elogn
for some constant C' > 0. Then choosing a large enough so that r1a > ¢(—r;) and taking € = §/a,

we obtain the bound for max V. For min V', the proof is the same except we work with ¢y instead
of rq:

}P’( min  V(u) < —aelogn) < Z ]E{ Z 1y (v)<—aclogn

ul<elogn
[ul<elo j<clogn  |v|=j

< Z ]E|: Z eftoV(v)ftoaelogn:| < Z eftgaelogn < Onfaeto logn

j<elogn lv|=j j<elogn
O

The above lemma is used in the following section to obtain independence between the different
branches of the tree. It will be used together with the following concentration lemma.

Lemma 2.4. Consider two integers ¢ < L and L — £ + 1 measurable sets Ay, ..., Ar. Consider,
for any uw € T such that |u| = ¢, the variable
Zu = Z e—toVu(a:)l(Vu(y)’ uly<z)€A|L -
u<a,|z|<L

There exist two constants C' > 0 and a > 1 depending only on the reproduction distribution v such
that

IP’(Z Zu<IE[Z]> <

|u|=¢

where

—toV(x
7Z = Z e OV y ), y<z)EA -
el <Lt

Proof. We first work with the conditional probability P(:|T;). The (Z7, |u| = ¢) are hence indepen-
dent and identically distributed as Z under P. Denote by D, the number of vertices at generation
£; Tchebychev’s inequality gives:
P z. - DiE[Z]| > 2R [2]|T,) <
lu|=¢ 2

4 E[2?]
Dy E[Z)

Now, Theorem A.3 in [AD14a] tells us that for some a,b > 1, V¢ > 1, IP’(DZ < az) < b~¢ which is
enough to conclude the proof. O
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2.2. Number of vertices with low potential

Fix some constant ¢ > 0. In this subsection we are interested in a lower bound for the random

variable
Y Ww<ciopn

|z]<(logn)3

It counts the number of sites x with generation smaller than (logn)3 such that the potential in the
path from the root to x remains below clogn. We will see in the next section that this random
variable is naturally related to the heavy range.

The proof we propose here is based on Lemma 2.3 which implies that the very first generations of
the tree have no important impact on the value of V. This point can be used to obtain independence
and to apply Lemma 2.4.

Proposition 2.5. Assume Al. Let ¢ >0 and 0 < § < 1 Ac and to := inf{s > 0,19(s) = 0}. There
exists a > 0 such that for large n,

P( Z 1V(a:)§clogn > ntO(Ci(s)) < niaé :
|z|<(log n)®

Proof. We first use Lemma 2.3 to control V(u) on the very first generations of the tree: there exist
two positive constants b and € such that

]P’( max V(u) > glogn> <n~t where ¢, =|elogn] . (13)

[u|=€n

The strategy is then similar for the different cases (depending on ), the only difference is the
generation we have to work with. Let us take some constant B > 0 and a sequence of integers
(€n),en such that for nlarge enough, £, is smaller than (log n)3; the exact choice of the sequence
depends on ¥ and will be explicitly given later. Consider now the collection of random variables:

no.__ —toVu(x
V>l VueT, Zi= 3 e O v o) T e/ logm, V)2
r>u
‘£C|=£n+€n

For n large enough, on the event A, := {max,—., V(u) < $logn},
c—0/2 n
> Wscwogn 2 2. 2 Wa@ses/ogn 21D Y 20
|z|<(log n)? lul=€p z>u ul=¢n

Hence, concentration Lemma 2.4 implies that there exists a constant e; such that for n large
enough,

to(c—4/2) E[(Z” 2} —
P> Mo SR | < S B () 09
|z|<(log n)3

where

V=1, 2= e I ey ) T )< (e/1) log . V()3 B

|z|=tn
So we only have to control E[Z™] and E {(Z" )2} to obtain the bound of the proposition.

o First for the mean E[Z™] the proof is different depending on the value of ¢ (¢y):
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Case 1: 9'(tp) < 0: recall that in this case either ¢y = 1 and (1) = infcjo 1) (s) = 0, or
to < 1 and infscjo1)9(s) < 0. Moreover, we choose £, = |£logn| with £ = (c — 36/8)/[¢'(to)|.
Using Many-to-one formula of Lemma 2.1 with ¢t = ¢y, gives

E[Z"] =P((c—6/2)logn < S, Si, < (c—6/4)logn, S, > —B)
>1—-P((c—6/2)logn > S, ) —P(S;, > (c—d/4)logn) —P(S, <—B).

For any B > 0 and A > 0 such that ¢(tg + A) < 0, Markov inequality yields

—\B

B _ “AB p(tot Nk o« € T
P(S, < B)gk;ﬂv(sk< B)gk;e " TV S Ty

so taking B large enough, for any n, P(S, < —B) < C < 1. And, as the process S is the sum
of i.i.d. random variables with mean [¢'(¢9)] and ¢ — §/2 < |/ (t9)|¢ < ¢ — §/4, using exponential
Markov inequality we can also prove that for some constant a > 0,

P((c—4d/2)logn > Sp,) <n~* and P(S,, > (c—d/4)logn) <n~*.
Combining these bounds, we obtain that for any n > 1,
E[Z"]>C >0. (15)

Case 2: 9/(t9) = 0: in this case either ¢y < 1 or 1(1) = ¢'(1) = 0. We can basically use the same
method as in the case 1'(t9) < 0 except that, for this case, important generations (see [AD14b],
[AC18]) are the ones of the order (logn)?, so essentially we take this time ¢, = |[(¢logn)?] for
some ¢ > 0, and we can choose B = 0. Many-to-one Lemma yields like above

E[Z"] =]P’((c—5/2) logn < S, Si, < (c—6/4) logn|S, > O)P(ﬁen > 0).

We know (see [AS14] equation (2.8)) that the limit, lim,, oo an/QIF’(ﬁen > 0) =d > 0 exists, also
by invariance principle (see [Bol76]),

nlLrI;oP((c—é/2) logn < S, S, < (c—4/4)logn | Sy, = O)
:nli_{I;OIP’<(c —6/2)(00) ™" < Sp. Jo/bn, Se, )l < (c— 5/ (@) | S, > o)
=P((c—6/2)(c)"" <M, M < (c—5/4)(al)"") >C>0.

where M is the Brownian meander and 0 := Var(S1) = E(X |, V2(z)e=V(®) < 400 by (1). So
finally we obtain in this case: for n large enough,

E[Z"] > C(logn)™* (16)

for some constant C > 0.

e For E[(Z™)?], we first introduce the sequence of variables

Vk € N, Mk — Z eftov(m)*t(]v(y)1Z($)/\Z(y)2_B .

lz|=ly|=k
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For any k € N,
Mk+1 < Z e—toV(u)—toV(U)1V(u)/\v(v)>7B Z e—toVu(z)—ton(y)
lu|=|v|=k a o x s.t. ¥ =u
y s.t.y =v
_ Z e—th(u)—toV(v)1V(U)Av(v)>7B Z e~ toVu(®)—toVu ()
u#v r st x¥=u
ful=lvl=F ystyT=
+ Z 672t0V(u)1Z(u)2_B Z e~ toVu(@) —toVuly)
|u\=k w*,y s*.t.
¥ =y*=u

Then taking conditional expectation with respect to & = o (Tk, (V(x),|z] <k)) , the above
expression gives

2
E[Mjyi1|Ex] < MiE Z e~ toV(@) + Z B_QtOV(u)lz(u)szE Z e~ toV(@)—toV(y)
|z|=1 lul=Fk lz|=|y|=1
< Mp+C Z e~ toV(w)

|u|=Fk

Note that E [le\:ly\:l e‘tov(m)_tov(y)] = E[(Z\z|:1 e‘tov(m))z} is finite thanks to (4). And we
get recursively, as My = 1,

E[Mgp1] 1+ CE| Y e V™ | =14 C(k+1).

lul<k

This gives the bound for the second moment: E[(Z")?] < E[M,, ] < C¥,. Collecting this bound
together with the one for E[Z™] in (14), this concludes the proof. O

3. Lower and Upper bound for the heavy range of recurrent walks

In this section, we prove Theorem 1.1 by considering separately the lower and upper bounds.
The upper bounds are easier to obtain than the lower ones so they are treated for every cases
at the beginning of this section in Proposition 3.1. For the lower bounds we treat separately the
contribution coming from vertices with low potential in Proposition 3.3 and the contribution coming
from vertices with high potential in Proposition 3.4. It turns out that for slow random walks, that
is to say random walks with logarithmic behavior, the contribution coming from vertices with low
potential is sufficient to obtain the asymptotics for the log-heavy range. Conversely, for fast but
sub-diffusive cases, that is to say when 1 < k < 2, then only vertices with high potential contribute.
Finally for diffusive cases, that is to say for x > 2 then either vertices with low or high potential
contribute depending on the value of 6.

Remind that P£ stands for the probability where the environment is fixed and the index z stands
for the starting point of the random walk. To obtain the bounds, an environment-related variable
is essential:

Vz €T, H,:= Z VW=V (17)

y<z
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Indeed some important probabilities, for a fixed environment, are related to H,. For any x € T, let
T, := inf{k > 0, X = 2} be the hitting time of vertex . As the walk (X},), oy is recurrent, the
expressions of the probability of hitting x before e* starting from the root and the probability of
hitting x before the root starting from z* are the same as for a one-dimensional walk: the restriction
of (Xy),en to the path [e,z]. So a standard result for one-dimensional random walks in random
environment (see [Gol84]) yields:

—V(x)
ap =P < T =1/ Y V0= (18)
z€[e,z] v
and
1
by =P (T, <T)= > ") 3" V() =1- . (19)
z€[e,x*] z€[e,x] *

3.1. Upper bounds

The main results of this section is the following proposition, which gives the upper bounds for Rg;)
depending on the value of 6. The proof is quite short compared to the lower bound and gives a
good idea of what can be expected for the lower bounds.

Proposition 3.1. Assume Al and fix 6 € [0,1). For any 6 > 0, there is a constant € > 0 such
that, for n large enough,

e in all cases but (1) =0 and ¢¥'(1) <0,
P* (R(";) > nt0(1—0)+5) < n€ ,
e if instead ¥(1) =0 and ¢¥'(1) <0,
—ifl<k<2, P*(RS;’ > n““*@)”) <n
_ Zfli c (2’ 00]7 P* (REZZ) > n(?—n@)V(l—Q)-HS) <nc.

To prove the proposition, we have to control the largest generation visited by the walk before n

returns to e*: X7, = maxg<,<pm |Xg|. To study the different behaviors of this random variable

depending on ¢ was the purpose of [HS07a], [HS07b] and [FHS11]. In the following lemma we
present a simpler version of their results adapted to our purpose:

Lemma 3.2. Ifinf,cp1¢(s) = 0 and ¥'(1) > 0 there exists B,b > 0 such that for n large enough,
P*( X5 = Ln) <n~"  with L,, = B(logn)?,
otherwise if ¥'(1) < 0 for any € > 0, there exists b > 0 such that, for n large enough,
IP’*( Ty = Ln) < n~t with L, = n™n—L)+e
Finally if inf,c0.19(s) <0 there exists B > 0 and b > 0 such that for n large enough,

P*( X > Ly ) <n° with L, = Blogn .
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Proof. By the strong Markov property, IP’S(X;Z(”) > Ln) =1- (1 — IP’S(T|LH| < Tex ) )n where
Tir, is the hitting time of generation L,

T, =inf{t>0/3reT Xy =zand |z| =L, } .

As for any = € [0,1], 1 — (1 — )™ < nax, integrating the previous equality with respect to the
distribution of £ gives

P*(X;(n) > Ln) S np*(ﬂLnl < Te*) .

This probability has been intensively studied in [HS07a], [HS07b], [FHS11] and [Hul7] (replacing
the return time in e* by the return time in e but this does not change the normalization rate).
More precisely, when inf ¢ 179(s) = 0: if ¢'(1) > 0 then Equations (5.4) in [FHS11] gives the
existence, for B large enough, of a constant ¢; > 1 such that

. 1
lim sup

log P* (T, | < T ) < —ci, 20
imsup 3= log (Tiz, ) < —a (20)

If instead (1) < 0 then Proposition 4.2 (ii and iii) in [HS07b] implies

. 1
lim sup

log P*( T, T.)<—1—¢/2 21
P e 0g ( Lo < e )_ €/2, (21)

(note that Proposition 4.2 is written for regular trees, but the proof also works in our case). Finally,
if infyepo,1)%(s) < 0, according to the proof of Theorem 1.1 in [HSO7b], for B large enough there
exists co > 1 such that,

1
lim sup logP*(T|Ln| < Te*) < —co. (22)

n—+oo 108N

The different results of the lemma are now direct consequences of (20), (21) and (22). O
We are now ready to prove the proposition.

Proof of Proposition 3.1. We first restrict the sum over the whole tree to the first L,, generations
where L,, is the sequence introduced in Lemma 3.2 corresponding to the assumptions about 1):

P*<R£l”;) > nto(170)+6) < P*(X;(n) > Ln) + n7t0(170)+5E* Z PS(Nén) > n0> (23)
|w|SLn

where the second term in the above upper bound comes from Markov inequality. Thanks to Lemma
3.2, we only have to bound the last expectation E* [Z\IISLn IP’S(NQ(C”) > ne)} . The proof is different

whether L,, is a power of n or a power of logn.
Case 1: L,, is of the order (logn)P, p > 0.
We split the sum into two terms depending on the value of V(x): define

D= B Y PEVEY 2 n?) 1y <) tognl
|z| <Ly

and

Dy 1= IE*{ > PN > )1y 1) log”]
lz|<Ln
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For 31, we just say that P€ (NJE") > n?) <1 and use the Many-to-one Formula, Lemma 2.1, with
t= to:

ElSE*{ ) 1V($)§(179)10gn:| SCE[ > eto(ﬂ#ﬁogn*wr))}
<L <L

Ly
= Cn-O3 " E [etf)(sifsi)] — Cnto(=0 (L, 1 1).
1=0

)

For Y5, we first compute the expectation of ngn at fixed environment:

Ef[Nén)] _ iES{Néi) _ Nggi—l)} _ nEE{Nm(l)] _ nla—iwb — ne- V@) (24)
i=1 x

where a, and b, have been defined in (18) and (19). Now we can apply Markov inequality to
IP’S(NJE") > n?) and use Many-to-one formula with ¢ = to < 1:

Yo < Cn(l_e)]E{ Z e_v(w)lv(m)>(1—0)logn}
|| <Ly

< Cn1=9elto—1)(1-0) log”E[ Z eftov(m)lv(g;p(l—e) logn | < Cnt(=9(L, +1).

|z|<L.,

Inserting the upper bounds of ¥; and %5 in (23) concludes the proof in this first case.

Case 2: L, is of the order nP, p > 0.
Note that in this case, 1 satisfies inf,c[g,1)9(s) = 0 with ¢'(1) < 0, so tp = 1. We assume in the
definition of L, that e = 6/2 and take some real d > 0 which value will be fixed later. First we

split the expectation E* [Z\w|<Ln 1N<n)>n9} into two parts X7 and X5, depending on the values of
V(z):
Se=E Y PN 207) 1) Caiogal

|z|<L.,

and

Yo = E*[ Z IEDS(NSL) > n@) 1V(gg)>dlogn] :
|z|<Ln

We first deal with ;. Equality (24), Markov inequality and Many-to-one Formula, Lemma 2.1
with ¢ = 1 yield

Ln
5, < CIE[ Z ne—v(z)n—elv(x)gdlogn} —Cont-t Z[P(ﬁj < dlogn).
|z|<Ln j=1

As ¢'(1) < 0 we can choose a r > 0 in such way that ¢(1 +r) < 0. Let A > 0. When L, is larger
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than Alogn,
L, Alogn L,
Y P(S; <dlogn) < Y P(S;<dlogn)+ >  P(S;<dlogn)
j=1 j=1 j=Alogn
Ln _
< Alogn + Z ]P;<67r5_7‘ > 6*7“(110%11) (25)
j=Alogn
Ln
§ AlOgTL+ Z erdlognew(1+'r)j’
j=Alogn

where we have used the equality E [e’rsl} = ¢¥(14+7) obtained from Many-to-one Formula. So the
above sum is smaller than Ce"¢l0gneAv(1+r)logn and choosing A large enough, this converges to
0. Therefore when ’(1) < 0, the following bound holds

¥ < Cn'flogn . (26)

We now have to deal with 5. For any « € T, consider Eg(cn) =y, Liakeri-1 i), Xp=x}
the number of excursions between two returns to e*. We split once again Yo into two other sums

depending on the value of E{™:

_ * —_—
So1=E [ S 1Nén>2ng1V(I)>dlogn1E;n>22]
|z| <L,

and

—_— * —
E2,2 =E |: E 1Na(cn)2’ﬂ8 1V(x)>dlogn1E;"’):1:| :
|z|<Ln

We first prove that, for d large enough, the walk will be able to reach a vertex x satisfying V(z) >
dlogn during a unique excursion [T°~!,T%). Under P, Eén) follows the binomial distribution
B(n,a,), thus

PE(EM > 2) <EF[ B |~ P (B =1) =na,(1 - (1 - a,)"") < na? < n2e 2V

and Many-to-one Formula yields

Ln B
Y21 € OnY E[eS g | < CLn? <1 (27)

Jj=1

for d large enough. For X, 5, we first notice that

B (M 2 0, B —1) = STBENE — MU 3, v i, N9 - NG =)
=1

In particular, PE(N{™ > nf ES™ = 1) < nay(b,)™ and thanks to Many-to-one Formula, we get

1 <1 1 )"G]
EACNE
H H

Ly
S22 SCnE[ 3 au(bn) Tpymuiogn] < CnDE

|z|<Ln Jj=1



Andreoletti, Diel/The heavy range of randomly biased walks on trees 19

where HJS = anzl e3m=5i is the random variable defined in Lemma 2.2. Now remark that if
6

S < 0 s\" 3
H? <n”/(3logn), then (171/Hj> < 1/n? and so

Ly,
ZIE

Jj=1

1 ( 1 )" ] .
—<|1——=5 ) lug.<ne < L,/n
S S H;<n%/(3logn) | = &n

H Hj

J

and according to Lemma 2.2,

0
1 1y\" 3logn g n? (logn)~

Finally,
Yoo < C(logn)~L,n'~". (28)

The bounds obtained for X1, ¥o 1 and 332 in (26), (27), (28) and Markov inequality give the result
in this second case. O

3.2. Lower bounds

In this section, we prove two propositions: the first one gives a lower bound for the heavy range
R;’;) for any cases but is only optimal for the slowest cases, that is to say for random walks with
logarithmic behavior. This first proposition is obtained by studying only vertices with low potential
(see definition of set A,, below). The second one, Proposition 3.4, which is more technical to obtain,
deals only with the fast cases, that is to say when (1) = 0 and ¢’(1) < 0 and focuses on vertices
with high potential.

Proposition 3.3. Assume A1 and fix 0 € [0,1). For any 0 < ¢ < to(1—0), there exists a constant
€ > 0 such that for n large enough,

P*( Z 1N1(:n)2n9 < nto<1_0)_5> <n”°.
|z|<(log n)3

Remark that the upper bound for Ri:;) given in Proposition 3.1 for the case inf (o 1) 9 (s) = 0
and ¥’(1) < 0 can be larger than the lower bound obtained in the above proposition. This means
that we ignore too much vertices with high potential that are of great importance. They are treated
in Proposition 3.4.

Proof. Consider the subset
vn>1, A,:={z€T, V(z) <(1-0-10)logn, and |z|< (logn)®}.

We will prove that for n large enough,

IP’*( Y1y > 1) <e’ . (29)
TEA,
Accepting this bound, we have
IP’*( Z Lyme, s < nt0(1—9)—5) < P* (|An| < nto(l—a)—é) + o’

|z]<(logn)3



Andreoletti, Diel/The heavy range of randomly biased walks on trees 20

and the control on the cardinal of A,, given in Proposition 2.5 taking ¢ = 1 — 6 — ¢ concludes the
proof.
Let us now prove (29). Fix an environment £ = (T,w) and consider a vertex x € T. By the

strong Markov property, the sequence (NQEZ) — Néiil),i > 1) is, under P¢ = Pf, an i.i.d. sequence
with law given by N:,(;l) (remark that Nio) = 0). Applying exponential Markov inequality, we have
for any n > 0 and « > 0,

IP’5<N:£”) < a) = P(Z[Néi) - NI < a) = ]P’g(e_" SN =N e_"a)

1=

< exp (na + nlogEf [e*"Nil))] ) . (30)

It is easy to see, by the strong Markov property, that the distribution of Nél) under P is geometrical
with parameter 1 — b, so that

log E€ [exp(—nNil))] = log ((1 —ag) + a,E¢ [exp(—nNi.l))} )
=log(1—ay; +az(1—by)/(e" —by))
< —ap+a(1—0,)/(1+n—"0bs) .

Then coming back to (30) with n = (1 — b,,), we obtain

IP’S(NQE”) §o¢) §exp<fn;$ +(17br)01). (31)
The equations of a, and b, given in (18) and (19) imply that a, /(1 —b,) = e~ (*). Together with
(31), this gives
PN <) < e (nme" D)

As for any x € A,,, V@ > n=(170=9 and q, > 1/(n'~"%(logn)?), the above inequality implies
that

Pg( Z 1 NG <o > 1) < Pg(NgEn) < nl—ée—V(LE)) < |An|e—n”é(1—1’f§)/(1()gn)3 )
TEA, T€A,

Integrating with respect to the distribution of £, we obtain for n large enough:

(52 o 21) 2 OBl
€A,

0+6/2

Then we only need an appropriate upper bound for E[|A4,|] to complete the proof. This is a direct
consequence of Many-to-one Formula. Indeed, taking ¢t = ¢y in Lemma 2.1, we get

EHATLH :E|: Z 1V(z)§(1—0—6) 10gni|

|z|<(log n)3
L (log n)? ]
- Z ]E{etOS”W(tO)lgké(l_g_& logn] < (logn)>nte1=6=9)
k=1
O

The following proposition deals with the rapid cases ()(1) = 0,¢'(1) < 0): we treat the vertices
with large potential which were left aside in the previous proposition. Quite technical, the proof is
decomposed in essentially four Lemmata.
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Proposition 3.4. Assume A1 and suppose we are in the case

eiﬁ)fl]d)(s) =(1)=0, (1) <0and k =inf{s>1, ¥(s) =0} <o .

Define ¢ := (k —1)™* A1 and consider a real 6 € [0,(). For any constant 0 < § < (k — 1)(¢ — 0),
there exists a positive number € such that for n large enough,

P* (REZ;) < n2/\r€—f~i9—5) < n_¢.

In the sequel it is enough to consider generations slightly smaller than typical visited generations
for this cases (that is n(* D! as recalled in Lemma 3.2), so we define

sz — n(nfl)/\175/2 _ n(nfl)C75/2 )

First let us introduce the set T',, = 'L N T2 where

n =

Tk {xET/nOSHw§n9+6/16, V(x)24logn} and
I‘% — {x eT/ ZHZ §n1_75/16 and Vz <z, H, gnc}
z<x
(recall the definition of H, in (17)). The set T',, contains the vertices which are the main contributors
to the heavy range. Remark that, when x < 2, the condition {Vz <z, H,<n¢ } is implied by the
condition on the sum > _ H, and is therefore useless in this case.
The set T, is such that the walk visits most of these vertices more than n? times with a large

probability. Then, as

z<z

Rfﬁe) Z Z 1N§”)2n9 ]-ZL’GFnJ

[z|<L3,

we only have to obtain a lower bound for the above last sum. We first prove in the following lemma
that, with a large probability, the walk reaches a given vertex of I',, during a single excursion
=1, T)

Lemma 3.5. Foranyx € T, consider E;(E") = Z?zl Liakeri-1,14), X)=2} the number of excursions
where the walk hits vertex x. Then, for n large enough,

]P*( Z 1E§E")22116Fn > 1) < n~ L.

lz|<Lg
Proof. Under P¢, E{™ follows the binomial distribution B(n,a.) = B(n,e”V® /H,) so

PS(E;") > 2) < Ef [Eg(]ﬂ - Pg(E;m - 1) = nag(1 — (1 — az)") < n2a?

Moreover, for x € T, n?a2 = n?e 2V@ -2 <n=2e~V (@) and
E*[ 3 ]P’E(Eﬁ,") > 2) 1xepn} < 0n*2E[ 3 e*Vm} <Oon2L8 <nl.
lz|<L, lz|<L?,
And Markov inequality gives the result of the lemma. O

The previous lemma shows that there is independence between the contributions of the different
excursions. The following one shows that the sum of these contributions is close to the sum of the
quenched mean of one contribution.
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Lemma 3.6. There is a constant C' such that for n large enough,

n
E 1-6—-6/8 -V

i=1 |z|<L? lz|<L3,

C Ylapyi<rs Honye VO VOTVEAIT, or

P*-a.s.
= 1=5/8 2 ’
(ngLg fv("”hem)

Proof. As the excursions are i.i.d. under P, we first use Tchebytchev inequality with probability
measure P to obtain:

n
n
Pe Z Z Iyo _ni=vspoleer, < 5 Z PE(NS) Zn9> leer,

=1 |z|<L; 2| <L,
1 1
A 2lel Iyl <Lh ]pg(N; ANy > ng) Lo yer,

— 2
" (ngLg Pg(Nagl) > ne) ]-mel"n)

(32)

Remark now that for any z € T, P¢ (Nagl) >n?) =a, (bz)[”ﬁ, with a, and b, given in respectively
(18) and (19) (and [n?] stands for the smallest integer larger than n?). As for x € T, H, €
[n?, n?*9/16] there is a constant C such that for any n > 1,

c e
Z ]P)S(Na(cl) > ne)]-acel"n > W Z € VI )1$6Fn' (33)

|| <L, 2| <L,

To bound the numerator in (32), we use Markov-type inequality:

1
S PN AND =00 ) 1 e, ST ES [ NOND | 10 ger,

o] |y <L, <L,
2 )V () 4V (e
< Y e V@ V@REnI g 1,
ol |y <L,

The last bound of the previous equation is obtained by the control of the covariances E€ [Nx(l)Nél) } .

This result is similar to the ones presented in Lemma 5.2 in [HS16], we give here a short proof for
completeness.

Lemma 3.7. For any z,y € T,

ifr<y, EE [N:,Sl)Nél)] =e VW (2H, —1) (34)
else Ef [Nygl)zvy(l)} =2 V@V (35)

Proof. A direct calculation leads to (34) when « = y. We proceed by induction on the generations
for the general case. The result is obvious for x = y = e. Suppose now that Equations (34) and
(35) are true for any |z| V |y| < m for some integer m and consider two vertices z and y such that
|z| V ]y] < m+ 1. If |z| V |y| < m, the result is direct. If || < m and |y| = m + 1, we consider the
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U—algebra Gn=0 (5 (N(l) || < m)) Given G,,,, N, ( ) follows the negative binomial distribution
BN(NY,1/(1 4+ e~ (V&=VE)). Then,

RE {Nggl)Nén |;m} = NONDPe- V-V,

Taking the expectation leads to (34). Finally, if |x| = |y| = m + 1, same kinds of arguments show

that
ES{N(l 1)|]: } (1)N(1) ~(V(@)=V(E)-(Ve)-V(™)

if * # y* and otherwise

ES[N;UN;UV,,L] — NONW 4 ) (V@VED)-(VE)-VE) |

The result is now easily obtained considering (34). O
O

The following two lemmata control the numerator and the denominator of the bound obtained in
Lemma 3.6.

Lemma 3.8. For n large enough,

= ]E|: Z HZI/’/\ye_V(x)_V(y)J’_V(x/\y)1Z,yEF7L] S Cn1+2(n—1)(<_9)_236/16.
o], |yl <L,

Proof. Remark first that G,, can be written in the following way

G, — ZE{ Z eV ( wer, - Z o~ Vu(v) =V (9) Z Zerv Vﬁ(y)lm,yefn)}

|u|=1 1)751) >0 Yy>0o
v =0"=u

where we recall that for any z > w, V,,(2) := V(z) — V(w) is the potential centered at w. Further-
more, for any z € I',, and any ancestor v < z, the variable H, can be decomposed as follows

H,=e V@, + Hg(gv) <e Vo@nd 4 H‘,f‘,v)

where Hg(f) = Zze]]v,z]] eVo(2)=Vo(®) Now remark that

{z,yeT,} C{n9 < e V@p¢ 4 Hév)7 n? <e VeWnl 4 Héf’), Z H, < n1_75/16}
z<u

and {uvel,} C{ ZHZ < n1*75/16}.

z<u

The new variable H dependb only on the values of the potential centered at v and are therefore
independent of the other branches and of the potential of the vertices before v. The same is true
for HZ(,v). Therefore, conditioning to variables up to generation i and using Many-to-one Formula
of Lemma 2.1 with ¢ = 1, we obtain

G SLZZE[HflszHngnl—m/w} <1+E[ 3 eV V“’)](Léi " ) ) (36)
i=1 v£D

U_U =€
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where forany 1 > b > 0, ¢y p, := IE”((TS’c n? + H,f > n? ) The upper bound of ¢, will be use several
times in the sequel so we start by giving a general estimation. First, ¢y < P(S*Sk n > n9/2) +
]P)(H,f > n9/2). According to Lemma 2.2, there is a constant C' > 0 such that for any n large
enough, P(H,f > n9/2) < Cn~("=19 And, by Markov inequality, for any 0 < 6 < (k — 1)(b — 6),

p<esk S > < Ol O=0=3/2g [~ (1 mE) S | - OV a0 -3/2

2nb—0

Therefore, as 1 (k — ﬁ) < 0, there exists d > 0 such that

(bk,b < C(n—(m—l)e + e—dkn(ﬁ—l)(b—e)—é/Z). (37)

Then applying this inequality in our case that is to say when b = ¢, this gives, as L = plE=1)¢=9/2
for n large enough,

L8 —i-1
Vi<Li, Y ¢rc<Cnlimhe0moz
k=0

V(v)=V(9)

Moreover, by Assumption (2), E {ZU#E o+ |=|5%|=1 € is finite. Hence, to conclude the

)
proof of the lemma, we only have to remark that > Z-Lz"l Hflz 1S <ni-ms16 < nt77/16 Indeed
F<

1-76/16

j<i
we add terms to the sum only while the sum stays smaller than n so the final result has to
be smaller too. O

We now give a lower bound for the denominator.
Lemma 3.9. There is a constant € > 0, such that for n large enough,
IP( Z 67V(z)1xer <n(n71)(§79)756/8) <nc.
lz|<LS

Proof. We use the same strategy as in the proof of Proposition 2.5: we cut the tree at an early
generation to obtain independence and then use concentration Lemma 2.4. We first use Lemma 2.3
to control V' (u) on the very first generations of the tree: there exist b, e > 0 such that P(An) <n7?

where A, = {Vu € T, ,|V(u)| < $logn} and €, = [elogn]. So for n large enough, on the event
An,

YueT,,, H, < n2%/8¢, < n3%/3 and Yy > u, HZS“) <H,< HZ(/“) + e Vu(¥)39/8 (38)

Recall that for any u < z, V,,(z) = V(z) — V(u) and ™ = du<y<s Ve W) =Vu(®@)  Fix now some

constant B > 0, we can consider the collection of random variables :
Vn>1,VueT, Zp= Y e "“@lr, ,, withT,,=T},0T;,
T>U

lz| <L,

where the F;’u are the following new sets of constraints on the environment
L), = {x eT /n® < HY <nf+16/2 v, () > 210gn} and

r2., = {a: eT/ ZH;‘ <n'=%/8/9 and Yu < z < z, V,(z) > —B and H" < n</2}.

z<z
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The definitions of I';, and Ty, ,, and inequalities in (38) imply that on A,

Z V@1, p >0/ Z "

|z|<LS |u|=€p

—=n

so concentration Lemma 2.4 shows that, for some € > 0, for n large enough

227

]P( Z 67V($)116Fn Sn*ﬁ/gE[Zn]) < ]E[Zn]2

lz|<L,

n“+P(A,) , (39)

where Z" =37 s e V@1, .. The next step is to control E[Z"] and E [(Z”)z}

e A lower bound for the mean E[Z™]. Here Many-to-one Formula of Lemma 2.1 with ¢t = 1, gives :

E[Z"]
Li—en
= Z IF’(n9 < Hf < n9+6/8/2,5’i > 2logn, ZHJS < 711_3‘5/8/27 Ff < n</27§i > —B)
i=0 j<i

5
L) —en

5
>3 (P(rf < HF) =Y poi)
i=d, m=1

where 7, := max;<, 7; and r, := min;j<, r; for any sequence (r,),y and d,, = [dlogn] with d a
constant which can be chosen as large as needed. Finally, the p,, ; are defined by

p1i:=P(S; <2logn), pa;:= P<n9+5/16/2 < H,S) , p3i=P(n’ <H? S, <-B)

Payi = P(n9 < H? < n9+6,ﬁf > n</2) and p5; 1= ]P’(ne < H?, ZHJS > n1_35/8/2).

J<i

By Lemma 2.2, for n large enough, P(ne < H;g) > en~("=1% 50 we only have to prove that the
other terms are small compared to n~(*~1¢_ The probability p1,; has already been bounded in this
paper, see (25): we get as i > d,,, p1; < n~ P with D as large as needed if d is large enough. By
Lemma 2.2, py; < Cn~(s=1(0+6/16) The case of the other p.; are a bit more delicate. At the end,
the calculus for ps;, pa,; and ps; are very similar so we detail the one for ps ; and then sketch the
proofs for ps ; and py ;.

Fix some A > 0 and let i,, = max(0,[i — Alogn]). Then HY = HY e~ %ini 4 HS . where for

k<t

Sk,e =S¢ — Sk and Hk 0 E eSki Sk
j=k+1

Note that H is independent of (S;, ;, H; ). First, we have that ps; is smaller than

(Hmzn ZHS 1_35/8/47Hisn §n2)+p(Hi 2n2)+]P’( Z HJSan—36/8/4>

J<in i <j<i

with I;T,” :=n2e Sini 4 H{il By independence, the first term above is smaller than

]P’(ITI,M' > ne) H”( Z HJS > n1735/8/4> .

J<in
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As H,, ; has the same distribution as the random variable n2e~Si~in +HS , | then P (ﬁm > n9> =

T—1p )

®i—i, 2 where ¢, was defined previously and estimated in (37). So for A large enough

]P’(I:Tnl > ne) < COn 01,

Moreover, as ( < 1, E [ (H]S)(Fﬁl)cfé/m} is bounded and as (k — 1)¢ < 1,

(Z H}g>(n—1)<—6/161 < Z E{(Hf)(nfl)cfé/le} <CrL .

J<in §<in

E

And Markov inequality yields, for any i < L2,
IP( Z HJS > n1’35/8/4) < C«Linf((nf1)(76/16)(1736/8) < Cn~9/16
J<in
Similarly P . HP >plm3/8/4) < Op~((r=1)¢=0/16)(1-38/8) |o0 iy, and finally by Lemma 2.2,
Y in<j<i il g y by
]P’(Hii > n2) < On~205=1 As ¢ > 6, for § small enough, this yields
psi < Cnf(nfl)efé/lﬁ )

Same kind of arguments give the same bound for p, ;. And finally, for ps ;, with the same decom-
position as above we easily get that

Psi < IP(I?M- >n? 8, < —B) +P(HS >n*)+P( min Sy <-B)

in<k<i
and by independence, ]P’(f[m > ne,ﬁi“ < —B) = ]P’(ﬁnl > n9> P(ﬁin < —B). Let us now de-
note A\=(k—1)¢—4. Asyp(1+ A) <0, for any 0 <1 < 4,

JRUCESI

. _ -AB_*~
P(lgﬁgiskﬁ B)<e [ oo

and then
p3i < C (e—)\Bn—(m—l)e T ew(l-l-)\)Alogn) < Qe Bp~(n-1)0
Collecting the different upper bounds of the p_;, we obtain for large n,

5
Z P < O~ (510 (n—6/16 + e-m) .

m=1

Therefore for B and n large enough,

LS —en 5
E[Z"] > Z (P(n9 < HS) - Z pm,i) > L8 = (v=18 — Cps=D(E=0)=8/2,
i=dy, m=1

o An upper bound for E [ (Z")Q] . We barely use the same arguments as in the proof of Lemma 3.8:
first E[(Z™)?] can be written as

Ly,
Bl X O TS o )
=1

|u|=1 VFED >0 Yy>v
.k
v =V =U
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Then in the same way as we have obtained (36) we get

L LS —i—1
E[(2")?] <3 E[e 5155 5] <1+1E[ > eVerve (3 ¢k,C)2>
i=1 U;ffl k=0

and same arguments as in the proof of Proposition 3.8 (see Equation (37) and below) show that
L5
E [ (Zn)Q] S CnQ(I{*l)(C*G)*J Z E [6781- 1SiZ—B] .
i=1
So all that is left to do is to control the first part of the sum, again by a Markov inequality: as
Y2 Ak —19) <0,

L, Ly o
ZE[6_511S,>7B] < eB ZE[e_(m(n—n—a)sﬂ < eBZew(zm—a)) < 00
i=1

=1 =1
and finally E[ (Z")?] < Cn?*=D(=9=3 The bounds obtained for E[Z"], E[(Z")?] and Inequal-
ity (39) conclude the proof. O

Proof of Proposition 3.4. We only have to collect all the previous results. Thanks to Lemma 3.5
we can separate the excursions and, as Kk A2 — kf =1 — 0 + (k — 1)(¢ — 6), thanks to Lemma 3.9
we can introduce the variable ¥, := ZII\SL‘S e V)1 ,¢cr, . So these two Lemmata imply

]P)(R:;) < nm/\27/1975) < 7171 —|—n76

n
Jr]P(Z Z 1y nG-vspelzer, < AR TAD VIS n(ﬁfl)(cfe)fsé/s)

i=1 |2|<L3,

for some constant € > 0. Using now the quenched concentration Lemma 3.6, the probability of the
right-hand side of the previous equation can be bounded by

C o\ -2
—V(2)=V(y)+V(2Ay)Lle,yery, 1 -
n1—5/8E (En) Z Hqypye LS S -1 (c—0)—56/8

]|yl <L,

SCn—1—2(5—1)((—9)—116/8Gn )

And finally, the bound of G,, given in Lemma 3.8 shows that

(n) KA2—KO—8 1 1 1
PR <n )< at et

This concludes the proof of the proposition. O

4. Estimation of the c.d.f.

In this section we mainly prove Theorem 1.7. For that purpose, we use the same global strategy as
in [DL17], that is to say we begin by estimating the moments of p (defined in (10)) and we then
use these estimators to build the family of estimators ﬁ;} of the c.d.f. The important difference
comparing to [DL17] is that in our case the state space is now a Galton-Watson tree instead of Z.
Recall that in this part, we assume not only Al but also A2:
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e the reproduction law of the Galton-Watson is bounded: 3K >0, P(vr < K) =
e given the tree up to generation n and the number of children v, of some z € T such that
|z| = n, the variables (w,, );<;<, areii.d. with the same distribution as some variable w.

4.1. Estimation of the moments of p

First remark that the marked tree (z € T, N;n)) is a sufficient statistic for the trajectory
(Xt)iejo,rom7- Indeed for any admissible sequence (ai )ke{o e} the likelihood is

) O B ()

z e wa; z;
V— e T
( 1+ 2;1 e Wi ) H < 1+ Zz pe i ) ]
(n) t(m

where ng” = ), 1(4, =z, ay=z}- 1t is then natural to construct our estimator using these
random variables. A second important point is that, for fixed environment and tree, that is to say
under P¢, for any z € T,

" . " N(”) —1 i .
PE (N = | (N )=< 9 )pw(l—pw)’
lyl<z] j

IP(XO = ag, - .- 7)(T(n,) = Qy(n)

T):HE

zeT

where p, = (1 + e« )_1. So the moments of p are convenient quantities to estimate and we first
focus on them. The estimator of m®# = E [p“(l — p)ﬁ] is constructed following the same strategy
as in [DL17]. Let us first introduce the function @, g,

(i+jf(oc+i+6))
Va, By, 2 0, Baslisj) = 1@“425% - (40)

J
To estimate the moments m®#? of p, we use the following random variable:

meh = Z > 0o (N, NGM)

a+1 zGTy s.t.
y =z

where we use the convention: 0/0 = 0. Remark that the series here are in fact simple sums as only
a finite number of N{™ are non zero. These estimators satisfy a concentration property:

Proposition 4.1. Assume A1 and A2 and fix o, B € Z. There is a positive constant C, such that
for any integer n > 0 and any real number z > 0,

z 4+ 2lo R(n)
(i) atl | < Ce* .
2Ra+1

|T7lz’ﬁ mo"ﬁ| > ol K

a+ OV E[v]
Proof. We first introduce the sequence (yx), <y Which designates the vertices of the tree T U {e* }
in level order, generation by generation: we start with yg = e*, y; = e and then we move to the
first generation, the first vertex (on the left) is called ys, the second one ys and so on. Once no
more vertices are present at this generation, we move to the next one and so on (see Figure 3).
Using the sequence (yx),cy, the estimators m&# have the following expression

iy = (n) Z Z as (N3 N™)

[ a+1 k=1 y7st
Y =yr
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yo = e~

1
y Y3

Y4 5 N\eY6

Figure 3: Vertices numbering

Denote by (Fi),cy the following filtration: Fo = o (Ne(n)) and for k > 0,

karl:J(}—ka U<Vyk+1’ (Nén)7y*:yk+1)>) . (41)

In the following lemma we introduce a martingale which the main tool to obtain Proposition
4.1.
Lemma 4.2. Let o, 8 € Z,. For probability measure P, the sequence (Z?ﬁ) defined, for all

k>0
integer k > 0, by
a,B _ a,B _ n n «,
257 =0 and V=1, 207 =1y (DD Pas (NN —E[v)me”)
Yy =Yk

are martingale difference sequence with respect to (Fi )jcn-

Proof. First recall the following result which is a slight variation of Lemma 3.1 in [AdR17], which
can be proved using the same arguments: for any n > 1, under P the marked tree (a: eT, N:,E"))

is a multi-type Galton-Watson tree. Its initial type is n and its mean matrix is given by:

Vi,j >0, mi, :E[ Z 1N§J):j] _ (i—;+j)E[ Z (1+ee—j::)”j] (42)

|z|=1 |z|=1

> (i_iﬂ) E[v]E[(1-p) ']

Now, Z,’:’ﬁ is obviously an integrable and Fj-measurable random variable. Moreover, according
o (42), for any i > a+ 1 and any k > 1,

E[lyo, Y. ®as (MWL ND) | Ficd]

T, =Yk

S
= 1N("):iE|: Z ‘I)a,/g (z’Nggl))} = 1N352):i Z(I)O‘”B (Z,j)]E[ Z 1Ng(ci):j:|
=0

Yk
w[=1 lz[=1

From this last equality we easily obtain E[Z,? B "7:1@71} = 0 which completes the proof of the

lemma. O



Andreoletti, Diel/The heavy range of randomly biased walks on trees 30

We can now prove Proposition 4.1. We only have to show that:

a,B
k

VZ>O,IP’< TR

131
> OLB'),)K\/REJQl (z+2logRng)> <Ce . (43)

We know, according to Lemma 4.2 that the process (M}), oy defined by

k
Mo =0 and Vk<1, My =>» zM"

i=1
is a martingale with respect to (Fy),cy. We could directly apply a concentration inequality but to

obtain a better bound we first remark that some of the increments Z,?’B are zero so we consider
the sequence of stopping times (with respect to the filtration (Fp),cp):

7o =0 and Ym > 1, Tm+1:inf{l<:>7'm, Ny<7>za+1} (44)

where inf @ = oco. As the other variablesZg’B are null, we have that M, = Y ", Zg’ﬁ and

Rgﬁl =3 1, <co. Now an elementary combinatoric argument shows that, for i > a + 1 and
jz B,
i—1+j—a—-p0\[a+p < i—1+7j
i—1—« a )=\ i-1 )"

a+p

(67

Thus, for any 4,5 > 0,

—1
0< B 50, j) < ( ) — D0t 1,8) <1

and for any m > 0, |Z%#| < K where K is the upper bound for the support of v as described in
Theorem 1.7. Moreover, for any m € N, the stopped process (M, A1)~ is still a martingale. For
any m € N, [M, ;| < mK. Therefore the stopped martingale (M, A;);>, is uniformly integrable
and Doob’s optional sampling theorem implies that (M-, ), <y is a martingale. As for any m > 0,

Tm

M,  —E[v]m*P <M, <M

Tm—1

—E[v]m** + K,

Mc Diarmid’s inequality (see Theorem 6.7 in [McD89]) leads now to the following concentration
result: for any integer m > 0 and any real z > 0,

-1
]P’(|M7m\ > (0425) K\/mz/2) <277 .

And a union bound concludes the proof:
(‘Zz ol S a+6 \/Ra+1(z+2logRa+1)>

00 —1
n a+ | z+2logm

m=1

oo 1
a+p z+2logm . ologm T
]P’<|MT 2( . > K\/m# <27 ) e?los =g

m=1 m>1
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4.2. Estimation of the cumulative distribution function

In this section we prove Theorem 1.7. For that purpose, we use the estimation of the moments m®?
to approximate the cumulative distribution function F' of p. It is a straightforward consequence of
Lemma 4.3 and Lemma 4.4.

Define for any u € [0,1] and any o € N*,

loau|—1

Fw= Y () ke

k=0

where  — |z is the floor function and Z,;:lo = 0. When the function F' is regular enough, it is
a classical result that it is well approximate by F'®. A precise statement is given in Lemma 6 of
[DL17] which we recall here.

Lemma 4.3. Suppose that the function F € CY for some v € (0,2]. For any integer a > 1,

o RS
— < —0
opax |[F(t/e) = F(t/e)l < oo =07

According to the results of the previous section, it is then natural to use the estimator defined
in (11):

-1 . .

~ 1 n . o 1> 1—1 J

Fou) = ——— Y gplevl Né*),NLE”) with !, (i, j) = —== < )( )
" = REL] Z ( ) it (65 (L5) g koj\a—1-k

Indeed, for any i > «, ¥ (i,7) = 2;10 (i)@kﬂ_l_k(i,j), where @y o_1_j is defined in (40).

Thus, this estimator is essentially the one obtained from the moment estimators of the previous
subsection, but using only the sites x satisfying Ng(cn) > «. Notice that for any 1 < < a and

1>ao,5 >0,
-1 . . a—-1 ,. . . .
v J 1—1 J 1—147
< =
Z(k)(a—l—k>_z(k><a—l—k> (a—l)’
k=0 k=0

thus !, € [0, 1]. Moreover, Vandermonde’s identity:

a—1 ,. . . .
. 1—1 7 i—147
> E =

shows that any ﬁf;‘ is a (random) c.d.f. We now have to prove that ﬁ,? estimates correctly F'“.
This is done in the following lemma.

Lemma 4.4. For any integers a,n > 1 and any real z > 0,

(n)
K \/z+loga+21ogRa < Ce

P| max ﬁr‘:(é/a) _F‘X(Z/a)‘ = E[v] 2Rg,n)

0<t<a
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Proof. The proof follows the same lines as the one of Proposition 4.1. We introduce the sequence:

VO <(<a, VkeN, Y,;”leN(n)M( > v (Néﬁ),N(")) E[v ]F“(f/a)>
Y =

Y,y =Yk

Using same kind of calculus as in the proof of Lemma 4.2, we can show that (Yka’e>k is a
€

martingale difference sequence with respect to the filtration (Fy), oy defined in (41). Lemma 4.4 is

equivalent to
o

So we now consider the martingale (M,‘:’l>k N defined by M]?’l =D i<k Yj""l and the same
c <

(n)
Vz >0, P| max < (z+10ga+2logRg")) < Ce *.

1<i<a

ZYaZ

sequence of stopping times (7;,),,cy as the one defined in (44) except that o+ 1 is replaced by a:
7o =0 and ¥m > 1, Tmi1 :inf{l > Ty NI > a} .

The process (M ) l) is still a martingale and for any m > 1,

meN
M2t —E[v]F* (L/a) < MEE< MO —E[v]F* (f/a)+ K .

Tm—1

Then Mc Diarmid’s inequality (Theorem 6.7 in [McD89)]) yields, for any 1 < ¢ < a,

> K kz) < 2e*

Vk €N, Vz >0, (‘M”

and a union bound gives the result:

(n)
> K\/R; (z +loga + QIOgRg"))>

> K\/];(z—i—loga—i—ﬂogk)})

@ 7210gk: 2

>K\/ z+loga+2logk><26 ZZ e*z.

k>14=1

a,l
(m 2N
(-

(e

al
M,

The inequality of Theorem 1.7 follows now immediately from Lemma 4.3, Lemma 4.4 and the
fact that F' is v A 1-Holder.
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