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We present a probabilistic Las Vegas algorithm for solving sufficiently generic square
polynomial systems over finite fields. We achieve a nearly quadratic running time in
the number of solutions, for densely represented input polynomials. We also prove a
nearly linear bit complexity bound for polynomial systems with rational coefficients.
Our results are obtained using the combination of the Kronecker solver and a new
improved algorithm for fast multivariate modular composition.
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1. INTRODUCTION

Let K be an effective field. This means that we have a data structure for representing
elements of K, together with algorithms for performing the field operations. Consider
a homogeneous system of polynomial equations

fi=rr=fa=0,

where f;eK[xy,...,x,]. We are interested in the exact resolution of such a system through
the computation of a parametrization of its zero-set by a so-called primitive element; see
section 4.2 for a precise definition.

Throughout this paper, we assume that fj, ..., f, are given in standard dense repre-
sentation. The total degree of each f;is written d;, and we let D;:=d; ---d;. Our algorithm
requires the following reqularity conditions:

Ri. fi,..., fnis a regular sequence;

R,. The intermediate ideals I;:= (fi,..., fi) are absolutely radical, which means radical over
the algebraic closure K of K, fori=1,...,n;

Rs. d; =22, fori=1,...,n.
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Conditions Ry and R, formalize the idea of a “generic system” in the sense that they are
likely to hold when the f; admit random coefficients. Under these conditions it is well
known that the system f;="--- = f, =0 admits exactly D, geometrically regular solutions
in the projective space P" over K. Condition Rj is included for the sake of simplicity. It
is not restrictive because linear equations can be removed by means of linear Gaussian
elimination, and by performing a suitable linear change of the variables; see Remark 5.6.
We prove new probabilistic complexity bounds for computing all the solutions in
terms of a univariate parametrization by a primitive element. For finite fields K, our
bound is arbitrarily close to quadratic in the number of the solutions whenever d;=---=d,:
see Corollary 5.5. For rational coefficients of bounded height, we deduce a complexity
bound that is nearly linear in the expected bit size of the output of the algorithm: see The-
orem 6.11. These results improve upon the best previously known complexity bounds.

Notations

We set d:=max (dy,...,d,). In order to simplify the presentation of complexity bounds,
we use soft-Oh notation: f(n) € é(g(n)) means that f (n) =g(n) logg(l)(g(n) +3); see [21,
chapter 25, section 7] for technical details. The least integer larger or equal to x is
written [x]; the largest one smaller or equal to x is written [ x].

The K-vector space of polynomials of degree <d is written K[x].4. The remainder
of the division of a by b is written a rem b. In order to express that an expression A is
explicitly computed modulo b, we write A mod b.

The Galois ring of characteristic p* and cardinality p**, written GR(p*, k), is defined as

GR(p" k) :=(Z/p*Z)[z]/ (0(2)),

with 6 monic and irreducible modulo p.

1.1. Related work

The complexity of polynomial system solving is a central question in effective algebraic
geometry, which is still open. Except in some very special cases, no softly linear time
algorithms are known. In order to simplify the discussion, we assume that d; > 2 for
i=1,...,n.

One known favorable special case concerns systems of bounded degrees d; over K = Q
that satisfy Ry and Ry: in suitable bit complexity models (computation trees, or random
access memory machines), the variant of the Kronecker solver designed by Giusti, Lecerf
and Salvy [27] admits a softly linear running time for 7 — co. This solver is probabilistic
of Las Vegas type, with a well understood probability of failure that can easily be made
arbitrarily small in practice; for details, see the recent work by Giménez and Matera [22].
The Kronecker algorithm has a long history, lying deep in Kronecker's work [44], but
it emerged after a series of seminal articles by Giusti, Heintz, Matera, Morais, Pardo,
and their collaborators in the nineties [24, 25, 26]; for the history of this algorithm along
with references, we refer to the introduction of [18].

Assume that the input polynomials are given as a straight-line program of size L
over K without division (see the definition in [13] for instance) and that we use the com-
putation tree model for our complexity measures. If the cardinality of K is sufficiently
large and the conditions R; and R; hold, then the Kronecker solver computes a parame-
trization of the solution set in terms of a primitive element using

LO(D?) (1.1)
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operations in K and with a uniformly bounded probability of failure. The complexity
bound (1.1) essentially comes from [27, Theorem 1] by taking into account that D; 1 >2D;;
this is detailed in section 5 below. If the d; are all bounded, then we notice that
L= (log D,)°D, so the bound (1.1) is essentially quadratic. In the other extreme case
when 7 is bounded, we rather have L <D,, so the bound (1.1) becomes essentially cubic.
In this paper, we show how to obtain a nearly quadratic bound for this case as well.

Grobner bases constitute another cornerstone for polynomial system solving. Algo-
rithms in this setting are usually deterministic, but their complexities are highly intricate
in general: they depend on both the system and the admissible ordering attached to
monomials. Complexities of unfavourable cases are doubly exponential in 71; see a sum-
mary of known families in [21, chapter 21]. The first simply exponential bounds of the
form D,? D for zero dimensional systems are due to Giusti, Lazard and Lakshman in the
eighties [23, 45, 46, 47, 48]. The constant hidden behind the latter “O” may be related to
a feasible exponent w for linear algebra, in the sense that any two square matrices of size
nxnmay be multiplied with O(n“) operations in their coefficient ring. Basically one may
perform Gaussian elimination on Macaulay matrices: for instance, under R; and for the
graduated reverse lexicographic ordering, the resolution requires O(n E (”:E>w) oper-
ations in K, where E=1+ Z?:l (di—1) is the Macaulay bound; see [4], or [8, chapter 26]
for a proof from scratch, for instance.

At present time it is not known how to exploit the structure of Macaulay matrices to
perform Gaussian elimination in time quadratic in D,, or even in d". One contribution
to this problem, due to Canny, Kaltofen, and Yagati [14], relies on sparse polynomial
interpolation and the Wiedemann solver. Further important results based on structured
linear algebra have been established by Mourrain, Pan, and Ruatta [56]: they proved
that the number of roots and of real roots can be computed with O(3"D2log D,) floating
point operations, and that all the § (real) roots in a given box up to the error 277 can
be computed with O((u + v) n3" 5 D3 log D, log b) floating point operations, where u
and v depend linearly on log b as well as on the conditioning of the system. Yet another
important advance here is Faugeére's F5 algorithm, which suppresses useless rows in
Macaulay matrices. However, its worst case complexity O(n (3 d)3") remains essentially
cubic in D, [3, 4]. Other methods derived or inspired by Macaulay's work have been
developed by Mourrain and Trébuchet [57, 58, 59].

For Grobner bases of zero dimensional systems, monomial orderings may be changed
quite conveniently by means of linear algebra. This is known as the FGLM algorithm
(named after the initials of its authors, Faugere, Gianni, Lazard and Mora [20]) and
involves a cost O(n DS). Recently, Faugere, Gaudry, Huot and Renault [19] decreased
it to O(DY). Nevertheless one must keep in mind that the best practical values for w
are only about 2.8, which is far from the best known theoretical bound <2.3728639, due
to Le Gall [49].

Another aspect of the present paper concerns multivariate modular composition, that
is the computation of f(g1,...,g4) remh where f € K[xy,...,x,], h€ K[x] has degree d,
and g1,...,9x are in K[x]<s. When n =1, the best known complexity bound O(d?) for
any field K is due to Brent and Kung [11]. Their algorithm even yields a sub-quadratic
cost O(d?) when using fast linear algebra; see [40, p. 185]. Here the constant @ >1.5 is
such that a 7 x /7 matrix over K may be multiplied with another /7 xn rectangular
matrix with O(n®) operations in K. Huang and Pan proved that @ <1.667; see [38, The-
orem 10.1]. In [35, section 3] we extended Brent and Kung's result to the multivariate
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setting. A major breakthrough for the modular composition problem is due to Kedlaya
and Umans [41, 42], in the case when A is a finite field F, and more generally a finite
ring of the form (Z/r Z)[z]/ (6(z)) for any integer r and 6 monic of degree k. For any
fixed rational value £ >0, they showed that f(g1,...,8,) can be computed modulo / in
time O(((d +1)"klog p)”g) whenever the partial degrees of f are <d, and under the
condition n=d°D; see [42, Theorem 7.1]. Extensions to compositions modulo triangular
sets can be found in [63].

1.2. Our contributions

The first technical but important contribution of this paper concerns the refinement of
Kedlaya and Umans' complexity result on modular composition [41, 42]. In fact, in Corol-
lary 3.6 we achieve a sharper complexity bound in terms of the total degree d of f, that
is softly linear in the bit size O(klog p) of the coefficients, and that holds without the
assumption 1 =d°". We also handle fast evaluations of f in a larger algebra of the
form IFpk[e, vt/ (e?, yM, Q(e,y,t)), where M >1 and Q is monic in t of degree d": this
is a particular case of composition modulo triangular sets studied in [63], for which
we also improve upon the dependency in the coefficient size. These new results are
based on our recent advances on multivariate multi-point evaluation algorithms [36].
At a more abstract level, our algorithm applies to any field K over which fast multi-point
multivariate polynomial evaluation exists. We recall that fast multivariate multi-point
evaluation remains an important open problem: no efficient algorithms are known over
a general abstract field K and we are not aware of any efficient implementations of Ked-
laya and Umans' method; for some recent progress on special cases, we refer to [33, 34].

Our main contributions concern the complexity of polynomial system solving. We
first prove a Las Vegas type probabilistic bit complexity bound O(D, d '+ Vklog p)
over the finite field K =F s, for the dense representation of input polynomials, and where
£>0is any fixed rational value: see Corollary 5.5. Whenever d; = --- =d,,=d, this bound
is arbitrarily close to quadratic in the number of the roots D, =d" of the system. This
improves upon previously known bounds. For example, the complexity bound (1.1)
simplifies to Di*9® whenever L DE. With input polynomials given in dense repre-
sentation, the quantity L is of the order }!_; (di;”). If all the d; remain bounded and

if n tends to infinity, then we have
d

di+n 1’1_'
( n )Ndi!'

Consequently, the expected complexity of the Kronecker solver becomes O(D3?), in
terms of the number of arithmetic operations in K. However, if the d; are no longer
bounded, then (d":l’”> may grow with O(d}") and the worst case complexity of the solver
becomes O(D2d").

Our next main result concerns the case K = Q. We assume that fi,..., f, have integer
coefficients of bit size <h, and we achieve expected time O(D,d*®" ). Whenever
di=---=d,=d, this time turns out to be nearly linear in the bit size of the output: see
the precise bound in Theorem 6.11. This complexity bound admits major consequences
for symbolic real solving, especially for algorithms based on the Kronecker solver; see
for instance [2] and references therein. Once a Kronecker parametrization is known, it is
also possible to appeal to univariate numerical solvers to deduce complex or real approx-
imations of the roots of the system; see for instance the book [55].
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Let us briefly describe the structure of this paper. Section 2 is devoted to prerequisites
about the complexity model and fast multi-point polynomial evaluation. The next sec-
tion 3 deals with various particular cases of multivariate modular composition involved
in the Kronecker solver. Section 4 concerns the algebraic data structures needed by the
solver, along with general position and some of the randomness aspects. The solver is
itself recalled in section 5, that ends with our main result over the finite fields. Our main
complexity bound over the rational numbers is stated in the final section 6.

It may be helpful to notice that the probability analysis of our algorithms contains
two main stages. On the one hand, we need to put the system in general position and
prepare the main data structures. This part is handled in section 4. On the other hand,
for the sake of efficiency, some subalgorithms of the Kronecker solver involve additional
random parameters that must be taken outside certain proper closed subvarieties (see
Propositions 5.2 and 5.3), or integer parameters that must be coprime with a certain set
of bad primes (see Lemma 6.7). The probability of picking suitable random parameters
of this kind will be analyzed separately.

2. COMPLEXITY MODEL AND BASIC OPERATIONS

Throughout this paper, we will be working in the Turing machine model [61] with suffi-
ciently many tapes (seven tapes are usually sufficient in order to implement basic routines
on polynomials, series, and matrices in a natural way). The Kronecker algorithm is ran-
domized, so it also requires a special instruction to generate a random symbol in one
cell within constant time.

In some cases, algebraic structures have a natural bit size (e.g. modular integers,
finite fields); in other cases the size is variable (e.g. arrays, polynomials). In both cases
elements are represented on tapes as sequences of symbols, followed by a specific ter-
mination symbol "#”. The reader must keep in mind that heads of the machine can just
move one cell left or right at each time step. Algorithms must take care of using data
in the most contiguous way as possible, and loop counters cannot be used for free.

The rest of the section gathers standard data types and elementary operations needed
in the next sections. We freely use well known complexity bounds on polynomials and
matrices from [21]; details about Turing machine implementations of these algorithms
can be found in [65].

2.1. Basic data types

Integers

We use binary representation for integers. A modular integer in Z /r Z is represented
by its natural preimage in {0,...,7—1}. Integers can be added in linear time and multi-
plied in softly linear time O(nlog n); see [30] and historical references therein. Integer
divisions and extended gcds in bit size <n also take softly linear time [64]. We will also
use truncated p-adic integers, for which we refer the interested reader to [6] for practical
algorithms.

Arrays

One dimensional arrays are sequences of elements terminated by “#”. For example the
vector (1,0,1) € F3 is stored as 1#0#1##.
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For bidimensional arrays we use column-major representation. This means that an
array (A;j)1<i<r1<j<c Of size rxc (r rows and ¢ columns), is stored as the vector of its
columns, i.e. ((A1,1,...,A:1), (A1,2,...,Ar2),..., (A1 ..., Are)). Such arrays are allowed

to contain elements of different types and sizes. For example the matrix over Fis

1
00
stored as 1#0##1#0###. In the Turing machine model, we recall that the transposition of

a bidimensional array can be achieved in softly linear time:

LEMMA 2.1. [36, Lemma 2.3] Let A= (A; ;) be an rxc matrix. Let b; j denote the size of A; ; for
all i, j, and define B:= Zil]. bj ;. Then A can be transposed in time O((B +rc)log min (r,c)).

Univariate polynomials

For univariate polynomials we use dense representation, which means that a polynomial
of degree d is stored as the vector of its d + 1 coefficients from degrees 0 to d. Additions
and subtractions take linear time in d. Multiplying two polynomials over finite fields
may be achieved in softly linear time [15, 29, 31].

In the present paper we consider finite rings of the form A :=(Z/rZ)[z]/(0(z)) with
r22and 6 € (Z/r Z)[z] monic of degree k. Elements of A are stored as their natural
preimage in Z[z] with coefficients in {0,...,r—1}. Additions and subtractions in A take
linear time, products take time O(klog r); see for instance [21, part II].

LEMMA 2.2. [36, adapted from Lemma 2.12] Let A :=(Z /rZ)[z]/(6(z)) be as above and let
Ay, ..., Ap be polynomials in A[x]<q4. For any sequence of points ay,...,an in A we may compute
A1), ..., An1), ..., A1(an), ..., An(ay) in time mO((d +N)klogr).

LEMMA 2.3. [36, adapted from Lemma 2.14] Let A := GR(p*, k) be a Galois ring, let ay,...,an
be elements in A such that a;—a; is invertible modulo p for all i # j, and let by, ..., by be vectors
in A™. We may compute the unique polylwmials Ay,..., Ay in Alz] oy such that Aj(a;) =b;
fori=1,...,Nandj=1,...,min time m O(N xklogp).

Multivariate polynomials

For a polynomial f € A[xy,...,x,] we use the recursive dense representation, by regarding f
as an element of A[x1][x2]...[x,]. In particular, f admits the same representation as its
expansion f = fo+ fix,+ -+ fr,-1 xf;”_l € A[xy,...,x,-1][x,] as a univariate polynomial
in x,. In our algorithms, the number of variables 7 is not part of the representation of f,
so it must be supplied as a separate parameter.

The support supp f of f € A[xj,...,x,] is defined as the set of monomials with non-zero
coefficients and we write |supp f| for its cardinality. Assuming that, apart from the
mandatory trailing “#” symbol, the representations of coefficients in A do not involve
other “#” symbols (this can always be achieved through suitable renamings #~ #,),
we denote the number of “#” symbols involved in the representation of f by |fls. We
notice that [supp f|<|fly For the remainder of this subsection, we assume that the size
of elements in A is bounded by a constant s4.

Example 2.4. The univariate polynomial f(x) =cg+cix+ --- +csx? of degree d is repre-
sented by co#ci#...c/##. The bivariate polynomial f (x1,x2) =co0+co,1 X1+ (c1,0+C1,1X1) X2
is represented by co o#co,1##c1 ottc1,1###.

LEMMA 2.5. [36, Lemma 2.5] Let f € A[x1,...,x,] be of partial degree <{;in x; fori=1,...,n.
Then |fly<>.i_q b1 i+ 1<nm+1, where =ty - - - €, >|supp fl.
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LEMMA 2.6. [36, Lemma 2.6] Let f € A[xy,...,Xx,] be a non-zero polynomial of total degree <d.
Then |fls< Y1, (dJ.”) <np+1, where p:= (d;;”) > |supp fI.

1

LEMMA 2.7. [36, Lemma 2.7] The partial degree bounds {y=1+degy, f,...,ly=1+deg,, fof
a non-zero polynomial f € A[x1,...,Xn] can be computed in time O(|f|4 (n+log 77) +|supp flsa),
where T:=41--- £,

LEMMA 2.8. [36, Lemma 2.8] The total degree d =deg f of a polynomial f € A[xy,...,x,] can
be computed in time O(n|f|¢log(d +3) + |supp flsa), with the convention that deg0:=-1.

LEMMA 2.9. Let A:=(Z/rZ)[z]] (6(z)) be as above. Any partial derivative of f € A[x1,...,x,]
of total degree <d can be computed in time np O(klog r), where p := (’Hn)'

n

Proof. In order to compute the partial derivative in x,,, we run over all the coefficients of f
in time |supp f|O(klog ) + O(|fl4) =npO(klog r) by Lemma 2.6.

If we are interested in the derivative in x; with i <7, then we reinterpret f as an ele-
ment of ]Fpk[i(fl, o, Xil[Xi41...,x,] and its derivative requires time |supp f| O(klog r) +
O(fls) =npO(klogr). |

LEMMA 2.10. Let A:=(Z/rZ)[z]/ (0(z)) be as above, let f € A[xy,.. .,xﬂ] be of total degree d,
and let « € A. Then f(a,xy,...,x,) may be computed in time |supp f|O(klogr) + O(|fls) =
npO(klogr), where p:= (d+”>.

n

Proof. We use Horner's method to evaluate univariate polynomials over A at « in softly
linear time. In total, the machine runs over the entire representation of f and the time
spent in arithmetic operations is at most p O(klog ). a

LEMMA 2.11. [36, adapted from Lemma 2.13] Let A :=(Z/rZ)[z]/(0(z)) be as above, let
feAlylemlxy,..., xn], and let ay,...,an be elements in A. Then f (a1,X1,...,Xn) ,-..p f (AN, X100, X11)
can be computed in time

o (M+N) (é(logzM) +min (log p,log N)) O(klog ) +OWNN|flw),

where p is the cardinality of the support of f in the variables x1, ..., X

At several places we will use the following bound on the cardinality of the support
of a polynomial in n variables and total degree d > 2:

("7;”)_ Ld+i

1 1 3
=5 =11+ a)<z @D

For the sake of efficiency, a homogeneous polynomial f in the variables xy, ..., x, has a dedi-
cated representation made of fb(xl,...,xn) :=f(1,x1,...,x,) and deg f. In this way, f can

d
be recovered as xoegff"(xl/xo, e X/ X0).

2.2. Multivariate multi-point evaluation

The problem called multivariate multi-point evaluation over an effective ring A is the fol-
lowing: given f € A[xj,...,x,] and points ay,...,ax in A", compute f(aq),..., f(an). The
tirst following statement concerns the cost of the naive evaluation algorithm in terms of
the total degree of f.
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LEMMA 2.12. [36, adapted from Lemma 3.8] Let A :=(Z/r Z)[z]/(6(z)) with 8 monic of
degree k be as above, let f € A[x1,...,x,] be of total degree <d. Then we may evaluate f at a point
(ay,...,a,) € A" in time n (’i;”) O(klog ).

In terms of the partial degrees of f, we will need the following better complexity
bounds that refine previous work by Kedlaya and Umans [41, 42]. The first theorem
takes partial degrees into account, while the second one is in terms of the total degree.

THEOREM 2.13. [36, Corollary 4.5] Let € >0 be a fixed rational value. Let A :=(Z/rZ)[z]/
(0(z)) with @ monic of degree k, let f € A[x,...,x,] be of partial degree <lin x;fori=1,...,n,
and let w1, ..., an be a sequence of points in A". Then we may compute f (x1), ..., f(aN) in time

(1+&)" (N + (ntlog(n )"y Om’ "klogr).

THEOREM 2.14. [36, Corollary 4.6] Let € >0 be a fixed rational value. Let A :=(Z/r Z)[z]/
(0(z)) with 8 monic of degree k, let f € A[xy,...,x,] be of total degree <d, and let ay,...,aN be
a sequence of points in A". Then we may compute f (x1),..., f(ay) in time

(1+&)"(N+ ((3d+2n)log(3d +2n))") O(n*d (d+n)®klog ).

2.3. Linear changes of variables

The Kronecker solver needs to perform a linear change of variables of matrix N into
the input homogeneous polynomials. Let f be such a polynomial in GR(p", k)[xq, ..., x,]
of total degree d, and let N = (N; j)o<i<n, 0<j<n b€ @ (n+1) x (1 + 1) matrix over
GR(p",k)[xo,...,x,]. We need to compute

(fON)(xO/~~~/xn) ::f(NO,Ox0+ +N0,nxn/~~/Nn,OxO+ +Nn,nxn)~

A natural idea is to interpolate (f e N)(1,x,...,x,) from its values at S", where S is
a subset of F of cardinality d + 1. Such an interpolation is known to be computable in
time O((d+1)"xklogp); see Lemma A.8 of the appendix. On the other hand the values
of f at N({1} xS") may be obtained in time O((d +1)1+a @+ xklog p) by [36, Propo-
sition 5.7], for any fixed rational value € > 0. However, this approach suffers from two
drawbacks: it takes neither the homogeneity of f nor the structure of N({1} x §") into
account. At the end of Appendix A, we show the following sharper complexity result:

PROPOSITION 2.15. Let f € GR(p*,k)[xq, ..., x,] be homogeneous of degree d >2, and let N be
an (n+1) x (n+ 1) matrix over GR(p*, k). If p*>d and if a LU-decomposition of N is given,
then we may compute f o N in time O(d" kklog p).

3. FAST MULTIVARIATE MODULAR COMPOSITION

This section is devoted to multivariate modular composition, that is the evaluation of
a multivariate polynomial in A[xy,...,x,] at a point in E”, where E := A[t]/(Q(f))
with Q(t) monic and deg Q >1. As recalled in the introduction, no fast algorithm is
known for this task over a general ring or field A. For the Kronecker solver presented in
this paper, the following particular instances of A are needed: F«[y]/ M) and Z/p* Z,
along with tangent numbers over theses rings. In this section, we design fast algorithms
for these cases, on the basis of Kedlaya and Umans' ideas, and new variants from [36].
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If x =1, then GR(p*, k) is the finite field IFpk, whereas k=1 corresponds to the ring
Z | p* Z of the p-adic integers truncated to precision x. Until the end of the section we set

A :=GR(p",k)le,y]l/ (€% y™), (3.1)
and
E:= A[t]/(Q(1)),

where Q € A[t] is a monic polynomial of degree D>1in ¢.

3.1. Reduction to evaluation

Let E(n,¢,d,N) represent a cost function for the multi-point evaluation of n-variate poly-
nomials over GR(p", k) with partial degrees </, total degree <d, and for <N evaluation
points. The following algorithm reduces modular composition to multi-point evalua-
tion.

Algorithm 3.1
Input. f € A[xy,...,x,] of partial degrees <f and of total degree <d; Ay, ..., A, in E.
Output. f(Ay,...,An).
Assumptions. pk >d (max (D,M)-1).
1. Write
A =Aio(y,t) +Ain(y, e
for the canonical preimage of A; in GR(p*, k)[e,y, t], where Aw and Am belong to

GR(p", k)[y,t] and have partial degrees <M in y and <D in t. In a similar manner
write

f=foly,x1,..., %) + fr(y,x1,...,X) €
for the preimage of f in GR(p",k)[e,y,x1,...,x4].

2. Build points ay, . .., &gmaxn,Mm)-1) € GR(p*, k) whose reductions modulo p are pair-
wise distinct.

3.Fori=0,...,d(M-1) and for j=0,...,d (D-1), compute
Bii= (A1), ..., Anoles,a)) and (A11(a;,a;), ..., Apa (e, ).

4. F_or i=0,...,d (M —-1) compute @;(x1,...,X,) = fo(oci,xl, v Xy and Pi(xy, ..., Xy) =
fl(“ilx].l"'lxﬂ)‘
5.Fori=0,...,d(M-1) and for j=0,...,d (D-1), compute

n 30; )
Yij=@i(Bi;) and 6 j:=i(Bi ;) + Z a_fk(,Bi,j) Aga(ag, ).
k=1

6. Interpolate the polynomials /g and /1 in GR(p*, k) [y, t], of partial degrees <d (M —1)
in y and <d (D-1) in t, and such that ho(a;, a;) = 7;,; and hi(a;, ;) = 4; ; for all
i=0,...,d(M-1)and j=0,...,d(D-1).

7. Return ho(y,t) +hi(y,t) e reduced modulo (ez,yM, Q).
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PROPOSITION 3.1. Algorithm 3.1 is correct and takes time
(n+2)dME(n,{,d,dD)+Ond*MDxklogp) + O(Md"+ xklogp),

whenever d = 2.

Proof. First we verify that
f(e,y,Al,...,An) = f_o(y,[ll,...,f_ln)+f1(y,1§1,.._.,f_ln)emodez
= foy,Avrp, .., Anp) + [ AW A0, A+ ) g—ﬁmz‘_h,o, . .,An,())Ak,l) emod e?,
k=1
Therefore, for all i=0,...,d (M -1) and j=0,...,d (D-1) we obtain
f(e,y,Al,...,An)(e,ai,zxj)

n Q0; .
@i(Bi) + (lpi(ﬁi,j) +I; a_fk(ﬁi,j) Ag1(a, Déj)) emod e’

= ho(a,a;) +hi(a;,a;) e mod €.

Since f(e,y,Al, ...,A,;) mod e? has partial degrees <d (M —1) iny and <d (D-1) in t, we
deduce

fle,y,Ay,...,Ap) mode?=ho(y,t) +hi(y,t)e,

whence the correctness of the algorithm.
The rewriting in step 1 takes linear time. The construction of the points in step 2 costs
O(dmax (D,M) xklogp). In step 3 we appeal to Lemma 2.2 in order to obtain

Al(el IXOIt)/ [ /An(e/ Xxo, t)/ .. -/Al(e/ad(M—l)/t>/ [ /An(e/ Xd(M-1), t)
in time O(nd M D xklogp), and then to obtain
A](IXZ', 0‘0)/ .. -/An(ai/a())/ .. .,A](D(i, le(D—l))/ .. -/An(“z'/ ad(D—l))

fori=0,...,d(M-1) in time é(n d>MD xklogp). Notice that the required data reorgani-
zations can be done in softly linear time thanks to Lemma 2.1.
The cost of step 4 is provided by Lemma 2.11,

pdMO(log? M +log(dM)) O(xklog p) + O(dM|fls),

and simplifies to O(Md"*! kklog p) by (2.1) and Lemma 2.6.
The derivations in step 5 incur O(Md" kklog p) by Lemma 2.9. Taking into account
data reorganizations via Lemma 2.1, the total cost of step 5 is

(n+2)dMEn,?,d,dD) + é(ndzMDKklogp) +é(Md”Kklogp).

In step 6, the interpolations amount to O(d* M D kklog p) by Lemma 2.3. Finally step 7
takes additional time O(d>M D xklog p). O

3.2. Main complexity bound

Our main complexity bound for modular composition is presented in the next theorem,
under the condition that sufficiently many evaluation points are at our disposal. For
convenience we recall the following lemma.
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LEMMA 3.2. [36, Lemma 4.7] For all positive integers n,d we have
d+n d n
log< " )gnlog(1+z)+dlog(1+3).

THEOREM 3.3. Let € >0 be a fixed rational value, assume that d >2 and that
pk>max (d, (1+¢) (% + 1) ndg/s) (max (M,d™) -1). (3.2)

Let f € A[x1,...,x,] be of total degree <d and let Ay, ..., Ay, be in E:= A[t]/(Q(1)), with Q
monic in t of degree <d". Then f (A, ...,Ay) can be computed in time

OMd 38" kklog p).

Proof. Let >0 be such that
log(1+7) +7vlog(1+1/7)<log(1l+e¢).
First we examine the case d <yn. Lemma 3.2 and the fact that the function

y—log(1+7y)+ylog(1+1/7)

is nondecreasing yield
d+n day d n
log ( " ) <n (log(l +E) +Elog(1 +E)) <dog(l+y)+ylog(1+1/7))n,

so we have (d Z") < (1+¢)". By adapting Lemma 2.12 to E, the cost of the naive modular
evaluation is (1 +¢)"O(Md" kklogp) = OM dd+2em kklogp), since d > 2.

From now we assume that yn <d holds. We set m:=[8/¢]. If d is bounded then so is
n and the above adaptation of Lemma 2.12 may again be used to achieve a naive evalua-
tion cost in O(Md" kklog p). Consequently, we may further assume that d is sufficiently
large to satisfy

(3+2/71og((3+2/7)d) <df, d+1<d'*¢, and m<logd. (3.3)

We perform the multivariate Kronecker segmentation of f into f which has 71:=mn vari-
ables and partial degrees <¢; as follows. We let

Ci=d+1, b= fori=1,...,m—1, and b, :=[/(by--- b, 1)],

and introduce the Kronecker substitution map

Ka ,,,, l7,,,: GR(PK/k> [xl,ll--'/xl,m/---/-xn,l/---/xn,m] - GR(pK,k) [xl,,,,,xn]
xi,j — xfl-..fj_lforl‘:]_,,,,,n,j:ll""m.
We setf::Kf_ll.u i,,,<f) and d:= (f; + -+ + £,) n—71. Observe that we have = ---={,,_ <,

and €<@1~-~€m. From
€1/m—1<£7i<€1/m fori=1,...,m-1
and

0/ (b bye1) Kby < 0/ (b1 -+ byg) +1
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we deduce that
b by <40 DM =g M),

Still by allowing d to be sufficiently large we may further assume that
b bpy<(1+6)"0 and bp<(1+e)d/™. (3.4)
On the one hand, by [36, Proposition 5.1] and (3.3), the computation of f takes time

(1+&)™O(l"kklogp) = (14 )" O+ xklog p).

On the other hand, fori=1,...,n we compute
<Air1' .- '/Ai,m) = (Ai/Afl, .. .,Agl"'imfl),

by binary powering, in time OMd" xklogp). We may now compute f(Aj,...,Ay) as

~ ~

f(A].I‘ . -/An> :f(A].,l/‘ . -/Al,m/- . -/An,lz- . -/An,m>-

Since (3.4) ensures
A<+ -+ )n<A+e)ymnd/"< (1+¢) <§+1>nd8/8,

the condition (3.2) allows us to combine Proposition 3.1 and Theorem 2.13. This yields
the complexity bound

(i +2)dME(#, ,d,dd") + O(id* Md" xklog p) + O(Md"*+ xklog p)

(1 +2)dME(#, {,d,dd"™) + Od>Md" kklog p)

(L+&)™dM (dd"+ (mn bylog(mn b,))™) O((mn)'® €, kklog p)

+ O(d>Md" kklog p)

(1+&)" M (dV™ + (mn (1+¢) log((1+ &) mnd /™))™

x O(d"*¢xklogp) (using (3.4))
< (1+&)™M (dY™+ (cnlogd)™) O(d" € xklog p),

for a suitable constant c. If " > (cn‘log d)™", then this bound further simplifies to
(1+&)™OMd MO+ exklog p).

Otherwise we have d°" < (cn“log d)™" which implies that d = n°D_ In this case, the con-
dition (3.2) allows us to combine Proposition 3.1 and Theorem 2.14, in order to obtain
f(Ay,...,Ay) in time

(n+2)dME(n,{,d,dd") +O(d*>Md" xklog p)

< m+2)(1+)"dM @1+ ((3d+2n)log(3d+2n))") O(n*d (d+n)°xklog p)
+ O(Md"™*?xklogp)

= (1+&)"((3+2/7)log((3+2/7)d)"O(Md" kklog p),

which simplifies to (1+¢)" OMdd+em xklog p) thanks to (3.3).

Overall we have proved a complexity bound (1+¢)™" O(Md 2" kklog p). Taking
into account that m <logd, from (3.3), it follows that (1+¢)"" <d*", which concludes the
proof. O
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3.3. Extension of the residue field

In order to generalize Theorem 3.3 to small residue fields, namely whenever
inequality (3.2) does not hold, we extend the cardinality of the ground ring. We will
rely on the following construction.

LEMMA 3.4. Let GR(p*, k) =(Z /p*Z)[z]/(6(2)) be a Galois ring, and let | be an integer that
is coprime with k. Then we may compute a monic irreducible polynomial p € Fyly] of degree |
in time O(1*log? p) with any fixed arbitrarily low probability of failure, or in expected time
O(I?log? p) with a Las Vegas algorithm. Then we may build the Galois ring GR(p*, k1) as
(Zp*Z)[z]/(v(z)), such that the following isomorphism holds:

O: (Z/p*Z)y,z]/ (pWy),0(2)) = (Z/p*Z)[u]/(v(u))
y — y(u)
z = n(u):=u/yu),

for some polynomials <y and n in (Z | p* Z)[ul<k. The polynomials v, iy and 1 can be computed
in time O(1“*2xklog p). Each application of ® and ®~! takes time O(I*xklog p).

Proof. The polynomial p can be obtained by using Ben-Or's randomized algorithm [21,
Theorem 14.42]. Since k and I are coprime, a natural candidate for v(z) is the composed
product of 6 and p (usually written 6 © p),

viz):= [ ] @-¢o= ] oca. (3.5)

6(0)=0 p(5)=0 p(&)=0

It is well known that v is irreducible of degree k. Let 0 (u,y):= 6(]/‘1 u) mod p(y), that
can be computed in time O(Ixklog p). We construct v as the monic part of the resultant
Resy (o (y), é(u,y)) in y and we write A(u) y—B(u) for the corresponding subresultant
of degree 1 in y. For subresultants over Galois rings, we need to compute the necessary
minors of the Sylvester matrix by means of Berkowitz' algorithm [5]. In this manner v, A,
and B can be obtained in time O(I“*2xklog p).

It is well known that A is invertible modulo v, so we compute 7(u) :=
A(u)™'B(u) mod v(u) and n(u):=u/y(u) in time é(l;cklog p).

Let us consider an element « € GR(p", k) represented by a(z) € (Z/p* Z)[z] <k, and

-1
A =T I3 I3 -1 ~l/(—u) dé ’ "’V(u) 4
(u) = TrGrep~ 1/ /p Z>((a(y ”)(g(u,y> mod 0 y) 0 (u,y)

where GR(p",1) =(Z /p*Z)[y]/ (p(y)). Equivalently, we have

_ 1 v(u) |7t 1 ) v(u)
A(u>_p(§:0 (”(5 ”)(9<§—1u>) mod 0(6w) | Ty

which corresponds to the usual Chinese remaindering formula associated to the factor-
ization (3.5) of v.

We observe that A(u) rem (¢ Ly = a(é ~Lu) for all roots ¢ of p. Consequently, for
all roots ¢ ¢ of v with 8({) =0, we have A({ ) =a({). It follows that A actually repre-
sents ®(a). It can be computed in time O(I?xklog p).

In the other direction, given a preimage A(u) of a€ (Z /p*Z)[u]/ (v(u)), we obtain
® () as A(yz) mod (p(y),0(z)), in time O(lzxklog p). O
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Remark 3.5. In the latter proof we could have appealed to faster algorithms to build irre-
ducible polynomials, such as the ones of [16, 60, 67]. In addition, faster algorithms are
known to obtain v in specific cases; see [9, 28, 51]. For simplicity we have preferred to
restrict to general well known algorithms, because the complexity bound of Lemma 3.4
is to be used only when [ is rather small.

The following corollary aims at completing Theorem 3.3 for small residue fields. It
will not be used in the sequel because the extension of the residue field will instead be
handled at the top level of the Kronecker solver.

COROLLARY 3.6. Let € >0 be a fixed rational value, let A be as in (3.1), and assume that d > 2.
Let f € A[x1,...,x,] be of total degree <d and let Ay, ..., A, be in E:=A[t]/(Q(t)), with Q
monic in t of degree <d". Then f (A1, ..., A,) can be computed using a probabilistic Las Vegas
algorithm in expected time

OMdd+em xklogp).

Proof. Notice that the total degree of f may be obtained in time O(Md" xklog p) by
Lemmas 2.6, 2.8 and inequality (2.1). It remains to handle the case when (3.2) does not
hold in Theorem 3.3. In other words, assume that

klogp=0(nlogd+logM).
We first compute the smallest integer [ such that

p > max <d, (1+¢) <§+ 1) nd€/8> (max (M,d") -1),
that is

log(max (d,(l +¢) (§+1> Tld‘g/S) (max (M,d") —1)> nlogd+log M
I= klog p :O( klog p )

and we set

I'=min{ik+1:ieN,ik+1>1},
so [ is coprime to k and

kllog p=0O((nlogd+1log M)>?).

We next apply Lemma 3.4, from which we borrow the notation: p € F,[z] of degree [ is
obtained in expected time O(I*log? p) = O((nlog d +log M)?); the computation of v, 7,

and # requires time é(l“’*zkklog p) =O0((nlogd +log M)>“*+? ).
With this construction in hand we set
A:=GR(p" kD)[e,y1/ (e y™),
and
E:=A[t]/(Q(1)),

and we proceed as follows for the modular composition problem:

e We cast Q into A[t] in time O(Md”lzxklog p)= OMd"x);

e We cast f into Alxy,...,x,] in time O(Md”lzkklog p)= OMd"x);

e WecastAj,...,A,into E in time O(nMd”lzicklogp) =OMd"x);
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e By Theorem 3.3, we can evaluate f(Aj,...,A,) in E in time

O(Md1*39 kklog p).

e Wecast f(Ay,...,Ay) into E in time O(Md"x).

Adding up, we obtain the claimed complexity bound—up to replacing ¢ by €/3 from the
outset. 0

4. DATA STRUCTURES AND RANDOMNESS ISSUES

Consider a polynomial system f;=--- = f, =0 over an effective field K, which satisfies the
regularity assumptions Ry, Ry, and Rs3. In the next section, we will recall the Kronecker
algorithm that solves such a system. But before, we prepare the terrain by presenting
a few concepts and data structures that will be necessary, and by discussing how to put
the system into a sufficiently general position via a random linear change of coordinates.

Under our regularity assumptions, and letting I;:= (fi,..., f), the coordinate ring B;:=
Klxo,...,x,]/1; has dimension r =n—i and degree D;:=d; - - - d; by the Bézout theorem.
In particular the system f;=--- = f, =0 admits D, distinct solutions in P", which are all
regular. After applying a generic affine change of coordinates, the Kronecker solver first
solves the system f;=0then f; = f,=0,..., and so on until f;=--- = f,=0. We first study
how to perform this change of variables. Next we explain how positive dimensional
solution sets of the intermediate systems f;=--- = f;=0 are represented.

4.1. Noether position

An homogeneous ideal I of K[xy,...,x,] is said to be in Noether position when I N
Klxo,...,x,]=(0) and B:=K[xo,...,x,]/I is an integral ring extension of K[xy,...,x,],
where r:=dim B. Let X be the column vector with entries x, ..., x,. If M is an invert-
ible (n+1) x (n+1) matrix over K, then we write

[oM:=(f(MX): f€I).

If I is generated by a proper regular sequence fi, ..., f,, then we say that a matrix M
puts the intermediate ideals I; o M in simultaneous Noether position if I; o M is in Noether
position for all i=1,...,n. Let us now examine the probability that this happens for
an upper triangular matrix M with ones on the diagonal and random entries above the
diagonal.

LEMMA 4.1. Let fi,. .., fu satisfy Ry, Ry, and Ra. Given a finite subset S of K of cardinality |S|,
consider the matrix

1 a0 20 -+ &p_1,0 anpo
1 X21
M:= 1 .
L hn-1n-2
1 Xnn-1
1

where the a; j are taken at random in S. Then the probability that M puts Iy o M, ..., I,;o M into

simultaneous Noether position is at least 1 —%.
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Proof. We use the incremental method described in the proof of [18, Theorem 1.9] as
follows (for historical references, we also refer to [18]). The values (ay,y,...,a,,-1) are
taken such that the coefficient of x,? tin f1(xo+ @p,0Xp, . .., Xn1 + & pu—1Xn, X,) is Non-zero.
For such values the ideal I1 o M is in Noether position.

Then we consider the determinant ¢, of the multiplication endomorphism by f, in
K(xog, ..., xp-1)[x4]/ (I1 o M): it belongs to K[xo,...,x,-1] N (I20 M) and has degree D..
The values (ay-1,,...,&4-1,n—2) such that the coefficient of x,?_zl in cp(x0+ &p-1,0Xn-1,-- -,
Xp—2+ @pn_1,n-2Xn-1,Xn—1) is non-zero put I o M into Noether position.

By induction we consider the determinant c; ;1 of the multiplication endomorphism
by fit1in K(xo,...,Xn-i) [Xn=it+1,-..,Xn]/ (Iio M): it belongs to K[xo,...,xy—i—1]1N (Iix10M)
and has degree D;,1. The values (ay_ip, ..., &n—in-i—1) such that the coefficient of x,?f{l
in ciy1(X0+ ®n—i0Xn—is- -, Xn—2+ Qn_i n—i—1 Xn—i, Xn—i) is non-zero put I;;1 oM into Noether
position. By taking into account the fact that D; 1 >2D;, the Schwartz-Zippel lemma [66,
69] leads to a probability of success at least

D])( Dz) ( Dn) 1 2Dn
1-—|{1-=] - [1-—= | 21-=(D1+---+D,) 21-=2. O
( 1S] 1S] S| Ehe n) 5]

4.2. Primitive element

Let I be an absolutely radical ideal of K[xy,...,x,] such that the coordinate ring B :=
K[x1,...,x,]/1is zero dimensional—here we consider the affine case when I is not nec-
essarily homogeneous. A polynomial u € K[xy,...,x,] is said to be a primitive element
for B if the projections of its powers generate B as a K-vector space. Let D represent the
degree of B (i.e. its dimension as a K-vector space).

LEMMA 4.2. Under the above assumptions, given a finite subset S of K, the probability that
a random vector (Ay,...,A,) €S" induces a primitive element u=A1x1+ --- +A,x, of B
is >1-2D?/|S|.

Proof. The minimal polynomial q(t) of u in B actually belongs to K[A4,...,A,][t] when
the A; are regarded as parameters, and the total degree in the A;is <D; see for instance [18,
Corollary 3.4]. The points (Ay,...,A,) to be avoided are the zeros of the discriminant
of g, seen as a polynomial of total degree <D (2D —1) in Ay,...,A,. We conclude by
the aforementioned Schwartz-Zippel lemma. O

For a primitive element u there exist unique polynomials g,v1,...,v, € K[t] such that
deg g=D, q is monic and separable, deg v; <D, and

I = (q(u),x1=0v1(u), ..., xy—0,(1)).

The polynomials q,v4,...,v, are called the parametrization of I by u. Equivalently, we may
define w;=q'v;rem g fori=1,...,n, whence

I = (gu),q" (u)x1—wy(u),...,q" () x,—w,(u)).

These polynomials q,w;, ..., w, are called the Kronecker parametrization of I by u; such
a parametrization is uniquely determined by u.
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LEMMA 4.3. Let fi,..., fu satisfy Ry, Ry, and R3 and such that the I; are simultaneously in
Noether position for i=1,...,n. Given a finite subset S of K, the probability that a vector
(A1, ..., Ay) € S" induces a primitive element u=A1x1+ --- + Ay x, common to all E;:=
K(xo, ..., Xn-i)[Xn—is1,..., xn] /i fori=1,...,nis >1-4D3/|S|.

Proof. Each E; has dimension D; as a K (xy, ..., x,_;)-vector space [18, section 2.4 and the
relationship to the geometric definition of the degree of an algebraic variety in Corol-
lary 3.10]. By the previous lemma and the fact that D;; >2 D;, the probability that u is
primitive for all B; is at least

2D? 2D3 2D; 2 ) 4D;
1-—||1-—=|---|1-———|21-—(Di{+---+D;)) >1- . O
( S| ) ( S| s )7 e 2 S|
4.3. Lifting fiber
Let fi,..., fa satisfy Ry, Ry, and R3, be in simultaneous Noether position, and let
IEI':: K(-XO/ .- -/xn—z'> [xﬂ—l'+1/ .- -/xn] /Il
fori=1,...,n. Thanks to Noether positions, the system f;=--- = f, =0 has all its roots

in the affine space. More generally given a point (ay,...,4,—;) € K" all the roots of
Ii+ (x1—ayxo,...,Xu—i—ay—iXo) are in the affine space. A point (ay,...,a,-;) € K" is called
a lifting point if I; + (x1—a1xo, ..., Xp—i—an—iXo) is absolutely radical.

LEMMA 4.4. Under the latter conditions, given a finite subset S of K, the probability that a vector
(ay,...,a,) €S"is a simultaneous lifting point for I, ..., I, is >1 —4D2/1S.

Proof. Without loss of generality we may assume that K is algebraically closed, so we
may consider a primitive element u that is common to all E;, thanks to Lemma 4.3. The
minimal polynomial g(t) of u in E; is homogeneous in K[xy,...,x,_;t] of degree D;, and
is monic and separable in t. Any point (ay,...,a,—;) such that the specialization of g at
X1=4aji,...,Xp—i =0an_i is separable ensures that I; + (x1—a1 X, ..., X,—i—a,-iX0) is absolutely
radical; see for instance [18, Proposition 3.6]. The probability of picking such a point at
random in $"~'is at least 1—2D?/|S| by the Schwartz—Zippel lemma. The probability that
(ay,...,a,) €S" satisfies the requested property is thus at least

2D? 2D3 2D? 2 4D?
(1 1)(1 2)-~-(1 ”)21—E(D12+~-~+D,%)>1— "

S| e S| S|’

again by using D;12>2D,;. O

4.4. Random parameter summary

Assume that we are given a polynomial system f;=--- = f,,=0 that satisfies Rj, Ry and Rs.
In order the make the Kronecker algorithm work, the following conditions are required
fori=1,...,n:

V;. I; is in Noether position,

V,. the ideal I;:=I;+ (xg—1,x1,...,Xu—;) Of K[xy—i+1,...,Xx4] is absolutely radical.
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LEMMA 4.5. Let fi,..., fu satisfy Ry, Ry and Ra, and let S be a finite subset of K". If we take
(&, )ogic<jcn in S"" V2 at random, as well as (ay, ..., a,) in S”, and if we let

1 a1 20 -+ &p_1,0 ano 1
1 az . a; 1
N:: 1 . 7
L p-1n-2
1 Xp,n—1
1 ay 1

then V1 and V; are satisfied with probability >1-5D2/|S| after replacing f1,..., fu by
fieN,..., faoN.

Proof. We first pick up a matrix M at random as in Lemma 4.1 in order to get simulta-
neous Noether positions. Then comes the choice of the lifting point, for which we use the
strategy presented in the proof of Lemma 4.4. O

4.5. A posteriori verification

At the end of the resolution, unless the execution has failed, we expect to obtain an invert-
ible (n+1) x (n+1) matrix N over K and polynomials g,v1,...,v, such that g is separable
of degree D,, the v; have degree <D,, and

ToN+ (xo—=1)=(q(u),x0=1,x1=01(1),..., X =0, (1)).

On the other hand, I being absolutely radical, its roots are all regular, g is separable,
and the value of the Jacobian matrix of fioN, ..., f,oNinxy,...,x, at 1,v1(t),...,v,(t) is
invertible modulo g(t); see for instance [18, section 4.2].

One natural question at the end of a probabilistic resolution process is to determine
whether the computed solution set is correct or not. In the case of sufficiently generic sys-
tems, namely satisfying R and Ry, it is sufficient to verify that D, regular solutions have
been found. This idea is formalized in the following proposition, which turns a proba-
bilistic resolution algorithm into a Las Vegas one.

PROPOSITION 4.6. Consider homogeneous polynomials f1,..., f, in K[xo,...,x,], an invertible
(n+1) x (n+1) matrix N, a linear form u € K[xy,...,x,], and polynomials q,v1,...,v, in K[t]
that satisfy the following conditions:
e g is separable of degree Dy, the v have degree <D,
o u(vi(t),...,va(t)) =t,
o (fioN)(1,v1(t),...,vu(t)) =0remq(t) foralli=1,...,n,
e the Jacobian matrix in x1,...,x, of fioN,..., fyo N is invertible at (1,v1(t),...,v,(t))
modulo q(t).
Then, Ry and Ry are satisfied, the ideal [c N = (fioN, ..., f,oN) is in Noether position, and g,
U1,...,Uy form a parametrization of [ o N + (xo—1) by u.
Let £>0 be a fixed rational value, and assume that Rs holds. If K =F xand if

pk>max<&,(1+s) <§+1>nﬁe/g> d -1,

then the above conditions can be checked in time O(d (1+3€)”k10g p).
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Proof. The assumptions ensure that the system fjo N =-:-= f,,o N=0 admits D, distinct iso-
lated regular solutions in the affine subspace defined by xo=1. By Bézout's theorem, this
system has therefore no solution at infinity, namely in the hyperplane defined by x,=0.

Fori=1,...,n, let U(fy,..., fi) denote the variety of zeros of fi=---=f;=0. Let us
first show that R; is satisfied. If it were not, then there would exist a smallest index
i<n for which dim U(fy,..., fi) =n—iand dim U(fy,..., fit1) =n—i. In other words
U(fi, ..., fi+1) would have a (non-empty) equidimensional component W of dimension
n—iand a possibly empty component W' of dimension n—i—1. Heintz' version of the
Bézout theorem [32, Theorem 1] would imply that

deg W+deg W <D;d;1=Djy1,

whence deg W' < D 1. Therefore the number of isolated roots of f;=---= f,=0would be
deg(W'NU(fiy2 ..., fa)) <Dij1diya---dy <Dy,

which contradicts the fact that f;=--- = f, =0 admits D, distinct isolated regular solu-

tions.

Letibein {1,...,n}. We consider a non-zero homogeneous polynomial g(xo,x;) inIoN.
We write g into g(xo, x;) = c(xo) h(xo, x;) with h primitive as a polynomial of K[xg][x;]
and c(xp) a monomial in x¢. In particular / is monic in x; and & vanishes at all the points
of U(IoN), so it belongs to /o N. This shows that the class of x; in K[xq,...,x,]/(IoN)
is integral over K[xg] when seen as an element of K[x,...,x,]/(IoN). We deduce that
I'oN is in Noether position; for instance by using [18, Theorem 1.12].

Now let us show that R, is satisfied. Consider an irreducible component W of
U(fy,..., fi) for some index i <n and then a point P in WNU(fi;1,..., fu), which is non-
empty in the projective setting. This point P is a solution of fi=---=f,=0, and as
such, the value of the Jacobian matrix of fi,..., f, at P has full rank by hypothesis. There-
fore, the Jacobian matrix of fi,..., f; has full rank over a Zariski dense subvariety of W.
It follows that the primary component associated to W is necessarily prime. On the other
hand, Ry implies that I; is unmixed by [53, chapter 7, section 17]; in other words, I; has
no embedded primary ideal. Consequently I; is absolutely radical.

Assume now that K =F, and let us examine complexities. Testing the separability
of g boils down to computing its gcd with g’, which takes time O(D, klogp). We com-
pute fioN,..., f,oN in time O(d"klog p) by Proposition 2.15. Then we compute the
Jacobian matrix J in xy,...,x, of fioN,..., f,o N in time é(&?”klog p) by Lemma 2.9.
The evaluations of all the fio N and of | at (1,v1(t),...,v,(t)) in ]Fpk[t] /(q(t)) can be
done in time O(d*39"klog p) by means of Theorem 3.3—recall that these homogeneous
polynomials to be evaluated are already represented by their specialization at xo=1.
Finally the determinant of the latter value of | is obtained without division thanks to
Berkowitz' algorithm [5] in time n“*1O(D,klogp). Testing the invertibility of this deter-
minant simply requires additional time O(D, klog p). O

5. THE KRONECKER SOLVER

Let K be an effective field and let fj,..., f, be homogeneous polynomials in K[xy,...,x,].
Throughout this section, we assume that conditions Ry, Ry, R3, Vi, and V; are satisfied.
The Kronecker solver is incremental in the number of equations to be solved. More pre-
cisely, at stage 7, we assume that a parametrization of the ideal

ji = (fl/---/fi)+(x0_1/xl/---/xn—i) c K[xn—i+l/---/x1’l]
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by a primitive element u=A,_;11x,_i+1+ - - + A, X, is given, so that

Ii = @), Xn_is1 = Onmig1 (1), . .., Xy = 0n(10)).
We will build primitive elements for all intermediate ideals from a unique tuple
(Ay,...,Ay) €K™ In order to obtain a similar parametrization for I;;1, we apply the two
following steps.

Lifting step. The parametrization of I; is lifted into a parametrization of

L= (fi,o )+ (0= 1,1, 0., X0ic1) C© K(Xei) [Xnig1, -+, Xn]
of the form
I = (G(w),§ () Xpis1—Wpig1(u), ..., G () Xy — D (1))

where 4§ is a monic polynomial of degree D; in K(x,_;)[t], and the w; are in
K (x4—i)[t]<p, It turns out that §,@,_;41,...,w, actually belong to K [x,_;][t] and have
total degrees <D;; see for instance [18, Corollary 3.4]. We will compute them by
a variant of the Newton-Hensel lifting strategy over K[[x,_;]].

Intersection step. Geometrically speaking I represents the affine curve U(I;) N U(xo-1,
X1,.--,Xn—i-1). The intersection of this curve with the hypersurface U( f;1) corresponds
to U(I;;1). The minimal polynomial of U:=A,,_;x,_;+ -+ + A, x, modulo I;+1 will be
computed as a resultant, and the rest of the parametrization of I;,; is completed by
means of a suitable deformation technique. We define Q, V,,_;, ..., V, to be such that
this parametrization is of the form

Iiy1 = (QMU),xp_i=Vyui(U), ..., x5 =V (UD)).

5.1. Lifting step

The lifting step essentially relies on a multivariate variant of the Hensel lemma (or, equiv-
alently, on a multivariate power series analogue of Newton's method). The Jacobian
matrix of fi,..., fiin x,_i41,..., %, is written

oh_ . 2
axn—iJrl axn
Ji= : :
o6 .
OXp—i+1 Xy

The identity matrix of size i xi is written Id;.

Algorithm 5.1
Input. fi,..., fie K[xo,...,x,] and the parametrization g, v,_i11,...,v, € K[t] of I; by
U=y i1 Xp—ig1+ o +F A X
Output. The Kronecker parametrization 4, w,_i11,..., W, in K(x,_;)[t] of I; by u.
Assumptions. fi,..., f, satisfy Ry, Ry, R3, V3, Va.
1. Initialize M :=1, §:=q, Oy—i4+1:=Vp—it1,--, On:=0Up.
2. Initialize B with the inverse of A:=];(1,0,...,0,0,_i+1(t),...,v,(t)) modulo g(t).
3. While M < D; +1 do the following:
a. update A:=];(1,0,...,0,X,—;, On—is1(t), ..., 0y(t)) remg(t)
and B:=B-B (AB-1d;) rem j(t) over K[[x,_;]]/ (ng_i);
b.set M:=min (2M,D;+1);
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Bu(b) 5 ) AL 0% (D), ., Fu(1))
over K[[x,-11/(x)L);
d. compute A(t) :=Apy_i110p-i41(5) + -+ - + A, 0, (£) —8;
e. update §(t) :=§(t) — (§' (t) A(t) rem §(t)) computed over K[[x,_;]]/ My;
f. forjfromn-i+1ton,
update 0;(t) := z3j(t) - (z?}(t) A(t) rem §(t)) computed over K[[x,_;]]/ (ng_i).
4. For j from n—i+1 to n, compute w; ::Q'z?j rem g over K[[x,_;1]1/ (x?jl).

5. Return §,w,_i11,..., W, truncated to order xrl?jl and then regarded in K[x,_;][t].

Dp—is1(t) Op—ir1(t) f1(1,0,...,0,%4-i, Fp_ir1(), ..., Tp (1)) 5
c. compute : = : -B : rem ((t)
fi(1,0,...,0,x_4, Dy (f)

PROPOSITION 5.1. Algorithm 5.1 is correct. Let € >0 be a fixed rational value. If K =F and if
pk>max (ci, (1+¢) <§+ 1) ncje/8> d"-1),
then it takes time O(Di&(”%)iklog p)+ O(&?”klog p).

Proof. This algorithm directly comes from [27, section 4]. We do not repeat the cor-
rectness proof but focus on the complexity analysis in the Turing model for the dense
representation of polynomials.

The partial evaluations of fi,..., fiatxo=1,x1=0,...,x,_,_1=0 are achieved in time
O(d"klog p) by Lemma 2.10 and (2.1)—recall that the homogeneous polynomials are
actually represented by their specialization at xo=1 and their total degree. All the par-
tial derivatives needed for the Jacobian matrix can be obtained in time O(d"klog p) by
Lemma 2.9.

In step 2, we compute A in time

O(&(l%’?’&')l’klogp),

by Theorem 3.3. Then the inversion of A is performed by Berkowitz' algorithm in time
i“*1O(D;klogp) = O(d'klog p).

In step 3 we regard fj(l,O, e..,0,x,_i,...,x,) and the entries of J;(1,0,...,0,x,,_;,...,x,)
as polynomials in Foel[xn-i11/ (ani;’l): their evaluations at (0,,_;11(f),...,0,(t)) take time
O(Dlﬂ (1+3S>iklog p) by Theorem 3.3. The remaining computations in steps 3 until 5 take

time O(D?klog p). O

5.2. Intersection step

For the intersection step we follow the method designed in [27, section 6]. We first com-

pute a deformation of the parametrization of I; by the primitive element
Uei=UFEp—jp1Xp—i+1+ "+ T €1 Xy

where the ¢; are new variables satisfying e;e;=0 for all ,j. Let e:= (e;-i41,...,€,4) and let

K.:=K[e]/(¢?) be a shorthand for Klep—iv1,---,€nl/ (€nis1,-- .,en)?. The extension I}/i of

Iito Ko (xy—i) [Xp—it1,...,X,] is parametrized by u, as follows

fe,z' = (‘je(”e)rglé(”e) Xn—i+1— zbe,n—i+1(”e)/ e rglé(”e) xn_we,n(ue))/

where g, € K [x,;][t] is monic in t of degree D;, and the w, ;€ K.[x,_;][t] have degree <D;
int, for j=n-i+1,...,n. Of course, §¢, Wen—i+1, ..., We,n respectively coincide with g,
Wn—it+1,-.., Wy modulo e. In addition we know that the total degrees of G, We,n—i+1,-.., We,n
in x,_; and t is <D;; see [18, section 3].
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Algorithm 5.2

Input. The Kronecker parametrization u,§, W,—i41,..., W, of I;jand beK.
Output. The Kronecker parametrization ., fe, @ y_i+1, .., @en Of I ;.
Assumptions. fi,..., f, satisfy Ry, Ry, R3, V1, V2.

1. Compute §.(t) :=g(t) - Z] i1 G W;(1).
2. Compute A(t) = (X1, ;41 ¢;@;(1)) /' (+) mod §(t) mod (x—;—b)”* 1.
3. For j from n—i+1 to n do the following:
a. compute 9;(t) :=w;(t) /¢’ () mod §(t) mod (x,_;—b)P*Y;
b. compute 3 ;(t) :=7;(t) + (; (t) A(t) mod §(t) mod (x,_i— D)D)y
c. compute @ (1) :=§¢ () B ;(+) mod §(#) mod (x,_;—b)P .

4. Return u,, §o, We p—it1, .- -, We n truncated to (Xp_i—b)P*and regarded in K [x,_;][t].

PROPOSITION 5.2. Except for <2 D7 values of b in K, Algorithm 5.2 is correct. If K =TF pt, then
it takes time O(D? klogp).

Proof. This algorithm corresponds to [27, Algorithm 8]. Its correctness is explained in [27,
section 6.4]. We adapt the complexity analysis to our context. In steps 2 and 3.a the
inverse of §' modulo § is only required modulo ¢. If we were performing this mod-
ular inversion over F pt(Xn—i) then we would have to handle rational functions of degrees
growing with D?. In order to avoid this coefficient swell we use truncated power series
instead of rational functions. In fact, we compute the inverse of §' modulo § for x,,_; spe-
cialized to b, then we use classical Hensel lifting to recover Q'_l mod § mod (x,_;— b)Pi*1,
This method works fine whenever the resultant of §’ and § does not vanish at b. This
resultant has degree <2 D? in x,,_;.

Algorithm 5.2 needs to shift x,,_; by —b in the input and by b in the output, which can
be done in time O(D?klog p) using a divide and conquer algorithm; see for instance [7,
Lemma 7]. Then 4"~ mod 4 mod (x,_;—b)P*1 is obtained in time O(D?klog p). The rest
of the algorithm performs polynomial products of cost O(D?klog p). O

If P(t) is a polynomial in K,[x,_;][#] of total degree <D, in x,_; and ¢, and assuming
An—i £ 0, then we write

Py (y=1) ) Apiteni)

for the polynomial in K.[y][t] obtained after replacing x,,_; by (y—t)/(A,—i+e,—;). This
substitution can be performed efficiently as follows:

1. Compute P(t):=P(t) iy (Ap_it+eny With a softly linear number of operations in K;

2. Compute P (Olymy—t- This substitution is applied to each homogeneous component
of P seen in K[y, t]. In fact if P; is the homogeneous component of degree i then we
are led to compute p; i(y—t,t), which basically reduces to computing P; i(y—1,1), and
that corresponds to a univariate polynomial shift. Such a shift is known to take softly
linear time, as mentioned above.

If K =F« then this substitution in P takes time O(D?klogp). We are now ready to com-
plete the intersection step.
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Algorithm 5.3
Input. The Kronecker parametrization tc, fe, @e y—i41,-- ., Wen of I,; and be K.
Output. The Kronecker parametrization U, Q, W,,_;, ..., W, of Iis1.
Assumptions. fi,..., f, satisfy Ry, Ry, R3, V1, V2.
1. Compute e :=Ge(E) L, (y-1)/ A-iot i)
2. Compute 8¢ := ¢ (F)lx, o (y—t) /Ay _i+en_p @nd Pe:=0; ' mod § mod (y—b)P+1+1,
3. For j from n—i+1 to n compute:
a. W, 3= We,jlo, o (y=1) / Nyiben)
b. 9, j:=p.w.,;mod g. mod (y—b
4. Let ﬁt(t) = a§i+lﬁ+1 (1/ 0/- ey O//\n_yi—_;in_i/{)e,n—i+1(t>/- . -lﬁe,n(t> ) mOd ﬁe mOd (y— b)DHH—l.
5. ComPUte Qe = Rest(i’\le(t)/ée(t) ) /Rest(ae(t)/ée(t) )dHl = Q_en—i Wn—i_ cr—€p Wn with
Q Wiy, Wy in K[[y =011/ ((y =)+ *1).
6. Return U:=A,_;jx,_i+ - + A, x,, Q, W,_j, ..., W, truncated modulo (y—b)D"+1+1 and
seen as polynomials in K[y].

)Di+1+l‘

PROPOSITION 5.3. Let S be a finite subset of K. If we take (A,_;, ..., Ay) in Sl and thenbin S
at random, then Algorithm 5.3 works correctly as specified with probability >1-6 D}.1/1S). Let
¢ >0 be a fixed rational value, and assume that d 22. If K =F, and if

pk>max (ci, (1+¢) (% + 1) ncjs/8> d"-1),
then Algorithm 5.3 takes time O(D;;1d 39 klog p) + O(d"klog p).

Proof. The algorithm is borrowed from [27, Algorithm 7]. Again we only focus on the
complexity and probability analyses in our context.

First we need to compute Res;(0,(t),J.(t)) along with the corresponding Bézout rela-
tion that yields p.:=06; ' mod §.. We wish to apply a fast subresultant algorithm, namely
either the one of [21, chapter 11] or the one of [51]. For this purpose, we need to ensure
the following properties:

o the leading coefficient (in degree D;) of §. is non-zero modulo ¢,
e the leading coefficient, in degree D; < D;—1, of 4, is non-zero modulo ¢,
e the non-zero subresultant coefficients from degree 0 to D;—2 are non-zero modulo e.

In fact, these coefficients are the only quantities that need to be inverted during the exe-
cution of the aforementioned fast subresultant algorithms.

We claim that these properties are met for sufficiently generic values of the A;. In
order to prove and quantify this claim, we introduce

UA=Npip1Xn—ip1+ -+ Ay Xy
wher~e the /~\l- are new independent variables, and set Kx := K (A_i+1,...,/Ay). The exten-
sion Ip ; of I; to KA (xy—i) [Xy—i41,...,X,] is parametrized by u, as follows
Ini= (GAGA), GAGUA) Xnie1 = WA m—ix1(UA, - -, GAUA) X — DA n(1A)),
where
® jA WA n—it1,---,WAn actually belong to K[Ay—i+1, ..., Anl[xn-i t],
e (A is monic, separable, and of degree D; in t,
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® WA n—it+1,---, WA have degree <D;in t,
® jA WA n-it+1,---, WA, have total degree <D; in x,,_; and ¢,
® (A WA n—it+1,---,WA,n have total degree <D;in Ay_it1,...,Ap.

For the proofs of these facts we refer the reader to [18, section 3]. It follows that g,
We,n—i+1,---»We,n are the respective specializations of Ga, WA n—i+1,-., WA n at Ay_iz1=An—it1+
€n_itl, -, Ny=A,+e,. We further introduce

An=GAB) e, -0/, AN OA=GAME) Lx, 1o (y—t) /A

By the specialization property, the subresultants of 0.(t) and g.(t), seen as polynomials of
respective degrees deg op < D;—1 and deg §a =D; in t, are the specializations of those of
oa(t) and ga(t) at Ay_i=Au_i+eu—i,...,An=A, +ey,. Such a subresultant coefficient of 0, (t)
and g (t) is a specific minor of the Sylvester matrix of 05 (t) and ga(t), of size at most
(2D;—1) x (2D;—1). Therefore such a subresultant coefficient is a (non-reduced) rational
function with denominator AEL(I-ZD 1) and numerator in K [y1[An=i,...,An] of total degree
<2D;(2D;-1) in A,_j,...,Ay. Consequently the product of all these non-zero numerators

yields a non-zero polynomial £(A,_;,...,A,) of total degree
< 2D;(2D;-1) (D;-1) < 4D},

such thatA,,_; £(A,—;,...,A,) #0 implies that the D;—1 non-zero subresultant coefficients of
0.(t) and 4. (t) are invertible; in particular the resultant is invertible and so are the leading
coefficients of 0.(t) and g.(f).

The fast computation of Rest(fze(t),c"]e(t)) raises the same issue, and requires the same
kind of probability analysis. We thus introduce

= ((%(t))d"+1fl-+1(1,o, o0,y Dot D) ))

aat)y T gA

Xp—i=> (Y—1) [ Ap—i

which belongs to K (A,—i) [Au—i+1,--.,Au]ly, t], has degree <D;;q in t, <Dj;1 in y, and
total degree <D;.1in Ay_it1,...,/Ay. In this way

nd; —t - -
0, +1ﬁ+1<1101 .. -/O/h/ve,n—i+l(t>/- . -/Ue,n(t)>

is the specialization of ftA at A, _i=An_iteni, ..., Ny=A,+e,

A subresultant coefficient of fi (t) and ga(t), seen as polynomials of respective degrees
deg; sz(t) <D;;1 and D;, is a (non-reduced) rational function with denominator A%B ;D i+
and numerator in K[y][Ay—;, ..., A,] of total degree <4D;D;;1 in Ay, ..., A,. Conse-
quently there exists a non-zero polynomial $(A,_;,...,A,) of total degree

< 4D;1D? +dega (AL A (h) + dega (A5 (D)
4D; 1D?+2D;.1+2D;

<
< 6D;11D?,

such that A,,_; 9 (A,_i11,...,A,) #0 implies that all the non-zero subresultant coefficients
of fle(t) and §.(t) and the leading coefficients of fze(t) and g.(t) are invertible.

As in the proof of Lemma 4.2, there exists a non-zero polynomial ® (A,,_;, ..., /A,) of
total degree <2 Di2+1 such that ®(A,_;,...,A,) #0 implies that U is a primitive element
for I i+1. This ensures the correctness of the output.
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Now assume that A, £(A i, ..., Aw) HApzivt, .., An) DAy, ..., An) #0. This happens
with probability
4D} + 6D 1D +2D 4 1o 3D}y

>1- > ’
~ 15| S|

whenever (A,_j,...,A,) is taken at random in S+,

The subresultant coefficients of 0,(f) and ga(t) have degree <D; (2D;-1) in y, so
except for <D?(2D;-1)< DZ+1/4 values of b, we can compute Res;(0,(t),.(t)) modulo
(y— b)Pi+1+1in time O(DZ+1 D;klogp), by means of the fast subresultant algorithm. A sub-
resultant coefficient of / A(t) and g A(t) has degree <2D;,1D;in y, so except for <2 D;1D?+
Di+ D1 < 2Dl+1 values of b, Rest(h (1),4.(t)) can be Computed by means of the fast
subresultant algorithm modulo (y—b)P#+1*! in time O(D;;1 D;klog p). Consequently

a suitable value for b is found at random in S with probability of success

3D1+1

>1-
S|

All the substitutions x,,_;— (y—1) / (Ay—i+e,—;) take O(Dizklog p) time according to the
above discussion. All the shifts by —b and b in y totalize time é((DiH +D?) klogp).

The steps 3.b take time O(D; D;;1klog p) in total. In step 4 we first specialize the
variables x,...,x,_-i_1t0 1,0,...,0 in time o "klog p), after which the rest of the evaluation
of

t X ﬁ |
fi+1<1,0, /O/AyT Ven-i+1(t), .. ,ve,n(t)>modqemod (y—b)P1+l
n—i n—i

is decomposed into i + 1 evaluations in E;:= IFpk[ej,y, t]/ (e]-z, (y— b)D"“,ﬁe) forj=n—i,...,n.
More precisely, for the evaluation in E; we ignore the variables ¢x for k # j and we may
thus appeal to Theorem 3.3 in order to achieve time

O(D;41d 30 klog p). ]

5.3. Total complexity

Putting together the propositions of this and the previous sections, we obtain the fol-
lowing complexity bound.

THEOREM 5.4. Let € >0 be a fixed rational value, let K =F,«and let fy,..., f, be homogeneous
polynomials in K[xo,...,x,] of total degrees dy, ...,d, such that:

e Ry, Ry, and Ry are satisfied;
k 3 8 7¢/8 an 3
o p >max(max(d,(1+e) (§+1)nd )(d —1),100Dn).
Then an invertible matrix N, a primitive element u and a Kronecker parametrization of

I,oN + (xo—1) can be computed in time O(D,d 139"~V klog p), with a probability of failure
that is bounded by <1/2.

Proof. This result is a consequence of the Kronecker solver that was recalled at the begin-
ning of this section. First we pick up an invertible matrix N of size (n+1) x (n+1) with
entries at random in ]Fpk as described in Lemma 4.5, in order to ensure that after replacing
fi,--, fuby fioN,..., fuo N conditions V; and V; hold with a probability at least

1-5D5/p" > 1-1/40.
Computing fioN,..., f,oN takes time é(ﬁ?”klog p)= O(D,ﬁ”_lklog p) by Proposition 2.15.
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On the other hand the probability that A4,...,A, are suitable for all the intersection
steps is at least

< 6D}
1-) 2= >1-12D3/pF>1-1/8,
S op
i=1

by Proposition 5.3. The probability that a random value of b is suitable for all stages of
the solver is at least

n-1 3 2

-y wm—lwﬁ/pk;l—l/z
- p
i=1

by Propositions 5.2 and 5.3.

Overall the probability of failure is bounded by 1/2. Notice that the constant 100 is not
intended to be optimal. The total complexity follows by combining Propositions 5.1, 5.2
and 5.3. O

COROLLARY 5.5. Let € >0 be a fixed rational value, let K =F xand let fy,..., f, be homogeneous
polynomials in K[xy,...,x,] of total degrees dy, ...,d, such that Ry, Ry, and Rj are satisfied.
Then the Kronecker algorithm computes an integer I = O(nlog d), the finite field Fpu, the
images of f1, ..., fu into ]Fpkl[X(), ..., Xn], an invertible matrix N with entries in IFpkl, a primitive
element ue F and a Kronecker parametrization of (fi,..., fn) oN + (xo—1) over Fu in time

O(Dnc? A+e) =D log p) with any arbitrarily small fixed probability of failure, or in expected time
O(D, d*®"Vklog p) with a Las Vegas algorithm.

Proof. The case
pk > B := max(max (d_,(1+8) <§+1>nc§£/8> (&”—1),1OOD;Z’>.

is already handled in Theorem 5.4, and corresponds to /=1. So we focus on the opposite
case p* < B, for which klog p=O(nlogd). We compute the first integer I such that

pkl >B,

- log B _0 nlogd
=" |klogp| “\klogp |

I:'=min (ik+1:ieN, ik+1>1),

that is

Then we set

so [ is coprime to k and we have Iklogp = O((nlogd)?). Now we appeal to Lemma 3.4:
we construct Fu in time é(lzlog2 p+1 “’+2klog p) with Probability of failure <1/4; then
the casts between ]Fpk and IFpkl can be achieved in time O(lzklog p).
With this construction at hand we proceed as follows:
e Wecast fi,..., fyinto Ful[xo, ..., x,] in time é(&”lzklogp) = é(&i”klogp);
e We call the Kronecker solver over F,u. In view of Theorem 5.4, the resolution over
Fu takes time O(D,,d1*+39 =Dk ]og p) with a probability of failure <1/2.
Using Proposition 4.6, the correctness of the result can be verified in time O(d 13" klog p)
as well. We are thus able to reach any arbitrarily small fixed probability of failure by
repeating the resolution sufficiently many times. Altogether, this leads to a Las Vegas
algorithm that satisfies the claimed expected complexity bound—of course, ¢ needs to
be replaced by ¢/3 from the outset to conclude the proof. O
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Remark 5.6. If some of the d; are 1, then it is far more efficient to compute:

e a permutation T of {1,...,n},

e teN, linear forms ly,...,[,€Kyo+--- + Ky,

e homogeneous polynomials g1, ...,9,—+ € K[yo,...,yu—t] of total degrees >2,
such that fr)(lo,...,Iy) =0fori=1,...,t and gi(yo,..., Yn-t) = fr+iy{o,..., 1) fori=1,...,n—t.
In this way we are reduced to solve a “smaller” system with all degrees >2. This sim-
plification in the input system can be achieved in time O((n“ +d") klog p) by means of
Proposition 2.15. We leave out the details for the sake of conciseness.

6. SYSTEMS OVER THE RATIONAL NUMBERS

From now we turn to solving polynomial systems f; = - = f, =0 with coefficients in Z,
still under assumptions Ry, Ry, and R3. We still write I:=(fy,..., f4), and we appeal to the
algorithm designed in [27, section 4.6]: we first perform the resolution modulo a suitable
prime number p, and then lift the parametrization of the solution set over the p-adic num-
bers by means of Newton-Hensel lifting. Roughly speaking, once the bit size exceeds
twice the maximum bit size of the integers of the Kronecker parametrization over Q,
then this parametrization can be reconstructed from its p-adic expansion.

In order to formalize this approach, we first need to estimate the bit size of the
Kronecker parametrizations in terms of the input size. Then we design a probabilistic
algorithm that generates suitable values for p with high probability.

For a scalar, a vector, a matrix, or a polynomial A over C we write ||A« for the max-
imal norm of its entries or coefficients. Then the height of A, written ht A, is defined as

ht A:=max (0,10g [[Alls)-
Until the end of the text we set

= ht(f)
Hn::; d{'

6.1. p-adic Hensel lifting

In section 5.1 we have described an algorithm for lifting power series in a Kronecker
parametrization. In the following paragraph we adapt the method to lift p-adic integers
instead. The algorithm originates from [27, section 4.6]. The Jacobian matrix of fi,..., f,
in xq,...,x, is still written

LYY
9x7 dx,
Jn:= :
o . 2
9x7 dx,

Algorithm 6.1

Input. fi,..., fu € Z[xy,...,x,,] and the parametrization q,v1,...,v, € (Z/p Z)[t] of (f1,..., fn) +
(xo—1)modp by u=A1x1+---+A,x,; an integer « > 0.

Output. The Kronecker parametrization §, @y, ..., W, in (Z/p* Z)[t] of (f1,..., fu) +
(xo—1) mod p* by u.

Assumptions. fi,..., f, satisfy Ry, Ry, R3, V1, V2.
1. Initialize % :=1, §:=q, 01:=01,..., Up:=Uy.
2. Initialize B with the inverse of A:=],(1,v1(t),...,v,(t)) modulo q(t).
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3. While x <« do the following:

a. update A:=],(1,01(t),...,0,(t)) rem §(t) and B:=B—-B (AB-1d,) rem j(t), over
Z|p*Z;

b.set x:=min (2 x,«x);
01(t) b1(t) 1,011, Tu (1)) _
co = : rem §(t) over Z/p"* Z;
D (t) Ty(t) fuLa1(t), ..., T ()
d. compute A(t) :=A101() + - - - + A, 0,(t) —t OVer Z /p* Z;

e. replace §(t) :=4(t) — (§'(+) A(t) rem §(t)) computed over Z/p* Z;

c. compute [

f. for jfrom1ton,
replace 0;(t) :zﬁj(t) - (5]((1‘) A(t) rem §(t)) computed over Z /p* Z.
4. For j from 1 to n, compute @;:=§'%;rem j over Z/p* Z.

5. Return g, wy, ..., Wy,
PROPOSITION 6.1. Algorithm 6.1 is correct. Let € >0 be a fixed rational value. If
7 8 7¢/8\ ( n
p>max<d,(1+s) (E—I—l)nd ) d* -1,
then Algorithm 6.1 takes time O(d'*3€" xlog p +d" (h+ 1)), where h:=max (ht fy,...,ht f,).

Proof. This algorithm directly comes from [27, section 4.6]. We do not repeat the proof
of the correctness but focus directly on its bit complexity for the dense representation of
input polynomials.

Before all we may compute the partial derivatives of the f; in time O™ (h+ xlogp))
by Lemma 2.9 to any precision «. In step 2, we compute A in time

é(&(l-i-?)&)nlogp),

by Theorem 3.3. Then the inversion of A modulo g is performed by Berkowitz' algorithm
in time n“*1O(D, logp) = O(&i”log p).

In step 3 the evaluations of fi,..., f,and J, at (1,01(¢),...,0,(t)) at a given precision »
take time O(d1*39" % log p + d" xlog p), again in view of Theorem 3.3. Since we keep
doubling » until we reach the precision «, the total cost is bounded by O(d 1+ xlog p).
The rest of the computations in steps 3 and 4 take time O(n“ D, xlog p) = O(D, klogp). O

6.2. Chow form and height

Let V be a zero dimensional subvariety of P". “The” Chow form of V is the polynomial
FeC[Ay,...,A,] that satisfies

I()Lo,...,)Ln) =0 & Vﬂ&pn(A0x0+A1X1+ e+ A ) 75@,

where the A; are taken in C. The Chow form is defined up to a scalar factor in C, and is
homogeneous of total degree deg V.

From now we assume that V is the variety of [eN:=(fjoN,..., f,oN), where N is an
invertible (n+1) x (n+1) integer matrix such that I o N is in Noether position. In this set-
ting, V is included in the affine subspace A, defined by xo=1, and we have deg F =D,,.
We then define the normalized Chow form C of V as the C-multiple of F having the coef-
ficient of Ag "equal to 1. The normalized Chow form belongs to Q[Ay,...,A].
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In order to bound bit sizes of Kronecker parametrizations of [ o N, we first need to
bound the bit size of the coefficients of C. For this purpose we follow a construction due
to Philippon [62], and introduce

n
1
H:=m(C;S5,41) +Dnz 577
i=1

where m(C;S,,41) denotes the S,, . 1-Mahler measure of C defined as

m(C;Sne) = |

where 1,1 is the usual Haar measure of mass 1 over the sphere

. log |C(AO/ .. -/)\n)| ,un+1(/\0/ .. -//\11>

n

Sus1:={(20,-. -, Zn) EC"H1 ¢ |zl + -+ 1z, =1}
So m(C;Sy41) is to be understood as a real (2# + 1)-dimensional integral.
On the other hand, the usual Mahler measure of C is defined as an n-dimensional

complex contour integral

1 1 , ‘
m(C):= fo ~-~f0 log |C(e*™h, ... e¥™in)|dty- - - dt,.

The relationship between these two measures is given in [52, Theorem 4]:
=1
0<m(C)=m(C;8u1)<Du)_ 77
which implies =1
m(C) < M. (6.1)
Then we appeal to [43, Corollary 2.10, p. 553] which ensures the existence of a rational
number ¢ such that ¢ C has all its coefficients in Z and
n
ht(fioN)
loglc|+ H < —_—
glel+ <) —

i=1

+2nlog(n+1) | D,. (6.2)

To relate the Mahler measure to the actual bit size of ¢ C we use [43, Lemma 1.1, p. 529]:
Im(C) —log lICll«| <log(n +2) Dy,. (6.3)
Combining the three latter inequalities leads to

ht(cC) = logllcCll < loglcl+10g[IClle

< loglc|+m(C) +log(n+2) D, (by (6.3))

< loglcl+ H +log(n+2)D, (by (6.1))
~ ht(fioN)

< ZT+2nlog(n+1) D, +log(n+2)D, (by (6.2))
i=1 !

< (Z Mﬂznﬂ)log(mz))m. (6.4)
i=1 !

6.3. Bit size of Kronecker parametrizations

Let q,wy,...,w, be a Kronecker parametrization of [ o N + (xg—1) by the primitive element
U=A1x1+ - +A,x, taken in Z[x1,...,x,]. It relates to the Chow form C of Io N as follows:

Q(t) = C(tl _All .. -1_/\1’1>/

w;(t) = ;—f(t,—/\l,...,—)\n) fori=1,...,n.
1
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Since c C belongs to Z[Ay, ..., A,], all the coefficients of cq and of cw; fori=1,...,n also
belong to Z, and their bit size can be bounded as follows. By D,, >2 and inequality (2.1),

the Chow form C admits at most (D ”n+”) < %D,’} terms, whence
legllee < %Dﬂ lle Clloo IS, (6.5)
leg'lle < %Dgﬂ lle Clloo IR, (6.6)
lcwilleo < %Dﬂ“ leCllo MR fori=1,...,n, (6.7)

where |||l =1 is a shorthand for ||(A4,...,A;)ll. Now we estimate how the coefficients
of f increase because of the change of variables N.

LEMMA 6.2. Let f € Z[xq, . ..,xn] be homogeneous of total degree d >2, and let N be a (n+1) x
(n+1) matrix over Z. Then we have

3
I1f o Nlleo <5 8" [ floo IN %

Proof. The proof is immediate by using [|(xo+ - - - + 1)l d! and inequality (2.1). O
LEMMA 6.3. For all d >1 we have log(d'!) <2dlogd.

Proof. This is a well known unconditional variant of Stirling's formula:

log(d!) < f:Hlogtdt = @d+1)logd+1)-(d+1)-2log2+2 < 2dlogd. O

LEMMA 6.4. Assume that Ry, Ry, and Rz hold, and let N be an (n+1) x (n+ 1) matrix over Z
such that fioN, ..., f,o N is in Noether position. Then we have

ht(fioN) <ht(f;) +d;log|Nllw+4nd;logd; fori=1,...,n.

In addition, for a Kronecker parametrization u,q,wy,...,w, of (fieN,..., fuoN) + (xo—1), and
with ¢ as above, then we have
K := max(ht(cq),ht(cq"), ht(cwn),..., ht(cwy,))
< (Hp+nlog N« +1og M« + 16 1log Dy) Dy,

Proof. From Lemmas 6.2 and 6.3 we obtain

ht(fieN) < ht(f;) +d;log |IN||oo+10g<%di!d?>
< ht(fl) +d1'10g INloo +47’ld1'10g di-

Consequently,
n

y ht(fieN) _ i ht(fi) +dilog IN|l~ + 4 ndilog d;

d d
i=1 ! i=1 !

< H,+nlog|INll«+4nlog D,

Combining this bound with (6.4)—(6.7) and using log D,, < D,,, we deduce
3
K < log > + (n+1)log D, +log lic Clle + Dy, 10g Il

< log%+(n+1)logDn+ ZM
i=1 !
< (Hy+nlogl|iNll« +1og M|l +4nlog Dy + (314 3) log(n +2)) Dy,

+ (2n+1)log(n+2) | D, + Dylog I e
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Finally we use n+2< 2"*1< D2 to bound (31 +3) log(n +2) by 12nlog D, which con-
cludes the proof. a

6.4. Lucky primes

Given an input polynomial system f;=--: = f, =0 satisfying Ry, Ry, and R3, and having
all its coefficients in Z, we are led to characterize prime numbers p for which the system
admits D,, isolated simple roots when considered modulo p. We will rely on the a pos-
teriori verification criterion from Proposition 4.6, in order to ensure that a resolution
modulo p can be lifted over the rational numbers.

LEMMA 6.5. Forall i >1 we have ht((1+z+ -+ +z51H) < (i=-1) log k.
Proof. The inequality is an equality for i=1. For i>1 we have
I +z+ -+ 2D e <KNA+ 24 +25D)

whence ||(1+z+ - -- + 25|, <k~ by induction on i. O

LEMMA 6.6. (HADAMARD'S INEQUALITY) Let M be a n x n matrix over the real numbers, then
we have |det M| < [IMllp-- - IMllo < ™2 M, where M; represents the i-th column vector of M.

LEMMA 6.7. Let fi,..., f, be homogeneous polynomials in Z[x, . ..,x,] which satisfy Ry, Ry,
and Ra. There exists a positive integer 2 such that

htA<nd (5H, +77nlog D) D2,

and for any p that does not divide 2 the sequence f1, . .., f, satisfies Ry, Ry and Rz over Z /p Z.

Proof. By Lemma 4.5 there exists an invertible (n + 1) x (n + 1) matrix N with integer
entries such that |N|l <5D? and fieN,..., fue N is in Noether position. On the other hand
by Lemma 4.2 there exists a primitive element u=A;x1+--- +A,x, for (fieN,..., fuoN)
with integer coefficients and such that ||l <2 D2. Let g,wy, ..., wy, represent the corre-
sponding Kronecker parametrization, and let ¢ and C be as above. Let ¢; be a non-zero
coefficient in f; of a term of degree d; fori=1,...,n,let ] € (Z[xy,...,x,])"*" be the Jacobian
matrix of fioN,..., f,o N with respect to xy,...,x,, and

A, := |Disc(cq)| = [Res(cq,cq)l,
Q[] :
A= @1 @Ay

|Res(det](cq’,cwy,...,cwy,),cq)l,

By construction, 21, 2(; and thus 2l are positive integers. Now if p does not divide %I, then
deg(fimodp)=d;fori=1,...,n, and the system f; =--- = f, =0 admits D, isolated regular
roots modulo p. Consequently fj,..., f, satisfy Ry, R, and R3 modulo p by Proposition 4.6.

To conclude the proof it remains to bound 2. First, we may further rewrite a bound
for the quantity K introduced in Lemma 6.4, by making use of D, >2":

K < (Hy,+nloglINll«x +1og M« +16nlog D,,) Dy,
< (H,+nlog(5D3) +1og(2D?) +16nlog D) Dy,
< (Hy+nlog(D3) +log(D3) +16nlog D) Dy,
< (Hy+24nlogDy) Dy,.
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By applying Lemma 6.6 on the Sylvester matrix of cq and cq’, we obtain
Ay < leql?" ieq 2" < (Du+ 1P lleqli2 " eq 12,
whence

ht?l; < Dylog(D,+1)+2KD,
< 2D,log D, +2 (H, +24nlog D,) D?
<

2 (H,+25nlog D,) D3. (6.8)
As to 2;, we deduce from Lemma 6.4 that

ht(fioN) < ht(f;) +d;log|INll«+4nd;logd;
< ht(f) +d;log(5D3) +4nd;log d;
< ht(fi) +2d;log D, +7nd;logd;
< ht(fi) +9nd;log D,,.

On the one hand, we have

deg( a(Q;N) (Cq,/CZUl/.../Cwn)) S@i=1) (Dp=1),
hence ]

deg(det](cq’,cwy,...,cw,)) <n(d-1) (D,-1).
On the other hand, Lemma 6.5 gives us

ht((cg") (cwy) -+ (cwn)™) < (eo+---+e,) (K+1logDy).

From Lemma 6.4 and d; (df_:l“‘) =d; d_'in (d":”> g%d?*l, it follows that
a(floN) /
ht(a—x](cq ;Cwlz---/cwn))
< ht(di<di_i+n>>+ht(ﬁoN)+(dl-—1)(K+logDn)
< ht(%d?“) +ht(f;) +9nd;log D, + (d;—1) ((H,+24nlog D) D,,+1og D,,)
< 12nd;log D, +d; (2H, +25nlog D,) D,
< d;(2H,+37 nlog D,) Dy.

Let &, denote the group of permutations of {1,...,n}. Then we have

ht(det](cq’,cwy,...,cwy)) < ht[ Z sgn(tr)n%i\)])(cq’,cwl,...,cwn)
red, i=1 ot

n
< ht(n!)+ ) d;(2H,+37 nlog D,;) D,
i=1
< nd (2H, +38nlog D,) D,
Again by Hadamard bound we deduce that

d-1)(Du—-1 N
A < llegly PV detJ(cq’,cwy, ..., cwn)l

< (D, + 1)n(,i—1><Dn—1>/2 ||Cq||zo(rj—l)(Dn—l)
x (n(d-1) (D,—1) +1)P/?|det J(cq’,cwy,...,cw,) |5,
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whence
ht; < n(c?—l)(Dn—l) <%log(Dn+1)+(Hn+24nlogDn)Dn>

+ Dy (310801 (@=1) (D, =1)+1) +nd 2 H, +38nlog D) D, |

< nd(H,+25nlogD,) D3+ nd (2H,+39nlog D,) D3
nd (3H,+64nlog D,) D2. (6.9)

The conc_lusion follows from adding right-hand sides of (6.8), (6.9), and ht(f1) +--- +
ht(f,,) <dH,. m|

Remark 6.8. Theorem 2.1 of [17] provides a more general statement than Lemma 6.7 for
the affine case. Extensions to the quasi-projective case can be found in [22].

LEMMA 6.9. Assume that d;>2 fori=1,...,n. Let N be an invertible (n +1) x (n+1) matrix
over Z and let u be a linear form in Z[x1,...,x,]. Let p be a prime number, and let q,w;, ..., wy,
be polynomials in Z[t] such that:

e g is monic of degree D,, and degw; <D, fori=1,...,n;
e g is separable modulo p;

o u(wi(t),..., wy(t)) =tq'(t) mod (p,q(t));

is invertible modulo (p,q(t)).

Then fioN,..., fuo N satisfy Ry, Ry, and are in Noether position (over Q), u is a primitive
element for (fioN,..., fuoN) + (xo—1), and q,w;, ..., w, coincide modulo p with the Kronecker
parametrization of (fieN,..., fuoN)+ (xg—1) over Q by u.

Proof. By Proposition 4.6, the residues modulo p of u,g,wy,...,w, form a Kronecker param-
etrization of (fioN,..., fyoN) + (xo—1). We may use Algorithm 6.1 from a theoretical
point of view in order to prove the existence of univariate polynomials Q, Wy,..., W, over
the p-adic numbers Q,, satisfying the following properties:

e (is monic of degree D,, and deg W;<D,, fori=1,...,n;

o Q,Wj,..., W,have nonnegative valuations in p and coincide with g,w;,...,w, modulo p;
o u(Wi(t),..., Wuy(t)) =t Q' (+) mod Q(#);

o (Q'(H):Wy(t):...: Wy(t)) isarootof ffoN="---=f,0N=0modulo Q(t);

e The value of the Jacobian matrix of fioN,..., fyo N in xy,...,x, at (Q"(#) : W1(£) :...: Wy (t))

is invertible modulo Q(t).

Consequently, Proposition 4.6 ensures that Q, Wy, ..., W, is a Kronecker parametrization
of (fieN,..., faoN) + (xo—1) over Q, by the primitive element u. By uniqueness, it
coincides with the image over Q), of the Kronecker parametrization of (fioN,..., f;oN) +
(xo—1) over Q by u. Using again Proposition 4.6 with the parametrization over the ratio-
nals concludes the proof. O

Now we address the question of obtaining a suitable prime number.
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LEMMA 6.10. There exists a probabilistic algorithm which, given positive integers A and B such
that 6ht A < B, computes a prime p in the range {B +1,...,2 B}, which does not divide 2, with
probability of success >1/2, and in time log®Y B.

Proof. This is a consequence of [21, Theorem 18.10, part (i)]: we just appeal to the deter-
ministic primality test designed in [1] in order to ensure that p is always prime in return.
This test works in polynomial time. a

6.5. Top level algorithm over the rational numbers

The idea behind the Kronecker solver over Q is as follows. For a suitable prime p, we use
the Kronecker algorithm to solve the input system over Z/p Z. If the algorithm finishes
with success, then we appeal to the a posteriori verification criterion of Lemma 6.9. If the
criterion passes, then we may lift the Kronecker parametrization over the p-adic integers
to arbitrary precision x by using Algorithm 6.1, and we know that the p-adic parame-
trization is the image of the rational one. Consequently, as soon as « is sufficiently large,
we can reconstruct the parametrization over Q.

Let us recall that a rational number a/b, with gcd (a,b) =1 and b >0, is uniquely deter-
mined by its p-adic expansion to precision ¥ whenever |a| < /p*/2 and |b| < {/p*/2; see
for instance [68, section 4]. Using the fast Euclidean algorithm from [21, Theorem 5.26]
this reconstruction takes O(I(xlog p)log(xlog p)) = O(xlog p). The choices of p and the
precision x needed by the solver are made precise in the following algorithm. We recall
that ¢ is a fixed positive rational number, thought to be small.

Algorithm 6.2

Input. f,..., f, homogeneous in Z[xy,...,x,].

Output. Aninvertible (n+1) x (n+1) matrix N over Z such that (fioN,..., f,oN) isin
Noether position, a linear form u € Z[xy,...,x,], and a Kronecker parametrization
q,w1,...,wybyuof (fieN,..., fuoN) + (xg—1).

Assumption. fi,..., f, satisfy Ry, Ry, and Ra.

1. For each i from 1 to n, compute the maximum bit size h; of the coefficients of f;.

" hi)/logZSI:In.

Compute D, and a positive integer H,, such that H,,—2 < (Zizl =

Compute B € Z such that
B-2 < max { maX<07,(1+e) (%H)n&e/g) @d" -1y,

100D3,
6nd (5H,+77nlog D,) D2 } < B.

2. Compute a prime number p at random in {B, ...,2 B} via Lemma 6.10.

3. Call the Kronecker algorithm underlying Theorem 5.4 with the images fi,..., f, of
fi,oo fain (Z /p Z)[xo,...,x,]). If the resolution fails then go to step 2.

4.Let N, i, g, wy, ..., Wy, be the data returned by the Kronecker algorithm in step 3. If
deg g<D,, or if § is not separable, or if i (w1(t),..., w,(t)) # tg'(t) mod g(t), or if one
of the fl o N does not vanish at (@' () w1 (F) : ... wy(t)) modulo g(t), or if the value
of the Jacobian matrix of f_1 oN,...,fnoN inxy,...,x,at (' (#) () ;... wu(F)) is
not invertible modulo 4(t), then go to step 2.
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5. Let N (resp. u) be the canonical preimage of N (resp. of if) with entries in {0,...,p—1}.
Let « be the first integer such that

log \[2p* > (H,+ (n+1)logp+ 16nlog D) D,,.
Compute fioN,..., f,oN over Z/p*Z, and use Algorithm 6.1 to obtain the Kronecker

parametrization §, @y, ..., W, by uof (fioN,..., f,oN) + (xo—1) over Z /p* Z.

6. By rational reconstruction, compute the unique polynomials q,wy,...,w, in Q[¢] that
coincide with §, @3, ..., W, modulo p*.

Notice that H, is 0 whenever all the f; have their coefficients in {-1,0,1}. Therefore
in the following complexity estimates we shall write H,, 4+ 1 in order to make complexity
bounds valid in this particular case.

THEOREM 6.11. Algorithm 6.2 is correct, as a Las Vegas algorithm, and takes expected time

O(D, d+91 (H,+1)).

Proof. By Lemma 6.10 the prime p determined in step 2 does not divide the integer 2
defined in Lemma 6.7 with probability >1/2. In other words, the sequence fi, ..., f,
satisfy properties R, Ry, and Rz with probability >1/2. Thanks to p > B, Theorem 5.4
ensures that the Kronecker solver modulo p succeeds with probability >1/2. It follows
that the expected number of times that the algorithm repeats steps 2 to 4 is bounded.

Once the algorithm passes step 4, Lemma 6.9 ensures that the parametrization
modulo p may be lifted to any arbitrary precision, and that the parametrization over Q
may be recovered whenever the precision is sufficiently large. According to the pre-
ceding discussion on rational reconstruction, we need that

log/2p" 2K,
with K defined in Lemma 6.4; it satisfies
K< (Hy+nlog|IN|le +log lIAlle + 16 nlog Dy,) Dy,

with |IN]le and ||A|l being <p <2 B. This concludes the proof of correctness.

The computation of /; needs time O(d?hi) = O(Dn d" (H,+1)) by Lemmas 2.6 and 2.8.
Then D,,, H, and B can be computed in time O(log B), which is negligible since

logB:O(nlogci+log(Hn+1)) =0(nlog D, +log(H,+1)).

The cost of step 2 is log®V B by Lemma 6.10, which is again negligible.
By Theorem 5.4 step 3 takes time

O(D,d 139" V]ogp) =O(D,d 39" Diog(H, +1))
since log p =O(log B). Proposition 4.6 then provides us with the cost

é(cf(”%)”log p)= O(Dng(”%)”log(Hn +1))
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for step 4. Computing fioN, ..., f,oN over Z /p* Z in step 5 takes O(d" xlog p) by Propo-
sition 2.15. The cost of the p-adic Hensel lifting is given in Proposition 6.1:

Od1*39 klog p) + O(d"h) = O(d 13" klog p) + O(D,d" (H, + 1)),
where h=max (hy,...,h,) =0 (H,+1)). We verify that
klogp=0ogB+ (H,+ (n+1)logp+16nlogD,) D,) = OD,, (H,+1)).

Step 6 requires additional time D,, O(Klog p)= O(D% (H,+1)). O

The version of the Kronecker solver summarized in Algorithm 6.2 can be optimized
by using ideas previously developed for the case of input polynomials given by straight-
line programs [27]; see implementation details in the C++ library GEOMSOLVEX of MATH-
EMAGIX [37].

A first optimization consists in minimizing the height of the parametrization over
the rationals. For this purpose it is worth finding a matrix N and a primitive element of
small height. This search may be achieved efficiently modulo p, and we refer the reader
to [50] for the description of the underlying algorithms.

A second optimization concerns the early termination of the lifting stage over the
p-adic integers. In fact one may try to perform rational reconstruction before the bound
on the precision is actually reached. If all the reconstructions succeed, then it suffices to
verify that the Kronecker parametrization actually describes the solution set. A prob-
abilistic method to do this consists in evaluating the equations at the parametrization
modulo an independent random prime number p’ with a bit size similar to the one of p.
This verification may also be done deterministically over the rationals, but at a higher cost.

For an input system in 7 variables of degrees d; =2, the quantity log,(100D3) is of the
order 6.6 4+ 3n. Therefore with n =15, Algorithm 6.2 involves primes p of bit size close to
52 bits. In fact, the bounds used in the design of Algorithm 6.2 have been simplified and
overestimated for the sake of the presentation. Sharper bounds should be considered in
practice, in order to ensure that p fits into 32 bits for small and moderate systems, and 64
bits for larger ones.

Let us finally mention that the present bound for the bit size of the Kronecker parame-
trization over the rationals turns out to be essentially sharp for generic systems, according
to [54, Theorem 3.1]. Consequently the complexity reached within Theorem 6.11 is nearly
linear in the “expected” size of the output, from the asymptotic point of view. This fact
is illustrated by the following example.

Example 6.12. Consider the system, adapted from [12],

( A d
i = xp—x]
_ i1 .d

fo = xxy-x5
i1 .d

fn—l = Xp2Xp T —Xp-1
-1 d

‘fn = Xp-1Xp ~—Aaxo,

where d >2 and a € N+y. Let ;, be a root of

n n-1
xd =g =0,
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and set
a 1 2
CTZ—].::WI CYZ 2= CZ 17 ceey C = é‘; 17
n
sothat (1:{;:...:{y) is clearly a zero of fo=:--=f,=0. Fori=n-1,n-2,...,1, we observe
that _
ﬁzadn—l—l
é’n énn—i ‘

It follows that (1:{1:...:{,) is also a zero of f;. The value of the Jacobian matrix offi, ..., f,
inxy,...,.xpat (1:01:...:y) is

—~d i g
a1 _grd-l d-1) 013>

T —d g (@d-1) G
g_l (d_l)gn—lgg_z

By expanding det A with respect to the last column, we obtain

n—1

(_1)n—1d€:ll(d—1) + Z (_1)n—1—i d-1) gi 5—2 (—d Cfl—l) . (_dgid—l) (gg—l)n—l—i

i=1
(&)

= (- 1))1 1d€1’l(d 1)+< 1nll€1’l(d 1)(d 1)Zdl (gl)
n-1 qn-i-1 4n-2\d-1 gnr-i-1\d-1
n-1yn(d-1) il a a
-1 1Cn (d-l—(d—l)Zd é_dn—i (W) ( qn=i ) ]

detA

Cn

i=1 n n n
. (d b n-1 ,adm_i_l adn—l_dn—i—l
— n— na-— i
- (_1) Cﬂ d+ (d_ 1) Z d é,dn—i [ dn_gn-i ]
i=1 n n

n-1 qn-1
(— 1)71 1§n(d 1) [d+(d—1) Z diagdn ]

i=1 n

n-1
— (_1)71—1 é}‘;l(d—l) [d+ (d-1) Z dl]

i=1
— (_1)11—1 ég(d_l)dn.

Consequently det A is invertible. From

n—i-1 n n—i-1 n_gn-i
Q_ a? B gg a9 _ Z d
é’n - édn—i - adn—l é n—-i adn—l_dn—i—l’
n n

Proposition 4.6 thus ensures that (fi,..., f,;) satisfies Ry and Ry, that it is in Noether posi-
tion, and that it is parametrized by the primitive element u =x,, as follows:

n_gn-1 n_
xd a'—+1 xﬁ d+1

qn dn—l n
(fi,eeo fo) +(xo-1)=|x3 —a R T aT=E VAR ¢ R
a a
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7. CONCLUSION

The Kronecker solver was already known to be competitive both in theory and practice
for polynomial systems represented by straight-line programs; see for instance timings
in [2, 27]. Under suitable genericity assumptions and for suitable ground fields, we have
shown in this paper that this solver also leads to improved probabilistic asymptotic com-
plexity bounds for the dense representation of input polynomials.

Our main results concern finite fields and rational numbers, but our methods can in
principle be extended to any ground field over which fast multivariate multi-modular
composition is available. Unfortunately, it is still a major open problem to design an
algorithm for modular composition over arbitrary ground fields.

Another major problem concerns the practical efficiency of algorithms for mod-
ular composition. This holds in particular for the recent fast algorithms for finite fields
designed by Kedlaya and Umans [42], and revisited in [36]; we refer the reader to the
concluding section of [36] for a quantitative discussion. Consequently we do not expect
our Theorem 3.3 to be of practical use, and we cannot claim our new main complexity
bounds for polynomial system solving to be relevant in practice.

Nevertheless, it is important to point out that Theorem 3.3 uses modular composition
as a blackbox. Whenever faster algorithms for this task do become available, they can
directly be used in our algorithms. As one possible research direction, it is worthwhile
to investigate the replacement of generic modular compositions by specific ones, such as
those studied in [33, 34] and which feature more promising performances.

The Kronecker solver admits different extensions for when genericity assumptions R;
and R; are no longer satisfied: see for instance [39, 50], and more references in [18]. In this
case, the system might have an infinite number of solutions, and one may express them
in terms of a union of equidimensional or irreducible algebraic varieties. We expect that
these extensions could be revisited for the dense representation of input polynomials,
and plan to investigate the details in future work.

Yet another important question for systems over the rational numbers concerns the
complexity of finding numerical approximations of the roots. In generic cases we have
proved in Theorem 6.11 how to compute Kronecker representations of solution sets in
quasi-optimal time. This implies that numerical roots may also be computed in quasi-
linear time but whenever the requested precision is “sufficiently large”, by means of fast
univariate polynomial solvers. It would be interesting to quantify the latter “sufficiently
large”, and to compare to the state of the art of numerical polynomial solvers.

APPENDIX A. LINEAR CHANGES OF VARIABLES

This appendix is devoted to subjecting a multivariate polynomial f to a linear change of
variables. More precisely, given f € A[xy,...,x,] and an nxn matrix N = (N; ) 1<i<n, 1<j<n
over a commutative ring A, then we wish to compute

(fON)(xl/~~/xn) ::f(Nl,lxl+ +Nl,nxn/~~/Nn,lxl+ +Nn,nxn)~

The fast algorithms that we propose below do not seem to be available in the literature.
They are suitable for any coefficient ring with sufficiently many elements, and they are
also well suited for homogeneous polynomials.
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A.1. Algebraic complexity model

In this subsection we focus on the algebraic model (computation trees for instance), we
let A be an effective commutative ring, and M is a cost function such that two poly-
nomials in A[x]., may be multiplied with cost M({). The evaluation of a multivariate
polynomial at points in a block of points S”, where S is a finite subset of A, is usually
achieved by the successive use of fast univariate evaluations, as recalled in the following
lemma.

LEMMA A.1l. Let €>1, let f € A[xy,...,x,] be of partial degree <lin x; fori=1,...,n, and
let S be a subset of A of cardinality {. Then, all the values of f at S" can be computed with
om "M log ¢) arithmetic operations in A.

Proof. We interpret f € A[xy,...,x,] as a univariate polynomial in x,,

F1 e, x0) = folXn, oo Xp1) + -+ fooa (X1, .o, xn1) x5

We evaluate fy,...,fr-1at$s n-1 recursively. Then, for each (ay,...,a,-1) €S -1 we evaluate
fay,...,ay-1,x,) at all the points of S, with a total cost O™ M(0) log ¢). Denoting by
T(n, ) the cost of the algorithm in terms of operations in A, we thus obtain

T, O) = {Tm—-1,0+0" M) log 0).
By induction over 7, it follows that
Tn,0) = O™ M) log ?),

which implies the claimed bound. a
The next lemma, also well known, concerns the corresponding interpolation problem.

LEMMA A.2. Let {21, let ay, ..., & be pairwise distinct points in A such that a;—a; is invertible
whenever i+ j, let B;, ... i, be a family of values in A for (iy,...,i,) running over {1,...,¢}". The
unique polynomial f € A[x1,...,x,] of partial degrees <{and such that f (a;,,...,&;) = Bi,.. i,
forall (iy,...,i,) €{1,...,0}" can be computed with O(n IM(0) log ¢) arithmetic operations
in A, including inversions.

Proof. Again we interpret f € A[xy,...,x,] as a univariate polynomial in x,,

FX1 e, xn) = folXn, ooy Xpo1) + -+ foo1 (X1, .o, Xno1) X5 (A1)

For all (iy,...,iy1) €40,...,0—1}""1 we interpolate the values fo(a;, ..., & ), ...,
fe1(aiy, ..., a;,_) with £71O(M(¢) log £) operations in A. We then recursively interpo-
late fo,..., fr-1 and form f as in (A.1). The total cost is obtained as in the proof of the
previous lemma. O

The aim of the following proposition is the fast evaluation of f at a set of points of the
form N(S") + B, for any matrix N and any vector B.

PROPOSITION A.3. Let 21, let f € A[xy,...,x,] be of partial degree <lin x; fori=1,...,n,
let S={ay,...,a¢} be a subset of A of cardinality { such that a;—a; is invertible whenever i # j,
let N be a n xn matrix over A, and let B€ A", Let X be the column vector with entries x1,...,X,.
If an LU-decomposition of N is given, then f (N(S") + B) and f (N X + B) can be computed with
Om "™ TM(0) log ¢ +n®) arithmetic operations in A, including inversions.
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Proof. We write B=:(f1,..., ). We first assume that N = (N; ;)1<i<n, 1<j<n IS upper trian-
gular, and we partition N(S") + B into

¢
| | N(S" ' x{a;}) +B
i=1
14
|| (N(S™1) + Bi) x ANy nati + Bu,
i=1

N(S™ +B

~ ~ Nl/n
where N := (Ni,j)1<i<n—l, 1€j<n-1 and Bi =G :

B
—I—[ : ] We compute

Nn—l,n ﬂn—l

Qi(x1, ..., Xp_1)==f (x1,..., Xu_1, Ny ntti + Bn)

fori=1,...,{ using O™ M(P) log ¢) operations in A. Fori=1,...,{, we then evaluate
Qi(x1,...,xXp-1) at N(S™ 1 +B; by induction. The base case n =0 takes constant time O(1).
Consequently, for any 7, the total number of operations in A is O(n "IM() log ¢), by
the same argument as in the proof of Lemma A.1. We recover f(N(xy,...,x,) + B) with
O "M log ¢) operations in A by Lemma A.2.

If N is lower triangular then we may revert of the variables in f and the columns of N
in order to reduce to the upper triangular case. Alternatively, we may adapt the latter
decomposition of the set of points, as follows:

¢
N(S"m+B = | | N({a}xS"™) +B
i é}l
|| (Nv1ai+ By x (N(S™1) + B)),
i=1

B2

Bn
gi(xo, ..., xp) i=f(Ny,10;+ B1,X2, ..., Xp)

N2,y

where N := (Ni,j)2<ign, 2<j<n and Bi:=u; + . So we compute

Nn,l

and evaluate g;(xy,...,x,) at N(S™ 1 + B; by induction, fori=1,...,¢.

Finally if N is general, then it suffices to use the given LU-decomposition, where L
is lower triangular with 1 on the diagonal, and U is upper triangular. In fact we have
FLU(S™) +B)=(foL)(U(S")+L"'B),sowe compute f oL and then (foL)(U(S™) +L™'B)
and (foL)(UX+L7'B). i

In the next lemma the same technique is adapted to homogeneous polynomials.

LEMMA A 4. Let f € A[x,...,x,] be homogeneous of degree d >1, let N bea (n+1) x (n+1)
matrix over A, and let S={ao, ..., a4} be a subset of A of cardinality d +1 such that a;—a; is
invertible whenever i # j. If an LU-decomposition of N is given, then f o N can be computed with
O (d+ 1" M) log d) arithmetic operations in A.

Proof. Assume first that N = (N; j)o<i<n, 0<j<n i lower triangular and let N :=
(Ni)1<ign, 1<j<n- We are led to compose f(No,o,x1, .- .,Xxn) with

[ N1,
N| |+ :
Xn Nn,O



JORIS VAN DER HOEVEN, GREGOIRE LECERF 41

by means of Proposition A.3. If N is upper triangular then it suffices to revert the vari-
ables xy,...,x, in f, and the columns of N, in order to reduce to the lower triangular case.
Alternatively, we may set N := (N j)o<i<n-1, 0<j<n-1 and compose f (xo, ..., Xn-1, Ny,n) with

[ No,»
N| ¢ |+ : ,
Xn Nn—l,n

in order to obtain (f o N)(xo,...,x4-1,1). Finally, for any N, it suffices to use the given
LU-decomposition. |

PROPOSITION A.5. Let f € A[xg,...,x,] be homogeneous of degree d >2, let N be an
(n+1) x (n+1) matrix over A, and let S ={ay,...,az} be a subset of A of cardinality d +1
such that a;— a; is invertible whenever i+ j. If an LU-decomposition of N is given, then f o N
can be computed with O(n*>d"~*M(d) log d) arithmetic operations in A.

Proof. The total number of coefficients in f is O(d") by inequality (2.1). We decompose
f=x080+x181+** +Xugn, (A2)

where x,,9,(x0,X1,...,X,) is made of the terms of f which are multiple of x,, then x,,_1g,-1
is made of the terms of f —x,g, which are multiple of x,_i,..., and finally x¢go is made
of the terms of f— (x1g1+ -+ +x,g,) which are multiple of x( (that is a A-multiple
of a power of xp). In this way, we are led to compute g;oN for i=0,...,n, with g; of
degree <d-—1; this requires On%d™ M) log d) operations in A, by Lemma A.4. Then
foN can be recovered with further O(12d") operations. O

Remark A.6. If one can use specific sequences of points «;, for instance in geometric pro-
gressions, then multipoint evaluations and interpolations in one variable and in degree d
over A cost O(M(d)) by means of [10], that saves a factor of logd in the above complexity
estimates.

A.2. Coefficients in a Galois ring

For the purpose of the present paper, we need to adapt the results of the previous subsec-
tion to the case when A is the Galois Ring GR(p*, k), and in the context of Turing machines.
In the next lemmas we use the lexicographic order on N", written <Jex, defined by

0‘<lex,3 = (HjE{l,...,n}, an:,Bn/\ "'/\£Kj+1213]'+1/\d]'<,3]').

In terms of Turing machines, we need the following variants of Lemmas A.1 and A.2.

LEMMA A.7. Let £21, let f e GR(p*,k)[x1,...,x,] be of partial degree <lin x; fori=1,...,n,
and let a1, ..., 0 be values in GR(p*, k). Then, the values f (a;,,...,a;,) for (i1,...,i,) running
over {1,...,€}" in the lexicographic order <iex can be computed in time

n¢"O(log? {kklog p).
Proof. The proof follows the one of Lemma A.1 while taking data reorganizations into

account. More precisely, using one ¢ =1 ¢ matrix transposition, we reorganize the values
of the f; after the recursive calls into the sequence of

fO(lXill .. -/lxin_l)/ .. -/ff—l(al'll [ /al},_1>
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for (iy,...,i,—1) running over {1,..., ¢y 'in the lexicographic order <jex. Then, after the
multi-point evaluations of f(a;,...,&;, ,,x,), we need to transpose the £ x -1 array made
of the values of f, in order to ensure the lexicographic ordering in the output. The cost
of these transpositions is O(¢"log ¢ kklog p) by Lemma 2.1, which is negligible. ]

LEMMA A.8. Assume €>1 and pk > L. Let ay,...,aq be pairwise distinct values in GR(p*, k) such
that a;— a; is invertible modulo p for all i+ j, and let B;, ... i, be a family of values in GR(p", k)
for (i1, ..., i) running over {1,..., €}" in the lexicographic order <iex. The unique polynomial
feGRp"  k)[x1,...,x,]) of partial degree <lin x; fori=1,...,n, and such that f (a;,,...,a;) =
Bi,,.. i, forall (iy, ..., i) in{1,...,0}", can be computed in time

ne" (~)(log2 {xklogp).

Proof. The proof follows the one of Lemma A.2, by doing the data reorganizations in the
opposite direction from the one in the proof of Lemma A.7. O

From now, for convenience, we discard the case {=1. In this way, whenever {>2, we
may use n°M =1ogO® (¢m).

PROPOSITION A.9. Assume £>2 and p*> (. Let f € GR(p*,k)[x1, . ..,x,] be of partial degree
<linx;fori=1,...,n, and let N be a n xn matrix over GR(p", k). If an LU-decomposition of N
is given, then f o N can be computed in time O(£" xklogp).

Proof. We first generate a subset S:={«y,...,a¢} of GR(p, k) of cardinality ¢ in time
é(@klog p); this ensures the invertibility of a;—a i for i+ j. The proof then follows the one
of Proposition A.3 while taking data reorganizations into account. When N is upper tri-
angular, the computation of g1,...,g¢ requires the multi-point evaluation of f regarded in
GR(p"*,k)[x1,...,xn-1][xn]: we may simply appeal to the fast univariate algorithm because
it only involves additions, subtractions and products by elements of GR(p", k) over the
ground ring GR(p*, k)[x1,...,x,-1]. Consequently g1, ...,g, may be obtained in time
"O(fxklog p), by Lemma 2.5. In addition, the £"~! x { array of values of the g; must
be transposed at the end, in order to guarantee the lexicographic ordering necessary to
interpolate f oN.

When N is lower triangular, the data reorganization costs essentially the same, except
that the computation of g1,...,g¢ takes time 1 é(@xklog p) by Lemmas 2.11 and 2.5. O

Before achieving the proof of Proposition 2.15, we further need the following lemma
in order to change the representation of a homogeneous polynomial.

LEMMA A.10. Let f be a homogeneous polynomial of degree d >2 in GR(p*,k)[xo, ..., xy], rep-
resented as before byf"(xl, v Xn)i=f(1,x1,...,x,) and d, and let i€ {0,...,n}. Then, for any
a € GR(p", k) we can compute f°(xo, ..., Xi—1,Xi+1,- -+, Xn-1) 3= f (X0, ., Xiz1, &, Xit1, - -+, Xn_1)
in time O(d" xklogp).

Proof. For simplicity the proof is done for i =n, but it extends in a coefficientwise manner
to any i. A sparse representation of f is made of a sequence of pairs of coefficients and
vector exponents. More precisely, if f=3" _ ..1fex(’ - x; then a sparse representation
of it is the sequence of the pairs (f,, €), for all the non-zero coefficients f,. The bit size of
a vector exponent is O(n+logd), and therefore the bit size of a sparse representation of f
is O(d" (n+logd) xklogp) by (2.1).
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In order to prove the lemma, we first convert f, given in dense representation, into
a sparse representation. When 1 =1 the sparse representation of f” may be obtained in
time O(dlogdxklogp). Otherwise n >2 and we regard fb in GR(p",k)[x1,...,xXp-11[xn],

b b
fb(xll- . -/xn) :fO (xll‘ . -/xﬂ—].) +-- +fd (xll‘ . -/xn—].)x;’jl/

and recursively compute the sparse representation of f;’ fori=0,...,d. These representa-
tions may naturally be glued together into a sparse representation of f°,in time O(d" (n+
log d) xklog p), by adding the exponent of x, into each exponent vector. A straightfor-
ward induction leads to a total time O(d" (n+1logd) xklog p) for the change of representa-
tion of f°. Then the sparse representation of f may be deduced with additional time
O(d" (n+logd) xklog p) by appending the exponent of xo needed for homogenization.

Second, from the latter sparse representation of f we may simply discard the expo-
nents of x,, and multiply the coefficients with the corresponding powers of &, in order to
obtain a sparse representation of f° in time O(d" xklogp).

Finally it remains to construct the dense representation of f° from its sparse repre-
sentation. To this aim we sort the sparse representation in increasing lexicographic order
on the exponent vectors in time O(d"log(d") (n +logd) kklog p). We next compute the
dense representation by induction over n. Writing

-1
fox0, o Xnm1) = fo (X0, ., Xn—2) + -+ - + fila(Xo, ..., Xn—2) X1,

the sparse representations of fy, ..., fi~1 are computed by induction, after removal of the
powers of x,,_1. The induction ends when 7 =0, in which case the conversion to dense
representation requires time O(dlogd xklog p). In total, the dense representation of f°
can be computed in time O(d"log(d") (n+1logd) xklogp). i

Proof of Proposition 2.15. We follow the proofs of Lemma A.4 and Proposition A.5, still
while taking into account the cost of data reorganizations.

In the proof of Lemma A .4, the cost of obtaining f (No,0,X1,...,Xn) and f (xo,..., Xn-1,Np,n)
is given by Lemma A.10, that is O xklogp).

In the proof of Proposition A.5 we first need to compute the decomposition (A.2) of f.
The polynomial

(X0, -+, Xn) = f1(X0, -, Xn1) + f2(X0, -+ Xn1) X+ -+ + fa(Xo, ., Xp1) X071

is represented by

b b b _
QX e X)) = (X e X)) F SR o X)) X e [T (XL, X)) X6

and d-1. Consequently g/, may be easily obtained in time O(d" kklog p). Then the rest
of the decomposition gz_l, eeey gB is obtained from fob(xl, ...,Xn-1), recursively. The total
cost for obtaining all the g? is therefore bounded by O(d" xklog p).

For any c € GR(p", k), any i €10, ...,n}, and any jE€{(1,...,n}, the computations of
c(gioN)(1,x1,...,x,) and of cx;(gioN)(1,xy,...,x,) take time d”O(Kklog p) since their
supports have cardinality O(d") by (2.1).

Finally, from

f°N=Z [Z Nz',jxj] (gioN)

i=0 \j=0
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we obtain the representation of f o N as

n

n
(fON)(llxll"'/xn) :Z Ni,0+Z Ni,jxj (gioN)(llxll"'/xn)/
i=0 j=1

using additional time O(d" kklog p). The cost of the data reorganizations in the proof of
Proposition A.5 is negligible. O
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