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FAST TRANSFORMS OVER FINITE FIELDS OF
CHARACTERISTIC TWO

NICHOLAS COXON

ABSTRACT. We describe new fast algorithms for evaluation and interpolation
on the “novel” polynomial basis over finite fields of characteristic two intro-
duced by Lin, Chung and Han (FOCS 2014). Fast algorithms are also described
for converting between their basis and the monomial basis, as well as for con-
verting to and from the Newton basis associated with the evaluation points
of the evaluation and interpolation algorithms. Combining algorithms yields
a new truncated additive fast Fourier transform (FFT) and inverse truncated
additive FFT which improve upon some previous algorithms when the field
possesses an appropriate tower of subfields.

1. INTRODUCTION

Let F be a finite field of characteristic two, and 8 = (Bo,...,Bn—1) € F™ have
entries that are linearly independent over Fo. Enumerate the Fy-linear subspace
of F generated by the entries of the vector by setting

n—1
wi = Z[i]kﬁk
k=0

for i € {0,...,2" — 1}, where [-]; : N = {0,1} for k € N such that i = Y, . 2*[i]s
for 7 € N. Define polynomials

n—12%lil -1 — Ww; T — W;

X, = || Il =  and N, = || = 7
Wok — W5 Wi — W;

k=0 j=0 2k J j=0 T J

fori € {0,...,2" —1}. Then the definition of the functions [-] implies that X; has
degree equal to ¢, while it is clear that N; also has degree equal to i. Letting F[z],
denote the space of polynomials over F with degree strictly less than ¢, it follows that
{Xo,...,Xp—1} and {Ny,...,N;_1} are bases of F[z], over F for £ € {1,...,2"}.
The former basis was introduced by Lin, Chung and Han [21], and is referred to
hereafter as the Lin—-Chung-Han basis, or simply the LCH basis, of F[z], associated
with 8. The polynomials Ny, ..., Non_q are scalar multiples of the Newton basis
polynomials associated with the points wy, ...,wsn_1, with the scalars chosen such
that N;(w;) = 1. However, we simply refer to {Np,..., Ny_1} as the Newton basis
of F[z], associated with §. The space F[z], also comes equipped with the monomial
basis {1,z,..., 2/},

In this paper, we describe new fast algorithms for evaluation and interpolation
on the Lin—Chung—Han basis, and for converting between the Lin—Chung—Han ba-
sis and each of the Newton and monomial bases. These algorithms may in turn be
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2 NICHOLAS COXON

combined to obtain fast algorithms for evaluation and interpolation on the Newton
or monomial bases, and for converting between the Newton and monomial bases.
The resulting algorithm for evaluation on the monomial basis provides a new addi-
tive fast Fourier transform (FFT). The designation as “additive” reflects the fact
that FFTs have traditionally evaluated polynomials at each element of a cyclic
multiplicative group, whereas the evaluation points wy, .. .,wsn_1 of our FFT form
an additive group. To avoid confusion, we refer to algorithms that evaluate over
a multiplicative group as multiplicative FFTs hereafter. Additive FFT's have been
investigated as an alternative to multiplicative FFTs for use in multiplication algo-
rithms for binary polynomials [30, 5, 24, 7, 8, 18], and have also found applications
in coding theory and cryptography [4, 3, 9, 10, 1].

Additive FFTs first appeared in the 1980s with the of algorithm of Wang and
Zhu [31], which was subsequently rediscovered by Cantor [6]. For characteristic two
finite fields, the Wang—Zhu—Cantor algorithm requires § to be a so-called Cantor
basis: its entries must satisfy By = 1 and By_1 = 87 — 3, for k € {1,...,n—1}. The
algorithm then takes the coefficients on the monomial basis of a polynomial in F[z]an
and evaluates it at each of the points wy, . .. ,wan_1 with O(2"n'°823) additions in F,
and O(2"n) multiplications in F. Gao and Mateer [14] subsequently improve upon
this complexity by describing an algorithm that performs O(2"nlogn) additions
and O(2"n) multiplications. However, as for the Wang—Zhu—Cantor algorithm, this
complexity is only obtained in a limited setting, since a finite field of characteristic
two admits a Cantor basis of dimension n if and only if it contains ]Fzznogz n] as a
subfield [14, Appendix A].

The additive FFT of von zur Gathen and Gerhard [30] removes the restriction
that S must be a Cantor basis, allowing the vector to be chosen subject only to the
requirement of linear independence of its entries. Their algorithm performs O(2"n?)
additions in F, and O(2"n?) multiplications in F. Gao and Mateer [14] subsequently
describe an algorithm that performs O(2"n?) additions and only O(2"n) multipli-
cations. Bernstein, Chou and Schwabe [4] in turn generalise the algorithm of Gao
and Mateer so that time is not wasted manipulating coefficients that are known
to be zero when the polynomial being evaluated by the transform belongs to F[z],
for some ¢ < 2™. They also describe how to replace some multiplications in their
algorithm with less time consuming additions. Bernstein and Chou [3] contribute
several more improvements to the algorithm in the case that § is a Cantor basis.

The generalisation of Bernstein, Chou and Schwabe is obtained by reducing to
the case ¢ = 2™ and disregarding parts of the algorithm that involve manipulating
coefficients that are known to be zero. This technique is often referred to as trunca-
tion (or pruning [23, 25]). This term is also applied when only part of a transform is
computed by performing only those steps of the algorithm that are relevant to the
computation of the desired outputs. Truncation is used in FFT-based polynomial
multiplication to ensure that running times vary relatively smoothly in the length
of the problem. To achieve such behaviour it is also necessary to invert truncated
transforms. However, simply examining the output of a truncated transform may
not allow its inversion. An elegant solution to this problem is provided by van
der Hoeven [27, 26] who took the crucial step of augmenting the output with in-
formation about known zero coefficients in the input, allowing him to provide a
multiplicative truncated Fourier transform together with its corresponding inverse
truncated Fourier transform (see also [15, 16, 17]). While truncated additive FFTs
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have been investigated [30, 24, 5, 4, 3, 7, 8, 18], existing methods for their inversion
lack the effectiveness and elegance of the approach introduced by van der Hoeven.

Alongside the introduction of their basis, Lin, Chung and Han [21] describe
fast algorithms for evaluation and interpolation on the basis that yield lower com-
plexities than additive FFTs. Their evaluation algorithm takes the coefficients on
the LCH basis of a polynomial in F[z]s» and evaluates it at each of the points
wo, - - - ,wan_1 with O(2"n) additions in F, and O(2"n) multiplications in F. Their
interpolation algorithm inverts this transformation with the same complexity. Lin,
Chung and Han then demonstrate the usefulness of their “novel” basis by using the
algorithms to provide fast encoding and decoding algorithms for Reed—Solomon
codes. This application is further explored in the subsequent works of Lin, Al-
Naffouri and Han [19] and Lin, Al-Naffouri, Han and Chung [20], while Ben-Sasson
et al. [2] utilise the algorithms within their zero-knowledge proof system.

Lin, Al-Naffouri, Han and Chung [20] additionally consider the problem of con-
verting between the LCH basis and the monomial basis. They provide a pair of
algorithms that allow polynomials in F[x]on to be converted between the two bases
with O(2"n?) additions in F, and O(2"n) multiplications in F. Moreover, they
provide a second pair of algorithms that allow the conversions to be performed
with O(2"nlogn) additions and no multiplications in the case that  is a Cantor
basis. Their algorithms use ideas introduced by Gao and Mateer [14], and they note
that combining their algorithms with the evaluation algorithm of Lin, Chung and
Han [21] yields two additive FFTs, one for arbitrary S and one for Cantor bases,
that are “algebraically similar” to the two provided by Gao and Mateer. The ad-
ditive FFT for Cantor bases is applied, with impressive results, to the problem of
binary polynomial multiplication in a series of papers [7, 8, 18].

The techniques developed for additive FFTs have yet to be applied to evalua-
tion/interpolation and conversions problems involving the Newton basis associated
with their evaluation points. In the realm of multiplicative FFTs, one has the fast
algorithms of van der Hoeven and Schost [28], which convert between the monomial
basis and the Newton basis associated with the radix-2 truncated Fourier transform
points [27, 26]. Fast conversion between the two bases is a necessary requirement of
multivariate evaluation and interpolation algorithms [28, 12] and their application
to systematic encoding of Reed-Muller and multiplicity codes [12]. For applications
in coding theory, characteristic two finite fields are particularly interesting due to
their fast arithmetic. However, the algorithms of van der Hoeven and Schost are
not suited to such fields as they require the existence of roots of unity with order
equal to a power of two. It is likely that this problem may be partially overcome
by generalising their algorithm in a manner analogous to the generalisation of the
radix-2 truncated Fourier transform [27, 26] to mixed radices by Larrieu [17], so
that the algorithms only require the existence of roots of unity with smooth or-
ders. The multivariate evaluation and interpolation algorithms of van der Hoeven
and Schost [28] and the author [12] are readily modified to work with the (scaled)
Newton basis introduced at the beginning of the section. Thus, using techniques
developed for additive FFTs to provide fast algorithms for converting between the
Newton and monomial bases yields a complementary solution to the problem.

Our contribution. The evaluation/interpolation and conversion problems consid-
ered in this paper all involve the LCH basis. Consequently, we begin in Section 2
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by reviewing properties of the basis that are utilised in the development of our al-
gorithms, with proofs provided to give a consistent and self-contained presentation.

In Section 3, we describe algorithms for converting between the Newton and LCH
bases. The algorithms follow the divide-and-conquer paradigm that is characteristic
of FFTs, with the length ¢ conversion problems for polynomials in Flz], C Flx]gn
each reduced to two shorter problems of lengths 21082411 and ¢ — 2Mlog2 ¢1-1
The algorithms allow conversion in either direction to be performed with at most
(1£/2]—1)log, £]1+O(log? ¢) additions in F, and at most [£/2][log, £]—¢+O(log? ()
multiplications in F. Here, the big-O terms account for operations that may be per-
formed as precomputations. Moreover, each algorithm requires only (9(log2 ?) field
elements to be stored in auxiliary space, i.e., in the space used by the algorithm in
addition to the space required to store its inputs or outputs.

In Section 4, we generalise the algorithms of Lin, Chung and Han [21] to allow
fast evaluation and interpolation on the LCH basis for polynomials in Fl[z], C
F[z]2». The generalisations are obtained by reducing to the case £ = 2™ while taking
advantage of known zero coefficients of the polynomials when written on the basis, in
a manner analogous to van der Hoeven’s truncated FFT and inverse truncated FFT.
Given the coefficients on the LCH basis of a polynomial f € F[z], C F[z]2» and an
element of the field A, the evaluation algorithm returns f(wo+ M), ..., f(we—1 +N).
The interpolation algorithm inverts this transformation, returning the coefficients
of a polynomial when given its evaluations at the ¢ points and A. Both algorithms
perform at most

min((e —1)([logy €] +2), (2M°#2 1 — 1) ([log, ¢] + 1)) + O(log® ()

additions in F, and at most
(=1 Mog, £]—1 2
min T( [logy €] + 1),21'°82 [log, €] | + O(log” ¢)

multiplications in F, where the big-O terms once again account for operations that
may be performed as precomputations. Moreover, each algorithm requires 21082 ¢ —
{+ (’)(log2 ?) field elements to be stored in auxiliary space. As the required space
may be large when ¢ is slightly larger than a power of two, we describe variants of
the algorithms that require only O(log? /) field elements to be stored in auxiliary
space, while performing at most 2/'°82 ¢1 extra additions in F, and at most 21082 1 —¢
extra multiplications in F.

In the final section of the paper, Section 5, we describe algorithms for converting
between the LCH and monomial bases. The algorithms assume the existence of a
tower of subfields

Fo =TFyi CFoay C -+ CFoa,, CF

such that d,,—1 < n < d,, and B;/B4,|ija,] € Foa, for i € {0,...,n — 1} and
t € {0,...,m—1}. Then for polynomials in F[x]; C F[x]a» such that 295 < ¢ < 2ds+1
for some s € {0,...,m — 1}, the algorithms allow conversion in either direction to

be performed with at most

;KJ (ﬂog2 0 <Fo§j q _ 1) 4 Sdt Pogj q (dzl - 1)) + O(log? ¢)

t=0
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additions in T, and at most (¢ — 1)([logy £] + 1) + O(log? £) multiplications in F.
Once again, big-O terms represent operations that may be moved to precompu-
tations, while the algorithms require only O(log{) field elements to be stored in
auxiliary space. Excluding the trivial case of F = [Fo, where the two bases coincide,
it is always possible to take m = 1 and d,,, = [F : Fs]. The algorithms then perform
at most |£/2] ("% 1) + O(log? ¢) additions, matching the big-O complexities of
existing algorithms. However, the algorithms enjoy a reduction in the number of
additions and, to a lesser extent, the number of multiplications they perform if the
tower contains more than one subfield of degree less than log, £. To take advantage
of this improvement, we describe a simple method of constructing a vector 3 that
satisfies the necessary criteria when given its desired dimension n and an appropri-
ate tower. We also show how to leverage freedom in the construction in order to
eliminate some multiplications from the algorithms in the case that the tower con-
tains some quadratic extensions. In the case that all extensions are quadratic, the
construction may be used to eliminate all multiplications from the algorithms. The
algorithms also perform at most [£/2]([log,(£/2)][log, log, max(¢,2)] + [log, £1)/2
additions in this case, matching the big-O complexity obtained for Cantor bases by
existing algorithms.

2. PROPERTIES OF THE LIN—-CHUNG—HAN BASIS
It follows from the definition of the LCH basis associated with S that

2k _1

r — W;
Xor = H P for k € {0,...,n—1}.
i=0

Thus, the roots of Xy form an Fs-linear subspace of F, generated by S, ..., Bk_1-
As most work on additive transforms pre-dates the introduction of the LCH basis,
it is typical in the literature to study the properties of the subspace (vanishing)
polynomials associated with these subspaces. We instead choose to study the prop-
erties of the basis polynomials X0, ..., Xon—1, which are simply scalar multiples of
the subspace polynomials: the subspace polynomial of a subspace W C F is defined
to be [[,cy (z—w). Consequently, the properties of the LCH basis presented in the
section are either found in [21, 19, 20], or are analogous to properties of subspace
polynomials found in [6, 30, 24].

An important property of subspace polynomials, which is inherited by the poly-
nomials Xoo,...,Xon-1, is that they are linearised. A polynomial in F[z] is Fg4-
linearised (alternatively, a g-polynomial) if it can be written in the form

> gt
1€N

with fo, f1,... € F. The following lemma shows that the polynomials Xqo, ..., Xon-1
are [Fo-linearised, and establishes several additional properties of the LCH basis that
are required for our algorithms.

Lemma 2.1. The following properties hold for k € {0,...,n — 1}:

(1) X2k+j = X2ka fOTj S {07 . .72k — 1};
(2) X2k((JJ2k1+]) =1 fOTZ‘ € {0,1} and] € {07 . .,Qk — 1},
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(3) Xor =x/By if k=0, and

otherwise,
(4) Xon is Fo-linearised,
(5) Xor(x + ) = Xow(z) + Xox(X) for A e F.

Proof. Let k € {0,...,n—1}. Then

. 0 ift <k, . ki + 4], ift <k,
g =40 and ()= { P
2% + j]. ift >k, 0 ift >k,
for i € {0,1}, j € {0,...,2* —1} and t € {0,...,n — 1}. Thus,
not (2201 T
KXo, = s s ) = X X
2t g sl;[o Wt — Wy 31;[0 Wot — Wy 2"
and
n—1 n—1 n—1
Wokjtj = Z[Qki + jleBe = Z[Qki]tﬁt + Z[ﬂtﬁt = Wok; +Wj
t=0 t=0 t=0

for i € {0,1} and j € {0,...,2F —1}. As {wo,...,wor_1} forms a group under
addition, it follows that

2k _ 2k 1
Wok; + UJ] — Wt Wok; — Wy .
Xowleomniy) = T =0 == = 1T =0 =
t=0 2 ¢ t=0 2 ¢

for i € {0,1} and j € {0,...,2¥ — 1}. Therefore, properties (1) and (2) hold.
If £ =0, then
T — W z—0 T
a wi—wo  Bo—0 Bo

If k € {1,...,n — 1}, then property (2) implies that Xor—1(w;)? — Xor—1(w;) = 0
and X (w;) = 0 for i € {0,...,2% —1}. As Xov and X2, — Xoi—1 both have
degree equal to 2, it follows that Xorn = (X2, — Xox-1)/6 for some nonzero
element 0 € F. Observing that Xou(8r) = Xor(wor) = 1 then shows that § =
Xon-1(B1)% — Xor-1(Br), completing the proof of property (3).

Property (4) follows from property (3) since it shows that X; is Fy-linearised,
and the recursive formula implies that if Xok-1 is Fa-linearised for some k €
{1,...,n — 1}, then so too is X,x. Property (5) follows from property (4) since F
has characteristic equal to two. (I

Recall that 3 is a Cantor basis if By = 1 and By—1 = 7 — B, for k € {1,...,n—
1}. The later requirement is contrary to the recursive formula of property (3)
of Lemma 2.1, from which follow several additional properties of the LCH basis
associated with a Cantor basis.

Corollary 2.2. The following properties hold if 8 is a Cantor basis:
(1) Xor(Bi) = Bi—k for k€ {0,...,n—1} andi € {k,...,n— 1},

(2) Xor =307 (7 X3! for ke {0,...,n—1} and i € {0,...,k},
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(3) if d < n is a power of two, then
Xpaoern) = X2 — Xour
forkeA{0,...,[n/d] —2}.
Proof. Suppose that f is a Cantor basis. We prove properties (1) and (2) by
induction on k. If & = 0, then property (2) holds trivially, while property (1)

follows from property (3) of Lemma 2.1 since Sy = 1. Suppose now that the two
properties hold for some k € {0,...,n — 2}. Then

Xok(Brt1)? — Xok (Brs1) = B7 — B1 = Bo = 1.

Consequently, property (3) of Lemma 2.1 implies that Xor+1 = XQQ,C — Xok. Com-
bining with the induction hypothesis, it follows that

Xowr1(B;) = Xor (51)2 — Xor(Bi) = 51'271@ = Bi—k = Bi—k—1
forie{k+1,...,n—1}, and
k+1—i , ) k+1—i )
- - j 1-— i
Xy = Xp 3 ((’“ , ) ; (’? ))X -y (’“* . )X
j=1 J i1 3=0 J

for i € {0,...,k + 1}. Hence, properties (1) and (2) follow by induction.
Lucas’ lemma [22, p. 230] (see also [13]) implies that

(Z> = H ([Z]k> (mod 2) fori,j € N.

J keN [7]k

Thus, if d < n is a power of two, then property (2) and Lucas’ lemma imply that
d

d .
Xoaern) = < ,>X22;k = X2 — Xy
— \J
7=0
for k € {0,...,[n/d] — 2}. Therefore, property (3) holds. O

3. CONVERSION BETWEEN THE NEWTON AND LCH BASES

We base our algorithms for converting between the Newton and LCH bases on
the following lemma.

Lemma 3.1. Let £ € {2,...,2"} and k = [logy £] — 1. Then

-1 -1
(3.1) S ANz +A) = hiX(x)
=0 =0

for fo,...  fo—1, A\ ho, ..., he—1 € F if and only if

2k 1 2k 1 -2k 1

(3.2) ST AN+ A) =D hiXi(z) + Xor(A) D hoey i Xi(x)
=0 i=0 =0

and

0—2F -1 0—2% 1

(3.3) Z for 1 iNi(x + A+ Bi) = Z hak i Xi().
i=0 i=0
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Proof. Letk € {0,...,n—1}and i € {0,...,2¥—1}. Then it follows from the defini-
tion of the Newton basis polynomials that Ny ,;(w;) = 0 for j € {0,...,2" +i—1},
and Nak y;(wary;) = 1. By combining the definition with property (2) of Lemma 2.1,
we also have Xor (w;j)N;(w;+ ;) = 0 for j € {0,...,28 =1}, Xor (wory ;) Ni(wor 4+
Br) = Ni(w;) = 0for j € {0,...,i—1}, and Xok (war 1) Ni(war4;+8k) = Ni(w;) = 1.
It follows that Nox () and Xox (@) N; (z-+ By ) are equal, since they agree on 28 +i+1
distinct values and each have degree equal to 2% + i.

Suppose now that £ € {2,...,2"} and k = [log, £] — 1. Then k € {0,...,n— 1}
and ¢ — 2F < 2k+1 9k — 9k Thus, for i € {0,...,£ —2F — 1} and X € F, we have
just shown that

Noryi(x + A) = Xor(z + A)Ni(2 + A+ i),
while properties (1) and (5) of Lemma 2.1 imply that

It follows that for fy,..., fe—1, A ho,...,he—1 € F, the polynomials on either side
of equation (3.2), which each have degree less than max(¢ — 2%, 2%) = 2* are equal
to the remainder upon division by Xox (z + \) of the polynomial on their respective
side of equation (3.1). Similarly, the polynomials on either side of equation (3.3)
are equal to the quotient upon division by Xor(z + A) of the polynomial on their
respective side of equation (3.1). Uniqueness of the quotient and remainder there-
fore implies that (3.1) holds for fo,..., fe—1, A, ho, ..., he—1 € F if and only if (3.2)
and (3.3) hold. O

Lemma 3.1 suggests recursive algorithms for converting polynomials in F[z], C
Flx]2n between the LCH basis and the basis of shifted Newton polynomials {N;(z+
A) |ie€A{0,...,2" —1}} for a given shift parameter A € F. Given the coefficients f;
on the left-hand side of (3.1), recursive calls can be made on the polynomials (3.2)
and (3.3) to compute their coefficients on the LCH basis. These coefficients can
in turn be used to compute the coefficients h; on the right-hand side of (3.1) by
performing ¢ — 2% additions, and ¢ — 2¥ multiplications by Xy« (\). For the inverse
conversion, where we start with the coefficients h; on the right-hand side of (3.1),
performing the same additions and multiplications yields the coefficients of the
polynomials (3.2) and (3.3) on the LCH basis. Then recursive calls can be made to
obtain their coefficients on the shifted Newton bases {N;(z+AX) | i € {0,...,2"—1}}
and {N;(x + A+ B) | i € {0,...,2" — 1}}, respectively, and thus the coefficients f;
on the left-hand side of (3.1). For conversions in both directions, the initial shift
parameter A\ is augmented by the addition of Sy for the recursive call made on
the polynomial (3.3), which necessitates the inclusion of the shift parameter in the
conversion problem.

To efficiently compute the elements X, (\) by which we multiply during the
algorithms, we take advantage of the property (5) of Lemma 2.1 and the observation
that the initial shift parameter is only augmented for the recursive calls by the
addition of entries of 3. To this end, we assume that Xo:(5;) for 0 < i < j < [log, /]
have been precomputed. The pseudocode for the conversion from a shifted Newton
basis to the LCH basis is presented in Algorithm 1, while the pseudocode for the
inverse conversion is presented in Algorithm 2. Each algorithm operates on a vector
(ai)o<i<e of field elements that initially contains the coefficients of a polynomial on



FAST TRANSFORMS OVER FINITE FIELDS OF CHARACTERISTIC TWO 9

the input basis, and has it entries overwritten by the algorithm with the coefficients
of the polynomial on the output basis.

Algorithm 1 NewtonToLCH(, (X4:()))o<i< Mog, £ (ai)o<i<e)

Input: an integer £ € {1,...,2"}; the vector (Xa:(\))o<i<[log, ¢] for some A € IF;
and the vector (a;)o<i<¢ such that a; = f; € F for i € {0,...,¢—1}.

Output: a; = h; € F for ¢ € {0,...,¢ — 1} such that (3.1) holds.

: if / =1 then return

k< [logy 0] — 1, £ + £ — 2% k' + [log, ¢']

NewtonToLCH (2", (X2: (A))o<i<k, (ai)o<icar)

NewtonToLCH(¢", (Xo: (A) 4+ Xai (Br))o<i<h, (agr4i)o<i<er)

for:=0,...,¢/ —1do
a; < a; + Xor(N)agky;

Algorithm 2 LCHToNewton (4, (X2i(A))o<i< Mog, €15 (@i)o<i<r)

Input: an integer £ € {1,...,2"}; the vector (X2:(A))o<i<[log,¢] for some \ € FF;
and the vector (a;)o<i<¢ such that a; = h; € F for i € {0,...,¢ —1}.

Output: a; = f; € F for i € {0,...,¢ — 1} such that (3.1) holds.

: if £ =1 then return

k< [logy €] — 1, £ + £ — 2% K" + [log, /']

fori=0,...,¢/ —1do
a; < a; + Xor (N)agk

LCHToNeWton(2k, (X27 ()\))()Si<k, (ai)0§i<2k)

LCHTONewtOn(f/7 (Xzi ()\) + Xo: (ﬂk))0§i<k’, (a2k+i)0§i<4/)

Theorem 3.2. Algorithms 1 and 2 are correct.

Proof. We prove correctness for Algorithm 1 by induction on ¢. The proof of
correctness for Algorithm 2 uses similar arguments, and is omitted here. Alter-
natively, one may note that the transformation performed on the vector (a;)o<i<¢
by the for-loop in Algorithm 1 is an involution. Algorithm 2 reverses the order of
these transformations, thus performing the inverse transformation to Algorithm 1
overall.

Algorithm 1 is correct for all inputs with £ = 1, since Xo = Ny = 1. Therefore,
suppose that for some ¢ € {2,...,2"}, the algorithm produces the correct output for
all inputs with smaller values of £. Moreover, suppose that the algorithm is given
¢ as an input, together with (X:(A))o<i<[iog,¢] for some A € F, and the vector
(ai)o<ice with a; = f; € F for i € {0,...,0 — 1}. Let k = [logy ¢] — 1, ¢/ = ¢ — 2k
and k" = [log, '], as computed in Line 2 of the algorithm, and hq,...,hy—; € F
be the unique elements that satisfy (3.1). Then Lemma 3.1 implies that (3.2)
and (3.3) both hold. Therefore, as 2% < ¢, (3.2) and the induction hypothesis imply
that Line 3 sets a; = h; + howr 1 ; Xor(A) for i € {0,...,¢ — 1}, and a; = h; for i €
{¢',...,2k—1}. Property (5) of Lemma 2.1 implies that (Xo: (\)+ Xo: (Bk))o<i<k =
(Xo: (A + Br))o<i<k’- Consequently, as ¢ < ¢, (3.3) and the induction hypothesis
imply that Line 4 sets a; = h; for i € {2¥ ... ¢ —1}. Tt follows that Lines 5 and 6
set a; = (hi + hor 1 ; Xor(N)) + how ; Xor (N) = h; for ¢ € {0,...,¢ —1}. Thus, the
algorithm terminates with a; = h; for ¢ € {0,...,¢ — 1}, as required. (I



10 NICHOLAS COXON

When implementing Algorithms 1 and 2, subvectors of the input vector (a;)o<i<s
may be represented by a pointer to their first entry, rather than by replicating them
in memory. Moreover, if (X2:(A))o<icliog,e] and (Xai(A) + Xoi(Bk))o<i<k ave
always cleared from memory when the algorithm returns, then storing the vectors
and those of any subsequent recursive call requires only (’)(log2 ?) fields elements
to be stored in auxiliary space at all times. It follows that Algorithms 1 and 2 can
be implemented so that only (9(10g;2 ?) field elements are stored in auxiliary space
when they are used to convert polynomials in Flz], between the Newton and LCH
bases.

The recurrence relation of property (3) of Lemma 2.1 allows Xo:(f;) for 0 <1i <
§ < [logy £] to be computed with O(log? £) additions and multiplications in F. Sub-
sequently, the recurrence relation may again be used to compute (Xqi(\))o<i< Mog, ¢]
for a desired A € F with a further O(log ¢) additions and multiplications, where the
implied constant is smaller if the previously computed denominators of the recur-
rence relation have been stored. In the case that A = 0, the vector simply contains
all zeros. It follows that when Algorithms 1 and 2 are used to convert polynomials
in Flz], between the Newton and LCH bases, all precomputations for algorithms
can be performed with O(log® ¢) operations in F. The number of operations then
performed by the algorithms themselves is bounded by the following theorem.

Theorem 3.3. Algorithms 1 and 2 perform at most ([£/2] —1)[log, ] + ¢ — 1
additions in F, and at most |¢/2][logy {| multiplications in F.

Proof. We prove the bounds for Algorithm 1 only, since it is clear that the two
algorithms perform the same number of operations when given identical values
of £. If £ =1, then Algorithm 1 performs no additions or multiplications, matching
the bounds of the theorem. Proceeding by induction, suppose that the algorithm is
called with £ € {2,...,2"}, and that the two bounds hold for all smaller values of
0. Let k = [logy ] — 1, £ = £ — 2% and k' = [log, ¢'], as computed in Line 2 of the
algorithm. Then, as 2¥ < ¢, the induction hypothesis implies that Line 3 performs
at most (2F~1 — 1)k + 2¥ — 1 additions and at most 2*~'k multiplications. The
computation of the vector (Xqi(A) + Xo:(8k))o<i<k in Line 4 requires k" additions,
where k' < k since ¢/ = ¢ — 2k < 2k+1 _ 9k — 9k Thus, as ¢ < ¢, the induction
hypothesis implies that Line 4 performs at most |/ /2|k'+¢' —1 < ([£/2] —2F"1)k+
¢—2F —1 additions and at most |¢'/2|k" < (|£/2] —2%~1)k multiplications. Lines 5
and 6 perform ¢/ = ¢ — [2k+1/2] < ¢—[¢/2] = |¢/2] additions and multiplications.
Summing these bounds, it follows that the algorithms performs at most (|¢/2] —
D(k+1)+¢—1=(14/2] —1)[log, ¢] +¢— 1 additions, and at most |¢/2](k+1) =
14/2] [log, ¢] multiplications. O

As noted above, the input (Xgi(\))o<i<[log, /] of Algorithm 1 contains only ze-
ros if A = 0. In this case, the vector (Xa:i(\))o<i<k that is passed to the recur-
sive call in Line 3 of the algorithm also contains only zeros, while its counterpart
(X2:(N) +X2:(Bk))o<i<k in Line 4 contains only precomputed elements. Moreover,
Lines 5 and 6 of the algorithm leave the vector (a;)o<i<¢ unchanged. The algorithm
is readily modified to avoid performing unnecessary operations in this case, e.g.,
by the inclusion of an additional parameter that indicates whether A = 0, saving
at least £ — 1+ (Uog; “) additions and at least £ — 1 multiplications overall. Sim-
ilar modifications to Algorithm 2 yield the same savings, leading to the following
corollary of Theorem 3.3.
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Corollary 3.4. For polynomials in Flx]; C Flz]|an, conversion between the Newton
and LCH bases can be performed with (|£/2] —1)[log, £] + O(log? ¢) additions in T,
and [£/2][logy €] — £ + O(log® £) multiplications in F.

Remark 3.5. If B is a Cantor basis, then property (5) of Lemma 2.1 and property (1)
of Corollary 2.2 imply that Xor(w;) = wy;/on) for k€ {0,...,n—1} and i €
{0,...,2"—1}. It follows in this case that if the elements of the field are represented
with respect to an extension of 3 to a basis of F/F5, and Algorithm 1 or 2 is initially
called with A = w; for some i € {0,...,2"™ — 1}, as is the case when X is zero, then
only simple index arithmetic (e.g., bit shifts) is required to compute X,x(A). The
same will hold for all recursive calls made by the algorithm, since the initial shift
parameter is only augmented by the addition of entries from f for these calls. Thus,
it is only necessary to provide the algorithm with A rather than the whole vector
(Xgi()\))oéi<"log2 ¢ in this case, simplifying the algorithm. Similar modifications
may be made to the algorithms of the next section.

4. EVALUATION AND INTERPOLATION ON THE LCH BASIS

Lin, Chung and Han [21] propose quasi-linear time algorithms for evaluation
and interpolation with respect to the LCH basis for polynomials in F[z]on. In this
section, we generalise their algorithms to take advantage of known zero coefficients
of polynomials in F[z], for £ < 2" when written on the basis, leading to algorithms
with lower complexities. The generalisations are based on the following lemma, for
which the case £ = 251 is due to Lin, Chung and Han.

Lemma 4.1. Let £ € {1,...,2"}, k € {0,...,n—1} such that k > [log, ¢ —1, and

-1
(4.1) f= Z hiX;
i=0
for ho,...,he—1 € F. Then, fort € {0,1}, the polynomial
min(£,2%)—1 max(£—2%,0)—1
(4.2) fo= > hiXi+ (t+ X (V) Yo hagXi
i=0 i=0

satisfies fi(ws + A +1Br) = flwakyps + A) for s € {0,...,2F —1}.
Proof. Let £ € {1,...,2"}, k € {0,...,n — 1} such that k > [log, ¢] — 1. Then
it follows from the definition of the w; that X;(warips + A) = Xi(ws + A + t6k)
for i € {0,...,min(¢,2%) — 1}, t € {0,1} and s € {0,...,2% — 1}. The choice of k
implies that £ —2* < 2. Thus, properties (1), (2) and (5) of Lemma 2.1 imply that
X2k+i(w2kt+s —+ )\) = XQk (O.}th_;’_s —+ )\)XZ'(UJthJ’_S + )\)

= (Xor(warsys) + Xow (X)) Xi(ws + X+ t5k)

= (t + Xor(A) Xi(ws + A +tBy)
for i € {0,...,max(¢ — 2¥,0) — 1}, ¢t € {0,1} and s € {0,...,2" — 1}. Therefore,
the lemma holds if f = X; for some i € {0,...,¢ — 1}, and, thus, for all f of the
form (4.1) by linearity. O

We use Lemma 4.1 to provide fast evaluation and interpolation algorithms with
respect to the LCH basis for polynomials in F[z], C F[z]2» and evaluations points
wo+A,...,wp_1+Xfor some A € F. At a first glance, the lemma suggests reductions
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for £ > 1 to shorter instances of the problems corresponding to the polynomials fy
and f; defined by (4.2) with & = [log¢] — 1. However, difficulties arise when ¢ is
not a power of two, since fy and f; may each have degree equal to 2¥ — 1, while
only ¢ < 2F+1 evaluations of f are either given or are required to be computed. We
address these difficulties by generalising the problems, following the approach used
in the development of truncated fast Fourier transforms.

4.1. Evaluation on the LCH basis. Given the coefficients of a polynomial f €
F[z]; C Flz]2» on the LCH basis, Lemma 4.1 suggests a recursive algorithm for
evaluating the polynomial at ¢ € {1,...,2"} evaluation points of the form wy +
Ao we—1 + A for some A € F. Letting k = [log, max(¢,¢)] — 1 and taking fy and
f1 to be the two polynomials defined by (4.2), the lemma allows the problem to
be reduced to recursively evaluating fo at the points wo + A, ..., Wyin(e,26)—1 + A
and, if ¢ > 2%, evaluating f; at the points wo + (A + Br), ..., We_or_1 + (A + Br).
The coefficients of fy on the LCH basis can be computed with max(¢ — 2%,0)
additions and multiplications by Xk (A). Then, if needed, the coefficients of f; can
be computed with a further max(¢ — 2¥,0) additions. In particular, if ¢ > 2010821,
then no field operations are required to compute the coefficients of fy, and f; as
they are both equal to f.

The pseudocode for the evaluation algorithm is presented in Algorithm 3. We
use the techniques introduced in Section 3 to compute the values Xy« (\) required
by the algorithm. Consequently, we once again assume that Xo:(5;) for 0 <i < j <
[log, £] have been precomputed for the input value of £. The algorithm operates on
a vector (i) o<;<max(r,2Mez2 1y Of field elements that initially contains the coefficients
of some polynomial f € F[z], on the LCH basis, and overwrites its first ¢ entries
with f(wo+A), ..., f(we1+A) for a given A € F. The entries of the vector that are
unspecified by the input requirements of algorithm can be thought of as initially
containing zeros. However, this is not assumed by the algorithm. While only
max (¢, c) entries are needed to store the inputs and outputs of the algorithm, a
longer vector is used for certain parameters so that there is space to simultaneously
store the coefficients of the polynomials fy and f;. In Section 4.3, we show how to
avoid using additional space when ¢ < ¢, but at the cost of a higher complexity.

Theorem 4.2. Algorithm 3 is correct.

Proof. We prove the theorem by induction on [log, max(¢, c)]. If [log, max(¢,c)] =
0, then ¢ = ¢ = 1 and the algorithm produces the correct output since the poly-
nomial f defined in (4.1) is the constant polynomial hoXo = hg. Therefore, for
some k € {0,...,n — 1}, suppose that the algorithm produces the correct output
for all inputs with [log, max(¢,c)] < k. Moreover, suppose that the algorithm is
called with inputs ¢,¢ € {1,...,2"} such that [log, max(¢,¢)] = k + 1, the vec-
tor (Xai(A))o<i<[log, ] for some A € F, and the vector (ai)o<;<max(e,2os2 1y such
that a; = h; € F for i € {0,...,£ — 1}. Let f € F[z], be the polynomial defined
in (4.1), and f; be the polynomial defined in (4.2) for t € {0,1}. Let ¢ = min(¥, 2¥),
0" =0~ co =min(c,2%) and ¢; = ¢— cp, as computed in Line 2 of the algorithm.
Then fo, f1 € Flz]e, 28 + ¢ = max(¢,2%) < max(¢, max(¢,c)) = max(,c), and if
c1 > 0, then 28 + ¢/ < 2k+1 = 9Mlogz ¢l The inequalities imply that the entries of
(@i)0<i<max(e,2Mos2 <1y accessed by Lines 3 to 9 of the algorithm all have indices less
than max(¢,21°2¢1). We also note that the subvector (a;)g<;<o+ in Line 11 has
the correct length since 2% > max(¢', 21982 1) > max(¢', ¢) = 2*.
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Algorithm 3 LCH Eval(f, C, (X21 ()‘))Ogi< [log, £]> (ai)0§i<max(&2ﬂog2 c] ))

Input: integers £,c € {1,...,2"}; the vector (Xz:()))o<i<[log, ¢] for some X € F;
and the vector (a;)o<;<max(e,2Mos2 1y such that a; = h; € Ffori € {0,...,¢—1}.
Output: a; = f(w; + A) for i € {0,...,c— 1}, where f is the polynomial in (4.1).
1: if £ =1 and ¢ =1 then return
2: k < [log, max(¢, c)]|—1, ¢ < min(¢,2%), ¢" «+ (—1', co + min(c, 2¥), ¢; < c—co
3: fori=0,...,¢" —1do
4: a;  a; + Xok ()\)a2k+i

5: if ¢; > 0 then

6 fori=0,...,¢"—1do
7 Qok i ¢ G5 + Qok 4
8 for:=/¢",...,0' —1do
9 a2k+i%ai

10:  LCHEval(¢', ey, (Xa: (A) + Xo: (Br))o<i< [og, #7> (@26 +i)o<i<max(er 2N1082 1))
11: LCHEval(?', co, (X2: (M) o<ic log, €75 (@i)o<icor)

Lines 3 and 4 of the algorithm set a; = h;+Xox (A)hgr; fori € {0,...,¢"—1}. As
0" = max(¢ — 2%, 0), the subvector (a;)o<i<¢ subsequently contains the coefficients
of fo on the LCH basis. If ¢; > 0, then Lines 6 to 9 set agr; = hory; + (hy +
Xor (AN har ) = hi + (1 + Xor (X)) hory,; for i € {0,...,¢" — 1}, and agr; = h; for
i e {¢,...,0' —1}. Thus, the subvector (asx;)o<i<e subsequently contains the
coefficients of f; on the LCH basis. We have fo, f1 € Flz]y, [log, max(¢',co)| = k
and [log, max(#,¢;)] < [log, max(2F, 281 — 2%)] = k. Therefore, the induction
hypothesis and Lemma 4.1 imply that Line 11 sets a; = fo(w;+A) = f(w;+A) fori €
{0,...,c0—1}, and if ¢; > 0, then Line 10 sets agr y; = f1(wi+A+8k) = fwar3+N)
for i € {0,...,c1 — 1}. Hence, the algorithm terminates with a; = f(w; + A) for
i€{0,...,co—1}U{2k ... .28 +¢; —1} ={0,...,c— 1}, as required. O

As noted in Section 3, the precomputation of Xy (3;) for 0 < i < j < [log, /]
can be performed with (9(1og2 ¢) field operations. Moreover, Algorithm 3 can be
implemented so that only max(2M'°82¢l — max(¢, ¢),0) + O(log*¢) field elements
are stored in auxiliary space. The number of field operations performed by the
algorithm itself is bounded by the following theorem.

Theorem 4.3. Algorithm & performs at most
min((c — 1)([logy min(¢, ¢)] + 1) + € — 1, (2" — 1) ([log, £] + 1))

additions in F, where k = [log, max (¢, c)| — 1, and at most

min(c 3 L Hog, min(¢, ¢/2)] + £ — 1,2 Tlog, e})

multiplications in F.

Proof. We prove the theorem by induction on [log, max(¢, c)]. If [log, max(¢,¢)] =
0, then £ = ¢ = 1 and Algorithm 3 performs no additions or multiplications, match-
ing the bounds of the theorem. Therefore, for some k € {0,...,n — 1}, suppose
that the bounds stated in the theorem hold for all inputs with [log, max(¢,c)| < k.
Moreover, suppose that the algorithm is called with inputs ¢,c¢ € {1,...,2"} such
that [log, max(¢,c)] = k + 1. Let ¢ = min(¢, 2%), ¢ = ¢ — ', ¢y = min(c,2*) and
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c1 = c—¢p, as computed in Line 2 of the algorithm. Then, as shown in the proof of
Theorem 4.2, [log, max(¢',¢;)] < k for i € {0, 1}, allowing the induction hypoth-
esis to be used to bound the number of additions and multiplications performed
by Lines 10 and 11. We begin by proving the bounds (2¥*! — 1)([log, ] + 1)
and 2*[log, ¢] on the number of additions and multiplications performed by the
algorithm.

Lines 3 to 9 of Algorithm 3 perform at most 2¢” additions, and at most £”
multiplications. The induction hypothesis implies that Line 11 performs at most
(2% —1)(log #'] + 1) additions, and at most 2~ [log, #'] multiplications. Similarly,
Line 10 performs at most (2% — 1)([log '] + 1) + [log, ¢'] additions, and at most
2F=1[log, ¢'] multiplications. Summing these bounds, it follows that Algorithm 3
performs at most (2571 —1)([log, £']+1)+2¢"—1 additions, and at most 2*[log, ¢']+
¢" multiplications. If £ < 2% then ¢/ = £ and ¢” = 0. If £ > 2%, then [log, ¢'] = k =
[logy £] —1 and ¢ = ¢ —2F < 2%. In either case, we find that Algorithm 3 performs
at most (281 —1)([log, ¢] + 1) additions, and at most 2*[log, ¢] multiplications.

To prove the remaining bounds of the theorem, we consider the cases ¢; = 0 and
¢ > 0 separately. Therefore, suppose for now that ¢; = 0. Then ¢ < 2% < £ < 2kF+1,
0 = 2% ¢y = ¢, [logomin(¢,co)] = [log,min(,c)] and [logy min(¢',co/2)] =
[log, min(¢, ¢/2)]. Thus, Lines 3 and 4 perform ¢ = ¢ — 2* additions and multi-
plications, while the induction hypothesis implies that Line 11 performs at most
(c—1)([logy min(¢, ¢)] +1)+2* —1 additions, and at most (c—1)[log, min(¢, ¢/2)]+
1)/2 + 2F — 1 multiplications. Summing these bounds then shows that Algo-
rithm 3 performs at most (¢ — 1)([log, min(¢,c)] + 1) + ¢ — 1 additions, and at
most (¢ — 1)[logy min(¢, ¢/2)]|/2 + £ — 1 multiplications.

Suppose now that ¢; > 0. Then Lines 3 to 9 of the algorithm perform 2¢”
additions and ¢’ multiplications. As [log, min(¢',c1/2)] < [logy min(¢',c;)] <

[log, ¢'], the induction hypothesis implies that Line 10 performs at most
(e = 1)([logy €] + 1) + ¢ — 1 + [log, £']

additions, and at most (¢c; — 1)[logy ¢']/2 + ¢/ — 1 multiplications. Similarly, as
¢ < 2% and ¢y = 2%, the induction hypothesis implies that Line 11 performs at
most (cog — 1)([logy ¢'] + 1) additions, and at most cg[log, £']/2 multiplications.
Summing these bounds, it follows that the algorithm performs at most

(c—=1)([logo 14+ 1)+£—1+0"—1

additions, and at most (¢ — 1)[log, #']/2 + ¢ — 1 multiplications. If £ < 2% then
0" =0 and [logy ¢'] = [logy min(¢,c)] = [logy min(¢,¢/2)]. If £ > 2% then ¢ =
-2k < 2% < c—1and [log, ¢'] = [log, min(¢, ¢)] —1 < [log, min(¢, ¢/2)]. In either
case, we find that Algorithm 3 performs at most (¢ — 1)([logy min(¢4,¢)] +1)+£¢—1
additions, and at most (¢ — 1)[log, min(¢, ¢/2)]/2 + £ — 1 multiplications. O

Theorem 4.3 does not account for the cost of Lines 8 and 9 of Algorithm 3. A
straightforward induction argument shows that the lines copy a total of ¢ — r +
([r/2Mo82 1=17 — 1)(2M1°82 €1 — ¢) field elements over the duration of the algorithm,
where r is the least positive residue of ¢ modulo 2M°22 ¢, Like the algorithms of
Section 3, Algorithm 3 is readily modified so that it avoids performing unnecessary
operations when A = 0. Doing so saves at least £ — 1+ (Uog2 m2in(€,c)j) additions and
at least £ — 1 multiplications overall.
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4.2. Interpolation on the LCH basis. Lemma 4.1 suggests a recursive algorithm
for computing the coefficients on the LCH basis of a polynomial f € F[z], C F[z]on
when given the ¢ evaluations f(wg 4+ A),..., f(we—1 + A) for some A € F. Letting
k = [logy f] — 1 and defining fo, f1 € Flz]ax by (4.2), the lemma implies that
flwi +A) = folw; + ) for i € {0,...,2F — 1}, allowing the coefficients of f
on the LCH basis to be recursively computed. The lemma further implies that
flwaryi +A) = fi(wi + A+ Bg) for i € {0,...,0 —2F —1}. Tt follows that if ¢
is a power of two, and thus £ — 2¥ = 2*  then the coefficients of f; may also be
recursively computed, after-which it is straightforward to compute the coefficients
of f.

If £ is not a power of two, then we lack the evaluations needed to recursively
compute the coeflicients of f;. However, having already computed those of fy, we
know the coefficients of Xor_y,..., Xy_1 in f1, as they are common to both poly-
nomials. By augmenting the £ — 2* evaluations with this additional information, we
then possess sufficient information to compute the remaining coefficients of f;. To
incorporate this information into the algorithm, we follow the approach introduced
by van der Hoeven [27] for his inverse truncated FFT by generalising the algorithm
to include an additional parameter ¢ € {1,...,¢}, and requiring as inputs the ¢
evaluations f(wg + A),..., f(we—1 + A) for some A € F, and the ¢ — ¢ coefficients
of X.,...,Xp_1 in f. The algorithm is then required to compute the ¢ unknown
coefficients of Xg,..., X._1 in f, and should be initially called with ¢ = /.

Pseudocode for the generalised interpolation algorithm is presented in Algo-
rithm 4. Once again the algorithm assumes that Xo:(8;) for 0 < ¢ < j < [log, ¢]
have been precomputed for the input value of £.

Remark 4.4. As noted above, Algorithm 4 should initially be called with ¢ = /.
However, the ability to initially take ¢ < ¢ makes the algorithm suitable for use
in the fast Hermite interpolation algorithm proposed by the author in [11]. For
this application, one is given the higher order coefficients of a polynomial on the
monomial basis, rather than on the LCH basis. However, Algorithm 9 of Section 5
can be used to compute the coefficients required by Algorithm 4. Similarly, the
evaluation algorithm of the preceding section can be combined with Algorithm 9
for use in the fast Hermite evaluation algorithm proposed in [11].

Theorem 4.5. Algorithm 4 is correct.

Proof. We prove the theorem by induction on ¢. If £ = 1, then ¢ = 1 and Algo-
rithm 4 produces the correct output since f = hoXo = hg is a constant polyno-
mial. Therefore, for some ¢ € {2,...,2"}, suppose that the algorithm produces
the correct output for all inputs with smaller values of ¢. Let f € Flz], and
ho,...,he—1 € F such that (4.1) holds. Suppose that the algorithm is called with ¢
as an input, together with ¢ € {1,...,¢}, (X2:()\))o<i<[iog, ¢ for some A € T,
a; = f(w;+ A) for i € {0,...,¢—1}, and a; = h; for i € {c,...,£ —1}. Let
k= [logy £]—1, " = £—2% ¢y = min(c,2%) and ¢; = ¢ — ¢y, as computed in Line 2
of the algorithm. Then {0,...,co —1}U{2% ..., 2¥ + ¢ — 1} ={0,...,c— 1} and
{co,...,2F =1y U{2F 4 ¢1,...,28 4+ 0" —1} = {c,...,£ — 1}. Finally, let fy and f;
be the polynomials defined in (4.2). Then fo, f1 € F[z]o» and Lemma 4.1 implies
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Algorithm 4 LCHInterp(Z, ¢, (X3i(A))o<i<Tlog, £15 (@i)o<i<amioss 1)

Input: integers ,c € {1,...,2"} such that ¢ < ¢; the vector (X:(A))o<i<log, ¢]
for some X € IF; and the vector (a;)g<;comnosse1 such that for some f € Flz],
ai = f(w; + ) for i € {0,...,c— 1}, and a; = h; for i € {c,...,¢ — 1}, where
ho,...,he—1 € F are the unique elements that satisfy (4.1).

Output: a; = h; for i € {0,...,¢—1}.

: if £ =1 then return

k < [logy 0] — 1, £ < £ — 2% ¢4 + min(c,2¥), ¢1 + ¢ — co

fori=cy,...,¢" —1do
a; < a; + Xor(N)age y;

LCHInterp(2", co, (X2i(N))o<icks (@i)o<icar)

if ¢; =0 then
for i =0,...,min(¢",cy) — 1 do

a; < a; + Xorx (N)agr 5
return

fori=cy,...,0" —1do
b+ ng (/\)CLQk_H
Aok i < Qj + Aok 4
a; < a; +b

fori=/¢"...,2" —1do
Aok y; < Q4

: LCHInterp(2k, c1, (Xoi(A) + Xy (6k>)0§i<k7 (a2k+i)0§i<2k)

fori=0,...,c1—1do
Qok4; = Q5 + Aok
a; < a; + Xor(N)age

e e e e e o e
B BN T ol A

that at the beginning of the algorithm, the following hold for i € {0,...,2% — 1}:

o 1w + A+ Br) ifi<ey,
folwi + ) if i < ¢y, Al B) . . 1
i = ) Aok y; = 4 Nok; ifeg <i< ]
h; otherwise, .
* otherwise,

where an asterisks denotes an entry that is unspecified by the algorithm. It follows
that Lines 3 and 4 of the algorithm set a; = h;+Xok (A)hor; for i € {co,...,¢"—1}.
As 2% < ¢, the induction hypothesis and the definition of fy imply that for i €
{0,...,c0 — 1}, Line 5 sets

h,z‘ + X2k ()\)h2k+l if 4 < min(f”, CO),
a; = . .

h; if 0" <i<cp.
The entries ask, . ..,ay—1 are so far unchanged by the algorithm. Thus, if ¢; = 0,
then Lines 7 and 8 set a; = h; for ¢ € {0,...,min(¢",cg) — 1}, and the algorithm
terminates with a; = h; for i € {0,...,co — 1} ={0,...,¢c — 1}, as required.

Suppose now that ¢; > 0. Then ¢; = ¢ — 2% < ¢ — 2% = ¢ < 2% = ¢. Therefore,

after Lines 10 to 15 have been performed, the following hold for i € {0,...,2% —1}:

Ji(wi + A+ Br) ifi<ep,
U,Qk_H‘ = hl —+ (]. —+ X2k ()\))th_H lf C1 S Z < g”,

¥M+X%Qmﬁﬂ if i < cy,
a; =
h; otherwise.

h; otherwise,
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As 2% < ¢, the induction hypothesis and the definition of f; imply that Line 16
sets agr ;s = by + (1 + Xorx(A))howy; for i € {0,...,¢1 — 1}. Thus, Lines 17 to 19
then set agry; = (hi + Xow(M)hory;) + (hy + (1 + Xow(A))hory;) = hory; and
a; = (b + Xor(Nhaw ;) + Xow (N horyy = h; for i € {0,...,¢1 — 1}. After-which,
the algorithm terminates with a; = h; for i € {0,...,2¥ +¢; —1} ={0,...,¢— 1},
as required. O

Algorithm 4 can be implemented so that only 2M1°82¢1 — ¢ 4+ O(log? ¢) field el-
ements are stored in auxiliary space. All precomputations for the algorithm can
be performed with (9(10g2 ¢) field operations, while the number of field operations
performed by the algorithm itself is bounded by the following theorem.

Theorem 4.6. Algorithm 4 performs at most

min((c —1)([loggc] +1)+£—1, (2“°g2 a_ 1)(ﬂog2 0+ 1))

additions in F, and at most
—1
min( S5 oy ]~ 1)+ £~ 1,215 log, 1]

multiplications in F.

Proof. Suppose that Algorithms 3 and 4 are called with identical inputs ¢,c €
{1,...,2"} such that ¢ < £. Then the values k, ¢, ¢y and ¢; computed in Line 2 of
both algorithms are identical, while the value ¢’ computed in Line 2 of Algorithm 3
is equal to 2%, Thus, if ¢; = 0, then the recursive calls of Line 5 of Algorithm 4 and
Line 11 of Algorithm 3 are made with identical inputs ¢ and ¢, while the remaining
lines of either algorithm perform ¢ additions and ¢ multiplications. If ¢; > 0,
then the recursive calls of Line 5 of Algorithm 4 and Line 11 of Algorithm 3 are
once again made with identical inputs ¢ and ¢, the recursive calls of Line 16 of
Algorithm 4 and Line 10 of Algorithm 3 are similarly made with identical inputs
¢ and ¢, and the remaining lines of either algorithm perform 2¢” additions and
¢ multiplications. As both algorithms perform no additions or multiplications if
£ =1 and ¢ = 1, it follows by induction on £ that Algorithms 3 and 4 perform
the same number of additions and the same number of multiplications when given
identical inputs ¢, ¢ € {1,...,2"} such that ¢ < ¢. Thus, the theorem follows from
Theorem 4.3. (]

Lines 14 and 15 of Algorithm 4 copy 2% — ¢ = 2[1°82¢1 _/ field elements if ¢; > 0.
Thus, no elements are copied during recursive calls made by the algorithm, since
they always have ¢ equal to a power of two. It follows that the algorithm copies
([c/2Me8241-17 — 1)(2/l8241 — ¢) field elements in total. Modifying Algorithm 4
so that it avoids performing unnecessary operations when A = 0 saves at least

-1+ (Uog22 CJ) additions and at least ¢ — 1 multiplications overall.

4.3. Space-efficient algorithms. For values of ¢ that are slightly larger than a
power of two, the vector (a;)y<;<amnos 21 on which Algorithm 4 operates has length
that is almost double the length ¢ of the interpolation problem it is solving. This
additional space is filled by Lines 14 and 15 of the algorithm with copies of the
oMoz €1 _ ¢ coefficients of fy on the LCH basis that are common to f;. The copies
are then passed to the recursive call of Line 16. Duplicating the coefficients is
necessary since the output requirements of the algorithm do not guarantee that
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the original coefficients will be preserved if they are passed to the recursive call,
in which case they cannot be used to compute the final output of the algorithm.
Thus, modifying the algorithm so that it preserves all coefficients it is given as
inputs allows it to be further modified to operate on a vector of length /. By
making these modifications, we obtain Algorithm 5.

Algorithm 5 is once again presented under the assumption that Xo:(8;) for
0 <i < j < [logy £] have been precomputed for the input value of £. In Line 9 of
the algorithm, (a;)or<jcp ||(@;)er<i<or denotes the concatenation of the subvectors
(ai)or<ice and (ai)g//_gi<2k. The resulting vector is the cyclic right shift by ¢”
positions of the subvector (a;)p<i<¢. Thus, Line 9 of the algorithm can realised
with only O(1) additional field elements stored in auxiliary space by using an in-
place algorithm to permute the entries of this subvector before passing it to the
recursive call, then subsequently inverting the permutation. These permutations
are only required if ¢ is not a power of two, and, in particular, are not required by
any recursive calls made by the algorithm.

Algorithm 5 LowSpaceLCHInterp(¥, ¢, (XQi()\))OSi<"10g2 1> (ai)o<i<r)

Input: integers £,c € {1,...,2"} such that ¢ < /; the vector (Xa:(\))o<i<[log, ¢] for
some A € IF; and the vector (a;)o<i<¢ such that for some f € Flx]e, a; = f(w;+A)
fori€{0,...,c—1},and a; = h; for i € {c,...,£ — 1}, where hg,...,hy_1 € F
are the unique elements that satisfy (4.1).

Output: a; = h; for i € {0,...,¢—1}.

: if / =1 then return

k < [logy 0] — 1, £ < £ — 2% ¢cq < min(c,2F), ¢1 + ¢ — co

fori=cy,...,¢" —1do
a; < a; + Xor(N)agey;

LowSpaceLCHInterp(2*, cq, (Xai (\))o<i<ks (@i)o<icor)

if ¢; > 0 then B
fori=cp,...,0" —1do

Qok i < G5 + Aok 4
LowSpaceLCHInterp(2", c1, (Xai (A)+Xai (8k))o<i<ks (@i)ar <icr [[(ai) e <icor)
for:=0,...,¢" —1do
Qok i < G5 + Aok 4
:fori=0,...,¢" —1do
a; < a; + Xor(N)agky;

e e
@b e

Theorem 4.7. Algorithm 5 is correct.

Proof. If £ = 1, then ¢ = 1 and Algorithm 4 produces the correct output since
f = hg is a constant polynomial. Proceeding by induction, assume for some
¢ €{2,...,2"} that the algorithm produces the correct output for all inputs with
smaller values of £. Let f € F[z], and hg,...,hs—1 € F such that (4.1) holds. Sup-
pose that the algorithm is called with ¢ as an input, together with ¢ € {1,...,¢},
(X2:(A))o<i<llog, ¢] for some A € F, a; = f(w; + A) for i € {0,...,c— 1}, and
a; = h; for i € {c,...,£ —1}. Define integers k, ¢, ¢y and ¢; as in Line 2 of the
algorithm, and let fy, fi be the polynomials defined in (4.2). Then fy, f1 € Flz]or
and Lemma 4.1 implies that at the beginning of the algorithm, the following hold
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fori € {0,...,28 —1} and j € {0,...,¢" — 1}:

a fo(wl—‘r/\) if i < ¢, a f1(OJj+)\+ﬁk) if j < e,
P = k . =
h; otherwise, + hok otherwise.

It follows that Lines 3 and 4 of the algorithm set a; = h; + Xox (A)hor,,; for i €
{cg,..., £ — 1}. The induction hypothesis and the definition of f; imply that
Line 5 sets a; = h; + Xox (N)hory; for ¢ € {0,...,min(¢",co) — 1}, and a; = h;
for i € {¢",...,co — 1}, without modifying a; for i € {cg,...,2" — 1}. Thus, after
Line 5, the following holds for i € {0,...,2% —1}:

h,i + X2k ()\)h,Qk_;’_z lf Z < g”,
a; =
! h; otherwise.

Therefore, if ¢; = 0, then Lines 6 to 11 have no effect, while Lines 12 and 13 set
a; = (hy + Xor ()\)hgk_ﬂ) + Xok ()‘)th-H = h; for i € {0,...,¢" — 1}. It follows that
the algorithm terminates with a; = h; for i € {0,...,¢—1} in this case, as required.

Suppose now that ¢; > 0. Then ¢; < £ < 2% Therefore, after Lines 7 and 8
have been performed, the following holds for i € {0,...,¢" —1}:

o — fl(w¢+)\+5k) if i < cq,
S hi + (1 4+ Xor(X))hor,; otherwise.

The induction hypothesis and the definition of f; imply that Line 9 sets agr ; = hi+
(14 Xox (A))hgr s for i € {0, ..., c1 — 1}, without modifying a; for i € {¢”,... 2% —
1Ju{2¥+cy, ..., 284" —1}. Thus, Lines 10 and 11 set agr; = (hi+Xor (N hor 1)+
(hi + (14 Xk (A)) hor 4 ) = howy; fori € {0,...,¢" —1}, after-which Lines 12 and 13
set a; = (hy + Xorx (N hor ) + Xox (A)hory; = h; for ¢ € {0,...,¢” —1}. Hence, the
algorithm once again terminates with a; = h; for i € {0,...,¢— 1} in this case. O

Rather than prove an analogue of Theorem 4.6 for Algorithm 5, we instead bound
the difference in the number of field operations performed by Algorithms 4 and 5
when given identical inputs.

Theorem 4.8. When compared to Algorithm /4 for identical inputs, Algorithm 5
performs at most 2198241 — ¢([log, €] — [log, c] + [¢/2[1°82 1 |) more additions in T,
and at most 21°8241 — ¢([log, £] — [log, ] 4+ 1) more multiplications in F.

Proof. 1t is clear that the bounds hold if £ = 1, since ¢ must equal one and both
algorithms will terminate immediately without performing any field operations.
Proceeding by induction, let £ € {2,...,2"} and suppose that the bounds stated in
the theorem hold for all smaller values of ¢. Moreover, suppose that Algorithms 4
and 5 are called with identical inputs that include ¢ and ¢ € {1,...,¢}. Let k =
[logy /] — 1, ¢ =€ — 2% ¢y = min(c, 2¥) and ¢; = ¢ — ¢, as computed in Line 2 of
both algorithms.

Suppose for now that ¢; = 0. Then ¢y = ¢ < 2¥. Thus, the induction hypothesis
implies that Line 5 of Algorithm 5 performs at most

Qk—c(k — [logs c] + b%J) < 2floe> M—c(flogz 0] — [logy c] + {Wﬁp—@k —c)

more additions, and at most 2M1°82¢1 — ¢([log, ] — [log, c] + 1) — (2% — ¢) more
multiplications, than Line 5 of Algorithm 4. The remaining lines of Algorithm 5
perform max(¢’ — ¢g,0) < max(2¥*1 — 2% — ¢ 0) = 28 — ¢ more additions and
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multiplications than the remaining lines of Algorithm 4. Consequently, the bounds
stated in the theorem hold if ¢; = 0.

Suppose now that ¢; > 0. Then 2k < ¢ < ¢ < 2kl = oflog, ”, o = 2k
and ¢; = ¢ —2F < 2%, Thus, the induction hypothesis implies that Line 5 of
Algorithm 5 performs the same number of operations in F as Line 5 of Algorithm 4.
Moreover, we have k— [logy ¢1] > 0 = [logy £] — [log, ¢] and [c1/2F | = [¢/2/18= 1],
Therefore, the induction hypothesis implies that Line 9 of Algorithm 5 performs at
most

oflogy 1 _ c([logz ] — [logy c] + bﬂoﬁJ) + Qk(bfbﬁJ B 1)

more additions, and at most 2/1°%2 ¢1 —¢([log, £] — [log, ¢] 4 1) more multiplications,
than Line 16 of Algorithm 4. The remaining lines of Algorithm 5 perform ¢/ —
¢y = £ — ¢ more additions than those of Algorithm 4, and the same number of
multiplications. Therefore, the bounds stated in the theorem hold if ¢; > 0, since
2k (|¢/2Mo82 41| — 1) + £ — ¢ is equal to zero if ¢ = 2/1°82¢1 | and equal to £ — ¢ — 2F <
2k+1 (2 4 1) — 2F < 0 otherwise. O

Each for-loop in Algorithm 5 performs a transformation on the vector (a;)o<i<¢
that is an involution. Thus, performing these transformations in reverse order in-
verts the overall transformation performed by the algorithm, yielding an evaluation
algorithm with the same complexity and space requirements as Algorithm 5. Pseu-
docode for this evaluation algorithm is presented in Algorithm 6. From the proof
of Theorem 4.6, we know that Algorithms 3 and 4 perform the same number of
additions and multiplications when given identical inputs ¢,¢ € {1,...,2"} such
that ¢ < ¢. Consequently, the bounds of Theorem 4.8 also hold when comparing
Algorithm 6 to Algorithm 3 for identical inputs.

Algorithm 6 LowSpacelL CHEval(, ¢, (X2:()))o<i<Tlog, 1, (@i)o<i<e)

Input: integers ,c € {1,...,2"} such that ¢ < ¢; the vector (X:(A))o<i<log, ¢]
for some A\ € F; and the vector (a;)o<;<¢ such that for some f € Flz]e, a; = h;
for i € {0,...,¢ — 1}, where hq,...,hy—1 € F are the unique elements that
satisfy (4.1).

Output: a; = f(w; + A) fori € {0,...,c—1}; and a; = h; for i € {c,..., ¢ —1}.

if / =1 then return

sk [logy 0] — 1, £ + £ — 2% ¢y < min(c, 2%), ¢; < c— ¢

: fOI‘Z'ZO,...,f//—ldO
a; < a; + Xok ()\)agkﬂ»

if ¢; > 0 then
fori=0,...,/" —1do

Qok i < G5 + Aok 4
LowSpaceL CHEval(2*, c1, (Xp: (A) + Xoi (Br))o<i<k, (ai)ar<ice (@) pr<icon)
fori=cp,...,0" —1do

10: Qok i < G5 + Aok 4

11: LowSpaceL CHEval(2, ¢, (X5 (A))o<i<ks (@i)o<i<ar)

12: fori=cp,...,¢" —1do -

13: a; < a; + Xok (A)a2k+i

© 2 N> o W
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5. CONVERSION BETWEEN THE LCH AND MONOMIAL BASES

We consider the problem of converting between the LCH and monomial bases
under the assumption that there exists a tower of subfields

(5.1) Fy = Fgay C Foay C -+ C Foa,, CF

such that d,,_1 < n < dy, and B3;/B4,|ija,] € Foa for i € {0,...,n — 1} and
t € {0,...,m—1}. We can assume that I is not equal to Fq, since otherwise § = (1)
and its associated LCH basis coincides with the monomial basis. Then the existence
of such a tower is established by taking m = 1 and d,,, = [F : Fa], so we have not
imposed any restrictions on the vector 5. However, our algorithms enjoy a reduction
in their complexities when m is greater than one. To the tower we associate a
family of bases of Flx]on that includes the LCH basis and the twisted monomial
basis {1,2/B0, ..., (x/Bo)> ~'}. We then show how to efficiently convert between
its members, allowing for rapid conversion between the LCH and twisted monomial
bases by traversing the family. Conversion between the LCH and monomial bases,
in either direction, then requires only linearly many additional multiplications to
be performed. We begin by introducing the family of bases and some supporting
notation.

Fort € {0,...,m—1}and k € {0,...,[n/d:]| —1}, define e, = [de(k + 1)/di41]
so that dyy1e; i is the least multiple of d;y; that is greater than or equal to dy(k+1).
Forte {0,...,m—1},k€{0,...,[n/d;] —1} and i € {0,...,2" — 1}, define

“h) k [n/diya]-1

t, _ s Tgr

v (T ) (I )
s=0

s'=eq¢ k
where
di—1 diyree,k—dik—1 dip1—1
. . . . ./ .
ls = E zr[z]dts-l-rv ik = E QT[Z}dtk-H’ and Ly = E 2T[Z]dt+15’+7“
r=0 r=0 r=0

for s € {0,...,k — 1} and s’ € {etk,...,[n/dit1] — 1}. Then each polynomial

Yi(t’k) has degree equal to ¢. It follows that {Yo(t’k), cee Ye(flk)} is a basis of Flx],

for £ e {1,...,2"},t€{0,...,m—1} and k € {0,...,[n/d;] — 1}. In Section 5.1,

we show that the LCH basis is obtained by taking ¢ = 0 and k& = [n/dy| — 1, while

the twisted monomial basis corresponds to t = m — 1 and k = 0.
Forte€{0,...,m —1} and k € {0,..., [n/d:] — 2}, define

d
Otk = Xoark (Bdt(k+1))2 — Xoaer (Ba, (k1)) -
Then dgp,...,00,n—2 are the denominators that appear in the recurrence relation
from property (3) of Lemma 2.1. In Section 5.1, we show that our assumption on
the quotients f;/f4,i/4,) leads to higher order recurrence relations between the
polynomials Xso, ..., Xon-1 of the LCH basis for which the d, ; once again appear
as denominators. For¢ € {0,...,m—1},k €{0,...,[n/d;]—1}and £ € {1,...,27},
define
I e = {0,...,min([¢/2%F] 2derrenr—deky 1}

and

Jire={7€{0,.... 0 =1} | [flak = -+ = [ldeyrer—1 = 0}
Fort € {0,...,m—1} and k € {0,..., [n/d;] — 1}, the sets {2%*i+j | i € I yo—;}
for j € Jy k¢ then form a partition of {0,...,¢ —1}.
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Having introduced the family of bases and the requisite notation, we are now
ready to state the main technical lemma upon which we base our algorithms for
converting between the LCH and monomial bases.

Lemma 5.1. Let £ € {1,...,2"} and f € Flz],. Then, fort € {0,...,m —1} and
(tk) (t,k)

ke{0,...,[n/d:] — 1}, there exist unique elements f3 ", ..., f,°" € F such that
(5.2) f= Z FERy R
=0

Moreover, the following properties hold fort € {0,...,m—1} andk € {0,..., [n/d:]—
1}:
(1) ift=m—1and k=0, then f =323 f " (x/8)1,
(2) if k < [n/d] — 1 and dyyr/dy divides k + 1, then fOF = D for
1€{0,...,0—1},
(3) ifk < [n/di] —1 and dy+1/d, does not divide k + 1, then

d
[Te,k,0—51—1 [Te p0—j1—1 ody [i/29]
E: (t,k) = Z (tk41) Go2dt|ijode) [ T —X
fdtkz_;'_J - fdt;‘z-‘,-]

Ot ke
fO?”j € Je ke, where

Ba, (k+1)
Ot ) = Tmzdwl /Fya, <5dk

if dyyr/dy = 2,
(4) ift >0 and k > [(logy £)/dy|—1, then f% = fO59 fori e {0,...,0-1},
(5) ift =0 and k > [(logy £)/di] — 1, then f =328 fOM x;.

Lemma 5.1 is proved in Section 5.1. Properties (1) and (5) of the lemma iden-
tify the twisted monomial and LCH bases amongst the family of bases of F[z],,
while properties (2), (3) and (4) provide a means of traversing its members. Of the
later three properties, only property (3) requires computation, which can be per-
formed efficiently by applying the generalised Taylor expansion algorithm of Gao
and Mateer [14, Section II] or its inverse algorithm, depending on the direction of
conversion. These algorithms are recalled in Section 5.2.

The number of times property (3) must be applied is invariant under the choice
of tower: if £ € {2,...,2%} then

m—1 [(logy £)/d¢]—2 m—1 log, ¢ log, £
(5.3) Z Z 1:ZG df -‘_{ 2 D:ﬂoggﬁ—l.
t=0

— =0 dt+1
diy1 /dt)(k‘#*l

However, by using the algorithms of Gao and Mateer, the number of additions
and multiplications required by a Taylor expansion step decreases as d; grows.
Thus, our algorithms benefit by the presence of subfields of degree less than log, ¢.
No multiplications are performed during a Taylor expansion step if 4., = 1,
which in the case that F,a, ., /Faa, is a quadratic extension occurs if and only if
Tr]F2dt,+1/]F2dt (Ba(k+1)/Baxr) = 1. Multiplications are also saved if By = 1, since the
twisted monomial basis coincides with the monomial basis. We cannot guarantee
that any of these desirable properties are satisfied by an arbitrary choice of .
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Furthermore, some of the properties are precluded when the field does not con-
tain subfields of appropriate degree. However, the following proposition shows that
when we have freedom to choose 3, and subfields of appropriate degree do exist,
then a standard basis construction can be used to obtain a vector with the desired
properties.

Proposition 5.2. Suppose there exists a tower of subfields
Fy = IF2d0 C ]F2d1 c---C F2dm CF.

Let {as0,. .. 0 d,,,/di—1} be a basis of Foa,,y [Foa, fort e {0,...,m -1}, and

m—1 m—1
B = H o4, such that Z )
t=0 t=0

forie{0,...,dy —1}. Then the following properties hold:

(1) Boy---, P4, —1 are linearly independent over Fo,

(2) IBi/BdtLi/dtJ € Fou, forie{0,...,dym —1} andt € {0,...,m — 1},

(3) ifOéo,o = =0p-1,0= 1, then ﬂo = 1,

(4) if diy1/ds = 2 for some t € {0,...,m — 1}, then By, (kt1)/Bak = t,1/0

for even k € {0, ...,dn/d: — 2}.

Proof. Leti € {0,...,dp—1} and write i = S izd, with iy € {0, ..., dyy1/di—1}
for t € {0,...,m — 1}. Then

Bi Qoiy Q14 1 Qg Om—14,, QO """ Ap—1,4p 4
= = € IFth
Ba,|i/ds ] Q0,0 """ t—1,0045, " Olm—1,ip 1 Q0 —1,0
for t € {0,...,m — 1}. Thus, property (2) holds. Similarly, we have
s B . .
Ld”—w =t & and & = 7@ € Foq,
Bo a0 Bo Bo  Ba,|j/d
for i € {Oa'”vdt—‘rl/dt_l}a.j S {O,,dt—l} and t € {0,,771,—1} As
{ato/ato, - e d,,, ja,—1/as0} is a basis of Fya,., /Foa, for t € {0,...,m — 1}, it

follows that if {8o/Bo, -, B4,—1/B0} is a basis of Fya, /F5 for some ¢ € {0,...,m —

1}, then {5o/Bo, - -, Bd, 1 —1/Bo} is a basis of Fya, ., /Fo. Therefore, {50/fo,- .., Bd,.—1/bo}

is a basis of Fya,, /Fa, since dy = 1. Hence, property (1) holds.

By definition, By is the product of agg,...,@m—1,0, from which property (3)
follows immediately. Property (4) holds since if d;1/d; = 2 for some t € {0, ..., m—
1}, then

s

,Bdt(kJrl) _ /Bdt+l(k/2)+dt _ Y1

Ba,k Ba, i1 (k)2) Q0
for even k € {0,...,d/d: —2}. O

If the tower in Proposition 5.2 contains a quadratic extension Fya,,, /Faa,, then
taking a; o = 1 and a;,; € F,a,,, such that TerdHI/det (ou,1) = 1 yields a basis
{at,0,a¢1} of the extension with the property that ayi/a:o has trace equal to
one. Indeed, linear independence of the two elements over Fya, follows from the

observation that Trr 4, /F,a, (1) =0.
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5.1. Proof of Lemma 5.1. We begin by proving properties (1), (2), (4) and (5)
of Lemma 5.1.

Lemma 5.3. The following properties hold fort € {0,...,m—1} and k € {0,...,[n/d]|—
1}:
(1) ift=m—1and k=0, thenYtk) (z/Bo)? fori € {0,...,2" — 1},
(2) if k < [n/dy] — 1 and dyyr/dy divides k + 1, then Y™ = v por
ief0,...,2" — 1},
(3> ift >0, then Y;-(t’k) _ Y(tfl,O) fOT’i c {O, e gmin(d; (k+1),n) _ 1}’

K2

(4) if t =0, then Y,"" = X; fori € {0,...,25+ — 1},
Proof. We have [n/d,,] —1=0, €10 =1 and

dmem—1,0—dm—1x0—1 dy—1
Z 2T[i]dm71 X0+r = Z QT[Z]T =1
r=0 r=0

for i € {0,...,2" —1}. Thus, V"% = Xi fori € {0,...,2" —1}. As X; = z/B,
by property (3) of Lemma 2.1, it follows that property (1) holds.

Let t € {0,...,m — 1} and k € {0,...,[n/d:] — 2} such that di}1/d; divides
k+1. Then e,y = di(k+1)/di+1 and ey gy1 = €, 5 +1. Thus, fori € {0,...,2" -1},

ditres,k—dik—1 dy—1
Z dthrT Z 2 dthr’l“
r=0
and
dep1—1 diyrer w41 —de(k+1)—1
E : T _ i
2 [Z}dt+let,k+r - E 2 [Z]df,(k-‘rl)-‘r?"'
r=0 r=0

It follows that property (2) holds.
Suppose that t € {1,...,m — 1} and k € {0,...,[n/d;] —1}. Then ditr1e, >
di(k+1)and e;_10=1. Fori € {0,..., odi(k+1) _ 1}, it follows that

di—1 diy1—1
Z 2r[i]dts+r =0 and Z 2T[i]dt+1s/+r =0
r=0 r=0

for s e {k+1,...,[n/d/] — 1} and s’ € {e1x,...,[n/d] — 1}. Consequently, if
i€{0,.. 2mm<dt(’f+1 ™) — 1} and
di—1

Z 2"[i]g,s4+r for s €{0,...,[n/d:] — 1},

then
di—1 diet—1,0—di—1x0—1
io = Z 2"[ild, x04r = > 2"[ild,_y x 04+
r=0
and
[n/de]—1 ( )
t—1,0
HXW = (H X, ) T xw. | =y
s'=e¢_1,0

Therefore, property (3) holds.
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As dy = 1, we have d1607]€ =d; |—(k + 1)/d1-| >k+1forke {0, R lrn/dl] — 1}
Thus, property (1) of Lemma 2.1 implies that

0 k . [n/di]—1 k

0,k i]s

v, (O = (H X3 ) I x| =]] X =X
s=0

s=0 s'=eq K
for k € {0,...,[n/di]—1} and i € {0,...,28F1 —1}. Hence, property (4) holds. O

Recall that a polynomial in F[z] is Fy-linearised if it can be written in the form

D ien fixd" with fo, f1,... € F. The following lemma generalises properties (3)
and (5) of Lemma 2.1, and shows that our assumption on the quotients 3;/84,i/4, |
leads to higher order and, importantly, sparse recurrence relations between the
polynomials Xso,..., Xgn-1 of the LCH basis.

Lemma 5.4. Let Foa CF such that 8;/B4|ija) € Foa fori € {0,...,n—1}. Then
the following properties hold for k € {0,...,[n/d] —1}:

(1) if k < [n/d] — 1, then

X2dk (I)Qd - X2dk (x)
2d ’

Xoar (Bake+1))” — Xoar (Bace+1))

(2) Xgar is Foa-linearised.
Moreover, if Fo2a CF and Bi/Baa|ij(24)) € Fa2a fori € {0,...,n—1}, then

ng(k+1) -

od Bd k
(54) XQdk (Bd(k—‘rl)) - dek- (ﬁd(k.i,.l)) = rI‘I.IF22d/IF2d ( /éd;:l))

for even k € {0, ..., [n/d] — 2}.

Proof. Let Fya C T such that 3;/B84i/q) € Faa for i € {0,...,n —1}. We show
that if Xgar is Faa-linearised for some k € {0,...,[n/d] — 2}, then property (1)
holds and Xsak+1) is Faa-linearised. As property (3) of Lemma 2.1 implies that
Xo0 = x/fp is Fya-linearised, properties (1) and (2) of the lemma then follow by
induction on k.

Suppose that Xoax is Foa-linearised for some k € {0,..., [n/d] — 2}. Then

[—1

Wadn; _ jﬂdk-&-y Z _ Bak+si €Fya forie{0,...,29—1}.
B = Ba o 7 Bal(dk+4)/d)

Thus, property (5) of Lemma 2.1 and the assumption that Xyax is Fya-linearised
imply that
Waodk ; Wodk ;

Bak Bak

fori € {0,...,29—1} and j € {0,...,2% —1}. It follows that w; is a common root of
the degree 2¢(*+1) polynomials Xoac+1) and X%jk — Xoax fori € {0,...,2¢k+D 1},
Hence, they are equal up to a nonzero scalar multiple. As Xoac+1) (Bar+1)) = 1,
it follows that property (1) holds. Property (1) then implies that Xoak+1) is Foa-
linearised, since Xoyar is Fya-linearised by assumption.

Suppose now that Fooa C F and f3;/B24(i/(24)) € Fa2a for i € {0,...,n — 1}.
Then for even k € {0,...,[n/d] — 2}, property (1) of the lemma implies that

Xoak (WQdki+j) = Xoak (ﬂdk) + Xoak (w]) € Fou
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X2dk = X22d(k/2) is ]F‘de—linearised, while

Bak+r) _ Bag+) _ Bak+1)
Bak Badaks2)  Badld(k+1)/(2d)]

Hence, for even k € {0, ..., [n/d] — 2}, we have

€ Fyoa.

Bagk+1) _ Bak+1)

Bak Bk
from which (5.4) follows. O

Xoar (Bagk+1)) = Xoar (Bar)

Ifte{0,...,m—1}and k € {0,...,[n/di]—2} such that dy1/d; does not divide
k41, then e; 41 = e k. It follows in this case that each quotient l’i(t’k+1)/ifi(t’k)
is of the form Xth(Hl)/Xthk for some a,b € N. Using Lemma 5.4 to express these

quotients as a functions of Xya,» leads to property (3) of Lemma 5.1.

Lemma 5.5. Ift € {0,...,m —1} and k € {0,...,[n/d:] — 2} such that di41/d;
does not divide k + 1, then

t,k i t,k
YR o X, v

2dtki4j5

and

dy li/d¢]
y bkt _ XGain — Xoan iz \_z/dtJY(t k)
2(1,1\1_’_] (St & 2dik

fori € Iy pon and j € Jypon.

Proof. Suppose that t € {0,...,m — 1} and k € {0,...,[n/d:] — 2} such that
di41/d; does not divide k + 1. Then, for ¢ € I  on and j € J; 1 on, we have

dy—1 di—1
Z 2" 2dt { +] dis+r = Z 2 dys+r
r=0
for s €{0,...,k—1},
dities,n—dik—1 dipre p—dik—1 detrerr—dik—1
S 2% flaks, = Y. =i+ > 2lasr
r=0 r=0 r=0
and
dip1—1 dig1—1
QT[thki +j]dt+18’+T = Z QT[j]dtJrlS"f‘T
r=0 r=0

for ' € {et,...,[n/di] —1}. Consequently, Yz(ft],fzﬂ = X;dth(t ") for i € Ii s on
andj S JtJf,gn.

As dt+1/dt does not divide k& + 1, €tk+1 = €tk and dt+16t,k+1 = dt—‘,—let,k >
di(k+1). Thus, for i € I, ;on and j € Jy  2n, we have

di—1 di—1 i di—1
ZTW%MMHZTT—GJﬂ%D ZTer

r=0
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and
diyre g1 —de(k+1)—1 diyres n—di(k+1)—1
deky; | - ,
2"+ fla, (k1) +r = > 2" i) dy 4+
r=0 r=0

2" []dy (k1) 4

i diyiesw—di(k+1)—1

r=0
It follows that
Y(t,k+1) B XWqu xi- 29t \_z/zdij(t k)

2dtkjy g T “hodi(k+1) “odik
for ¢ € I 2» and j € Jyon. The proof is completed by making the substitution
Xpapesn = (X2 — Xgar) /8, which holds by Lemma 5.4 and the assumption
that /Bi/ﬁdtl_i/dtj € Fyq, fori € {0,...,n—1}. U
We are now ready to prove Lemma 5.1.

Proof of Lemma 5.1. Let £ € {1,...,2"} and f € Flz],. Then, fort € {0,...,m—1}
and k € {0,...,[n/d;]|—1}, existence and uniqueness of the elements f(t B e(ilf)

follows from the observation that Yi(t’k) has degree equal to ¢ for i € {0,...,¢—1}.
Properties (1), (2), (4) and (5) then follow immediately from Lemma 5.3. To
prove property (3), suppose that ¢t € {0,...,m — 1} and k € {0,...,[n/d] — 2}
such that di;1/d; does not divide k + 1. Then k is even if diyq1/d: = 2, in
which case Lemma 5.4 implies that &, = Tr]detH/Idet (Ba, (k+1)/Ba,r)- The sets
{thki + 4 | i€ It,k-’g_j} = {thki + 4 ‘ i€ {O, ceey ‘It7k7g_j| - 1}} for j € Jt7k7g form
a partition of {0,...,¢ — 1}. Thus, there exist elements fj,..., f;_; € F such that

d
[t,k,e-51—1 [o,k,e—51—1 2% Li/2% ]
(t,k) i _ / i—2dt Li/ZdtJ —
E f dtlirj = § detk’i+jx s
i=0 i=0 bk

for j € Jype. After substituting Xoa,» for x, then multiplying each equation
by Yj(t’k), Lemma 5.5 implies that

[Te ke, 0—j1—1 [Tt,5,0—51—1
(k) yk) Z y (t:k+1)
z : f dt"z+j Zdtk7,+J - f2dtk7«+] 2dtk7,+]
‘ -

for j € Ji k. By summing these equations, it follows that

(k) yr(th) (th+1)
E E fzdtkl+J thkwr] E f Y
JE€EJt ke 1€ Kk 0—j

Thus, the uniqueness of fét’k+1),..., ﬁ]fﬂ) implies that f/ = fi(t’kH) for i €
{0,...,¢—1}. Hence, property (3) follows by the choice of f{,..., f;_;. O

5.2. Generalised Taylor expansion in characteristic two. The generalised
Taylor expansion of a polynomial f € F[z] at a nonconstant polynomial p € F[z],
also known as its p-adic expansion, is the series expansion

f="fo+ fip+ fop> + -

such that f; € Flz]qegp for ¢ € N. Gao and Mateer [14, Section II] provide a
fast algorithm for computing the coefficients of the Taylor expansion when p =
2t — x for some t > 2, which is utilised as part of their additive FFT algorithms.
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Their algorithm may be viewed as a specialisation of the recursive algorithm of
von zur Gathen [29] that is supplemented by the easy division of polynomials in
F[z])ort1, by (2! — x)2k = 22"t — 22" We present a nonrecursive version of Gao and
Mateer’s algorithm modelled on the basis conversion algorithms of van der Hoeven
and Schost [28, Section 2.2], and specialised to t equal to a power of two. We also
present the inverse algorithm, which recovers a polynomial from the coefficients
of its Taylor expansion. Finally, we derive a bound on the complexity of both
algorithms that is tighter than the one provided by Gao and Mateer.

Let f € F[z]; and p € F[z] be a nonconstant polynomial. Then, for k € N, there

exist unique polynomials fy 0, fx,1,. . € F[2]orgeq, such that
k-
f= Z [ k:,ip2 ~
€N
In particular, fo,0, fo,1,... are the coefficients of the Taylor expansion of f at p,

fri = 0 for i > [¢/(2%degp)], and fro = f for k > [log, [¢/degp]]. Grouping
terms with indices 2¢ and 2¢ 4+ 1 shows that
k

f= Z(fk,% +P2kfk,2i+1>p2 i for k e N.

i€N
Thus, frs1.s = feai + P2 froier for ki € N. If p= 22" — x for some d > 1, then

k d+k .
feiri = froi + 2% feoicr + 2% froip for ki€ N

In this case, given the coefficients of fj 2; and fi 2,41 on the monomial basis, it
follows that the coefficients of fx11,; on the monomial basis can be computed with
1+ deg fr2i41 < 24tk additions. This computation is also readily inverted by
performing the same number of additions. Consequently, given the Taylor coeffi-
cients fo.0, fo,1,... with respect to the monomial basis, we can efficiently compute
f= fﬂogg re/2477,0 with respect to the monomial basis by means of the recursive
formula, and vice versa. Using this observation, we obtain Algorithms 7 and 8.

Algorithm 7 TaylorExpansion(d, £, (a;)o<i<e)

Input: Integers d > 1 and ¢ > 1; and the vector (a;)o<i<¢ such that a; = f; € F
for i € {0,...,0— 1},
Output: a; = h; € F for i € {0,...,¢ — 1} such that

=  od|;od d lij2t) L )
(5.5) Z a2 /2] (x2 - x) = Z fix".
i=0 i=0

1: for k = [log, [¢/24]] —1,...,0 do

2 £1 — Lf/(2d+k+1)J7 62 — 40— 2d+k+1€1

3 fori=0,...,¢4; —1do

4: for j =2¢tF —1,...,0do

5 Qod+h(24) 42k 45 = Ood+k(24)42k4j T Qod+h(241)+j
6 for j =0y —24tF —1,...,0do

7 Qd-k(20;)+2%+j € Qd+k(201) 42k 45 + A2d+k (20, +1)+j

Lemma 5.6. Algorithms 7 and 8 perform at most |£/2][logs [¢/2¢]] additions
in F.
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Algorithm 8 InverseTaylorExpansion(d, £, (a;)o<i<¢)

Input: Integers d > 1 and ¢ > 1; and the vector (a;)o<i<¢ such that a; = h; € F
fori € {0,...,0—1}.
Output: a; = f; for i € {0,...,¢ — 1} such that (5.5) holds.
1: for k=0,...,[log, [¢/2%]] — 1 do
0y Lg/(2d+k+1)J7 by — 0 — 2d+k+1€1
fori=0,...,¢/; —1do
for j=0,...,2¢tF —1do
Qod+k (27) 42k 45 € Qod+h(24)+2k 45 T A2d+k(2i4+1)+j
for j=0,...,00—2%* _1do
Aod+k(20,) 2k +j = Ad+k(20,) 42k 5 T A2d+k (26, 41)+5

Proof. For each k € {0, ..., [log, [¢/2%]]—1}, Lines 2-7 of either algorithm perform
294k 0+ max(fy — 27FF 0) < 29Tk 4 (g — [lo)2]) = 29770, + [49)2] = |£/2]
additions in FF. g

5.3. Conversion algorithms and complexity. By combining Lemma 5.1 with
the Taylor expansion algorithms of Section 5.2, we obtain Algorithms 9 and 10
for converting between the LCH and monomial bases. Algorithm 9 is presented
under the assumption that d;; has been precomputed for ¢ € {0,...,m — 1}
and k € {0,...,[(logy¢)/d:] — 2} such that dyy1/d; does not divide k + 1, while
Algorithm 10 assumes that the inverses of these elements and 1/8y have been
precomputed. As a result, (5.3) implies that each algorithm is required to store
O(log¥¢) precomputed elements. For each t € {0,...,m — 1}, the elements §; ; for
k€ {0,...,[(logy?)/d;] — 2} can be computed with O((log? £)/d;) field operations
by using property (1) of Lemma 5.4 and exponentiation by repeated squaring. As
dy > 2t for t € {0,...,m—1}, it follows that all precomputations for the algorithms
can be performed with O(log? ¢) field operations. Each algorithm operates on a vec-
tor (ai)o<i<e that initially contains the coefficients of a polynomial on the input
basis, and which has it entries overwritten by the coeflicients of the polynomial on
the output basis. The subvectors of these vectors that are passed to Algorithms 7
and 8 can be represented in practice by a pointer to their first entry and a stride
parameter. In doing so, only O(log¥) field elements are required to be stored in
auxiliary space by either algorithm.

Theorem 5.7. Algorithms 9 and 10 are correct.

Proof. Correctness is only proved for Algorithm 9, since the proof for Algorithm 10
follows along similar lines. Suppose that Algorithm 9 is called on ¢ € {1,...,2"}
and (a;)o<i<s, with a; = f; € F for i € {0,...,¢ — 1}. Then it is clear that the
algorithm produces the correct output if £ = 1, since Xg = 1 and the algorithm
does not modify the entries of (a;)o<i<¢ in this case. Therefore, assume that ¢ > 1.
Let f = Zf;é fizt, and fét’k), ceey e(ilf) € I satisfy (5.2) for t € {0,...,m—1} and
ke {0,...,[n/d/] — 1}, which exist and are unique by Lemma 5.1.

Lines 1 to 4 of the algorithm multiply a; by 8§ for i € {1,...,¢ — 1} if By # 1.
If £ < 2, then the remaining lines of the algorithm have no effect on the vector
(a;)o<i<e, since [(logy €)/d] < 2fort € {0,...,m—1}. As Xy =1 and X = z/fo,
it follows that the algorithm produces the correct output if £ < 2. Therefore, assume
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Algorithm 9 MonomialToLCH(?, (a;)o<i<e)

Input: an integer ¢ € {1,...,2"}; and the vector (a;)o<i<¢ such that a; = f; € F
fori € {0,...,0—1}.

Output: a; = h; € F for i € {0,...,¢ — 1} such that 3202} h, X; = Y20 fia'.

1: if By # 1 and ¢ > 1 then

2: ¢ < Bg, a1 < cay

3: fori=2,...,/—1do

4: c < Boc, a; < ca;

5. fort=m—-—1,m—2,...,0do

6: for k=0,...,[(logy¥¢)/d;] —2 do

7 if dt+1/dt Jf k +1 then

8: for j € Ji ;e do

9: TaylorExpansion(dt, |It7k7g_j|, (a2dtk-i+j)ogi<|[t)kyz_J|)
10: if 6t,k 75 1 then

11: g [l /277 =1, 7 = [ o] — 2%q, ¢ < b
12: fori;=1,...,9—1do

13: for ig =0,...,2% — 1 do

14: for j € Jt’k’gfzdtk(gdtil+io) do

15: Qgdek (20t 4y +ig)+j € CA2dek (24t i) +ig)+j
16: C < (5t,kc

17: for ip=0,...,r—1do

18: fOI‘j S Jt’k,272dtk(2dtq+i0) do

19:

(lzdtk(thq+iU)+j — cantk(ZdthrZ‘O)Jrj

that ¢ > 2. Then 2% < ¢ < 24s+1 for some s € {0,...,m — 1}, and properties (1)
and (4) of Lemma 5.1 imply that a; = fi(m_l’o) =...= fi(s’o) fori e {0,...,0—1}
after Lines 1 to 4 of the algorithm have been performed.

Suppose that during the algorithm, Line 7 is reached and the entries of (a;)o<i<¢
satisfy a; = fi(t’k) for i € {0,...,£ — 1}, where t € {0,...,m — 1} and k €
{0,...,[(logy ¢)/d;] — 2} are the current values of the loop counter variables in

Lines 5 and 6. If dy11/d; divides k + 1, then Lines 7 to 19 have no effect on the

vector, while property (2) of Lemma 5.1 implies that its entries satisfy a; = fi(t’kH)
for i € {0,...,¢ —1}. If d¢y1/d; does not divide k + 1, then after Lines 7 to 9 have
been performed, the entries of (a;)o<i<¢ satisfy

[Tt k,0—5]—1 . _ [Tt k,0—5]—1 o , Li/2% |

5 =Y e (20 )

i=0 i=0
for j € Jye. If 61 # 1, then Lines 10 to 19 subsequently multiply aga.x;1; by
Jt{ikmdt] for i € Iy x¢ and j € Jy g p_od,»; such that i > 24t after-which property (3)
of Lemma 5.1 implies that a; = fi(t’k'H) for i € {0,...,¢—1}. Therefore, regardless
of whether d;y1/d; divides k + 1, if the entries of (a;)o<i<e satisy a; = fi(t’k) for
1 € {0,...,¢—1} upon reaching Line 7, then a; = fi(t’kﬂ) fori € {0,...,£—1} after
Lines 7 to 19 have been performed. In particular, if ¢ # 0 and k = [(log, £)/d;]| — 2,
then property (4) of Lemma 5.1 implies that a; = fi(t_l’o) fori € {0,...,¢—1} after
Lines 7 to 19 have been performed. As a; = fi(t’k) for ¢ € {0,...,¢ — 1} the first
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Algorithm 10 LCHToMonomial(¢, (a;)o<i<¢)

Input: an integer £ € {1,...,2"}; and the vector (a;)o<i<¢ such that a; = h; € F
fori € {0,...,0—1}.

Output: a; = f; € F for i € {0,...,£ — 1} such that Y>'_} fiz’ = S0 b X,

1: fort=0,....,m—1do

2 for k = [(logy £)/di] —2,...,0 do

3 if diy1/d: 1k + 1 then

1 if 8, # 1 then

5: g+ | 1 =1, 7 Lol — 2%q, ¢ < (1/6:1)
6: fori;=1,...,¢9—1do
7
8
9

for ip =0,...,2% — 1 do
for j € Jt’k’£72dtk(2dti1+io) do

: azdtk(thi1+iO)+j <— Ca’?dtk(QdiilJrio)Jrj
10: ¢ (1/0p)c

11: for ip=0,...,r—1do

12: for j € Jt’k,zizdtk(zdthrio) do

13: Qgdek (2de gtig)4j € CA2dek (24t gtig)+j

14: for j € Jt’k’g do

15: InverseTaylorExpansion(d, |1t k.e—jl, (@aer;y ) o<i<| I, 1o i)
16: if By # 1 and £ > 1 then

17: ¢« (1/Bo), a1 < cay

18: fori=2,...,/—1do

19: ¢+ (1/Bo)e, a; + ca;

time the algorithm reaches Line 7, which happens for t = s and k = 0, it follows
that the algorithm terminates with a; = fi(o’[(log2 O/dol=1) g 5 € {0,...,£—1}.
Property (5) of Lemma 5.1 implies that this is the correct output. O

Remark 5.8. By substituting property (3) of Corollary 2.2 for Lemma 5.4 in the
proof of Lemma 5.1, it is possible to show that Algorithms 9 and 10 produce the
correct output when 3 is a Cantor basis if one takes m = [log, n] and d; = 2* for
t € {0,...,m}. The substitution is necessary as the requirements on the quotients
Bi/Ba,|isd,) may not be met in this case. For example, if § is a Cantor basis
with n > 4, then 83 € Faa \ Fo2 [14, Lemma 3] and, thus, 83/823/2] = B3/P2 =
1/(B3 +1) ¢ Fa2. For the special case of £ = 2", the algorithms of Lin, Al-Naffouri,
Han and Chung [20] are recovered, but written as iterative algorithms rather than
recursive algorithms.

The following theorem bounds the number of additions and multiplications per-
formed by Algorithms 9 and 10.

Theorem 5.9. Suppose that 2% < ¢ < 2%+1 for some s € {0,...,m — 1}. Then
Algorithms 9 and 10 perform at most

il (e (2] S5 )

additions in F, and at most (¢ — 1)([logy £] + 1) — 1 multiplications in F.
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Theorem 5.9 is proved in Section 5.4. Recall that for an arbitrarily chosen £, the
algorithms of Lin et al. [20] allow polynomials in F[z]an to be converted between
the LCH and monomial bases with O(2"n?) additions and O(2"n) multiplications.
The corresponding parameters for Algorithms 9 and 10 are m = 1 and ¢ = 2", for
which the algorithms perform the same patterns of Taylor expansions and inverse
Taylor expansions as their counterparts in [20]. This resemblance between the two
families of algorithms results in our algorithms yielding the same big-O complexity
bounds for this case, as shown by the following corollary.

Corollary 5.10. Ifm = 1, then Algorithms 9 and 10 perform at most | £/2] ([log; ﬂ)
additions in F, and at most (¢ — 1)([logy €] + 1) multiplications in F.

Proof. Algorithms 9 and 10 perform no multiplications if £ = 1, at most one mul-
tiplication if £ = 2, and no additions for £ < 2. Thus, the bounds hold for ¢ < 2.
If m=1and ¢ > 2, then Theorem 5.9 can be applied with s = 0, which yields the
stated bounds. ([

The algorithms of Lin et al. for Cantor bases perform only O(2"nlogn) addi-
tions and no multiplications. As noted in Remark 5.8, our algorithms reduce to
their algorithms when applied to this case. The following corollary of Theorem 5.9
confirms that we obtain the same big-O complexities.

Corollary 5.11. Suppose that d; = 2t for t € {0,...,m}. Then Algorithms 9
and 10 perform at most |£/2]([logy(£/2)][logy log, max(€,2)] + [log, £1])/2 addi-
tions in F. Moreover, if Bo =1 and

Ba, (k+1)
Terdt+1 /Eqay ( Bd & =1

fort € {0,...,m —1} and even k € {0,..., [(log, ¢)/d:] — 2}, then the algorithms
perform no multiplications in F.

Proof. Suppose that d; = 2¢ for t € {0,...,m}. Then the bound on the number
of additions performed by the algorithms holds trivially if ¢ < 2. If £ > 2, then
Theorem 5.9 can be applied with s = [log, log, £] — 1, from which the stated bound
is obtained by observing that

s—1
> i B2 < logy ] - 1) + 2~ 1 = Tlogy(6/2)] oy o £
t=0 t

and [(logy¢)/ds] = 2. If By = 1, then Lines 1 to 4 of Algorithm 9 and Lines 16
to 19 of Algorithm 10 perform no multiplications. Similarly, if the trace condition
of the corollary is met, then Lines 5 to 19 of Algorithm 9 and Lines 1 to 15 of
Algorithm 10 perform no multiplications, since property (3) of Lemma 5.1 implies
that §,, = 1 for t € {0,...,m —1} and k € {0,...,[(logy £)/d;| — 2} such that
dyy1/dy = 2 does not divide k + 1. O

Remark 5.12. If dyy1/dy = 2 for some t € {0,...,m — 1}, then property (3) of
Lemma 5.1 implies that 0, € Fqa, for even k € {0, ..., [n/d] — 2}. Consequently,
if some of these elements cannot be forced to equal one, then it may still be pos-
sible to reduce the cost of the corresponding multiplications in Lines 5 to 19 of
Algorithm 9 (similarly, Lines 1 to 15 of Algorithm 10) by choosing a representa-
tion of the elements of the field that lowers the cost of multiplying by elements



FAST TRANSFORMS OVER FINITE FIELDS OF CHARACTERISTIC TWO 33

of the subfield Fyq4,. Such optimisations have previously been shown to be benefi-
cial in practice, particularly for multiplications by elements of small subfields, by
Bernstein and Chou [3] and Chen et al. [7].

For m = 1, Algorithms 9 and 10 are based on the same ideas as the algorithms of
Lin et al. [20], which in turn are based on ideas from the additive FFT of Gao and
Mateer [14]. Thus, comparing our own algorithms against this case provides some
indication of the benefits granted by the techniques of this section. The bound on
the number of additions performed by Algorithms 9 and 10 provided by Theorem 5.9
is attained for ¢ = 2% . Thus, for sufficiently large ¢, say for ¢ > 2%m~1 the theorem
suggests that the relative number of additions performed by the algorithms, when
given as a fraction of the number of additions performed for the trivial choice of
tower F 4y C Fou with dy =1 and d} = d,,, is approximately

1 m—1 dt+1
(5.6) p—T Z< ) 1).

t=0

The following example shows that this estimate is reasonably accurate, and provides
a concrete example of the reduction in additive complexity afforded by utilising ad-
ditional subfields when they are available. The example similarly demonstrates the
reduction in multiplicative complexity afforded by the use of additional subfields,
which is not exhibited by the somewhat crude bound of Theorem 5.9.

Example 5.13. Suppose that Foi2 C F. Then there are eight tuples of positive
integers (dp, . .., d,) such that d,,, = 12 and (5.1) holds. For each such tuple, Fig-
ure 1 displays the relative number of additions performed by Algorithms 9 and 10,
given as a fraction of the number performed for the tuple (1,12), as the poly-
nomial length (¢) ranges over {3,...,4096}. The estimate (5.6) of the relative
number of additions performed for large ¢ is equal to 6/11 & 0.55 for (dy, . ..,dn) €
{(1,6,12),(1,2,12)}, 5/11 ~ 0.45 for (do,...,dn) € {(1,4,12),(1,3,12)}, and
4/11 =~ 0.36 for (do,...,dn) € {(1,3,6,12),(1,2,6,12),(1,2,4,12)}.

Figure 2 displays the relative number of multiplications performed by Algo-
rithms 9 and 10, once again given as a fraction of the number performed for (1, 12).
To highlight the effect of the choice of tower, it is assumed that Sy = 1 in all
cases, since the number of multiplications by powers of 8y or 1/8y performed by
Lines 1 to 4 of Algorithm 9 and Lines 16 to 19 of Algorithm 10 is independent of
the tower. Tuples without daggers assume that d; j is never equal to one. Tuples
with daggers assume that d; i is equal to one if and only if di41/d; = 2, in order to
demonstrate the benefit of choosing S so that TrFth+1/F2dt (Ba, (k+1)/Ba,r) = 1 for

t €{0,...,m — 1} such that dyy1/d; = 2, and even k € {0,..., [(logy £)/d;] — 2}.

5.4. Proof of Theorem 5.9. We split the proof of Theorem 5.9 into five lemmas,
with the first four lemmas dedicated to bounding the number of additions performed
by Algorithms 9 and 10.

Lemma 5.14. If 2% < ¢ < 2%+ for some s € {0,...,m — 1}, then Algorithms 9
and 10 perform at most

s [(logy £)/d:]—2
| Tt jo,o— J| ) | Tt ke,o—j]
Z Z > 08y | i

JEJt,k,e
dt+1/dt)(]€+1
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FIGURE 1. Relative number of additions for Example 5.13.
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FIGURE 2. Relative number of multiplications for Example 5.13.
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additions in IF.

Proof. Lemma 5.6 implies that Algorithms 9 and 10 perform at most

m—1[(logy £)/d¢]—2
| Tt ko,o— J| ) | Tt ke,o—j]
Z Z > 08y | i

JEJt ke
dt+1/dt)(k+1

additions in F. If there exists s € {0,...,m — 1} such that 2% < ¢ < 2ds+1,
then the bound is equal to that of the lemma since [(log, ¢)/d;] < 2 for t €
{s+1,...,m—1}. O

We now bound the inner-most sums of the bound from Lemma 5.14, before

working our way out to obtain the bound of Theorem 5.9.

Lemma 5.15. If¢ € {1,...,2"},t€{0,...,m—1} and k € {0, ..., [(logy £)/d:] —
2}, then

| Tt o o—;] | Tt o o—;]
Z {2 log, ol

JETt ke

_ r T
g 2dt+1€t,k 1q<dt+1et,k — dt(k + 1)) + \‘aJ ’710g2 ’VW—‘—‘,

where ¢ = [£/24t+1¢00] — 1 and r = £ — 24+160kg,
Proof. Suppose that £ € {1,...,2"},t €{0,...,m—1}and k € {0,..., [(logy £)/d;]|—
2}. Let ¢ = [¢/24t+1¢00] — 1 and r = £ — 2%+1¢0kq. Then, as r > 1, j € J; ¢ if and
only if j = 2%+1¢kj; + jo for some j; € {0,...,q} and jo € {0,..., min(2%% ¢ —
2di+1eer j1) — 1}, Moreover, if j € J; k¢ is written in this form, then

odiyier,k—dik  if j1 < q,

e ko] = o

[Tt .r—jo | if j1 =q.

Thus, the bound of the lemma holds if and only if

e T L] it . r
(5.7) Z {WJ [1og2 {%JH < bJ [logz [WH

j=0
To prove this inequality, we may assume that > 2%* since otherwise both sides of
the inequality are zero. Let u = |r/2%* | and v = r — 2%*y. Then, as r < 2dt+1¢0k,

vj—‘{u—&—l if j < v,

Ligrei] = u+
Fier—s] = u {2%’6 u if j >,

for j € {0,...,2%* —1}. Consequently, the left-hand side of (5.7) is equal to

152 o [5]  ls 2T)

We have u = r/2%% if v = 0, and v + 1 = [r/2%*] if v # 0. Thus, [u/2%] =
[r/2% 4D if v = 0, and [(u+ 1)/2%] = [r/2%FE+DT if ¢ £ 0. Tt follows that the
left-hand side of (5.7) is less than or equal to

et 0 g, ] = 5 o [ ]

Therefore, (5.7) holds, which completes the proof of the lemma. [
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Combining the following two lemmas with Lemma 5.14 completes the proof of
the addition bound of Theorem 5.9.

Lemma 5.16. For £ € {1,...,2"} and t € {0,...,m — 1} such that 29+ < (,

log, £)/d¢]—2
: gz)é* > |Im Heesl | Ty [Hoeesl 1] 2 [ £]di [loga €] (duss
82| " ods =12]2| 4 d; '

dt+1’7dt0Jfk+1 TE ke
Proof. Suppose that £ € {1,...,2"} and t € {0,...,m — 1} such that 2%+ < /.
Then, for k € {0,...,[(log,?)/d;] — 2}, the integers ¢ = [¢/2%+1¢x] — 1 and
r = — 2%+m1eurg satisfy r < 2%+1¢k and 2%+1eer—lg 4 /2] = [£/2]. Thus,
Lemma 5.15 implies that

(5.8) | Z {WJ {bgz {WH < KJ (des1esk — di(k + 1))

J€Jt ke
for k € {0,...,[(logy £)/d] —2}. It k € {0, ..., [(logy £)/d:] — 2} such that di11/d;
does not divide k + 1, then k = ky(di11/d:) + ko for nonnegative integers k1 <
(di/diy1)[(logy €)/d:] and kg < diy1/dy — 1. Moreover, when k is written in this
form, we have

dy(ko +1
diyrer — di(k + 1) = digq [t(do)
t+1

s (di¢/div1)[(logy 0)/di] > (di/diy1)[div1/d:i] = 1, it follows by substituting
into (5.8) and summing the resulting inequalities that

log, £)/de]—2
[( g2 )/ —‘ |It k; o j| 1 |It,k;’lfj|
Z Z 082 9d;

—‘ - dt(ko + 1) - dt+1 - dt(ko + 1)

doss gk TSR
dt+1/dt 2

0| dy [logyt
< |= diy1 —dg(ko+ 1
OEACT i SR
_ { @ 10g2€ dt+1 _1

2|2 d; dy ’

which completes the proof of the lemma. O

Lemma 5.17. For{ € {1,...,2"} and s € {0,...,m—1} such that 2% < < 2ds+1,

logy €)/ds]1—2
[(gi1 Z |Is/ce g\ log M - ‘ M logy ¢ B
2 2ds - 2 2 ds .

J€Js ke
d3+1/défk+l

Proof. Suppose that £ € {1,...,2"} and s € {0,...,m — 1} satisfy 2¢s < £ < 2ds+1,
Then, for k € {0,...,[(logy£)/ds] — 2}, we have ¢ = [¢/2%+1¢+] — 1 = 0 and
r={—2d+1eskg = ¢ > 2d:(k+1)  Thys, Lemma 5.15 implies that

3 [P o [P < 2] s e |

J€Is ke
_ m ([logs €] — du(k +1))

IN
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for k € {0,...,[(logy¥)/ds] — 2}. Moreover, ds11/ds does not divide k + 1 for
ke€{0,...,[(logy¢)/ds] — 2}, since [(logy €)/ds] — 1 < dst1/ds. It follows that

[(log, £)/ds1—2

23 [ ]
< EJ (Pojjq - 1) (f]ngf] _ % {bcglng
- ¢

ds+1/d ‘fk—‘rl
which completes the proof of the lemma. O

We now complete the proof of Theorem 5.9 by bounding the number of multi-
plications performed by Algorithms 9 and 10.

Lemma 5.18. If ¢ > 1, then Algorithms 9 and 10 perform at most (—1)([logs £]+
1) — 1 multiplications in F.

Proof. Suppose that ¢ > 1. Then Lines 1 to 4 of Algorithm 9 perform at most
2(¢ — 1) — 1 multiplications, while Lines 5 to 19 perform at most

1t 1.0 e
-‘ 24 Z ‘thg 9dikj

m—1[(logy £)/d¢]—2
e
=24t

2 X

t=0
dt+1/dt)(k)+1

multiplications. The same bounds hold respectively for Lines 16 to 19 and Lines 1
to 15 of Algorithm 10. If ¢t € {0,...,m — 1} and k € {0,..., [(log, ¢)/d;] — 2} such
that dyy1/d; does not divide k+1, then £ > 2de(k+1) and diy1ep—dik > d;. For such
t and k, it follows that |I; x| > 2% and |Jt’k’Z72dtki| > 2%k for § € {0,...,2% —1},
since £ — 2%kj > 94tk for 4 < 29 _ 1. Thus,

[Tt k,e]—1 odt _q
Z | Ty e—naeri| = Z | Tt e e—eki| — Z | Jo ge—aaeni| < £ — 28 0HD
i=2dt i€l ke =0
and
|1t k.o [£/2%F] ¢
’7 9dy —1l= 9dy —l= 9d¢ (k+1)

fort € {0,...,m—1} and k € {0,..., [(logy ¢)/d:] — 2} such that d;1/d; does not
divide k+1. By combining these inequalities with (5.3), it follows that Algorithms 9
and 10 perform at most

m—1 [(log, £)/d¢]—2 ¢
C-nMoma+n-1+3 > (
t=0

_ th(k+1)>
dt+1/§gfk+1

2d¢(k+1)

multiplications. Finally, we have

m—1 [(logy £)/d¢]—2 / / [log, £]—1
- gdi(k+1) ) _ k
Z Z <2dt(k+1) 2 ) = (2(10g2 7 1) § 27 <0,

k=1
dt+1/dt)(k?+1
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since the sets {di(k+ 1) | k € {0,...,[(logy €)/d;] — 2},dir1/de t k+ 1} for t €
{0,...,m — 1} are pairwise disjoint and their union is {1,..., [log, ] — 1}. O
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