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Abstract

This article is devoted to the maximisation of HARA utilities of Lévy
switching process on finite time interval via dual method. We give the de-
scription of all f-divergence minimal martingale measures in initially enlarged
filtration, the expression of their Radon-Nikodym densities involving Hellinger
and Kulback-Leibler processes, the expressions of the optimal strategies in pro-
gressively enlarged filtration for the maximisation of HARA utilities as well
as the values of the corresponding maximal expected utilities. The example
of Brownian switching model is presented to give the financial interpretation
of the results.
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1 Introduction

Regime switching processes are the processes whose parameters depend on some
Markov process, taking a finite number of values. Those processes have been ap-
plied successfully since more than 20 years to model the behaviour of economic time
series and financial time series. Hamilton and al. in [18] considered regime switch-
ing autoregressive conditional heteroskedastic models and proposed a way for their
calibration. Cai in [1] considered regime switching ARCH models. So and al. in [2§]
considered the so-called Markov switching volatility models to capture the changing
of the behaviour of the volatility due to the economic factors.

Lévy switching processes was widely used for pricing due to their flexibility to
reflect the real data and their comodity as mathematical tool. For two state variance



gamma model, Komkov and Madan in [26] have developed a method based on fast
Fourier Transform to price the vanila options. Later, using the implementation
of numerical methods of resolving PDE equations, Chordakis [8] has priced the
exotic contracts, like barrier, Bermuda and American options. Then, Elliott and
Osakwa in [9] used multi-state pure jump processes to price vanila derivatives. Later,
Elliott and al. [10] considered Heston Markov switching model to price variance
swap and volatility swap with probabilistic and PDE approaches. Hainaut [19]
gave an overview of the tools related to Lévy switching models, like moments and
the conditions under which such processes are martingales, the measure transform
preserving Lévy switching structure, and also the questions of option pricing and
calibration.

The question of the optimal hedging in discrete time methodology that minimizes
the expected value of given penalty function of the hedging error with general regime-
switching framework was studied by So and al. [28]. Francois and al. [14] considered
the question of the portfolio optimisation in affine models with Markov switching.
Escobar and al. [11] derive the optimal investment strategies for the expected utility
maximization of terminal wealth.

The utility maximization problem of the Lévy switching models can be solved
by the so-called dual method. The dual method for utility maximization has been
deeply studied by Goll and Ruschendorf in [16] in general semi-martingale setting.
This method permits to find a semi-explicit NA conditions as well as a semi-explicit
expression of the optimal (asymptotically optimal) strategies for utility maximiza-
tion. This method was applied for pricing and hedging of exponential Lévy mod-
els in Miyahara [27], Fujiwara and Myahara [15], Chouli and al. [6], [7], Essche
and Schweizer|[12], Hubalek and Sgarra [20]|, Jeanblanc and al.[24]|, Cawston and
Vostrikova [3], [4]. This method was also efficient to determine the indifference
prices in Ellanskaya and Vostrikova [13], Vostrikova [29]. Then, in Cawston and
Vostrikova [5] the problem of utility maximization was solved for change-point ex-
ponential Lévy models. The Lévy switching models are natural generalisations of
change-point exponential Lévy models, permitting multiple changes of the behaviour
of Lévy processes on the observed interval of time.

This article is devoted to the utility maximisation problem for Lévy switch-
ing models. More precisely, we consider N independent Lévy processes X W) =
(Xt(j))OStST,j = 1,2,..., N, on the interval [0,7], with values in R? and starting
from 0, which are defined on a probability space (€1,G, P;) with the natural fil-
tration G = (G, )o<i<7 satisfying usual conditions. Each Lévy process XU) has the
characteristic triplet denoted by (b), ) 1)) where b9 is the drift parameter, ¢\9)
is the quadratic variation of its continuous martingale part and »U) is Lévy measure
which verifies the usual condition

/R (lel? A 1)) ) < o0

where || - || is euclidean norm in R



“As known, the law of X () is entirely characterized by the characteristic function
o7 of XY with t > 0, which is, for A € R?, given by

o) (\) = exp{ty D (\)}

where ¥\) is the characteristic exponent of X7 We recall that 1) is determined
by the Lévy-Khinchin formula, namely

. . 1 . . .
PI(N) =i\, b)) — 5 DAY + / (e — 1 — i\, &) Iz <1y) VY (da)

R4

where I(-) denotes the indicator function.

Let also o = (au)o<t<r be a homogeneous Markov process with the values in
the set {1,2,3,..., N}, given on the probability space (s, H, P,) with the natural
filtration H = (H;)>o such that Ho = {0, Q}, which is independent from the Lévy
processes XM X XM,

Then on the product space (Q, F,P) = (21 X Q2,G X H, P; X P») we can define
two filtrations. One is the progressively enlarged filtration F = (F;)o<t<7 where for
t<T

Fi=()G:®H, and Fr =Gr ® Hr

s>t

and the second one is the initially enlarged filtration F= (ﬁt)ogtST defined fort < T
as
Fi=()9s @Hr and Fr=Gr @ Hr.

s>t

For technical reasons we will work in the initially enlarged filtration, and surprisingly
at the first glance, we will obtain the results in progressively enlarged filtration for
minimal martingale measures and the optimal strategies for utility maximisation.
Such phenomenon can be explained by the fact that firstly both filtrations coincide
at the time 7', and secondly, by the fact that the Lévy processes XU), j =1,--- N,
remain independent from the Markov process a under any minimal martingale mea-
sure.

On the defined above product space, we now introduce a Lévy switching process
X such that the increments of this process coincide with the increments of X©)
when the process « states in the state j:

N
dX, =Y dX e (1)
j=1

or

N t
Xt:Z/ Ifo, =jdX Y.
j=1"0

3



More explicitly, if, for example, at ¢ = 0, ay = 7y and 7 is the first time of change
from the state ig to another state i; and 7, = inf{t > 7 _1|ay # ix_1} for k > 1,
then

(Xt(io), for t < m,

Xﬁf‘)) + Xt(il) — X0 form <t < T,

T )

s
I

X Gin—1) + Xt(i") — Xﬁi”), for 7, <t < 741,

Tn

[
The characteristic function of X can be find easily since X is a process with, con-
ditionally to «, independent increment. Due to the mutual independence of Lévy
processes and «, we have

Ep lexp(i(X, X1))] = Ep [Ep [exp(i(A, Xt>)|a]]

_ Ep[Ep[expw,Z / Iy =5ydX9))al]

= B[ [ BolexplilA. [ Tio, —pdXP)all

We remark that for any real-valued deterministic function ¢ = (¢s)s>o such that
f(f qsts(j ) exists, the characteristic function verifies

t

t t
Ep[exp(z'<)\,/ quXs(j)))] = exp(i(], U )/ qsds — %()\,c(j) )\>/ qfds—l—
0 0 0

t
/0 /Rd (e — 1 — i(Agy, @) I <ay) 7 (ds, ).

If gy = I{o,_—j) for s > 0, then q? = ¢, and if Iio, —jy = 1 then

/Rd (") — 1 — i(Ags, 2) I {uyj<1y) v (d) = /Rd ("M — 1 — i\, 2) I{ep<ay) vV (da).

In addition, if I{,, —j; = 0 then this integral is equal to 0. Finally,

Belexp(i(h, X)) = Brlexp(>" w9(3) / I —5yds)].

Jj=1

We will consider the problem of the utility maximization for the process S =
(S¢)>0 such that the components of S denoted by S*) 1 < k < d, are Doléans-Dade
exponentials of the corresponding components of X, denoted by X®*) ie. for all
t>0

St(k) _ S((]k) exp{ka) X(k )} H —ax{k ) AX )

0<s<t



where X*)¢ is continuous martingale part of X*) and (X®*)<) is its predictable
quadratic variation.

As utility functions, we consider HARA utilities, which are logarithmic, power
and exponential utilities, defined as

u(z) = In(x) with x > 0,
p
u(z) = % with x > 0 and p € (—o00,0) U (0, 1),

u(zr) =1 — exp(—z) with z € R.

Let us denote by A a set of self-financing admissible strategies. We recall that an
admissible strategy is a predictable process ® = (1, ¢) taking values in R4 where n
represents the quantity invested in the non-risky asset B and ¢ = (¢, ¢, ..., ¢(@)
are the quantities invested in the risky assets S, S®) ... S@ respectively such that
7 is B-integrable and there exists a € R* such that for ¢ € [0, 7]

d ¢
. / oMdSH > —a.
k=10

We say that a strategy ¢ € A is u-optimal on 0,77 if

d T d T
Elu(xo + Z/ PP dSEN] = sup Elu(xo + Z/ o dS™))]
k=1"0 k=1"0

peA

where x > 0 is initial capital. A sequence of admissible strategies (an)nzl is said to
be asymptotically u-optimal on [0, T if

d T d T
lim Elu(z + Z/ H®ndSMY] = sup Elu(zy + Z/ p® dSW)].
n— 00 P 0 — 0

peA

The article is organized in the following way. In Section 2 we give a short
description of the known results on dual method for the utility maximisation of
Lévy processes (see Propositions 2 and 3). In Section 3 we summarize the useful
information on Hellinger and Kulback-Leibler processes (see Proposition 4). In
Section 4 we give a description of all f-divergence minimal martingale measures
for HARA utilities in progressively enlarged filtration (see Propositions 5,6 and
Theorem 1). Then, in Propositions 7, 8, 9 of Section 5 we give the expressions
for the optimal strategies in progressively enlarged filtration and we calculate the
value of the maximal expected utility. In section 6 we apply our results to Brownian
switching model and we give the financial interpretation of our results.

5



2 Dual approach for utility maximisation of expo-
nential Lévy models

The idea of this method is to replace the problem of utility maximization by the prob-
lem of minimization of the corresponding f-divergence over the set of all, equivalent
to the law Pr of the process X, martingale measures Qr where T is time horizon.
The function f is nothing else as the dual function of u, which can be obtained by
Fenchel-Legendre transform :

fly) = ilelg(u(x) — xy)

Simple calculations show that

f(x) = —In(x) — 1,z > 0 if u is logarithmic,

—1
flz) = P x%,x > 0 if u is power,
p

f(x)=1—2+xIn(x),z > 0 if u is exponential.

We recall that for two equivalent measures Qp and P the f-divergence of Qr w.r.t.
P7 is defined as
dQr
Pr) = FE — .
r@rlen) = £ |1 ()]

We mention now some useful definitions and results on the f-divergence prob-
lem and optimal investment problem in exponential Lévy models. For that, we take
a Lévy process L = (L)o<i<r with the values in R? given on probability space
(Q, F, P) with the filtration F satisfying usual properties. We denote the charac-
teristic triplet of the process L by (by, cr,vr) where by, is drift parameter, ¢y, is the
predictable variation of the continuous martingale part of L, and vy, is Lévy measure.
We denote by P the law of L and we suppose that L is integrable, i.e. Ep(|L]) < 0o
for t € [0, 7.

Definition 1. We say that QF is an f-divergence minimal equivalent martingale
measure for Lévy process L = (Ly)o<i<r if

1. the measure Q} is equivalent to Prp, i.e. Q. ~ Pp,
2. the process L is a martingale w.r.t. (F,Q%),

3. f(Q3|Py) < 400 and

[(Q7[Pr) = Q;TéfM f(Qr|Pr)
where M is the set of all equivalent martingale measures Qr.

6



Definition 2. We say that an f-divergence minimal martingale measure Q5. is in-
variant under scaling if for all x € R,

f(zQ7|Pr) = @;Igvt f(xQr|Pr)

Definition 3. We say that an f-divergence minimal martingale measure Q. is time
horizon invariant if for all t €]0,T]

f(QF|P;) = @?elf\/t F(Qq|Py)

Definition 4. We say that an f-divergence minimal martingale measure Q% pre-
serves the Lévy property if L remains a Lévy process under Q..

Proposition 1. (¢f. [3],/4]) Let L be an integrable Lévy process, f be one of the three
dual functions above and Q% the corresponding f-divergence minimal martingale
measure. Then this measure is time horizon tnvariant, it is invariant under scaling
and it preserves Lévy property of the process L.

From Girsanov theorem (see [23|, Ch. 3, Theorem 3.24, p.159) we can also easily
get the following.

Proposition 2. The Radon-Nikodym process Z* = (Z;)o<i<r of the measure Q%
w.r.t. Pp verify:
_ Ay

-~ dP,

where E(+) is Doléans-Dade exponential and m = (my)o<i<r S a martingale with

Zy

=ZyE(m),

m= [ aves [ 00 = D ). de)

where py, and vy are jump measure of the process L and its compensator under
(P,F). The so-called Girsanov parameters (6*,Y*) for the change of the measure
Pr into Qk are independent of (w,t). Moreover, the drift b(% of the process L under

Q7 1s:
b9 = by, + ¢ 5° +/ x - (Y*(x) — 1)v(do)

Rd

Proposition 3. (¢f.[16],/3]) Let Z}. be Radon-Nikodym derivative of f-divergence
minimal martingale measure Q5. with respect to Py. Let zo > 0 be the initial capital.
We suppose that for A\g > 0 such that

—Ep(Zy f'(MZT)) = w0 (2)

we have

Ee(|f(MZ})]) < 00, Be(Zi | f(MEZ3)]) < oc.

7



Then there exists an optimal (respectively asymptotically optimal) strategy qg such
that

d T
k=10

where (|, Agk)dSék)) are Q%.-martingales, 1 < k < d. If we choose QAS? such that
d + d
B, ¢) = xo + Z/ oM sk — Z ¢§k)5t(k)
k=10 k=1

then the strateqy ® = (¢°, ¢+ ¢D) is self-financing and it is optimal for loga-
rithmic and power utility and asymptotically optimal for exponential utility. More-
over, the maximal expected utility

Ur(x0) = Eplu(—f"(MZ7))]-

3 Hellinger integrals, Kulback-Leibler informations
and the corresponding processes

We recall here some useful results on Hellinger integrals and Kulback-Leibler in-
formations and corresponding processes. As known, these notions was introduced
in semi-martingale setting and one can find the details about these processes in
[23], [25]. For convenience of the readers we will restrict ourself to the case of the
processes with independent increments.

Let V' be the process with independent increments which is a semi-martingale
without predictable jumps, observed on the interval [0,7]. We denote the triplet
of the semi-martingale characteristics by (B,C,v) where B stands for the drift
part, C is the predictable variation of the continuous martingale part, and v is the
compensator of the jumps of the process V. We denote Pr the law of V' which is
entirely defined by the triplet (B, C,v) (see for the details [23], Ch.2, p.114).

Let Qr < Pr and Zp = % with the Girsanov parameters (3,Y). We recall
that the Hellinger integral of order v €]0, 1] of the measure Q1 w.r.t. the measure
Pr

H(Qr | Pr) = Bz [Z7]

and this definition can be extended for v < 0 when the integral exists. We define
the Hellinger process H(y) = (H¢(7))o<t<r of the order v via the expression

Hy(v) = %v(l —v)/o T8, dC, B, —/0 /R (Y7 (2) =AY, (x) — 1+ 4] v(ds, dz)

The Kulback-Leibler information of the measure Q7 w.r.t. the measure Py is defined
as

K(Qr | Pr) = Ep [Zy In(Zr))

8



The Kulback-Leibler process K = (K})o<t<r is defined as

! / T8,dC, B+ / / d (2)) — Ya(x) + Lp(ds, da)

Proposition 4. (see [13]) For the process with independent increments V and Gir-
sanov parameters (3,Y) of the change of the measure P into @), which depend only
on (t,x), we have:

H(Qr | Pr) = exp(—Hr (7)),
K(Qr | Pr) = Kr.

4 F-divergence minimal martingale measures

First of all we describe the set of all equivalent martingale measures living on the
space of cadlag functions (D?([0,T]), D?([0,T])) of the trajectories of the couple of
the processes (X, a). Let Pz denote the law of (X, ) and let P and P2 are the
laws of X and « respectively, on [0,7]. We denote also by P& (-|a) the regular
conditional law of X given .

Proposition 5. The law Qr < Py if and only if there exists a reqular conditional
law of X, denoted by Q3 (| ) such that Q¥ (-|a) < P¥(-|a) (P#-a.s.) and the
law of o, denoted QF, such that QF < Pg. Moreover, Pr-a.s.

dQr _ dQ¥(-|a) dQs
APy~ dPX(-|a) dPg

Proof. For all A, B € D([0,T])

Pr(Ax B) = /BP%<A|a:y> aP3(y) =/A dPf(z]a =) dPi(y)
and

Qr(Ax B) = / QX (Ala = ) dQ3(y) = / QX (x| o = y) dQ3(y)

AxB

At the same time, the condition Qp < Pr is equivalent to the existence of a density
f(x,y) such that

Qr(Ax B) = flz,y) dPr(z,y) = fla,y) dPY (x| a = y) dP}(y)
AxB AxB

In addition, obviously Q7 < Py implies the condition () < Pf and
@axB)= [ aQfla=n ) i)
xB

9



where f}fpa) = Ziz' Since these relations hold for all A, B € D([0,7]) we get that
T

PT—a.s.

dQr _ _dQ7(zla=y)
Conversely, if Q% (-|a) < PX(-|a) (P%-a.s.) and Q% < P&, then evidently P(A x
B) = 0 implies Q(A x B) = 0. Since the o-algebra D*([0,T]) can be generated by
countable set of the events of the type A x B, it gives the claim. !

Let us suppose that the Lévy processes XU, j = 1,--- N, are integrable, i.e.
fort € 10,7, Ep [|Xt(j )|] < 00. We denote by MU the set of equivalent martingale
measures for X0, Let QYW € MU) and let (8Y), Y)) be the Girsanov parameters
for the change of the measure PU) into QW).

Let M denote the set of equivalent martingale measures for X such that the
Girsanov parameters for the change of the measure P into Q verify the conditions:

t t
/ |Ys(x) — 1|lvx(dz)ds < oo and / 18s]%ds < oo,
0 0

where vx is the compensator of the measure of jumps of the process X. We put
then for all t > 0 and = € R?

N
Br=>" B Tia, . (3)
j=1
N .
Yi(@) =D Y (@)=, (4)
j=1

We introduce also a process m = (m;)o<;<7 such that

me= [ Taxc e [ 06 = 1 ex - o), (5)

where py and vx are jump measure of X and its compensator respectively.

Proposition 6. The set M # 0 if and only if for all j = 1,2,.... N, M) £ (.
Moreover, if Qr € M, the corresponding Girsanov parameters satisfy (3) and (4)

and
dQr

_ ¢(@)
Py §r € (m)r

with m defined by (5) and 6}&) = Z?D?

10



Proof. Since the Lévy processes XM, X@ X are integrable, for j = 1,2, ..., N,
we have ' _
Xt(]) — a(])t + Mt(])a

where o) = pl9) + fRd SL’[{||x||>1}V(j)(d37) and
MY = W) +/ / 2 (1 — V9 (ds, d)
0 R4

with the symetric matrix V() such that (\/@)2 = ¢V and p¥) the measure of
jumps of X We recall that M) in this case is a martingale with respect to the
filtration G. But, since Lévy processes and the Markov process « are independent,
it is also a martingale with respect to the filtration F (cf. [2]) since the immersion
property holds. Moreover, from (1) we get

N t N t
j=1 0 j=1"0
=A; + M,

It is clear that M = (M;)o<i<r is a local martingale as a sum of integrals of bounded
functions w.r.t. martingales. Since ka) = E&(XW), k =1,2,...,d, the martingale
measures for S® and X®) coincide, and they are the measures which remove the
drift A = (A¢)o<i<r of the process X. The canonical decomposition of X in the
initially enlarged filtration coincide with the canonical decomposition of X condi-
tionally to «a, as the maps on €2 x §25. Then the drift of X under Q is equal as a
map to the drift of X under Q% (-|a).

Let Z = (Z;)o<t<r be the Radon-Nikodym process of an equivalent conditional
measure QX (+|a) w.r.t. PX(-|a). It can be always written as

Zt = E(m)t,

where m = (my);>0 is a local martingale of the form (5). According to Girsanov
theorem, the drift A? of the process X under QX (-|a) is equal to:

t t
A9 = 4, +/ csBsds +/ / x - (Yi(x) — Dvx(de, ds)
0 0 Jrd

where ¢ = (¢s)s>0 is the density w.r.t Lebesgue measure of the quadratic variation of
the continuous martingale part of X and vy is the compensator of the jump measure
of X wr.t. (P,F).

Let us calculate ¢; and vx. Since the continuous martingale part X¢ of X is equal
in law to (Zjvzl f(f I, —pVeDdWi)ocior with independent standard Brownian

motions W) the quadratic variation of X¢ at ¢ is equal to



and its density w.r.t. Lebesgue measure is

N
= Z C(j)]{atfzj} (6)
j=1

At the same time,

N t N .
AXt = A (Z/O I{as=j}dXs(j)) = Z[{at*:j}AXt(])
j=1

j=1

and since Ifo, —y NI, —j3 = 0 for i # j,

N
px(dt,de) = T, —jpt(dt, dx) (7)
j=1
and
vy (dt, dz) = Zl{at _jy9(dt, dr) ZI{% _jyw9(dx)dt. (8)
7=1
Finally,

N oot
A9 = E / [a(j) + DY) 4 / z- (Y9 (z) - l)y(j)(da:)} Io, —jds.
= Jo Rd

Thus, X = (X;)o<i<r is a martingale w.r.t. Q¥(-|a) if and only if A® = 0 for all
t > 0. We take the derivative in the previous expression to obtain that on the set
{as— = j} we have that

o) 4 ) u>+/ 2 (V9 (z) — 1) (dx) = 0
Rd

As a conclusion, on the set {a;~ = j} the Girsanov parameters for the change
of the measure P¥(-|a) into Q% (-|a) , denoted (3,Y), are equal to the Girsanov
parameters (8%, Y)) of an equivalent martingale measure for X©). This proves
(3) and (4), and we conclude using the Proposition 5. O

For all ¢t € [0, 7] due to the relations (7) and (8)

N .
= m (9)
j=1

(J) /]{QS_J} B9/ (c0))dW D (10)

12
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t
[ ] Ty (790) = ) = 1) s o),
0

Let us denote Zt(j) = S(mgj)). Now, since the processes XU), j = 1,2,--- N, are
independent and cannot jump at the same time with probability 1, we conclude that

1
Zy =E(m); = exp{m; — = < m° >, H e‘AmS(l + Amy)}

2
0<s<t
y oo~ (11)
=[Tee) =11 2"
j=1 =1

Theorem 1. Suppose MUY £ O for all j = 1,2,...,N. Then for HARA utilities,
the minimal martingale measure Q. exists and its Radon-Nikodym derivative w.r.t.

P is given by
N

-0 [ 20

j=1
where Z:(Fj)”k = E(mY)*), with mY)* defined by (10) with replacement of (B9, Y 7))
by Girsanov parameters (Y9)* Y U*) of the minimal martingale measure and éﬁy)’*
1s the Radon-Nikodym density of an equivalent to P® measure which minimise f-
divergence. For logarithmic utility &(Fa =1, for power utility it is given by the
formula (14), and for exponential utility it is defined via (15).

Proof. 1) First of all we prove that for any density ¢(*)

N

& 1127

J=1

Ep [f(Zr)] = Ep > Ep

FEX T 277

N
i1

J

Since the Radon-Nikodym density process Z = (Z;)o<t<r of the conditional martin-
gale measure Q7 (-|a) w.r.t. P (-|a) is Z; = £(m), where m is defined by (10), and
Yoo lire<t<r,y = 1 for each t > 0 and 79 = 0, we get

o0 Tk+1/\T i . ) ' ‘
my = Z/ |:I' t(]k)dXt(Jk),c + /d(Y;(Jk)(x) _ 1)(M(Jk) _ V(]k))(dt’ dSL’)]
k=0 Tk/\T R

where (5% YUr)) are the Girsanov parameter of the mentioned change of the
measure for the Lévy process XUr). The last formula means that on the set
{1 <T < 741} with fixed k

k—1 Tm+1 ) . . ) .
e Z/ (T g x ) +/Rd(yt(ym)(x) 1) (ul) — (g, da)
m=0Y Tm

T , . ; j '
Tk Rd
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and the Radon-Nikodym density Zr of the measure Qr w.r.t. the measure P verifies

gT ,g.jk)
ZT - gT Hl Jm (]k)

Tm—1 Tk

where (& (jm))ogmgk, are Radon-Nikodym densities of the mentioned change of the
measure for (Xm))o<,,<x. We denote the value of Z¢ on the set {7, < T < 7311}
by Zr(k). Then for any f-divergence corresponding to HARA utility

Z E]P’ ZT I{Tk<T<Tk+1} Z Ep [[{TkST<Tk+1} Ep [f(ZT(k)) ‘O‘H
k=0

When we take the conditional expectation w.r.t. «, the random variables g(T“’ and
(Tms Jm), m > 1, become to be fixed, and the dependence on « will also disappear in
all couple (3Um) Y Um)) of the Girsanov parameters. Then we take the conditional
expectation w.r.t. the processes X ... XUk-1):

Ep [f(Zr(k)) o] = Ee [Be [f(Zr(K)) |a, XU, . XUs-0]]

Using the scaling property of the f-divergence for Lévy processes together with the
fact that conditionally to o, XUV ...  XUk-1)

g 4 ¢l
(Jk) T =y,

Tk

we can replace £UF) by the corresponding densities for f-divergence minimal martin-
gale measures £Ux)* and this procedure will decrease f-divergence. Then, we take the
conditional expectation w.r.t. the processes (XUV), ... XUm-1) XUm+1) ... x0k))
and use the scaling property of f- divergence and the identity in law saying that
conditionally to a, XUV ... XUm-1) XUm+1) ... X0k

() _
Tm i g(Jm)

(jm) T STm—Tm—1)
Tm—1

to replace £€Um) by £Um*) - Finally,

00 g(Jm g(Jk
ZT Z Z ]{Tk<t<7'k+1} f gT H (Fm),* (Jx )%
m=1 STm-1 Tk

N
e T
j=1
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2) Now we will obtain the expression for £(*)* minimizing each f-divergence. For
logarithmic utility f(z) = —In(z) — 1 we get that

Belf(27)] = —Epln(&y)] = 3 Eelin(Z5")] - 1

By Jensen inequality we deduce that
~Ee[ln(gr)] > ~ n(Eeg”)) = 0,

so the minimum is achieved for & = 1.

3) For power utility u(z) = % we put 7 = 2. Then f(z) = —%:ﬂ. We write
1 A 1 ~

Eelf(Zr)) 2 =2 Be | (&) [T | = =2 B (&7 [ ] 2 {((zf” y aH
=1 j=1

since conditionally to a the processes Z @* 5 =1,---,N, are independent. Now,
let us denote by g)’* the f-divergence minimal measure of the individual Lévy

process X ), by P}j ) its law under P and by Ht(j )’*(7) the value of the corresponding
Hellinger process at t. We recall that due to the homogeneity of the Lévy process
X we have

100 = o | g, g0y - [ (0 @) =y 0 (@) — 1))

We denote the derivative of the Hellinger process w.r.t. ¢ by ht)*(v), i.e.

R (y) = 7(12_ 7) (DR gy / (YO ()7 — /YD (z) — 1 4 )09 (da)
Rd

and we put
T
T = /0 Lo, —jyds (12)

Using Proposition 4 we find that

Ee((Z") | a] = exp (— / f{aszj}ngﬂv*(w)) =exp (~Vh* (7)) (13)
0

and that ]

Belf(Z)] =~ Be [(67)" exp (=T, 19 ()

Finally, the Lagrange method for the minimisation of the expectation under the
restriction that Ep(ff(pa)) = 1, performed in w by w way, gives that

exp (75 S5 1 00 ()
Bp [exp (55 L T WO+ (7) )|

()% _

T (14)
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4) For exponential utility u(z) = 1 — exp(—z) with f(z) = 1 — z 4+ zln(z) we
write

e | (e T[40

J=1

= Ep [fi(ra) In( ’El“a))} + Ep

N
wz%wwmmq

i=1

since Ep [Z:(Fj o | a} = 1 and since the processes ZU)* conditionally to a, are inde-
pendent for j = 1,2,---n. We apply now Proposition 4 to deduce that

Ee |22 m(20) | o] = T K

where KI(J )* is the value of the Kulback-Leibler process at T" which corresponds to
the Lévy process X ) and defined as

Kc(r])’ _T [5 < WU gl - +/Rd [y(a)v*(x) In(Y O (z)) — Y*(z) + 1],/(1)(0[93)

To simplify the notation we denote the derivative in ¢ of this Kulback-Leibler process
by kW)* ie.

rl)* — 5 < D)= g +/ [y(J),*(I) In(Y 9 (z)) — YO*(g) + 1],/(3)((155)
Rd

So, finally we have to minimize the expression

&y T ,«Um*]

j=1

Be |6 n(el)] + e

under the constraint EP(S/}Q)) = 1. Again, using Lagrange method of the minimisa-
tion of the integrals and performing the minimisation in w by w way, we get that

. o (= Zp 7 k)
T = ,
Ep [eXp (‘ Z;V:l Tj(a) KJ(J)’*H

this ends the proof of this theorem. O

(15)

5 Utility maximising strategies for Lévy switching
models

In this section we will find the optimal strategies for the utility maximisation. These
strategies will be automatically adapted to the progressive filtration, but for the

16



technical reason we will search them in the initially enlarged filtration as it was
mentioned in the introduction.
To find the optimal strategy we will use Proposition 3 and also the representation

of Eg [f/()\Zi}) ‘]—A_t} as a sum of the stochastic integrals using the Ito formula. For
that we change the measure in the conditional expectation :

Ly
L

ﬁﬁfumo v

J%]zEP{

7|
Since the process X, conditionally to the process «, has independent increments, é—z

t
and Z; are also conditionally to the process o independent for each t € [0,T]. As a

conclusion,

o |£0z;)

A 7k , 7k A
‘Ft:|:E]P>|: Tf()\xZZ)‘ft]
t

Z a=7}
Let us introduce the shifted process a! as
al(s) = a(s+1)
and let also put
ZF = Bp [Z; | Ji"t} (16)
and -
Zi(a) = Z%% (17)
Then, since the processes XM, .- XN and a are independent, and the processes
X® ... XM are homogeneous in time,
7 L Zrda)
Finally,

Eq [/(0Z3) | F| = Be | Zro(a') ['(0x Zr(a') | Fi]

7k
=7

Now, we will give the expression for the optimal strategy for each HARA utility and
also the corresponding maximal expected utility.
To avoid the complicated notations we will omit * for the Girsanov parameters
(8,Y) corresponding to the f-divergence minimal martingale measure. So, for the
rest of the paper we put for all t > 0 and x € R%:

N
b= B Tarp) (18)
j=1
N .
Yi(w) =Y V" (@), —j (19)
j=1
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5.1 When the utility is logarithmic

Let us suppose that the utility u(x) = In(x). Then the corresponding f is also
logarithm up to a constant, i.c. f(z) = —In(z) — 1 with f'(z) = —1.

Proposition 7. Suppose that for 1 < j < N the matrices ¢9) are invertible and
Ep|InZ%| < 0co. Then for the initial capital xy > 0, there exists an optimal strategy
and for 1 <k <d and 0 <t <T, it is given by:

o — oY
t - )
Zt ( )S(k)

where B and Z(a) are defined by (18) and (17) respectively. This strategy is pro-
gressively adapted and the corresponding maximal expected utility is

U9 (20) = In(xo) — Ep [InZ5] = In(z0) — Es [In(Zr())].

Proof. Simple calculus shows that in considered case
—E]p [ZT_t(Oét) f/(>\0 i ZT_t(Oét)) ‘ Oé} = —

and from the condition (2) we get that A\g = ﬁ and, hence,

Zo Zo

B (FOERIR) = 5= 7

since Z = &5 = 1. We have the expression

(@) = £l = exp (= Yo [ [ Qat¥ito) = vifo) + D).

where m is a (P, F)-martingale given by (9). From the mentioned formula for m we
get that

zia) = ([ Taaxs® s [ [ o) - 10y - o)t + /Ot%<csﬁs,ﬁs>d8

//Rd ) — 1)%vx(ds, dx) + //Rd (InYy(x) — Yi(z) + 1)px(ds, d:c)),

where X% is the continuous martingale part of X under Q, c is the density of its
predictable variation and Vg is the compensator of the jump measure of X under Q.
Let us define a Q-martingale M = (M;);>o with

/Tﬁsdxc@+//Rd1n N(px — v2)(dt, dx)



and also a predictable process B = (B;);>¢ with

Bt:/ (csBs; Bs) ds+/ /Rd 1)?vx(ds, dx)

/ /Rd (InYy(z) = Yi(2) + )R (ds, d).

Then using the compensating formula and doing the simplifications for discontinuous
martingale part we see that

Zy = exp(M; + By) (20)

Let 7, = inf{t > 0] Zy(o) < 1} with n > 1 and inf{0} = 4oco. By It6 formula
applied to the function g(z) = exp(—x) we get

1 tATH 1 1 tATH 1
7:1—/ 7dMs+st+—/ dA(Me),
Zon (@) ) 7@ Y2), Zo@ ™M

tATn 1 o o »
+/0 /R 7oy o (@) = 1+ (i) px(ds, d).

Since 7, — 400, we deduce after limit passage the similar expression for (a with
t A\ 7, replaced by t.

Using again the compensating formula and taking in account that (Z;(«));2, is
a Q-martingale, we get that its drift part -

to 1t 1 .
- zs_<a>dBS+§/o Z () M)

| 1 - - n z)) v¥(ds, dz) =
/O/Rd Z,_(a) (Y ' (2) — 1+ In(Y;(2)) vk (ds, dz) = 0.

According to the Proposition 3 we obtain then that for 0 <¢ < T,

Zf(oa) :xo—/t "5, Xc@+/ /R 7 () = 1)(ux — v3)(ds, da)
—930+Z/ 2B g5k,

But dS{¥ = Ss(li)dXék) and the last equality implies that

d

t
x X k
> [ [ wgwsgz} e
k=1"0 5=

/ /R < Zy( i ) — %) (ds, dx).

19




In the left-hand side, we have a continuous martingale and in the right-hand side
a purely discontinuous martingale, which is orthogonal to the first one. Hence, for
0 <t < T, the quadratic variation of a continuous martingale

d t
L0 k) _ sk gk | gx ey —
> 0 - s xRy, — o

Therefore, for 0 <t < T,

B _ 50 g0 ) [ _To__ g S“) Dds = 0,
/( = 952) (77 - ’

where cgk’l) are the elements of the matrix ¢ defined in (6). Then, for 0 < ¢ < T, the
quadratic form corresponding to the strictly positive matrix ¢

d
0 pk) _ a(R) o(k) Yo 50 _ 0O (kD) _
Z Z (Zt— () — P 5= ) (Zt— (@) B — ¢ St—) ¢ =0,

k=1 ]:1

which can happen only at zero. Then our result for the optimal strategy follows.
Using again Proposition 3 and doing simple calculus, we get the formula for the
optimal expected utility. O

5.2 When the utility is power

When the utility is power u(z) = %’, the dual function f is also power, i.e. f(z) =
—%x'y and f'(z) = —27~ ! with v = p%l.

Proposition 8. Suppose that Ep[(Z3))] < oo and that the matrices ¢, 1 < j < N,
are tnvertible. Then for initial capital xo > 0, there exists an optimal strateqy and
for1 <k <dand0 <t <T,itis given by

— k ), %
w10 =D 2@ B exp (= SN A1) fy T =)
o 5P

with B and Z;(«) defined by (18) and (17). This strategy is progressively adapted
and the corresponding maximal expected utility is

N
1 Nk a
Ep exp (—7 — D _h )T >)
j=1

where Tj(a) is defined by (12).

D
Ur (z0) = o
p

”
Epexp ( Z Rl) T(a )
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Proof. In this case,
—Bp [Zr_i(") f' Moz Zr_i(a")|a] = N2 B [Z7_,(a")]a] .

The last conditional expectation, according to the discussion on the Hellinger process
of the section 3, is given by

T
E]P [Z%—t(at) - eXp < Z h'(] / I{Oés:j}ds) :
t

Then,

By [f NZ) \ft} — NNz exp< Zhﬁ / [{aszj}ds> .

Let us apply It6 formula for the right hand side dropping (\oZ§)”~!. For that let
N = (N;)i>0 be a process where

Ny = Z;/_I(O‘)gt

with g, = exp (— Z;VZI RO () ftT I{ak:j}ds). Then, by integration by part for-

mula . .
Ny = go + / gst;’_l(oz) + / Z;’_l(a)dgs. (21)
0 0

since Zy(a) = 1. Using the representation (20) for Zs(«) from the previous propo-
sition, we then get that

Z" () = exp((y — 1)(M, + By)).

Again by It6 formula via the localisation with the stopping times
1
=inf{t > 0| Zi(a) < —or Zy(a) > n}
n
where n > 1 and inf{()} = 400, and further limit passage n — oo we find that
t 1 t
277 @) =1+ (- 1) [ 27 @t +as) + 5017 [ 27 @aor,
0
/ / Zt V) N z) — 1= (y — 1) InY,(2)] px(ds, dz).
Rd
We deduce from the above formula and (21) that
t
Ny = go +/ Z)" (a)dgs+
0
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t

(0-1) [ 0.z @aMe+(0-1) [ 0.7 @B 5012 [ 027 @atar),

0

/ /Rd 927 [V 2) — 1 — (v — 1) InYi(x)] px(ds, dz).

From the previous formula, using compensation and taking in account that N is
@Q-martingale, we deduce that the drift part of N is equal to zero, and that

t
N, =go+ (- 1) / 0. 20 ()M,
/ [ 02 @ [V ) = 1= (= ) nYifa)] (ux ) (ds o
R
—go+ (7 1) / 07071 (0) T Bd X504
/ [ 02 v ) = 1] e — 1) s, )
]Rd
According to Proposition 3
N t
(MoZg) ™' N; = o + Z/ pMSEdx®
k=1"0

Then (MoZ)"'go = xo and

N 71
1 . T
)\g—l = o (E]P exp (ﬁ Z h(])’*(’}/)/ [{aS:j}dS>]>
i=1 0

Moreover, for 0 <t < T

Z/ [IO 200 =18 7t ) - }dx““@ v

where

v — Z/ S §H) g x ()40 //Rdl’ogszv— ) [V (@) = 1] (px — v2)(ds, da)

The process V' = (V;)o<i<r is pure discontinuous Q-martingale which is orthogonal
to the continuous martingale of the left-hand side of the above equality. Then, the
quadratic variation of the continuous martingale is equal to zero for 0 <t < T

Z/ |i$0 gsZ*y 1( )5£k) A(k Sgli X(k),C,Q>t =0
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Simple calculations show that the previous equality is equivalent to

[ 3 {xo et )Bﬁk’—@ﬁ’”&('i’} {wzz:%awg”—@@sg] =0,

0 k=1 1=1 9o

where the matrix ¢, is defined by (6). Then, the quadratic form associated with the
strictly positive matrix ¢

LR P xo(y — 1)

2.2 0007 ) - 050 [0 2 )0 - 050 (= o

1 i=1

and it proves that
o _ 20y = 1) g 2] () 5"
¥t = (k)
9o Sy

and this gives the formula of the proposition.
Using again Proposition 3 and doing simple calculus, we get the formula for the
optimal expected utility. O

5.3 When the utility is exponential
When u is exponential, f(z) =zlnz — 2+ 1 and f'(x) = In(z).

Proposition 9. Suppose that Ep[|Z5In7Z%]] < oo and that the matrices c9) are
wmwertible for 1 < 5 < N. Then for the initial capital vy > 0, there exists an
asymptotically optimal strategy such that for 1 <k <d and 0 <t <T

k
o Y

s

where B defined by formula (18). This strategy is progressively adapted and the
corresponding maximal expected utility is

N T
exp (— Z,{U%*/O f{aszj}d8)>]> :
=1

Ur™(20) = 1 — exp(—o) (E]P’

Proof. In this case,

Ep [Zr-i(a') ' (MoxZr—i(a"))|a] =In(Aox)Ep [Zr_i(a)|a] + Ep [Zr_i(a') In Zr_i(a')|a]
= n()\ollf) + Z k) /T [{asfzj}ds
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since Ep(Zr_(a’)|a) = 1 due to the fact that it is a martingale starting from 1.
Hence,

N
Eo(F O F) = —In(A) — In(Z) Z / Lo —yyds.

As it was mentioned Z;(a) = exp(M; + B;) w.r.t. the measure Q. Hence,
ln Zt(a) = Mt ‘l— Bt' (22)

and the right-hand side of (22) should be a martingale. Since the processes B =
(Bt)i>0 and (Z;VZI IN I{asfzj}ngg]))tZO are the predictable processes, we obtain via
Proposition 3 that

t t d t
_ / T3.dXe - / / (Y (2)) (i — #2)(ds, dz) = 3 / 205 g x
0 0 JRd = Jo

and that

N T
In(N\o) + Ep(In(Zg)) + Ep (Z K(m/ l{as:j}ds) S
0

=1

Performing the separation of continuous and discontinuous part in the right-hand
side of the previous expression, and using the orthogonality of continuous and pure
discontinuous martingales, we deduce that the quadratic variation of the continuous
martingale part is zero, and, hence,

S5 (94 As) (80 + 605) s — o
k=0 1=0
where cgk’l) are the elements of the strictly positive matrix ¢; given in (6). It proves
the formula for the optimal strategy.
Using again Proposition 3 and doing simple calculus, we get the formula for the
optimal expected utility. O

6 Example

In this section, we shall consider one important example that each Lévy process is
a Brownian motion with drift. More precisely,

Xt(j) =Wt 4 a(j)Wt(j),

where (W( '))1<]< ~ states for independent d-dimensional Brownian motions, (b(' Ji<j<n
are d-dimensional vectors and (019)),<;<y are d x d real-valued matrix. We assume
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that o9 is invertible for each j. In this case, the set M) of the martingale measures
consists of only one element with Girsanov parameter

5(]‘),* (T )P ) 1p()

Then we see that the function related to Hellinger integrals and Kulback-Leibler
informations are .

hUV*(~) = Q((Tg(j)g(j))—lbm’ b))
and

rU)* — §<(Ta(j)g(j))—lb(j)’ b)Y,

As before, 3, is defined by the formula (18).
For the power utility, from Proposition 8, we know that the optimal investment
strategy ¢ is given by

_ k N 4 t
o 20 =D 27 (@) B exp (= ) A (9) [ T, —jyds)
Yt = St(k

where 1 < k < N and it satisfies

(NoZi)"~ x0+z / oF) (23)

Denote by V¥ = (V?)ogth the corresponding value process of the optimal portfolio.
Then )
Ve = (AZp) .

Since the stochastic integral in (23) is a Q-martingale, we have
VP = Bol(AZp) "M F] = N2 Be[ 27 (o).

In the proof of Proposition 8, we have already calculated that

t
VP = xoZ) a) exp ( Zh / [{aszj}ds> .
Thus, the optimal strategy can also be written as

o

w (v =1sFve

t _— .
Sk

With similar calculation, we can also rewrite the optimal value process for the log-
arithm utility in a similar form as

e
wm BEve
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In fact, from the discussion above, we see that the same is true for the general
case where the Lévy process admits jumps but with a non-degenerated diffusion.
This suggest a very simple structure of the investment strategy. In both cases, the
investor should keep a constant proportion of money in each risky assets when the
market state is fixed. The proportion of money depends on the excess return and
volatility. In some case with negative excess return, the investor should choose to
short-sell such assets. Once the market state switched to another state, the investor
should rebalance his portfolio and keep the proportion constant until next switching.
In each state, we see that the total proportion that invested in the risky assets is
a multiple of Zzzl Bt(k). By the definition of 3, we see that, comparing to bull
market (high return, low volatility), the investor will put more money in the riskless
account in the bear market (high volatility, low return). For the exponential utility,
the strategy is similar except that the investor should keep a constant mount of
money in each asset.

7 Acknowledgements

This research was partially supported by Defimath project of the Research Federa-
tion of "Mathématiques des Pays de la Loire" and by PANORisk project "Pays de
la Loire" region.

References

[1] J. CA1 (1994) A markov model of switching-regime arch. Journal of Business
and Economic Statistics, 12(3), 309-316.

|2] G. CALLEGARO, M. JEANBLANC, B. ZARGARI (2011) Carthaginian enlarge-
ment of filtrations. ESAIM: Probability and Statistics, Volume 17, 2013, 550 -
566.

[3] S. CAwWSTON, L. VOSTRIKOVA (2013) An f-divergence approach for opti-
mal portfolios in exponential Lévy models. In Kabanov Yu., Zariphopoulou T.,
Rutkowski M."Inspired by Finance", Springer-Verlag.

[4] S. CAWSTON, L. VOSTRIKOVA (2012) Lévy preservation and associated prop-
erties for the f-divergence minimal equivalent martingale measures. In Shiryaev
A., Presman E.; Yor M. "Prokhorov and Contemporary Probability Theory",
Springer-Verlag.

[5] S. CAWSTON, L. VOSTRIKOVA (2012) F-divergence minimal martingale mea-
sures and optimal portfolios for exponential Lévy models with a change-point.
In R. Dalang, M. Dozzi, F. Russo (Editors). Stochastic analysis, random fields
and applications VI. Progress in Probability 67, 2013, 285-305.

26



(6]

17l

8]

9]

[10]

[11]

12]

13

[14]

[15]

[16]

[17]

18]

[19]

T. CuouLLl, C. STRICKER (2005) Minimal entropy-Hellinger martingale mea-
sure in incomplete markets. Math. Finance. 15, 465-490.

T. CHouLLI, C. STRICKER, J. LI (2007) Minimal Hellinger martingale mea-
sures of order q. Finance and Stoch., 11.3, 399-427.

K. CHOURDAKIS (2005) Switching Lévy models in continuous time : Finite
distributions and option pricing. WORKING PAPER SSRN : 838924.

R. ELioTT, C.J. OSAKWE (2006) Option pricing for pure jump processes with
Markov Switching compensators. Finance and Stochastics, 10(2), 250-275.

R. EviorT, K.T. S1u,L. CHAN (2007) Pricing volatility swaps under Hes-

ton’s stochastic volatility model with regime switching. Applied Mathematical
Finance, 14(1), 41-62.

M. ESCOBAR, D. NEYKOVA, R. ZAGST (2014) Portfolio optimization in

affine models with Markov switching. International Journal of Theoretical &
Applied Finance, 18(05), 413-461.

F. ESSCHE, M. SCHWEIZER (2005) Minimal entropy preserves the Lévy prop-
erty : how and why. Stoch. Proc. Appl., 115.2, 299-327.

A. ELLANSKAYA , L. VOSTRIKOVA (2014) Utility maximisation and utility
indifference price for exponential semimartingale models and HARA utilities.
Proceedings of Steklov Institute, 287, 75-102.

P. Francois, G. GAUTIER, F. GODIN (2014) Optimal hedging when the

underlying asset follows a regime-switching Markov process. European journal
of Operational Research, 237, 312-322.

T.FUJIWARA, Y.MIYAHARA (2003) The Minimal Entropy Martingale Mea-
sures for Geometric Lévy Processes. Finance Stoch. 7, 509-531

T. GoLL, L. RUSCHENDORF (2001) Minimax and minimal distance martin-

gale measures and their relationship to portfolio optimisation. Finance and
Stochastics, Vol. V.4, 557-581.

D. GASBARRA, E. VALKEILA, L. VOSTRIKOVA(2006) Enlargement of filtra-
tion and additional information in pricing models: Bayesian approach. In Ka-
banov Yu., Liptser R., Stoyanov D. "From Stochastic Calculus to Mathematical
Finance” |, 257-285, Springer-Verlag.

J.D. HAMILTON, R. SUSMEL (1994) A stochastic volatility model with markov
switching. Journal of Econometrics, 64(1-2), 307-333.

D. HAINAUT (2010) Switching Lévy processes : a toolbox for financial applica-
tions. Working paper.

27



[20]

[21]

22]

23]

[24]

[25]

26]

27]

28]

29]

F. HUBALEK, C. SGARRA (2009) Esscher transforms and the minimal entropy

martingale measure for exponential Lévy models. Quantitative finance, 6.2 125-
145.

K.R. JAKSON, S. JAIMUNGAL, V. SURKOV ( 2007) Option pricing with regime
switching Lévy processes using Fourier space time stepping. Proceedings of the
Fourth TASTED International Conference on Financial Engineering and Appli-
cations. Berkeley, California.

J. JAcOD (1980) Grossissement initiale, hypothése (H’) et théoréme de Gir-
sanov.In: Jeulin, T. and Yor, M. (eds) Grossissements de filtrations: exemples
et applications, Lecture Notes in Mathematics, 118, Springer, Berlin.

J. Jacop, A.N. SHIRYAEV (2003) Limit theorems for stochastic pro-
cesses. Springer, Berlin.

M. JEANBLANC, S. KLOPPEL, Y. MIYAHARA (2007) Minimal f?-martingale

measures for erponential Lévy processes. Ann. Appl. Probab. Vol. 17, 5/6
1615-1638.

E.I. KOLOMIETZ (1984) Relations between triplets of local characteristics of
semimartingales. Russian Math. Surveys 39, no.4, 123 -124.

M. KonNikov, D. MADAN (2002) Option pricing using variance Gamma
Markov Chain. Review of derivatives rechearch, 5, 81-115.

Y. MIYAHARA (1999) Minimal Entropy Martingale Measures of Jump Type

Price Processes in Incomplete Assets Markets. Asian-Pacific Financial Markets,
6, 2, 97-113.

M.K.P. So, K. Lam, W.K. L1 (1994) A stochastic volatility model with
Markov switching. Journal of Business and Economic Statistics, 16(2), 244-253.

L. VOSTRIKOVA (2016) FEzxpected utility mazximisation for exponential Lévy
models with option and information processes. Theory of probability and their
applications, 61, no. 1, 26-52.

28



