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Abstract

Many articles have been devoted to the problem of estimating recursively the eigenvectors corresponding
to eigenvalues in decreasing order of the expectation of a random matrix A using an i.i.d. sample of it.
The present study makes the following contributions: the convergence of a normed process having the same
formal definition as that of Oja is proved under more general assumptions, the random matrices used at
each step are not supposed i.i.d.; at each step, a data mini-batch or all the data up to the current step
can be taken into account without storing them; three types of processes are studied and applied to online
principal component analysis of a data stream, assuming that data are realizations of a random vector Z
whose expectation is unknown and must be estimated online, as well as possibly the metric used when it
depends on unknown characteristics of Z.

Keywords: Big Data, Data Stream, Online Estimation, Principal Component Analysis, Stochastic Ap-
proximation.

1 Introduction

Data stream factorial analysis is defined as the factorial analysis of data that arrive continuously such as
process control data, web data, telecommunication data, medical data, financial data,.... Recursive stochastic
algorithms can be used for observations arriving sequentially to estimate principal components of a principal
component analysis (PCA), the estimations of which are updated by each new arriving observation vector.
When using such processes, it is not necessary to store the data and, due to the relative simplicity of the
computation involved, much more data than with other methods can be taken into account during the same
duration of time.

Define first some notations. Let @ be a positive definite symmetric p X p matrix called metric in R?, {.,.)
and ||.|| respectively the inner product and the norm induced by @: (z,y) = 2’Qy, ' denoting the transpose
of the column vector z. Remind that a p x p matrix A is Q-symmetric if (QA)" = QA; then A has p real
eigenvalues and there exists a @Q-orthonormal (i.e. orthonormal with respect to the metric @) basis of RP
composed of eigenvectors of A. The norm of a matrix A is the spectral norm denoted ||A]| .

Consider the following model: suppose that p quantitative variables are observed on individuals (p may
be very large); data vectors in RP are thus obtained; considering that z, is observed at time n (or more
generally that several observations, a data mini-batch, are made at time n), there is a sequence of data vectors
21y ey Zn,y -..; assume that, for n > 1, z, is a realization of a random variable Z,, defined on a probability
space (€, A, P) and that (Z4,..., Z,,...) is an i.i.d sample of a random vector Z. Let 6 be the expectation of
Z and C its covariance matrix which are unknown in the case of a data stream. Define a metric M in RP.
Recall briefly the principal component analysis (PCA) algorithm of the random vector Z. At step [ of PCA
is determined a linear combination ¢;Z of the components of Z, called I*" principal component, uncorrelated
with the previous ones and of maximum variance, under the normalization constraint ¢jM ~'¢; = 1; ¢/ is a
M ~'-unit eigenvector, i.e. of norm 1 with respect to M1, of MC corresponding to its [*" largest eigenvalue
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Ai. Forl =1,...,r, a M-unit direction vector u; of the I** principal axis is defined as M ~'¢;; the vectors u; are
M-orthonormal and are eigenvectors of the matrix C'M corresponding respectively to the same eigenvalues
A A particular case is normed PCA, where M is the diagonal matrix of the inverses of variances of the
p components of Z. This is equivalent to use standardized data, i.e. observations of M (Z — ), and the
identity metric. But the expectation 6 and the variances of the components of Z are usually unknown and
only raw data are observed. One application of this article is to recursively estimate the ¢; or the w; using
stochastic approximation processes.

Many articles have been devoted to this problem when supposing M and 6 known or more generally to
the problem of estimating eigenvectors and eigenvalues in decreasing order of the expectation B of a random
matrix, using an i.i.d. sample of it. See for example the well-known algorithms of Benzécri [1], Krasulina [2],
Karhunen and Oja [3], Oja and Karhunen [4], Brandiére [5],[6], Brandiére and Duflo [7]. Recall the normed
process studied in [3][4]:

(I + aan) Xn
(I + anBn) Xyl ’

Xn+1 -

o0 o0

with E[B,|T,] = B, a, >0, Y a, =00, Y. a2 < 0o, T}, the o-field generated by the events before time n.
n=1 n=1

This work makes the following contributions. The convergence of this process is proved under more

general assumptions: the random matrices B,, are not supposed i.i.d.; this is applied to online estimation of
principal components of PCA of a random vector Z, when its expectation is unknown, as well as possibly
the metric used, and must be estimated online, and a data mini-batch or all the data up to the current step
can be taken into account at each step without storing them, thus using all the information contained in the
previous data.

More precisely, let Q be a metric in R and B a @-symmetric matrix. In the next section, the almost
sure (a.s.) convergence of normed processes to eigenvectors of B is studied. Three cases are considered:

- E[B,|T,,] converges a.s. to B;

- B, = w1, BL 4+ we, B2 with wy,, + wa, = 1, B2 is T,-measurable, F[B}|T,,] and B2 converge a.s. to B;

- B,, converges a.s. to B.

For each case, firstly a theorem of a.s. convergence of (X,,) to a unit eigenvector of B corresponding to
its largest eigenvalue is proved with, in the first case, a method following that of [8] (in the case of PCA)
under more general assumptions, a corollary in the second case and another method of proof in the third
case; secondly, using arguments of exterior algebra, the convergence of processes (Xfl), 1 =1,..,7 of the same
type, obtained by Gram-Schmidt orthonormalization, to unit eigenvectors corresponding to eigenvalues of B
in decreasing order is proved as a corollary.

Then, in the following section, the whole results are applied to online estimation of principal components
of a PCA. In order to reduce computing time, particularly in the case of a data stream, and to avoid possibly
numerical explosions, we propose:

a) to estimate the eigenvectors a; of the symmetric p X p matrix B = M sCM %; then the orthonormalization
is computed with respect to I; estimates of ¢; and u; can be obtained from that of a;;

b) to replace Z, by Z, — m, m being an estimation of F[Z] computed in a preliminary phase with a small
number of observations e.g. 1000;

c) to use a data mini-batch at step n or all the observations up to step n without storing them.

Three cases are studied: at each step are taken into account

- a data mini-batch,

- or all the observations up to this step with different weights for observations in the past, which are not
stored, and observations at this step,

- or all the observations up to this step with uniform weights.

The paper ends with a brief conclusion.

2 Convergence of a normed process

Let (By,) be a sequence of random p X p matrices, B a p X p matrix, (a,) a sequence of positive numbers,
X1 a random variable of norm 1 in RP independent from the sequence of random matrices (B,,) and (X,,) a
stochastic process in RP recursively defined at step n by:



(I +a,Bn) X,
| (I +anBn) Xal| .

Xn+1 =

2.1 First case
2.1.1 Theorem of almost sure convergence

Suppose B,, not T,-measurable (B,, is T,+1-measurable). Make the following assumptions:

(Hla) B is @-symmetric.

(H1b) B has distinct eigenvalues: A1 > Ay > ... > \,. Denote V; a unit eigenvector of B corresponding
to Aj,t=1,..,p.

(H2a) There exists a positive number b such that sup,||Bn|| <b a.s.

(H2b)E{Zan|E[Bn|T,L]—B| <00 as.
n=1

(H3) a, >0, Y an, =00, Y. a2 < co.
n=1 n=1

Denote U, = (X, BX,), Wy = (X, BnX,.) .

Theorem 1 Suppose assumptions Hia,b,H2a,b,H3 hold. Then :
1) Almost surely, U, converges to one of the eigenvalues of B; on E; = {U,, — \;}, X,, converges to
Vi oor =V;, > an(Nj —U,) and 3 an (Aj — W,,) converge.
n=1 n=1

2) If moreover on fJQEj, liminf E | (B, X,, V;)? |Tn} >0 a.s., then P(E;) = 1.
j=

Let us state two lemmas of Duflo [8] used in the proof.

Lemma 2 Let (M,) be a square-integrable martingale adapted to the filtration (T5,) and ((M),,) its increasing
process defined by:

<M>1 = -]\/-[12
= E[(MnJrl - Mn)2|Tn] = E[M72L+1|Tn} - M.

(M), 1y — (M), n

Let (M) =1lim (M), . If E[(M)_] < oo, then (M,) converges a.s. and in mean square to a finite random
variable.

Lemma 3 Let (v,,) be a sequence of positive numbers such that Y. ~2 < co. Let (Z,) and (6,) be two
n=1

sequences of random variables adapted to a filtration (T,,), and (€,) a noise adapted to (T},).

Suppose on the set I':

1) For every integer n, Zni1 = Zn(14 0n) + Vp€nt1;

2) (Z,) is bounded;

o0
3) > 5?1 < 00, 0, > 0 for n sufficiently large and there exists a sequence of positive numbers (by,) such that
n=1

b, =00 and Y (b, — 0,) converges;
n=1 n=1

4)_f07’ an a > 2, E[|en+1|“|Tn] = 0(1) and liminf E[e2 ., |T},] > 0 a.s.
Then, P(T') = 0.

Proof of Theorem 1
Part 1: expression of X,
Under H2a, as || (I + anBy) Xn|2 = 1 + 20, W, + a2 | Bn X, |

1
[ (I + anBn) Xal| B

1
1—-a,W, — Qai HBan||2 +oan, onp= O(QQ)'



1
Xpp1 = (I+4anBy) <1 —a,W,, — 5ai | BnXnll® + an> X,

= (I +an(B,—W,I)+ anf,) Xy, with

1 1
Bu = —aaWauB, — jan |1Bp Xnl> T — 50 Bn | BoXol” + aptand + By
Xn+1 = (I + an (B - UnI) + anrn) Xnv with
r, = (Bn;iB)f<)Gu(Bn‘iB)Xﬁ>I+’6m

Part 2: convergence of U,

EUp1|Tw] = E[{(I+an(B—=Uyd) 4 anl'y) Xn, B(I+ ay (B —U,d) 4+ anl'y) X0) [T
= U, +2a, ((B-U,I)X,,BX,)+2a,E[(I',X,,BX,) |T.] +d’n,
with 7, = ((B—-U,I)X,,B(B-U,I)X,)+2E[l',X,,B(B-U,I)X,) |T,]

VY E[(T0Xn, BTo X)) |Th] as.
As || X, || = 1, we have with p,, = 2a,, (E [T, |T,] Xn, BX,) + a2n,,:

(B=U,I)X,,BX,) = |BX,|*—=U?=|BX,-U,X,|*>>0.
ElUp1|Tn] > Uy +p, as.

n—1

U, — Z W; a.s.

i=1

Y

BlUnis = i |13
i=1

n—1
Prove the convergence of the submartingale U,,— > .. By H2a:
i=1

3 2 1 3
1Ball = SanlIBall +§ai IBall” + a5, lan| + law| | Bnll = O (an) ;

ITal < 201Ba = Bll+ 18,1 = 0 (1);
BIP + 4B |ETw Tl + 1B E [T P 1T.] = 0 (1).

A

IN

17,

|E Lo |Tolll < 2[|E [Bn [To] — Bl + | E (B, |T2]|l as.
By H2b and H3:

n—1 oo
B> m +2|BIE Y alEB; T +E
i=1

i=1

S wllE(B: |T}] - Bl

i=1

> al IImI]

i=1

1 < 4|BlE

< o0.

n—1 n—1
By Doob lemma the submartingale U,,— > u, converges a.s. to an integrable random variable. As > p,
i=1 i=1
converges, U,, converges a.s.

Part 3: convergence of X/= (X,,V;)
Let T3 = (I, X, Vj).

X) = (I +an(B = Upd) + anl'y) X, V;) = X3 (1 + an(N; — Uyp)) + an L.

(X2 (14 2an(Nj — Un)) + a2 (X; — Un)?(X3)?
+2a, (1 + an(Nj — Up)) XIT9 + a2 (TY)?
= (XD)2 (14 2an(Nj — Un)) + a2 (N — Un) X5 +T19)° + 20, XIT7,

. n . n . N 2 n ..
= X2 2Y aly -+ S e ((Aj — U)X} + rg) +23 axiT]
=1 =1 =1

(Xn40)?

— (X{)2+(1>+(2)+(3).



Study the convergence of the terms (2), (3), (1) of this decomposition.
n . N 2

(i) (2) = Y a? ((/\j - U)X + I‘{) converges a.s. by H2a and H3.
=1

(ii) Consider now (3).

Zalxljrf = ZalXJ (17 — E[TJ|TY]) + ZalXJE [T7|T3).
= =1

> alX/ET] < Zazl (1] X0, Vi)
=1

< ZazIIE[Fz\Tz Z CIEBIT] = Bl + IEBITi]]) -

+oo . .
By H2a,b and H3, as ||3,,|| = O(an), Y. e/ X]E[I|T;] is convergent.

) n—1 . . B
Let Mj = Y @ X} (T} — E[T}|T]); (M}) is a square-integrable martingale adapted to the filtration (T},);
=1
denote ((M7),,) its increasing process. By H2a:
<Mj>n+1 - <MJ>n = E[(Mi+1 - Mj)2|Tn] = aiE[(X%)Q(Fi - E[FanDQlTn]

a;, (B[(T3)°|T) = (BIT|T0))*|Tl) < 6 B[(ITal* 1T:)

is the general term of a convergent and uniformly bounded series; thus by Lemma 2 (M) converges a.s. to
a finite random variable.
Therefore (3) converges a.s.

IN

(iii) Consider finally (1). Let w fixed belonging to the convergence set of U,,. The writing of w will be
omitted in the following. Let L be the limit of U,,. If L # A;, the sign of A; — U, is constant from a certain
rank N depending on w. Thus there exists A > 0 such that:

n

=2|> a(y - U)(X])

=N

23 alh - Ui(X])?

=N

n
= (x7,,)? (/\ .y Xj—i—F]) ~23" aXjT]
I=N =N

< A

Then for L # \j, 2 3 ai|\; — Up|(X])? converges.
I=N

It follows from the convergence of (1), (2) and (3) that for L # \;, (X7)? converges a.s.

Part 4: convergence of X,,

If the limit of U, is different from A;, then by convergence of (1) in step 3, > al(le)2 < oo and X}
i=1
converges a.s. to 0. As [|X,,|| = 1, this can not be true for every j.
Thus the limit of U, is one of the eigenvalues of B, ;.

For j # i, X} converges to 0, therefore (X! )? converges to 1 and since
XnJrl —Xn=ay ((B - Unl) + Fn) X,

Xn+1 — X, converges to 0 and the limit of X,, is V; or —V; on E; = {U,, — \;} (first assertion of Theorem

).



Consider now the decomposition:
danNi=Wa) = D an(Ni = Un) + Y an (Xn, (Bn — E[Bn|Ta]) X)
n=1 n=1 n=1

00
+ Z (£79) <Xna (E[BTL|TIL] - B)Xn> .
n=1

(i) Using the decomposition of (X?)? in step 3, the convergence of (X! )? and of (2) and (3) yields that

o0
an(A; — U,) converges a.s. (second assertion of Theorem 1).
n=1
(ii) By H2b: > an (Xy, (E[Bn|Tn] — B)X,,) converges a.s.
n=1

n—1
(iii) Let M, = > a;(X;, (Bi — E[B/|T;]))X;) . (M,) is a square-integrable martingale adapted to the
=1
filtration (7T},). Its increasing process ((M),) converges; indeed:
()

M> = E[(Mn-H - Mn)2|Tn]

= a2E[(Xy, (B — E[Ba|Ta)) X))
aiE[HBn - E[Bn|Tn]H2|Tn]

n+1l < n

IN

is the general term of a convergent and uniformly bounded series. Thus (M,,) converges a.s. to a finite
random variable.

Therefore by (i), (ii) and (iii), > a,(A\; — W,,) converges (third assertion of Theorem 1).
1

e
Part 5: convergence of X, to +V;
Suppose i > 1.

Xoin = (L+an(M —Un)) Xp + an (0n X, Vi)
= (L4 an (=) + N = Un)) X, + an (Tn X0, Vi)

In the following, apply Lemma 3 to the sequence (X}) on E; = {X, — V;},i > 1, with v,, = a,,

n
511 = an()\l - Un) 2 07 bn = Qn (>\1 - )\1) > Oa €En+1 = <Fana V1> .
(i) X} is bounded.
(ii) > a2 <oo, > a2(M —Uy,)? <ooby H3, > a,(A\ — ;) =00, > an(A; —U,,) converges a.s.
n=1 n=1 n=1 n=1
(iii) Consider the decomposition:

<Fan7 Vl> = <(Bn - B) Xn, V1> - <(Bn - B)XnaXn> <Xnv Vl> + <6ana Vl>

By H2a, there exists a positive number ¢ such that a.s.:

E[(Tn X0, Vi) = (Bu X, V1)* [T,

< 20G)*E[(M + (Bu = B)Xa, X0))? T + 2B(((8, X0, V1))* |T5i]
< (X)) + 218, [T] — 0
since ||3,]| = O(a,,) and X} 0 0. Likewise:

El((Tn Xy, Vi) = (BnXn, V1)) (BnXn, V1) 1] — 0.

n—-+o0o

Then, if liminf E[ (B, X, V1) 2 |T,] > 0, liminf E[(T,,X,,,V4) 2 |T,] > 0.
By Lemma 3, under (i), (ii), (iii), P (E;) =0, 4 > 1.
Then, P (E;) = 1 (fourth assertion of Theorem 1). B



2.1.2 Simultaneous estimation of several eigenvectors

In this part, for s = 1,...,7, X’ does not represent the i** component of X,,, but a random variable in R?
recursively defined by:

Vi, = (I+a,By)X},
. ) . . ) . TiJrl
Trlz—&-l = Y7:+1 _Z<Yr§+17X%+1>X%+17 X:H-l = ||TZ ||
j<i n+1

(X}i1,...s X5 1) is obtained by Gram-Schmidt orthonormalization of (Y, ..., Y7 ;).

Corollary 4 Suppose assumptions Hla,b, H2a,b and H3 hold.
1) Fori=1,...,r, almost surely X' converges to one of the eigenvectors of B.

2) If moreover, fori=1,...,r, almost surely on @H {Xi — £V;}, liminf E[(B, X!, V;))? |T,,] > 0,
j=1

then X} converges a.s. to V; or =Vi, > an [Ni— (BXE, X0)| and > an(Ai— (By X}, X)) converge a.s.
n=1 n=1
Before the proof, some concepts of exterior algebra are reminded.
Let (e, ...,ep) be a basis of RP. For r < p, let "ARP be the exterior power of order r of R”, generated by
the C} exterior products e;; Aej, Ao Ae;, i1 <ig < ..<i, € {1,...,p}.
a) Let @ be a metric in RP. Define the inner product (.,.) in "ARP induced by the metric @ by:

<e'i1 ARA €i,.y €ky A A ekr> = Z (_I)S(U) <ei1760(k1)>"'<eir7 e(r(k:r,-)>a
oeG,

G, being the set of permutations o of {k1, ...,k } and s(o) the number of inversions of o.

T
Let ||.|| be the associated norm. Note that if x4, ..., 2, are Q-orthogonal, ||z1 A ... A z.|| = ] ||=:|], and
i=1
if (e1,...,€p) is a Q-orthonormal basis of R?, then the set of the C) exterior products e;, A ... Ae;, is an
orthonormal basis of "ARP.

b) Let U be an endomorphism in RP. Define for j = 1,...,r the endomorphism "/U in "ARP such that:

Uz A ATy) = Z Ty A AUz Ao AU A A 2
1<i1<i2<...<i;<r

For jzl,rlU(xl Ao ANxy) = le AN AUz Ao Ny,
i=1
Let "AU be the endomorphism ""U such that:

"AU(xi AN ooo ANyp) =Uxy AUz Ao AU,

¢) The following properties hold:

(i) Suppose that the eigenvalues A1 > ... > A\, of U are distinct and denote for j = 1,...,r, V; an eigen-
vector corresponding to A;. Then the C’; vectors Vi, A AV, 1 <1 < ... <1, <p, are eigenvectors of iy
respectively corresponding to the eigenvalues A;, + ...+ A, .

(i) A +U) = [+ 3 77U

j=1
(iii) There exists ¢(r) > 0 such that, for every endomorphism U in R? and for 1 < j <, ||"7U|| < c(r)||U]}.

Proof
Part 1
For i =1, ...,7, it follows from the orthogonality of T}, ..., T} that:

i
1751 Ao ATl = [Tl
I=1



Let 'Xp1 = Xpq Ao AXyq and Dy, ="' B, + 3 af, ' ¥ B,,. Then:
j=2

; Tﬁﬂ A NTE Y,}H A NYE NI+ a,B,) "X,

+1 = - >
" || n+1 AN +1|| | n+1 N NY, +1H HZA(I + a'an) ZXnH

I+an "Bot > al 9B, iX, o
( j=2 (I+a, Di) X,

, i , [T +an DY) X,
I+an11Bn+Za¥LlﬂBn X,

Jj=2

As ||YB, || < c(i)||B,,||, assumptions H2a and H3 yield that there exists by > 0 such that for all n,
1D,[] < b1 |
Moreover, as U —*! U is a linear application, assumptions H2a,b and H3 yield that:

E Y a,|EDL|T,] - "Bl Y an|E|"B, "B+ al "B, T,
Ln=1 = j=2
< FE Z I"E[B, — B Tl +>_ al, "E[||V Bul| ]
n=1 j=2
< > an [[E[Ba|To] = Bl + Y al " El|Ball! |T] | | < 0.

Jj=2

Applying first assertion of Theorem 1 ylelds that almost surely,
‘X converges to a unit eigenvector £V, A ... AV}, of ilpB,

Z an(Nj, + -+ X, — ("B X, X,,)) and

n=1
> an(Nj, + o+ Ay — (DE X0 X)) converge.
n=1
Moreover by H2a and H3, Y a,(\j, + ...+ Aj, — (' B, ‘X,,," X,,)) converges a.s.
n=1
Part 2
Suppose that for k =1,...,i— 1, X* -7 +V},, which is verified for £ = 1, and prove that X} —+> +V;.

1) Prove that there exists j > i — 1 such that X} —+> +V;. Suppose that there exists k € {1,...,4 — 1}
such that, for l = 1,...,4, Vj, # £V}, ; then, for { = 1,...,4, (X%, V} ) W 0 and (XA AXP, Vi ALAV;) — 0,

n?
——+00
a contradiction. Therefore for all k € {1,...,7 — 1}, there exists j; such that V;, = £V}, and there exists j
such that

Xp=XIAN L AXE " +VIAL AV AV

n—-+oo
The only term which has a non-zero limit in the development of
<X,1L/\...AX;'L,iV1 /\.../\Vi_l/\Vj>,

the limit of which is 1 as n — o0, is (X}, Vi)(X2, Va)...(X 71, Vic1) (X1, V;) obtained for o = Id. As for

b=1.i—1, (X5 Vi) — &1, then <X§L,Vj> — 41. Therefore Xi — +V;.

n——+oo n—-+oo

2) Prove now that V; = £V;. Suppose X}, S 1V, # £V



Let G; be the set of permutations o of {1, ...,i} witho = (¢ (1), ..., 0 (i) ) and s(o) the number of inversions

of 0.
[
("Bu(Xp A AXD) VAN LAV = Y (XEA L ABXEA L AXL VI LAY
=1
- Z Z X7L’V(1)> (B, X7L7V(l)> <Xnvv(z)>~
=1 0€G;

E[("Ba(X0 A A XL,V A AV T

2
(Z 3 (-1 OXE, Voa))-n (B, X7L,V<>>-~-<X%,Vo<i)>> T

I=10€eG;
Asfor k= 1,..,i—1, XF - +Vj, the only term with a non-zero limit in the development of this
n—-—+oo

conditional expectation is

(X V)X Vis ) E [(Ba X2, Vi)? |Th]
and

lim inf & [(“BR(X}L A NXE)LVEA AT \Tn} = liminf E [(B, X1, V;)? |T,] > 0

Moreover, by H2a and lim L ap = 0:

2
lim inf £ <Zaﬂ LiB,( X}l/\.../\Xfl),Vl/\.../\Vi> T,

. 2
= liminf B | | Y a7 (VBu(X)A L AXL), VA LAV | |Ta| =0.

=2

Then liminf E [(DL (X2 A AXD), Vi AL AVAT,] >0
Applying second assertion of Theorem 1 yields almost surely:

XA AXE — £Vi AL AV, therefore X7 e +V;,

n—-+o0o

oo

00 7
Z a, (Z/\l (B aninn>> and Z an, (Z/\l — (D; iXman)) converge,
n=1 =1 n=1 =1

then by H2a and H3, " a, <Z>\l - ("B, ‘X, Xn>> converges.
n=1 =1
Part 3

("B'X,, X,) = Z > (DX X7 W) L(BX, X)L (X, X7,
k=10c€G;
As X}, ..., X! are orthonormal, this sum is equal to
D X0 X)) ABXL X)X, X0) = D (BXR, X)),
k=1 k=1

i .
Then, as Y.\ is the largest eigenvalue of ! B:

=1
i—1
i — (BX), X%) (Z)‘l (1B iX,, Xn>> _ (Z)‘l _(tigitiy, il Xn>)
=1
i—1
Z)\l ’Ll ZX,,“i Xn> _ Z)\l _ <i_171B ’i—an7i—1 Xn) .
=1




< o0, then § G |)\,» — <BX};,X;"L>’ < oo0.

n=1

Almost surely, > a, |> N — <ilBiXman>
=1

n=1

Likewise, as almost surely > a, (Z)\l — ("B, X,k Xn>> converges, then
n=1 =1
o0

an (N — (Bp X%, X%)) converges. B

n=1 "
2.2 Second case

Consider the same processes (X,,) and (X) as in the first case.
Suppose now B,, = w1, B + wa, B2 with w1, > 0,wa, = 0,w1, + wa, = 1, B2 T),,-measurable.

2.2.1 Theorem of almost sure convergence

Make the following assumptions:
(H2a’) There exists a positive number b; such that sup,, HB}LH < b as.

(H2b') E | Y a, ||E [BLT,] - BH] < 0.
n=1
(H2¢’) B2 T,-measurable, B2 - B, E {Z a,||B2 — B||} < 00 a.s.
n—Too n=1

Theorem 5 Suppose assumptions Hla,b, H2a’,b’,c’ and HS hold. Then :
1) Almost surely, U, converges to one of the eigenvalues of B; on E; = {U,, — \;}, X,, converges to

Vi oor =V;, > an(Nj —U,) and 3 an (Aj — W,,) converge.

n=1 n=1

2) If moreover lim w1, =wi >0 and on @2Ej, lim inf E [<B,11XmV1>2 \Tn} >0 a.s., then P (Fy) =1.

J

Proof
Apply Theorem 1.
Under assumptions H2a’,b’,c’, assumptions H2a,b are verified. Thus first part of Theorem 1 holds.
Prove that liminf E[ (B, X,,V1)? |T,] > 0 a.s. when lim X,, = £V; # £V].
E [{(winB) 4+ w2, B2) X, Vi) 2| T
= (Won)?(B2X,, V)2 4 201,000 (B2X,,, V) E [(BL X0, Vi) T3]
+(win)E [(B}LX,“ V) \Tn} as.

When lim X, =+V; #+Vi, lim (B2X,,V,)=+(BV;,V,)=+); (V;,Vi) = 0. Then:
n—aoo

n——:o0

liminf &/ [<(w1nB71L + wgnB?l) X,, V1> 2 |T,,J = (w1)2 liminfF [<B,1LX,,“ V1>2 |Tn] >0 a.s. B

2.2.2 Simultaneous estimation of several eigenvectors

Corollary 6 Suppose assumptions Hla,b, H2a’,b’ ¢’ and HS hold. Then:
1) Fori=1,...,r, almost surely X! converges to one of the eigenvectors of B.

2) If moreover lim wy, =wi >0 and fori=1,..,r, a.s. on 6+1 {X; — :I:Vj}, liminf [<B,11X;,Vi> 2\Tn] >0,
n—s00 j=i

then almost surely X! converges to £V;, > an [Ni— (BXE, X0)| and > an(Ai— (Bp X}, X)) converge.
n=1 n=1

It is a direct application of Corollary 4 assumptions of which are verified as proved above.

10



2.3 Third case

It is assumed in the second case that w; > 0. Now assume wi,, = w; = 0.

2.3.1 Theorem of almost sure convergence
Recursively define the process (X,,) such that
Xn-&-l = (I+ aan)jZn

and the process (ﬁn) such that

('j L = Xn«kl _ I+ G,an r7
n+ - n =
H(1+>\101) 1+>\1an
i=1
= ﬁn+$(37zﬁn _Alﬁn%/\(jl :)?L
1+ )\16Ln
Note that = ‘é”” = X,,. Make the following assumptions:

(Hlc) ||B|| = >\1
H2c) Z an||B,, — B|| < o0 a.s.

n=1

(
(H2d) For all n, I + a,, B, is invertible (especially verified if B,, is non-negative).
(H5) X; is an absolutely continuous random variable, independent from By, ..., B, ....

Theorem 7 Suppose assumptions Hla,b,c, H2c,d, H3 and Hb5 hold. Almost surely, U converges to a ran-
dom vector colinear to V1, therefore X,, converges to V1, Z an (M — (BX,, X)) and E an, | A1 — (B X, X))
n=1

n=1
converge.
Remark 8 1) Note that assumption H2a is not required.
2) Since w € Q is fized throughout the following proof, a, can be a positive random variable. B

Lemma 9 Suppose for all n, (z,), (), (8,) and (v,,) are four sequences of non-negative numbers such
that:

o0 o0
foralln>1, zpp1 <z (L+ap) + 8, — Yns Zan < 0, Zﬂn < 0.
n=1 n=1
o0

Then the sequence (zy) converges and Y 7y, < 0.
n=1

This is a deterministic form of the Robbins-Siegmund lemma [10], whose proof is based on the convergence
of the decreasing sequence (uy,):

Zn

M |

Up = k:

7;]_[11(1 =t +al).

=1

Proof
Let w be fixed, belonging to C; = { > an||Bn — B|| < oo}. The writing of w will be omitted in the
n=1
following.
Part 1
2
ool = 10+ 2 (DB = D) + (B~ AV
0l = MO + 255 (T (B = WD) + 5o B = WD
= ||U, ||2+27 <(7 (B, — B)U, >+L|\(B — M)y |2
= 1+>\ n» n n (1 +>\1an)2 n 1 n
a ~
—27"<Un, MI— B, ).
1+A1an ( ! ) >

11



Al — B is a non-negative @-symmetric matrix, with eigenvalues 0, \; — Aa,..., A1 — Ap.

IBn — MI|? < 2||B, — BIP +2||\ T - BJ”.
Tasal® < 1Tl (1+20l| B — Bl +262[| By — B> + 202 (01 — 3)?)
a ~ ~
9% 0. (\MI-B Un>.
1+)\1an< ( ! )

By assumptions H2c and H3, applying Lemma 9 yields:

U2 — U, 3 an<Un,()\I B)U, > Zanl\UH <U||"(’]B”Z>

n—-+4oo

) < o0

n=1
As Y a, = oo, either [|U,|| 2 00 3 an(h— (Xn, BX,,)) < oc.
n=1 =10 n=1

Part 2: convergence of 17,{ = <(7n, V]>

_ I+ anB, ~ _
j o : nOn _ : .
Unipr = <V], Tna, Un> <VJ,1 Tha, (I +a,B+a, (B, B))Un>
1+)\jan 7 [e7% ~
= j Bn*B nj-
1+/\1anU"+1+)\1an<Vj’( )U>

a) For j > 1, as a, — 0, there exists a,, = O (a,,) > 0 such that for n sufficiently large:

n—-+o0o
14+ Njan |~
UJ ‘ Jn J
ntl - 1 + )\1an
< (1-ap) ~’;’]L

ﬁn converges, applying Lemma 9 yields:

Z

By H2c and as ‘

e ~
‘Zanzoo, Ul =0.
n=1

[eS)
— U7, g oy U}
n—-+o0o

n=1

b) For j = 1, by H2c and ||U, || — VT

oo
(771&1 = U1 JW@G,(B B)U>_ﬁf+§;1_’fl;\l%<vl’(3i3)ﬁi>
U ﬁHgHa;laZ(Vl,(Bi—B)ﬁi)
Now:
= V/QSU, = U" with S = H‘iii’jz

As U is absolutely continuous, if V{/QS # 0, P (Vl’QSﬁl =0 | S) = 0, then P ((71 = O) = 0. Prove
that V/QS # 0.

Part 3

12



Denote Cy = {(71 =+ 0}. Suppose w € C7 N Cs.

Under H2c, there exists N such that > a,||B, — B|| <1In2.

n=N

N-1

I+ a;B I+ a;B;
/ _ 1Dq i D4
ViQs = 1QH1+)\1Q1£[1+/\1%.

I—i—al f I+ a;B
VlQ H + Ma; Hl—i—/\lal
Under H2d, V/QS # 0 < V/QR # 0.
Denote C,, = %’”‘@f” and (W,,n > N) the process (U'mn = N) with Wy = V7.
As |B|| = A1, | I+ ai—1B|| = 1+ Aa;—1. By Part 2, as Wy = Vi:

Wi = (i, Wyi) _1+ZW<V1’(B B)W, 1_20 [Will-
i+ ai—1Bi—1]|
W; < —||W
il < Mok g Bl
I+ a;—1B|| + ai—1 ||Bi—1 — B]|
< Wil =14+ C;_q) ||W;—
< It o IWicall = (4 Coa) W)
i1
< 1+C),i=N+1,..,n

I
Z

As > C, <In2, it follows that:

n=N
n i—1 n
W = 1=-Y GJ[a+a)= (H (1+C) —1)
i=N [=N =N
' > c >c
= 2-J[a+c)z2-e z2-e >0
=N

By Part 2, W! converges to (V1, RV1) = V/QRV; which is therefore strictly positive, thus V/QR # 0.
Part 4: conclusion

It follows that (17 ) converges to U, # 0, therefore |g— = X, converges to +V7, and by the conclusion

n

of Part 1, Z an (M1 — (X, BX,,)) < cc.
Moreover by H2c:

Zan |)\1 - <XnaBan>| = Zan |>\1 na( n B) Xn> - <XnaBXn>‘

n=1 n=1

> an (M = (X0, BX,)) + > anl|[By— Bl <oo. B

n=1

IA

Remark 10 Part 1 can be replaced by:

10all < Hgcet |0 < (1 2tz ) [ 2.

Under H2c, l~/n

converges a.s. Assumption Z a2 < oo is not used and can be replaced by a, e 0,
n=1 n—

but in this case, the convergence of Z an (M — (BX,, X)) and E an | A1 — (BnXn, X3)| is not proved. B

n=1 n=1

13



2.3.2 Simultaneous estimation of several eigenvectors

For ¢ =1, ..., r, recursively define the process ()?;) by:

)N/vf+1 = (I + aan))N(f”

vi i Vi X, 1 X, 1

Xy = Yo — Z <Yn+17 N?Jr > et
A M )

Note that = X/. i

=0 n||
Let DY =B, + 3 al~' B,

Make the followingiassumptions:

(Hic¢’) Fori=1,...,r, “BH = A+ + A

(H2d’) For i =1, ...,7, I 4+ a, D}, is invertible.

(H5") For i = 1,...,r, X} is an absolutely continuous random variable, independent from By, ..., B, ....

Corollary 11 Suppose assumptions Hla,b,c’, H2c,d’, H3 and H5" hold. Then, fori=1,...,r, almost surely
X}, converges to £Vi, > an |Ni— (X}, BX2)| and Y an [Ni— (X}, By X])| converge.
n=1 n=1

Proof

w is fixed throughout the proof, belonging to the intersection of the a.s. convergence sets. Its writing
will be omitted.
Let i € {1,...,r}.

K1 = Xpg A AX g =Y 0 A AY =" AT+ anBn)' X,
[
_ il j—1ij iy AN
= |(I+an"Bu+an) al 'YB, | ‘X, =(I+a, D) "X
j=2
i3 ~1 ~i i iy .
Note that xnt! X1 A A AlbanBu) X _ix, .

[Zoall = TRl
By H2c and H3:

||X +1|| iA(I-‘,—aan)anH

S D= B = S| (B - B+ > e B,
n=1 ne1 =

IN

Zan 1B B+ S el B ) < oc.

j=2n=1

As B is @Q-symmetric with distinct eigenvalues, V43 A .. A V; is an eigenvector corresponding to its largest
eigenvalue \; + ... + ;. Applying Theorem 7 yields that:

X, converges to = Vi A.. AV,
> an <Z>\l— ("B X,, an>> and Zan
n=1 =1 n=1

ZAZ— (D! "X, 1 X,)

converge,

> N=("B, "X, 'X,)
=1

which implies that Z an

n=1

converges.

Suppose that, for k = 1,...,i — 1, X¥ converges to +V},, which is verified for £ = 1, and prove that it is
true for k = 1.

14



In the development of <X1 A A XL EVEA LA Vi>, which converges to 41, the only term which has a
non-zero limit is (X}, V1) ... (X} 1,V_ ) (X1, Vi); since for k = 1,...,i — 1, <X Vi) converges to +1, it
follows that (X7, Vi) converges to £1.

Applying the same proof as that of Corollary 4, Part 3, yields:

S an [ Ni— <X,?L,BX;>

n=1

n?

< 00. By H2c:

+Y an||B, - Bl <oo. ®

n=1

- <X;, BnX;>

o0 o0
Z A |A < Z an
n=1 n=1

A— <X;,BX;>

3 Application to sequential principal component analysis of a data
stream

Let Z11, ooy Zimys Z215 ooy Z2mys ooy Znly ooy Lnm, s --- e an 1.i.d sample of a random vector Z in RP whose com-
ponents are denoted Z*, ..., ZP. Let M be the metric used for PCA and B = M= E [(Z — E|Z))(Z — E|Z])'| M=.
Let m belonging to R? (in practice m is an estimation of F [Z]); with Z¢ = Z — m, we have:

B=M} (E [ZZ} - E[Z“]E[ZC]’) M.
Let Z,,_1 be the mean of the sample (711, ..., Zn-1m,_,) of Z and M,,_; a T,-measurable estimation of M.

3.1 Use of a data mini-batch at each step

Note that the metric used for orthonormalization is the identity.
Recursively define the processes (X7),i=1,...,7, by

Y7:+1 = (I =+ aan)Xr,iu
i % § i j j i Tf’fb 1
Tn+1 = Yn+1 - <Yn+17X7j’L+1>XgL+1’ Xn+1 = || + ||
J<i n+l

Let ZC, = Zni —m, Zy_ = Zp_1 —m. We define:

N My —c . N
Bn = rf— <mn ZZ;;ZZ;/ — “n-1 <Zn71) l) an—l'

i=1
Make the following assumptions
(H3) a, >0, Zan—oo Z 4n < oo, Za < 00.

n=1 rLl n=1

(H4a) ||Z]| is a.s. bounded.
(H4b) There is no affine or quadratic relation between the components of Z.
(

1
H6a) There exists a positive number d such that sup,, || M;? || < d.

(H6b) My} — M a.s.
(H6c) E {Z an || M2,

n=1

M3

| <.

Corollary 12 Suppose assumptions H1b, H3’, Hja,b and H6a,b,c hold. Then X! converges a.s. to £V,
3 an | ANi— (X;)IBX; and > ay ()\i— (X;)/Banl) converge a.s. fori=1,...,r
1 n=1

n=

15



Proof

Verify the assumptions of Corollary 4.

(Hla) B is symmetric.

(H2a) Under H4a and H6a, sup,, || B,|| is a.s. uniformly bounded.
(H2b) Almost surely:

N Moy, . . N
= £ Mi—l (mn ;Zrizzfrcn/ - Zn 1 anl) l> M712—1 | Tn
M3 (E ez — E[Z"’]E[ZC]’) M*
- M2, (& 207 7o Z,) M? . — M} (B [7°2°] - Blz°|E2) ) M?
- (M,; L - ME) (E (22°'] - BlZ°)B12) ) M,
+M} (B 2°2¢'] - BI2°E(2) (Mj_1 - M%)
M (Zos - BI29) Zos' My - MELB(Z) (Z,, - BL29) M,
If Z has 4*" order moments and a,, > 0, Z \af < oo:
n=1

> a7, - Blz|l| = Zan (1Z0n-1 = EIZ]Il] < oo. [9]

Therefore, under H4a, H6a,c, E {Z an |E [Bn | Tn] — B||} < oo
n=1
By Corollary 4, for k=1, ...,r, X,’f converges a.s. to one of the eigenvectors of B.
Prove now that lim E[(X* B,V;)? |T,,] > 0 a.s. on the set {X,, — V;} for j # k to apply second part
n—oo
of Corollary 4.
In the following of the proof, X* is denoted X,,.
Decompose E[(X! B, Vi)? |T,] into the sum of three terms (1),(2),(3):

i 2
E (X’M2 < ZZCZC’—*C Z '>M5 V) T
n—1 ni“ni n—1n—1 n—1Yk n

m 2
1 N
- E <§ (xnniyzs,) (e M) = (XML 7)) (an'M,%_lvk)> | T,
My 4
i=1

- E ( ! i(X’Mj 120)(20 'M: 1Vk)>2|Tn (1)

My

=1
So(ximt 70 V(7 M ) =SB [(xak 2 Ze/M2 Vi) | Tal (2
n**n—1“n-—1 n—1 n—1Vk Z n—1 —1VEk ‘ n ()
moi=1

e N2 e 1 2
+ (X/ Mrf Ianl) (anl/ ’r?—le?) . (3)
Note that the two random variables R = V/M 27° and S = ViM 27 are uncorrelated, then E[RS] =
E[R]E[S]:
E[(R — E[R])(S — E[S])] E[ViM?*(Z - E[Z]).VyM?*(Z - E[Z])]
= VIM:E[(Z - E|[Z))(Z - E|Z)] M*V; = M V]V, = 0.
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Under H6b, we have:

1 = 2 %%E [(X;Mz Zf”) <ZfL/M371Vk) (XéMilZ,iO (Zﬁz’Mf,le) ITn}
=11=1
— LSS e[t ) 2 (ot ) 1] o,
=11l=1
B Vj’M%E [(VkMEZC) VA A (Z”M%Vkﬂ %V

- E [(V,;M$ZC)2 (viartze) 1 as.

2) — —2E [V‘J,’M%Zc] E [Z""M%Vk] E [(VJ/M%Zc) (Z”'M%vk)]

n—-+4oo

= 2B [(vjmize) (v,;M%ZC)r a.s.

3) — (E {Vj’M%ZC}E[Vk’M%ZC])Z :E[(Vj’M%ZC) (v,;M%ZC)}2 a.s.

n—-+oo
As a result:
2 2 2
E[(X.BVi)? |T] — E {(Vj’MéZC) (V,;M%ZC) } ~E [(V;M%ZC) (V,;M%ZC)}
n—-4o0o -
= Var[V/M*Z¢V{M*Z°] > 0 as. by Hib. B

3.2 Use of all observations up to the current step with different weights

At each step, all the observations up to the current step are taken into account but with different weights
for observations at the current step and observations in the past.
In the definition of processes (Xfl) ,i=1,...,7, we take now:

B, = wlB}L + wgBZ,wl +we =1, w; > 0,wz 2> 0, with
1
1 _ 3 2 : c rze ! *C ZC 2
Bn - Mn 1 Zn]an - n Ianl Mn—17
n—1 m;
2 % ct *C / %
Bn = Mn 1 sz” - n 1Z’I’L 1 Mn—l'

Zmzz 1j5=1
i=1

Corollary 13 Suppose assumptions H1b, H3’, Hja,b and H6a,b,c hold. Then X! converges a.s. to £V,
3 an | A — (XfL)IBXfL and > an(Xi— (XfL)IBanI) converge a.s. fori=1,..,r
n=1

n=1
Proof
Verify the assumptions of Corollary 6.

(i) It is established in the proof of Corollary 12 that F [
tions H3’, H4a and H6a,c.
(ii) Prove now that E[

n=1

G, HE (BT, BM < o0 a.s. under assump-

G, ||B2 BM < 00 a.s.

2 _
B, = M _1Cn— 1M _, with
n—1 m; n—1 m;
c/ *C !’ ’ 72 N2 /
”Z” o " 1Z” ] ZZZUZ” = Zn-1Zn-1"
Zm i=1 j=1 Zm i=1 j=1

i=1 i=1

Cn— 1
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B = M3:CM: with C = E|zZ'| - E[Z)E|Z).

B2-B = M? Cyp_ —M%OM%
1 1 1
= <M; 1= ME)OH WM+ ME(Comy = OOMy + MEC(M,E, = MH).
n—1 m;
Cor—C = —— >3 7;Z};~ BlZZ| = (Zn-1 — E|Z)) Zn—' — E[Z)(Zn-1 - E[Z]).

Zm i=1 j=1
=1

Under assumptions H3’ and H4a:
> anE[|Zn-1 — E[Z])||] < o0, Y. anE[||ZZ" -1 — E[ZZ]]|] < o0 [9].
n=1 n=1
o0
Therefore, under H4a and H6a,c, £ {Z an||B2 — B||] < 00.
n=1
(iii) Prove finally that lim E[(X’“’B Vi)? |T,] > 0 when lim Xk =4V, # £V, a.s. By the proof of
Corollary 12, as lim X’“B2 Vk = :I:V’BVk =0, under H4b and H6b

, 2
lim E(XYBVi) T, = (w1)® lLim E{(ij B.Vi) |Tn}

= ()’ Var[ViM*Z°V{M%Z] > 0 as. B

3.3 Use of all observations up to the current step with uniform weights

We define now:

n  m;

SN zgzsy ~ 207 | M
Zmz i=1 j=1
=1

B,=

Make the following assumptions:
(H4c) Z has 4" order moments.

(H6) > ay, |2z — prh

n=1

< 00 a.s.

Corollary 14 Suppose assumptions H1b, H3’, Hjc, H5" and H6b,d hold. Then, fori=1,...,r, almost surely
X} converges to £Vi, > an |Ni— (X}, BX2)| and Y- an [Ni— (X}, BuX})| converge.
n=1 n=1

Proof
o0
Tt suffices to verify assumption H2¢, > a,||Bn, — B|| <oo a.s. to apply Corollary 11. Under assumptions

n=1
H4c and H6b,d, the proof is similar to that of Corollary 13 for B2 without taking expectation. B
In the particular case of normed principal component analysis, M is the diagonal matrix of the inverses

of variances of Z',..., ZP. Denote for j = 1,...,p, V;/ the variance of the sample (Z{,,..., Z}, m, ) of Z7 and

M,, the diagonal matrix of order p whose element (7, ) is the inverse of ﬁv,g with p,, = Eml Under
" i=1
H4c, H6Db holds; it is established in [9] (lemmab) that H6d holds under H4c and H3’.

4 Conclusion

In this article we have given theorems of almost sure convergence of a normed stochastic approximation
process to eigenvectors of a @-symmetric matrix B corresponding to eigenvalues in decreasing order, as-
suming that E[B,, | T,] or B,, converges a.s. to B. This extends previous results assuming B, i.i.d. with
E[B, | T,] = B.

These results have been applied to online estimation of principal components of PCA of a random vector
when the data arrive continously. In this case, the expectation and the variance of the variables are unknown

18



and are estimated online along with the estimation of principal components. Classical results do not apply
to this case. Moreover we can use at each step a data mini-batch as usual, but also all the observations
obtained up to this step to take into account all the information contained in the previous data.

We have made a first set of experiments: several processes, with different numbers of observations used at
each step or with all the observations up to the current step, have been compared on datasets or simulations
(data not shown). It appears that processes that use all observations up to the current step yield the best
results.
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