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Abstract

In this paper we consider an ergodic diffusion process with jumps whose drift coefficient depends
on an unknown parameter . We suppose that the process is discretely observed at the instants
(t)i=0,....n With An = sup,_o ., _;(ti1 — ) — 0. We introduce an estimator of 6, based on a
contrast function, which is efficient without requiring any conditions on the rate at which A,, — 0,
and where we allow the observed process to have non summable jumps. This extends earlier results
where the condition nA% — 0 was needed (see [10],[24]) and where the process was supposed to have
summable jumps. Moreover, in the case of a finite jump activity, we propose explicit approximations
of the contrast function, such that the efficient estimation of 6 is feasible under the condition that
nA¥ — 0 where k > 0 can be arbitrarily large. This extends the results obtained by Kessler [15] in
the case of continuous processes.

Lévy-driven SDE, efficient drift estimation, high frequency data, ergodic properties, thresholding
methods.

1 Introduction

Diffusion processes with jumps have been widely used to describe the evolution of phenomenon arising in
various fields. In finance, jump-processes were introduced to model the dynamic of asset prices ([21],[16]),
exchange rates ([4]), or volatility processes ([3],[7]). Utilization of jump-processes in neuroscience can be
found for instance in [6].

Practical applications of these models has lead to the recent development of many statistical methods.
In this work, our aim is to estimate the drift parameter # from a discrete sampling of the process X
solution to

t t t
Xf:Xg+/ b(@,Xf)der/ o(Xf)dWS+/ / V(X0 )zju(ds, dz),
0 0 0 JR\{0}

where W is a one dimensional Brownian motion and zi a compensated Poisson random measure, with a
possible infinite jump activity. We assume that the process is sampled at the times (¢');=o,..., where the
sampling step A, :=sup;_q _ ,_1 ;41 — ti’ goes to zero. Due to the presence of a Gaussian component,
we know that it is impossible to estimate the drift parameter on a finite horizon of time. Thus, we assume
that t,, — oo and the ergodicity of the process X?.

Generally, the main difficulty while considering statistical inference of discretely observed stochastic
processes comes from the lack of explicit expression for the likelihood. Indeed, the transition density of a
jump-diffusion process is usually unknown explicitly. Several methods have been developed to circumvent
this difficulty. For instance, closed form expansions of the transition density of jump-diffusions is studied
in [1], [17]. In the context of high frequency observation, the asymptotic behaviour of estimating functions
are studied in [14], and conditions are given to ensure rate optimality and efficiency. Another approach,
fruitful in the case of high frequency observation, is to consider pseudo-likelihood method, for instance
based on the high frequency approximation of the dynamic of the process by the one of the Euler scheme.
This leads to explicit contrast functions with Gaussian structures (see e.g. [24],]23],[20]).

The validity of the approximation by the Euler pseudo-likelihood is justified by the high frequency
assumption of the observations, and actually proving that the estimators are asymptotic normal usually
necessitates some conditions on the rate at which A,, should tend to zero. For applications, it is important
that the condition on A,, — 0 is less stringent as possible.

In the case of continuous processes, Florens-Zmirou [8] proposes estimation of drift and diffusion
parameters under the fast sampling assumption nA2 — 0. Yoshida [25] suggests a correction of the
contrast function of [8] that yields to the condition nA2 — 0. In Kessler [15], the author introduces an
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explicit modification of the Euler scheme contrast such that the associated estimators are asymptotically
normal, under the condition nA* — 0 where k& > 2 is arbitrarily large. Hence, the result by Kessler
allows for any arbitrarily slow polynomial decay to zero of the sampling step.

In the case of jump-diffusions, Shimizu [23] proposes parametric estimation of drift, diffusion and
jump coefficients. The asymptotic normality of the estimators are obtained under some explicit conditions
relating the sampling step and jump intensity of the process. These conditions on A,, are more restrictive
as the intensity of jumps near zero is high. In the situation where this jump intensity is finite, the
conditions of [23] reduces to nA2 — 0. In [10], the condition on the sampling step is relaxed to nA3 — 0,
when one estimates the drift parameter only.

In this paper, we focus on the estimation of the drift parameter, and our aim is to weaken the conditions
on the decay of the sampling step in way comparable to Kessler’s work [15], but in the framework of
jump-diffusion processes.

One of the idea in Kessler’s paper is to replace, in the Euler scheme contrast function, the contribu-
tion of the drift by the exact value of the first conditional moment m&zi’tiﬂ(x) = E[Xfi+1 | XZ = x]
or some explicit approximation with arbitrarily high order when A, — 0. In presence of jumps, the
contrasts functions in [24] (see also [23], [10]) resort to a filtering procedure in order to suppress the
contribution of jumps and recover the continuous part of the process. Based on those ideas, we in-
troduce a contrast function (see Definition 1), whose expression relies on the quantity mag, ¢, (z) =
BIX{ (X7, —X0)/(tiy1—1:)°)| X], =a]

Elo((X, = X7)/(tig1—t:)#)|X] =a]
function ¢ is such that <,0((XZ+1 — X/ )/(tiy1 — t;)?) vanishes when the increments of the data are too
large compared to the typical increments of a continuous diffusion process, and thus can be used to filter
the contribution of the jumps.

The main result of our paper is that the associated estimator converges at rate /f,, with some
explicit asymptotic variance and is efficient. Comparing to earlier results ([24], [23], [10]), the sampling
step (t1)i=o....n can be irregular, no condition is needed on the rate at which A, — 0 and we have
suppressed the assumption that the jumps of the process are summable. Let us stress that when the
jumps activity is so high that the jumps are not summable, we have to choose 5 < 1/3 (see Assumption
Ag).

Moreover, in the case where the intensity is finite and with the specific choice of ¢ being an oscillating
function, we show that we can approximate our contrast function by a completely explicit one, exactly
as in the paper by Kessler [15]. This yields to an efficient estimator under the condition nA¥ — 0, where
k is related to the oscillating properties of the function ¢. As k can be chosen arbitrarily high, up to a
proper choice of ¢, our method allows to estimate efficiently the drift parameter, under the assumption
that the sampling step tends to zero at some polynomial rate.

The outline of the paper is the following. In Section 2 we present the assumptions on the process
X. The Section 3 contains the main results of the paper. In Section 3.1, we define the contrast function
and state first order expansion for the quantity meg,,, . The consistency and asymptotic normality
of the estimator are stated in Section 3.2, and the explicit modification of the contrast function in the
case of finite jump activity is presented in Section 3.3. The Section 4 is devoted to the statement of
limit theorems useful to study the asymptotic behavior of the contrast function. The proofs of the main
statistical results are given in Section 5, while the proofs of the limit theorems and some technical results
are presented in the Appendix.

, where ¢ is some compactly supported function and 8 < 1/2. The

2 Model, assumptions

Let © be a compact subset of R and X? a solution to

t t t

X! =x§ +/ b(0, X%)ds +/ a(X)dw, +/ / (X% )zi(ds,dz), te€R,, (1)
0 0 o JRrR\{0}

where W = (W;)>0 is a one dimensional Brownian motion, x4 is a Poisson random measure associated

to the Lévy process L = (Ly)>0, with Ly := fot Jg zi(ds,dz) and fi = p — i is the compensated one, on

[0,00) x R. We denote (92, F,P) the probability space on which W and u are defined.

We suppose that the compensator has the following form: fi(dt,dz) := F(dz)dt, where conditions on the

Levy measure F' will be given later.

The initial condition Xg , W and L are independent.

2.1 Assumptions

We suppose that the functions b: © xR — R, a : R — R and v : R — R satisfy the following assumptions:



ASSUMPTION 1: The functions a(x), v(x) and, for all 6 € O, b(x,0) are globally Lipschitz. More-
over, the Lipschitz constant of b is uniformly bounded on ©.

Under Assumption 1 the equation (1) admits a unique non-explosive cadlag adapted solution possessing
the strong Markov property, cf [2] (Theorems 6.2.9. and 6.4.6.).

ASSUMPTION 2: For all § € © there exists a constant t > 0 such that X{ admits a density pf(z,y)
with respect to the Lebesgue measure on R; bounded in y € R and in x € K for every compact K C R.
Moreover, for every x € R and every open ball U € R, there exists a point z = z(x,U) € supp(F) such
that v(x)z € U.

The last assumption was used in [18] to prove the irreducibility of the process X?. Other sets of condi-
tions, sufficient for irreducibility, are in [18].

ASSUMPTION 3 (Ergodicity):

~

. For all g >0, f\z\>1 |2|7F(z)dz < 0.
. For all 6 € © there exists C > 0 such that zb(z,0) < —C|z|?, if |x| — oco.
. v(@)|/|2] = 0 as |z] = oo.

. a(@)|/]x] = 0 as x| = oo.

T SRS

. V0 € ©, Vg >0 we have E|X§|? < co.

Assumption 2 ensures, together with the Assumption 3, the existence of unique invariant distribution

7%, as well as the ergodicity of the process X?, as stated in the Lemma 2 below.

ASSUMPTION 4 (Jumps):
1. The jump coefficient v is bounded from below, that is

inf = Ymi
;gRlv(w)l Yomin > 0

2. The Lévy measure F' is absolutely continuous with respect to the Lebesgue measure and we denote

F(z) = £d2),

3. We suppose that I¢ > 0 s.t., for all z € R, F(z) < Zlfﬂ , with « € (0,2), a # 1.

4. The jump coefficient v is upper bounded, i.e. sup,cg |Y(2)| := Ymaz < 0.

Assumptions 4.1 and 4.4 are useful to compare size of jumps of X and L. In the sequel we skip the
specific case o = 1 for simplicity as it is embedded in the case @ > 1 with a choice of « arbitrarily close to 1.

ASSUMPTION 5 (Non-degeneracy): There exists some a > 0, such that a®(x) > « for all x € R
The Assumption 5 ensures the existence of the contrast function defined in Section 3.1.

ASSUMPTION 6 (Identifiability): For all 6 # 6',(0,0") € ©2,

J R PR
R

a?(x)

We can see that this last assumption is equivalent to
VO £ 0, 0,0') € 02, b(d,.) # b0, .). (2)
We also need the following technical assumption:

ASSUMPTION 7:

1. The derivatives 2222 with k; + ks < 4 and ks < 3, exist and they are bounded if ky > 1. If

k1 =0, for each ko < 3 they have polynomial growth.



2. The derivatives a(*)(z) exist and they are bounded for each 1 < k < 4.

3. The derivatives ) (x) exist and they are bounded for each 1 < k < 4.

Define the asymptotic Fisher information by

10) = /]R %we(dx). 3)
ASSUMPTION 8: For all 8 € ©, I(6) > 0.

Remark 1. If a < 1, using Assumption 4.3 the stochastic differential equation (1) can be rewritten as
follows:

t

t t
Xf:Xg+/ b(@,Xf)ds+/ a(Xf)dWs+// V(X9 )zu(ds,dz), teR,, (4)
0 0 0o Jr\{o}

where b(0, X?) = b(0, X?) — Jevioy V(X% )zF(z)dz.

This expression implies that X follows diffusion equation X¢ = X§ + fot b(0, X% ds + fot a(X)dWy in the
interval in which no jump occurred.

From now on we denote the true parameter value by 6y, an interior point of the parameter space ©
that we want to estimate. We shorten X for X%,
We will use some moment inequalities for jump diffusions, gathered in the following lemma:

Lemma 1. Let X satisfies Assumptions 1-4. Let L; := fot fR zfu(ds, dz) and let Fs := 0 {(Wy)o<u<s, (Lu)o<u<s, Xo}-
Then, for allt > s,
1) for allp > 2, E[| X, — Xs|p]% <]t - s|%,
2) for allp > 2, peN, E[|X; — X5|P|Fs] < |t — s|(1 + | Xs[P).
3) for all p> 2, p € N, suppeo Bl XesnPIF] < (1 + X,

The first two points follow from Theorem 66 of [22] and Proposition 3.1 in [24]. The last point is a
consequence of the second one: Vh € [0, 1],

E[|Xs+h|p|]:8] = E“Xs-i-h - Xs+ X8|p|]:8] < C(E“Xs-i-h - X8|p|]:5] + E“Xs|p|]:s])a

where ¢ may change value line to line. Using the second point of Lemma 1 and the measurability of X
with respect to Fs, it is upper bounded by c|h|(1 + |X;[P) + ¢|Xs|P. Therefore

sup E[|Xsin|P|Fs] < sup clh|(1+|X|P) + | Xs|P < e(1 + | X4|P).
helo,1] hel0,1]
2.2 FErgodic properties of solutions

An important role is playing by ergodic properties of solution of equation (1)
The following Lemma states that Assumptions 1 —4 are sufficient for the existence of an invariant measure
7% such that an ergodic theorem holds and moments of all order exist.

Lemma 2. Under assumptions 1 to 4, for all 8 € ©, X9 admits a unique invariant distribution ©° and
the ergodic theorem holds:

1. For every measurable function g : R — R satisfying 7°(g) < oo, we have a.s.

t

: 1 6 _ .0
Jim 2 ; 9(Xg)ds = 7" (g).

2. For all ¢ > 0, n%(|z]?) < oo.

3. For all ¢ > 0, sup,s, E[|X?]7] < o0.

A proof is in [10] (Section 8 of Supplement) in the case a € (0, 1), the proof relies on [18]. In order to
use it also in the case & > 1 we have to show that, taken ¢ > 2 ¢ even and f*(x) = |z|?, f* satisfies the

drift condition Af* = Aqf* + Acf* < —c1 f* + co, where ¢; > 0 and ¢y > 0.
Using Taylor’s formula up to second order we have

1
Auf*(@)] < c / / 122 1l 14 (2 + s5279(9)) | F(2)dsdz =

4



- C/R/O 1212 7l oo a(q — D)|z + s2v(y)|9 2 F(2)dsdz = o(|z|?). )

Concerning the generator’s continuous part, we use the second point of Assumption 3 to get
1
Acf*(z) = 50 (2)alg = Da?™? + b(6, 2)gw 2 < of|]") — eqla*a®* < o(|a|?) — cf*(x). ()

By (5) and (6), the drift condition holds.

3 Construction of the estimator and main results

We exhibit a contrast function for the estimation of a parameter in the drift coefficient. We prove that
the derived estimator is consistent and asymptotically normal.

3.1 Construction of the estimator

Let X? be the solution to (1). Suppose that we observe a finite sample
Xtoa"'ath,; OZtOStl Sgtna

where X is the solution to (1) with 6§ = 6y. Every observation time point depends also on n, but to
simplify the notation we suppress this index. We will be working in a high-frequency setting, i.e.

Ap:= sup A,; —0, n— oo
1=0,...,n—1
with An,i = (ti—i-l - fz)
We assume lim,, o t, = 00 and nA,, = O(t,) as n — co.
We introduce a jump filtered version of the gaussian quasi-likelihood. This leads to the following contrast
function:

Definition 1. For € (0, %) and k > 0, we define the contrast function U, (0) as follows:

n—1

Kiigr = Moytiti1 (X0,))?

Un(9) ::Z( tien = M0t i1 (Xt)
i=0

Xt — 1) AL T X i say (7)

—=n,i

where
( ) o E[Xz+1(‘0A£,i(Xg‘+1 - sz)|Xg = ‘T] (8)
Mot tip1 \ L) = E[SDAB _(X156i+1 *Xfi)|Xt6i = 7]
and
Xti+1 - Xti
@Aﬁ i(Xt'H»l - Xti) = @(75%

n,i

with ¢ a smooth wversion of the indicator function, such that ©(¢) = 0 for each ¢, with |{| > 2 and
©(€) =1 for each ¢, with || < 1.
The last indicator aims to avoid the possibility that | Xy,| is big. The constant k is positive and it will be
choosen later, related to the development of mg ¢, v, (x) (cf. Remark 2 below).
Moreover we define
E[ X ene (Xh — XO)|XE = a]

Elgns (Xj — X0 X§ = 2]

m97h(x) =

By the homogeneity of the equation we get that mg q, ., (x) depends only on the difference ti;1 —t; and so
MO, t; 4041 (T) = Moty —t, (x) that we may denote simply as me(x), in order to make the notation easier.

We define an estimator én of Oy as

(7 inU,(0).
€ arggél(r_)lU (9) 9)

The idea, with a finite intensity, is to use the size of X;, , — Xy, in order to judge the existence of
a jump in an interval [t;,t;+1). The increment of X with continuous transition could hardly exceed the
threshold Ag,i with 8 € (0,1). Therefore we can judge a jump occurred if | X;,,, — X;,| > Agz We keep
the idea even when the intensity is no longer finite.
With a such defined mg(Xy,), using the true parameter value 6y, we have that

E[(Xti+1 — Moy, ti,tit (Xti))(pAg i(Xt'H»l - Xti)|Xti = x] = E[Xti+1(pA§ i(XtH»l - ‘T)|Xti = ‘T]+



E[Xti+1 (pAfL _L_(Xt'H»l - Xti)lXti = ‘T]
E[@Ag i(XtH»l - Xti)lXti = ‘T]

E[@Aﬁ i(Xti+1 - Xti)|Xti = x] =0,

where we have just used the definition and the measurability of mg, ¢, ¢,,, (X¢,)-
But, as the transition density is unknown, in general there is no closed expression for mg (), hence the
contrast is not explicit. However, in the proof of our results we will need an explicit development of (7).

In the sequel, for 6 > 0, we will denote R(0,A? , x) for any function R(0,AS ., x) = R; (0, ), where

n,i? n,i?

Rin:©xR—R, (0,2) = R;,(0,x) is such that
>0 |Rin(0,2)| < c(14]2]9)AS (10)

uniformly in 6 and with ¢ independent of i, n.
The functions R represent the term of rest and have the following useful property, consequence of the
just given definition:

R(ovAfz,iaz) = AizR(eaA%,wx) (11)
We point out that it does not involve the linearity of R, since the functions R on the left and on the right
side are not necessarily the same but only two functions on which the control (10) holds with Afm- and
AY ;, respectively.
We state asymptotic expansions for mg a, ;. The cases @ < 1 and a > 1 yield to different magni-
tude for the rest term.

Case a € (0,1):

Theorem 1. Suppose that Assumptions 1 to 4 hold and that 3 € (0,%) and a € (0,1) are given in
definition 1 and the third point of Assumption 4, respectively. Then

— XD)|X! =a] =1+ R(0, Al NI gy, (12)

tit1

E[@Aﬁ i(Xe

Theorem 2. Suppose that Assumptions 1 to 4 hold and that 3 € (0,%) and a € (0,1) are given in
definition 1 and the third point of Assumption 4, respectively. Then, for any e > 0,

E(X] ., — z)%fb’i(xgﬂ — XD)X] =] = Ay bz, 0)+ (13)

—Ap / 2y(2) [1— s (7(2)2)] F(2)dz + R(0,A2%7 2).
R\{0}

There exists ko > 0 such that, for x| < A %o

n,i ’

mo.a, () =2+ Ay b(x,0)+ (14)

zy(xz)[1— @Agd(v(ac)z)] F(z)dz + R(6, Aifﬂ,x).

Case a € (1,2):

Theorem 3. Suppose that Assumptions 1 to 4 hold and that 5 € (0, %) and o € (1,2) are given in
definition 1 and the third point of Assumption 4, respectively. Then

E[‘PAQ i(XG

tit1

— XD)X{ = 1] =1+ R0, A0 PN g, (15)

Theorem 4. Suppose that Assumptions 1 to 4 hold and that 8 € (0,3) and a € (1,2) are given in

definition 1 and the third point of Assumption 4, respectively. Then, for any e > 0,

E[(X{,, — x)%gyi(xgﬂ — X))|X! = 2] = A, b(z,0)+ (16)

zy(xz)[1— @Ag,i(v(ac)z)] F(z)dz + R(6, Ai;—w,x).



There exists ko > 0 such that, for |z| < An e,

mo.a, () =2+ Ay b(x,0)+ (17)

—An zy(z)[1— @Agd(v(q})z)] F(z)dz + R(6, Ai;gﬁ,x).

Remark 2. The constant k in the definition (7) of constrast function can be taken m the interval (0, ko].
In this way A% < A~ and so (14) or (17) holds for |x| = |X1,| smaller than A,

If it is not the case the contribution of the observation X, in the contrast functwn 15 just 0. Howewver
we will see that suppressing the contribution of too big | X,
estimator.

Remark 3. In the development (13) or (16) the term A, ; fR\{o}ZW( x)[1 — N (7(90)2:)] F(z)dz is

independent of 0, hence it will disappear in the difference mg(x)—me, (), but it is not neglzgzble compared

to Ay i b(x,0) since its order is Ay, ; if o € (0,1) and at most AZJ- if a € (1,2). Indeed, by the definition

of the function ¢, we know that we can consider as support of ¢,s (0) — @ s (v(x)z) the interval
NN ) 7

c X [—W, H'rll;o]c' If a < 1, using moreover the third point of Assumption 4 we get the following
estimation:
[An,i / 2v(x) [1 = pps (v(2)2)] F(2)dz] < R(bo, A, 5, Xe,)- (18)
R\{0} ™t
Otherwise, if « > 1, we have
|Ani 2y(@) [L=ppr (v(2)2)] F(2)dz| <C|Am|/ wo = RO,ALPTN ),
R\{0} B el

with B € (0,3) and o € (1,2), hence the exponent on A, ; is always more than 5.
We can therefore write in the first case

m97An,i(‘T) =x+ R(@, An,i’ ) (9 A?z i ) (19)

and in the second

mo.a, (@) =+ RO,APOY 0y = RO,AY, 2). (20)

Remark 4. In Theorem 8 we do not need conditions on [ because, for each § € (0, %) and for each

a € (0,2) the exponent on A, ; is positive and therefore the last term of (15) is negligible compared to 1.
In Theor@m 4, instead Risa negligible function if and only if (3—afB —e—38)A(2—35) > 1, it means

e __ 1
+3 a+3*a+3 eandﬂ<

We have taken (8 € ( ) and so, since « is always less than 2, these two conditions are always respected.

3.2 Main results

Let us introduce the Assumption Ag that turns out starting from Theorems 1, 2, 3 and 4:

ASSUMPTION Ag: We choose 8 € (0,3) if @ € (0,1). If on the contrary o € (1,2), then we take
B in (0, %)

_ The following theorems give a general consistency result and the asymptotic normality of the estimator
05, that hold without further assumptions on n and A,,.

Theorem 5. (Consistency) Suppose that Assumptions 1 to 7 and Ag hold and let k of the definition of
the contrast function (7) be in (0,kq). Then the estimator 0, is consistent in probability:

AP
0, — b, n — 0.

Recalling that the Fisher information I is given by (3), we give the following theorem.

Theorem 6. (Asymptotic normality) Suppose that Assumptions 1 to 8 and Ag hold, and 0 < k < ko.
Then the estimator 0,, is asymptotically normal:

Vi, (0, — 00) 5 N(0,172(6)), n— 0.



Remark 5. Furthermore, the estimator 6, is asymptotically efficient in the sense of the Hdjek-Le Cam
convolution theorem.

The Hajek—LeCam convolution theorem states that any regular estimator in a parametric model which
satisfies LAN property is asymptotically equivalent to a sum of two independent random variables, one
of which is normal with asymptotic variance equal to the inverse of Fisher information, and the other
having arbitrary distribution. The efficient estimators are those with the second component identically
equal to zero.

The model (1) is LAN with Fisher information I(0) = [, bO.2)" O(dx) (see [10]) and thus 6, is efficient.

a?(w)

Remark 6. We point out that, contrary to the papers [10] and [24], in this case there is not any condition
on the sampling, that can be irreqular and with A, that goes slowly to zero.

3.3 Explicit contrast in the finite intensity case.

In the case with finite intensity it is possible to make the contrast explicit, using the development of
mg,A, ; Proved in the next proposition. We need the following assumption:

ASSUMPTION Ay
1. We have F(z) = AFy(2), [z Fo(z)dz =1 and F is a C* function.

2. We assume that z — a(z), z — b(ac, 0) and z — v(x) are C* functions, they have at most uniform
in € polynomial growth as well as their derivatives.

Let uS deﬁne A(k)( ) — Ak( )( ), with g(y) _ (yfsc) and Ac(f) _ Bf/Jr %an"; B(@,y) _ b(@,y) B
f]R (Y z)dz as in the Remark 1.

Proposition 1. Assume that Ay holds and let ¢ be a C* function that has compact support and such
that o =1 on [-1,1] and Vk € {0,..., M}, [, z*o(z)dz =0 for M > 0. Then, for |z| < Aﬁ“i with some
ko >0,
[2(M+1)8]
mo.a,.(@) =@+ Z Ay (@ > R(6, 077 ). (21)

In order to say that (21) holds, we have to prove the existence of a function ¢ with a compact support
such that ¢ =1 on [—1,1] and, Vk € {0, ,M} f]Rx o(z)dx. We build it through 1, a function with

compact support, C*, such that |_1 1j(z) = F7. We then define p(r) := 5- M1/)( ).
In this way we have ¢ =1 on [—1,1], ¢ is C*, w1th compact support and such that for each [ € {0,..M},
using the integration by parts, fR rlo(z)dr = 0, as we wanted.

Remark 7. The development (21) is the same found in Kessler [15] in the case without jumps and
it is obtained by the iteration of the continuous gemerator A.. Let us stress that in Proposition 1 the
contribution of the discontinuous part of the generator disappears only thanks to the choice of an oscillating
function .

Remark 8. In the definition of the contrast function (7) we can replace mg(x) with the explicit ap-
h
prozimation mp(z) = x + ZZ:O A,:‘!’i (I?)(x), with an error R(0, Ak . x), for k < [2(M +1)B]. Then,

’fl’L’

by inspection of the proof of Theorem 4, we can see that the associated estimator is efficient under the

1
assumption\/ﬁAZ 2 =50 forn — oco. As M, and thus k, can be chosen arbitrarily large, we see that the
sampling step A, is allowed to converge to zero in a arbitrarily slow polynomial rate as a function of n.
It turns out that a slow sampling step necessitates to choose a truncation function with more vanishing
moments.

4 Limit theorems

The asymptotic properties of estimators are deduced from the asymptotic behavior of the contrast func-
tion. We therefore prepare some limit theorems for triangular arrays of the data, that we will prove in
the Appendix.

Proposition 2. Suppose that Assumptions 1 to 4 hold, A, — 0 and nA,, — oco.

Moreover suppose that f is a differentiable function R x © — R such that |f(z,0)] < (1 + |z|),
|02.f (2,0)] < c(1+ |2]) and |0 f (z,0)] < c(1 + [x])°.

Then, © — f(x,0) is a w-integrable function for any 8 € © and the following convergence result holds as



n — oo:

. n— P
(Z) Supee(—) |ﬁ Zizol An,if(Xt“9)1{|Xti|§A;’z} - I]R f(.’L', 9)7T(d.’L')| — Oa

.. n— P
(ZZ) Sup9€@ |ﬁ Zizol An,if(the)(pAgyi(XtiJrl - Xti)1{|xti|§A;’z} - I]R f(.’L', 9)7T(d.’L')| = 0.

The next proposition will be used in order to prove the consistency.
First, we prepare some notations. We define

tit1 tit1
Gom [ axgaws [T e d e [ 9 T psg G002 PR

t; R\{0}
(22)
We now observe that using the dynamic of the process X and the development (14) of m we get
tit1
X = mo(Xe) + BOAL X)) = ([ WX b)ds — A b(Xes0) 4G (23)
ti

if @ < 1 and the same but with the different rest term R(6, Ai;SB, Xy,) if @ > 1. From the choice that
we have made on a and 3 in Theorems 2 and 4, the exponent on A,, ; in the rest function is always more
than 1. Hence, from now on, we will call it simply R(6, A};’;‘S, Xi,), with 6 > 0. That is the reason why
we choose such a definition for (.

Proposition 3. Suppose that Assumptions 1 to 4 and Ag hold, A, — 0 and nA, — oo and, Vi €
{0,....n =1}, fin: Rx © — R. Moreover we suppose that 3c: |fin(x,0)] < c(1+ |2]°) Vi,n.
Then, V0 € O,

1 n—1

P
nA Z fi,n(Xtme) G @Aﬁ i(Xt'H»l - Xti)1{|Xti|§A;klﬁ} — 0.
" =0 ' ’

The proof relies on the following lemma:

Lemma 3. Suppose that Assumptions 1 to 4 and Ag hold. Then

(1+8)A3
1. E[Cl(pAfL i(Xti+1 - th)l{\XtI\SA;]:}LFtZ] = R(GO’ An,i ’Xti)’ (24)
2. E[C? @Zﬁﬂ (Xti+1 - Xti)1{|Xti|§A;’z}|]:ti] = R(eo, An,iaXti)a (25)
and
3. E[(Xti+1 — Mo, (Xti))2 QDQAZ i(Xti+1 - Xti)l{\Xti\gA;’;}l‘Fti] = R(GO, Aﬂ,i?Xti)’ (26)

where (Fs)s is the filtration defined in Lemma 1 and § is positive as defined above.
We now give an asymptotic normality result:

Proposition 4. Suppose that Assumptions 1 to 4 and Ag hold, A,, — 0, nA,, — co.
Moreover suppose that f is a continuous function © x R — R that satisfies conditions in Proposition 2.
Then for all 6

(Xti+1 — My, (Xt1))f(Xt179) SQAZ,i(XtHl - Xti)l{\Xti \SA;”:} £> N(Oa /]R fQ(za 9) GQ(SC) W(dx))

5 Proof of main results

We state a proposition that will be used repeatedly in the proof of Theorems 1,2,3 and 4. This proposition
is an estimation of some expectations related to the event that increments of the process X lies where
YA, ,;» that is the smooth version of the indicator function, becomes singular for A, — 0. The proof is
postponed to Section A.3.

Proposition 5. Suppose that Assumptions 1 to 4 and Ag hold. Moreover suppose that h : R x © — R
is a function for which 3¢ > 0 : supgeg |h(z,0)| < c¢(1 + |z|). Then Yk > 1 Ve > 0, we have

sup  E[h(XZ,0)]|0") (XE — X0)||XE =] = RO, A<, z).

B u
w€|[ts,tit1] Ani

(k)

with o and B given in the third point of Assumption 4 and Definition 1. We have used N

to denote go(k)(A% )A;f

(y) in order




Proposition 5 is a consequence of the following more general proposition:

Proposition 6. Suppose that Assumption 1 to 4 and Ag hold. For ¢ > 0, we define

Zhep = {Z = (Zy)ocofamily of random variables Fp, measurable such that slelgE[|Z9|p|Xg =z] <e(l+ |:c|c)} .

Then Yk > 1 we have, Ve > %

k —Q —€
sup B[ Zol|o") (X0 — X§)|1XE = 2] < R(9, 10909 z),
Zezhcp

where R(0, h?°,x) denotes any function such that 3¢ > 0: |R(0,h%,z)| < c(1+ |z|)h® uniformly in 6, with
c independent of h.

5.1 Development of mga, ,(z)

In order to study the asymptotic behavior of the contrast function we need some explicit approximation
of mg,a,, ;. We study the asymptotic expansion of mg a,, ,(x) as Ay ; — 0. The main tools is the iteration
of the Dynkin’s formula that provides us the following expansion for every function f: R — R such that
f is in C2(k+1).

k i
E[f( t1+1)|X - ] = Z n Z"4jf / / / Ak+lf uk+1)|Xtei == ZL'] d’LLk+1...d’U,2 d’ll,l
J=0 '
(27)
where A denotes the generator of the diffusion. A is the sum of the continuous and discrete part:
A:=A.+ Ay, with

Acf(@) = 2a(@) " (@) + bla, O)f (2)
and
Aaf(@) = [ (Fo+1(@)2) - F(a) = 21(2)f (@0) Fle)i
We set A = Id.

5.1.1 Proof of Theorem 1:
Proof. We have to show (12). Using the formula (27) in the case k = 1, we get

E[WAZ (Xe

tit1

—X)X] =2]=

i+1
= A% pn (0) 4 (11 — 1) Apys ( / / Appn (XL)IXY = aldusdur. (28)

We have defined ¢ as a smooth version of the indicator function, it means that in a neighborhood of 0
its value is 1 and so that o) (0) = 0 for each k > 1.

We denote fin(y) = ¢ps (y—2) = w(gﬁx) w1thﬂ€( 1). By the building, f; ,,(z) = 1 and f(k)( )=0

for each k > 1, so we get Acfim( )=0 and Agfin( fR\{O} fin(z+v(x)2) — 1] F(z)d=.
In the sequel the constant ¢ > 0 may change from hne to line.
From the definition of f; , and the fact that ¢ =1 on [—1, 1] we have that f; ,(y) =1 for |y — x| < Agﬁz

Thus
/ F(z)dz <
0 2|2y (z)[ 248}

M_/{ vl < cloar || p@ean = RO, 8,87 2),
e S 28

|Adfi,n($)| < QHSDAZ ;

< 2H90

n,g
)\

where the second inequality follows from point 3 of Assumption 4. Substituting in (28) we get

tit1
E[%g (X7, — X)IX] =a] =14 A, R0, Am , )+/t /t @Aﬂ (XE)|X) = z]dusdu;.

(29)
In order to prove (12), we want to show that the last term is negligible.
We consider the generator’s decomposition in discrete and continuous part A = A. + Ay that yields:

10



We observe that we can write (A2 f;,,)(y) as

ZA ﬁjh (j?a_(y—iﬁ)a

where <p(]) (y —x2) = pl)( Z;I)) For each j € {1,2,3,4}, h; is a function of a, b and their derivatives

up to second order: hy = 3a®b" + b/, ho = La?(a)? + a3 + @V + aa'b + b?, hy = a®a’ + a®b and

h4 = %a‘l.

Using the Proposition 5 we get that sup,,cp, 4,.,] IE[(A2fin)(X0,)|X{ = ]| is upper bounded by

4
sup | AP ER (XS, 000, (X8, - X0)X0 =a]| =

u2 €[t tiy1] =1

= |ZA PR0,0,°77 )| = R(0,AL 2P ).
Let us now consider Ac(Adfim)(y). Substituting the definition of Ag4f; . we get

Ac(Aafin) () = Ad / Gn(+ 2) F(2)d2) (1),

where

gn(y,2) = pps (Y =2+ 29(y)) —pas (Y —2) = Am%s (y —2)v(y)z

(30)

(31)

and where the notation used means that we are applying the differential operator A, with respect to the

variable represented with a dot. In order to estimate it we observe that

190 (y,2)] < AL7 19l 121 W)L,

0 _
o2 < APPy)l2]  and

82
Ia—yggn(y, 2) < APzl + 121

where P(y) is a polynomial function in y, that may change from line to line.
Since the functions a? and b have polynomial growth, we obtain

[ Acgn(-2) (W) < AL P) (2] + |217).
Using the dominated convergence theorem we get
Al [ P = [ (Acgu)e2) ) P

Therefore, using (35),

IAC(/]Rgn(uZ)F(Z)dZ)(wl < AZ,‘ZBP(y)/(IZI +[2*)F(2)dz,

R

that is upper bounded by cA 3’6 P(y) since « is less than 1. Tt turns

sup  [E[(Ac(Aafin))(XLNXEL =all < sup  [E[eAL 3 P(X,)X] = af| =

U2 € [ti,tit1] ug €[tg,ti41]

where, in the last equality, we have used the third point of Lemma 1.

We reason in the same way on Aq(Acfin)(y), which is equal to

/R Acfin(y+27@)) = Acfin(®) — 21(w)(Acfin) W) F(2)dz.

It is, in module, upper bounded by

c / / ((Acfin) (0 + 2v@)8)] + |(Aefin) W)l @) F ()ds d.

11

R(0,

RO, A3

n,t

x)

(32)
(33)

(34)

(36)

(37)



We observe that, Yy, (Acfin) (y') = (0" fi,, +0f!, +ad f, + %aQ i) W)
By the fact that |§—;J-<PAB (y)] <A, m for J =1,2,3 and recalling fi ,(y) = @5 (y — ), we get that

(Acfin) (¥)] < ¢ P(y)ALT (38)

n,t

where we have used that b and a? have polynomial growth. We obtain that (37) is upper bounded by

ALY / / (P(y + 2v(y)s) + P(W))|z|[v(y)| F(2)ds dz < A, ¥ / P(y)P(2)|2|F (2)dz < A, P(y),
0 R R

where we have used the first point of Assumptions 3 and the third of Assumption 4, with « € (0,1), in
order to get [, P(2)|z|F(z)dz < oo.
Considering the controls (37) and (38) on (36) it yields, using again the third point of Lemma 1,

sup  |E[(Aa(Acfin))(X0)IX!) = 2]| = R0, A, Y, 2).

u2 €[t tiy1]

To conclude, we consider Aq(Aqfin)(y):

/R[Adfi,n(y +27(y)) = Aafin(y) — 2v(W)(Aafin) () F(2)dz. (39)

Again, (39) is, in module, upper bounded by

¢ / / ((Aafin) (s — 2+ 27)3)] + [(Aafin) @Il @) F()ds dz (40)

But
Aafinly) = / guly/ ) F(2)dz, (41)

with g, (y', ) given in (31) Using control equation (33) and dominated convergence theorem, we get that
its derivative is upper bounded by CA;Qlﬂ P(y").
Using also (39) and (40),

43 )] < AP P) [ [elP ()
R
and it turns, using third point of Lemma 1,

sup  |E[(AZfin)(X0)|XE = 2] = R(0, A, 2).

U2 €[t tiy1]
By the decomposition of the generator in A. and Ay we get

sup  |E[A2fin(X0)|XE = 2]l = RO, AL 7777 2) + R0, 0,37 2) + R(0,A,7 ),

n, l ? n, l ’
U2 €[tq,ti41]

with @ € (0,1) and 8 € (0, %), so it is R(0, A, ?;ﬂ, x), since the other R functions are always negligible
compared to it.
Using (29) we get

A2
f=al =14 A, RO.0,5% 2) + ZLR0,0,7 2.

_X9)

tir1 n,t

Elpns (X7,
We deduce, using the definition of A, ; and (11), that it is
1+ R(0,AL°7 x) + R(0, A2 2) = 1+ R(9, AL, P70 g),
as we wanted. g

5.2 Proof of Theorem 3

Proof. Let a now be in (1,2). Using again Dynkin formula, we have that (29) is still true. Considering
the generator’s decomposition, we act like in the case where « is less than 1 to get that

sup  |E[(A2 fi,) (X0,)IX, = a]| = R(0, 8,57~ ). (42)

ug E[ts,tiy1]

12



Concerning A.(Aqfin)(y), we use (30) with g,, defined in (31). Using Taylor development to the second
order we get

2 2
|An,i|_2ﬂ |Z| ’7(9) ] (43)

<
lgn(y, )] < ’ 5

/
Pas

In the same way we get the following two estimations:

0
a. Yn <Ani72ﬁ
550 2) < [l

nz|7
e | h@IwIRe+ 22—

sﬂ’A”ﬂ_H 12?1+ (),
| oo

0? _ _ _
Ia—fgn(y,Z)ISIAn,il PP y) + 1Al "2 1P) (122 + [27) + [ Anal =P Py) (12> +12°). (44)

Since a? and b have polynomial growth, (44) provides us an estimation on |A.g, (-, 2)(y)|. Using dominated
convergence theorem, (30), the estimation of |Acgn (-, 2)(y)| obtained from (44) and the fact that [ (|z[*+
|2[3)F(2)dz < oo, we get

sup  |E[(AcAafin)(X0)|X! =2l = R(0.A, %, 2)+ R(0,A,% 2)+ R0, A, ) = R(0,A, " 2).
u2€[ti,tit1]
(45)
We now consider Aq(Acfin)(y). Using (36) and the development to the second order of the function
Acfin(y+ 2v(y)) we obtain

Ad(Acfin) ()] < ¢ / / (Acfin) (4w + 5 27 ) |22 W)| F(2)dsdz. (46)

We observe that (A.fin)"(y') = [b”fi’,n + 20 Z"n +b Z";L + (a')? Z"n +a(a’f], +d ”’) + 2ad’ 1”7/1 +
1a? (4)]( ’). By the fact that |%@A§’i(y)| < cA;fj for j=1,2,3 and recalhng fin(y) = @Ag,i(y — ),
we get that

(Acfin)" ()| < cPy)A, Y. (47)

Using (46) and (47) it yields

sup  |E[(AaAcfin)(X0,)IXE, = a]] = R0, A7, ). (48)

n, Z ?
u2 €[t tiy1]

To conclude, we consider AgAqf; . Using (39) and the development up to the second order we get

A Aafin) ()] < / / (Aaf)"(y + 5 29|21 () | F (2)dsdz.

We recall that (41) still holds, with g,, defined in (31). In order to estimate (A4f)”(y) in the case where
a € (1,2) we use therefore (44) joint with dominated convergence theorem. It provides us

sup  E[(AaAafin)(X0,)|XE = 2]l = R(0, A, ). (49)

u2 €[tq,tit1] e
Using (42), (45), (48) and (49) we put the pieces together and so we obtain

sup  |E[A2fi o (X0,)| X0 = 2]l = R(0, AL ) + R(0, A, ).

n, l ’
u2 €[t tiy1]

We replace it in the Dynkin formula (29) getting

2

A2
Elpas (X9 —XD)X! =] =1+ AnR(0,0,57,2) + %R(@, Ale,;aﬁ—wfem(fw)’x)_

tiv1
Using the definition of A,, ; and (11) it is
1+ R(9, Al joPINEmoBm45mONEAD) gy, (50)

Since € is arbitrarily small, for each choice of o and 3 there exists € such that 3 — af — 45 — € is greater
than 2 — 44 and (15) follows. O

13



5.3 Proof of Theorem 2
Proof. We observe that

BIXY par (XEL, — XD)IXE = 2] Elgin (X )| XE = 2]

= + 7.+1 ,
Elpar (X7, - XOIXE = 1] Elpar (X0, — X0)IXE = 1]

mea, ;(T) = (51)

i+1
with gin(y) = (y —2)ppe (Y — ).

We have already found a development for the denominator of (51) given by (12), we use again the
Dynkin’s formula (27) for £ = 1 in order to find a development for the numerator. By the building,

gin(x) =0, g{n(x) =1 and g;’n(:zz) =0, so we get
Acgin(x) =0(z,0)

and

Aigin@) = [ [ginle +29(0) = @IFE = [ a(@lips (1(2) - UF ()
R\{0} R\{0} "t
where we have used, in the last equality, simply the definition of g; .
Substituting in the Dynkin’s formula we get

Elgin (X7 )IXE, = 2] = A i(b(z,0) + /R\{O} 2(@)lepr (27(2)) — 1F(2)d2)+

n,i

i+l
/ / gz n u2)|Xti = z]dUQd’u,l. (52)

In order to show that the last term is negligible, we have to estimate (4%g; ,)(y) using the decomposition
in continuous and discrete part of the generator, as we have already done.

Since gin(y) = (y — x)p s (y — x), we have

k k h—Fk
TOEDY (Z) s—yk(y - x)%(%gyi(y — 1)),

k=0

with (Z) binomial coefficients. So we get, observing that the derivatives of (y — x) after the second order
are zero, the following useful control for i > 1:

h h h h—1 —B(h—1
98 @) < 10 (=) Ay — 2l + 10U (@ - o)A, " Vh). (53)

n,i

By the definition of ¢ as a smooth version of the indicator function, we know that it exists ¢ > 0 such

that if % > ¢, then ¢ and its derivatives are zero when evaluated at the point %.

n,i n,i

So we can say that |30(Ahﬁ) (y—a)|ly— x| < c|<p(Ahg (y — z)|A§l and consequently

h h —B(h— h— _B(h—
950 W) < el (= 2)|A 00 4 el - 2)]a S, (54)

Reasoning as in the proof of Theorem 1, we start with (A2g; ,,)(y) and we get that it is 2?21 h;(y, 9)91(2 (v)

where again, for each j € {1,2,3,4}, h; is a function of @, b and their derivatives up to second order.
We substitute in E[(A2g;,)(XE,)|X¢ = z], getting zjzlE[ J(X9,,0)g7) (X8 )| X! = a]. Using the
estimation (53) we obtain

sup  [E[|AZgin(X0,)|IX], = 2] <
w2 €[ti,tit1]

< sup |ZcA PUDE(| R (X8 9>|<|sa<” (X0, = XD+ 1Y UTD(X9, - XODIXE =4l

ug?
u2 €[tq,tiy1] n,

j=1
B[R (X0, Ollens (X0, = XOIXE = 2]| as R(0, A 5, 2) =

u2?

We observe that we can see sup,, ¢y, +,.,]

R(6,1,2) and we use the Proposition 5 on the other terms, getting
4 .
sup (| A2gi.n(X0,)IIX0, = 2]l < ROA72) + RO L)+ eATUTVRO,0,5777 0) =

ug €[t tit1] =2

= R(6, A};ﬁﬂ—f—w ,x) + R(0,1, ). (55)
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Let us now consider A.(Aqgin)(y)

Ac(Aagin)(y) = Ac(/R[gi,n(- +27() = gin(-) = 27()9i w1 F(2)d2) ()
Let us denote
hin(y,2) = gin(y + 27(y)) = 9im(y) — 27(¥) i 1 (Y)-
‘We observe that

Ohin
dy

82h1 n
dy?
970 W) = 9 W) v(W)z — 297, ()2 (y) — g0 (W)27" (1),

Using the estimation (54), we have

(,2) =g/ (y+27W) A+ 27" 1) + gi (v + 27(y) 27" () +

@ <c ol <eAT i) < cALd
Hence
8hm 2 8
| 9y (v, 2)] < |lgfnll . P@) (2] + |217) < (|2 + |2 P(y) A,
and similarly
0?hin zﬁ 2 3
| oy 5y, 2)| <AL Py (2] + 127 + |2]°).

Since functions a? and b have polynomial growth, we obtain
| Achin(y, 2)| < AL Py)(|2] + |27 + |2°)

Using dominated convergence theorem we get
A [ Bin o 2VPEI2) ) < AP P) [ (1] 17 + =P ()

and so, using also the third point of Lemma 1 and (56), we get

sup  |E[Ac(Aagni)(X0,)IX], = a]| = R(0, 0,7, ).

n, Z ?
u2 E[ti,tit1]

We reason on the same way on Ag(Acgn.i)(y):

Aa(Acgn,i)y) = /R [Acgn.i(y + 27(y) = Acgn,i(y) — 27(Y) (Acgn.i) (v)| F(2)dz.

It is, in module, upper bounded by

¢ / / [(Acgns) (4 + 2v@))| + [(Acgns) @) 11217 (9) | F (2)dsd.

In order to estimate it we observe that, V',

(Aegn.i)'(y') = (ad'gy, ; + 2a29${’z Vg i+ bgn )Y

Using (60) and the polynomial growth of a, b and their derivatives, we get

[(Aegn)'(4))] < e+ PEIALT + Pl)ALE < Py)ALT

It yields

¢ / / [(Acgn ) (4 + 27@))] + | (Aegn i) )Nzl (@) F()dsdz <

(y,2) = gin(y + 27(W) = gi.n(y) + 27 (W) (900 (Y + 27(Y) = 9.0 (¥) — 27 (V)91 0 (Y),

(60)

(61)

<A / / (P(y + 2v(y)s) + PW)|2|1(y)| F(2)dsdz < A2 / P(y)P(2)|2|F(2)dz < eA, 2 P(y),
0 R R
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where we have used the first point of Assumptions 3 and the second of Assumption 4. Hence |A4(Acg)(y)| <
-2
Taking the expected value and using the third point of Lemma 1, we obtain

sup  |E[Aa(Acgni) (X0,)1XY, = a]| = R(0, 0,7, ).

n, Z ?
u2 €[ti,tiq1]

In conclusion, we consider A%(g,;)(y)

AZ(gn.i)(y) = /R [Aagn,i(y + 27(y)) = Aagn.i(y) — 27 () (Adgn.i) (y)]F(2)dz. (64)

Again it is, in module, upper bounded by

¢ / / [(Aagns) (0 + 29 @)8)] + |(Aagn.s) @)l by (4) | F(2)ds dz (65)
But
Adgn i) = / gnilW’ + 21)) — gni@) — 296 ) () F(2)dz = / hin( 2)F(z)dz,  (66)

with h; ,, defined in (57). Using control equation (61) and dominated convergence theorem, we get that
(66) is upper bounded by P(y’)A;f:.
It follows from (64) and (65) that

[Adgni)] < eAPW) [ PEIF():
and it turns, using again the third point of Lemma 1,

sup  [E[(A3gn,)(X0,)1 X! = ]| = R(0,A, ], 2).

u2 €[t tiy1]
Pieces things together we get

sup  [E[A%g,:(X0)|X] =a]| = R(0,A, %" 2) + R(0,A,% 2) + R(0, A, 2) =

n,t n,i’
w2 €[ti,tiq1]

= R(0,A7% ),

’I’IZ’

where R(6, A;aﬁ*e*gﬁ, x) is negligible compared to R(6, An -7, x) because, for each choice of o and S,
we can find an e arbitrarily small such that 1 — a8 — € — 8 is more than 0. We substitute it in Dynkin’s
formula and we obtain

2

A7 -2
= Ap,i(b(x,0) +/R\{O} (@)lpas (27(x) = 1JF(2)dz) + R0, A, ). (67)

n,i

We use the definition of A, ; and the property (11) on R, then we substitute in (67) getting (13).
We now want to prove (14). From the expansion (13) and the property (10) of R, there exists kg > 0
such that for |z| < AFo i Elpas _(Xfl_+1 — X))|X{ =] > 5 Vn,i < n: we are avoiding the possibility

that the denominator is in the neighborhood of 0. Using (51), (67) and (12) we have that

A i(b(,0) + oy oy V@l as (+9(2) U (2)d2) + R(0, A2 )

me(z) = + — — (68)
1+ R(0, Al 7N gy
Now we can use that R in the denominator is a rest function and so we obtain
L (1—aB)A(2-38)
1+R(9 A(l_—aﬂ)A(2—3,6’) x) ~ 1= R(eaAn,i ,.T). (69)

Replacing (69) in (68) we get

mo(z) = +[Dni (b, 0)+ / A(@)pas (21(@)—1)F(2)dz)+R(0, A2 )| (1-R(0, Al 74N 2y,
R\{0} o
The expansion (14) follows. O

16



5.4 Proof of Theorem 4

Proof. Let us now consider an expansion of (51) in the case where « is in (1,2).

We start observing that (52) and (54) still hold; we want to show that even in this case the last term
of (52) is negligible compared to the others. Again, we consider its decomposition in continuous and
discrete part.

Concerning AZ%g; ,,, (55) is still true. Let us now consider A.(A4gi,)(y) as written in (56). We act as
in the proof of Theorem 3, using Taylor development up to second order, on the function h; , defined in
(57). Hence we obtain the following estimation:

him(y, 2)| < |97l =5

and in the same way, using also (60),

Ghm v
124, 20 < ot 2P Y @)1+ 2 1P+ 7)) <
< PO A + 180 " PP + 1217, (70)
0?hin _ _
Zan (g, 2)] < AP ) + i PGl + ) + 180 PP + o). (71

Since a? and b have polynomial growth, (71) provides us an estimation on |A.h; (-, 2)(y)|. Using domi-
nated convergence theorem, (56), the estimation of |Ach; »(+, 2)(y)| obtained from (71) and the fact that
both [;(|z]* + [2]*)F(2)dz and [;(|z]* + |2]*)F(2)dz are finite, we get

sup  VELA(Aagn (XL XY = = BO.AL7, ) + RO, )+ B0, ALY 0) = FO.0, ),
u2€(ti,tit1

(72)
We now consider Agq(Acgin)(y). Using (63) and the development to the second order of the function
Acgin(y+ 27(y)) we obtain

Aa(Acgin)(y)] < ¢ / / (Aegin)"(y + 5 /@) |212 112 ()| F (=) dsdz. (73)

We observe that (Acgiyn)”(y):[b”g;n+2b’g erg’” +(a )2g;’n+a(a”g;’n+a’g;’%)+2aa’g;’%+1a291(72](y)

Using (60), to which we add |91( (y)| < cAn ., we get
(Aegin)" (¥)] < ¢ P(y) AL (74)
Using (73) and (74) it yields
sup  |E[(AaAcgin)(X0,)IX], = a]| = R0, A7, ). (75)

u2 €[tq,tiy1]

To conclude, we consider AgAqg; n- Using (64) and the development up to the second order we get

| Aa(Aagin) (9)] < / / (Aagin)"(y + 5 27 @) |22 ()| F(2)dsdz.

We recall that (66) still holds, with h;,, defined in (57). In order to estimate (Ag4gin)”(y) in the case
where a € (1,2) we use therefore (71) joint with dominated convergence theorem. It provides us

sup  |E[(AaAagin) (X0,)IX7 = a]] = R(0,4,7, ). (76)

U2 €[t tiq1] e
Using (55), (72), (75) and (76) we put the pieces together and so we obtain

sup  [B[A®fin(X0,)|X] = ]| = R0, 0,527 2) + R(0,1,2) + R(0,A,%",2) = R(0,A, 3, ).

n,g o n,g o
U2 € [ti,ti41]

Indeed, since € is arbitrarily small, for each choice of a and 8 we can find € such that 1—af—35—e > —30.
We substitute in the Dynkin formula (52) and so we get
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2

A 3
=A@+ [ A@lesg 1) - £ S RO,ALY ) ()

",

We use the definition of A,, ; and the property (11) on R, then we substitute in (77) getting (16).
In order to prove (17), we observe agaln that from the expansion (16) and the property (10) of R, there
exists ko > 0 such that for || < Ako s [(pAB (X9 - X{)|X! =] > % Vn,i <n. Using (51), (77) and

t i+1
(15) we have that

Api(b(z,0) + fR\{O} Z’y(x)[‘PAiji(ZV(z)) —1]F(2)dz) + R(6, Ai;gﬂ, )

me(z) =z + 11 R(6, AU 0PAE9) (78)
Now R in the denominator is a rest function and so
1 (1-aB)A(2-4)
RO REELREET) 9 ~1—R(6, An,i , ). (79)

We now replace (79) in (78) and we observe that multiplying by R we obtain negligible functions, hence
we get (17). O

Let us now prove the development of mg a, ; in the particular case with finite intensity that makes
possible to approximate explicitly the contrast function.

5.5 Proof of Proposition 1

Proof. We want to use again Dynkin’s formula (27). We consider the decomposition of the generator:
A= A + Ag and by the Remark 1 and the fact that we are in the finite intensity case, we can take
Aaf(z) = [p Alf(x +~(2)2) — f(2)]Fo(2)dz, where F(z) = AFy(z) and [, Fo(z)dz = 1.

Concermng the denominator, we denote again f; »(y) := @5 (y— x) and, in order to calculate A% f; ,,(y)

we introduce the following set of functions:

p k

FPi=g()st.g) =>_ o™ ((y—2)A, DA O hij(w)AL)
k=0 =0

where, Vk,j, VI > 0 e such that |aa—;lhk7j(y)| < ¢(1+ |y|°) and Vk,j hg; is C*°. We observe that, if

g € FP, then ¢’ € FPt! bg and a?g are in FP and therefore if g € FP, then Ag € Frt2.
We now want to show that, for g € FP, A; acts like —AI; up to an error term. Indeed,

Aag(y) = /R/\[g(y +7()2) — gW)|Fo(z)dz = /R 9y +v(y)2)Fo(2)dz — Ag(y). (80)

Let us start considering g(y) = ¢ ((y — x)A;f)h(y), where k£ < p and h € C* is such that VI > 0 Jc:
1
[ 2 b ()| < (1 + |y|°). Then,

/ oy + ()2 Fo(2)dz = / o P (y + W)z — £)ATE) h(y + 1(y)2) Fol2)dz.
R R

With the change of variable u := (y + vy(y)z — z)A_ B- it becomes equal to

5
7(w)

We define F(L y,s) = h(w+s) FO(% + —2-) and we develop it up to the M-order, getting

B
® (W h(s + ud VB (T Y 4 Bty
/ o )ha +u R+ (1)

v(y) ()
- F ﬁ j Lot B (1 - t)M B M+1
F(ZL' y, Z a— T y, A )] /0 WF(:C, Y, tAn,lu)T(An,lu) dt.
7=0

Replacing the development in (81) and recalling that by the definition of ¢ we have fR ul k) (u)du =0,
we get

(k) ) (y oM g A=DM 5 g
(P ( ) (‘T y) du = ZO+ asMJrl F(xayatAn,zu)T(An,zu) dt du.

(82)
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We observe that it is |66l1+l2+l3 F(z,y,s)| < (1 + |z]° 4 |y|® + |s|¢). Therefore, since the support of

sl19xl20yls
o) is compact, we get

/ / 0 ) s Pt ) D (A7 )M < oA )14l ). (89)

Hence using (81) and (83) on | [, g(y + v(y)2)Fo(2)dz| and the differentiation of (82) on |6a—;l Jeoly +

v(y)z)Fo(z)dz| we get that both of them are upper bounded by ¢(1 + |z|® + |y|° )Aﬁ M+2) " where in the
second case the constant ¢ depends on [.
Turning to a general function g € FP, the estimations above become

| / 9y +1(9)2) Fo(2)dz| < e(1 + [z[° + [y[)ASMD A -0P (34)

and, VI > 1,
!
Ex

We introduce the set of functions

/R 9y + ()2 Fo(2)dz| < ep(1+ |2| + |y AT AAP, (85)

l

RP = {r(x,y, Afm.) such that VI > 0 d¢g |88_ylr(x’y’ Az,i)| <1+ |z + |y|q)Afm} _

Hence, using (80), (84) and (85) we have proved that, Vg € FP,

Aag(y) = —Agly) + r(z,y, ALTT>7P)y, (86)

We observe that if a function r is 1n RP, then both Agr and A.r are in RP. We can therefore now
caleulate for fi(y) = #((y — 25,2, fin € FO,

Acfin(y) ifi; =c

Ai finly) = o
finl®) {Adfi,n@)=—Afi,n(y>+r<x,y,A5§?“2>> i) = d,

We want to show, by recurrence, that
Aiy © o0 Aiy (fin) (y) = AL £ (g) (NN T gy, ADGIFHITB0) (g8
with (41, ...,in5) the number of ¢ in {41, ...,ix}. Let us consider the base case

Alfinly)  ifia=i1=c

Ac(=Min(y) +r(@,y, ALY = “NAfin(y) + (@ y, ALY ifiy=c iy =d
A fin(y) +r(2,y, Ag&Mﬂ) Qﬁ) ifio=d, i1 =c

Ad(=Min () + @,y ALYy = N2 £ 0 () + 1,y ALY iy =0y = d,

Ai0Ai, fin(y) =

where in the third case we have used A.f;,, € F2. So we have (%)
Aiy 0 Ay fin(y) = ALi2) £ () (= N)2H002) (g, Ai,(il\/f+2)*2ﬁl(i1,iz)),
as we wanted. For the inductive step, we assume that (88) holds, now
Aiyyy 0Aiy 00 Ay (fin)(y) =
Apo AL fo ) (CNN—IGnin) | (g, y, APMFD=2000 i)y g
= {( )AL z‘N)flﬁn(y)( AN =HGesin) 4, y, Aﬁ(M+2) 26U(i1in)) gL = d (90)

where in the first case we have used that Acr(x, y,Anl) € R" Vh, and in the second case that
Agr(z,y, Ah ;) € R" and that A. GRS fi,n € F2Uiin) while using (86).

It is equal to Af:(h ..... in, 1N+1)fi7n(y)(7>\)N+1fl(i1 ..... iINyIN41) Jrr(z, v, A57(1M+2)*261(z'1 ..... iN,iN+1)) and there-
fore the recurrence is proved. We can now calculate A* f; ,(x) in the Dynkin’s formula (27) using (88):

Akfl,n(x) = Z (Alk 0...0 Ah)fz,n(x) =

(15001 ) E{c,d}*

19



_ Z Af;(il’m’ik)fi n(x)(fA)k_l(il’”"ik) + T(:C, z, Ag(y+2)—2ﬂl(i1,...,ik)). (91>
(i1,..yik) E{c,d}*
Recalling that ALf; ,(z) =0 VI > 1, (91) becomes (—\)* f; . (z) + r(z, z, Aﬁ(MH) 2ﬁk)

Therefore, the principal term in the development of the denominator of mg, Am( x) from Dynkin’s formula
up to order N is

N Ak N
> Sp A i Z

k=0 k=0

N fon(@) + r(a, @, ADQIHD =20k 1E)

Let us now consider the term of rest in the Dynkin’s formula (27). Observing that
AN fin) < AT A [y))

using (88) and the definition of the function r, we get that

|AN+1fi,n(y)| < C(Agiﬁ(N-H) JrAﬂ(M-i-Q) 25(N+1)>(1 + |y|c> (92>
Therefore
B[ AN fin (X DI, = 2] < o(A, 37D 4 AT Z200D) (1 ). (93)

Replacing in (27) it yields

i1
|/ / / ANJrlfzn( un+1)|Xti = (E]dUNJ,_l...dUQdUll S

SCATJX;{-I(A;QZB(N-H) _i_Aﬂ(M-i-Q) 25(N+1))(1+ |$|¢:)

Since A’ﬁ(M”) 2BINHD) g negligible compared to A 2'6(N+1), it is enough to have (N 4 1)(1 — 258) >
|B(M + 2)J in order to get the following development of the denominator da, ,(x) of mg A, ,(x):

N
A, B -
da,.. (@) = D7 =N funle) +r(a,o, ALGTITITON) (a2 ATTHID) =
k=0 ’
LBM+2)] Ak
= Y N e, AL,
k=0 ’

where we have also used that, by the definition of f;,, fin(z) = 1 and in the sum we have considered
only the terms up to k = [5(M + 2)] because the others are rest terms.
Let us now study the numerator na,, ,(x) of mg a, ,(x): acting like in the proof of Theorem 2 we consider

3(y) == (y —x)e((y — x)A;f) Let us introduce, in place of F?, the set FP.

B P

FP =< g(y) st.g(y Zcp(k) 71 7kﬂ2hijyA])
where, VEk, j, VI > 0, 3¢; such that |66—;Lhk,j(x,y)| < (1 + |z + |y|®). We observe that, as it was for
FP,if § € FP then Ag € FPT2 and, for all § € F?,

- - M+2—
Aaily) = =Agly) + r(,y, AT, (94)

It turns that the same relation as (88) holds with g in place of f; . Hence we get
Abgly) = (Ac+ A gly) = D0 AL Ig(y) (<A ) (g, AT )

(i1,esii) €{c,d}P

k
Z( ) NEALG() + (e, y, APOIHD =268

where (i1, ..., ig) is the number of ¢ in {41, ..., it} and (];) are the binomial coefficients. Now, concerning
the continuous part of the generator, since it is local and g(y) = (y — «) in the neighborhood of z, we find

Alg(z) = Ag? (x), which are exactly the coefficients found in the case without jump studied by Kessler
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n [15].
By (95), the principal term in the development of the numerator is therefore

N AR NOAR S EL ! M+2)—28k
> S abgte) = 30 S () (AR @) ol AT ) =
k=0 k=0 =0
B YOAR A [k k=1 4(1) B(M+2)
=3 SO ()0 AR @)+ o ) (%)
k=0 =0

Changing the order of summation and introducing k' := k — [ we get that the first term of the previous
equation is equal to

N X AE (K L NAL N N
S Y S (1) et =3 Sl X At i ()

=0 k=1 =0 k’=0
N N—-I K’ K’
AF ()
n K (l) n,%
=2 AR > = (97)
=0 k’=0

where in the last equality we have used the definition of binomial coefficients. Concerning the rest term
in the Dynkin’s formula, we use again (92) and (93) with g in place of f; ,, and it turns again

i+1
|/ / / RE[ANT15( (Xuns)|Xe, = ]duny1...dugdus | < r(x,x,As;w)(NH)). (98)

Hence, using (96), (97) and (98) we have the following development:

NOALL 0, AR (=0 B(M+2) (1-28)(N+1)
=D AR @) D = (e, AT (AL ) (99)
=0 k'=0 '

If (N + 1)(1 — 28) > B(M +2), it entails

LBMA2)] AL o [B(M+2)] Ak’_(f}\)k’ BM+2)
nAn,,i(’T) = Z ZT:J AK (‘T) Z WT + T(.T,.T,Ami )
1=0 ’ k'=0 ’

Acting as in the proof of the development of mgy given in Theorem 2 we can say that it exists kg > 0 such
that, for |z| < A" the development of me.a, () is

nz’

na, () [B(M+2)] '

z+ 7"( y =@ + > —L A (@) + (w2, Aﬁ(MJFQ)) (100)
A\

i 1=0

5.6 Contrast convergence

Before proving the contrast convergence, let us define (6, x) as the particular rest function that turns
out from the development of mg a,, ;:

r(0,x) :=mon, (r) —x—Dpib(x,0) — Ay zy(x) [L —pps (v(2)2)] F(2)dz. (101)
R\{0} "t
We recall that r(0,z) is R(6, A}:‘S, x) with § > 0 as defined below equation (23).
In order to prove the consistency and asymptotic normality of the estimator, the first step is the following
Lemma:

Lemma 4. Suppose that Assumptions 1-5 and Ag are satisfied. Then

UA0) ~ Un00) & [ (ba0) —be.B0)?
ni\, —>/R a?(x) (dz)

(102)
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Proof. By the definition,

n—l
th 1 m@(Xt ))2
=2 Ay, oan K — Xl <ar

—=n,i

=0

We want to reformulate the contrast function, in order to compensate for the terms not depending on 6
in the difference U, (0) — U, (6p).
The dynamic of the process X is known and so we can write

tit1 tit1 it1
X = Xy, —|—/ b(XS,HO)ds—l—/ s)dWs —|—/ / -)zj(ds,dz).
ts ti
We have proved the development (14) of myg, too. We can substitute both of them in U, (0), getting
n—1

1 tig1 ti+1 tit1

i i

+An,i(_b(Xt¢59)+/R\{ , Z’Y(th) (1—(‘0A6 (’Y(th)z)) F(z)dz)—i—r(@, Xti)]Q(PAB _(Xti+1 _Xti)l{\Xt |<A~ k =
0 n,i n,i —==n,i

n 1 tit1
= ; W(/ﬁ b(Xs, 00)ds — An i b(Xy,, 0) + ¢ +7(0, Xti))QsﬁAg’i(Xtm =X )lix, 1<azt)
we recall the definition of ¢; := f T a(Xg)dWs + j; o fR\{O} v(X4-)zia(ds, dz) +

+A, fR\{O} z2y(Xe,) [1— N ( ( ) )] F(2)dz, as in (22); we pomt out that ¢; does not depend on 6.

In the same way

tit1
Un(o) = (X B ,(/t b(Xm90)d5*An,ib(Xt”90)+Ci+7"(90,Xti))QsﬁAfL’i(Xtm*Xti)l{\Xti\SA;@
1=0 i

and so
Un(0) — Un(6p) 1 "=lops (X, — )1{|X <A , , .
= o A2 (b(X,,0)% — b(X,
nAn TLAn ; a2(Xti)An,z [ n’l(b( t“e) b( tlaGO) )+
tit1
+20n, b(Xs,00)ds(b(Xt,,00) — b(Xt,,0)) + A; + Bi + C; + D; + Eil, (103)

t;

with

Ai = 2§1An71(b(Xt1590) - b(Xt-n 9))7 B; = 2@(7’(9,th) - T(QOa Xti))v
Ci =20, (r(00, X, )b(Xt,,00) — r(0, X4, )0(Xt,,0)), Dy =7(0,Xs,)* —r(00, Xt,)?,

tit1
Bi=z [ 00X 00)ds(r(6, Xe,) — (60, X,)
t;

Our goal is to show that the contribution of A;, B;, C;, D; and E; go to zero in probability as n — oo
2
and to prove that the other terms converge to [, Wﬁ(dm).

We observe that the rest function r(6,z) is present in all the terms that have to converge to 0 but A;,
on which we use a different motivation to obtain the convergence:

n—1 Xe, — X))l n—-1
1 s (Xt t:) {Ixs,1=A% 1
ot — il A= Xi o — X)) fin(Xe 1): —k1 G
nAn i=0 a2(‘(ti)An,z ’ nA" ;wAﬁ,l( tita tl)fz,n( tl’e) {' ti|§Anﬁ}C“

with fi,n(Xtiv 9) = % (b(theO) - b(Xtu@))
In order to apply Proposition 3 we observe that, by the assumptions done on the coefficients, f;, has
polynomial growth. We therefore get the convergence to zero in probability, using Proposition 3.

no1 $a? (K =X )1{‘X <azk)
We want to show that ﬁ Yo Lo onye =i B; P, 0 and so we observe that, by the
definition of the function r and by (11) we have that
r(0, X1 x, <ozt = ROAT X0) = ARR(0,1, X,). (104)
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Hence
1 — @Ag,i(XtHl B Xti)l{‘X"i‘SA;ﬁ

nAn =0 G/Q(Xti)An,i i
(pAfL _L_(Xt'H»l - Xti)l{\xti\gA;’z}(R(ea LX) — R(GOa 1’Xti))
T nA, prd niGi a?(Xy,)

To prove the convergence, we have to show that

=

A Z“E fzn Xt )1{\)( <Az ’f}CZSﬁAﬂ (Xt1+1 7Xti)

and

150,

5
QAQ ZEA2 iJin Xtﬂ )1{|X <A k}g <PAB (Xt1+1 7Xti)

with
R(GalaXt ) (GO;laXt )
a?(Xy,)

By the measurability of X;, with respect to F3, and by the fact that |A, ;| < A,

fin(Xy,,0) =

n—1
1
nA Z |E[Afz,ifi,n(Xtia9>1{\Xti‘§A;’z}<i@Ai i(Xti+1 - Xti) 1] -
" =0 ' '
TLA ZA |fln Xt ||E[1{|Xti|§A;E}Ci(pAi,i(Xti+l - Xti)lj:ti]l <
1 n—1
< A6 ni, Z |f1n Xt ) )HE[ {\X |<AZ "}Cz(PAB (th+1 _Xti)|]:ti]|'

We recall that § is positive. Using (24), we get the convergence (105) in L' and thus in probability.

In the same way,

2A2 ZEAQSl in (Xt,, )1{|X <Az k}g WAL% (Xt — Xe) [ Fi] <

n—1

1
< A?f n2A2 Z fiz,n(XtmG)E[l{\xti\gA;’z}Qf(toiﬂ _(Xti+1 - Xti)lj:ti]’
n =0 ’ "

that goes to zero in probability using (25).

1 n-l @Aﬁyi(Xta#l ) {|Xt <Ak
ni, a?(Xy,) A

Ci = A Z A1+§f1 n Xt 9)<PA5 i(Xti+1 - Xti)?
i=0 '

with fin(Xy,,0) = R(eo’l’X”)b(Xti(’lZU());ﬁ(e’l’X”)b(X”’ )1{\Xf,- <arE)s where we have used (104).

In module, it is upper bounded by A%L Z?;ol |fin(Xe,, 0)pps (Xiyy — Xi,)|-

We observe that the exponent on A,, is positive so it goes to zero as n — oo and that ¢, s (X¢,,, —X¢,)|

C.

0, (105)

<

By the polynomial growth of f;,, and the third point of Lemma 2, we get that %ZL—(} | fin(Xe,,0)] is

bounded in L'. It yields the convergence in probability that we were looking for.
Let us consider D;. Using triangle inequality, we can just prove the convergence of the following:

el (NG S
ni\, — a? (X, ) An P
n-1 Xp — Xu)1 A
1 N 5 ( tiy1 t; [Xe <Ak
= |— Z A:}tQ(Y 2 { } (97 15 Xti)2| <
nAn =0 a (Xti)
n—1
A26 Z |f1n Xtue)@AB _(Xt1+1 - Xti) )
1=0
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fin(Xy,,0) = %, using also the indicator is always upper bounded by 1.

Also this time the exponent on A, is positive. We can use the boundedness of |p,s |, the polynomial
growth of f; , and third point of Lemma 2 in order to get that % Z?;(} |fin(Xe,,0)pps (Xt —Xi,)| s
bounded in L' . It turns
1 Pag, K = Xe )l cas
| TLAn a2 (th )An,i

n (0, X:,)%| 5 0.
=0

<

Considering F;, we use again the triangle inequality in order to prove only the convergence to zero of the
following:
| 12 ear (Ko = Xe)lpx, jcazsy ptin
nl,, “ a?( X, ) A t

b(X,, 00)ds (0, Xy, ). (106)

In the sequel it will be useful to substitute fti”l b(Xs,00)ds with A, ; b(Xy,,00).

ti+1 ti+1

/ b(XS,eo)dS = / [b(XS,oo) - b(Xti,eo)]dS + Amb(Xti,@O). (107)
t; ti

In order to show that the first term is negligible compared to A, ;, we consider the following expected

value:

ab
sup B(Xi 0 00) ~ 0 0017 < sup B 52| X Xl <

u€l0,An ] u€l0,An ]

<c¢ sup EHXt'LJFU - Xti”]:ti]'
w€[0,An 4]
In the last inequality we have used that the derivative of b is supposed bounded.
Using Holder inequality we get that it is, for each p > 2, upper bounded by

1
c sup (B[l Xy 4u — Xe,[P|F])P <
u€[0,An,4)

1
<c sup (t; +u—t](1+ X, [P)F = R(6,A7 ,, Xy,). (108)
w€[0,A, 4]

Where, in the last inequality, we have used the second point of Lemma 1.
1
For p = 2, E[|b(X¢t,4u,00) — b(X¢,, 00)||F:,] < R(O,AZ ., X;,) and therefore

n,i?

ti+1 ti+1 1
/ E[|b(Xs,90)—b(Xti,90)||]-'ti]ds§/ R(0,A% X, )ds = R(0,A

n,t?
t; ti

3
2 X)), (109)

n,i?

negligible compared to A,, ;, that is the order of the second term of (107).
Using (104) and (107), (106) can be reformulated as

1 nol! (pAB .(Xti+1 _Xti)l{\Xt.\SAfk.}Afrsl,iR(eﬂLXti)
| 2 m,t i n,i
nl, ¢ 2(X,,)

(A b(Xy,, 00)+

+ / T DX B0) — B(X,,, B0)]ds]). (110)

7

The first term is upper bounded by

n—1
1
AZE ZO |fi»”(Xti79)sDAiwi(Xti+l - Xti)

)

2b(Xy, ,00)R(6,1,X,,
where fi,n(the) _ 2 “aZO()X,,(.) n).
-1

Again, the exponent on A,, is positive and £ > | f; 0 (Xy,, )95 (Xt,,, — X4,)| is bounded in L' using
the boundedness of ¢ s , the polynomial growth of f;,, and the third point of Lemma 2.

Concerning the second term of (110), we observe it is upper bounded by

n—1 t;

1 i+1

e S i) [ K l0) 60X B0 sy (e — )
gy "

ti

A6
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where f; ,(Xy,,0) = % The exponent on A,, is still positive and 21— S fin(Xas, 0) [ b(X s, 00)—

ti
b(Xy,,00))ds s (X, — Xy,)| is bounded in L'. Indeed,

7

n—1

1 tit1
A 2Bl (X1 0) [ B 00) =X 0l (Kry = X)) <
=0 g
c n—1 tiv1
< iy 2B n(Xi) [ O ) — (X o] =
c n—1 tit1 c n-l 3
= A ;E[lfi,mti,em[ /t DX 0) =X B0))s | P l) = S ;Enfi,n(Xn,e)R(e,A:,i,Xml],

(111)
where we have used the definition of conditional expectation and (109).
From (11), we can upper bound (111) by A2 2 S VE[|fi . (Xy,, 0)R(0, 1, Xy, ) |-
The exponent of A,, is clearly positive and %Z?:_ol E[| fin(Xe,,0)R(0,1, Xy,)|] is bounded using again
the polynomial growth of both f,; and R and the third point of Lemma 2.
We have obtained the wanted convergence.

Let us now consider the main terms of (103): we will show that they converge to [, Wﬂ'(dl‘).

In order to do it, we want to replace ftt_i“ b(Xs, 00)ds with A, ; b(Xy,,600) in (103), getting:
A’?l,i[b(Xti’9>2 - b(Xtiv 9())2] + 2A37,,ib(Xti’90)[b(Xti’90> - b(th,9>] - Ai,i[b(Xtivo) - b(Xtiv 00)]2'
Hence, we can reformulate (103) adding and subtracting Ay, ;b(Xy,,6p). We obtain

Un(0) — Un(0y) 1 2Pa8 (Xt = Xe)lgix, j<an
T D a?(X; ){ t A ilb(Xe., 0) = b(Xe,, 0))*+
" ™ i=0 i

n—1 2@ (X - X )1 —k tig1
1 AP \ At ti {|X,|<A ‘
T - o bXSH *bX@ d bX9 *bX9+ s
nAn a’2(‘Xti) (/t [( ’ 0) ( tis 0)] S)[( tis 0) ( tis )] R

7

+

i=0

(112)
where R; represents the rest terms, for which we have already shown the convergence to 0 in probability.
The second term of (112) goes to 0 in L!, in fact

n—1

1 tit1
E[l nA Z f(Xti’ 9)90A£ i(Xt'H»l - th)(/t (b(XS’ 90)ds - b(Xti’ 90))d8|] =
™ =0 ' i

n—1 tit1
=Bl 3 S0 OBlesy (e = Xe)([ 00X 00) = b(Xe,,00))dsl 7],
n o0 ’ t

7

) b(X 1. ,00)—b(Xy. 0
With f(Xy,,0) :== . (X“a;z)Xti;X“ ))1{‘Xti‘SA;,)§ ’

Using that ¢, s (X¢,,, — X¢,) is bounded by a constant and the estimation (109), we get that it is upper
bounded by 7

n—1 n—1
1 3 11
EH nA Z f(th G)R(G’ Arzz,z‘a th)” <AL ; E[lf(Xtm Q)R(ea L, Xti)”’
" =0 i=0

where in the last inequality we have used (11), the triangle inequality and that |A, ;] < A,. Using
the third point of Lemma 2, we obtain that %Z?:_Ol |f(Xe,,0)R(0,1, Xy,)| is bounded in L' and so the
convergence wanted.

To conclude, we use the second point of Proposition 2 on the first term of (112). It yields

-1 _
1 &L Pas .(Xti+1 Xt¢)1{|xt_|<A*’? P (b(ac 9) —b(ac 90))2
n,i il ="n,i A ) X o X 2 N s .
nA,, a2(X,,) n,i(0(X¢,, 00) — b(Xy,,0)) —>/R () m(dz)

=0

Therefore,

Un(0) — Un(6o) P (b(x,0) — b(ac,Ho))2ﬂ_ .
ni, _>/R a?(x) (dz).
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Remark 9. We observe that the contrast function does not converge: VY8 € ©

lim Un—(@:oo

n—oo nA,

It happens because, in the expansion

n,

tit1
Xy —mo(Xe) =G+ / B(Xs, 00)ds — Ani b(Xy,,0) + RO, ALE X, ),
t

i

G is of the order Aé while the order of the part dependent on 6 is A,.

That is the reason why we consider the difference between U, (0) and Uy (0y): stressing that (; does not
depend on 0, we get that in the difference it does not contribute anymore.

The asymptotic behavior of (U,(0) — U, (0)) is therefore governed by the part depending on 0.

5.7 Consistency of the estimator

In order to prove the consistency of én, we need that the convergence (102) takes place in probability
uniformly in the parameter 6, we want therefore to show the uniformity of the convergence in 6.

Let S,(0) := W ; we regard this as a random element taking values in (C(0©),|.|). It

suffices to prove the tlghtness of this sequence, to do it we need an explicit approximation of 7hg 5. Such
an approximation, together with the approximation of g 5, will be also useful to study the asymptotic
behavior of the derivatives of the contrast function. In the following proposition we study their asymptotic
expansions as A, ; — 0 :

Proposition 7. Suppose that Assumptions 1 to 4 and 7 hold, with o € (0,2), a # 1 and 5 € (0, 1+a —€).
Then, for |y| < h= (where ko is the same as in Theorem 2 or 4, according to o < 1 or a > 1),

rivg,n(y) = hb(y, 0) + R(0, h3"2=aP=<=F) y) (113)

and
g, n(y) = hb(y, 0) + R(8, h2N2—eF=<B) ) (114)

Remark 10. [t is also possible to show that
litig,n(y)| = R(6, R, y). (115)

The proposition above will be proved in the Appendix A.1, where we will also justify (115). We can
now show the tightness of S, (6):

Lemma 5. Suppose that Assumptions 1 - 8 and Ag are satisfied. Then
_ Un(0) = Un(00)

s a tight sequence.

Proof. In the proof we use the notation of Section 5.3 and especially of the proof of Lemma 4. Since the
sum of tight sequences is also tight, we can see Sy, (0) as Sp1(0) + Sp2(0), where

1 Pan, Ko = Xl j<at

n1(0) ==
Sn(0) nA, a?(X1,) A

[Ai,i (b(Xh ) 9)2 - b(Xn ) 90)2)+
=0

tit1
t

i)

1{|Xt <Az k}E[Q(PAB (Xt1+1 - X,)
nA Z GQ(Xti)An,z

(Anﬂ(b(th ) 9) - b(Xtiv 90)) + (7’(9, Xti) 77"(907 Xti)))a

1{ k
|Xt |7Anz

E[Ci(PAgyi(XtHl - ti |‘7:t1]]( n7i(b(th9) - b(Xti’ 90)) + (7‘(9, Xti) - T(eo,Xti))),
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and show the tightness of the two sequences individually, using two different criteria.

In order to prove that S, is tight, we want to show that sup, E[supyee |25Sn1(6)|] < oo. As concerns
Sn2(0), according to Theorem 20 in Appendix 1 from Ibragimov and Has’ Minskii [11], we should verify
the following: for some positive constant H independent of n, ,

E[(Sn2(0))?] < H V0 eo, (116)
E[(Sn2(01) — Spa(62))?] < H(6;, — 65)? V6,6, € O. (117)

The derivative that we want to estimate is, using the expressions of C;, D; and F;,

98m(0) _ 1 Pas, Kun = Xe)lix, j<a -
90 nA az(xt.)A{ 247 b( Xz, 0)b(Xe,, 0)+ (118)

=0

tisa : :

+2An7i/ b(Xs,00)ds(—b(Xy,,0)) — 2A,,;(br)(Xy,,0) — 24,,,:(br)(0, Xv,) + 2(7r) (0, Xy, )+

t;
tit — <1(pAB .(Xti+1 - Xti)|]:ti]1{\Xt_ <A~k .

1200, X,,) /t X s+ ; T (50, X0+ A ib(Xe,, 6).

Using triangle inequality, we can just estimate each term in L' norm.

Using the polynomial growth of both b and b, the fact that ¢ and the indicator function are bounded,
that a? is bigger than a constant from Assumption 5 and that |A,, ;| < A,,, we get the first term of (118)
is upper bounded by

n—1

1
E[sup |— 1+ | X4 9]
[Geeln;:O( [ X))

that is bounded by the third point of Lemma 2.

On the second term of (118) we can use that ¢ and the indicator function are bounded, that a? is bigger
than a constant from Assumption 5, that both b and b have polynomial growth, from the integral we get
a |A, ;| (using (107) and (109)) that is smaller than A, and so we have just to use the third point of
Lemma 2 in order to say that the moments of X are bounded. Hence

n=lo X, — X )1 k t:
E 1 NSO t;) {1x0,1<4; i+1
nA Z = - 2Anz Xé,e d b( X, ,9 < c.
[S€@| L a’2(Xti)An7i t; ( 0) S( ( ti ))” SC

Concerning the third and the fourth terms of (118), we use again that ¢ and the indicator function are
bounded, that a? is bigger than a constant from Assumption 5 and that b has polynomial growth. We
recall that

n,e

T(eaXti)1{|Xt.|<A’kﬁ} - ( A1+6 X, ) = A:;,rzaR(ov ]"Xti)7 (119)
using (104). By the definition (101) and the development (113) of 7hy we get also the following estimation:

sup |7(0, )| < Api(1+ |x]). (120)
6ce

We obtain in this way a |A, ;| that is always smaller than A, and so we can simplify the A, in the
denominator. Now we use the third point of Lemma 2 and we get also this time that the expectation is
bounded.

Also on the fifth we use that ¢ and the indicator function are bounded, a? is bigger than a constant
from Assumption 5, (119) and (120) on 7. Therefore the fifth term of (118) is upper bounded by
AE[|% 30 (1+ X))

Since the exponent on A, is positive and by the third point of Lemma 2, it is upper bounded by a
constant.

As concerns the expected value of the sixth term of (118), we use again that ¢ and the indicator function
are both bounded, a? is bigger than a constant from Assumption 5 and (120) on 7. Moreover, we get a
|A,, ;| from the integral (using (107) and (109)). The third point of Lemma 2 is sufficient to assure the
boundedness of the considered expectation.

Let us now consider

n—1 X — 1
2 Pas ( t; ) X
E[sup | = = EGE

0cO nAn i—0 GQ(XU)

i)

b(th@)EKZ@AZ i(Xti+1 - Xti) ]
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By the boundedness of ¢, the Assumption 5 on a and the polynomial growth of i), it is upper bounded by

n—1
Blup s, 2 Bl i isar)Gigag, (Ko = Xl R0+ 1K <
Efsup | ZR@ AUTON) (141X, )] < eAE,

[USC) nA [

where we have used (24), |A, ;| < A, and the third point of Lemma 2. Since the exponent on A, is
positive, it is bounded by a constant.

In order to conclude the proof of the S,1’s tightness, we observe that by the boundedness of both ¢ and
the indicator function, the Assumption 5 on a and (120) on 7 we get

n-1 X, — X))l —k
2 s (Xt t:) {Ix¢;1<0%
E T (0, Xy, ) E[G Xy, — Xy, 1 <
0 i 2 OB Gy (Y ~ Xl <
c n—1
< Bl D Bl i, <oty Pas, (e = Xe)IFu)(L+ X0, ),
™ =0 ' ’
on which we can act exactly like above, getting the wanted boundedness.
Let us now consider Sp2. In order to prove (117), we observe that
E[(Sun(01) — Suo(02)”] < L E[(S" UKul<ant X, - X 121
[( n2( 1) - n2( 2)) ] = nQA% [(; GQ(Xti)An,z [Cl@AZl( tiy1 t1)+ ( )

7E[Q‘PA£,I_ (Xti+1 - Xti) J](An,l(b(Xtm 02) - b(Xtiael)) + T(ela Xti) - T(927 th)))2]

By the building the sum is a square integrable martingale. The Pythagoras’ theorem on a square integrable
martingale yields that (121) is equal to

|Xt |§An’§
n2A2 Z [C#PAB (Xti+1 - X )+ (122)

*]E[C%PAQZ,(X&H — X )| F )P (A i (b( Xy, , 02) — b(Xy,, 01)) 4+ (01, Xy,) — r(02, X4,))?)-
We now observe that
(Ani(b(Xy,,02) — b(Xy,,01)) + (01, Xp,) — 7(02, X4,))? < A2 ((b(Xy,, 02) — b(Xy,,01))*+
+e(r(01, Xs,) — (02, X¢,))? < cAfm-l}(Xti, 0.)%(01 — 02)* + (0, X1,) (01 — 02)2,
where 0, € [01,02]. Using (120), it is upper bounded by
AR [D(Xe,. 00) + (14 X4, [9)](01 — 62)°. (123)

Replacing (123) in (122), using that the indicator function is bounded by a constant, the Assumption 5
on a and that b has polynomial growth, we get that (122) is upper bounded by

n—1
1
W2AZ > El [(Gpnr (Xeips — Xo) = ElGions (Xt — Xe)|Fu])? (1 + [ X6, [9)?] (01 — 62)* =
=0 '

= 2A2 Z E Cz(PAB ) Xti+1 - Xti) - E[Ci(pAfL,i (Xti+1 - Xti)"Fti])Ql]:ti](l + |Xtilc)2](91 - 92)2’ (124)
by the definition of conditional expected value and the measurability of X,.
We observe that E[((ipas (Xtooy — X)) — ElGons (Xi,, — X)) F,])?|F] is the conditional variance
of Gip and so it is always smaller then E[¢7¥2 s _(Xt’ Xt,)|Ft,] that is, using (25), R(0, Ap i, Xt,). We
get that (124) is upper bounded by 7

iF1

n—1
1 c\2 2 2
AT 2 BIRO, A X1+ X1, [)7](01 = 62)° < —=elbr = 62,
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where in the last inequality we have used (11) in order to say that R(0, A, ;, X¢,) = ApniR(0,1, Xy,), the
fact that |A,, ;| < A, the natural polynomial growth of the function derived from its definition (10) and
the third point of Lemma 2 in order to assure the boundedness of the expected value.

Hence, recalling that nA,, — oo, we get (117) since 2—c(61 —62)* < c(61 — 62)*.

Concerning (116), we act exactly like we have already done in order to prove (117), getting E[(S,2(0))?] <
(0 —00)%. © is a compact set and so ©’s diameter d := supy, g,ce |01 — 02 is < co. We therefore deduce
(116): c(6 — 09)? < cd? < c.

The tightness of S,,(0) = %ﬁ"(%) follows. O

We are now ready to show the consistence of the estimator én := argmingee U, (0).
We want to prove that 6, LN 0y when n — oo, that is equivalent to show that V {énk} C én, = {énkj } C

{énk} such that énkj — 6y a.s.

Let {énk} be a subsequence of {én} By the uniform convergence in probability of the contrast function
given by Lemma 4 and Lemma 5, we get the a.s. convergence along some subsequence of n, denoted

nkj:

Unkj (9> - Unkj (90)

€O nkj Ank].

—1(0,00)] =250, ny, — o0,

where 1(6,00) = [, Mﬂ(dx) > 0.

a? ()

Now, for fixed w € 2, thanks to the compactness of ©, there exists a subsequence of ny;, that we still
denote ny;, and a 0 such that énk_j — 0.

Since the mapping 6 — 1(8, 6p) is continuous, we have l(@nkj ,00) = (00, 60).
Then, by the definition of 6,, as the argmin of U, (#), we have

0> J J J
- ng. A

Nk .
3 kj

— 1(0,00) >0

and 0 (0, 00) = 0. The Assumption 6 of identifiability leads that ., = 6y.
This implies that any convergent subsequence of 6, tends to y; this means the consistency of 6,,.

5.8 Contrast’s derivatives convergence

We are now ready to show the convergence of the derivative of the contrast function through the following
lemma:

Lemma 6. Suppose that Assumptions 1 - 8 and Ag are satisfied. Then

U:L(Zi) -, N(O,4A(b(5(’:go))2ﬂ(dx)).

Proof. We recall that

Un00) = 2 A, Pt Kt = Xl <azty
hence .
(o) =2y Fe e SR - Xl agy (02)
i=0 §/ Tt ' '

It means that

. el )

3:%0: B HQAn 2w m"(’(X“))%%?i(Xtm ~ Xl ix <ot

g 1ol R(HO,AEQO_QB_G_'&),X“)

+V (A R

where we have used the development (113) of 7hg(Xy, ).
We now use Proposition 4 on the first term of (126), getting that it converges in distribution to a Gaussian

(Xt-;+1 — Mg, (th)) GQ(Xtv) @Aiwi (Xti+1 - Xti)l{‘Xti‘SA;”Z}a (126)
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4b%(z,00) 2 f b(w 90)
R

a?(x) a(z)
In order to get the thesis we want to show that the second term of (126) goes to zero in probability as
nA, — co. In order to do this, we we want to use Lemma 9 of [9] and so we have to prove the following:

random variable with mean 0 and variance [ 7(dx), as we wanted.

(90,Az hmafzef) ; Xt;)

n—1
2
E[(Xt,,, —me( Xy, X, — X))l i |Fr] =0
NN ; (Kris = mao (Xe.)) a?(Xy,) #ag, Ktun = Xe)lfx, <asny ]
(127)
n—1 R(@O, A;:(l apf Eiﬁ);Xti) )
n E Xt1+1 meo(Xt )) QQ(Xt.) @Agyi(XtHl - Xti)l{\xti\gA;”:}) |‘Ft1] —0
i=0 °
(128)
Using the measurability and the fact that
E[(Xti+1 — Mo, (Xti))(pAfL _L_(Xti+1 - Xti)lj:ti] =0 (129)

we get (127). Let us consider (128). Using the Assumption 5 on a, the measurability of R and the
expression (26) we can upper bound it with

« €— —_ —_—e— 1 —
ZR 00, 0,707 X )R (B, A X)) < AP SN TR0, 1,X,),
1=0

nA

that goes to zero in norm 1 by the polynomial growth of R, the third point of Lemma 2 and Ag. Therefore
it converges to zero also in probability.
It follows that

— R(eo, Ag,/i\(liaﬂieiﬁ)aXti) P
— M, Xt )) (pAfL .(Xti+1 - Xti)l{\X,_KA’k.} — 0,
:O ; i il ="ni

as we wanted. O
Concerning the second derivative of the contrast function, we have the following convergence:
Lemma 7. Suppose that Assumptions 1 - 8 and Ag hold. Then

U;f:) LA /R (b(j(’j)o))27r(dx).

Proof. Derivating twice the expression of U,, we get

n—1 )

: j : My (th)

Un(60) = =2 aQ()gt.)Ani@Ai,i(Xti“ B Xti)1{|Xti|§A;,k%}+
=0 /=,

Xt1+1 meo(Xt ))meo(Xti)
+2Z a2 Xt )A @Aﬁwi(Xtiﬂ - )1{\)( <Ak (130)

First of all we show that the second term of (130), divided by nA,,, goes to zero in probability. We use
again Lemma 9 of [9]. Hence, our goal is to prove the following:

n—1 .
Z E Xt¢+1 — My, (Xti))meo (th)

nA a?(X; ) A (pAﬁ’i(Xti+1 - Xti)l{\xti\gA;’jﬂfti] =0 (131)
n—1 .
4 (Xt ma, (X¢,))1e, (Xt,)
n2A2 Z E[( = a2()0(t.)A , ° SﬁAfm_(XtiH - Xti)1{|xti|gA;’j})2|fti] —0 (132)

As we acted in the last proof, we use (129) in order to get (131).
Concerning (132), using Assumption 5 on a, the measurability of R, the development (114) of Mg, (X¢,)
and the expression (26) we can upper bound it with

A2 . (th,eo)—i—R(@ A3A2(2 af—e—p) Xt)

nw Z (60, An.i, Xt,) AT ] <
1=0 n,i
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c

n—1
S n2An ZO R(oo, 17Xti)a

where in the last inequality we have used the polynomial growth of b, the property (11) on R and that
Ayl < A, . Since nA, — oo and %ZL—J R(6p,1, X;,) is bounded in L, we get the convergence en
probability wanted.

Let us now consider the first term of (130). Using the development (113) we get

n—1 ; SA(2=B—Ba—c) 2
—2 (An,ib(Xti ) 90) + R(GQ, Afz,z ) th))
TLAn Z aQ(Xt.)A,”- SOAELJ (Xti+l N th)l{lxtllgA;,lz} (133)

Hence, we obtain three terms by expanding the square. Using on the first Proposition 2, we get the
convergence

—2 1AL (X, 00) P / b2(x,6p)
R

nA, &= a*(Xy,) Par (Xt — Xti)l{\Xti\SA;’;} — —2 T m(dx). (134)

3

The second term of (133) is

. 3 —B—Ba—e
4 2 2b(Xti,90)R(90,AfL,?(2 e )5Xti)

TLAn ZO a2(Xt.L-) @Ai,i (Xt¢+1 - th)l{‘th\SA;’z .

Using Assumption 5 on a, the fact that both ¢ and the indicator function are bounded, the polynomial
growth of both b and R and the third point of Lemma 2 we get that its L' norm is upper bounded by
cAéA(l_ﬂ P79 Since the exponent on A, is positive, the convergence in norm L' and therefore in
probability follows.

Concerning the last term of (133), using again Assumption 5 on a, the fact that both ¢ and the indicator
function are bounded, the polynomial growth of R and the third point of Lemma 2 we get that its L!
norm is upper bounded by CA}LA(272[372§&726). Once again, since the exponent on A, is positive, the
convergence in norm L' and therefore in probability follows.

It yields
U (0 b?(z,0
(6) 5 —2/ b(,0) O)ﬂ'(dx).
nA, r a%(x)
O
5.9 Asymptotic normality of the estimator
In order to show the asymptotic normality of the estimator we need the following lemma:
Lemma 8. Suppose that Assumptions 1 - 8 and Ag hold. Then
sup |Un (0o + (6, — 00)) — Un(60)| = 0, (135)
nAn teo,1]
where 0,, is the estimator defined in (9).
Proof. Let us define ~ A
O, =00 + t(0,, — o). (136)
Using (130),
nln, - nh, i=0 a?(Xt,)Ani Pan e B H1X1<a0 )
n—1 . .
2 (Xt1+1 mg, (Xti )(mén (Xti) — My, (Xti))
A, Z@ a?(X1,)An.i Par, K = Xe)lfix j<a 5} T
n—1 .
2 (m90 (Xti) —mg, (Xti ))mén (th)
ey ; a2(Xy,) A Pan (Ke = Xe)lpiv, <arty (137)
Concerning the first term of (137), we use the following estimation:
g (Xe,) =i, (Xe,)| < 2liig, (Xe, )i, (Xe,) (6 — 6o)], (138)
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where 6, € [6o,60,). We replace the development (113) and (114) of 7 and 7. Hence the first term of
(137) is, in module, upper bounded by

a—€ 7 1 —pPp—pPpax—e Y
—Z|2 (Xt 00) + R0w, AL 77070 X)) (B(Xr,,00) + RO AL X)) 10, — 00 =

(139)
1 n—1 } 1 ne1 )
:EZOH%(GMLth) n*90| < E;C(1+|Xtr C)|9n*90|,

where we have used Assumption 5 on a, the boundedness of both ¢ and the indicator function, the
property (11) on R that |A, ;| < A, and the definition (136) of 8, joint with the fact that |[t| < 1. By
the consistency of 6,, that we have already proved, we get that the first term of (137) converges to zero
in probability uniformly in ¢, since the right hand side of (139) is bounded in L! by the third point of
Lemma 2 and it does not depend on t.

On the third term of (137) we use again the Assumption 5 on a, the fact that both ¢ and the indicator
function are bounded, the development (114) of 729 and the following estimation: |mg, (Xt,)—mg (X¢,)| <

g, (X1,)||60 — 0|, on which we can use the development (113) of 7g. We can hence upper bound the
third term with

—Z2| (Xis, 0) + R0, A2 07770079 X)) (X, B0) + BB, AZ2CTP70079 1)) 16 — ] =

(140)

n—1

1 o
o =00l < = S e(1+ X0 ) — 6ol
=0

:_Z|R

The consistency of 0,, yields the convergence in probability uniformly in ¢ wanted, by the boundedness
in L' of the sum, that does not depend on t.

It remains to prove the convergence to zero, uniformly in ¢, for the second term of (137); it is sufficient
to prove that the following sequence S, () converges to zero uniformly with respect to 6:

n—1 . .
L 2 (Xti+1 — My, (th))(mg (Xti) — Mg, (th))
Snl0) 1=~ go (XA Par Koy = Xe)lppy, 1<ashy-

The pointwise convergence is already proved (it is enough to repeat the proof of (131) and (132) with
g (Xe,) — Mg, (Xt,) in place of g, (X¢,)). In order to show that the convergence takes place uniformly
in 6, we prove the tightness of S, (6), using the criterion analogues to (116) and (117).

Let us consider (117) first. We observe that

E[(Sn(61) = Sn(02))%] <

X (Xe,,, — mey (Xe,)) (e, (Xe,) — rivg, (X, )
S (3 Kraws — o a;&i)@gil) D e Ky = Xe) g, eas)?) (141)

i=0
By the building the sum is a square integrable martingale. The Pythagoras’ theorem on a square integrable
martingale yields that (141) is equal to

— Xy, — moy (X,))* (g, (X)) — 10, (X4,))?
n2A2 Z = - a4(Xt.)1AQ : SQZAL% (Xt — Xti)1{|Xti|§A;x;}]. (142)

n,i

i=0 n,t

We now use the following estimation:

|ﬁ”L91 (th) - mez (th) =

u (Xti)

|01 — 02 (143)
Replacing (143) in (141) and using (115) on iig, (X,), we can upper bound (141) with

4 = (Xti+1 - meo(Xti)) (eu’An @ ) 2

2
Ayl @i (X,)BZ, Pa, Kt = Xe)Lix,, 1<a, )00 = 0" <
4 = 2 2 2
< n2A2 E[E f(Xtiv GU)E[(XtHl — My, (Xti)) PAB v(XtiJrl - Xti)l{\X,_ \SA*’?}LF&'H(el - 92) ) (144)
P = i i n,i
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R(:f(’i)l(’f;i) and where we have used the property (11) of the functions R and the

with f(X¢,,0.) =
definition of conditional expected value.

Using (26), the property (11) and that |A,, ;| < A, , we can upper bound (144) with

nZLAn Z?:_()l E[f(Xti’ eu)R(HO’ 1, Xti)](el - 92)2'

By the Assumption 5 on a and the polynomial growth of R derived by its definition, f has polynomial
growth. Using the third point of Lemma 2 we get that the expected value is bounded. Hence, since
nl, — oo, it yields

n—1
e B (X, 0 R0, 1, X)) < (145)

therefore we obtain (117) on S,,.
Concerning (116), we can act exactly in the same way, using (145) and the compactness of ©. The
tightness of S, (6) follows. O

We are now ready to prove the asymptotic normality of the estimator. Using (135) we have that

nA (00 + (0, — 00)) — Un(60)]dt = 0. (146)

‘We observe that

A 90+t —90 dt\/?’bA 9 —90
n

nAn (Un(0n) = Un(b0)) = — A

n(0o + t(9 —0p))]dt (9 —6y) =

\/W (147)

where in the last equality we have used that, on the set {én S (2)}7 Un(én) = 0 since én is a minimum.

Hence )
_ Un(90)
Vi, (6, — 0) = V"A . (148)

Using Lemma 6 we have the convergence in distribution of the numerator of (148) to N (0,4 [ ( b(z 19)” )27 (da))

(l

and, by the equation (146), the denominator converges in probability to —2 f]R b(f(fg’)) m(dx).
4]}&(‘&(;(’5)0) )27"(‘1@)
Ao (G2 (da))?

a(x)

Thereforey/nAA,, (0, —00) converges in distribution to N (0, ), 1. e itis N (0, (fg( b(m 0“ m(dx))~

a(z)

as we wanted.

A Appendix

In this section we will prove the technical lemmas that we have used in order to show the main theorems.

A.1 Proof of expansions of the derivatives of the function my,

In order to prove the explicit approximation of g j and 7g ; provided in Proposition 7, the following
lemma will be useful. We point out that X? is X" and so the process starts in 0: X5 = .

. c0.x _ 9X)" GO 9PX)"
Lemma 9. Suppose that Assumptions 1 to 4 and 7 hold. Let us define X" 1= —55— and X" = =555~

Then, for allp > 2 3¢ > 0: Vh < A, Vz,

0,x
E[IX Pl < o1 + 2, (149)

6,z
E[IX Pl < (1 + [2]°). (150)

Proof. The dynamic of the process X is known. The same applies to the processes X f.2 and X 0, (cf.
[5], section 5).

h h h
X0r = / ' (X0 0)XPT1-b(X0,0))ds+ / d (X0 XOm AW, + / / Y (XI) X2 fi(dz, ds) (151)
0 0 0 R

33

)’



and

h
07 = [ @O oK) 2 (X0 )X VX ORI LB st (152)
0

h h
4 / (0 (X07) (X024 o (XO+)KO2)dW, + / / (VXY (XO)? 4 /(X0 XO) 2 dz, ds).
0 0

From now on, we will drop the dependence of the starting point in order to make the notation easier.
Let us start with the proof of (149). We observe that, taking the LP norm of (151), we have the following
estimation:

h h h
E[|X{[7] < cE] / (' (X2, 0)X0+H(X, 0))ds|P]+cE]| / o/ (XO)XOdW, )+ cE / / V(X)X i(dz, ds)P).

(153)
Concerning the first term of (153),

h h
|/zuw ﬁ+mﬁﬁwwgdm/ya&w@mwmm/bumwwy
0 0
Then, using Jensen inequality on the first, we obtain
1 [h :
ol / (X0 X0dsp] =Bl [ 0)Xtds) <
0
h .
[ / WXL OPIXLPas =t [ o)Xy
0
The derivatives of b with respect to x are supposed bounded, it yields
h .
|/ V(X?,0)X%ds|P) < chP~ 1/ E[|X?|P]ds. (154)
0

Let us now consider the second term of (153). Using Burkholder-Davis-Gundy and Jensen inequalities
we get

|/ X‘)XdW|P<cE|/ HX0)2ds|?] =
CE[h% |—/< (X0)X0)2ds) 1<chr1E/ o/ (X0) X0
0
Therefore \ .
E| / o (XD XOAW,[?) < chE 1 / E[|X? |P]ds, (155)
0 0

where we have used that the derivatives of a are bounded.
The third term of (153) can be estimed using Kunita inequality (cf. the Appendix of [12]):

Bl | ' | 7Rz, sy <
//hﬂﬂwwwm+m// 20(dz, ds)|8] <

< [ B CpIX  1pECs El [ R / 2P (2)d2)ds) ] <

R
h . . P
< c/ E[ly'(XJ)P|X{[P)ds + cE]] / (7' (X0)X0)2ds| 2],
0 0
where in the last two inequalities we have just used the definition of the compensated measure fi and the
third point of Assumption 4.

Since the derivatives of v are supposed bounded and by the Jensen inequality we get it is upper bounded
by

h h h
/ E[|X?|?]ds + cE[h> / Iy (X)P| X O Pds] < / E[|X§|p]ds+ch§’1/ E[|X?|P]ds
0 0 0
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Hence
h h
IEH/O /R (X0 X0 2fi(dz, ds)|P) < e(1 4+ hEY) /0 E[|X?|?)ds. (156)

From (154), (155) and (156), we obtain
h .
BIEP) < Bl [ 08 0)as) + e+t 4 [ RIS
0
Let My, be E[|X/|?], then the equation above can be seen as
Mh<cE|/ 0)ds|?] + c(1+ h>~ +hp1/Mds

Using Gronwall lemma, it yields M), < cE[| foh b(X?, 9)ds|p]eCh(1+h§71+hkl).
By the polynomial growth of b and the third point of Lemma 1,

|/ 0)ds|P] < chP(1 + |XO%[¢) = ch? (1 + |a|°)

Hence E[|X{[P] < ch?(1 4+ |2]°).
Our goal is now to prove (150). In order to do it, we take the L? norm of (152), getting the following
estimation:

Bl2P) <] [ X, 0)(X0)2 + 20(X7,0)X7 + b(X?, 0)X7 + H(X, 0))ds]"]+
h . O .. h . ..
+E] / (" (XO)(XO)? + o (X XO)aW, [P) + E / / (7/(XE)(XE)? + (X0 ) XO)2fi(dz, ds)P]
(157)

The first term of (157) is upper bounded by

h
|/ (B (X0, 0)(X)2ds|7] +]E|/ 20/(X?, 0 )ngs|p]+1E[|/ V(XP0)XOds|7] +E|/ 0)ds|?] <
0

h h h
<t [ B et [ B O, 0L + ot [ B B / bx?. 0)dsP).
0 0 0 0
(158)
where we have used Jensen inequality and that the derivatives of b with respect to x are supposed
bounded.
By Holder inequality

E[I¥ (X2, 0)P| X7 1P < (B[ (X2,0)PP))7r (B[ XE P17 < e(h?2) 7 (14 |al) = ch? (1 + |al°)

where in the last inequality we have used the boundedness of i/ and (149). Since b has polynomial growth
and by the third point of Lemma 1, E |f0h b(X?,0))ds[P] < ch?(1 + |x|°). Replacing in (158) and using
also on its first term (149) we obtaln it is upper bounded by

| / (B (X0, 0)(X0)2 + 25/ (X0, 0) X0 + 1/ (X?,0) X0 + B(X?, 0))ds|?] < (159)

h
o1+ [2]°) (B + h2 + ) + chp-l/ E[| X7 |"]ds
0

Let us now consider the second term of (157). By Burkholder-Davis-Gundy and Jensen inequalities we
get

h h
E| / (0 (X9)(X)? + ' (XO) X0)dW, "] < E[ / (a (X)(X)? + ! (X0)X0)2ds| §] <

h
niE / la” (X 2P+ |a/ (X)X Pds] < ch®F2P(1 + |2|°) + ch® ! / E[|X?[Plds,  (160)
0

where in the last inequality we have used that the derivatives of a are supposed bounded and (149).
Concerning the last term of (157), by Kunita inequality it is upper bounded by

h h
B[ [ KO DXLtz a8 [ [ (6 (XKD (K0 K0 (dz, 5) ] <
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h h
< B XDE 4y (XX + 1E [ B[y (XDCRD? + 5 (XD R,
0 0

having used Jensen inequality and the third point of Assumption 4 in order to say that [, [z[PF(z)dz < c.
Using (149) and the boundedness of the derivatives of v, it is upper bounded by

h h
c(1+|$|c)h2p+1+c/ E[|X0[P]ds + ch3+2 (1 + |z]°) +ch-—1/ E[| X7 [7]ds. (161)
0 0

From (159), (160) and (161) we get
h
E[|X{P] < c(1 4 |2[)hP(1 + hP + h% + hP+E 4 WP 4 o(1+ AP~ hgfl)/ E[| X |P)ds
0

Using Gronwall Lemma we obtain E[|X{[P] < ¢(1+ |2[)h? (1 4-h? + h? + hP+% 4 hP+1) and so E[| X[ |P] <
c(1 4+ |x|°)hP, as we wanted. O

Remark 11. Supposing that the same assumptions as in Lemma 5 hold and acting as we have done in
order to get the estimations (149) and (150) it is possible to prove that, for allp > 2 Je > 0: Vh < A,
Vz,

93

“ 97Z|p 1
003

E[] —] <

(1 +|z]°). (162)

A.1.1 Proof of Proposition 7

Proof. As in the proof of Lemma 9, we drop the dependence on the starting point in order to make the
notation easier.
We recall the definition of mg () :

me p(x) := E[nghﬁ (Xg Xg)|Xg = 1] _ E[nghﬂ (X,GL —x)]
| Elpns (X ~ XD)IX§ =a] — Elpps (X] — )]

Its derivative with respect to 6 is

E[Xfons (X}, — 2)] + E[XJh~ P X[}, (XF — 2)]
Elpns (X}, — )]

E[h~" X} s (X — )]
Elpns (X} — )]

— mgp() (163)
On the second and on the third term of (163) we divide and we multiply by h and then we use Proposition

9
6, taking Z; = hX 9 and Z, = Th, respectively. We are allowed to do that because they are both
bounded in LP, Wlth p arbitrary high, since we can use (149) on Z; and Holder inequality, (149) and the
third point of Lemma 1 on Z;. For || < h~*° we have

BIOX — o (X0 0] _ oo
Bl (X -z b oy

mon(z) =2+

where we have used that ky turns out in the proof of theorems 2 and 4, hence it has been chosen such

that, for |z| < h™* we have that E[pps(X] — 2)] > 1. Moreover the expected value is bounded as a

result of the boundedness of ¢ and the third point of Lemma 1. It yields, for € > 0 arbitrary small,

E[ngohg (X,f — )] + R(O, h?~P—<=B )
Elpns (X — )]

me,n = (165)

Let us now consider the first term. Replacing the dynamic of the process X 2 , we get

h h
E| / (V' (X2, 0) X0 + (X2, 0))ds ons (X0 — )] + E[( / o (X XOdW,+
0 0

h . h. 3
+ / / 7 (X0 )X 2fi(dz, ds)) pna (X8 — )] = E / b(X?, 0)ds gpe (X0 — 2)] + R(O,h%,x).  (166)
0 R 0

In fact, using Holder inequality,

h .
B[ ¥(X.0)X0ds oo (X )] <
0
h
E[ / X0 X2} (Bl (X — ) < (et [ BXPlas).
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where in the last inequality we have used that ¢ is bounded and (154). By (149), it is upper bounded by
(ch?P(1 + |z[°))¥. Tt turns

E[/Oh V(X8 0)X%ds o5 (XP — x)] = R(0, h?, ). (167)

In the same way, from Holder inequality, (155) and the fact that ¢ is bounded, we get |E[f0h a (XD X0AW, s (Xf—
z)]| < (ch5~! fo [|X?|P)ds)7 . Using (149), it yields

E[/Oh a/ (X XLAW, ops (XP — x)] = R(0,h3, 2). (168)

Using again Holder inequality, the fact that ¢ is bounded and (156) we obtain

h
/ / (X8 )X?2fi(dz, ds) ops (X0 — 2)]| < (e(1+ hE) / E[|X?P)ds)? .

0

Using (149), we obtain E[foh Jo V(X0 )X02(dz, ds) s (X — 2)] = R(6,h'*7,z), where p turns out
from Holder inequality. We can choose p = 2, getting

h
E[ /0 /R V(X8 )X 2fi(dz, ds) pne (X], — 2)] = R(0, h*, ). (169)

Using (167), (168) and (169) we have (166), as we wanted.
The first term of (166) can be seen as

ho . h
E| / (b(X?,0) — bz, 0))ds ops (X] — )] + Ef / b, 0)ds s (X7 — )]
0 0

Using Holder inequality and the fact that ¢ is bounded we get
h . .
Bl [ (6(X2,6) ~ bz, 0))ds o (X1 — )] <
0

b

| 1X¢ — alasy.

h h
< c(E[( / (b(X?,6) — b(, 0))ds)?))} < e(E[( /

From Jensen inequality we get it is upper bounded by c(h?~! foh E[|X?¢ - x|p]d5)% < c(hPTH(1 + |x|p))%,
where we have used the second point of Lemma 1. It yields

h
E[/ (b(Xsea 9) - b(ZE, 9))d8 Pns (XZ - :C)] = R(ea hlJr% ) ‘T)
0
Taking p = 2, the equation (166) becomes
h . 0 3 3 . /] 3
E[/ b(SC, H)ds Phns (Xh - :L')] + R(ov hz ) :L') + R(ov hz ) :L') = E[hb(xv Q)Sﬁhﬂ (Xh - :L')] + R(@, hﬁvx)' (170)
0
Replacing in (165), we get

E[hb(z,0)eps (X{ — x)] + R(0,h%, x) + R(, h2~P~<F 1)

ou(@) = Blons (X[ — ) = bl O)+

R(0, h22=aB=c=B) g
Elpns (X} — )]

We use the developments (12) and (15) on the denominator; in both of them the function R is negligible
compared to 1 without any condition on « and 3. Hence for |z| < h=*0 we get the expression (113).

In order to prove (114), we have to compute the second derivative of mg p(x). From now on we will
write only p*) for gp( )(Xe —z), k> 0.
E[Xfe] + h BI(X{)%"] hPEIXAQIRIXGY] s EIXE)%0] + B(X})*¢" Xah™7] + EXFe'XG]
El¢] (Elg])? Ee
mo.n(2)E[X) '] —E[XﬁXZSD']_h_Bme,h(x)E[X‘g @'l + b Pmgp(x )]E[(X;?)Q@"]+m9,h($)E[X}3<P']_
(Elg])? El¢]

1e,n(T) =

+h™E[X,¢]
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As for the study of (163), we want to rely on Proposition 6 to treat each term of the form E[Z¢*®)], with

k > 1, where Z is bounded in L? and use |E[Z¢o®)]| < E[|Z]|o®)|] = R(0,h'~ ap—e, )
0 0 0 "9 0
We take succe'ssivel‘}{ the following variables as choice for Z: (%)2, )2 , (%)2, ( )2X2, X7, ﬁhﬂ,
XhXG Xy (Xh)2 Xy
no\h

AH those variable Z are bounded in L? for p > 2 by (149) - (150), the third point of Lemma 1 and Holder
inequality. We deduce

E[X[ ] + R(0,h>~ =<0 z)  E[X{p|R(0,h>~F~F z)

o, () = - + 171
) E[] (E[])? (a7
+R(9, hs—aﬂ—e—B, x) + R(@, hs—aﬂ—e—w, x) + R(G, h2_0‘5_6_’6, x) N R(@, h4—2a5—6—2B’ .T) N
E[p] (Elp])?
_R(, h2=eB=<=B 1)y p(x) + R(0,h3~P~¢=28 2) + R(0, h2~P~<=F )
E[¢] '

We are no longer considering myg n(x) because, by the expression (164), we can include it in the function
R.

Using (166) and (170), E[X?¢] = hb(z, 0)E[¢] + R(G, hz,x).

Hence E[X[ ] R(0,h*~*F=<=P z) = R(0,h3~*F=<=F z), by the definition of rest function R.

We have already proved (113), so

R(, h?=P=<=B 2)ing n(x) = R(O, h3~F=7F ).

Let us now consider E[X{¢]. Replacing the dynamic of X{ by (152), it is

h h
Bl [ BOX!.0)ds] + Bl [ (/(X0 )X + 20 (XL 00X+ (X0, 0)X0)ds]+
0 0

h . .. h . ..
+E[p / (a"(X9)(X)? + ' (XO)XO)dW,] + Elp / / (7/(XE)(XO)? 4/ (X)X O)2i(dz, ds)] =

=Efp /Oh b(X? 0)ds] + R(6,h?, z). (172)

Indeed, using Holder inequality,

Bl [ 07X 0K+ 2H (X0, 0050 + (X0, 0) X)) <
0
< (Bl B[ 0O 0K 428 (K 0)X0 + (X0, 0) Ky <
0

h
< (c(1 + [2]7)h% + (1 + |[)h2 + chpfl/ E[| X, |P]ds)},
0

where in the last inequality we have used that ¢ is bounded and we acted as in (159). By (150), it is
upper bounded by (ch3P + ch2p)% (1+ |z|¢). It turns

h
Elp / (b (X7, 0)(X0)? + 20 (XY, 0)X] + ¥/ (XY, 0) X)ds] = R(0, h*, ). (173)
0
In the same way, from Holder inequality, (160) and the fact that ¢ is bounded we get
h . p p h . 1
Ble [ /(X2 +a (XDRDA] < (e + el E + et [T w]%,7as)3.
0 0
Using (150), it is upper bounded by < (ch?*t% + chp"’%)% (14 |x|°) and so we obtain
h . .
Bly [ (@ (XKD + (XD EDAW.]| = RO, b, o) (174)
0
Using again Holder inequality, (161), the fact that ¢ is bounded and (150), we have

h
o [ [ o (E )RRz, ds)] < el 4 hPH 24 )1+ [a]),
0 JR
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Hence, since p > 2,

h
Bl [ [ (e )R 4+ (X0 ) Xz, ds)]| = RO, ).
o JR
Since p turns out from Holder inequality and on which we have only the constraint p > 2, we can choose
p = 2, getting
h <
Ble [ [ 0 (XE)ED? 4/ (X0 Xaidz, )| = RO, b, o) (175)

o JR

From (173), (174) and (175) we have (172) as we wanted.

The first term of (172) can be seen as E[p foh(B(Xf, 0) — b(x,0))ds] + E[p foh b(z, 0)ds].
Using Holder inequality and the fact that ¢ is bounded we get

E| / (5(X2,6) — bz, 0))ds pns (X[ — )] <

b

ox

h h
< c(E( / (5(X2,0) — b, 0))ds)?))+ < e(E[( / X — xlds)P]) .

oo

From Jensen inequality we get it is upper bounded by c¢(h?~! foh E[|X? — 2|P]ds)? < c(hP+1(1 + |z|P))7,
where we have used the second point of Lemma 1. It yields

h . 1
E[cp/o (b(X?,0) — b(x,0))ds] = R(O, h* "7, x).

Therefore, considering p = 2, (172) becomes E[p X¢] = E[pb(x, 0)h] + R(0,h?, x).
Replacing in (171) and using the development (12) or (15) of the denominator we obtain, for |z| < h=ko,

tig.n(z) = hb(z,0) + R(0, h?,z) + R(0, h*~ PP ) + R(6, h3~F~28 z)+

+R(0,h> P~ o) + R(, h*720P =720 2y = hb(x,0) + R(6, h2"2=F—=F) ).

We want now to justify (115).
In the expression of #ig 5 (y), the numerator is the sum of product of terms with the following form:
Elp® X1 X X1 %138k where k > 1 and hy + ho + hg > k.
The only term with a different form is E[pX], that is R(6, h,y) by the boundedness of ¢ and the equation

(162).
. . . XpOXpL X xhs
We observe that, using Proposition 6 defining Z = —t7lgrba=t | we get

|E[w(k)X£oX£1X£2XZ3]|h—ﬂk < pBRthithathstl-aB—e < p(1=B)k+1l-aB—c

k

We observe that the exponent on h is more then 1 if and only if § < 275 — 745, with & > 1. Since
1 € 1 €

is the smallest, the Assumption 8 < o — Tia that we added in Proposition 7 assures that

14+«
[itig 1 (y)| = R(6, h,y), as we wanted.

A.2 Proof of limit theorems

In this subsection we prove the theorems stated in Section 4.

A.2.1 Proof of Proposition 2

Proof. (i) follows from Lemma 4.4 in [10], ergodic theorem and the L' convergence to zero of £ Z;:Ol (14
| X¢, )Cl{IXt- >k} which is a consequence of the third point of Lemma 2. Remark that in [10] the Lemma

4.4 is stated the for a € (0,1) only. However an inspection of the proof shows that it is valid for a € (0, 2).

Concerning (i), we can see ﬁ 2?2—01 Amf(Xti,H)(pAg i(Xti+1 - Xti)1{|Xti|§A;ki} as

n—1 n—1

1 1
nA Z Amif(the)l{\Xti \SA;]Z} + A Z An,if(the)((PAfL i(Xt¢+1 — X)) — 1)1{\Xti \SA;]Z}' (176)
™ i=0 ’ L— : :
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We have already showed in (i) that on the first term of (176) we have the convergence wanted and so, in
order to get the thesis, it is enough to prove the following:

n—1

P
Z Ap, zf X, )(@Ai i(XtH»l - X)) — 1)1{|Xti|§A;’;}| —0 (177)

0€0

We observe that

n—1 n—1
1

1
|TLA E An,if(Xti’ 9)(90AZ i(XtH»l _Xti)_l)l{\Xti\SA;]ZN < |TLA § Anaif(Xti’ 9)(90AZ i(XtH»l _Xti)_l)l'
™ =0 ' ' " i=0 '

By the definition of ¢, it is different from zero only if |AX;| > A ;- Using Markov inequality and Lemma
1

)

P(|Xti+1 th' > A ) < E“Xt i1 Xti|2]Ar_ziﬂ < CA:z,_z?ﬂ' (178)
It means that the left hand side of (177) converges to zero in L' and so in probability, indeed

n—1

Z An zf tha )((IDATBI,’L (Xt¢+1 - th) - 1)1{|th|§A;’;}|] <

9

n—1
1 1
< E[sup | ZAn if (X, )1{|Xt Xty \>Afm.}|] < nA, Z Aan[Z’gg |f(Xti70)|2]2E[|1{|Xt
i=0

2]%
0cO nA [—

it+1 —Xt; ‘>Afm‘}|

ZAM]PWXtH X, | > A8 )E <enz’

- nA
where we have first used Cauchy—Schwarz inequality and then the polynomial growth of |supgcg f|and
the third point of Lemma 2 and (178). Since the exponent on A,, ; is positive we get the thesis. O
A.2.2 Proof of Proposition 3 and Lemma 3

Proof of Proposition 3.
In order to show that ﬁ Z?;Ol fiﬁn(Xti,H)CigpAiwi(XtHl — Xti)l{lXtiISA;’;?} converges to zero in prob-

ability, we want to use the Lemma 9 of [9] and so we have to show the following:

n—1
A ZE fzn Xt-n )Q(PAB (Xt i+1 Xti)1{|Xti|§A;’z}|‘Fti] — 05 (179)

1=0
n2A2 ZE Xtm C QDAB _(th+1 - Xti)1{|xti|§A;’z}|}—ti] — 0. (180)

If Lemma 3 holds we have that, using (24), the left hand side of (179) results upper bounded by
5/\2 DD " fim(Xe,,0)|R(0,1, X,,), where we have used the property (11) on R and the fact that

|A, ] g An. Since the exponent on A,, is positive and %ZL—(} fin(Xt,,0)R(0,1, X;,) is bounded in L!

using the polynomial growth of both f; ,, and R and the third point of Lemma 2, we get the convergence

in probability (179).

Concerning (180), if Lemma 3 holds we can use (25) getting that (180) is 1>~ Sy 2 (X, 0)R(0,1, Xy,),

where we have used also the property (11) on R and the fact that |A, ;| < A,. Since nA, — oo and

%ZL—(} 7n(X,,0)R(0,1, Xy,) is bounded in L' by the polynomial growth of both f;, and R and the

third point of Lemma 2, we get the convergence (180) as we wanted.

Hence, if Lemma 3 holds, then Proposition 3 is proved. O

Proof of Lemma 3.
By the definition (22) of ¢; and the dynamic of the process X, we get

tit1
G= K = Xeo = [ MO0 X+ A [ (X)L gy ()R] Gz (181)
ts R\{0} et

We write the left hand side of (24) by using the last equation and adding and subtracting mg, A, , (X, ):

tit1
E[(Xti+1 _me(hAn,i(Xti))(pAB _(Xti+1_Xti)1{\Xt.\<A”?}|‘Fti]+E[(m907An,i(Xti)_Xti_/ b(GO’XS)dS+
n,i il ="n,i t;
(182)
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+An7i /]R\{O} Z’Y(Xti) [1 - @AZJ(’Y(XH)Z)] F(Z)dz)(pAgYi(XtHl - Xti)l{\Xti\gA;”:Hfti]'
By the Fi,-measurability of X;,, the first term of (182) is equal to
E[(Xti+1 - m‘gOaAn,i(Xti))goAfL,i (Xti+1 - Xti)|fti]1{\xti\§A;,)§}’

that is zero by the definition of mgy,a,, ,
On the second term of (182) we use the development (14) or (17), respectively for & < 1 and o > 1.
Hence, we obtain

tit1
E[(/ (b(oo, Xti) - b(ooﬂ ))dS =+ R(907 An 4 ﬂXti))wAﬂ _(Xti+1 - Xti)]‘{‘Xt_ \<A*’?}|fti]a (183)
t n,i P12 n

where § > 0 is defined below equation (23). Using the boundedness of both ¢ and the indicator function
and (109) on the first term of (183), we get that (183) is upper bounded by

1+6) A3

(GOaAn 2 )+R(905 Xt ) (903 zaXti)a

nz’

as we wanted.
Concerning the second point of Lemma 3, we use (22) in order to say that

Sy RN STLASTY A | 2, d2)) [ e 1-ep (X0)2) P

R\{0}
(184)
Using this estimation in the left hand side of (25) we obtain three terms, the first is

tiv1 tit1
Ble( [ alX)I 2 (i = Xy, jeany o) SB[ a(X)dw.p|,)
¢ n,i il="n,i t

i i

by the boundedness of both ¢ and the indicator function. Using the conditional form of Ito’s isometry it
is fon

CE| / 0 (X,)ds| Fo,] = R(6o, Ay X)), (185)

t;

by the polynomial growth of a, the third point of Lemma 1 and the definition of the function R.
We can upper bound the second term of (184) using first of all the boundedness of both ¢ and the
indicator function, and then Kunita’s inequality in the conditional form (Appendix of [12]). We get the
following estimation:

tit1
Bl | / Jilds. A=) (Xu, - Xi)lgpx, j<a-iyl ol <
t R\{O} i i :
tit1 tiv1
/ / Vi(ds, d2))°| Fo] <cIE/ / 12 72(X,- )ii(ds, d=)| Fo,] <
t; ]R\{O} ti R\{0}
tit1
< cE| / 22X, )ds\F] = BB, Ay X, ), (156)
t;

where in the last inequality and equality we have used, respectively, the definition of the compensator
measure i and the polynomial growth of v and the third point of Lemma 1.

Concerning the third term of (184), we have already showed in Remark 3 an estimation, depending on a,
that is at most A2 . Its square is therefore at least a R(0, A, ;, X;,) function, it follows that (25) holds.
We now want to prove (26). Using (23),

tit1
(Xti+1 — Me, (Xti))2 < 0412 + C(/ b(XS’ 90)ds - An,ib(Xti’ 90))2 + R(GO’ Aiﬁms’ Xti)' (187)
t

i

We can replace it in (26), getting three terms that are of magnitude at most A, ;.

Indeed, on the first we can use (25).

On the second term we can use the boundedness of both ¢ and the indicator function and Jensen
inequality, getting

tit1
B[ B B0 = A X 00y (Ko = X0, 2y o] <
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tit1
cAn | / (b(X., 00)ds — b(Xy,, 00))2|Fr.] <
t

i

tit1
< CAn,iE[/ b*(Xs, 00)ds| F,] + cA7 JED*(Xe,, 00)|Fr,] = R(00, A i, Xe,), (188)
where in the last equality we have used the polynomial growth of b on both of the two terms and moreover
the third point of Lemma 1 on the first term.

In conclusion, we obtain

E[(Xti+1 - m9o(Xti))2502AZ i(XtiJrl - Xti)1{|Xti|§A;’;}|‘Fti] =

= R(60, Ani, X1,) + R(60, A2 ;. X4,) + R(60, A2F2, Xy,) = R(6, An i, Xt,).-

Hence, we have the thesis. (Il

A.2.3 Proof of Proposition 4.
In order to prove Proposition 4, the following lemma will be useful:

Lemma 10. Let us denote by X7 the jump part of X given by
and A X7 = X/

/ / )iu(ds, dz), t>0 (189)
R\{O}
P -X/

Then, for each q > 2, 3¢ > 0 such that

E(AiX7pns (Xi U F.]) = R(6o, ALY Xy)) = R(60, ALK, Xy,). (190)

i+17Xti> n,i

Proof of Lemma 10.
For all n € N and ¢ € N we define the set on which all the jumps of L on the interval (¢;,t;11] are small:
_ AN7
N:l = |ALS| S —’; Vs € (ti,ti+1] , (191)

in

where AL, := Ls — L,—. We hence split the left hand side of (190) as

E“AiX']‘PAfL i(Xti+1 - Xt¢)|q1N7§ ]:ti] + E“AiX']‘pAfL i(XtiJrl - Xti)lql(N?;,)“ i]' (192)

We now observe that, by the definition of N},

t1+1 t1+1
/ / - ilds, dz)|7 + | / / v X ads.d2) 1R (193)
t; | |< [z]> ni

We observe that the order of the second term depend on a. Actmg as in Remark 3, we get that its order
is AJ ; if o € (0,1) while it is Af}tqﬁ(l*a) if « € (1,2). Since g is more than ¢ + ¢B(1 — «) if and only if

a > 1, we can say that the second term of (193) is upper bounded by cAflf\i(q+qﬁ(17a)). The first term of
(193) is instead upper bounded by

|E[|AiXJ(pAfL i(XtiJrl - Xt¢)|q1N;~;y

‘th]| <

tit1 . tisa
E“/ /<4Aﬂ . |Z|2 |’7(X‘5*)|2ﬂ(d8,d2)|§|.7:t1]+CE[/ /||<4AB . |Z|q|’Y(Xs*)|qﬂ(d8,dz)|ftl] S
ti KIS ’ij;: t; 2|< ’YmT:;:

tit1
<clvllL ( I/ / M_ 2| " dzds|? | Fy,] +E/t / MB_ |z|q_1_adzds|]-"ti])§

tir1 i1 q
< C(/ A( )ﬁdS)z—i—C/ A(q a)ﬁds—i—Aq C(Afl{;r(Q*a)ﬁ)§+A(q Dt)ﬁJrl) (9 A q a)B+1 Xti)a
t

ti

i

(194)
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where we have used Kunita inequality, the definition of i and the second point of Assumption 4. Using
the consideration below equation (193) and (194) we get

EIAX T 0pr (Xewws=Xe)|Tvg [Pl < R(6o, AT V7 Xo )+ R (00, ATV X4 ) = R(B0, AT X).
' (195)

For a € (0,2), a# 1 and 8 € (0, 1) the exponent on A, ; can be seen as 1 + ¢, with € > 0.

Concerning the second term of (192), we have

EAiX70pn (Xepy — X, el Fe], (196)

i+1

n)“|ft1] < CE[(|A1X|(] + |Ach|q)|50qAB _(Xti+1 - Xti)

where |A; X = |X;,,, — Xy, ¢ is the increment of the continuous part of X in the interval
(ti;tiy1]. We observe that, by the definition of p,s (X; X4,), the first term in the right hand side

is different from zero only if |A; X |4 < Aﬁ?i. Therefore

i+l

EAXI6, (X, — Xo)lvpe | F] < AZP((V)€) < cABIF1=e5, (197)
Indeed
) tit1
Pi((N,)¢) =Pi(3s € (ti, tiga] : [ALs| > / /4A F(z)dzds < cA, *f (198)
ti 'len

where we have used the third point of Assumption 4. Since ¢ > 2, B¢ + 1 — a3 is always more than 1.
In the same way

EHAXﬂq(quB v(Xti+1 - Xt1>1(N;)C|‘Ft1] < CAEZA;WO + |Xti C)v (199)
that is again more than 1. Using (192), (195), (197) and (199) we get the thesis. O
We can now prove Proposition 4.
Proof of Proposition 4.
We denote )
S;n ::M(Xti+l - mOU(Xti))f(Xti’9)90A5Yi(Xti+l - Xt1)1{|th|§A;’; . (200)

In order to show the asymptotic normality we have to prove that s™ is a martingale difference array such
that

n—1
STE[syF|FL] S0, (201)
1=0
for a constant 6 > 0, and
n—1
S Bt PIF) 5 [ £ 000 )n(da), (202)
i=0 R

c.f. Theorem A2 in the Appendix of [24].
We observe that s}’ is a martingale difference array since, Vi > 0,

f( X, 9)1{\)(” |<ank
ni,

E[Sgll}—ti] = E[(Xti+1 — Mg, (Xti))(pAfL _L_(Xti+1 - Xti)"]:ti] =0

by the measurability of f and the indicator function and the definition of mg,(Xt,).
We now want to prove (202). Using (23) and the definition of ¢; we have that

ti+1 ti+1
(Xev,s — may(X2)? = ( / a(X)dW,)? +2B;,, / o(X.)dW, + B2, (203)
ti ti

where .
i1
Bi,n = / (b(Xsa 90) - b(thGO))ds + R(eo, n,i ’Xt )+
t

i

tit1
4 / / (X, Vilds,dz) + Dni | (X)L —pan (1(Xe)2)|F(2)d=.
ti R\{0} R\{0} et
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Replacing (203) in the definition (200) of s we get three terms. We start proving that

n—1
1 P
nA, Z E[Bi%nf2(Xt“9)(,02A§i(Xti+1 - Xti)1{|Xti|§A;’;}|]:ti] — 0. (204)
i=0
Indeed,
tit1
E[B}, 0% (Xt — Xi)|Fe) < CE[[(/ (b(Xs,00) — b(X1;,00))ds)*+
i 4
tit1
FRO, AT X ([ (X alds,d) (205)
1 t; R\{0}
e [ 2 g OOG)NFEE T, (K =X P <
< R(0, A2 ;, Xy,) + R(f, AZF, X,,) + R(0, AL P00 x, ), (206)

where we have used (188) on the first term of (205), (190) of the previous lemma on the third and Remark
3 on the fourth. Indeed, in Remark 3, we found that the last term in less than R(6p, A2 ,, X;,) if a < 1

n,i’
and less than R(6y, Aiﬁzﬁ(l*a), X:,) if @ > 1; in both cases the exponent on A, ; is always more than 1,
hence we can write it as 1 + e.

We can upper bound with (206) the left hand side of (204) getting 3~ S FA(Xy,, 0)R (8o, ALt Xti)l{\xt_ <t}

that converges to 0 in norm L' by the polynomial growth of both f and R and the third point of Lemma
2 and using that |A,, ;| < A,. We obtain therefore the convergence in probability (204) wanted.
Let us now consider the contribution of the first term of (203) for the proof of (202). We can see it as

n—1 ti
1 it+1
2 PGB (XA IFIL, aty (207)
1=0 t
1 & 2 tet 2/ 2
+7’LA Zf (tho)E[( . a(XS)dWS) (SDAﬁ i(Xti+1 - Xti) - 1)|ft1]1{\X,I\SA;”:}
" i=0 i '

On the first term of (207) we use Ito’s isometry, getting

1 n—1 ) tit1 )
e AL | X E I i eay =

i

1 n—1 ) ) %

—— > (X 0)(Bni0® (X0) + R(00, A7 Xi)) g x, <asty (208)
™ i=0 ’

where we have used (109) with a? in place of b. Using the first point of Proposition 1 we get that

n—1
ni Z fQ(Xti’G)AmiaQ(Xti)l{\X,,i\gA;’:} L /RfQ(x,e)aQ(x)ﬂ‘(dw), (209)
™ =0 ’

while A= S5 (X, 0)R (00, A2
bility.

Let us now consider the second term of (207). Using Cauchy- Schwarz inequality we get it is upper
bounded by

Xti)l{IXtiISA;,'E} goes to zero in norm L' and therefore in proba-

n,i?

n—1 ts

1 il 1 1

—— > (X, 0] / (X)W, F 2Bl (Xiy, — X)) — 1P|F]2 <
n i:O ti n,t

n—1 t;

1 i1 1 1

nA Zf2(Xt159>E[|/t G‘Q(Xs)ds|2|fti]ZE[1{|Xti+17Xti‘>AZ i}|fti]27
™ =0 i '

<

where we have used Burkholder Davis Gundy inequality and the fact that, by the definition of ¢, it is
different from 0 only if |X;,, , — Xy, [ > AZZ Using Jensen inequality and (178) in the conditional form
we can upper bound it with

1
An,i

1
i+l - Xi,| > Ag,i|fti)2 <

tit1 .
/ @ (X.)ds?|Fo, ] F (X,
t

7

n—1

1

nA Z f2(Xti7 Q)E[A%,z
" =0
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n—1 tit1 . s
T S PO OB [ (X)dsIF R, AL ) <
™ i=0 t

i

n—1
= nA, ;f2(Xti7Q)Az,i[Anyiafl(Xti) JFR(@O?A'?”’ )]%Rwo?AZ;B’Xti)v (210)

where we have also used (109) with a* in place of b. We observe that (210) goes to 0 in L! and therefore
in probability, indeed its L' norm is upper bounded by

3M\>—A

%z_: Xtm (HOalﬂXti)(a ( )+R(905An @ ))]a
=0

that goes to 0 by the polynomial growth of f, R and a and the third point of Lemma 1 and since § < %
Let us now consider the second term of (203) for the proof of (202). Using Cauchy-Schwarz inequality,
(206) and Ito’s isometry we get

tit1

1
2
nA Z fQ(Xtiﬂe)E[Bi,n a(XS)dWS (pQAB _(Xti+1 - Xti)1{|xt_|§A*k_}|}—ti] <
n i—0 n,i i n,i

ti

i

n—1 ti
c 2 =
< TLAn ZZ fQ(‘(t-;a (oo,A’}Lti );E[/t a(XS)2d8|/—_-ti]; <

|
—

<Al F2(Xa,, 0)R (0, 1, X2, ) (a2(X2,) + R(B0, AL, X1,)), (211)

c
n

.
Il
o

where in the last inequality we have used the property (11) of R and (208) with the trivial estimation
|Ani| < A,. By the polynomial growth of both a, f and R and the fact that the exponent on A, is
positive we have that (211) converges to 0 en norm L'. Hence it converges to 0 in probability, (202)
follows.

Our goal is now to prove (201). Using (203) we have that

n—1

D ElsiPIF] <
i=0

n—1 t:
1 i+1
< ey O P OEBET Y (N — XOIRIHE( alX)aW) IR, (212)
n =0 ti

We act as we have already done in the proof of (202) on the first term of (212): using (190) we get it is
upper bounded by

n—1 n—1
c i € € c 1 T
(nAFE DX O)R(00, AL Xe) < A, (WADE R =) (X4, 0)R(00,1, Xy,),
" i=0 i=0

that converges to 0 in norm L' (and therefore in probability) since ¢ > 0 and nA,, — oo for n — oo.
Concerning the second term of (212), using Burkholder Davis Gundy inequality and (208) we have

E[( / " (X)AWLIR) < R(Bo, AL LX), (213)

n,i

7

Using (213) we get that the second term of (212) is upper bounded by n%% ?:_01 2 (Xy,,0)R(60,1, Xy,),

that converges to 0 in norm L' and hence in probability since n? — co. We deduce (201) and therefore
the wanted asymptotic normality. (I

A.3 Proof of Propositions 5 and 6.

Since Proposition 5 is a consequence of Proposition 6, let us start with the proof of Proposition 6. To
lighten the notation we forget the dependence on 6 of X¢ and Zy.
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Proof of Proposition 6.
Using X,/ defined in (189), we introduce the event

N ¢ 1
Bpi= 1 X ;:/ / (X o Vids, dz) € [L1P, 407 . (214)
o Jr\{0} 2
‘We have that
E[|ZoW) (X, — 2] = B[| 2o (X}, — 2)[1 E[|Zo¥) (X, — 2)|1 e 215
[1Z¢ys (Xn — )] = E[|Zo, 5 (Xn — 2)1E,] + E[| Z¢, s (Xn — x)[15¢]. (215)

We observe that, by its definition, gagz) (Xp, — ) is different from 0 only if | X, — 2| € [h%,2h%]. But
ARX :=|X;, — x| = |X§ — x + Xj/| hence on Ey, where X; ¢ [1hP,4RP), from | X} — x| € [hP,2hP] we
deduce that it must be | Xf — x| > %hﬂ. Using this observation and Holder inequality we have that the
second term on the right hand side of (215) is upper bounded by

1 1 1 1 r(1_
(EN|ZP)? (Elleys (Xn - @)l "1g;))7 < e(P(XS — o] > 5h7)7 < chd 377

Vr > 1, where we have also used that Z is bounded in L” and Remark 2 in [10].
In order to estimate the first term on the right hand side of (215) we need the following lemma that we
will prove at the end of the section:

Lemma 11. Let us consider Ey, the set defined in (214). We have

P(Ey) < R(0, h' =P ). (216)

If Z € 2}, ¢ p, then using Holder inequality, the estimation (216) and the boundedness of Z in L? we
get
k 1 k 1
El|Z¢;) (Xn — 2)|15,] < (BIZIP)7) Ele)s (Xn - 0)]15,))7 <
1-Ba

< cR(#, hl_'ﬁo‘,z)% =cR(O,h 0 ,x),
with % + % = 1. Hence, we get the Proposition 6. ([

Proposition 5 is a consequence of Proposition 6, observing that (h(Xy,0))eco € Zi1—ti,cp, fOr
u € [ti, ti+1], and the Markov property.

In conclusion, we prove Lemma 11.

Proof of Lemma 11.
We use again the set N{ defined in (191). We have

P(Ep) = P(E, N NL) + P(E, N (N2)). (217)
On the second term of (217) we use (198), getting
P(En 0 (N2)) < P((ND)) < chi=, (218)

Concerning the set Ej, N N}, we use Markov inequality and we obtain, Vr > 1,

P(E, N N}) < cB[IX} "1y ]h " < ch™Prptthlr=ed — cpt=be (219)
where in the last inequality we used (195).
Using (217), (218) and (219) we get the Lemma 11. O
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